
r JI an a 7. 'Ilf: 

OPOBEPKA fHOOTE3 

7.1. OEJl.{HE nOJIO)l(EHH" 

BBe,ll.eHHe. OTBJIeqeHHO npe,ll,cTaBHM ce6e HeKOTophIH 5lIl.J,HK, KOTO

PhII1 HeBa:iKHO, q.eM HaqHHeH, H 'ITO 'B HeM npOHCXO,ll,HT HKaK, HO Ba:iK

HO TO, ''ITO npOI.I,eCChI 'BHyTpH MoryT HaXO,ll,HThC51 B HeKOTophIX ,lI,BYX 

COCT051HH5IX. O,ll,HO COCT05lHHe 06hIqHO, pa60qee, yCJIOBHO HMeHyeMoe 

HyJIeBhIM, He BhI3hIBaeT y Hac HHKaKHX peaKI.I,HH H He Tpe6yeT BMe

WaTeJIhCTBa, a ,lI,pyroe, HanpOTHB, KpHTHqeCKOe, Ha3hIBaeMoe aJIhTep

HaTHBHhIM. HY:iKHO 1I0 Ha6JIJO,lI,eHH5IM 3a BhIXO,ll,OM 3Toro «51Il.J,HKa» pe

WHTh, KaiKoe H3 J!.'BYX 'COCT051H,HH B 'Ha-cT05lIl.J,Hl1 'MOMeHT ;npHcyT,Cl'BiyeT, 

npH'IeM B YCJIOBH5IX KOr,ll,a BhIXO,ll, HaCTOJIhKO 3acopeH wyMaMH HJIH 

cj)JIyKTyaI.I,H51MH, 'ITO O,ll,H03Haq'HO H C nOJIHOH yBepeHHOCThJO pewelme 

lIpl1H5ITh HeB03MO:iKHO, TaK Ka-K 1I05l'BJIeHl1e O,ll,HI1X H Tex )l{e peaJIH3a

U.HH CBOHCTBeHHO KaK HyJIeBoMy, TaK H aJIhTepHaTHBHoMy COCT05lHH5IM, 
HO C pa3HhIMH Bep05lTHOCT5IMH. 

OOCJIe,ll,Hee O'IeHh cyIl.J,eCTBeHHO H nO,ll,pa3yMeBaeT HaJIHqHe -cpe,ll,He

CTaTHCTI1'IeCI(J1X ,lI,aHHhIX 0 BbIXO,ll,e, 0 Ha6JIIO,lI,eHH5IX. 3TO TO, 3a 'ITO 

MO)]{HO H Hy)KHO YXBaTHThC5I JJ:JI5I peWeHH5I np06JIeMhI. HCTO'IHHJ{ no

JIy'IeHH5I ,lI,aHHhIX JI.JI5I Hac CeH'IaC He npI1Hu.I1IIHaJIeH: JII150 3TO pe3yJIh

TaT HCCJIe,ll,OBaHI1H BHyTpeHHeH ¢H3I1'IeCKOH npHpO,ll,hl npou.ecca, JIH60 

rrOCJIeJI.CTBHe rrpe,ll,BapHTeJIhHblX Ha6JIJO,lI,eHHH 3a BbIXO,ll,OM, KOrll.a K 

3TOMy rOBOpHTC5I, l<aKOMy COCT05IHI1JO OH COOTBeTClByeT (06y'IeHHe 

C y'IHTeJIeM), HJIH MO:iKeT 6hITb 06yqemle 6e3 yqHTeJI5I. Ba:iKHa ¢op

Ma rrpe,ll,CTa'BJIeHH5I ,lI,aHHhIX, KOTOpa5I ,lI,OJ])KHa COOTBeTCTBOBaTh Ha

weH reHepaJIbHOH I<OHI.I,elIu.HH ¢opMHpOaaHH5I HHTepBaJIhHOH MO,ll,eJIH 

Cpe,ll,HHX: HMeTb BH,lI, pa3MhITbIX Cpe,ll,HeCTaTHCTHqeCKI1X CBOHCTB rrpH3

HaKOB 'BhIXO,ll,HhIX Ha6JIJOJI.eHHH. EJIaro,ll,ap5I 5I3hlKy rrepBH'IHhlX ,lI,aH

HhlX 3TO O'IeHh ,lI,OCTYIIHa51 11 yHHBepCaJIbHa51 ¢opMa, B TOM MhI He pa3 

yerreJIH y6e,ll,HThC5I. OpH'IeM 065I3aTeJIhHO ,lI,aHHble TaK HJIH HHaqe 

,lI,OJI)]{Hhl CB5I3bIBaThC5I C COCT05lHH5IMH, KaKoe OHO, HyJIeBOe HJIH aJIb

TepHaTHBHoe ( HHa'Ie peweHHe CTaHeT TpUBHaJIbHhIM). 

Ba:iKHhIM 3,l1,eCb 5IBJI5IeTC5I aHaJIH3 H rrOJIyqeHHe ,lI,aHHhIX He 0 JIJO

6hlX ,lI:OCTYlIHhIX rrpH3HaKax 'C I.I,eJIbJO HClIOJIh30BaHH5I HX 'Bcex, a 

TOJIhK,O '0 HaH60JIee xa'paKTepHhlx, IBhl,ll,'eJI5IJOlll,Hx TeHanpaBJleHH5I. 

KOTophle oKa3hIBaJOTC5I HaH60JIee qYBcTBHTeJIhHhlMH KCMeHe COCT05I

HHH (JIy'Iwe MeHhwe, ,lI,a JIyqwe). Tor,ll,a rrepBH'IHhIX ,lI,aHHhlx 6y,ll,eT 
MeHbwe, a 3a,ll,a'Ia - np0lll,e. HMeHHo 3TOT CJIy'IaH Hac HaH60JIee 

HHTepecyeT elll,e 11 1I0TOMy, 'ITO IIpH HeB03MO:iKHOCTH 06Y'IeHH5I HJIH 
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Ilpe,ll,Ba PHTeJIhHOrO aHaJIH3a uMHorue peaJIbHhle 3a,ll,aqH OKa3hIBaJOTC51 

«CH,lI,51Il.J,HMU Ha rOJIO,ll,HOM 'lIaHKe» anpHopHoro ,lI,e¢Hu.HTa. 

OOCKOJIbKY ,lI,eHcTBHTeJIbHhle COCT05lHH51 HeH3BeCTHbI H II1pe,ll,CTOHT 

91'0 eIl.J,e pewHTh, TO Ha3hIBaIOTC5I OHH cunore3aMU: COOTBeTCl'BeHHO 

Hy/te8 aJl fHlIOTe3a H aAbrepHarU8Hafl (rrpOlll,e, aJIhTepHaTHBa). OHH 

MorVT HMeTb pa3HbIH Bec, lIpHOpHTeT. Be,ll,b OTKa3 OT HyJIeBOH rHlIO

Te3bl, T. e. lIpHH51THe aJIbTepHaTHBbI, eCJIH OHO HelIpaBHJIhHOe, MO:iKeT 

npHBeCTH B HTore K T5I)]{eJIeHWHM 1I0CJIe,ll,CTBH51M. HalIpHMep, '!IpHHH

MaeTC5I HeBepHoe peWeHJ1e 0 ,lI,BH)]{eHHH rpYlInbl HeOlI03HaHHblX 06beK

TOB B HanpaBJIeHHH 'IbeH-TO TeppHTopHH, 'ITO MO:iKeT Bbl3BaTb MrHO

BeHHylO oTBeTHyJO arpeCCHJO, KOTOpa51 He HaH,lI,eT 01IpaB,lI,3HHI1. Hm! 

npHHHMaeTc>I peweHHe 0 6e3Bpe,ll,HOCTH HOBoro JIeKapCTBa, TO r,ll, a 

KaK3TO Ha caMOM ,lI,eJIe He TaK. YIJIH oCy:iK,lI,aeTC5I HeBHHOBHbIH. 

CKa3aHHoe lIO;J,BOil.HT K rrpHHu.IHlIY, Tao]( OKa3aTb, '«II'pe3yMII1u.HH ~H

nOTe3bI», COrJIaCHO KOTOpOMy JIy'Iwe HeCKOJIbKO pa3 OTBeprHyTb 3JIb

TepHaTHBy, lIyCTb .u3~Ke OWH50qHO,I<or,ll,a OHa HacaMOM .ueJIe BepHa, 

qeM XOT5I 6bl pa3 HelIpaBHJIbHO OTKa3aTbC5I OT rHIIOTe3bI. nOCJIe.uCT

BHeM 3Toro rrpHHu.Hrra qaIl.J,e 6Y,ll,eT lIpHHHMaTbC5I rHIIOTe3a, a aJIbTep

HaTHBa - JIHWb TOr,ll,a, l<or,'l.a 3TOMy eCTb BlIOJIHe BeC'KHe OCHOBa

HH5I, He Bb13b1BaJOlll,He OC06bIX 'COMHeHHH. TaKHM 06pa30M, rHTlOTe3e 

IIpH.uaeTC51 rrpHopHTeT, Bec, H TeM caMblM B Hee 3aKJIa,ll,bl'BaeTC5I KOH

cepBaTH'8'HOe Ha'IaJIO, a B aJIbTepHaTHBy -rrp'orpeOOIBHoe (HHor.ua, 

arpeCCHBHoe). 3TO B3)]<HO .uJI5I rrOHHM3HH5ICMbICJI3 rrpaBHJI npOBepKH 

f1fIlOrc- ¢HKCHpOBa'HHbIM ypoBHeM OWH50K, 0 KOTOpbIX HH)Ke rroH

,lI,eT :' 

H, .)naeTC5I B Cl"OpOHe H 3a,ll,a'Ia pa3JIHqeHH5I rHrrOTe3, ,COOTBeT

c;c, 'tan 6eClIpllOp'HTeTHbIM rHlIOTe3aM, HalIpHMep, TOT CJIyqaH, J{,or.u3 

i. 1\:1:! c." y CB5I3H nepe.uaJOTC5I .nOCblJIKH 0 (COOTBeTcTByeT HyJIeBOH 

rHlIOTe3e) HJIH 1 (aJIbTepHaTHBe). Ha caMOM :iKe .ueJIe, eCJIH Bec 

3aMeHHTb Bep05lTHoC'rbJO 'rHlIOTe3hl (cpe,ll,HeH o)]{u.uaeMoH qaCTOTOH 

Qepe.uoBaHH51 HyJIeBblX nOCbIJIOK), TO Bbl60pOM Bep05lTHOCTH MO:iKHO 

Hcer.ua yqeCTb )]{eJIaeMbIH lIpHopHTeT, -KaK H Ha06opoT. 31'0 y6e:iK,lI,aeT 

Hac (H 6y.ueT MaTeMaTH'IeCKH rrO,ll,KperrJIeHO), 'ITO 3a.ua'IH rrpOBepKH 

H pa3JIH''I'eHH5I rHlIOTe3, T. e. C npHOpHT'eTHOH H 6eClIpHopHTeTHIQH ,rH

nOTe3aMH 51'SJI51JOTC5I CMe)]{HbIMH, rrO,ll,MeHHBaJOIl.J,HM'H ,mpyr ,,lI,'pyra. 

MaTeMaTH'IeCKOe ocjJopMJIeHHe 3a)l.a'IH. OYCTb 1I0 Ha6JIJO,lI,eHI151M 

YEUIj Tpe6yeTC5I IIpOBepHTb HyAe8ylo cunore3Y C COOTBeTCTBYJOlll,eii 

eH 'MOlJ.eJIbJO .Jf{Vo, IIpOTHB aAbrepHa7'U8bl 'C COOTiBeT,cT'ByJOIl.J,ei1 .Jf{y!. 
COCT051HHH X B 3WYI ,CJIytlae ..uBa: ¢O'pMaJIHHO x=O npH 'HyJIeBOH rH

nOTe3e H X= 1 - lIpH aJIbTepHaTHBe. PewaJOIl.J,ee npaBHJIO (Jy (x) no 

o6w.eMy onpe.ueJIeHHIO § 5.1 B pe3YJlbTaTe TpaHc¢opMHpyeTC51 'B lIapy 

Oy= ((Jay, (Jl y ), r.ue 'IHCJIa (JOy H (Jl y (rrpe,ll,CTaBJI5IJOIl.J,He y,ll,06HyJO 3a

nHCb (Jy (0) H (Jy (1)) Bblpa,KalOT CTelIeHb lIpe.u1I0'ITeHH5I, OT.uaBaeMoro 

COOTBeTcTBeHHo HyJIeBOH ri11I0Te3e H aJIbTepHaTHBe. BCHJIy OTHOCH

TeJIbHOCTH IIpe,ll,lIO'ITeHHH 6y,ll,eM C'Il1TaTb (J0y+(Jl y = 1, 'ITO n03BOJI5IeT 

B .uaJIbHeHWeM paCCMaTpHBaTb JIH60 (Jay, JIH60 (Jl y. 

e y'IeTOM 'rrOCJIe,ll,HerO paBeHCTBa lIpaBHJIO (Jy MO)]{HO HHTeplIpe

TlipOBaTb Kal< paH(JOMU3a/.fUlO, lIpH KOTOpOH C Bep05lTHOCTbJO (JOy rrpH
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HHMaeTC5I HyJIeBa51 rHrrOTe3a, a C 'Bep05lTHOCTblO al y - aJIbTepHaTH

Ba. PaH,lI,OMH3aI..l;H5I 3,l1,eCb HMeeT ·CMbICJI rrp0I..l;e,ll,ypbI, peaJIH3YIOw.eH 

OTHOIlleHHe rrpe,ll,rrO'-lTeHH5I, eCJIH 06513aTeJIbHO Tpe6yeTc5I rrpHH5ITb O,ll,

Hy H3 ,lI,BYX rHrrOTe3 (B I..I;eJIOM )Ke rrOH5ITHe rrpe,ll,rrO'-lTeHH5I 60JIee 

06beMHoe, '-IeM paH,lI,OMH3aI..l;H5I). 

npaBI1JIO TaKoe, '-ITO inf aOy=o, sup aOy = 1, Ha30BeM IWHTpacT
y y 

HbIM, a eCJIH any (oTCIO,lI,a 11 a l y) rrpHHHMalOT TOJIbKO 3Ha'-leHH5I 0 If 

1 - TO aeTepMUHup08aHHb1M. 
MO,ll,eJIH .Jf{yo H .Jf{Y j , 'KJIaCC f!l) B0'31MOfKHblX rrpaHHJI, K03·cj:Jcj:JHI..I;HeHT 

rreOCHMH3Ma x - Bce 'BMeCTe OHH 06pa3ylOT CTaTUCTulfecKYIO 3adalfY 
np08epKu 2unOTe3. CBOHcTBa rrpaBHJI Mep5lIOTC5I OIllH6KaMH, KOTopble 

H onpe,ll,eJIHM CeH'-Iac. 

Ypo8HeM npa8UAa Ha3bIBaerC5I Cpe,ll,HeCTaTHCTH'-IeCKa51 BeJIH'-IHHa 

OIllH6KH, COCT05lw.eI1 B InpHH5ITHH aJIbTepHaTHBbI rrpH yCJIOBHH, '-ITO 

rHrrOTe3a BepHa. Mep5leTC5I ypoBeHb OTHOCHTeJIbHO .;l{Yo: aX (a) = 
='xMOal y + (l-x)Moa l y = l-xMoaOy-(I-x)MoaOy, r,ll,e M o HMo COOT

BeTcTBylOT J{Yo. Ta )Ke caMaH aX(a) - BeJIH'-IHHa oUlu6Kunep802o 
poaa, 3 a,ll, a lOW.a 51 KOHcepBa THBHOCTb npaBHJIa: '-IeM MeHbIlle aX (d). 
TeM coxpaHHeH CTaHeT rHnOTe3a. EaJIaHCOM K HeH 51BJI5IeTC5I oUlu6Ka 
8TOp020 poaa, onpe,ll,eJI5IeMa51 cj:JOpMyJIOH 

- 0 0 1 - 1
~X (a) = x M 1 ay+(I-x) M1ay = l-xM1ay -(1-x)M1 ay . 

3TO eCTb Bep05lTHOCTb Herrpa'BHJIbHOrO npHH5ITH5I rHrrOTe3bI rrpH YC

JIOIBHH BepHOH aJlbTep·H3THBbl (H3Mep5leTC5IOTHOCHTeJIbHO .Jf{Yd. 
ECJIH HHTepnpeTHpoBaTb 3Ha'-leHH5I rrpaBHJIa dy B HHTepBaJIe 0-1 

KaK 'paHtl,OMH3aIJiHIO, TO aX (d) H ~x (d) 6y,ll,yT HMeTbCMblCJI Bep05l1'HOCTefi 

OIllH60K, B3BeIlleHHbiX K03cj:Jcj:JHI..I;HeHTOM rreCCHMH3Ma. A B 06w.eM, 3TO 

6Y,ll,YTKoJlH'-IeCTBeHHble Bblpa)KeHH5I ,cpe.uHero npe,ll,nO'-lTeHH5I, OT,lI,a

BaeMoro OIllH60'-lHO O,ll,HOH rHnOTe3e rrpH CnpaBe,ll,JIHBOCTH ,lI,pyroI1. 

BbI4HCJI5IIOTC5I 'Bep05lTHOCTH OWH60K rro MeTO,ll,HKe np0,ll,OJI)KeHH5I cpe,iJ.

HHX C nepBH'-IHblX .uaHHbIX (3a.ualOw.Hx HCXO.uHO Jllo H .Jf{d Ha day, diy, 
paccMaTpHBaeMble KaK rrpH3HaKH npoCTpaHcTBa Ulj. 

06e OIllH6KH 6aJ1aHcHpylOT ,lI,pyr ,lI,pyra: )KeJlaHHe YMeHbwHTb 

01!.HY H3 HHX Bbl3blBaeT TyT )Ke YBeJIH4eHHe ,lI,pyroH H Ha060poT. 

OnTHMH3aUH5I Ha ypoBHe CHHTe3a COCTOHT B 'CB5I3aHHOM nOHH)KeHHH 

06eHX oWH60K HJIH TOJIbKO 01!.H0I1 H3 HHX npH 3a1!.aHHOM 3Ha'-leHHH 

.upyroH, 4TO BJIO)KeHO B cJIe,ll,YIOw.ee orrpe,ll,eJIeHHe. 

OnTuAWAbHblM npu ypo8He a lia3bl8aeTCR npa8uAo npo8epKu 2U
nOTe3, MUliuMu3upyiOU{ee muu6Ky 8TOp020 poaa ~x (a) npu cjJUKCUpO
8aliliOM 3lialfeliUU 8eAUlfUHbi OUlu6KU nep8020 poaa: aX (a) =a. Ha
XOfK,lI,eHHe OnTHMaJIbHblX rrpaBHJI H eCTb Ta OCHOBHa51 3 a,iI.a'-l a, KOTO

pa51 CTaBHTC5I B 3TOH rJIaBe. 

OnTHMaJIbHOe npaBHJIO Hw.eT'C5I B KJIa'CCe BceXnpaBHJI, T. 'e. Beex 

cj:JyHKUHH any co 3Ha'-leHH5IMH B OTpe3Ke 1[0; 1]. ,UJI5I ero HaXO)K.ueHH5I, 

eCJIH BOCnOJIb3'OBaTBC5I MeTO.uO'M MHO)l<HTeJleH JlarpaH)Ka, ',lI,OCTaTOlJHO 

C1!.·eJIaTb ,lI,Ba Illara. nepBblH - 3TO peweHHe CMeJICIiOU 3aaalfU: Mlf'HH

MH3aI..l;HH no a, 8eC080U CYMMbl OUlu60K rX,,(a) = Aax(a) +~X(a), npH 

3TOM MHHHMH3HpYIOw.ee npaBHJIO 6y.ueT 3aBHCeTb OT MHO)KHTeJI5I A. 
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npH.uaIOmero Bec rHnOTe3e. BTOpOH Illar 6Y,ll,eT COCT'05ITb B Bbl60pe 

TaKoro A, '-IT06bl ypoBeHb MHHHMH3HpYlOmero np:J.BHJIa paBH5IJIC5I a. 

DOJIylJeHHOe npaBHJIO H 6Y,ll,eT OnTHMaJIbHblM ypOBH5I a npaBHJIOM 

IT p O,B e P K H rHnOTe3bl. 
DpaBHJIO, MHHHMH3HpYIOmee pHCK B BH.ue BeCOBOH CYMMbI OIllH

60K, Ha3bIBaeTC5I OnTHMaJIbHblM rrpaBHJlOM p a 3 JI H '-I e H H 51 rHnOTe3. 

DO.uMeqeHa 3KBHBaJIeHTHOCTb 3TH X ,lI,BYX BH,lI,OB npaBHJI, 'r,ll,e pHCK 

MO)KeT paCCMaTpHBaTbC5I l,aK ycpe.uHeHHa51 OIllH6Ka rrpH 3a.uaHHblx 

Bep05lTHOCT5IX rHrrOTe3. 

.ll.ei1cTBHTeJIbHO, BeCOBaH cyMMa oWH6oK, eCJIH ee nepenHcaTb rx" (d) =. 

=[poax(a)+(l-po)~X(a)]/(l-po), nOJIO)l(HB Jl,JIH 3Toro 'A=po/(i-po), npH HH

TepnpeTal.\HH po KaK BepoHTHoCTH fHnOTe3bl C TO'lHOCTblO Jl,O MHO)l(HTeJIH COBna

Jl,aeT C nOJIHOHBepoHTHoCTblO OWH6KH, 33KJIlO'leHHOH B KBaJl,paTHble C'Ko6KH. TaKHM. 

o6pa30M, Ka)l(JI,oMY 'A cooTBeTcTByeT 3aJl,a'la C 3aJl,aHHOH BepoHTHoCTblO po, H Ha-· 

060pOT. 

KAacc f!l)* npa8UA lia3bl8aeTCR aOCTaTOlflibIM, 
8UAy a U IfUCAaM 11,>0, 1'>0 MOJICIiO YKa3aTb 
rx-.(a*) :::;;rx-.(a) +1'. 

OOH5ITHe .uOCTaTO'-lHOCTH BbITeKaeT H3 06mero 

eCAU AI060My npa-
TaKoe a*Ef!l)*, IfTO 

onpe.ueJIeHH5I § 5.2 
H Ccj:JOpMyJIHpOBal-lo npHMeHHTeJIbHO K CMe)KHOI1 3a.ualJe. ECJIH oWH6

Ka nepBoro po.ua MHHHMH3HpYIOw.ero npa'BHJIa HenpepbIBHa no A, TO 

TOT )Ke KJIaCC f!l)* 6y.ueT ,lI,OCTaTO'-lHbIM B OCHOBHOH 3a.ua'-le, npH'-IeM 

npH JII060M a. ECJIH B.upyr TaKOH ,HenpepbIBHOCTH HeT, TO ee MO)KHO 

.u06UTbC5I ueKOTopblM paCIllHpeHHeM f!l)*. 
OCHOBHaSi TeopeMa 0 tl,OCTaT04HOCTI1. 0603HalJHM, KaK BCer.;la, 

;;F+e.g - KJIaCC BTOPH4HblX .npH3HaKOB, OCHOBaHHblX Ha e.g, T. e. ;;F+;g= 
={g(y)=co+'L,c+;g;(y), g;Ee.g}. OpH npOBepI<e rHnOTe3, eCJIH ;gu_ 
nepBH''-IHble npH3HaKH, 33.QalOmHe HyJIeBylO rHnOTe3Y JI[Yo= (N1oe.gO), a 

e.gl - 3a.,[1a10T aJlbTepHaTIIB-Y, .Jf{y, = (M je.gl), 3THX I<JlaOCOIB 6y;J.eT .:tBa: 

;;F+e.go H ;;F+e.gl. 

CJIe.uYlOma51 TeopeMa CB5I3bl'BaeT .uOCTaT04Hble 

BH.uOM BTOPH'-IHbIX (II CJIe.uOBaTeJlbHO, nepBHlJHblX) 

BeTcTBylOW.HX nInOTe3e H aJIbTepHaTHBe. B caMOM 

KJIaCCOB 'p+e.go HJlH 'p+e.gl OCHOBbIBaTbnpaBHJlO? 

KJIaCCbl npaBI!.'1 C 

npH3Hal<OB, COOT

.ueJIe, Ha \<aKO,,1 H3 

OI<a3bIBaeTC5I, Ha 

TOM H Ha .upyroM, a fIpH x= 1 - JIH60 Ha TOM, JIH60 Ha .upyroM, KaK 

CeHlJaC 6y.ueT .uOKa3aHO . 

TeopeMa 7.1. flYCTb (MYoe.gO) U (My j e.gl) onpeaeAJl.IOT COOT8eT
CT8eliliO 2unoTe3Y U aAbTepliaTu8Y, 2ae e.g0 U e.gl - npu8eaelilible K 

8epxliUM nep8ulflible Ha6opbl. flYCTb O~gO (y) E,P+~o, O:::;;gl (y) E 
E,P+e.g1 - lieoTpuu,aTeAblible U3 8TOPUlflibiX npu3HaKo8 2U1WTe3bl U 
aAbTepliaTu8bl. 

1. flpu x? 1 aOCTaTOlflibLAlU 6yayT KAaCCbl npa8uA AI06020 U3 
08yx 8Ua08 a UAU 6: 

a. a~ = min {1, gO, (y), gl (y)}, a~ = max to, 1- gO (y), 1- gl (y)}; 

6. a1 = max {O, 1 - gO (y), 1 - gl (y)}, a~ = min {1, gO (y), gl (y)}. 
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2. flpu X= 1 OOCTaTOlif-lblMU 6yOyT npa8U/la /l1060co C/leoYfow,eco 
8uoa a U/lU 6: 

a. o~ = min {l, gO (y)}, oZ = [1 - gO (y)j+, 

npUliOl TaKUe, liTO a(0) = M ogO (y) = COO + L ciI; M og? npu gO (y) = 

= COO + L cit g? y); 
I 0 

6. Oy = [1 - gl (y)j+, Oy = min {l, gl (y)}, npUlieM TaKUe, liTO 
- +- I " + I= Ml gl (y) = COl + L Cil Ml Oi npu gl (y) = COl + ""' Cil gi (y). 

v 

_ 
~ (0) = 

no K a 3 aTe JI b C T B O. la. ITYCTb Oy - KaKoe-TO npaBHJIO. IToKa)f{eM, 'ITO 

MoO)f{HO HallTH He xy,nIlJee ero npaBHJIO H3 ,nOCTaTOtIHOro KJIaCCa, T. e. C TaKHM 

me pHCKOM HJIH OTJIHlJalOW:HMClI Ha CKOJIb yrO~HO MaJIOe e. BbInHIlJeM BecoBylO 
'J \...' V \....' v 

CyMMy OIlJHOOK rxJ..(o) = AxMooty + (x-l)M,o'y-J..(x-l)MoO'y-xM,o'y. I-I.nell ,no

'-' 
Ka3aTeJIbCTBa oy,ner COCTOllTb B Ma)f{OpHpOBaHHH npOH3BOJIbHO BblopaHHoro d'y no
 

QlJepe1\H BTOPHlJHblMH npH3HaKaMH mnOTe3bI H aJIbTepHaTHBbI, KOTopble H nepe
v u v 

.n:a,nyr O'y CBOH cpe,nHHe 3Ha 'leHHH, onpe,neJIHH MOO' y H .M,Oly. HH)f{HHH rpaJ-lb 

npH3HaKOB H eCTb npaBHJIO 

oOJIee cTporo H no,npooHO. 

ITo c.~e1\CTBHlO K TeopeMe 

TatKoii MalKopHpYlOW:Hrl ero 

u 
,nOCTaTO'lHOrO KJIaCCa, He xY1\IlJee Oly. A Tenepb _ 

v 
1.1 npaBHJIY O'y H 3a,naHHoMy e> 0 MO)f{HO YKa3arb 

BTOPH'lHblI~1 np:H3HaK HyJIeBOl1 rHnOTe3bl gO(y) =coo+ 

v v 
+LC+i,)gOdY)E.P+~O, 'ITO gO(y»o'y H MogO(y)-Moo'y~e/A. (npHlfeM MogO(y) = 

=Coo+ LcTioMg°;). AHaJIOrH'lHO MO)f{HO YKa3aTb TaKOII gt(Y)E'p+~t, lfrG gt(y) ~ 
v v 

~O'y u ;\I,g'(Y)-M,oly~e (npH'leM Mlgt (y)=CodLC+i1 Mg t;). Tenepb BBe,neM 

O'y=min{l, gO(y), g'(y)}. 3TO eCTb peIlJalOw:ee npaBHJIO, TaK Ka« O~o'y~l, OHO 

Ma)l(QpHpyeTcH epyHKu'HHMH gO (y) H g' (y), n03TOM y C Y'leTOM x~ I HMeeM 

v v 
AxAloo'y+ (x-l)M,o'y~AxMogO(y) + (x-l)M,g' (y) ~AxMoo'y+ (x-l )M,o'y+e. 

v v v 
ITo MalKopHpyeMocTH Oly~Oly BepHbI HepaBeHCTBa ~oO'y~MoOly, ~IOly~~,O'y, 

'-' 
B pe3YJIbTaTe lfero nOJIy'laeM rx(o) ~rxJ..(o) +e, 'lTO ,nOKa3blBaeT ,nOCTarO'lHOCTb 

npaBHJI BH,na, B311Toro ,nJIlI o'y, a epopMyJIa ,nJIlI OOy 3KBHBaJIeHTHa l-o'y. 
16. 31\eCb ,nOKa3aTeJIbCTBO OTJIHlfaeTCH OT npe1\bl.Llyw:ero pa3Be 'lTO BblOOPOM 

v
gO(Y)E.P+~O H g'(Y)E.P+~', Y1\OBJIeTBoplllOW:HMlI HepaBeHcTBaM gO(y)~OOy, 

g'(Y)~OOy, H TaKHM, npH 

Tor,na, BBOJI)I npaBHJIO OOy = 
'-: 

rxJ..(o) ~rxJ..(o) +e. 

2a. TIPH x=l HMeeM 

v~) 
KOTOpOM MogO(Y)-MooOy~e/A, Jij,g'(y)-M,oo~e/),. 
min {I, gO (y), g' (y)}. TOtIHO KaK BblIlJe .nOKa3blBaeTClI 

v V v 
r\(o)=AMoolv+l-Mlo'y. BbloepeM gO(y), KaK 3TO 

JleJIaJIOCb B la, H nOJIO)f{HM o'y=min{l; gO(y)}. Tor.na J..MOO'y~AMogO(y)~ 
v v \.1 v 

~A.Moo'y+e. TaK IWK O'y~O'y, TO .~,O'y~M,o'y, H n03TOMY rl' (0) ~rl, (d) +e, 
'ITO H TpeOOBaJIOCb. nOKa3aTeJIbCTBO 26 aHaJIOrHtIHO. 
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KOMMeHrap"u. 1. CJIyqafl neCCHMH3Ma x= 1 rrpHBJIeKaTeJIeH TeM. 

tiro ,lI,JI5I rrpaBHJI 2a, 6a3HpyIOmHx'c5I Ha BTOPHtlHblX I1'pH3HaKax rIl 

nOTe3bl, Icpa3Y ,HaXO,ll,H1'C5I olllH6Ka rrepBo,ro 'po,ll,a, a ,lI,JI5I rrpaBlHJIa 26

.Broporo po,ll,a. B CB5I3H C .3THM ,lI,JI5I rrpaBHJI 3a,ll,aHHOrO ypOBH5I a 
peKOMeH,lI,yerC5I <popMa 2a, r,ll,e <pHI{CaUH5I ypOBH5I 3KBHBaJIeHTHa pa

BeHcrBy MogO(y) =a H ocymeCT-BJI5IeTC5I B BH,lI,e JIHHeJ1HOrO OrpaHHtle

HH5I COO+ ~c+iOMogOi='a Ha K03<p<pHUHeHTbI. A rrOHCK OnTH~aJIbHOrO 

npaBHJIa C-BO,ll,HTC5I K MHHHMH3aUHHolllH6KH BToporo po,ll,a ~ (0) (,lI,a

BaeMOJ1 <pOpMyJIOJ1 rrp0,ll,OJI:lKeHH5I Cpe,ll,HHX ,lI,JI5I .J!{Y I H TaK HJIH HHatle 

onpe,ll,eJI5IeMoii K03<P<PHUHeHTaMH) UpH OrpaHHqeHH5IX Ha K03<p<pH

UHeHTbl: Oi.ll.IH0 f'O, <pHKlcHpYIOmero ypOBe:Hb a, H ,lI,pY'f'oro, BblTeKaIO

mero H3 rpe60BaHH5I oY~ 1. 
2. npH x> 1 H,lI,JI5I .rrpa'BHJI la HMe·eM (H<CrrOJIb3y51 <paKTbI H3 ,lI,O

K33areJIbCTBa TeopeMbl 7.1): a(0) ~ min {MogO, Mogl} H MO:IKHO y,ll,OB

JIeTBOpHThC5I TeMH gO (y) H gl (y), ,lI,JI5I KOTOpblX BepHo paBeHcrBo. 

3,l1,eCb Tpy,ll,OeMKHM MOlKeT OKa3aTbC5I BblqHCJIeHHe Mogt, eCJIH gl (y) 
npH3Ha:I<H «He C'BOH», T. e. He KJIaCCa 2+~O rHI1'OTe3bI, H Torna ,lI,JI5I 

BblqH<CJIeHH5I 0lllH6KHrrepBoro po,ll,a TalOKe nOTpe6yeTc5I rrpHMeHeHHe 

¢op MyJIbl rrp0,ll,OJI:lKeHH5I cpenHHX. 

3. ECJIH ~o=~t, T. e. rHnore3a H aJIbTepHaTHBa 6a3HpYIOTC5I Ha 

OnHHX 11 Tex Me rrepBHqHbIX npl13HaKaX, TO rrpaBHJIa 2a (HJIH 26) 

C TeMH :IKe COOTHOllleHI151MH ,lI,JI51 01llH60K 6y,ll,yT ,lI,OCTaTOqHbIMH He 

TOJIbKO npH x = 1, HO H rrpH Bcex x> 1, qTO CJIe,ll,yeT H3 nepBoM qaCTH 

TeopeMbl (TaK 'KaK gO (y) = gl (y)). 
4. BMecTo 2+~o H 2+~' 'B YCJIOBH51X TeopeMblMorYT (j)HryplI'po

BaTb JII06ble 60JIee lllHpoKHe KJIaCCbI ,rrpH3HaKoB. 

5. ECJII1 2+~on2+~1=0, TO ,lI,OCraTOqHble KJIaCCbl ,npaBHJI, COOT

BeTcTByIOmHe nyHKTaM a H 6 TeopeMbl, He 6y,ll,yT nepeceKarbC5I Me:IK

ny c060i1. Tor,ll,a OnTHMaJIbHOe npaBHJIO, rrOCKOJIbKY OHO MO)l{eT rrpH

Ha,ll,JIe:IKaTb KaK O,ll,HoMy, TaK H npyroMy ,lI,OCTarOqHoMY KJIaccy, He 

6yneT enHHcrBeHHbIM. Bo06me HeJIb351 rOBopHTb 0 MHHHMaJIbJ-lOM 

,lI,OcraTOqHOM KJIaCCe BCJIe,ll,CrBHe roro, tiro OH OqeHb tla,CTO He cy

mecTByer. 

6. nOCrarOqHOCTb, yrBep:IK,lI,aeMa51 TeopeMoH, Ka3aJIOCb 6bl, cne

UHaJIbHa B TOM CMbICJIe, tIro OTHOCHTC51 K KOHKpeTHoMy pHCKy B BH,lI,e 

JIHHeJ1HOJ1 CYMMbl B3BellleHHbIX (K03¢¢HUHeHTOM neOCHMH3Ma x~ 1) 
OlIlH60K. Ho TeopeMa BepHa ,lI,JI51 JII060ro pHcKa, MOHOTOHHO CB513aH

Horo C 3THMH 01ll116KaMlI, H B .3TOM CMbICJIe yHHBepCaJIhHa ,lI,JI5I rrpo-

BepKH rY1IlOTe3. HanpHMep, nJI51 r(o) =max{a(o), (3(o)}. 

7. nOcTatOqHble 'lIpH X= 1 KJIaCCbl qaCTH 2 TeopeMbI MO:IKHO pe

KOMeH,lI,OBaTb HCnOJIb30BaTb H rrpH onTHMH3Me X< 1. 

IT p H M e p 7.1. Pa3JIH'lHe Me)f{.ny CJIy'laHMH 2a H 26 TeopeMbI BblHBHM Ha 

npoCTOM npHMepe, Kor,na rHllOTe3a H aJIbTepHaTHBa 3a.l\aHbl Ka)f{,naH O.l\HHM nep

BHlJHbIM 3HalJeHHeM B BH,ne BepxHHx BepollTHocTeH Po (AO) = po, pdA') = PI coor

BeTcTBeHHQ C06bITHH AO, At .113 1JIj. Tor,na lIepBHlJHblMH 6y.nYT AO(y) - .nJIH rHllO

Te3bI HAt (y) - .l\JIlI aJIbTepHaTHBbI, a BTOPHlJHbIMH COOTBeTCTBeHHO !t'+~o = 

v 
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= {c+c+oAO(y)}, Ie+'!lI={c+c+IAI(y)}. II 

X= I npllMyT (c 3aMeHoH C Ha I-c) BII,U 

2a. 02=C-4 AO(y).	 ct~c~ I, 

VI V + + v 

26. Oy =c-cj AI(y.) c. ~ c~ I. 

...;:.n.OCTaTO'lHble KJlaCCbI B TeopeMe 7.1 nplI 

- +a(o)= l-c+cO Po. 

- v V + 
~ (0) = I - C + C1	 Pl' 

{)HII 11300pameHbI	 Ha pIIC. 7.1 B ,BII,Ue KpllBbIX any ,UJlH cJly'laH 2a -II a 1y ,UJlH 26. 

)lJlH npaBIIJI BII,Ua	 2a aJlbTepHaTIIBe OT,UaeTCH npe,UnO'lTeHlle JlIIWb nplI YEA". 
T. e. B OOJlacTH 113BecTHOrI BepOHT,HOCTII Po (A 0), n03BOJlHlOwerI BbI'IIICJlIITb npll X= I 

BeJllI'lllHy OWIIOKII nepBoro po,Ua. II CJleL\OBaTeJlbHO. <pIIKCllpOBaTb ypoBeHb npaBIIJla 

npllpa'BHIIBaHJ1eM a= l-c+c+oPo. YMeHbweHlle ypOBHH ,UOCTllraeTCR JlIIOO yMeHb

weHlleM C+o, JlIlOO YBeJlll'leHlleM C. IlHa'le rOBopR. 3a C'IeT «pacnAbI8WiUJl» BWllpb 

.npaBIIJla. 

npHM'eM Hy)KHOe y,'JlOBlle: AOUA1,=oy, A"At""'0. OHO OTpameHO Ha p'IlC. '1.1: 
MHomeCTBa AO II A I, nepeKpbIBaHCb Mem,Uy COOOH, OXBaTbIBalOT .BMeCTe Bce uij. 
31'0 YCJlOBlle n03BOJIHeT HarlTll (MamopllpyH any BTOPlI'lHblM npll3HaKOM aJlbTep

HaTHBbl: c-c+o+C+OAl (y) ;;?:c-c+oAO(y) II nOL\CTaBJlHH ero cpeAHee) BepoHT-

HOCTb OWHOK-II BToporo pOAa: (3(a) =c-c+o+c+oPt (oe3 npHHHToro YCJlOBIiH Mamo

paHTol1 OY,11,YT nOCTOHHHoe C III /3(a) =c). 

Ha11,11,eM OnTIIM3J1bHOe npaBIlJlO. )lJlH :noro HaXOL\IlM K03<p<pHUlleHTbI C II c+. 

.MIIHHMIl3HpYIOw,lle l3 (a) (JlIIHeHHylO KOMoIlHaUHIO) npll orpaHIl4eHIlH B BIlL\e pa

.BeHCTBa a. I1MeeM 

I. C= I-a, ct=O, 0Z=I-a, 'j3=I-a. npll Po+Pl;;;;.l; 

+ I-a2. c=c =--_.o I-po' 

+ ex3.	 c= I, Co =
Po ' 

I-a. _ I-a 
oO=--[I-AO(y)]. ~=--PI 

y 1- p" 

02=[I-~AO(y)J, 
Po 

oAHaJlOrll'leH paC'IeT npaBIIJla Tlina 26, ,Ua II a y 

.lIIIWb pa3'HIIUeH, 'ITO AO (y) 3aMeHHeTCH Ha I-A I (y) 

1- Po 

npll Po + PI < 1, Po ~ a 

j3=I-~(l-PJ) 
Po 

Ilpll Po + PI < I, Po> a.. 

nOJlY4aeTcH TaKIiM )Ke C TOH 

(A° 3aMeHHeTCH ,QonOJlHeHHeM 

K A I). ITpow'e rOBopH. OOJlaCTb npe,UnO'lTeHIIH HyJleBol1 fIInOTe3e pacwllpHeTcH C 

,11,OnOJlHeHHH K A° (CM. pliC. 7.1) ,UO A 1. OWIiOKIl Y OOOIlX TllnOB npaBIlJl cOBep

weHHO OL\'HHaKOBbI. OTCIO,fla cJle,flyeT II oOJlee rJlyoOKHrl BbIBO,11" 'ITO JlIOooe npaBIlJlO 

BO V,y 
By 

q-- 1 1---
I c+ I 
I I0 

'---.;.-----i 

0°11> pacnOJIaraIOw,eeCH Mem,flY OOy H aOy: aOy<. 

<'OOy<'OOy (1'. e. B OOJlaCTH nepeCe'leHIIH yE 
EAoA I He CKa'l'KOM, a npOll3BOJlbHO CnaaaIOw,ee 

C O,UHoro ypOBHH npeanOIlTeHHH Ha ApyrOH), OY

,UeT IlMeTb Te me OIIJIlOKH II Tome oy,UeT onTII-

MaJlbHblM. ~ 

T310TCH HeM3MeHHbIMH, T. e. CTporo B MaTeMaTM4eCKOM CMbICJJe 

o6HapyJKMB31OT OBOMCTB3 HHB3pH3HTHO'CTH HJJH CHMMeTpHH K npe

o6pa30B3HH5D1? Tor;I.a O)l{HnaeTCH nepen34a nOXO)l{Hx CBaM'CTB 

K onTH,MaJJbHbIM npaBI1JJ3M, 4TO 3KBHBaJIeHTHO nOnOJIHHTeJlbHOMY 

cyJKeHHIO nOCTaT04Horo KJl3c:ca. ,UaHHaH MbICJIb nOJIHOCTblO YKJlanbI

BaeTCH B p3MKH 06I..UMX npMHlI.MnOB HHBapHaHTHOCTH H CHMMeTpMM 

§ 5.4npH COCTOHHHH x, npMHHMalOI..UeM .uBa 3Ha4eHHH: 0 HJIH I. 
Teo p e M a 7.2. flYCTb nepBU'l.ftble npU3ftaKU liM eunOTe3bl 

<jWYo~O) /lu60 a/lbTepftaTUBbl <'MYl~I) UftBapUaftTftbl K epynne 9' npe
o6pa30Baftuii npOCTpaftCTBa Ulj: g(sy) =g(y), sE9', gE~j, j=O 
U/lU 1. Toeoa npu X= 1 K/laCC UftBapUaftTftblX K 9' npaBU/l (¢yftK/{UU 
~t.aKCUAW/lb/iOeO UftBapUaftTa) flB/lfleTCfl oOCTaTO'l./iblM.· 

B caMOM neJle, Bce epYH'KlI.MH KJI3CCa 2+~0 6y.uyT HHBapHaHTHbI 

K 9'. OTclOna HHBapMaHTHbIMIi CTaHOB5ITCH peWalOI..UMe npaBMJla lJ.ac

TH 2a TeapeMbI	 7.1, o6pa3ylOI..UHe InpH 

TeopeMa 7.2 6yoeT cnpaBeO/lUBa 
cooTBeTcT8Yfo/4ue KaK ZUnOTe3e, TaK 
pUaHTftbl K 9'. 

CTaTHcTH4eCKa51 3a.ua4a DpoBepKM 

PU/1.H.oii. K rpynne 9' npeo6p330Ba'HIiM 

x= 1 nocTaTo4HbIM KJIacc. 

npu x> 1, eC/lU o6e MOOe/lU, 
U a/lbTepftaTUBe, 6yOyT UftBa

rMnOTe3 Ha3bi'BaeTCH CUMMeT
npocTpaHcTB3 Ulj, eCJlH .J!{Yo 11 

.JI{Y 1 Ol\MMeTpH41Hbi K 9' B CMbICJIe Mjf(sx) =Mi!(x), VfE.g:-, sE9', 

j=O, 1. 
04eBlinHO, H3 MH'BapHaHTHocTM 06eHx MOneJleM K rpynne 9' 6y.ueT 

CJJe.uOBaTb HX cHMMeTpli51 (HO He Hao6opOT). ,U3HHoe 3neCb nOH5ITlie 

CMMMeTpHIi CB513bIB3eTCH C 06I..UHM onpe.ueJIeHMeM ,§ 5.4. B caMOM 

.ueJIe, nJlH 3Toro Hy)l{HO BMeoo n3pbI ..1{Yo, .JI{Y 1 'nepeMTH K CI1M 

.JI{xy=::!x.JI{Yx, B KOTOpOM x npHHHMaeT O.uHO H3 nByx 3Ha4eHIiM: 0 
HJlM 1 H HIiKaKMX .uaHHbIX 0 x HeT. CJ1.MMeTpHH 3TOM CI1M 3KBH

B3JIeHTHa cMMMeTpli1i 3a.ua41i npoBepKH rwnOTe3, n03ToMY 'npMMeH5IH 

TeopeMy 5.7, nOJIy4aeM cJIenYIOI..Uee. 

Teo p e M a 7.3. JlYCTb 3aOa'l.a npo8epKu eunOTe3 CUMMeTpU'I./ia 
K oucKpeTHoii epynne 9' npeo6pa30Ba/iuii npOCTpaftCTBa Ulj. Toeoa 
K/lacc UftBapUaftTftblX K 9' npaBU/l flB/lfleTCfl oOCTaTO'l.ftblM O/lfl 3TOii 
3aOa'l.u. 

T3KMM 06pa30M. npM HaJIH4HH cHMMeTpHH 3a.ua4M npM nOHCKe on

THMaJIbHbIX npaBHJI MO)l{HO OrpaHH'IMTbC5I epYHKI.I,HHMM MaKCHMaJlbHO

ro K 9'HHBapHaHTa. 

IT p II M e p 7.2. ITyCTb Yl, ... , Yn - O,UHopo,UHaH BbloopKa, aa,UaHHaH nepBIl'l 

HblMIl 3Ha'leHIIHMII Mjgk(y;) =mg,j, gkE'S, i= 1..... n, j=O, 1. 3aaatJa cIiMMeTpJl'l 

Ha K rpynne nepecTaHoBoK Yi Mem,Uy COOOil, II TaK KaK 3Ta rpynna AllCIK'peTHa, 

TO B KJlaCCe IIHBapllaHTHbIX K ·nepeCTaHOBKaM HymHo IlCKaTb OnTIlMaJlbHOe pewaIO

w,ee npaBIlJlO. CorJl3CHO '1aCTH 2a TeopeMbl 7.1 CTpYKTypa OnTIlMaJlb'HOrO npll 

)(.= I npaBIlJla oy,UeT IIMeTb BIl,U: 

n'--.,-.'y 
I1HBapMaHTHocTb M CMMMeTpMSI. A 02= [co- ~ ctgk(y)]+, gk(Y)= ~gk(Yi)/n, gk E ;§.

'------...~---' AA, 0	 4TO, eCJIM mpH HeKOTopbIX npeo6p330B3 k i=1
 

HH51X npOCTp3HCTB3 Ulj H3 ,cel6H MOPHC. 7.1. ,UBa Tllna	 ,UOCTaTO'lHbIX npH'IeM 'npH TaKHX K03<P<PIlUlleHTax C+k' 'ITO a(a)=I-CO+~C+kmgk'O. 
npaBIIJI neJJH rH,nOTe3bI H 3JJbTepH3THBbI oc-	 - k 
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06Hapy»<eHHe CHrHaJIa no BepOSITHOCTSIM npeBblllleHHH. 11pOHJIJIIO

cTpHpyeM Ha O)].HOM lJaCTHOM CJIylJae, KaK ¢opMHpyeTc5I )].OCTaTOlJ

HblH KJIaCC rrpaBHJI H ,KaK HaXO)].HTC5I OrrTHMaJIbHoe. 

11YCTb Bbl60pKa )].HCKpeTHa51 Yl, ... , Yn. 11yCTb HyJIeBa51 rHrrOTe3a 

(HHTep,npenrpyeM KaK orcyrcTBl1e'CHrHaJIa ) onpe)].eJIHeTC5I nepBl1lJ

HbrMI1 Bep05lTHOCT5IMH PO(IYil>h)=iio(h). 11pH Kalli)I,OM h 3TO eCTb 

Ta rpaHHua, KOTOpylO He CMOllieT HHKor)].a npeB30HTI1 Bep05lTHOCTh 

rrpeBblWeHH5I yp'O'BH5I h rrpHH3Hxy)].llleM )].JI5I rHnOTe3bl 'CTeLJeHHH 06

CT05lT,eJIbCTB. CLJHTaeM qo(h) Hey6bIB31Olll,HMHq)YHI(UH5IMH h, OHH-TO 

H onpe)].eJI5IT 11M .Jf{Yo. 11pH aJIbTepHaTHBe (H3iIlILJHH CHm3JIa)' Be

P05ITHOCTH rnpeBblmeHHH B03,P3CT3IOT H 'CT3HOB5ITC5I He MeHbwe ql (h) = 

= PI ( IYi I>h), OHH 6y)].yT rrepBHLJHblMH )].JJ5I .11[\" 11pIILJeM MbI He 

orOBapHB3eM 3)].eCb, KaKHM 51BJI5IeTC5I CHrHaJI, 3 JII1Wb orrHpaeMC5I H3 

TOT ¢3KT, LJTO ero HaJIHLJHe H3MeH5IeT Bep05lTHOCTH rrpeBblweHHH ypOB

HeH h, Bcex, JIH60 rro 06CT05lTeJIbCTBaM HelwToporo H360pa ypoBHeH 

HJIH TOJIbKO o)].Horo, lJTO COOTBeTCTByeT p33HblM Ha60paM rrepBHlJHblX 

)].3HHbIX. 

Ta'Ka51 rrOCTaHOBKa BCTpeLJaeTC5I, ecmr xap3KTepHblMH, OTJIHlJH

TeJIbHblMI1 LJepT3MH, corryTcT'BylOlll,HMH CHrH3JIY, HJIH IlpOCTO KOTopble 

Mbl 3H3eM, 5IBJI5IeTC5I POCT lJ3CTOTbi npeBblweHHH ypOBH5I HJIH ypoBHeH. 

110CKOJIbKy rrepBHLJHblMH H )].JIrl .;/(Y 0, H )].JI5I .;/(Y 1 51BJI5IrOTC5I HH)].H

K3TopHbie ¢YHKUHH rrpeBblweHHl1 {IYil >h}, COrJI3CHO TeopeMe 7.1 
JI,OCT3TOLJHbIM rrpH X= 1 6y)].eT KJJ30C np3BHJi BH)].3: 

O~=[Co- ~ ~ ct(hj){/Y,/>hj}j+. 
i h j 

A H3 OCHOBaHHH ,cHMMeTpHH 33)].3lJH K rrepeCT3HOBKaM OTClJeTOB KO

3¢<PHUHeHTbl Ci (h j ) He )].OJI)KHbl 33BHceTb OT i H B pe3YJIbTaTe rrp3

BHJJO yrrpOlll,3eTC5I: 

O~ = [co - L c+ (hj ) n (hj)]+, 
h j 

r)].e n(hj)=~{IYil>hj} - lJHCJIO Yi, rrpeBblCHBWHX 3H3lJeHHe hj. 
i 

11pHLJeM oWH6KH rrepBoro II 'BToporo pO)].3 6y)].yT H3H)].eHbl, eum B351Tb 

M OT Bblp3MeHIIH BHyTpH KB3)].p3THbIX cK060K (orp3HWIHB pe3yJIb

T3T CHH3Y HyJIeM, 3cBepxy - e)].HHHueH), H paBHbl COOTBeT,CTBeHHO: 

ex (0) = 1- Co + ~ c+ (hj ) nqo (hj ), 
h j 

~ (0) = Co - ~ c+ (h j ) nql (h j ). 
h -J 

OCT3JIOCb rrpli 33)].3HHOM a (0) = a Bbl60pOM K03q)¢IIUIIeHTOB Co II 

c+(h j ) MIIHIIMII3HpoBaTb i3(o). ,UJJ5I 3Toro HyMHO rrOJIOMHTb co=1 H 

Bce c+(h j ) =0, KpoMe o)].Horo K03¢¢HUIIeHT3, cOOTBeTCTBylOlll,ero He

KOTOpOH KOHKpeTHOH «BbICOTe» h*. Tor)].3 a=c+(h*)nqo(h*), O'f1KJY)].a 

'~ 
., I 

c+(h*) =ajniio(h") II j3(o) = l-c+(h*)n.!!1 (h*) = l-a~1 (h*)jiia(h*), a 

onTHM3JIbHWM np3BIIJIOM 6y)].eT 

00 = [1-~ n(h*)J+ . 
Y qo (h*) n 

BbJoCOT3 fL" BbI6Hp3eTC5I HCXO)].51 H3 MHHHMH33UHH ~ (0), HJIH Me 

M3KCHMH33UHII OTHOWeHH5I: m3xql(h)jiio(h). 11pHlJeM eCJIII 3TO OT
k -

HOweHHe MeHbwe 1, TO co=I-a H Bce c+(h j ) =0, T3K LJTO OrrTHM3JJb

HblM CT3HOBHTC5I TPHBH3JIbHOe np3BHJIo: oY= I-a. 
P3CCMOTPHM ¢YHKUHOHHpoB3HHe 3Toro rrp3BHJI3. ECJIH n (h*) =0, 

T. e. HH O;J.Horo npeBblWeHH5I h* He 6blJIO, TO OOy = 1 II rrpl1,HHM3eTC5I 

HyJJeB351 fHrrOTe33. npl1 YBeJIl1lJeHHI1 LJHCJI3 n(h*) rrpeBblweHHI1 h* 
B03HHK31OT COMHeHH5I B crrpaBe)].JIHBOCTH HyJIeBOH nmOTe3bI, np05lB

JI5IeMble B BH)].e rrp0110pUHOH3JIbHOrO YMeHbweHH5I OOy. H3KOHeu, rrpH 

n(h*)jn"?iio(h*)ja rrpHHHMaeTC5I 3JIbTepH3THB3, TaK KaK OOy=O. l.J.eM 

MeHbwe a, TeM 60JIbWe iio(h*)ja, T. e. TeM 60JIbWe )].OJI)I(H3 6bITb 

OTHOCHTeJIbH351 LJ3CTOTa npeBblweHHH n (hoi') jn, rrpH KOTOpOH yBepeHHo 

rrpI1HHMaeTC5I 3JIbTepHaTHB3. 

ECJIH rrepel1TH OT )].HcKpeTHoH Bbl60PKH Yi K pe3JIH3al(HH Yt, 
O~t~T, TO rrpH rrepBHLJHblX Bep05lTHOCT5IX Po(IYtl>h)=qo(h), 
PI (I Yt I>h) =fJ...l (h) OrrTHMaJIbHblM 6y)].eT npaBHJIO, rrOJIyLJ3eMOe rro 

aH3JIOrHH C rrpe)J.bl)].ylll,HMH H 33rrHCblB3eMoe 

00 = [1-~ 't(h*)J+ .
 
y qo (h*) T
 

r)J.e 't (h') - CYMM3pHa51 .n.JIHTeJIbHOCTb BpeMeHH rrpeBblWeHH5I peaJ1l1

33UHeH Yt Bb1COTbl h*. 

7.2. I(OPPEJl5lI..UlOHHA5I TEOPH5I npOBEPI(H fHnOTE3 

nOJIyLJeHHe OrrnlMaJlbHOro npaBHJla npH 3a,!I.aHHOH Cpe,!I.HeH MO~

HOCTH Ha6JIIO,!I.eHHH. 3)].eCb CLJHT3eTCH, liTO C)].HHCTBeHHoe, LJe!\1 33,ll.3HL[ 

H 'B LJeM OTJlHLJ3el'C$1 rHrrOTe33 OT 3JIbTepHaTHBbl, T3K 3TO C)J.BHr H 

H3MeHeHI1e Cpe,lHerr MOlll,HOCTli Ha6JllO)].eHIII1. 

nYCTb Y= (Yh ... , Yn) 11 rHrrOTe33 33)].3H3 CJle)].ylOlll,HM e)J.JlHCTBeH

HblYl rrepBlfllHblM cpe)].HHM If rrep BlfllH bIYI rrpH3,HarWM: 

(y - ~ -? "':) ~ 2,
MbO : MoY" = <Jo, Y" = .:::., Yil n, 

T. e. 33,L1,3H3 BepXH5I5I rpaHIIua ycpe,Ll,HeHHOrl MOlll,HOCTI1 Ha6.110,Ll,eHlfrl. 

npH X= I COrJI3CI-IO lI3CTH 2a Teope'vlbl 'f,l HC33BHCHMO OT 3.1bTepHa

THBbl OrrTHYl3JlbHbIM ypOBHH a 6Y,ll.eT O)J.HO H3 I1paBHJI I\JI3CCa 

o /'. -2
Oy = [co-c y2 ]+, l-co+c 0'0 = (X, c;;:: 0, O:os;:; co:OS;:; 1. 

YpOBeHb a ¢HI\CI1pyeTc$1 YK33aHHoii J1]lHefiHO~r CB$13blO 1\03cjJqHiUHeH
i TOB Co H c, OrrTHM3JIbHbie 3HaLJeHI1HKOTOPblX MoryT HCI\3TbC$1, eCJIH 

JIHWb 3a)].aTbC5I I\OHl\peTHOH aJIbTepH3TIIBOH. Ee H BBe)].eM. 

J
 
282 283 



nYCTb aJIbTepHaTHBa .ffY l TaKJKe 3a,UaHa BCerO O,UHHM ,nepBH'lHbIM 

<cpe,UHH M 

.;.fir: M 1 L (Yi - x1)2jn = oj . 

3,il,eCb Xl - c,UBHr Bbl6opKII, COOTBeTcTByIOlll,HH aJIbTepHaTHBe, B ,UaJIb

HeHweM ,UJ15I onpe,UeJ1eHHOCTH 'C'lHTaeMbIH HeOTpHuaTeJ1bHbIM Xl ~U. 

BII;!, npaBII,1a 3a,UaIOT J\o3epepHUHeHTbl C H Co. <PHKCl1'py5I HX, IHaxo

,UHM oWH6Ky BToporo po,Ua 13(c, Co). 3TO ,He TaK npoCTO, KaK nepBO

ro, a rpe6yer npl1BJ1e4eHH5I epOPMYJ1bl npO,UOJ])KeHH5I, no KOTOpOH dO
y 

Mall<opHpyeTC5I BTOPl14HblMH npH3HaKaMI1 aJ1bTepHaTHBbl: 

j3(C, Co) = M 1 [Co-C !fj+=inf {(do+daT): do+d L (Yi-Xl)2jn~ 

~ Co - Cif}· 
5Yjl,eM ee HCKaTb. 3,l1,eCb Bce K03cjJcjJHUHeHTbl ,lI,OJJ)K II bl OblTb HeoTpHuaTeJlbHblMH. 

HepaBeHCTBo no,ll, 3HaKOM HHcjJHMyMa nepenHcblBaeTC5I TaK: 

(do - Co + dxD + (d + c) Yi - 2dxl Y+ (d + c) a;;;;:' 0, 

rjl,e y='2,yt!n, ~Zy='2, (Yi-Y)Zln. 3TO HepaBeHCTBO jl,OJllKHO BbInOJlH5ITbC5I UpH Bcex 

y. nOCJlejl,Hee CJlaraeMOe JleBOH qaCTH HeOTpHuaTeJlbHO B CHJlY HeOTpHI.\aTeJlbHOC-

TH d H c. TalK IKaK 3HaqeHHlI ~z y HHKaK He CB5I3aHbi C y, TO HeOTpHuaTeJlbHOH )l.OJllK

'Ha OblTb OCTaBllIallClI cyMMa, nOJlyqeHHall, eCJlH nOJlOlKlHTb ~\=O. 3Ta cyMMa 00

.pa3yeT KBa)l.paTHblii TpeXqJleH OTHOCHTeJlbHO g H YCJlOBHeM HeOTpHuaTeJlbHOCTH 

oy)l.eT HeOTpHuaTeJlbHOCTb )l.HOK'pHMHHaHTa: (d+c) (do-co+dxzl)-(dxt)Z= 

= (d+c) (,do-co) +cdxz,~O, qTO C yqeTOM d~O 3anHCblBaeTCH lid';;;;;' [-l/c+xzd 
,(co-do) j + H 3aMeHlIeT HepaBeHcTBo nojl, 3HaKOM inf. 

Tenepb )l.JlH BblqHCJleHH5I OlliHOKH ~ (c, co) TpeoyeTclI npH YCJlOBHH BbInOJlHeHlJlI 

nOCJle)l.Hero HepaBeHcTBa MHHHMH3HpoBaTb d o+d(J2,. CHaqaJla MHHHMH3HpyeM no 

K03cjJcjJHUHeHTy d. 4eM MeHbllle d, TeM MeHbllle do+daZt, n03ToMY, 3aMeHHH noc

Jlejl,Hee HepaBeHcTBo jl,JlH lid paBeHCTBoM H nO,ll,CTaBJlH5I Haiijl,eHHOe OTCIO,lI,a d B 

do+daz" npHXOjl,HM K Bblpa)KeHHIO ,LI,JlH OlliHOKH BToporo pojl,a, B KOTOpOM npoH3

:aejl,eM cpa3Y MH'HHMH3aUHIO no do: 

-2 

f(c, co) = min (dO + 
d. Xi 

a l 

I ]+ )~ 
[Co - do c 

(Co lIplf Xl ~ al' 

Co ~
ICo - C (Xl - ad2 nplf Xl --- ~ a l ~Xl'
 
CXl 

= ~ -2 

npH al~Xl-
CXl 

l
I (~~_II) 

Co 

Co c 
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B BepXHeM cJlyqae MHHHMyM )l.OCTHraeTClI npH do = Co, B Cpe)l.HeM ~ npH do = 

=Co-Xl(Xl-O,)C, H HaKoHeu, B HlflKHeM - npH do=O. 

DpHcTynHM Tenepb K nOHcKy OnTHMaJlbHOrO npaBHJla 00Y ,UJlH 31'01'0 HylKHO 

Hai1TH napaMeTpbl c, Co, MHHlfMH3HpYlOLUHe ~ (c, Co) npll YCJIOBHH I-co + cazo = a. 

OqeBHjl,HO, npH x,';;;;;'a, MHHHM)'M jl,OCTHraeTCH npH c=O, l-co=a H paBeH [\(d) = 
= I-a. OnTIfMaJlbHbl:l1 3.J,eCb HBMleTCH TpHBHaJlbHOe npaBHJlO OOy~ I-a, COrJlaCHO 

KOTOpOMy He3aBHCHMO 01' HaOJllO,l,eHHii C npejl,nOlJTeHHeM (BepoHTHoCTblO) I-a 

npHHHMaeTcH HyJleBaH rHnOTe3a. K TaKoMy lKe TpHBHa,1bHOMy npaBHJlY npI·IXOjl,HM 

npH x,';;;;;'00 +0,. 3anlllllcM nOJlyqeHHbllOI pe3YJlbTaT: 

o - - 
oy==I-a., ~(o)=I-a npH xl~aO+(jl' 

nYCTb x,>ao+G,. Torjl,a f:\(c, co)=bdc, co)=co-c(Xt-a,)Z npll co~ 

~CX, (x,-a,) H 7:\(c, co) =bz(c, co) =(J2t!(xZ,lco-l/c) npH npoTIlBOnOJlOlKHOM He

paBeHcTBe. TaKIlM 00pa30M, olliHoKa paBHa B(c, co) = b t (c, Co), eCJlH Ha nJlOCIKOCTH 

3Ha4eHHn .K03cjJ<pIlUHeHTO·B T04'Ka (c, co) JlelKlHT Bblllle npHMOH: aj co.=cxdx,-<h) , 
11 paBHa bz(c, co), -' eCJlIl HHlKe. Ha caMoH npHMoi1 BepHo HepaBeHcTBO bdc" co) = 

= bz(c, Co). Orpa'llH4eHHe Ha ypoBeHb npaBHJla B CBOIO Oqepejl,b cOOTBeTcTByeT 

npHMofl: 6) co=caz, + I-a. Ha :HOH npHMoll H HylKHO HCKaTb OnTHMaJlbHble c 

.H co, MHHHMH3HpYlOLUHe 13 (c, co). 

3jl,CCb HylKHO paccMoTpeTb )l.Ba cJlyqaH. nepBblH, KOr)l.a npllMaH 6 JlelK'HT Bbl

me npHMoii a B oOJlacTH OrpaHHqeWHii uapaMeTpoB 0,;;;;;, co';;;;;' I, c~O. 31'0 3KBHBa

.J1eHTHO HepaBeHcTBy Xl < (0;, +VGi + 4a ~/a )/2 = X*, rne X.oo03HalJaeT npaBylO 

4aCTb (x.>oo+a, UpH o-tlcro+ I < I/a, H Torna HHTepBaJl o-o+a,,;;;;;,x,,;;;;;,x. oyneT 

.HenycTbIM). B 3TOM cJlYlJae 7:\(c, co) =bdc, co) H JlenKO HaiiTH MHHHMH3HpYlOLUHe 

3HaqeHHH: co= I, c=aj(jzo, OTKyna OnTHMaJlb'HbIM oyneT npaBHJlo: 

0~=[I-ay2/cr~]+ npH Oo+al~Xl~x*. (*) 

I
 
.,UJlH Hero /3(0) = I-a (x,-=O-,) z/Gzo.
 

f1YCTb Tcnepb npHMble BHna a) 'H 6) nepecaKalOTCH, T. e. X, >X•. Torna MHHH


MyM, KaJ< IHeTpYD,HO yoejl,HTbCH, nOCTHraeTCH Ha npHMOrl 6 npllBee ee TOqKH nepece-

I 
I 4eHI!IH C a, T. e. npH j3(0) =bz(c, co). nOjl,cTaBJlHH B BblpalKeHHe jl,JIlI bz(c, co) ypaB

'HeHHe npllMoii 6, jl,HcjJcjJepeHl.(HpyH no c u npHpaBHHBaH 0, HaXOjl,HM TOqoKY MUHH-

MyMa C*,= (l-a)!(ao(xl-ao)), c*o= (I-a)x,/(xt-ao), lJTO H onpe)l.eJlHT onTH

l Mao%HOe npH c* < a/ozo (::iKBHBaJleHTHO 0 ~ c*o';;;;;' I) uml, lJTO TO lKe caMoe, npH 

.x,>ao/a:

I '2 +I-a YI--o~ = 1- (aO/xl ) [ ~XI J
 
mpH Xl;;;' ao/a;
 

- -2
~ (0) = (1- a) a/(Xl - ao)2. 

ECJlH lKe x.~x~Go!a, TO OnTHMaJlbHblMH Oy.n:yT c*=a!aZo, c*o= I U, CJlejl,O

BaTeJlbHO, npaBJIJlo (*), HO C DllIffOKOrl, BblqHCJllIeMOrl nOncTaHoBKoii OnTHMaJlbHblX 

.3HalJeHHii B BbIpalKeHIHe jl,JlH .bz (c, co), lJTO naeT 
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a /'. -2 +	 - .ay = [I - ay2/ao] npH X* ~ XI ~ ao/a, 
-2
 

°1
 
~ (a) = 2 -2 

Xl - ao/a 

nO,ll.OiK,lI.eM nOKa ¢opMyJIHpOBaTb ,lI.OKa3aHHbII1 pe3yJIbTaT, a C,lI.e

JIaeM 3TO qyTb HHiKe (¢OPMYJIbI (7.1), (7.2» B 60JIee 06meM BH,lI.e, 

TaK I{aK OH OKa3bIBaeTC5I npHrO,ll.HbIM ,lI.JI5l MHorHX 'CJIytIaeB. ,UJISI yHH

¢HKaUHH BBe,ll.eM TaKHe 0603Ha l leHH5I: y2=Y2, MoP= a20, q=;;J/aa 
K03qJ(pul{ueliT tl3MelieliUfl MOUfliocTeu, p = xl/aa - liOP,Hupo8aliliblu 
C08UZ (aHaJIOr OTHOWeHH5I CHrHaJI-wyM). 

OnTHMaJIbHble pewalOmHe npaBHJIa H HX cBotiCTBa He 33BHC5IT OT 

06beMa BbI60pKH, H Bo06me OT THna peaJIH33uH1\ BeKTOp .111 3TO HJIH 

¢YHKUH5I a-peMeHH. TaK, ,lI.JI5l npoueCCOB C HenpepbIBHblM BpCMCHCM Xl, 

O~t~T, onpe,ll.eJIeHHblX c.1e,ll.YIomH~11l nlTIOTe30H (j=O) II aJIbTep-
T 

HaTHBOH (j = I): MjYI = Wjt, Mj f (Yt-Wjt}2dtIT=G2j, OnnlMaJIbHble 
a 

rrpaBHJI3 COXpaH5IIOT TOT iKe iBH,lI. H Ty iKe oWH6Ky rrpH 0603HaqeHH5IX: 

P= 5T 
(Yt-Wot}2dtIT, X21= fT 

(Wlt-Wot)ZdtIT. CKa3aHHoe 3,.leCb H ,lI.0

a	 a 
Ka3aHHoe ,Bblwe Be,ll.YT K CJIe,ll.y1omeMy. 

06w.aSl QJopMa rrpaBHJJa. [Jpu U38eCTlibiX TOAbKO Moyz = bo, 
M l (Y- x l)2=b 1 U npu pZ=X21/bo, q2=b]lbo O/HWlWAbliblAl ypOBlifl a 
8 3a8ucUAtOCTU OT 8eAU 'III libl liOpAwp08aliliOZO C08uza p 6yoer OOliO 
U3 cAeoylOUfux npa8UA: 

I-a	 npH p < I +q, 
00 = [1-aP/Mo YZ]+ npH 1+q ~p ~ I/a, (7.1 ) 

y {	 (I - a) [p _ YZ/M yz]+ rrpH p> l/a.
 
'p-I 

o
 

OUlu6Ka 8TOPOcO pooa onpeoeAfleTCJl 8blpa.lICeHUfl,tlu: 

1 - a npI1 p < 1+q, 

i3 = 1- a (p - q)2 rrpl! 1+ q ~ p ~ p* = (q + Vq2 + 4/a)/2, 
q2/(pZ _ l/a) npH p* < p ~ l/a,1,(I-a)q2/(p-lj2 npH p>l/a. 

(7.2) 

P33JIHtIHbie BH,lI.bI peWalOlllI1X np3BHJI (7.1) npe,ll.CT3B.leHbI CJ1JIOW

HbIMH JIHHH5IMH Ha pHC.· 7.2, 3 COOTBCTCTBYIom35I 11M J<pHB35I OW HOOK 

BToporo po,.la KaK <pyHKUH5I p - Ha pllC. 7.3. 06palllaeT H3 ce05I 

BHHMaHllC napa60.1H4CCI{llii BH,lI. np3BIlJI, yHacJle.n.oBaHHblli HMH OT 

nepBH4Horo npH3HaKa rHnOTe3bI, 3,l1.eCb e.n.I1HCTBeHHoro. )lpyra5I xa

pal\TCpHa5I oc06eHHoCTh -- paCnJIblBtIaTOCTb onTHMaJIbHbIX npaBH.l, 

B KOpH51X CBOHX 065133HH35I HCKJllO'HlTCnbHOI1 6e.il,HOCTII HCXO,a.HbIX 

,lI.aHHbIX 0 nlTIOTe3ax. 3TO iKe CCTb npHtIHHa ~H31{HX KallCCTBeHHblX 

nOKa3aTeJIe(I (60JIbW011 Bep05ITHOCTH oWH6KH ~), 06b5ICHHMbIX TaK
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6) 

1'HC. 7.2: a) CJla6blii :eHmaJl, 6) ,cpe.n'llHii, B) CHJlbHblI"1 

iKe TeM, 'lTO neCCHMH3M (x= I) if 
:3aCTaBJI5IeT opHeHTHpOBaTb paC'le-

Tbl Ha HaHMeHee 6JIarOnpH5ITHbIH 1 
f-e(.

CJIytIaH 
U 

(B paMKax HCXO.n.HbIX rrep-

BH'lHbIX .n.a<HHbIX), a T3KOBOH 3.n.e'Cb 

30BeT ·K nOCT05IH:CTBY peaJIH3a

"-~HH Yl=Y2= ... =Yn=Y, T. e. CBO

.n.HT Bce K O.n.HO~y e.n.HHCTBeHHO~y 1----'-__ i I - ~. 
Ha6nlO.n.eHHIO Y. f+r; p* f/tt t 

HTaK, rrpaBHJIO (7.1) 5liBJI5IeTC5I P 73 r m K Oll1H6KH BToporoHC. .. pa'j'HDnTHMaJIbHbIM .n.JI5I 3a,a.atIH, KOr,ll.a po.na 
Ha6JIIO.n.eHHe B-cero O.n.HO (HJIH K 

HeMy Bce ·CBO.n.HTC5I) Y, a rHIlOTe3a 3a,a.aHa O,ll.HHM rrepBHtIHbIM 3'HatIe

HHeM MoY2·=a2o, KaK H aJIbTepHaTHBa: Ml (Y-xI) 2=a2 I. 3TO - CYTb 

·Jr1:'Olll:H<OCTH. H3MepeHHble rrpH rHnOTe3e 6e3 ,C,.:J.'BHra IHa6JIIO.n.eIHHH, a 
.TIpH aJIbTepHaTJilBe - ,CO 'Q.lI.BHrOM Xl. 

BBC,lI.eM HOBbIe rHnOTC3Y H aJIbTepHanlBy: 
- -2

c4to : M oY = O. M o yz = 00 ;
 

J!t - -2
1: M1Y=X1• M1(Y-X1)Z =01 
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7.2,a, 6 ,UOJI)KHO COBnaCTh C ocHOBaHHeM nOJIO)KHTeJIbHOH qaCTII na3,neCb,B OTJIIIqIIe OT npe,llbI,llymepo, Cpe,nHee CqIIT3eTCH II3BeCTHbIM, 
pa60JIbI. PaCqeT ,ll.JI5I 3Toro IITpaBHJIa OllIH6KH BToporo po,Ua npoH351IBJIHel1CH TOqHbIM II 'IlpII 3JIbTepaaTIIBe C,ll.!BHra'eT'CH H3 XI, ·a )l.HCnep
BO)lHTC51 \6yKBaJIbHO KaK paCqeT BepoHTHoCTH 'C06bITHH B npuM'epe 1.5eRR (OHa npII II3BeCTHOMCpe,llHeM 33MeHHeT MOIII.HOCTb) H3MeHHeTCH 
11 3aBHCHT y)Ke OT Toro, H3BeCTHO JIH epe,UHee M1Y=Xl HJIH HeT. 

OT	 aio ,uo a21. HecMoTpH 'H3 TO, 'qTO HOBaH rHnOTe3a H 3JIbTepH3THBa 
ECJIH H3BeCTHO, TO f3==i[ 1+ (p-l/ ~/ a)2] --1, rne p> 1/ Va, a eCJIH ReT,·6oJIee Y3KHe no cp3BHeHHIO c npe,nbI,nYIII.HMH, MO)KHO ,nOKa3aTb, qTO
 

)lJIH HHX OnTHM3JIbHbIMH ypOBHH a 6y,nyT TOqHO Te )Ke pern3IOIlI.He ~ TO (3= (p-l/ Va)-2, r,ne P~ 1+ I/V u, npH ,llpyrHx p olIIH6Ka paB


np3BHJI3 (7.1) C HX OllIH6K3IMH (7.2). 
jlO'K33aTeJIbCTBO 3Toro 'epaKTa no,nMeHHeTCH HJIJIIOCTpaUHeH pnc. 7.2. 

3)leCb lTIpe,llCT3BJIeHbI B 3aBHCIIMOCTH OT BeJIHqHHbI HOpMHpoB3HHoro 

C)lJBHra (J =xI/ao K3pTIIHbI ,llJIH OnTIIMaJIbHbIX npaBHJI CIllJIOrnHOH JIH

HHeH, 3 llITpHXOBOH - ,llJIH Tex BTOPHqHbIX npH3HaKOB aJIbTepIHaTH

BbI, ,C :KOTOpbIX cpe,nHHe MI nepeHOCHTICH :Ha aO
y , ,naBaH own6Ky BTO

poro pO,n3. 113 pIICyHK3 BbIHCHHeTCH, qTO KaKcaMH OnTHMaJIbHble 

npaBHJIa, OCHOBaHHble Ha npH3HaKax BH,na Co-C y2, TaK H BTOpnqHble 

npH3HaKH aJIbTepHaTUBbI, 3,neCh ,HMeIOIII.He BH,ll dO'+ d (Y-XI) 2, 6a311

PYIOTCH Ka)K,na51 JIHllIb Ha O,nHOM npH3HaKe, a HMeHHO TOM, K'OTOPbIH: 

COOTBeTcTByeT ,lI.HCIIepCH51M, H He nCnOJIb3YlOT COBceM npH~HaKa Icpe,ll 

Hero Y. 3TO 11 06bHcH51eT, nOqeMY 3HaHHe Cpe,ll.HHX He MeHHeT pellle

HHH 'CTaTHCTHqeCKOH 3a,naqiL 

CKa3aHHoe ,lI.OnOJIHHeTCH cJIe,llYlOmHM. 

1. 3HaHHe HH)KHI1X ,lI.HCnepCHH: ~2j, j = 0, 1, HJlH ,naMe T04HblX 3Ha

qeHHH ~j = (Jj =1(Jj He MeHHeT peweHHH ICTaTH'CTHlqeCKOH '3analIlL 

2. lllTPl1xoBbIe Kpl1BbIe Ha pHC. 7.2 ,nalOT ,ll.pyroH iB03MO.IKHbIH 

BapHaHT pellialOIII.Hx npaBHJI, cooTBeTcTBylOIII.HX qaCTH 26 TeopeMbI 

7.1 II opHeHTHpoBaHHbIx Ha nepBHqHbIe InpH3HaKH aJIbTepHaTHBbI. Ha

np 11M e p, ,ll.JI 51 CJIyq a 51 noCJIe,ll.He H: CTpoq K H <p 0 PMyJIhI ( 7.1) (PHC. 7.2,8) 
3TO 6Y,ll.eT cJIe,nyJOIII.ee K 0 H T pac T;H 0 e npaBHJIo: 

lex - +ao = 1- I--=- (Y - X1)2/M o Y2J npH p > l/a. 
y [ (p _ 1)2 

Boo6me JI1060e npaBHJIO, pa,cITOolT}aralOmeecH MeMny CITJIOllIHOII H 

llITpHXOBOH: JII1HHHMH pHC. 7.2, 6y,neT OITTHMaJIbHbIM. ,Nlo)KHO BbI6paTb 

ero, H3npHMep, B KJI30Ce JIHHeHHO-JIOMaHbIx epyHKUHH HJIH KaKOM

HII6y,llb ,lI.pyroM eoo6pa3Ho ,lI.OnOJIHHTeJIbHbIM Tpe60BaHHHM (HanpH

Mep, pa3yMHo CqHTaTb B TOJIbKO qTO BbIIIHcaHHOM npa/BlIJIe dOy=O 
npH Y> Xl). TelTIepb CTaHOBIITCH nOHHTHOH: HeKOHTpaCTHOCTb npaiBHJla 

OHa pac. 7.28 K3'K pe3YJIbTaT orpa:HnQeHHo51 epO:pMbI a y IKJIaCrCOM napa

OOJI; B J.J;pyroM KJIaCCe npaBHJI OHOBnOJIHe y)Ke MO)KeT CTaTh KOHT

p3CTHbI!M. 

3. JleTepMHHHpoBaHHbIe npaBHJIa npHHHMalOT TOJIbKO ,n:Ba 3Haqe

HHH: 0 HJIH 1 ,H H306pa)KaIOTCH Ha pHC. 7.2 npHMoyrOJIbHHKaMH e,ll.H

HHqHOH BbICOTbI. K.3K 'BH,ll.HO H3 pHCyHKOB, np51MoyrOJIb'HHKH HeJ1b351 

pacnOJI!O}KHTb Me}K,lly CnJIOlliHOH: 11 lIITpHXOBOH: JIHHII51MH, CJIe,ll.OBa

TeJIbHO, ,lI.eTepMIIHHpoBaHHble ,nparBIIJIa He MoryT 6bITb OnTHMaJIbHbIMH 

If nepexo,n K HIIM 'COnpOBO)K,llaeTC51 pOCTOM OllIH6oK. 4T06bI BbI,nep

)KaTh ypoBeHb U, Hy)KHO nOJIO)KIITb aOy = 1 npH Y<,ao/ V~ a I1Haqe 

npHpaBHHTb npaBHJIO 0, TOr,ll.a OCHOB3HHe npHMoyrOJIbHHKa Ha pRe. 
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Ha	 1. 
npoBepKa fHnOTe3 no 3a,ll.aHHb1M KOppeJlSlUHSlM. IlYCTb y== 

=== (YI, ... , Yn) T 11 TOQHO H3BeCTHbIMH 5IBJI51lOTC5I MaTpHUbI KOppeJIHUHH: 

t/;[!lo	 : M o Yi Yj = Bib 

Jf!ll	 : M 1 (Yi - wJ (Yj - Wj) = Ku· 

B BeKTopHbIX 0603HaqeHHHX W= (WI, ... , Wn}T - C,ll.BHr, a B H K 
ITOJIOlKHTeJIbHO onpe,UeJIeHHble ICHMMCTpHqHble MaTpHUbI. llocTaToqHbIH 

KJIaCCnpaBHJI 3JLeCb 3aT1HCbIBaeTCH B BH,ll.e [Co-~~CijYiYj]+; BbI6o

pOM K03epepHl~HeHTOB Co H Cij HyMHO HCKaTb OITTHMaJIbHOe H3 HHX. 

JlocTaTOtIHbIM (CM. § 7.6) 3AeCb 6y,ll.eT nOAKJIaCC npaBHJI, OCRO

BaHHblX Ha oITJHHeMHblx npeo6pa30BaHI15IX Ha6JIIOJLeHHII: gTy= Y, CBO

JLHllJJIX BeKTop Y K O;I.:HOMy 3HaqeHHIO Y I1pH HCKOMOM (Ha 33KJIlOqH

TeJIbHOM 3Tane cIIHTe3a) BeKTope g. Tenepb nJIH Y :KaKHOBoro Ha6 .. 

JIlOneHHH rHnOTe3a H aJIbTepHaTHBa 6ynyT oITpeJLeJIHTbCH 3HaqeHHH

MH M
O
Y2=gTBg, M1(Y-Xl)2=gTKg, rAe Xl=WTg. rraKHM 06pa30M, 

3anaqa CBO,UHT'C5I K y)Ke paeCMOTpeHHot'I B 3TOM naparpaepe: npH 33

JL a H HOM g 0 nTH M a JIb HbI M 6 y,UeT ITpaB YIJI 0 ( 7.1 ) , (7.2) C noJLeTa HOB

KOH Ty,Ua Y=gTy, M oy2=gTBg, q2=gTKgjgTBg, p2= (WT g)2jgTBg. 
Ilepe41ICJleHHble na paMeTpbI 3aBEC51T OT g, OTCI-OJLa BHA npaBHJ1a 

11 ero oWII6Ka BToporo pona ~-g 6ynYT unpeneJ15ITbCH BbI6paHHbIM g. 
OCT3JIOCb HalITII TaKoe g*, KOTopoe lVIHHHMH3HpOBa.no 6bI 3TY oWH6Ky: 

g* : min ~g, 
g 

4TO H rlaCT HcL'vI H81LnYliwee np3BliJ1o. 
CJIO)KHOCTb Bblp8)I(eHH51 (7.2) He n03BO:I5-leT I-{cLciTlI 06il~lfif BlI,] 

,lI,JIJl g'::. 11 o{It-l,e:vI no II~)'Tl1 ,L!,cl.,'IbHeIlwIix yllpou(eHul<f, BSI6lIpaH g j\IaK

CH~I1l3aUHe(I HOp ~vlI1pOBaHHoro C;:lBHI'a p 

g** : 1113X (wTg)2/gT Bg. 

OCHOBaHHeM ynpomeHHf't CJIyiKHT TO, tIIO 0lllH6Ka p, K3K 3TO rvl0lKHO 

BH,ll.eTb 113 (7.2), ,MOHOTOHHO y6bIBaeT npE YBeJ1HQeHHH p rrpH Ka)K

nOM 3a,ll.aHH011 q. PeweHHe g** rrOCJIe,lI;Heti 3a,ll.aq11 HMeeT BnOJIHe KOH

·KpeTHbIH BH,lL: g** == B-1w. 
IlpH O,lLHHaKOBbIX KOppeJIHUHHX K=·B rrapaMeTp q= 1 II HaH,ll.eH

HhIH HaMH BeKTop 6YJleT cTporo MllHHMH3HpoBaTb BepoHTHoCTh oWH6

KH: g* = g** = 8-1w. IlolI.cTaHoBKoH 3Toro BeKTopa HaXO,ll.HTC5I 

Y = wT B~ly, p2= M y~ =wTB-1w,o 
10-13	 ~89 



II BMeCTe C epOpMyJIOH (7.1) OHM 

fI3IKOBbIX II\O,ppeJI5IIlJI51X ,fIp 3BHJI'Y 

1-- a 

0Z= [I-a (WT B-ly)2/p2j+ 

( 1 a [ 
p _ 1 P 

,UorrOJIHeHH51 

M lY = W 0 Cpe,LI,HHX 

,LI,aqH. 

(wT B- 1 y) 2 + 
- p2 npII p > l/a. 

H 3aMeLIaHH51. 1. Ha.IIHLIHe naHHbIX MoY=O, 

3HaQeHH51X Ha6JIlo,neHHrI He MeH5leT peWeHH51 3a

npHBe,nyT K OrrTHMaJIbHOMY rrpM OnH~ 
yp'OHH51 a: 

npH p < 2, 

nplI 2 ~ P ~ l/a, (7.3)
J

2. CJIy4aH O,LI,HHaKOBbIX I( = B 3KBHBaJIeHTeH o6HapyLKeHHIO CHr

HaJIa W, KOr,LI.a npH ero OTCyTCTBHH ,LLeHcTByeT TOJIbKO wyrv! Y=I£ C 

IK10ppeJI51QHOHHOH MaTpHQe~1 B, a ,rrpHHaJIHqIIH - ·C~leCb JI.eTepMH

lHHpOlBaH1HOPO ICHDHaJIa Ie wyMOM ;y=w+s. 

3. Ilepexo,U K npolLeccaM Yt =;Wt +'£t, O~ tc:' T, rrpH H3BeCTHOH 

B (t, 'I) - KOppeJI51QHOHHOI1: epYHKIlJIH wyMa ;£t OBO,LI,HT MaTpHqHbIe 

BhlpaLKeHH51 K orrepaTopHhIM: 

Y = J W t B-1 (t, 't) Yt dt, p2 = SJ w t B-1 (t, 'I) wt dtd't, 

r,LI,e B-1,(t, 'I) - 5l,LLpO 06paTHoro 'K KOppeJI5IIlJIOHHOMy onepaTopa.
 

IlpH IO,LI,HOpO,LI,HOM rnyrMe, T. e. B (t, 'I) = B (t-'t) ,o603Haqa51 B (ffi) =
 

=2 f
00 

B ('t)IC'oS (ffi't) d't - 3HepreTHIIeoKHH ,clneKT'p, a Yw JI Ww- Ic,neK
o 

TpaJIhlHhle tJ(BOI1IHIIIKII (Inpeo6pa30BaHiIl51 <I>'~phe) Yt II l.QJt, II CqHTa,51 T 
,mQlCTaT,OqHO 60JIhWHM, rrpHXOJJ-HM IK fCJIenYIO~IIM 3Ha'qeHII5l,M COCTaB

JIHIO~IIX allT ll'M aJIhlHOrOilip 31BHJI a (7.1): 

j /w liJ lY=I j YliJWliJdUlI, p2= 
2 

dUl. 
-00 B ((0) B ((0)-00 

31HaMeHaTeJIh B (ffi) yCHJIHBaeT Te yqaCTKII cneKTp a, r,LI,e WYM MaJI, 

H no,UaBJIHeT 3arnyMJI'eHHhle. 

npOCJIe,UIIM, KaK nOBJIIl51eT Ha o6Hapy2KeHUe npniCyT,cTBHe rapMo

IHIIlqeCKHX [IOMeX IHa4aCTOTax ffij. I1x ,neH,cTiBllenpO'HBJI5IeTC5l B iB03IHHIK

HOBeHHII ,UeJIhTa-BhI6poCOB B cIleKTpe: B(0) =Bo(0) +~bjo(tl-(Uj), 
f,Ue 6 (tl) - ,neJIhTa-epyHKUH5I ,UHpaKa, paBHaH 0 UpH '(tl =#= 0 II 00 npH 

(0 = O. []o,UcTaHoBKa B ('0) IB 3HaMeHaTeJIh epOPMYJIhI ,,UJIH Y y6e,UHT 

HaC'B ~OM, qTO qaCTOThI rapMoHHK 6y,UyT pe)KeKTHpOBaThcH npH npe

o6pa30BaHHH Yt B Y. 
4. I1pH HeKOppeJIHpOBaHHhlx Ha6JIIO,UeHH5Ix: Bii =!a20i, Kii = 0'2 1i, 

Bij=Kij=O npH i=#=j, UMeeM g*i=Wi/a20i H npaBHJIO npoBepKH rHHO

Te3 6YJLeT ,OCHOBhJBaTbC51 Ha \CTaTHCTUKe Y == ~YiWi/a2oi H ,UaBaThcH 

BhIpa)KeHHeM (7.1), B KOTOpOM p2=MoY2=~iw2i/a2oi, q2=!(~w2i/a21i)/ 

~ (w2i/a20i) . B qaCTHOM 'CJIyqae inOCT05llHHhIX 3HaqeHHH Wi = Xl, aOi = 
=(jO, <1li=al HMeeM Ig*i=,const H npHXO,UHM (rrOJIaraH g*i=l/n) K 

OIlTHMaJIbHOMY npaBHJIY ,UJI51 O,UHOpO,UHOH HeKOppeJIHpOBaHHOH BhI

60pKH, HMeIO~eMY BHJL (7.1), (7.2) npn Y=y, M oY2=o2o/n, p== 

=XI Yn/ao, q=ial!aO. 
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z1
5. [JoKa3aTeJIbHO, qTO 

6Y,lI.eT JIHWb TpHBHaJIhHOe 

KpaHHe 'CJ1a6bIX HCXO,LI,HbIX 

HO ,nOilOJIHHTb 3HaHH51MH 

rrpI1 HyJIeBOM: C):lBI1re Xl = 0 OilTHMaJIbHbIM 

npaBHJIO (J°lJ= I-a. flpI1qH:Ha KpOeTC5I B 

,LI,OnymeHH51X, KOTopbIe 065I3aTeJIbHO HY)K

qeTBepTblx lVIOMCHTOB Ha6JIIOjI,eHHI1, 4106bI 

nO.Tl y41'1 T b I1 P11 e M JH? Moe D p3 13 ;L~ 0 TI P0 5 e pK ~ i r ~'! ~ 0 T:2 3, P2 3.Tl I! 4~: 1-0ill,e e 

H3MeHeHHe OJI,HHX TOJIbKO JLl1CnepCHH (MomEOCT:I WYl\13). 

fIYCTh CTOHT 3anaqa: 

/(1 • M 
o-/J 1/ k' 

=mli4 ; 

I~ 
;/' 

fIepeXO))1 

M o 2; Z, 

nIl! ~ -- f. /'vl 1 (z 1 - ..:,,)2 nl1. - ai, rne x = 1 

3a,:~aq(j B hU;1bIX Ha6.TUO;J,eH1l5IX TO)l{J,eCTBeHHa paCCMOTpeHHOIUI B EOH

II (: I1 pe:lb!.ny llterO fl YHhT 3, (J onTE M3J] bH bI IVI 6y jleT npaBH.no (7.1), (7.2) 
B 0003Hal}(?HIJ5-lX: 

_ .2' _ 2 It If Y2 ~ ( 4\th 2 (.2 ·2 / ( 4 ) Y - Y alP JVI o - m 04 - arlin, (I 01 -- 00)n m 04 - 0(1. , 

2_ ( 4) I ( . 4)q - nl 1A ._-- 01 / IflU4 - 0"0 . 

fleT04 Hhle KOppeJISlu,UH. nyCTb KOp peJI5IUHH He 5lBJl5lIOTC51 TOLl:HbI .. 

M 11 11 3anaHbl He Bce, a 4aCTHqHO. CK3LKeM, He Bce 3JIeMeHTbI Hij 11 

I(i:i Koppe~TI5lUHOHHbIX MaTpHQ 3aJLaHhI, a q3CTh, )J,3 eme If He TOLIHO, 

a HX Hel(OTOpble rpaHHUbI. TaKa51 3ana4a MO)KeT peWaTbC51 Halip:;~MYIO 

H3 LUHMH MeTOnal\111. Co6CTBeHHO, OnHO TaKoe peweHHe 6bTJIO y)Ke 

Ha l"1JleHO B H 3 qaJle 3Toro naparpaepa, Kor,na H3BeCTHbIlYIH 6bIJIHBepX

HEe rp(JHHUbI CY\1\1 ;UI3fOH3.lIbiHbIX .3.ne:\1e:HTO'B h'OppeJ151UHOHHblX M3T
/',,

/ "'" 
pHIl: i\10y2= ~Bii/n=(J20, Ml (Y-Xl)2= "LKii/n =02 J • 

Pace I\1 OTp 1I M eme O,UHH CJlyqai1. nyCTb 1I3BeCTHbI TOJIbKO «nOTOJI

i\ ID'1I..J1 ~ ivTOIUHOCTH OT.ueJIbHbIX 3JIeMeHTOB Ha6JIlOneHHH: M oy2.£ == Bii 
H Ivi 1 (!/i----w;):.: :::-.= R.'u, i = 1, ... , n, a K3KaH KoppeJl5lUHH MCiK,llY H liMB 

COBCC\1 He JL~ BceTHO 1\3!( np II fHIIOTe3C, Ta K 11 a.IIbTepH3TI/IBC, C~E3

,<1 H Fi 0 e !~ C II C i \. .n ;0 q d eT , 41 0 Ha6.THOJ-eH IL[ B H 3. 11 l'vT eHee 6 ,rr arOIl p lr 5~ THO 1\1 

:'l:~lC ::-=.-.1) \10r~ n(Hr~'opHTb J,pyr ,Jpyra. Tencph 6Y_If'T I1c·,":!rCII 

L (' \1 !Jl c.n 0 ~ ; \1 ;.1 ~;; h Ii 0 f- 0 npaB H JI (1 ? H a itJ.e i:!!-I 0 r0 peIII e J-I He 1\1 ::; T 0 I~i >~~:Ul a q H 

HaUJJL'vIlI :\1CTO,I[lVIL. OEO II:.1eeT BE}:!. (7.1), B KOTOpO:'l Y qIOp~dIlpYCT
C51 K3 f\ oT6or TOJlbI\OOj,Horo 3JleMeHTa Y= Yi rrpH Tal\OM i =: I, IlpH 

!·:f}TOpOl'.'l :-'TTI li\13.nbHO 3Ha4eHHe ~, HafIZI,eHHOe no q;op~1y<n:e (7.2) c 

y2 - 0 2 M 1I 2 y2 - 0 4 npY! i =1= J" M y4_Ii i - k' h .; i j - k "h [ 

k~O, 1; i,j== 1,00" n. 

}( npe06p:330BaEHbI~vl Ha6JIIDjleHII5lM Zi == Yl- 0 6' flOJlY4aeM: 

== /vI J (Zi - x) (Zj ~ x) == 0, i =I=- j; M ozf = M o (yl- 06)2 = 

0" i - 03 . 

r;Oel,CTGiL(;8>:oiI T\'J.(1 J12HrIblX i-ro 
I1T3K, BH24(L:1(' ~oT6HpaeTC51 O)]JIH 

ivleHT .t!,. K010Pbli:i B cpaBHeHHH C 

urylO OllIH6Ky Bi npH 3anaHHONr a. 

In~ 

3,"leMeHT2: 

H3H6oJIee 

K3iKj,bIM 

3':1TeM no 

qi=Ki)B ii , (,2 i =zQ/2)13u· 
<<I'IH(pOp\;1aTl;~BnbU~» :).TIe

npyrHM o6eCnetIUT MeHb-

HeMy CTpOHTC5I np3BHJlO. 

~Yl 



flO,UbITOMHM 06a qaCTHbIX CJlyqaH. B nepBOM OCymeCTBJIHJlOCb 
..."" 

KBa,UpaTHqHOe npe06pa30BaHlle y2 Ha6JIIO,UeHllH, BO BTOpOMerO MOM

HO CqHTaTb JlllHeHHbIM, nOJIaraH gi ==0 ,UJIH BCeX 'i=f= [,KpOMe O,LlHOfO 

gl==l. A B 06me.M, no TeopeMe 7.1 0 JLOCTaTOq:HOCTll '(l1x==l) 3TO 

6y,UyT npeoopa30BaHHH BH,Ua ~~CijYiYj npH cyMMHpoBaHHll no TeM 

(i, j), ,UJlH KOTOpbIX HMeIOTCH JI,aHHble 0 Bij , OCTaJIb:Hble Cij == O. E'CJIH 

TaK OKaM'eTCH, qTO OnTHMaJIbHble c* ij == gi,gj H ~"22c* ijYiYj == ("22giYi) 2, 

T'onpe06lpa30BaHHe OBej.LleTIC5I K JIHHeHIHQlMIY. B OomeM, 3TO 6yl;I.eT He 
TaK. 

7.3. HCnOJlb30BAHHE ,lJ,OBEPMTEJlbHbIX O~EHOK ,[lJl5I npOBEPKH
 
fMnOTE3
 

OnHcaHue cnoco6a. HepenKO 3anaqa npoBepKH fHnOTe3 CBOnHTcH 

K npHHHTllIO peIIleHHH OTHOCllTeJIbHO 3HaqeHHH inapaMeTpa. TaK, Ha 

OTCyTcTBHe CllrHaJIa MOMHO cMo1'peTb KaK Ha HyJIeBOe 3Ha qeHHe ero 

a MrrJIHTy,LLbI, OUeHKY Ha,LLe)KHOCTH arrrrapaTypbI MO)KHO rrepeBecTH B 

npOBepKY COOTBeTCTBH5I HopMe rrapaMeTpa HaJI,eMHOcTH H 1'. ,LL. Hawa 

ueJIb - CBH3aTb rrpaBHJIa rrpoBepKH rHrrOTe3 0 rrapaMeTpe C ,LLOBepH

TeJIbHOH oueHKOH 31'oro rrapaMe1'pa,q1'06bI 3aTeM HCrrOJIb30BaTb 1\1 a

TepHaJIbI rrpe,LLbI,LLymeH r JIaBbI. 

TIYC1'b x eCTb qHCJIOBOH IrrapaMeTp H J{Yx - nepeXOnHa5I 11M, 3a

,UaIOmaH MO,LLeJIb Ha 6Jj rrpH epHKcHpoBaHHblx x. TIYC1'b rHITOTe3a H 

aJIbTepHaTHBa Icoo1'BeTc1'BYIOT 3HaqeHHHM Xo H Xl napaMeTpa X. 'TOf

.ua J!{Yo==J{Yxo ' u!{Y1 ==J!{YX1 -,LLBe fHnOTe3bI. B 3TOM pa3,lI,eJIe CqH

TaeTCH x == 1. 
B03bMeM C:VIJ\1. J{xY==:J'xJ{Yx H nycTb (jay (X) eCTb ,lI,OBepH1'eJ1hHaH 

oueHKa ypOBHH a napaMe1'pa x:a==MxY (l-oa y (x))==supMYx (l
x 

-Oay (x) ). ITo ,lI,OBepHTeJIbHOH oueHKe nOC1'pOHM CJIe,lI,YIOw.ee npaBH-

JIO npOBepKH fHnOTe3: 

OOy==ou y (Xo). 

llpHHHMaercH ,HYJIeB35I fHIlOTe3a C TOH )I{e ,lI,OCTOBepHOCTblO, C K3KOt'1 

3HaqeHHe Xo BKJIIOQaeTCH B OUeHKy Oay (x). OIIlH6Ka IlepBoro po,Lla 

3Toro npaBHJla He 60.nbwe ypOBH5l U oueHKH, TaK KaK 

a(0) == M o (1- oZ) == !v1~o (1- o~ (xo») ~ sup ~M~ (1- o~(x» = a. 
x 

CJIe)1.yIOllI,ee yTBep)K,LLeHHe ,lI,ae1' CilOCOO npH6JIHMeHHOro paCqe1'3 

OIllH6KH BToporo p0,lI,a npaBHJIa (7.3). 
Teo p eM a 7.4. flYCTb (j13 y (x) eCTb (JoBepUre.llbHa5l (npu X== 1) 

04eHKa ypOBHfl ~ napaMeTpa X u nycTb~* eCTb HaUJueHbUlUU ypoBeHb 
~, npu KOTOpOM BbltlO.llHJleTCfl HepaBeHCTBO (Jay (Xo) + 013 y (Xl) ::s; 1. Toz
aa oUlu6Ka -~ (0) npaBU.Ila OOy == (Jay (Xo.) npOBepKU 2unOTe3bl X== Xo 
npu a.llbTepHaTUBe X==XI 6yoeT He 60.llbUle 3Hat£eHUfl ~*. 

,UeHCTBHTeJlbHO, 13 (0) = MI aO == M~l aZ ~ M~l [1 - o~* (Xl)] ~ 
-y [ (3. _ 

~ sup Mx 1- ay (x)] - ~*. 
x 
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PMC. 7.4. HaXO)K)1.eHHe npPl
.KHjI.OqHOH OIlIll6KH 

8:* (x,)iJU= 0"" / I /0!J"(x) 
!I !I (.ro) 

X o XI x 

3HaqeHHe ~*' B o6meM, MOMeT O1'JIHqaTbC5l B 60JIblllyIO CTOpOHy 

OT Be.TIHqHHbI oWH6KH 13 (0), a IlOTOMY Ha3bIBae1'CH npUKUOOt£HblM 3Ha

.qeHI1'eM oWH6KH B1'oporo pO)1-a. OHO 6yneT 1'e1\1 60JIee TOqHO rrpH6JIH

.lKaTb OIIlH6KY, qeM MeHbIIle fpaHHUbI MYxoy (x) H MYxO y (x) 33BHC5IT 

·OT x. 
,lla,LLHM Har.i15I,lI,HOe rr05ICHeHHe K 1'eopeMe (pHC. 7.4). TIOJIOMeHHe 

·{)U€HKH oay (x) 3aBHCH1' 01' Ha6JIIO,lI,eHHH y, 3 caMa oueHKa KaK epyHK

UH5I X paClllHpHeTiCH IlpH YMeHbweHHH a. Ha pHcyHKe CIlJIOlllHOI1 JI~H

HHel~I If W1'pHXOBOI1 H306paMeHbI nBa ee BH,lI,3 rrpH pa3HbIX ypOBHHX, 

rrepBbI1I H3 K01'OpbIX paBeH U, a ypoBeHb ~* (H3 pHcyHKe ~*<a) 
rrOnbICKHBaeTCH 1'aKHM, QTo6bI iCyMMa BbIIC01' CTIJIOIIlHOH KpUBOH B TOq

Ke X==Xo H IIl1'pHXOBOH B 1'OqlKe X==XI paBH5IJIaCb 1. BeJIHqHHa{3* H 

.,lI,aCT rrpHKH,UOqHyIO OIIlH6Ky. 

TaK KaK ~* 6Y,ll,eT 1',eM MeHbwe, qeM MeHee paCnJIbIIBqa1'OH HBJIHe1'

>C5I Oue:HKa of3y (x), 1'OrrpaBHJIO IlponepKH rHrr01'e3 6Y,ll,e1' TeM JIyqwe, 

q'€M MeHbIIle WllpHH3 oueHKH B HanpaBJIeHHH H3MeHeHHH X, a n03ToMY 

B KaqeCTBe HCXO,LLHOi1: JIyqIIle 6paTb OilTHMaJIbHYIO oueHKy, HJIH XOTH 

oW KBa3HOrr1'HMaJIbHYIO. 

CJIenYIOIUHe pa3,lI"eJIbI ,LLaI01' IlpHMepbI Iloc1'poeHHH rrpaBHJI H pac

qeTa OlllH60K no TeopeMe 7.4. 
ACHMnToTH4cCKOC npaBHno npH CHMMCTpH4HWX orpaHH4eHHwx 

<lJnyKTyaUHSlx. TIYCTb Yi==X+Si, .i== 1, ... , n, r,lI,e rr3paMeTp x paBeH 0 
rrpH rHIlOT'e3e (}I p3HeH Xl apB aJIbTepHaTHBe, a epJIyKTyaUHH Si He33

BHCHMbI, HMeIOTHYJICBbleCpe,LLHHe M~i = 0 H orp aHHqeHHYIO ;Cpe,ll,HIOIO 

MOmHOCTb M S2i == 0'2. )laHHaH 3a,lI,aqa OTHOCHTCH K paCCl\101'peHHot'I B 

§ 7.2, eCJIH Il0J10.IKHTb TaM 01 ==ao ==a. BBene:rvl ,LLOilOJIHHTeJIbHble npejL

I2.0,TIO)KeHH5I: 1) ~? OrpaHHqeHbI cBepxy H CHH3Y ypoBHeM H, T. e. 

P(ISil>H)=O, 2)Si CH~1:MeTpHqHbI, 1'. e. M Si 2k-1==O, i==l, 2, ... 1~or

~a H3 ,lI,OBepHTeJIbHOA oueHKH (6.22) CTeIleHHoro 1'Hna 6Y,lI,eT CJIe,lI,O

BaTb npaBHJIO 

o ....
Oy == [1- (y/~)2k]+. 

PaCqeT pa3M:axa 2~ no ypOBHIO !a 6bIJI npOH3Be,ILeH TaM )I(e B 

§ 6.4; aCHMrrT01'H4eCKH 'npH n--)-oo pa3Max, YMHo.IKeHHbli1: Ha V~ 
oueHHBaeTCH HepaBeHcTBoM (6.23), npaBYIO qaCTb KOToporo 0603Ha.. 

llHM I~a (k) == er[ (2k) !/ (ark!)] 1/2k/Y~ 
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3TO eCTb npaBHJlO ypOBH5J a. l1w.eM npHKli.ll.04HOe 3Ha4eHHe 01llH6~ ~B COOrBerCTBIIlI C reopeMoA 7.4 HaHAeM npHKHAo'Hoe 3Ha'eHHe •.. KH BToporo po,ll.a '~" I<aK MHHHMaJlbHOe ~ Talwe, 4TO 
3TO eCTb MHHHMaJIbHOe 4HCJIO '~ 'TaKOe, 4TO t 

iJo + iJ~ (Xl) = [I - (Y Vii) 2hJ+ + [I - ( (y - xJ Vn )2hJ+ :s::: 1 
y y ~ (k) ~ (k) "" . 

a ~,. 

nOJIy4eHHoe HepaBeHCTBO ,lI.OJI)KHO BblITOJIH5ITbC5I npH Bcex y. flPH 

Xl Vn>~a (:k) JIeBa51 4aCTb ero KaK epYHl<UH5I nepeMeHHOH y HMeeT 

TpH MaKcHMyMa: npH y=O, npH y=Xl H B Cpe,ll.HeM 4aCHI MC)KJl,y 1'04

KaMH Xl. Hac I1HTepecyeT nO'CJIeJl.HI1~I. OH ,lI.OCTHraeT'C5I npll y=°H 
=xt'[(~f3('k)/~a(k))2I1/(2"-I)+'I]-1 H paBeH 2-(x2jn)~[~a(k)2k/(2h-l)+ 

+'~f3 (k) 2h/(2h-l)J!-2k. 3TOT MaKcHMyM ,lI.OJI)KeH 6bITb He 60JIbIUe 1. 
OTClO,lI.a HaXO,ll.HTC5I pa3Max HCKOMoro iJ f3y (xd: ~~. (k) 2il/(21'-I) = 

=[(xlVn)2i'/(2il~I)-~a(k)2h/(2h-l)]+, a H3 Hero YlKe - npIlJOf},O'lHa51 

oWH6Ka, KOTOpa51 npHM'eHeHHeM epOPMYJIbI CTHpJIHHra 3anHWCTC5I B 

HBHOM BH,lI.e npH yCJIOBHH Xl V n~'~a (k): 

~*= -Y2 (0 1/2k/e)2h / [(Xl Vfi)2h!(2h-J) -~a (k)2h!(2h-l) J21' I ~ 

Tenepb HYlK'HO 6blJIO 6bI HCKaTb OfITHMaJIbHOe 3Ha4,eHHC Il, MHHH

~H3HpYIOw.ee n:pH 3a.ll.aUH,OM ypOB:He a, H 3Ha4eHHH XI Vn---- ,llpHKH

.lI.04HYJO OWH6,I<Y BTopOiro pO,1.a ~*. MbJ He 6Y,ll.eM pewaTb .3Ty 3a,ll.a4Y, 

KOTOpa51 CTporo Tpe6yeT4UCJIeHHbiX MeTOJl,OB, a npll6JIHiKCHflO MOil{

HO orpaHH4HTbC5I Hai1.l1.eHHbiM B § 6.5 3Ha4eHHe,1 k*. 

nOcTaBHM ,lI.pyrylO ueJIb: cpaBHHTb npHKH.lI.04HOe 3Ha4eHHC OIUFI6

101 ~* ,C T04HblM [3(0), nOJIara51 ,lI.JI5I npocToTbl k=l. TOrJ1.3 !1a = 
=a/V a, 

o - - 2 .- 2
iJy=[I-any2/02]+, ~~.=(XI I' n?-!'.1,l.' ~*=(p2-1iaJ-', 

r.ll.e p = Xl l/fi / a. 
MO)lOJO BH,lI.eTb, liTO 

p.::::;;p::::;; I/a. 3Ha4HT, 

Jla K OfITHM3JIbHOMY 

JJ,leTCH nOI<3.1aTCJleM 

npOBepl<3 ('lInOies no MOUJ,HOCTH qJJJyKTyau,l1ii. CHOlla h('iill.jlb

'~yeM::5J HJJIOll<CHlIOH MCTOJ,HI<Oi\ 1103130Jl?IOW.C!"j I1CPCBO.llWi; OUCHJ(H 

B llpaIlHJ13. nYCTb Yi=:(Si, i= 1, ... , n, r,'.l.E: napa:I!CT[J :>'1acw'::<:,:, x l;pH

IHIM3eT TIpll rHrlOTe3e 3H<:l'-1eHfie Xo, a ,npH 3J1b1'epllalllBc - Ai; (''111

TseM il.JlH IWHl·;penIOCTfI Xj >xo. nYCTb epJlyl(TyaUHII Si HeJi:lHiL>iMbl, 

HMelO1' Hy,leIlble Cpe,ll,HHe Ms;= 0, CD,IIHH'Il-ible J1.I-ICiTCpCHI! /,nc, ] 11 

orpaHH4eHHbic lfeTBepTble \10MeHTbl ;\1;'., = in;. BCCnO,'11-,:;Cij"E!!II-ICb 

GUelfll\o(l (6.27), nO.lJY4H:v1 

d~ = [1 - a n (l - !f/xo)2/(m4- 1)]+, 

pe3YJIbTaT COBnanaeT C (7.2) npH q=-! fl lipH 

npenJIaraeMall Teopc;l1oii7.4MeTO.ll.liKi.l li\HIBe

npaBHJIY Hero BepOHTHOCTH OWH6I\1J. 'ITO HE

13 nOJlb3Y :nOM MeTOD.HIOI. 

• 

an 
iJD + iJ~ (Xl) = [I - --- (l 

y y m 
4 

- 1 

An ~ ++ [1- __1-'- (l_y2/xl)2J 
m4 -1 

~ + 
y2/xoFJ + 

::::;;1. 
~ 

CyMMa B JleBotl tlaCTH KaK epyHKUH5I y~npH HHTepecylOw.I1X HaC ~ 
~ ~ 

liMeeT TpH MaKcHMyMa:npH y:...=xo H y2=Xl, r.n:e 3Ta cyMMa paBHa 1, 

Ii B npoMelKyTo'-!HOM T04Ke y2= (a/xo+Mxd/(a/x20+Mxzt), r,ll.e 3Ta 

cyMMa He ,lI.OJI)I{;lIa 'npeBblwaTb 1, 4TO 3anHCbIBael'C5I 

2-na~ (Xl -xo? (~/XT +a/x6) (m4 _1)-1 (axl/xO+ ~XO/Xlr2::::;; 1. 

113 3Toro ypaBHeHH5I HaXO,ll.HTC5I I~*:. 

m
~* = -y [a (p- 1)2/2 +q]2+ q [a p (p-I)+q] - a (p-I)2/2 -q, 

4 -1 
p = XI/Xo, q = -n-

He:CKOJIbKO 60JIee ~npOCToe ,BbJpa)l(eHHe ,lI.JI5I npHKH,lI.04HOrO 3Ha4e

HHH 6y,ll.eT nOJIY4eHO, eCJIH HCKaTb MHHHMaJIbHOe ~ TaKOe, tITO 

o~ a~ (XI)=O. Tor,ll.a~**=q[I-(I+-Vq/a)/p]-Z. 04eBH,lI.HO, tITO 

~**>~*. npH YBeJIH4eHHH p=xdxo HMeeM: ~**-+q= (m4-1)/n. 

7.4. cnEu.HAJIbHbIE METO)l.bl CHHTE3A nPABHJI 

3a,ll,aHa c1JopMaJlbHaSi nJlOTHOCTb aJlbTepHaTHBbl no OTHoweHHIO K 

fHnOTe3e. nYCTb cyw.eCTByeT nJIOTHOCTb aJIbTepHaTHBbl no OTHowe

HHIO K rnnOTe3e p (y) =Vf( Ii.;/{o. no onpe.n:eJIeHHIO epopMaJIbHOM TIJIOT

HOCTH § ,1.4 3TOCOOl'BeTcTByeT 1'0)l(,lI.eCTBY M If (y) =.Mop (y)f (y), 
VfE-BTI, CnpaBe,ll.JIHBoMy ,lI.JI5I B'cex f H3 06JIaCTH cyw.ecTBoBaHH5I ..;f{Y j • 

ECJIH TJ1inOTe3a (M03> 3a,ll.aHa nepBH4HbIMH 3HatIeHH5JMH Mog (y), 
gE3, TO .;/{j 6y,ll.eT onpe,ll.eJIeHO 3Ha4eHH5IMH Mlg(y)/P(Y) =Mog(y), 
gE3, HM1(I/p(y))=1. 

BblnHweM BecoBylO CyMMy oWH60K 

r~ (0) = 'Aax (0) + px (0) = 'A + x (Moo~ p (y) - '), Moa~) +
 
0 - 0)
+(I-x) (Mooyp(y)-'AMooy . 

Ha OCHOBaHHH HepaBeHCTIl MooOyp(y)-Mo'AoOy~MooOy(p(y)-'),),MooOyp(y)
-Mo'AoOy:S;;MooOy(p(yJ-'A) 11 B CI1JIY HenPePbIBHOCTI1 rxl.(o) no x BCerfl,a MO)l{HO 

nOfl,blCKaTb TaKoe x*, O:s;;x*:s;; I, 'ITO 6Yfl,eT BepHO paBeHCTBO 

r~* (0) = J. +x* /11 0 oZ (p (y) - 'A) + 
+ (I - x*) M ooZ (p (y) - 'A) = 'A +M'* oZ (p (y) - 'A), 
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r.lle MX=xM+ (l-x)M - B3BeWeHIWe Cpe.llHee. Tor.lla MHHHMH3HpYlOmHM rX\(o) 3,l1,eCb fI*dfl*o 0603HalJaeT 'IlJlOTHOCTb fI*I '110 OTHoweHHIO K [jJ*o,, (OHO me - qaCTHOe l1.1IOTHOCTeH jJJ* I Ii [JJ*0 no OTHoweHHIO K O,ll,HOH6Y,J,eT npaBHJIO p(y) ~A (B COOTBeTCTBHH C KOTOpbIM npH cTporOM HepaBeHCTBe HMeeM 

~ 
'\' 

OOy= I, npH OOpaTHOM HepaBeHCTBe - OOy = 0, a npH p (y) ='AClJHTae'J1ClI d Uy = y). 
OT 3HalJeHHlI '\' BeJIHlJHHa rx\(o) He 3a'BHCHT H onpe.lleJIlieTCli B pe3YJIbTaTe Bblpa

1KeHHeM 

rt (0) = 'A + MX
' (p (y) - A)+. 

BapbHpyli BeJUllJHHaMH 'A H y, M01KHO .LI.OOHTbCli Toro, lJTOObr ypoBeHb npaBHJIa 6blJT 

paBeH a, 'ITO .llOKa3bIBaeT CJIe.llYlOmylO TeopeMY· 

Teo p eM 3 7.5. ECAU P (y) eCTb ¢opMaAbfiafl nAOTfWCTb aAbTep
liaTU8bL no OTHOULeHUfO K cunOTe3e, TO CY14ecT8yeT TaKOU Koa¢¢u
l1ueHT x* 8 ouana30He onTUMU3Ma O~x*~ 1, liTO onTUMaAbHoe npa
8UAO yp08Hfl a 6yoeT COCTOflTb 8 cpa8HeHUU nopOcOM: p (y) ~A, 

'\' 
npu TaKOA1 8fJL60pe '\' U 'A, 'lTo6bL yp08eHb pa8HflACfl a. 

TOlJHble nJlOTHOCTH BepOSITHOCTeH. DepeH,ll,eM Terrepb K O,ll,HOMY 

OlJeHb 'B3)KHOMY lJ3CTHOMY rro OTHoweHHIOK rrpe,ll,bI,ll,YlUeMY CJlYlJalO, 

KOr,ll,a ,;f{o=[JJo H .;fll =8'1 - TOlJHble (Ha a.rlre6pe do) pacrrpe,ll,eJle

HHSI Bep05lTHOCTeI1, 3a,ll,aHHble CBOHMH rrJlOTHOCT5IMH Bep051THOCTeI1 rro 

KaKOH-TO Mepe. CJle,ll,YlOlUa51 TeopeMa B rrpHHUHrre xopowo H3BeCTHa, 

HO aHa pa'CKpawHBaerC51 B UBeTa «onTHMH3Ma-neCCHMH3Ma». 

TeopeM37.6 (J1eMMa HeHM3Ha-DHpcoHa). flYCTb 
Po(y), PI (y) eCTb nAOTHOCTU BepoflTHocTe{1 TOliHblX lia do KOHe'lHO
UJLU c'leTHo-aoouTu8HbIX pacnpeoeAeHuu. Tocoa npu HeKOTopOM x"', 
x* ~ 1, U npu (Jcex x? 1 onTUAWAbHbLM OAfl npo8epKu cunOTe3bL Po (y) 
npu aAbTepHarU8e PI (y) 6yoeTnpa8uAo HellJ,faHa - flUpCOHG, co
C7'O:iuwe 8 cpa8HeNUU OTHOUleHUfI n/IOTHOCTeu c nopOcOM: 

PI (Y)/Po (y) ~ Ie, (7.4) 
'\' 

coe O<Ie< 00 U O~,\,~ 1 8bl6upalOTcfl UCXOOfl 113 HljJICHOcO YP08HJI 
a= I-Moooy . 

.u 0 j( a 3 aTe JI h C T B O. Cyru.eCTIJOB3HHe x'" ~ I, npJl KOTOPO~1 npaBH.no (7.4) 
lIB.15leTC51 OIJTW,r3JIhllbIM, CJIei,yer U3 TeopCMbl 7.5. DycTL Tenepb %~ 1. TOfJIil 

"OCT3T01IHLltl K.lacc oopa3yloT ,\oJ u-H3McpuMbIe lIpaBUJI3. 0I1T1liI13,1hHOCTb np3BIJJI3 

i 7.16) B KJI3CCe H3Mcpm·lblx np3BJlJI .llOK33hlIlaeTCli JJ [3, CIp. 95]. 

Po6aCTHbie MeTOiJ,bl. Y1x cYTh COCTOIIT B IIHTcpnper3LUiil f'HDOTC3bl 

l! Ci,TbTcpHanlBbI B 131/je Ce\1ClkTB pacl!pe.Jc.rle'HI1{'r BcpmnHoCTeti 11 

TIO,j,MeHe ceMe~fcTB Ha Bbl6paHHble BHYTPH HI1X HallMeHee 6.il3rOnpli51T

Hble «31,3eMIlJlHpbl» pacrrpe,ll,eJleHHkl Bep051THOCTeI1. 

n3p 3 [JJ*ocvl{o, [JJ* 1cvll I p 3Cl1pe.ueJleHHH Bep051THOCTeH H33bl

BaeTC5I HaUMeHee 6AaconpUflTHOa (H6) ,ll,J151 CT3THCTHlJeCKOH 33,ll,aQa 

npOBepKH rHrrOTe3bl vI{o, npli aJlbTepHaTHBe vI{], eCJlH [13] 

M 300 {gv;/g<J~ ~ Ie} = M o {gv;/gv~ ~ Ie} = 1 - ex, 
o - '\' 

M fPo {.o/J~!gv~ ~ Ie} = M1 {gv;/gv~ ~ A} 
I Y Y 
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H TOH me Mepe), a qmrYPHblMH cK06KaMH OTTeHeHa HH,lI,H1KaTOpH351 

4>YHKUH5I COOTBellCTBYlOlUero C06bITI151C P3H,lI,OMH3aUI1eH Ha rpaHI1lJ:e 

(T. e. npHpaBeHCTBe). LlJl5I CYlUeCTBOBaHH5I H6-pacrrpe,ll,eJleHHH, B 

Q6meM, Tpe6YIOTC5I Ao-H3MepHMocTH l1epBHQHblX npH3HaKoB rHrrOTe3bI 

11 aJlbTepHaTHBbl. 
Y TB e p m,ll, e H Ii e 7.7. ECAU HaUMeHee 6AaconpuflTHbie pacnpede

AeHUfl CYl4ecT8Y'OT, TO [JJ*l/[JJ*O~'A fl8AfleTCfl onTUMaAbHblM npa8U
AOM npu x= 1. 

)J. 0 K 3 3 aTe JI b C l' B O. 0003HalJHM iJ* np3BHJIO fIJ*tI[iJ*o~'A ypOBHlI a (AJIlI 

06eCIJelJeHHlI ypOBHlI nOAOHpaIOTClI f... H y). Tor.lla ,n:JIli JIIOOoro IJpaBHJIa iJO y ypOB

fill a HMeeM 

- - 0 0 {*/ * }~(O)=M10y;;'M.:l': Oy;;'M.J'; JJ I .:'PO~A = 

= Ml {'J';/.?P~ ";;;A} = "if(a*). 
'\' 

TaKHM oopa30M, oWH6Ka BToporo p0.lla y 0 He M01KeT OblTb MeHbUle, lJeM y d*. 

'ITO H .llOKa3b1BaeT yTBep1K,n:eHHe. 

CYlUeCT'BOBaHl1e H6-pacnpe,ll,eJleHHH - 3TO ueJl351 irrp06J1eM3, YC

TaHaBJlHBaeMa51 B Ka)h:,ll,OH KOHKpeTHOH 33,l1,aqe. HHme 'paCCMaTpH

BaeTC51 O,ll,HH TaKOHCJlYlJaH. 

npOBepKa rHnOTe3 no 3a,ll,aHHbIM HHTcpBa.rrbHbIM BepOSlTHOCTSIM. 

TIYCTb ,;f{Yo= 0o(y), Po (y», ,;f{YI = <.J!t{y), pt{y» 3 a,ll,aHbl CBOHMI1 

IiHTepBaJlbHblMH rrJlOTHOCT5IMH (rro Mepe-,lI,J1I1He Ha 6Ij = fJln, XOT51 3TO 

H He 065133 TeJlbHO), lJTO 3KBHBaJleHTHO 3a,ll,a HHIO HHTepBaJlbHblX Be

p05ITHOCTeH, nOpOm,ll,alOlUHX 3,ll,,ll,HTHBHble I1PB. 

BBe,ll,eM iCJle,ll,YlOlUHe 11J1011HOCTH: 

rrpl1 Po (y) < c1 PI (y),\ Po ~Y)
 
p~(y)= ~ C1 Pl(Y) npH e.o (y) ~ c1 PI (y) ~ Po (y),
 

Il e.o (y) rrpH c1 PI (y) < Eo (y) ; 

( PI (y) rrpH PI (y) < b1 Po (y),
I ~ 

p; (y) = ~ b1 Po (y) npH el (y) ~ b1 Po (y) ~ PI (y), 

Il el (y) npH b1 Po (y) < '!,1 (y) ; 

rPo (y) npH Po (y) < c2 [!I (y), 

.q~ (y) = ~ c PI (y) npH2 eo (y) ~ c2 el (y) ~ Po (y). 

teo (y) npH c2 '!,1 (y) < Eo (y) ; 
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(PI (y) npH PI (y) < bz eO (y), 
I 

q~ (y) = ~ bz Po (y) npa !?J (y) :s; bz eo (y) :s; PI (y),
I 
U~dY) npH b2 eo (y) < 1},1 (y) ; 

r,Ue 1\03epepHUl1eHTbI CI, C2, b l H b2 onpe,UeJI5I1OTC5I 0,UH03H34HO H3 yc

JIOBH5I HOpMHpOBI<H nJIOTHOCTeH: S p*k(y)dy= Sq'\(y)dy=l, !?=O, 1. 
BH,U :')THX nJIOTHOCTeH npHBe,UeH CXeM3nllJeCI<H (,UJI5I yEfll) H3 

puc. 7.5. OTJIH4I'Ie q*a(Y) 01' P*o(Y) 6y;il,eT COCT05lTb B nOBe;r.eHHH 

H3 Y43cTI\e rrepexo,U3 C HH1KHeH rp3HHUbI nJIOTHOCTH 'H3 BepxHlOlO, 

r,Ue P*o(Y) ,UBH1KeTOI rrponopUUOH3JIbHO PI (y) H Bblwe ee, 3 q*o(Y)
nponopUHOH3JIb'HO £'1 (y) H HH1Ke 'ee, npH4eM K03epepHUHeHT rrporrop

UHOH3JIbHOCTH BrrepBOM CJIy43e 60JIbWe e,UHHHUbI, BO BTOpOM 

MeHbwe, HO H T3M H TaM 0,UH03HallHO T3KOB, 4TO BblnOJIH5IeTC5I HO'p

MHpOBK3 nJIOTHOCTeH. AH3JIOrH4HbIM 51BJI5IeTC5I pa3JIH4He Me)j{'uY 

q* dy) Ii P"'I (y). Y)j{e C 6erJIoro B3rJI5I,U3 BH,UHO, 4TO 3TH ,rrJIOTHOCTH 

IiMelOT X3p3KTep«H3HMeHee 6JIarOnpH5ITHbIX», T3K 1\3K B MaKCIiMaJIb

Hofl Mepe «H3rrJIbIB31OT» H3 CTOPOHY npOTIiBOnOJIO)KHOH rHrrOTe3bI. 

3TOT ep3KT 06JI34HM B CTporylO epOPMYJIHPOBI\Y. 

Teo p e M 3 7.8. flYCTb cunOTe3a U aAbTepflaTU8a 3aoaHbl C80UMU 
uHTep8aAbHblMU nAOTHOCTRMU U nycTb 8bllWAHflIOTCR YCA08UR 

S pdy)dy+ S /lI(y)dy> I, S Po(y)dy+ 
Po (y) >0 Po(y)=o P, (y) >0 

+ S e.o (y) dy > 1. 
P, (y) =;U 

Tocoa, eCAU Cl'b l?::l, TO H6-nAOTHOCTRMU 6yOyT P*o(Y) U P*I(Y), 

A*(!!) 

.. 
!! 

Puc. 7.5. HaHMeHee 6JIarOnpH5ITHble nJIOTHOCTH npH c,b, ~ 1 (cnJIOlllH351 JIHHH5I) II 

clbl~ (lllTpHXOBa5l) 

it (!!)Po (!!) 
POUr!!) 

p,(!!) 
Po(!!) 

II 
Puc. 7.6. HaHMeHee 6JIarOnpH5ITHble nJIOTHOCTII npH c,b l < 1<c2b2 

ecAU C2b2~1, TO q,:o(y) U q:~(y), HaKoHeu" eCAU cl bl <1 U c2b2>1, 
TO H6-nAOTHOCTU Po(y) Up '1 (y) ,TaK08bl, ttTO UX OTHOUleHUe 

(PI (y)/Po (y) npu PI (Y)/Po (y) < b3 • 

p~. (y) - J b - 
--) 3 npu el (Y)/Po (y) :s; b3 :s; PI (Y)/eo (y), 
p~.(y) I -

l eI(y)/PO (y) npu b3 < el (y)/ Po (y), 

zoe nOCTOflHHaR b3 onpeoeAReTCR U3 ypa8HeHUR 

S leI (y) - b3 Po (y)]+dy - S Ib3 eo (y) - PI (y)J+ dy + b;j = I. 

.u0l\333TeJIbCTBO TeopeMbl HMeeTC5I B :[ 13]. T3KHM 06p330M, B 33

BHCHMOCTH 01' 3H3'1eHHl.\ HopMHpyeMblx I<OHCT3HT Cl, b l , C2, b2 p33,Ue

JI5IlOTC5I TpH CJIy4351. OepBbIi.\ clb, > 1 cooTBeT,cTByeT H3 pHC. 7.5 MeHb

weA e,UHHHue II.nOm3,UH 06JI3CTeH K3K A + (B + C +D +E), T3K 11 

F + (B + C +D + E), a ,UaeT B03MOiKHOCTb JIHHHH rrepexo,U3 H6-nJIOT

HocTei.\ C O,UHOH rp3HHUbi H3 ,UpyrylO npoflTH, Kal< H3 pHC. 7.5. BTO

POH CJIy43i.\ C2b2< 1 3I\BHB3JIe~ITeH npeBblweHHlo e,UHHHUbl ,nJIOm3,UeH 

K3K A+ (B+D+E), TaK H F+ (B+D+E), Ii n03BOJI5IeT JIHHHH ne

pexo~a rrpoi.\TH, ](al, 31'0 0603H34e'HO Ha pHC. 7.5 WTpHXOBOi1 JIH'HHeH. 

Hal\OHeu, eCJIH 063 3T1IX 'CJIy4351 HC!(JII04aIOTC51, TO H3HMeHee 6JIaro

rrpH51THble nJIOTHOCTH npoxo,U51T T3'K,1\31< 31'0 nOKa3aHO HapHc. 7.6: 
OHH npocTo B 06JIaCTIi 'nepexo,U3 npOH3BOJIbHbl, nponopUHOH3JIbHbi 

,Upyr npyry, HO Jle)KaT BHyTpH rpaHHU HnO'u'IHH5IlOTCH yCJIOBHlO 'HOp

MHPOBI\H rrJIOTHOcTeH. 

Po6acnlbIl1 aJlrOp!1TM npH He3aBHCI1MbIX Ha6JI~neHHSlx. P3crrpo

cTpaHHM nOH5ITHC H6-I1JIOTHOCTH H3 He33BHcHMYlO O,UHOpO,D.HylO Bbl

60'pl\Y Y= (YI, ... , Yn), Ka)lOlbIH 3JIeMeHT I<OTOPOH 0I1HCbIB3eTC5I HH

TepB3.rlbHb1MH n.10THOCT51MH eO(Yi), PO(Yi); et{Yi), pdy;)· 

YTBep)K;r.eHHe 7.9. flYCTb P*O(Yi) U p*t{yd eCTb H6-I1AOTHOC
TU OAR OOHOcO 3AeA'!eHTa Yi. Tocoa H6-nAOTHOCTJiMU OAR 8efCTopa y 
C He3a8UCU.MblMU KOMIWHeHTaMU Yi 6yOyT npOU38eoeHUfl i[ 13] 

P~ (y) = IT P~ (yJ, P; (y) = IT P; (yJ. 
i i 

f---a~ 

II 

PHC. 7.7. XapaKH'pHble Hemi

HeAHwe npeo6pa30BaHH5I
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«BeplllKaM» Ha6JIIO,lI.e,HHIf B 01'JIHlJHe 01' npenbl,lI.ymel'o 'CJIy4a5l. r,lI.e

TaKHM 06pa30M, OrrTHMaJIbHOe npH x= 1 rrpaBHJIO rrpoBepKH rH
rrOJle3Hee OKa3aJlHCb «Kop,elllKH».

rrOTe3 HMeeT BH,lI. TIp*l (Yi)jp*O(Yi) ~A, a rrOCJIe JIOrapH<pMHpoBaHHH: • 3 a M e 4 a HUH. 1. YTBep)l(,lI.eHHe 7.9 'CnpaBe,lI.JlHBO H IB rrOM cJlYi 'I' 
~ In[p*l (Yi) jp*o(yd] ~A. OHO rr'pe,lI.rrOJIaraeT 06pa60TKy Ka)j{,lI.Oro 4ae. eCJlH ClJHTaTb Bbl60pKy ,cTaUHoHapHoH [13] - 3Ha4HT. ,lI.onOJl

i Y 
3JIeMeHTa Bbl60PKH B COOTBeToCTBHH C HeJIHHeflHOH <pyHKUHeH f (Yd = 
= In[p*r(y;) jp*o (Yi)], CyMMHpoBaHHe pe3YJIbTaTOB o6pa,601'KH HcpaB

HeHHe HXC noporoM A: ~l (Yi) ~A. 
i Y 

BH,lI. IHeJIHHeHHOH <pyHKUHH f (Yd 3aBHCHT 01' HCXO,lI.HbIX rpaHHu 

rrJIOTHOcTelf. B caMOM 06meM CJIy4ae f (yd 3arrHCbIBaeTCH: 

a1 rrpH Yi ~ d1 , 

In [PI (Y;)leo (Yi)] rrpH d1 < Yi ~ dQ , 

a2 npH d 2 < Yi ~d3' 

f In [PI (Yi)ipo (Yi)] 
npH d3 < Yi ~ d,l.'

(Yi) = ~ HJIH In [el (Yi)/eo (Yi)] 

a3 rrpH d4<Yi~ds, 

In [El (y;)ipo (Yi)] rrpH ds < Yi ~ d6 , 

l a4 rrpH d6 < Yi· 

<PyHKUHH f (Yi) HMeeT, B 06meM, KaK BH,lI.HO H3 pHIC. 7.7, 4eTblpe noc

T05lHHblX ypOBHH: at <a2<a3<a4. KpaHHHe ypOBHH co 3HalJeHH5IMH 

at H a4 06513aHbl CBOHM rrpoHcxo)j{,lI.eHHeM «3aT5IHYToCTH XBOCTOB» 

Po(yd H PI (Yi) npH IYi 1-+00 H B03HHKaIOllJ,eH OTCIO,lI.a B03MQ)KHOCTH 

«cBepxBbI6poCOB» Ha6JIIO,lI.eHHH. 3TH '«CBepxBbI6poCbl» H orpaHH4HBa

IOTC5I ypOBH5IMH at H a4· 
B 4aCTHOMCJIY4ae npH Po (Yi) =PI (y;) = 00 (BepXHHe rpaHHUbI 

\Ie 3a,lI.aIOTC5I) Cpe,lI.HHe ypOBHH a2 H aa rrpOna,lI.aIOTH <PYHKUH5I f(Yi) 
npHHHMaeT BH,lI. orpaHH4HTeJI5I cBepxy HCHH3y: 

r a1 rrpH Yi ~ d1 ,
 

f (Yi) = ~ In [£1 (Yi)l!lo (Yi)] npH d1 < Yi ~ d6 ,
 

l a4 rrpH d6 < Yi·
 
Tal<OH )j{e BH,lI. HeJIHHeHHOcTH 6y,lI.eT, eCJIH 3a,lI.aHbl TO.1JbKOBepXHHe 

rpaHHUbl 'fiJIOTHOCTeH H He 3 a,lI.a Hbl HH)j{HHe (eo (Yd = e1 (Yi) -0); e
~ 

TOH JIHUlb pa3HHueIf, 4TO B 3TOMCJIY4ae HaCpe,lI.iHeM Y4aCTKe f (Yi) 
paBHa 'In~[pdydjpO(Yi)]. 

B03MO)l(eH H .,lI.pyroIf BH,lI. HeJIHHeIfHOCTH: 

!In [PI (Yi)leo (Yi)] npH Yi ~ d2 ,
 

f (Yi) = a2 npH d2 < Yi ~ ds•
 

In [£1 (Yi);'PO (Yi)] npH ds < Yi·
 

HHTeJlbHblH Te3HC 0 cTaUHoHapHoCTHHa6J1IOneHHH, XOT5I H cy)j{aeT rro 

cpaBHeHHIO C O,lI.HOP0,lI.HOCTbIO MaTeMaTHlJecKYIO MOneJlb, HO B JI.aHHOH 

3a,lI.a4e !He MeH5IeT ee peUle'HH5I (HHTepecHo. Ha'CKOJlbKO 31'0 06llJ,IHIf 

<p aKrr?) . 
2. Bce H3J10)j{eHHoe HaMH B 3TOM napal'pa<pe CnpaBe,lI.JIHBO, eCJlH 

nJlOTHOCTH onpeJl.eJIeHbI He 'rro ,lI.JI}lHe, a rro npOH3BOJIbHOIf Mepe !J., 
TOJIbKO rror,lI.a HHTerpaJIbl PHMaHa no dy (,lI.JI5I C4eTHO-a,lI.,lI.HTHBHbIX 

Mo)!.eJIeH - HHTerpaJIbI JIe6era) 3aMe<H5IIOTC5I 'Ha HoHTerpaJIbI PHMaHa

Cl'HJITl:.eCa (Jle6era - CTHJITbeca) no dll. 
3. 3 a ,lI. a H bl r p a'H H 11. bl B e p 0 51 T 'H 0 C l' e If co 6 bl l' H If. Do,ll, 

paccMoTpeHHblIf CJIylJaH HHTepBaJIbHblX nJIOTHOCTeIf nO,lI.nanaeT ,lI.HC

KpeTHblf[ 3KcnepHMeHT. HCXO,lI.aMH [<OToporo 51BJl5IIOTC5I f B3aHMHO

HCKJlIOlJaIOllJ,HX C06bITHIf. <PopMaJIbHO rrpoHyMepyeM HX 4HCJlaMH 01' 

01' 1 H,lI.O f: iJlj={l, ...• f}. ClJHTaIOTC5I 3anaHHblMIJ1 rpaHHUbl Bep05lT

HOCTeIf ~o (j), Po(j), ~dj), Pr(j) 3THX C06bITHH j = 1, ... , f. onpene 

JI5IIOmHe C060If rHnOTe3bI. HMe5I pe3YJIbTaTbl n He3aBHCHMblX TaKHX 

3KcnepHMeHToB B BH,lI.e 3aperHcTpHpoBaHHblx 4HCeJI nl, n2, ... , nJ Bbl-
J 

naneHH5I Ka}K,iI,OrO C06bITH5I, ~ nj = n. Hy}l(HO npoBepHTb rHlnoTe3Y. 
i=l 

COBepUleHHo <popMaJIbHO 3,lI.eCb Ha Bep05IT'HOCTH Hano cMoTpeTb Kax 

Ha nJlOTHOCTb no ClJHT3IOmel1 Mepe (ll- (j) = j) 11, cJIe,iI,Y5I 33MelJa Hmo ~. 

HCnOJIb30BaTb pe3YJIbTaTW nOCJIe,iI,HerO pa3neJIa. Torna HeJlHHeHHOCTb 

f (y;) 3aMeHl1TC5I Ha YKa3aTeJIb c06bITHlf, K3KHe npOH30UlJIH B i-M 
3KcnepHMeHTe, CyMMHpoBaHHe f (y;) no i 01' 1 no n npeBpaT'I1TC5I B 

ClJeT4HK lJHCeJI nj H OflTHM3JIbHOe npaBHJIO npHMeT BHn 

J 

~ nj In (P; (i)IP~ (j)) ~ 'A. 
j=l Y 

P3c4eT 3H3lJCHHH OTHOUleHHlf 'HaHMeHee 6JIarOnpH5ITHblX Bep05lTHOC

TeH B apryMeHTe JIorapl1<pMa oCYllJ,eCTBJI5IeTC5I rro Teop'eMe 7.8 C rron

CTaHOBt<OfI TaM rpaHI1U Bep05lTHOcTeiJ Ha MeCTO nJIOTHOCTeIf (BMeCTO 

Y nO,lI.CT3B.n5IeTC5I j) H 3aMe[WIf HHTerpaJIOB no dy Ha CyMMb[ no j. 

7.5. npOBEPKA rlinOTE3 0 3A,ll,AHHOM 3HAlJEHHH nAPAMETPA 

<l>OPMYJIHpOBKa 3a)l,a4H. ECJIH 13 § 7.3 npH rHnOTe3e X=Xo aJIbTep

Hanma 3BYlJaJIa KaK HeKoTopoe TOlJHOe 3Ha4eHHe X=XI rrapaMeTpa. 

TO 3,lI.eCb OHa KOHKpel1HO He 3a,lI.aeTC5I. AJIbTepHaTliBY 6y,lI.yT COCTaB

JI5ITb -Bce 3Ha4eHI151 x, He paBHble Xo, 1'. e. X=FXo. PeWeHH5I BblHOC5ITC5I 

TaKH'e: 'COOTBeTCTByeT x 3Ha4eHI1IO Xo, T. e. X=Xo HJIH HeT, T. e. X=FXO, 

a MeCTO aJIbTepHaTHBbl 3aHHMaeT HanpaBJIeHIHe 'OTKJlOHeHHH, yKa3bI

BaeMoe napaMeTpOM x, a TOlJ,Hee. ero <pH3H4eCKHM ,CMbICJlOM H CBH3bIO 
3,lI.eCb, Ha060poT. Bbl,lI.eJI5IIOTC5IBbI6poCbl Ha6JIIO,lI.e,HHIf H ,«CMa3bIBaeT cHa6JIIO,lI.eHHHMH. TaK, eCJIH :HeT 'Cl1rHaJIa. TO 3HalJeHHe ero aMnJIH
c5I»cpe,lI.HH5I HeOrrpe,lI.eJIeHHa51 4aCTb, T. e. pa60rra rrpOH3BO,lI.HTC5I 1110 TY,lI.b1 - HOJIb (x=O) ,eCTb - He paBHO HyJIIO. 
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OYCTb Ka)J{,UOMy 3'HalleHHIO napaMeTpa x IIOCTaBJIeHa IB COOTBeT

CTBHe 'nepeXO,UHa5I MO,UeJIb .JIty Ha Ulj, Tor,Ua fHnOTe3a X=XO 0 3Hax 1
 r.lIe IICnOJIb30BaH TOT <jJaKT, 4TO Ma?x+l:. =!!... ( o~x+s = I) eCTb .lIJIH .lIeTepMI1
lIeHI1'11 napaMeTpa H aJIbTepHaTI1Ba X=FXO B TepMHHaX YlMnpl1HI1MaeT ~ HllpOBaHHoro npaBI1JIa aoy BepOHTHOCTb COOTBeTcTBylOwero C06bITI1H 11 npHMeHeHa 
BI1,U 

.J!J[Y = Gllt y Ji(Y = V ~4tY (7,5) 
o xo '1 x 

x;cxo 

3 a Me II a H 11 e, AJIbTepHaTI1Ba (7,5) cooTBeTcTByeT TOMY, liTO 

anpHOpJI KaKHe-JIH60 ,UaHHble 0 x, KpOMe X*Xo, OTCyTCTByIOT. TOfna 

.JIiy ! 6yneT lIaC11HOrI YlM K COBMeCHlOH :T"l.J!{Y", rne ,?'x l - rOJIa5I Ha 

XEf!l}-xo ( f!l} 6e3 TOllKIi Xo); eCJllI Me anpl10pHble na:HHble 0 x 
HMeIOTC5I B Bl1ne YlM .J!{"l, TO - 6yneT LJaCTHOH K np0I13Be)J.eHI1IO 

.JI{ x l.lft IJ"". 

YaCTO x HMeeT tP'113HlIeo;oe TOJ1I\oBaHHe KaK n2paMeTp COCT05IHH5I 

cpenbl. Hanpl1Mep, npl1 tPYHKUHOHaJIbHOM npenCT3BJIeHI1H Y= VxS 
Bel\TOp (IIm1 npouecc) S 03H2LJaeT cj:JJIyKTyaUIIH (LUyM cpenbl), a Vx 

onepaTOp, cor JIaCHO lWTOpOMy BJIJI5IHI1e S Ha Ha6JIlOneHIl51 3a1311ClIT 

or X. OYCTb Yi=X+Si, TOf"na llapaMeTp COCT051HH51 cpe,UbI eCTb c,UslIr 

H3 BeJI!l4I1Hy x Bcex Ha6JIIO,il,eHHH Yi, fHnOTe3a x=O COOTBeTcTByeT 

OTCYTCTBI1IO Tal\OrO Cll.BHra. 
B CJIyLJae HenpepbIBHOCTl1 Jlt!J;" no x (B CMbICJIe HenpepbIBHOCTH 

MY,} (y) Eal\ cj)yHKU,HH x npll Jli06bIX fEg-) HJIK H€rrpepbIBIWCTH OBe

paTopa V B TOLJK€ Xo, 'K33aJIOCb 6bI, B03HHKaeT 6e3BbIXOJl.Ha51 CllTyax 
UHH. Tal, Kal, aJibTepH3THBa OXB3TblB3eT rmlOTe3Y: .J1l!Joc..JIi Jl 1, OTJ,)' 

na ,UJI51 m060ro I1p3BHJIa (JOy HMeeT MeCTO 13(0) =MloOy~MooOy= 
=I-Mooly=I-c~Jo) 11 3H3JlOfH4HO ~(o):O::;;I-a(o), B pe3YJIbT3Te 

TIIHI x~ I: ~X(o) ~ l-y~ (0) -l-(x-I) a(o) ;:d-xa(o) -:- (x-I) a(o) = 

= I-a(o) H B Jl!o6o\1 iCJIY'iae OnTHM2,'IbHbI\1 CTaHOBHTCP. TPHBH3JIbHOe 

I!p3BIIJIO 00
11 == I-a. 33J1.3LJa BblpOMnaeTcH. 

B cJIe,il,YlOmHX pc13ne,TJ3X rrpenJIaraIOTC5I pa3JII1LJHbI€ cnoc06bI BbI

XOJl.a H3 C03J1.aBlilerOC51 33TpYJl.HeHH5I. 

o npalHIJlaX npl1 OnnlMl13Me. OnTllM1I3M x< I B YCJIO[]cIHX OX8a

TbIB3HH5I aJIbTepH3THBOii fHi10Te3bI n03BOJIHeT CTpOHTb onTHM3JIbHble 

H€TpHBHaJIbHble npaBHJI3, 'ITO HJIJIIOCTpHpyel'C51 ,np'HMepOM. 

n p 11 M e p 7.3. rrYCTb B BeKTopHbIX 0003Ha4eHI1HX y= Ix+~ Jj nycTb <jJJIylnyauHH 

S 33ll,aHbI HHTepBaJIbHOl1 flJIOTHOCTbIO g (z), p(z) no OTHOWeHl11O K Mepe-ll,JII1He 

H3 fll". 6yneM C4HTaTb, 4TO rpaHHubl J?(z) H p(z) YHHMOll,aJIbHbl 11 ll,OCTHLlIOT 

MaKCJIMyMa npl1 z=O. 6Yll,eM paccMaTpHBaTb ll,eTepMI1HHpOBaHHble (113Mepl1Mble 

OTHOCI1TeJIbHO ame6pbI oTpe3KoB) npaBI1JIa, npl14eM Te, nJIH I<OTOPblX 

::(a) = Ja~E(Z)dz, ;-(a) = Sa~p(z)dz, 

4TO 6yneT I1MeTb MeCTO npH I p(l)JZ<OO, e'~JIH Tpe6yeMblH ypoBeI'lb a nOBO.%HO 

MaJI, TOriIa • 

~(a) = inf M a~x+~ = inf max (S a~x+z e. (z) dz, 1 - Sa~x+z r(z) dZ}, 
x . x 

.
" 

"
 

<jJOpMyJIa .lI.~H BepOHTHOCTH C06bITHII a,lUII1THBHbIX VlPB. B WJIy YHI1MO.lIaJIbHOCTli 

rpaHHU nJIOTHOCTel1 I1Hq)HMyM flO X 6yncT ':lOcnlraTb'~H npH HeOrpaHtI14eHHOM yBe

JIH4eIHlH x. ITOJIO)l{I1M Ixl ~H. Torna IIH<jJHMyM j10cTHraeTCH npl1 Ixl =H, 4TO .lIaeT 

HaM: ~(a) = max If a~ e. (y ± I H) dy, 1- Sa~~p (y ± I H) dy}, r.lIe cnpaBa 6e

peTCH TOT 3H3K +fl I1JII1 -fl, 

"jf(o) = sup Ma1ox+" > M a2 = I -
x ~ " 

C4HTaTb l3(a) = 1. B pe3YJlbTaTe 

(I-,<)~(a) npH 3a;J.3HHOM ().X(a) 

C TeOpeMOI1 7.6 (11 BblKJIa.lIKaMI1, 

npl1 'KOTOpOM OI<a)KeTC5I MeHbllle ~(a), )laJlee 

::. (a). IlpH Ma,~OM ypoBHe a Bn~JlHe MO)l(HO 

OnTHMaJlbHblM 6yneT npaBIIJIO, MI1HI1MI1311pYlOWee 

= sa\[(I-x)g(z)+xp(z)]dz. B COOTBeTCTBl111 

aHaJlOrH4HbIMI1 COnpOBO)l(nalOWI1M TeopeMy 7.8) 
OnTHMaJIbHblM npaBIIJlOM 6y;J.eT O.lIHO H3 cJlenYlowl1x 4eTblpex npaBI1JI: 

p(y ± I H) 
~ :S;;;'A, p(y ± t H) :S;;;J,..
 

(I - x)! (y) + xp(y) (1- x)!:? (y) + x P(y)
 

BbI611paeTCH TO 113 HI1X, nJIH KOToporo MIfHHMaJIbHa OWI16Ka ~ (a), paCC4l1TbiBae

MaH no ,COCTaBJlHlOwHM Ka)l(nOe npaBI1J10 rpalHluaM JIJIOTHOCTeii; no HI1M )I(e Haxo

.lII1TCH ypoBeHb a, KOTOpblI1 <jJI1Kcl1pyeTcH BbI60pOM f... OTMeTI1M B 3aKJII04eHI1e 

npHMepa, 4TO ollil16Ka ~x (0) .lIJIH JII06oro H3 IlpHBe-'!eHHbIX npaBI1JI npH x-+1 6Y.lIeT 

Cl'peMI1TbCH K [3(a), npll4eM f3( 0) ~ I-a (a) ;:::: I, T, e. Hall.lIeHHOe npaBI1JIO pa60TO

cnoc06HO JIHWb npl1 He60JIbWI1X 'X. 

PaBHOMepHO-OnTHMaJIbHble npaBHJIa. DpaBHJIO OOy Ha3bIl3aeTC5I 

pa81-l0MepHO-OIHUMaAbl-lblM J1.JI5I npOBepKiH rI1iTIOTe3bI X=Xo npH aJIb

"J1epHaTH'Be X=FXO, eCJIH OHO 51BJI5IeTC5I OnTI1M3JIbHbIM npaBI1JIOM npo

BepKI1 rHnOTe3bI X=Xo npl1 aJIbTepHaTHBe X=XI, K3KI1M 6bl HH 6bIJIO 

XI=FXO . 
OJIaTcj:JopMy ,UJI5I 'CymecTBO'BaHH51 paBHOMepHO-OIlTHM3JIbHbIX npa

BI1JI npl1 x = I C03J1.aeT TeopeMa 7.1, corJIaCHO KOTOpOH cTpy-KTypa 

OnTI1MaJIbHbIX npaBiI1JI ueJIHKOM onpeJl.eJI51eTC5I JII1HeHHOH ·KoM6I1'Ha

UHeH nep'SI14HbIX npI13H3KOiB, COCTaSJIHIOmHX fl1nOTe3Y, a ypoBeHb a H 

BH,U aJIbTepHaTI1BbI BJII151eT JII1111b Ha K03epcj:JI1UI1€HTbI JIHHeHHOH KOM

611'HaUHH. 0PI1 CTOJIb CKYJl.HbIX I1'CXOJl.HbIX ,UaHHbIX, liTO Bapbl1pyeMbIM 

CTaHOBHTC5I Bcero OJl.I1H K03cj:Jcj:JI1UHeHT, OH caM nOJIHOCTblO onpeJl.e

JII1TC5I ypoBHeM lao Tor,Ua OT aJIbTepHal'l1BbI BHJI. npaBHJIa 33'BH,ceTb 

He 6y,UeT 11 I1MeeM paBHOMepHO-OrrTI1MaJIbHOe npa'BHJIO. 

IT p 11 M e p 7.4. nYCTb Yi=X+Si, i= I, "" n; Msisj=O, npl1 i=l=j H M~ 62 i= 

= cr'ix , T. e. <jJJIyKTyaUI1I1 Si HeKOppeJIl1pOBaHbl, onHop0.lIHbI H I1X MOwHOCTb u"x 
3aBI1ClIT OT napaMeTpa C.lIBll1ra x. ITpoBepHeM rHnOTe3Y x=O npl1 aJIbTepHaTliBe 

x=l=O. ECJIli 6bl aJIbTepHaTI1BHblM 3Ha4eHI1eM 6bIJlO X=XI, TO OnTI1MaJlbHOe npa

BHJlO corJIaCHO nOnOJl,HeHl11O 4 Hac. 390 HMeJlO 6bI BIIll, 

a~= [1-any2/a~1+ npH e=(<J;;+axJ/Vn:S;;; Ixll :s;;;oo/aVn. 

B nOBOJIbHO Wl1pO'KOM (np'lI MaJIblX a 11 60JIbWlIX n) .lIlIana30He 113MeHeHI1H napa302 
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MeTpa Xi OrrTHMaJIbHbIM OKa3aJIOCb O)1.HO rH TO Me npaBHJIO, BH,ll. KOToporo onpe 2ff 
,ll.eJIHJIC5I ueJIHKOM )1.aHHbIMH 0 rHrrOTe3e. OHO H CTaHeT paBHOMepHO OnTHMaJIbHbIM 

,UJI5I x B YKa3aHHOM ,ll.Hana30He. XOT5I HHMH5I5I rpaHrlua 3Toro ,ll.Hana30Ha 3aBHCHT 

OT ax , HO CJIyqafI Ixii> e He npe,ll.CTaBJI5IeT rrpaKTHqeCKOrO HHTepeca, TaK KaK 
1 

npH 3TOM -~ (0) ~ I-a, H rro3ToMY MOMeT 6bITb IllCKJIIOqeH H3 paccMOTpeHlI5I. 

BBe,1J.eHHe 3aLLl.HTHOrO ,1J.Hana30Ha. 3TOT MeTOn COCTOHT B cy)Ke


HHH aJIbTepHaTHBbI ,.uo HepaBeacTBa: O<8~ IX-Xol ~H<oo, rne 8
 
11 H - 4nCJIa, orpaHH4HBalOW}Ie nH3na30H H3MeHeHHH X. 3ana4a
 

npOBepKH fllIlOTe3, B 06meM, 6y,.ueT 3aBHceTb aT BbI60pa 8 H H. B ue


JIOlYI pHne 3ana4 3Ha4eHH5I XO±8 Ii xo±Ii 6y,.uyT COOTBeTCTBeHHO HaH


MeHee H HaH60JIee 6JIapOIlpH5ITHbIMH B TOM CMbI'CJIe, 4TO ,UJIH OIlTH


M3.TIbHbIX npaBHJI OOy ypOBH5I a cnp3Be,UJlHBbI paBeHCTBa
 

(f(J) = M~~e aZ, ~ (a) = MX±H at . 
B eHJIy 3THX paBeHCT'B npH nOHCKe OIlTHM3JIbHOPO np3BHJIa H p3C4eTe
 

01IIH60K nepBoro H BToporo ,pon a aJIbTepH3THBa tJf{Y I = V Jf{Y
x 
e<lx-xo~<H 

BnOJIHe MO)KeT 6bITb 3alYleHeH3 Ha JI{xo-eV J1{x +£V Jf(Yo-HVJlfxo +H ' o 

4TO COOTBeTcTByeT 3aMeHe 4aCJIOBOrO nap3MeTpa x H3 OT,LI,eJIbHble
 

TOt.IKH: Xo ± 8, Xo ± H. TIPH x;:?= 1 «H3H60JIee 6JI3rOnpH5ITHble» T04KH
 

Xo ± H 'Tep5IIOT ,CMbICJI H 'ocTaHyTC5I JIHWb '«HaHMeHee 6JI3rOnpH5ITHble»
 

XO±8 KaKH3n60JIee npH6JIH)KeHHble K rIfnOTe3e. ECJIH Bno6aBoK K
 

OKa33HHOMY BUn OI1THMaJIhHOrO rrpaBHJI3 He 6y,neT 3aBHceTb OT Be


JIH4HHbI 8, TO 6y,ZI,eM HMeTb paBHoMepHO ,0I1THM3JIbHOe np3BHJIO.
 

TI p H M e p 7.5. TIYCTb B npHMepe 7.3 x = 1. Tor,ll.a rrpH C,ll.e.TIaHHbIX TaM rrpe,ll, 


nOJIOlKeHH5IX H aJIbTepHaTHBe x>e 3a,ll.aqa HaXO)K)I.eHH5I OrrTHMaJIbHOro rrpaBHJIa
 

CBO)1.llTC5I K MHHHMM3aUHH
 

1f(a)==Ma?e+~ ==min{fa~p(y-le)dy, I-Sa1R(y-le)dy} 

npH 3aAaHHOM a(o) = f 81 p(y)dy=a. OrrTHMaJIbHbIM 6Y,ll.eT TO H3 .llBYX rrpaBHJIy
 

p(y-1e)/p(y) ~A, t(y-le)/p(y) ~ p" (rAe A BbI6npaeTC5I no 3a)1.aHHoMy ypoBHIO
 

a), ,ll,JI5I KOToporo MHHIIMaJIbHa OU1H6Ka ~ (0), paCrqHTaHHa5I ITO rpaHHuaM rrJIOT

HocTei1, COCTaBJI5IIOIUtllM npaBHJIO. I1paBHJIO 6YAeT paBHoMepHo OrrTHMaJIbHbIM, eCJIH 

ero BH~ He 3aBHCHT OT 3HaqeHH5I e. CKa3aHHoe 6y)1.eT llMeTb MeCTO, HarrpllMep, B 

CJIyqae «HopMaJIbHbIx»rpaHHU BH)1.a: E(Y)=:YPo(Y), p(y)=vPo(y), O~~~I~v<oo, 

po (y) = elCp { - yT B-
1 

y} / (2n n /2 (det B) 1/2), r.l(e B eCTb CHMMeTpHqHaH nOJlo+
}KHTeJIbHO orrpe,ll.eJIeHH35I 'M a Tp,llua. Tor)J,a rrp aBHJIO yT 8 -i1 ~ A, r,ll.e A orrpeJI,eJI5IeTC5I 

H3 ypaBHeHll5I V S po(y)dy=a, 6y,neT paBHoMepHo OrrTllMaJIbHbIM. Era 

yT 8- 1 1>A. 

OlIlH6Ka BToporo po,ll.a f3 (iJ) =v po (y--el) dy, KOHeqHO :lKe, 3aBHCHT orJ 
yT B- I 1~A. 

BeJIHqHH~ e H CTpeMHTC~ K l--a npH e~O. 

MIfHHMH3au.HSI HHTerpaJlbHOH OllJM6KH. TIYCTb X== 1. BBeneHHe 3a

llI.HTHorO ,lI,Hana30Ha Ix-xo I? 8, OT,lI,eJI5IIOmerO aJIbTep:HaTHiBY OT fH

nOTe3hI, 3KBlHBaJIeHTHO arrpHopHOIMy ,lI,OJnymeHHIO 0 HeB03MOLKHOCTH 
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npM aJIbTepHaTHBe n05IBJIeHH5I '«04eHh 6JlH3KHX» K Xo 3HaqeHHH: x. 
0606meHHeM 5IBJI5IeT'C5I 3a,lI,aHHe COOTBeTcTByIOmero aJIhTepHaTuBe 

Bep05ITHOCTHoro 33KOHa H3 a; c nOMoIUbIO J(x 1. TOr,lI,3 J{Y 1 6Y,lI,eT 

qaCTHOH K npoH3Be,UeHHIO Jf{x1Jf{Yx , a OlIIH6KH 6y,UyT: 

a(8) = M~o a~, (3 (a) = Mf /t1~ a~ = M; f3x (a), 

[)I.e \~x(o) = MYxOO y. TIpH T04HOM 3npnopHoH InJIOTHOCTH q(x) (no OT

HOIlleHHIO K Mepe-,UJIHHe), 33,U31OmeM e!f{X 1, oWH6Ka Haxo,nHTC5I HHTe

rpHpoBaHHeM: 

(3(8) = f f3x (0) q (x) dx. (7.6) 

3a,LI,34a nOHCK3 OnTHM3JIbHOrO npaBHJIa CBO,lI,HT'C5I K MHHHMH3au.HH 

3T0l1 HHTerp3JIbHOl1 OIllu6KH BbI60pOM (JOy npH 3a,UaHHQtM ypoBHe <1.. 

OT,MeTHiM, 4TO B (7.6) q(x) MO)KeT 6bITb ,HeKoTopoH BecOtBOM epy,HKIJ.HeM, 

x3paKTep'H3YlOmeH ypoBeHb npe,UnOQTeHH5I, OT,IT,3BaeMOro pa3JIHQHbIM 

3Ha4eHH5IM x npH 3JIbTepH3THBe. HarrpHMep, ,UorrycK3eTC5I q (x) == 1 
( TOr,IT, 3 ~ (0), no CyTIf, y)Ke He BeJIH 4 11 H 3 0 ill H6 K H, 3 HeK OTOphI ii epyH K 

IJ,HOH aJI OT Hee). 

HCnOJIb30BaHl1e ,1J.OBepHTeJlbHbIX OlJ,eHOK. TIYCTb 0*Y (x) eCTb orrTII 

·MaJIbHa5I ,nOBepHTeJIbH35I oueHKa nap3MeTp3 x rrpM K03epepHU1HeHTe 

neCCHMH3M3 X= 1. E'C.HH CLJHT3eTC5I, 4TO Jf{xY=!yxJ(Y x , TO ypoBeHb 

Ol1,eHKH onpeneJI5IeTC5I epOpMyJIOM: a = sup i\1'Yx [1-0* Y (x) ]. 
x 

,UJI5I inpoBepKH faIIOTe3bI X=Xo npH 3JIbT,epH3THBe X=FXo BBe,UeM 

npaBIIlTIO aOy=u*y(xo). aHO 6y,neT ypOBH5I He 60JIbille U, TaK K3K 

a(a)=Mo(l-a~)=M~o[l-o;(xo)] :S;supM~ [I-a; (x)] = (X. 

x 

Tpy,UHO rOBopIiTb 06 OnTHMaJIbHOCTH BBe,.ue:HHOrO npaBIHJI3 dU 
y • 

TeM He MeHee H3 'npHMepe 6YJJ.eT nOKa33'HO, lITO OrrTHM3JIhHOCTb ou.eH

KH O*y(X) B CMblCJIe MHIHHMyMa paCllJIbIB43TOCTH Q(d)= 
=MY f o*y(x)dx B HeKOTopOM CMbICJIe rrpHBO,UHT K COKpameHHIO HH

TlerpaJIbHOii OillH6KH (7.6) BToporo po,LLa. 

IT p H M e p 7.6. I1YCTb B iBeKTopHbIX 0603HaqeHH5IX y= tx+ S II nycTb X= l. 
ECJIH 06 X Hero CB5I3H C ~ HHqero He iH3BeCTHO, TO OnTHMaJIbHa~ oueHKa 6y.n.eT 

4JyHKUHeI1 y-1x, n03ToMY npaBHJIO 0 0 y npOBepK'H rHDOTe3bI X=Xo 6y)1.eT 0° 
=0* (y-1Xo). Ero OlllH6Ka nepBoro po,ll.a paBH5IeTC5I ypOBHIO a oueHKH d:t= ("5); 
.n.eUCTBHTeJIbHO, 

a(a) == M o (l--a~) == Mo[1- a* (y-l xo)] = Ai [1 - a* (6)] == a. 

A olllH6Ka BToporo pO)1.a npH X=Xi 6y)1.eT paBHa 

- _ -y 0 -y __. 
~Xl (a) - M 

X1 
ay == M Xl 8 (y - 1 xo) - A1 a (6 + 1 Xl - 1 xo)· 

C .n.pyroH CTOpOHbI, llHTerpaJlbHa~ lllHpHHa oueHKH AIlQ (0) = AllS0 (y--1 X) dx = 
=1\1 SoCs+lx--lxo)dx~f MO(~+lx-lxo)dx=frrx(o)dx.gCJIH 3)1.eCb BMeCTO Hepa

BeHCTBa HMeeT MeCTO p aBeHCTBo, TO rrpaBHJIO OU y 6y)I.eT MHHHMH3HpOBaTb HHTerpaJl 

OT 01llH6KH BToporo pona rro napaMeTpy x, CJIe)1.0B3TeJIbHO, 6Y,ll.eT OnTHMaJIbHbIM B 

CMbICJIe HHTerpaJIbHOlf 01llH6KH, 'liTO MbI H XOTeJIH nOKaaaTb. 
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1 0603Ha4HM .JI{1l - MO,ll.eJlb Ha npOCTpaHCTBe 3H34e'HHH 1, ... , K, 
B6I1palOlUYIO B ce6H 3npHopH Bce CTaTHCTH4eCKHe ,ll.aHHble ° nmOTe

TaKHM 06pa30M, npe,lI,JlaraeMaH 3,ll.eCb MeTO,ll.HKa n03BOJIHeT npH
3aX. DpoH3Be,ll.eHHe .;!{"y = ';/{"JI{" ,ll.3eT COBMecTHyIO MO)l:eJlb rHnOTe3 

MO npHJIOII{HTb Bee ,ll.OBepHTeJIbHble ou.eHKH napaMeTpOB, nOJIY4eHHbie Ii ,f{36J1IO,ll.eH HH , T. e. Cl1M. BeJll1411Ha Mo=M"Mllo"y e,CTb HHlliH5I51 
B rJI. 6, K npoBepKe rHIIOTe3 0 3Ha4eHHH 3TH X napaMeTpOB. BbInHCaTb 

8epoflTHOCTb npaBuAbHocO peUleHufl (01I03HaB3f{H5I), ycpe,ll.HeHHaH no
nOJIytIaIOmHeCH OTCIO,ll.a npaBHJIa npe,ll.OCTaBJI5IeTC5I HHTepecyIOmeMycH 

fIilnoTe33M. 3TO - COBOKYlIH3H x3p3KTepHcTHK3 f{a,ll.elliHocTH np3BH
4HTaTeJIIO. 

Jla. COcTa'BHbIMH ee 4aCTHMH HBJI5IIOTCH M"O"y - HHII<HHe BepoHT

7,6. PA3Jl H4EHHE HECKOJlbKHX rHnOTE3 

06lII.lie nOJlO)l{eHHSI. MbI Bblwe paCCM3Tj}!IB<1J11l 33,ll.3'1y I1pOBepKIi 

HYJIeBO~I (KoHcepB3nIBHoi;J) rl1IIOTe3bI npH npOTHBOCT05lmeH ei;j aJIb

TepH3THBe. I1Y'CTb Tenepb nmOTe3, B 06meM, He JJ,Be, a K, H OHH B 

KaKO~I-TO CTeneHH P3BHOlIpaBHbI, :Ka)K,ll.a51 onpe,ll.eJI5IeTC5I cBoeii 11M 

.!It", k= I, ... , K Ha Ulj. rIo Ha6J1IO,ll.eHHIO y Hyll{HO yCTaHoBHTb, I<aKa51 

113 rH'f10Te3 HMeeT MeCTO, T. e. KaKOH 11M nO,ll.4,H'H5IeT,C5I y. 3TOT CJIy

4aH OXBaTbIBaeT MHorHe np3KTHtIeCKHe 3a,ll.a4H KJIaCCIHpI1Kau.HH Hp3C

IIIQ3H3BaHH5Io6pa30IB, CfO'.ll.3 IBXOlUHT f1pHeM 3HC3M6JIH 'CHr'HaJIOB, pa3

JlH4eHHe 6yl<B PYKolIHcHoro TeKCTa, Y3H3B3HHe BH,ll.a 60JIe3HH no 

,ll.HaPH03aM H T. ,ll.. 

PeW3IOllJ,ee np3BHJIO COCT3BJI5IeT-CH K3'K COBOKYillHOCTb d y = 
= (Ol y, ... , OHy) peweHHl1, K311{,ll.Oe 'H3 KOTOpbIX O"y, k= 1, ... , K, o'npe

,ll.eJIHeT TOT ypo'BeHb npe,ll.II04TeHHH, IWTOPbIH 'IIpl1 Ha6JIIO,ll.eHHH y OT

,ll.3eTCH k-11 rHflOTe3e. CyMMapHoe :npe,ll.f10tITeHHe He ,ll.OJIII{'HO npeBbI

waTb 1, 4TO Bblpa)KaeT'CH B Tpe6oB3HHH 

K
2:' oZ ~ 1, V y. (7.7) 

k=1 

3a.,ll.a,ll.HMCH BOflpOCOM, a MO)KHO JIH cyMMe npe,ll.f104TeHHH p33pemHTb 

6blTb ,MeHbwe I? 5y,ll.eM C4HTaTb, tITO, B 06meM, :ua, OCTaBJI5I5I He
K 

3a:nOJIHeHHOH ,ll.OJIIO o? y = 1- 2: O"y npe,ll.f104TeHHH, Ha3blB3eMYIO 
k=1 

HeurpaAbHblM peUleHlleM (npHMepbI ,ll.3eT pHC. 7.2,a, 6, B, r,ll.e o? y paB

H5IeTCH ,ll.JIHHe oTpe3Ka IIO BepTHKaJlH, 3aKJII04eHHoro Mell{,ll.y cnJIOW

HOH H WTpHXOBOH JIHHHHMH). HeHTpaJIbHOe peweH,He He OTHOCHTCH 

HH K O,ll.'HOH H3 rl1'nOTe3, T. e. HHKaKoro peweHHH He BbIHOCHTC5I. Ero 

BBe,ll.eHHe BbI3BaHO HCKJIIOtIHTeJIhHO y,ll.06CTBOM H HHK3K He YM3JI5IeT 

06llJ,HOCTH, a CKopee Hao60pOT: no Kp3l1HeH Mepe, KaK MbI BOKope 

YBH,ll.HM, O? y BCer,ll.a MOII<HO «p33:,ll.aTb» no O"y TaK, 4T06bI ICyMMa 

npe,ll,'no4H~HHH (7.7) npH B,cex y .cTporo paBlIHJI3Cb 1, a Ka4eCTBO co

XpaHHJIOCb TO lI{e. 

I1pe,ll.nOl lTeHHH O"y, KOr,ll.3 3TO He I (3 OCT3JlbHble - 0) HJIH He 0, 
npe,ll.CTaBJI5IIOT 'C060H peKOMeH,ll.au.HH, 'OCT,3BJIHIOmHe Bee-TaKH nOCJIe,ll.

Hee 'CJIOBO 3a 4eJIOBeKOM (cnoc06HbIM IIpH npHHHTHH OKOiH4aTeJlbJHOrO 

pemeHHH BOCnOJlb30BaTbCH ,ll.'OnOJlJHHTeJlbHbIMH C006pa)l{eHHHMU). npH 

Heo6xo,ll.HMOCTH«MexaHH4eCKoro» BbI60pa B nOJlb3Y KOHlKpeTHOH rH
nOTe3bI 'npe,ll.I104TeHHH 3aMeH5IIOTCH Ha npou.e,ll.ypy «cJIenoih paH,ll.O

MH3aUHH, 'COTJIaCHO KOT'OP'OH npH Ka)I{,ll.OM y pa3blrpbIB3eTCH Hrpa c 

H'Cxo:uaMH k = 1, ... , K, H Bep05lTHOCTHMH O"y l1'eXO,ll.OB. 
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f{OCTH np3BHJIbHOrO npHHHTI1H k-x nmoTe3 (l<all{,ll.aH BbI4HCJI5IeTCH 110 

CBoeH .JJt" np0,ll.OJIII{eHHeM nepBH4HbIX .cpe,ll.Hl1x), H 06pal1Hble HM Be

JIIi4HHbI ado) = I-M"oil y , OXB3TbIB3IOllJ,He Bce oWH6KH, ,CB5I33HHble 

C k-i'i rfil10Te30H. 
BbIAeJII1M ,ll.B3 Kp3HHI1X CJly4351. nepBbI~I, KOr,ll.3 Jf{/i=::,/k, T. e. 

anprtOplblX ,J,aIH,HblX HeT, To·r,'I,3 Oinep3TO'p M" ocymeCTiBJ15leT ,YIHHHMH

33UHIO H nOJIy43eTcH Ma=rnin M/,o"y. Jlpyro~I CJIyl.WH, KOr,lI,a a,npHop
~ - ,,-

Hble I3CpJ'lTIIC'CTil 3a.l3Hbi TOlmo H p31Hlbi I,,'i, ~A,,= 1, Tor,J,3 Mo= 
II 

="Z/V/JVf"o"y. B IlOCJIe,J,He~[ cyMMe, llT06bI OH3 npH06peJIa HOBylO 'no

" JIe3oHYI0 OKpaCI<Y, 110JIe3HO CH5ITb C A" «oAe)KAY» Bep05lTHOCTe~1 (I(3K 

np3DHJI8, HeIBBecT,HbIX) H ,HaJIO)IO[Tb r'py3 OTBCTCTBeHHO'CTH 33 noc

JIe;J:Cl BH51 .HeBepHoro OTK333 OT TH110Te3, 3TO 06m'HH npllCM. 
I1p06JIeMa OnTI1MaJIbHOrOCHHTe3a COCTOHT B nOHCKe npaBHJIa, 

MI1HHMH3HpyIOmero coeoKynHylO OWU6Ky u(o) = 1-Mo npH orpaHH

lleH'i'i (7.7). MeTO,'I,OYI MHO)KHTeJleH JI3rp3H)I\3 OflTHM3.JlbHOe npaBHJIO 

nOJly1.JaeTCH MHHHMH33Ul1e~lCOCTaBHoropl1CKa a. (0) +11. max 2:o k 
ynpl1

y k 

Bbl60pe 10 corllaCHO (7.7). B 3TOM n,130He cpOpMyJIllpyeTcH H AOCTa

TOllHOCTb. B 3TOM )Ke nJIaHe YCJIe)KyIB3CTCH BBHaH a'H3JIOrH5I C p,o
BepH're.fJbHbIM OUC'HI1BaHHeM AHcKpeTHoro n3paMeTpa x=k (c T04

HOCTblO ,lI,0 cnoc06a BbI60pa A). OCT3JIOCb nepe¢opMYJIHpOBaTb Teo

peMY 6.1 (CJIe,lI,CTBl1e 1) 0 AooaT04HOCTH K rHflOTe3aM. 
Teo p e M a 7.10. j],OCTaTO'lHblU npu x= 1 KAacc npaBuA B 3ada'le 

pa3AU'leHUfl lieCKOJlbKUX cunore3 Jft/b k = 1, ..., K, onpeoeAeHHblx KaJIC
oafl CBOUMU nepBU'lHblMU cpeoHuMu fiii"g"j (y), j = 1, ... , Jr., o6pa3ylOT 
yce'leHHble CHU3Y Hy,1eM, a caepxy - coBOKynHblM Tpe60BaHueM (7.7), 
8TOPU'IHble npu3HaKu cooTBeTcTBylOU{UX cunore3: 

0'1 = [ch - "" a+ki g . (Y)J+ ,-'k - 1 ... , K,y "" ill 
~. i 

npU'leM Te, OAf/, KoropblX OUlu6KU onpeOeAJUOTCfl KaK CyMMbl nepBU'I.

HblX cpeoHUX: 

(X" (a) = 1- cIt + 2: at M,l. g"j'
i 

06paTHM BHHMaHHe, 4TO peweHHe O"y B nOJIb3Y k-fi rHnOTe3bl 

CTpOHTCH TOJIbKO no nepBI14HbIM npH3HaKaM, OnpeAeJIHIOllJ,HM k-IO 11M 

.Jf{" (B TeopeMe 7.1 3TO CooTBeTCTBOS3JIO HacTpoHKe Ha O,ll.Hy HJIH 
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HHMHsa.ll.aqy, rAe KalK.lI.a51H3 rHtrrOTe3 3a.ll.alHa CBOHMH KOppeJI51U , nycTb
.n.pyryIO rH!IlOTe3y), a IlIO UX nepBHqHbI'M Cpe,lI.HHM Mklgkj IHaXO~5ITC51 ~ 
OIIIH6KH ~, 3B'BHC5IIII.IIe TOJIhKO 'OT BH,lla 8k 

y • 

IlocJIe npHMeHeHH5I T1eopeMbI nonCK OIlTIIMaJIbHOrO npaBHJIa 'CQO

,llHTC5IK HaXOJK,LL0HHIO W09epepHUHeHTOB a+kj, MHHHMH3HpyIOll(HX COBO-

KyrrHyIO own6rKy u(o) =MRUk(8), a B KOHeqHOM CqeTe, 6JIaro,napSI 

nOCJIe,lI.!Heif qaCTH TeopeMbI, MHHHM'H3HPYIOII.I.IIX JIHHeHHyIO QlOPMY OT 

a+kj npH orpalHHqeHHH (7.7). 4eM BbIllie If lIIHpe KaK epyHKUH5I y 
KaJK,llOe Oky , TeM MeHbII1e 6Y,lI.eT oIIlH6Ka ~k' n03ToMY ,COBepIIlelHHO 

5IC,HO, tITO 'OIlTHMaJIhHOe npaBHJIO 6y,n€T cTpeMHThC5I YBeJIUQll1Th CyM

My npe,nTIOqTeHliH ~Oky 6JIHJKe K 1, ,LLeJIaH TeM caMblMKaK MO:IKHO 

'MeHbIIlIIM IHeI1T:paJIblHOe ;pewelHue a? y, 11 KOHeQHO :IKe, paIBe'HcTBO cyM

MbI 1 6y,LLeT 065I3aTeJIbHO ,LLOCTHraTbICH B KaKliX-TO TOq,KaX y*, Ha3bI

BaeMblX «rOp5IQ,HMH», ,B KOTOphIX 'HeHTpaJIbHOe perneHHe oTcyTcTByeT: 

iJ? y* == O. 3TH TOQKH lonp'e,neJI5IT OIllH6KlI H BH,LL npaBHJIa. 

BY,LLb OTITHMaJIbHOe inpaBHJIO iTIOCTpOeHO, Oky ,cTaHyT KaK MO)KIHO 

lIIHpOKHMH H ,LLaJIbWe paCWHpHTb lIX yJKe HeKy,LLa, TOJIbKO JIHlllb 3a 
CQeT «pa3,LLatIH» iHeHTpaJIbHOrO perneHlIH, qTO He MeH5IeT HH rop5I

tIHX TOtIeK, HH, 'CJIe,LLOBaTeJIbHO, OlllH60K,Il03TOMy Bee 3THnpaBHJIa 

6y,nyT 3KB1JiBaJIeHTHbIMH He33BHCHMO OT cnoco6a «pa3,LLatIH». 

C H H T e 3 ,U e T e p M H H H p'0 BaH H bI X n p a B H JI. IlpaBHJIo ay , KOMnOHeH-

TbI i)k y ,KOToporo npHH:IIMaIOT TOJIbKO 3HaqeHH5I 0 H.TIH 1 (eCJIH O,lLHa - 1, TO 

OCTaJIbHbIe - 0), Ha3bIBaeTC5I ,lLeTepMHHupOBaHHbIM H 3KBHBaJIeHTHO JJ,eTepMHHHpO

B3HHOH oueHKe Ry COCT05IHlI51 k: ak 
y =6 k (R y ) (CM. § 5.5). PlICK oueHKH npn ,UeJIhTa

nOTep5IX Ma k (R y ) npeBpaIUaeTC5I B cOBoKynHYIO OIlIH6Ky ~ (0) npaBHJla pa3JIH

qeHH5I fHnOTe3. ,lleTepMHHHpoBaHHble npaBHJIa He 5IBJl5IIOTC5I OTITHMa.;lbHbIMH. KpOMe' 

CJIyqa5I, Kor,Ua Bce ,;Itk, k = 1, ... , K, npe,UcTaBJI5IIOT c060i'1 IIHTepB3JIbHble pacnpe· 

,UeJIeHH5I Bep05ITHOCTefI (lJTO CJIe,n,yeT H3 HH,UHKaTopHoH CTpyKTypbI nepBHQHbIX npH3-

Ha'KOB I1PB H TeopeMbI 7.1). 
UeTepMHHHpoBaHHoe npaBHJIO 3KBHBaJIeHTHO pa36IIeHHIO npocTpaHcTBa ulf H3 

HenepeceKaIOIILHecH qaCTH A k = {y: (jk y = I}, ~Ak=UY; npn rrona,ZJ.aHHH Ha6JIIO)J.eHHH: 

k 
Y B A k npHHHMaeTC5I k-H fHfIOTe3a. OnTHMaJIbHoe (no KparIHe}'! Mepe, B KJIaCCe 

,UeTepMHHHpoBaHHbIx) npaBHJIO cooTBeTcTByeT TaKHM A k , KOTopble MaKcHMH3HPYIOT 

lvlo=Mk Ph (A k ). .3TO MO)l(eT 6bITb MaKCI1MyM no !? CT05IIUHX cnpaBa HIDKHllX Be-

P,OHTHOcTeti npaB'HJIbHbIX ,peweHHH, HJIH B3BeWeHHa5I HX cyMMa '22Ak Pk (A h ). B noc
JIe)J.HeM cJIyqae oco6eHHocTb OnTHM3JIbHbIX A k, nOMOraIOlQa5I IlX HaXO/K,UeHHIO, CJIe

.uYIOIILaH: 'AkPh (A k) ~AlPl (A k ), Vi, k, T. e. B3BerneHHa5I Bep05ITHOCTb MHO)}{eCTBa. 

AhnpH «cBoei1», k-i1 nnioTe3e ,UOJDKHa 6bITh He MeHbwe, qeM npH JI.pyrHX. 

)J,JI5I I1PB MHO)KeCTBa A k ,UOJI)KHbI COCT3BJI5ITbC5I H3 nepBHqHbIX C06bITHH: rH

nOTe3 If CTPOHThC5I Ha 06beJLIfHeHHOH (no k = 1, ... , K) aJIre6pe 3THX C06bI1'HH. 

HY./KHO OTMeTHTb, qTO BbI60p OnTHMaJIbHbIX A k , B 06meM, He 5IBJI5IeTC5I O;J,H03HaQ

HbIM (HaMeK Ha CYJlI,eCTBOBaHHe HeHTpaJIbHOI1: 06JIaCTlI, Y)Ke KaK-TO p03,UaHHOH no· 

A h ). «[op5ItIHe» TOtIKM 6y,UyT pacnOJIaraTbC5I Ha rpaHHuax 06JIaCTefI H 6y,lI,YT 

COBepweHHO Heno,UBH)KHbI: iHefITpaJIbHa5I 06JIaCTb HX He 3aXBaTb1BaeT, tITO <pJIK-

cnpyeT Olll1I6KH. 

Pa3J1HLJCHHe flinOTe3 no 3a,ll.aHHb1M KOppeJlSl~HSlM. PaCCMOTpHM II 

KaK HJIJIlOCTpaUHIO CHHTe3a, H KaK Ba)KHbIH ,LLJI5I npaKTHIKH CJlYllaH 

TOQHbIMH: 

JU : M (y-Wk) (y-Wk)T= 8 k , k = 1, ... , K. 
k k 

3.l1. y H Wk - BeKTopbI-CTOJI6ubI .9JIeMeiflTOB Yi, wk(i), i=1, ..., n. 
eCb 

a Bk - MaTpHUbI KOppeJI51UHH pa3MepHOCTH nxn. TaKHM 06pa30M. 

KalK.lI.Oii rHnOTe3ecooTBeTCTByeT CBOH BeKTop 'C.lI.BHra Wk H Sa.ll.aHHa51 

C yqeTOM .9T01'O C.lI.BHra MaTpHuaKOppeJI5IUHH. KpHTepHeM ClJHTaeM 

MHHHMyM a(8) ==~PvkUk(a).
 
Onpe.ll.eJIHM, nOJIb3Y5lCb TeopeMoH 7.10, rro rrpH3HaKaM MO.ll.eJIea
 

<pOpMy OIITHMaJIbHbIX peIlleHHH. 4HCJIO 'TIepBUlJHbIX npH3Ha!KOB .lI.JI5I 
2 

KalK',UoH OT,LLeJIbHOH rnnOTe3bI paBHo, OlJeBH~HO, n II corJIaCHO Teo

peMe 7.10 KalK.lI.0MY H3 rrpH3HaKoB .lI.OJIlKeH 6bITb TIpHTIHCaH 'K03<p

<pHuneHT, 'lJTO B BeKTopHOH<popMe BbI'rJI51.ll.HT CJIe.ll.YlOW.I1M 06pa30M: 

a~=[Ck-(Y-Wk)TAk (Y-WIl)]+' k= 1, ... , K, (7.8) 
_ K 

M a~ = 1- (Xk (0) = Ck - ~ tr All Bk ,
k 

k=l 

rAe ak (0) BbIlIncaHbI ,corJIaCHO TIOCJIe.ll.HeH lJaCTIi TeopeMbI, a Ali H 

6Y.lI.YT ,cHMMeTpHqHbIMIi (TIO CHMMeTpHH BI<) MaTpHuaMH Hel13BeCTHbIX 

K0.9<pqmuneHToB AI< (i, j), BbI60p KOTOpbIX H COCTaBJI5IeT np06JIeMy 

CHHTe3a. 
DpaBHJIO Ha3bIBacrCH KOHTpacTHblJH, eCJIH inf Oliy==O, sup d"y= 1, 

.lJ y 

V k. )lmr (7.8) !{OlHpacTHocTb 3KBHBaJIeHTHa Ck = 1: TOr.ll.a KalK;~e dRy 

jJ;OCTHraeT 1 IIpH Y= WI< 11 COBOl\'yrrHaH ollJl16Ka 3arrl1WerCH: a (d) = 
= ~A.k tf AI<BI<. HeTpY.lI.HO BH.lI.eTb,lJTO Beca nmOTe3 JIerKO MorYT 6bITb 

yqTeHhI YMHO}KeHHeMHaHHx BI<, rrO.9ToMY .lI.OTIYCTl1MO (BKJIlOqHB HX B 

B ) ,ClJHTaTb .lI.aJIee "'1<= canst H MHHHMH3HpOBaTb cyMMap'HylO ollJH6
k

Ky )2 tr AkBk • 
KOHTpacTHbIe npaBHJIa OKa3bIBalOTCH ,llOCTaTOlJHbIMH npn onpe.ne-

JI'eHHOM ynaJleHHH rHIIlOTe3 ,LLpyr OT ,llpyra (QTo6bI OTOliTH OT TpH


BHaJIbHOrO CJIYQa5I ak == ek). KaK cPyHKUHH Y OHH npe,llCTaBJI5110T co
y 

6011 cOBoKynHocTb napa60JIOa,lI,OB akyc BepwHHaMH 'B TOtIKaX y=Wk 

BblCOTOH ak = 1. )lJI5I HarJI5I,Ll.HOCTH HHTeprrpeTaU11l1 Y.lI.0 6HO MbIC.1HTb 
wk 

n==2. OCHOBaHH51MH napa60JIOH,lI,OB, r,LI;e ORH nepeceKalOT Koop,J,HHaT

HyIO IlJIOCKOCTb, 6y,LLyT 3JIJIHrrCbI (CM. pHC. 7.8) C cepe):U1HaMH B Wk.

4eM WHpe rrapa60JIOH,LL k-i1 rurroTe3bI, TeM wHpe 6Y,lleT 9JIJIHTIC Ii 

TeM MeHbllle 6yneT 0lllH6Ka Uk (a). Ho lllHpHHa orpaHHQHBaeTC5I Tpe-

60BaHHeM (7.7) ,cooTBeT1cTBYlOIUHM TOMy, tITO cyMMa napa60JIOH.llOB 

He AOJI)KHa HHr,rr.e npeBbIlIlaTb 1. KOHTp'OJIHpOBaTb 3TO Tpe60BaHHe 

,LLOCTaTOtIHO JIHlllb IB pacnOJIaralOIUHxcH r JJ.e-TO Me)l{'uY Wk '«ropHtIHX»' 

TOtIIKaX, o603Ha'QeHHbIX Ha p'HIC. 7.8 3Be3,ZI,OlJlKaMH. 'uJI5IOTITWMa.J1bHO
kfa npa:BHJIa, rrOCKOJIhKY 'Bce a neJIalOTC5I K3:K MO)KHO lllHpe, «ropHy 

QHX» TOqeK ,llOJI)KHO 6hITb MaKCHMaJIbHOe lJa:CJIO, luplilIeM OHH 6y.uyT 

paonOJIaraTbC5I ,r,Ue-TO B cepe.,llHHaX rpyrrrr B pa3'HbIX CatIeTaHH51X BeK
k y

TOpOB Wk (rrpHlJeM 'TeMH, ,Ll.JI5I KOTOpbIX nepeCelJeHl1e OCHOBaHHH a 
lHeHyJIeBoe) • 
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PRC. 7.8. KapTRHa pacrrOJIOR<:e 1HHH «ropH4nx» T04eK 
a HMe'HHO, TaKa5I, qTO AA-A=A (06paTHa5I MaTpln~a B nOJI.npOCTpaH

Zl 

KpoMe «rOp5llJHX» TOlJeK H lJ,eHTpoB WI< Be3,n:ecyMMa rrapa60.rroH

,n:OB npe,n:ITOlJTeHHH OKa:m:eTC5I 'CTporo MeHbille 1. HaH60JIee 31'0 BbI

pa)I{eHO B 30He Ha pUC. 7.8, JIe>Kaw.eH BHe 3JIJIHITCOB, r,n:e peilleHHe 

IT 
0 

JHIO CTb IO He fiTp a JIb't!OC : ()? y = 1.«P a 3,Il. a lJ a» HeIlTp a JIb H0 ro p e ille HH51, 

XOT5I, B 06W.CM, H ITPOH3BOJIbHa5l, HO IITOJJ:lJHH5ICTCH pa3YMHbIM HalJa

JIaM: HanpHMep, Bce co,n:ep)f{aw.eec5I B ()? y npc,n:ITOlJTOHHC y,n:06HO 

OTJ~aTb 6JIH3JIc:m:aru.eH rrmOTe3e. npyroH IB03MO>KHblli rrYTb: BBecnl 

BO Bce M8TPHlJ,bI AI< O,n:HH rrOCT05l,HHbIH MHO)I<IfTeJIb a H ,n:.1I5I Ka:m:,n:o

1'0 y nOl;LbICKHBaTb Tahoe ay ,ITpn IKOTOpOM CyMoMa npe,,'UJOllTCHHI1 CTa
HeT paBHoii 1. B03MO)KHbI HHble iBapHaiHTbI. 

OITTHMa.1JbHOCTb peIllOHl-IIl onpe,n:eJl5ICTC5l <popMoii JIe:m:aw.HX B OC

HOBaHIIHX 3JIJTHnCOB, MHHIIMH3HPYIOW.HX 'cyMMapHyIO oum6Ky. OCE 

3JIJIHnCOB H I1X illHpHHa CTaB5ITIC5I B 3aBHCIIMOCTb aT paCnOJIO>KeHH5I 

Wit II BII,n:a BI< H yrrpaBJI5lIOTC5I HCKOMblMII MaTpHlJ,aMH AI<. iDepeii,n:eM 
K HaH60JIee rrpOcToMy CJIy1l3IO K == 2. 

OnTHMaJIhHOe npalHlJIO pa3JIHlJeHlUI ,n:ByX nmOTe3. DYCTb K= 2 H 

6y.n.eM HCKaTb OIlTHMaJIbHOe npaBHJlO BH,n:a (7.8), T. e. HCKaTb MaT

pHD,bI Al H A 2, MIIHHMH3I1PYIOw.I1e cyMMapHyIO oillH6Ky tr AIB + 
I+ tr A 2B2. Tpe6oBa'HHe ()ly + ()2 y ::::;; 1 ,lIOJI:m:HO KOHTpOJIHpOBaTbC5I B 06

JIaCTH HeHyJIeBblx 3HalJeHHii ()\ H ()2 y , r,n:e 3aITHIlIeTC5I KaK OrpaHHlJe

HHe CBepxy eJJ:HHHlJ,eHcYMMbI ,n:ByX rra pa60JIOH,n:OB 2- (y-WI) T X 
j

XA (y-wI)-(Y-W 2) TA2 (Y-W 2) (KBa,n:paTHlJHbIX <P0PM y). MaKcH

MyM rro Y ,lIOCTHraeTC5I B I«rop5llJeii» TOlJKe Y*, rrOJIY lJaIOw.eiic5I perne

HHeM ypaBHeHH5I (AI +A 2)y* = A1Wl +A 2W 2; B pe3YJIbTaTe no,n:CTanOB
KH y* Tlpe60Ba lHHe 3anHWeT,c,JI: 

2-wJ Al WI -W~ A 2 w 2 +(AI WI +A2 W 2 )T (AI +A )- (AI WI + " 
2

+A2 w 2) ~ 1, 

HJIH )K e rr OCJIe HeKO'TOp hIX \rrp e 0 6 Pa 3 0 BaH Hfr n ep err IiIIIeTC 51 : 

(W2 -WI )T AT (AI +A2)- A 2 (W2 -WI ) > 1. (7.9) 

3,n:ecb MliHYC B illOKa3aTeJIe 03nalJaeT, lJTO MaTpHlJ,a rrceB,n:006paTHa5I 1, 

1 farHTMaXep CPo P. TeopnH MaTpnII.. - M.: H,ayKa, 1966. _ C. 34. 
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CTBe c06cTBeHHblx BeKTopoB, eCJIH OHa oco6a5I). 

CKa3aHHoe iBa}KHO ,BOT nOllelVlY. 1\!1HHHMH33UH5I tr AlB} +trA2 B2 

npII yCJIOBHII (7.9), 3aMeHeHHOM Ha paBeHcTBo, npoH3Bo,nHTC5I MeTO

,nOM MHOLKHTe.TleI1 JIarpaHLKa 11 Be,neT K MaTp11llHbIM ypaBHeHH5IM 

l' (AI + A2 ) 81 (AI + A2) == A2 w T W A2 , W == W 2 - WI' 
Tl' (AI +A2) 8 2 (AI +A 2) == Al w W AI' 

B KOTOphIX l' lHaXOJI.11TC5I H3 (7.9). OTclo,na, 

HMeeT paRr 1, cpa3Y LKe CJIe,a,yeT iBbIBO,a" q1'O 

lKe ,a,OJI)KHbI HMeTb pa\Hr 1 If 3anUCbIBaThCH 

TaK KaK npaBaH llatCTh 

MaTpHUbI Al H A2 TaK

B BH,lI,e: Ak=akggT, k= 
== 1, 2, ,fJI.e g - BeKTop-fCTOJI6eu. TOf,Ua o6paTHoH MaTpHUbI He cy
mecTByeT, a JIHlllh nceB,Uoo6paTHa5I: (A l+A2)-=ggT/(al+a2). 0603
HallaH bit = gTBhg, ,mh = gTW,i, CBO;I,HM M3TPHQ,Hble ypaBIHeHH5I B}ieCTe c 

(7.9) K CUCTeMe CKaJIHpHhIX ypaBUeHHI1: 

2 m2m a1 a2 == a1 + a2 , m == - m1 ,
 

2
l' (a1 + a2)2 bl == a~ m , 

2l' (a 1 -+- a2)2 b2 == aT m • 

Pewa5I 11X, HaXO,LI,I1M OTITHMaJIbHble al = (1 + If b2/b l)1m2, a2== 
= (1 + Y bdb2 )lm2. 

B IfTore n0JI.CTaHOBK11 IHaH,UeHiHbIX al 11 a2 npaBHJIO 3anHWeTC5I 

a~=[l-(l+ 'Ybz/b1) (gT(Y-W1))2j(gTW)2]+, 

a a2 y ieCTh JIH60 1-o1
y (KOf,Ua rHeHTpaJIh'HOe pellleHHe o,T,UaeTCH B 

nOJIh3Y BTOPOH rUIlO1'e3bI), JIH60 ,UaeTC5I aHaJIOfH4HbIM 

Bblpa)KeHHeM C IlepeMeHOI1 HH,UeKCOB 1 H 2 MeCTaMH. 

oWH6Ka InpaBHJIa 6Y'u'eTpaBHa 

~1 +a2 == (VgT 8 1g +V gT 8 2 g)2/(gT W)2. 

O'CTaJI'C5I rrOCJIe,a,HHi1 waf - HaI1TH BeKTOp JIHHei1H0I1 

(Ha KOTOphIH npoeKTHpyeTC5I y), MHHHMH3HPYlOllI,HH 

3aiTIHCaHHOMY 

CyMMapH35I 

o6pa6oTKH g 
BbIHacaH,HYlO 

cyMMapHylO 01llH6Ky. 31'0 'c,UeJIaTb HeCJIOlKHO npH O,UHHaKOBbIX KOp

peJI5IUH5Ix: 8 1 = 8 2 = B, TOf:;La g MHHHMH3HpyeT OTHoweHHe 

gTBgj:(gTW)2 H paBeH g= B-1w, W=W2-WI. 
60JIee ,lI.BYX runOTe3. IlycTb K>2 11 Hy:tKHO HafITH npaBHJIO BH,Ua 

(7.8), MHHHMH3HpYlOmee cYMM3pnylO 01IlH6KY. Tpe60BaHHe (7.7) no,n

CTaHOBKOH Ty,Ua (7.8) (KoHKpeTHee, cyMMHpoBaHHeM co,UepfKHMofO 

KBa,UpaTIHbIx cK060K(7.8) H B351TlIeM MaKclIMyMa no y, KOTOphIH ,UOC

THraeTrC5I inpH ~AkY=L:AkWk) , o6pamaeTC5I B cwcTeMy HepaBeHcTB:. 

L W~AkWk-(~ AkWk)T(L.: Ak)- (L AkWk»(~ ch)-l, (7.10) 

fJI.e CYMMhI nepe6HpalOTC5I ,UJIH ,JIlO6bIX COQeTaHHI1 HH,UeKICOB B IIHCJIe 

OT ,LLIBYX (aHaJIOrH4HO (7.9)) If HTIJIOTb no K. IlpnqeM ,UJI51 IKaKHX-TO 

COqeTaHH:H: 6y,UyT PaBeHCTBa, ,cooTBeTcTByIOUl,He KafK,Uoe 'CBOeI1 «ro
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1
p5llJeil:» TOtIKe. CaMO HepaBeHcTBoB (7.10) HMeeT 'B BH,lJ.Y, tITO He 
MeM	 B HOBbIX KOOp,lJ,llHaTaX z ==: (ZI, Z2) T IfCXO,LJ,HaH 3 a,lJ,aLJ a nepenllCbI
. 1I.Y BceMH COqeTaHH5IMH Wk cno'C06HbI pacnOJIaraTbCH «ropH4He» 

Bae11CH:TOLJKH (TaK, eCJUI Bce Wk CT05lT Ha O,lJ.HOH np5lMOH BpH,lJ., TO paBeH

,CTIBa 6y1I.YT JIHlllb ,LLJI5I 'CMelK'HbIX nap). z = mk -4- 6,
 

06JIerLJeHHe CHHTe3Y ,lJ.aeT 'CJIe,lJ.YIOw:ee o6w:ee yTBep)K,lJ.eHHe, HB
.JIHIOw,eeC5I aHaJIOfOM TeopeMbI 6.5. 

Y T B e p )K ,lJ. e H H e 7.1 1. IIyCTb 2unOTe3bl CUlftlfteTpU'llibl lfteiJICdy 
,co6ou 8 TO/I1- ClftblCJte, 'lTO cyU{eCT8yeT npeo6pa308aliue lia6Jll0deliuu 
V. OCTa8Jlfl/oU{ee 3ada'lY lia lfteCTe, lfteliflfl 2unOTe3bl A1eiJICdy co6ou: 

,.Jttr
y =JIt:k , k = 1, ... , /(, 2de vk ocyU{ecT8JlfleT nepeCTalio8/(y ulide/(

(;08	 k. Tocoa MUflUMU3upYfoU{ee cyMMapflyfO oluu6Ky npa8UAO 8KBU
~k aVk8apuaflTflo: (JVy =;: y. 

ECJIH V - Y,lJ.OBJIeTBopHIOw:ee yTBep)K,lJ.eHHIO npeo6pa30BaUHe, TO 
nOCJle,ll.OBaTeJIhHOenpllMeHeHHe Vl== V ... V 6Y1I.eT TaKMe Y1I.OBJIeTBO

p5ITb eM)', rr03TOMY Vl o6pa3yIOT fpynny npeo6pa30Ba:HHH. CMbICJI 

.yT,Bep fK1I.eHllH 7.11 B TOM, LJTO,rrOCTpOHB KaKyIO-To O,lL'HY ll3 COCTaB

JI5IIOmUx pewa1OI.IJ.ero rrpaBHJIa, 'CKaMeM, 01y , MbI nepeHOCHM ee Ha 

.npyrne COCTaBJI5IIOIl(ne Oky , f,lle rk==vlJ, 'TIO,lJ,iCTaBJI5IH Vly B Oi Ha 
y 

MeCTO y. ECJIllVll rrpn H3MeHeHHH I rrpo6eraeT 'Bce k==;l, ... , K, TO 

OK a 3 bIB a eTC 51 . ,noCT aTO LJ HbI M noCTpOHTb B Ce I'o 0 n.HycOCT a BJI 51 10Il(y1O 

npaBHJIa, ,TIepeHOCH ee rrpeo6pa30BaHHeM Vly Ha Bce OCTaJIbHbIe. 

.lJ.JI5I npa:BHJIa (7.8), eCJIH HMeerC5I V, IJ,HKJIH'IeCKH nepeCTaBJI5IIO

·mee fllIlOTe3bI 1-+2, 2-+3, ... , K-+l, CKa3aHHoe cooTBeTcTByeT: A == 
== (Vk )TA1Vk . k 

flepei1,lI.eM K	 parccMorpeHH1O 'rrpHMepoB ,CHHTe3a. 

TPH opTOrOHaJIbHbIX ,CHfHaJIa. nY-CTb /(=3 H ,B BeK-

TOpHOH 3amICH y=w"+s,k=l, 2, 3; «myM» S eCTb O~[I.H'0P0JJ.'HbIH He
KOppeJIHpOBaH/HbIH M;i£.i == (J20ij IIIp0IJ,ec.c, a «'Cnf.HaJIbI» Wk opToro

RaJIbHbI Me)K,lJ,y 

..cHMMeTpHLJHa K 

WJ 

)KHbI rrpoeKTIfpoBaTh y Ha rrJIOC


KOCTh (Z1, Z2), f,lJ,e II ,lJ,OCT3TOQHO fJ
 

peillaTh 3a,LJ,aLJy CHHTe3a, HarrpaBHB
 

HOB hIe OCll CO f JI a CHOpIIc. 7.9:
 

(T Wz 

:312 

C060H: WT 
ltwz==lm26kZ, m - HX «aM,IIJIHTyn.a». 3an.aLJa
 

IIepecTaHoBKe rHIlOTe3 Me)K,lJ,y 'c06oH,npHQeM rrJIOC-


KOCTh, (HaTHIHYTaH tHa BeKTophI WI, 

W2, W3	 ,B P/ln, BpamaH'Ch, 'OCTa

/(=3 eTCH Ha MeCTe (CM. pllC. 7.9). Do 

3TOM rrplf4llHe II B CHJIy llHBapllaHT

HOCTll CBOHCTB wyMa K TaKllM 

Bp a meHH5IM OnTllMaJIbHbIe Ak ,lJ,OJI

ZI = yT (2 WI - w 2 - wa)/(2 m), 

Z2 == 'V3yT (wa - w 2)/(2 m). 

PHC. 7.9. Ilpeo6pa30BaHH5I KOOp,lJ,HHaT 

ill l = (m, O)T, m 2 = ( - m/2, V3"m/2)T, rn3 == ( - m/2, - -V 3" m/2)T, 

~ = (~1' ~2)T, M ~i ~j = b 6i j, b = 302/2. 

TIepecTaHoBKa rHIIOTe3 1-+2, 2-+3, 3-+1 cooTBeTcTIByeT Bpame

HIIIO Z ,Ha 1200 
no LJaCOBOH 'CTpeJIK,e. 0603HaLJHM V - yHHTapHylO 

MaTpllUy BpameHHH. Ee 3JIeMeHTaMH 6y,lJ,yT: VII == V22 ==-1/2, V21 == 
r-	 v 

==-V I2 ==1/3/2. yhlleM M3TP'HIJ,bI Ak B rrpaBHJIe BH,lJ,a dR z = 
\.J 

==' [1- (Z-ITIk) Ak (Z-mk) ] +, MHiHHMH3HpYIOilLHe cyMMapHylO 0IllH6KY, 
u v 

P3BHYIO 2:b[A 1{(I,I) +A k (2,2)]. COI'JI3CHO yTBep:tK,lJ,eHlf1O 7.11 HMeeM: 
k 

"-..1 U	 V v 

A 2 ==VTA 1V, A 3=VA1VT (I',lJ,e HCIIOJIb30BaHO VT==V2), TaK LJTO 3a,lI.aQa 
\J \....1 

CBO,lJ,HTCH IK HaXO)K,lJ,eHH1O MaT'PlIIJ,bI Al == A, onpe,lJ,eJIHlOmeH ai z . B CHJIy 

cHMMeTpIIll nOJIO)I{eHHH n12 II m3 iITO OTtHOllleHHIO 
\...)	 v 

PIi IJ,a A	 ,lJ,0 JI)I{ H a 6 bI Tb ,lIJI a r 0 H 3 JIb H0 H : A (1,2) = 
\.) u 

alz =[t-A(l,l) (zl-n1)2-A(2,2)z22J+. 
«fOPHQHX» TOLJeK ,lJ,JIH Olz 6y.ueT Tpl!: O,lI.Ha 

KOOp,lJ,HHaTHOI1 CHCTeMbl 21 == Z2 = 0, OTHOCHreJIhlIO 

K OCHM ZI, Z2 MaT-
U 

A (2, 1) = 0, 0 TKy,lI. a 

- B HaLJaJIe BOBOll 

31"011 TOllKH COBep

waeTCH	 BpameHlIe V Ii I10TOMy no CHlYllvleTpHH a1 ( = azo == 83 == 0 
v	 \...' 

== I-A (1,1) /n 2, OTKy),3 H3 Tpe60BaHHn 010 + 02 0 +03 0 = 3-3A (1,1) rn2 = 
'.J 

== 1 cJIe,u.yer /1(1,1) ==2/(3/n2 ) , )lpyrHe nBe «fOp5Illue» TOLIKH pacno

.lJ:aI'aIOT'C5I Ha 'cepe,])1H3X Me)I{)J,y napa?YIH ml, m2 II ml, 1TI3 H Jl,aI-oT 
\.) u 

O,lJ,HO ypaBHeHIIe InTI (V-I)T[ (VTAV)-'1+A-l]--1(V-I)n11=== 1, li3 1\0
'0 

TOpOI'O H3 XOJ,HTCH il (2,2) = 2/ (3tn 2 ) . 

Ta hIL\!I o6p C130:;I j H3 nJl0Cl~OCTII (21, 22) OCHOBaHII~C\lH iJl z , azz = 
== u1Vz, a:~z OY;lyI EpyfII pajUTyca c U2'HTpa\IlI Bin!,== Q1 VTz 

nl~2 11 012,. 

4 e T bI P e 11 0 II (l P H 0 0 P Tor 0 II a oil h H bI X II pOT H Bon 0
J1 0 }I( H hI X C II l' H a Jl 3. 11YCTb K == 4, Y== 1Vh _i_ S, 111 sh £z== (J20;~!, /(, l = 

== 1, ... , 4, a «CHfH3.HbI» IlonapHO TIp HHHyI 3IOT npoTIlBOrrOJIO)KHbIe 3Ha

LJeHH5I \V3 = '--Wi, \V 4 = -W2 II 0PTOfOH3.J1bHbI B ;LBYX lI3 npaB.,1eHlI5IX: 

WTIW2=-=O, !l\V111=n11, il\V211==/n2, HMe10T B HIIX pa3HbIe, B 06meM, 

«aMIlJIHTY,lJ,hI»ml H m2. UeI1cTByeT TOJIbKO O,UHH CllPH3JI Wk, Hy)KHO 

Y3HaTb KaKOH, Ha6JIIO:,lJ,a5I y. OLJeBH,lJ,HO, ,lJ,OCT3TOLJHOH 5IB.TI5IeTCH IIpoeK

U.HH 3an.aLJIf Ha HJIOCKOCTh ZI == yTWl/m, 22 ==yTW2/m If 'Ha 3TOl1 IlJIOC

KOCTH 3a,LJ,aQa BbIfJIH,LJ,HT TaK: z=mk+~, mI==-m3= (ml, O)T, 
m2==-m4== (0, m2)T, M~~T==a2I. I1meM, KaK 11 B rrpe,lI.bI,lI.ymeif 3a,Zla

\.,..' 

LJe, MaTpnUhI A k , !k= 1, ... , 4, KOTophIe B CHJIy cHMMeTpHl1 3a.uaLJH 'K 

nepeMeHe 3HaKa ±ZI, ±Z2 6yJ(YT nonapHo O,lI.HHaKOBbIMH H )(IeIaro
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,HaJIbHbIMH; 0603H3QHM IfX ,lJ.IfarOH3JIb',HbIe 3JIelVleHTbI COOTBerCTBeHHO 
V \J ' __' IJ 

HHaqe OTITHMaJIbHbIM ,neJI3eTC5I TpHBHaJIbHOe npalBHJIO an=:::. 1/2K cA1(j, j)~A3(j, j)~al(j), A2(j, j)~A4(j, j)==a2(j), j=l, 2. 5YLLeM ~ (in === (2K-1) 12K.HX IICKaTb HCXO,lJ.5I 113 MHHHMYMa CYMMbI OlUH6oK 202i [al (1) +al (2) + 
-t- a2(1) +a2(2)] npH Tpe60B3HHH (7.10), KOTopoe BOTIJIOTIITC5I B TpH 
HepaBeHcTB3: 

2 Q1 (I)a 2 (1) + 2 Q1 (2)Q 2 (2) '- 11) m1 m2 ::::3 ,
 
Q1 (1) + Q 2 (1) G1 (2) + a2 (2)
 

2) 2mi G1 (1) > 1, 3) 2m~a2 (2) > 1. 

rIYCTb LLJI5IoTIpe,lJ.eJIeHHOCTII m22~,m2l. TOfLL3 K3PTIIHY pa:cnoJIo

}KeHH5I «rOp5IqIIX» TOqeK ,lJ.3eT pnc. 7.8, a B 1) II 2) 6YLLYT paBeH

CTBa. rIo ,cHMIMeTpHH p 3 1BeHCTIB If II3 2) H3XO,LIJITCH: al (1) == a2 (1) ~ 
== 1/(2,m2l), H ,lJ.3JIee nO,lJ.CT3HOBKOH B 1): al (2) ==a2(2) ==3/ (2Im22). 
TIOJIYQ3eM CJIe,UyIOI.U.ee OTITHMaJIbHOe npaBHJIo: 

a~ == [1- (Z1 - m1)2/(2 mi) - 3 Z~/(2 m~)]+ ,
 

8i = [1 - zi/(2 mi) - 3 (Z2 - m2)2/(2 m~)]+ ,
 

a a31 OTJIHQ3eTC5I OT a1z K3'K H a4z OT a2 
z nepeMeHoH 3\HaKa Y ,mj. 

<OIlIH6KII 6YLLYT O,UHH3KOBbI: ak ~Ia == (J2/ (2!m2l) + 31(J2j (2m22). 

3aMeqaHHH: 1. Pa3Hble 3HaqeHHH ,LI.HcnepcHM M~2j=M(sTwj)2=a2j, j=l, 2, 
{)CTaBJIHIOT TOT Me BH,LI. OIlTHMaJIbHOro npaBHJIa, eCJIH m22/a22 ~ m2t1:(J2 1 (BMeCTO 

m22~m2d, IlpH 3TOM a=(J2t1(2Ifn2d +3(J22/(2 m22). 
2. 3a,LI.aqa: y=±Wj+6, MSST'=B, wjB-1wl ={)jlm2j/a2j, j, 1=1, 2, r,LI.e mYM 

.KoppeJIHpOBaH, a W j COBIla,LI.aIOT C HaIlpaBJIeHHHMH c06cTBeHHblx BeKTopoB Ii H 

,0"2 j - c0'6CTBeHHble qUCJIa, 3IK'BIHBaJIeHTHa Ilpe,LI.bI,lI.ymeM. 

3. DPH paBHbIx aMIlJIHTY,ll.ax CHrHaJIOB m1=m2=m H (J21=(J2 2 =a2 OIlTHMaJIb

lIbIMH 6y,ll.yr 3HaqeHHH al (j) = l/m2. OCHoBaHHHMH OnTJIMaJIbHhIX iJk cTaHyT KpyrHz
 
(Ha ,no,ll.06He OJIHMIlHHOKOH 3M6JIeMhI) If ak=2a2 /m 2 .
 

4. COBeprneHHo rrpocT nepexo,LI. K HenpephIBHoMy BpeMeHH: BeKTopHhIe npoH3

Be,ll.eHHH 3aMeHHIOTCH Ha HHTerpaJIhI. 

C HC T e Mao p Tor 0 H 3 JI b H O-II pOT H B 0 ,II 0 JI 0 lK H bI X C II r 

1I a JI 0 B P a B H '0 HaM 'II JI H T Y ,U bI. 0606I.U.HM npe,UbI,lJ.YI.U.ee npaBH

JIO H3 CJIyqaH JII060ro QeTHOrO QUCJIa ICHr,HaJI'OB, pa36HBaIOI.U.Hx:C5I Ha 

napbI CHfH3JIOB, BlHYTPH K3lK,UOH InaphI ,npOTHBOnOJIOlKHbIX, 3 Me.iKLLY 

napaMH - opTOrOH3JIbHbIX, Bce O,UHH3KOBOI1 aMTIJIHTy,UbI: 

Y==Wk+S, k= 1, ... , 2/(; wK+i == -Wj,
 

Wj W l == m2 8jl, j = 1, ... , K; M SST== 0 2 1.
 

no aH3JIOfHH IC 33MeQ3HHeM 3 OnTHM3JIbHbIM 'IIp3BHJIOM 6Y,lJ.er 

a;=[I-(zk- m)2/rn2- L z7Im2J+; Zj=yTw
J

; 

i~k 

aK+i = ai · - - K 2/ 2. . k - 1 Kz -z, ak - 0 m , J, -:- ,"., . 

Ha!nH(~arHHOe OCMbICJIenO JIHllib B TOM CJIyqae, eCJIH ak~ (2K~l)j2K, 
,314 

HeTOIlHO H3BeCTHbie KOppeJiSlIJ.HH. rIYCTb KOppeJI5IUHOHHbIe MaTpu

UbI Bn, onpe,UeJI51IOI.U.He Jf{k, HerOQHO H3BeCTHbI, T. ,e. 33,U31HbI TIpH6JIH

)KeaHO B 'BH,J,e ouelHO,qHbIX rp 31HHU!!k (i. j), Bk (i, j) (3TO Mo:ryT 6bITb 

II ,UQlBepllTeJIbHble rp3HHU bI , nOJIYQeHHble no o6yQ3IOmeMy 3K:cnepH

MeHTY). 'uJI5I K3KHX-TO l, j 3THX ,lJ.3HHbIX 0 rpaHHU3x, nnpOQeM, MO

)J<.er H He 6bITb iCOBceM, QTO JIHlllb cnoc06Ho ynpocTHTb 33,lJ.aQy, TaK 

K3K Ino TeopeMe 7.10 '0 ,rr,OCTaTnqHOCTH ,UJIH 3THX i, j CJIe,nyeT nOJIO

IKHTh Ak (i, j) = O. 
n p H M C P 7.7. I1ycTb K= 2 H 3a,ll.aHbI JIHUlb ,lI.HarOHaJIbHbIe 3JIeMeHTbI MaTpHU 

KOppeJIHILHrl B 1 (i, i), B 2 (i, i), i = 1, ... , n, a OTHOCHTeJIbHO B3aHMHbIX KoppeJIHUHll 

cBe,ll,eHHil HeT. 101';1,3 Ah(i, j)=O, i=l=j, a MaTpHUhI AlL CT3HyT ,UHarOHJJIbHbIMH. 

~1x paHf .!lOJ1MeH 6bITL paReH 1 (aH3JlorH4Ho BbIWeJ13.TIO:tKeHHoMY npH K =2), tITO 

MO*CT 6bITb, JIHIllb KOJ')La Bce JLHarOHaJIbHbie 3.TIeMeHTbJ M3TpHU A h HyJIeBbIe, KPO

Me O,UHoro. CK33aHHoe 3KBHB3JIeHTHO TOMy, lITO H3 Ha6.TIIO,lI.eHH}I yt, ... , !In BbI6H

paCTCH BCerO O/l,HH 3.neMeHT y j, TOT C3MbII':'f, ,IlJl51 J{OTOpOrO MHHHM3.;lbHOM 6YJl,eT 

cyMMapHa5I t()w,H6Ka ITIOCTpOeHHoro no HeMy npaBHJ1a, p3BH35I (KaK 3TO 6bI.J10 IIOIKa·, 

3aHO npH paCCM()'rpE'HH'H,lI.BYX rHI10T(3) BE'J1UQHHe: a; +a;,= (l/B 1 (j, j) + 11 H2,(f, 1)1 
/ (W2 (j) -Wi (f) ) 2, Bee OCTa.TlbHble Ha6.TlIO)I,eHH5I MO)KHO «3a6bITb». 0pHQHH3 B TOM, 

lITO HeH3BeCTHOCTb B3aHMHbIX KOppeJIHUHI1 BbIHY)l{j1,aeT He HCKJII01J3Tb (B necCH

MHCTHQeCKOM: pe)KHMe X= 1) clryqarJ, KOr)la Bee 3J1CMeHTbi Yi rrOBTOp5IlOT JJ.pyr 
.upyra, TOr,ll.3 ocra.J1bHble Yi HHqerO HOBoro no cpaBHeHl1lO C O;.I,HHM JHaqeHHCM He 
HCCyT . 

Jlpyrofi nYTb CHHTe33 npaBIIJl npH iHeTOliHLIX KOppeJI51Ul1HX 6 (J:rl1
pyCTC5I H3 '1'0;\1, tITO He,Uoonpe)l,eJ1eHHe KOppeJl5IUHl~i, KaK H 3a/1.aHl1e 

HX ppaHHU3:vlII, epopMHpyeT 'co6CTBeHHble ,ceMeticTB3 ~h KOppeJIHUHOH-

HhlX epYHl\il,HJ:i (M3TPHU.). OWH6KH, 04eBH;lHo, 6y,rr,YT paBHbi Uk =--= 
-== sup ir A/~ Bh H nOHCK OI1TIIMa.TIbHOrO npaByL13 CBOnHTCH K MHI-Hl-

BhE~h 

MH:ianHH CYM\1bI OlUH60H., T. e. 'K :vHIHHMaf\.CHot~ 33LLClLJe nplf orp;:d1i:'j 

QeHH51X. 

7.7. 3A Ku1 tOll EH 11 E 

P;H'CMaTplIB;n01C51 :lnc n1110Te3hI. Hy,nCBa}l H a.:I!)TC:ilHaTHBlIa5I~ (n:IB4.:~~Onl}ICI~51 

/1,<- HbI;\1H CTaTlI',-~Tn'lC(:J\:rnni onllC(HllHI~vIH lIa6~TIlO;l,CI-HlL E BJ1;~e lIHTepB3.1bt~IlI:: fvf(j,:l.C

JH.;~; '~'pe;I..HJL\ 3a nHI0Tl'J3MH CTCiH r J<O}ihi-jc':'Hbl( n;~ai(TIlI-IeCl~Le 0c.;,'I;:ltU; 'r ;ffi~; 

CClb CHI'H3Jl HJl11 H~:T ern npIi 06rL:ipYi-l~e:{jnL .'llif)() nIHJBc[)J(J HtHcnpaBHocl Yl~TP(;"

CTha, COOTBCL.TBIUI E'IO T(:\HJ14eCKIIM T1Jeocn::tlIiI5ilVr If T, n, Fia:;HClL[eHHC P(:Ui':li~)Il,(;rO 

n;)(iPHJIa B TO\;1, llTGOhl no pC3yJlbTaT:J'v1 Ha6.:IlD;J,eHHi': C;1e~TJJTb BbIOOP h :,{JJ11i.-;y 

(J,:uroit 113 fHrrOTeJ. 1/1 He 005I3aTe.:leH KOHI<peTHbli'I RLIOU;), 3 BOOJIHC AonycK3CTC5! 

p3Cll.lIbIBQaTbIJ\ npH KOTOpO)"1 peU1CHH51 nO~laIOTCH BC(L1H():;H~P-IHbL\lIl B epoprvH. nr~C)J,

HncrreJUii'I (pea.;11L>YCMhIX paH;10MJ13JllHell), 

XapaKTepJf3yIOTC5I npaBlfJI3 npOBepKI1 rnOOTe3 BepCHITHOCT5IMH OIlIH60lI1:o;'(i nVJI
!IHTHH U;J,HOlL i-\()r;~a BepHa ~'LpYi'a5I. OuarOK.H ,J,BC: ncpBuro pOll,a, CO.'] 05IiD;}5] B 

nenpaBHJIbHOM OTKJIOHeHHH HyJICBOl1 runOTe3bI, H BToporo. Bep05lTHOCTH OLU116oK 
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JHlXO)lJITC5I npO,nOJDKeHHeM nepBHQHhIX cpe,lJ,HHX 11M Ha pernalOIUHe npaBHJIa (pac

ICMaTpHBaeMhle KaK npH3H3KH). I1ToroM 6y,nyT HHTepBaJIbHble :3HaQeHH5I Ka)K,lJ,oH 

Bep05ITHOCTH: HH)KH5I5I ee rpaHHua, ,lJ,aIOIUaH caMble OIlTHMHCTHqHble nporH03bI Ha 

,olllu6KY, H BepXHHH - neCCHMHCTUqHble. rIo HHM BblBO,lI.HTCH IlpOMe)KYTOqHble 3Ha

7QeHHH, 3aBHCHIUHe OT CTeIleHH neCCIIMII3Ma. 

OrrTHMaJIbHblM ,l.I.JI5I npOBepKH HyJIeBOH rHnOTe3bl Ha3blB3eTC5I np3BHJIO, MHHH

MlI3HpYIOIUee BeJIHqHHY oW1I6KH BToporo p0,l.I.a npH 3a,naHHoH nepBoro (ypoBHe 

npaBHJIa). XOTH no onpeneJICHHID rrpHopHTeT OT,lI.3eTCH B nOJIb3Y HyJIeBOH rHnOTe3~, 

CHHTe3 3KBlIBaJIeHTeH pellleHHID CMe)KHOii 33.n.3qH MHHHMH33UJIH B3BellleHHOH CYMMbI 

'oWH60K C nOCJIe,lJ,YIOmHM nO,lJ,60pOM BeCOB (33MeHHIOlll..HX 3rrp',HopHble BepOHTHOCTH 

rHnoTe3). B 3TOM nJIdHe onpe,lJ,eJIHeTCH ,l.I.OCT3TOqHOCTb. 

UeHTpa.J1bHLIl'I pe3YJIbTaT epopMy,rHIpyeTcH TeopeMo[r 7.1 H COCTOHT B TOM, qTO 

,lI.OCT3TOlJHble IlpH neCCHMH3Me KJI3CCbl np3BHJI, 3 c.n:ejlOB3TeJIbHO, CTpyKTyp3 onTH

M3JIbHOro np3BHJIa onpeLLeJIHIOTCH HCKJIIOqHTeJIbHO .TIHHeHHblMH KOM6HHaUIHHMH nep

BHlJHblX IlpH3H3KOB rHnOTe3. OCTaeTCH OTbICK3Tb K03epepHuneHTbI, KOTOpblX 6y.ueT 

Te~ MeHbwe, qeM npome fHTIOTe33 B CMbICJIe HX npH3lH3KOBoro COCTaBa. ITP:H 3TOM 

BH,lI. npaBHJIa MO)KeT HaueJIHBaTbC51 TOJlbKO Ha O;:LHy H3 rHI10Te3, JUI60 HyJIeBYI-O, 

JIHOO 3JIbTepH3TIIBHYIO, npHqeM nepBbI}'! c.nyqal'I npe,lUIOqTHTeJIbHee H3-33 npOCTOTbI 

epHKcaUHH ypOBH5I. CHMMeTpHH II O,UHOP0,lI.HOCTb rHnOTe3 ,l.I.OnOJIHHTeJIbHO ynpOlll..aeT 

3 a,l.I.aqy. 

Oc06eHHOCTH OnTHMaJIbHbIX rrpaBHJI COCTOHT, nepBaH, B HX paCnJIblBqaTOCTli 

(paH,lJ,OMH3HPOB3HHOCTH), xap3KTep KOTOpO{I BCeueJIO orrpe,lI.e.TIHeTCH epOPMOH nep

BHqHbIX npH3HaKOB rHI10Te3bl (JIH60 aJIbTepHaTHBbl). 11 BTopaH oc06eHOCTb, HB

JIHIOlll..3HC5I I1060qHblM epaKTopOM npOH3BOJIbHOCTH HaCTpoi1KH Ha rHI10Te3Y, COCTOHT 

,"B HeO,ll.H03H3qHOCTH BII)1,a. 06e oc06eHHOCTlI 060CTpHIOTCH npn 6e)1,HOM HCXO,ll.HOM 

'MaTepHaJIe, COCTaBJIHlOIUeM rHI10Te3hI, H HCQC3aIOT nplI I1epexojJ..e K «60raTblM» MO

,LLeJIHM B BH,JI,e pacnpeLI,eJIeHH{1 BepOHTHOCTe}I, f,ll.e paHLI,OMH3aUHH MO)KeT OCT3TbCH 

,JUHllb Ha rpaHHue rro H3BeCTHOH JIeMMe He{IMaH3 - ITnpcOHa. 

I10JIO)KeHHH TeopIH'! paCKphIBaIOTCH HaXO)K,lJ,eHHeM B § 7.2 OIlTHMaJIbHblX rrpa

"BHJI rrpH CjJ..BHrax Ha6J1IOLI,eHHH H H3BeCTHblX Koppe.TIHUHOHHbIX CBoHcTBax, COIlyT

cTByIOlll..HX rHIlOTe3aM (KaK HH cTpaHHo, TaKaH HyLKHa5I 3a,lJ,aq3 B IKJIaCCHQeCKOM 

arrrrapaTe He HMeeT pCllleHHH). TIpaBHJla nO.nyqaIOTCH paCDJIbIBliaTbIMH, xapaKTep HX, 

KaK 3TO CJIe,nyeT .H3 KBaJ1,paTHqHOH epOpMbI nepBHQHblX npH3HaKOB, 5IBJIHeTCH napa

60JIHQeCKHM. 

TpyLI,HOCTH orrpeLI,eJ1eHHH OillH6oK npaBH.n TOJIKaIOT Ha rrOlICKH jJ..pyrnx erroco

60BCHHTe3a, I1CrrO.llb3YIOlll..HX npOI1)J,eHHbIe nYI'll. OZUIH 1I3 Hnx (§ 7.3), rrpoTopeH

Hbd:I nOBepHTeJ1bHbIMH OneHKaMH npcJJ,bIJJ.yUI,e1'I fJ13BbT, Tpe6yeT 3arrIICH flIrrOTe3 

Qepe3 ,UBa pa3Hblx 3HaqeHH5I OJUloro II Toro )Ee napaMeTpa~ OpaBIIJIO COCTOHT B 

OTBeJ,eHHH HyJIeBOH rHrrOTe3e Tall CTerreHH npe,ll.nOqTeHMH, KaI{Oe )l,OBepHTe.TlbHa5I 

OUCIIKa ,ll.aeT COOTBeTcTByIOlll..eMy .:no1'1 rHnOTe3e 3HaLJeHIIIO rrapaMeTpa. PaCnJIbIBLJa

T02Tb oueHKH nOp0,lJ,IIT paCrrJIbIBqaTOCTb npaBHJIa, a Be.nHqHHa 0llIH6KH oueHKII 

lIepeXO,ZI,HT B ypoBeHb rrpaBHJIa n OTKpbIBaeT JI,opory npHKHJ,OqHOMy paCLJeTy OlliE 6

KH BToporo pojJ..a. TaK 06pa3yeTcH cpa3Y 60JIblUOe LJHC.TIO rrpaBH,;1, MO)KeT ObITb He 

COBceM orrTHMa.rlbHbIX, HO Bce )Ke XOpOWHX no 11X «rHHeYHQeCKoib> 6JIH30CTII K 

OI~eJIKaM, eCJIH Te B2HTbI HaHJIyqU1YI~1II. 

,UpyroH rrYTb (§ 7.4) yLKe Tpa;:UIlI,HOHHbIH II COCTOHT B HHTepnpeTaUIHI MO,IJ,e

JIeii KaK ceMei'lcTB TOQHbIX pacnpeLI,e.neHHi'I BepoHTHOCTei1:, rrOHCKa BHYTPII ce:r-.fefi

eTB HaHMeHee 6JIarOnp:HHTHblX H cpaBHeHHH HX OTHOllleHHH C noporoM no npe,lJ,

nHcaHHIO 1I3BecTHoH JIeMMbI HeHMaHa - ITHpcoHa. IlYTb npRBJIeKaeT MeTOjJ..bI TeopHH 
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Hrp H OXBaTblBaeTCH po6acTHblM nO,lJ,XO,lJ,OM. ABTop npHBO,lJ,HT CBOII pe3YJIbTaTbI 

no HHTepBaJIbHbIM nJIOTHOCT5IM ,lJ,JIH jJ..eMOHCTpaUHH .cpaBHIITeJIbHbIX B03MO)KHocTeli 

p06aCTHoro nO,lJ,xo,lJ,a BHYTPII 06mHX HHTepBaJIbHblX nOCTpoeHHiL 

KaqeCTBeHHO ~pyroH xapaKTep PHnOTe3bI npH06peTaIOT, KorjJ..a Hy)KHO npHHHTI. 

peweHHe B BHjJ..e COrJIaCHH C Bbl,lLBHHYTbIM (rHrrOTeTHQeCKHM) nOJIO)KeHHeM II He 

corJI3CHH. HanpHMep, HcnpaBeH npH60p HJIH HeT; KOHKpeTH3HpyeTc5I fiHnoTe3a, a 

,.aJIbTepHaTHBoH 6Y,lJ,eT Bce 10CTaJIbHOe, npaB,ll.a, He HCHO lITO. 06pa3HO rOBopH, eCJIH 

rHnOTe3a II KOHKpeTHaH aJIbTepHaTHBa COCTaBJIHIOT HanpaB~1JeHHbIH ,lJ,HllOJIb, TO TyT 

QH OKa3bIBaeTCH HeopHeHTHpOBaHHbIM, HO 33KpenJIeHHbIM CO CTOpOHbI flHIlOTe3bI. 

ITOCT3HoBKa IH MeTO,lJ,bI nOjJ..xo,lJ,a K 3TOH 3a,lLaQe c'O,lJ,ep)KaTCH B § 7.5, r,lJ,e npe,lL

JIaraeTC5I B KaqeCTBe ,B03MO)KHbIX nyTeH HcnOJlb30BaTb HaH,ll.eHHbIe paHee npaBHJIa 

npoBepKH rHnOTe3 H jJ..oBepHTeJIbH~e oueHKH. 

3aLI,aqa pa3JIH4eHHH rHnOTe3 § 7.6 B03HHKaeT npll He06xo)J..HMOCTH pa3,l.I.eJIHTb 

MJIII pa3JIHqHTb Me)K)J..y C060H HeCKOJIbKO COCT05IHH}I 06beKTa. rHrroTe3bI epOpMyJIH

PYIOTCH B TepMHHax I1lvl, HX nepBHQHble II1pH3HaKHonpejJ..eJIHIOT C060H CTpyKTypy 

·onTIfMaJIbHOrO npaBHJIa (TeopeMa 7.10), MHHHMH3HpYIOlll..erO cyMMapHYIO 01llH6Ky. 

Ero HeOLI,H03HaQHOCTb Y4HTbIBaeTcH BBe,lJ,eHHeM He~Tpa.TIbHOrO perneHHH. KOHKpeTHbIe 

npaBHJIa nOJIY4eHbI ,)J.JIH rHnOTe3, 3a,l.I.aHHblX iKOppeJIHUHOHHbIMH CBOHCTB3MH Ha6JIIO

)l,eHHH. n'P06~1JeMa pa3JIHQeHHH MHorHX COCTOHHHH npH6JIH)KaeT Hac K HX oueHHBa

HHlO H ,naLKe MOLKeT pelllaTbCH MeTO)J..aMH reopHH oueHHB3HHH, Borrpoc BeCb ynH

paeTCH B KpHTepHH aHaJIlI3a Ka4eCTBa H cnoc06bI epOpMHpOBaHHH pHCKa. 


