


B HallHlX paccy)K,lI.eHH5IX CeH'IaC He CTOJIh Ba)KHO, 51BJI5IeTC5I JIH 

fl} '1HCJIOIBhIIM IHJIH ,K3IKHM ,lI.,pyrHM, ,H i,lI,a)Ke He '1H'CJIO 3JIeMeHTiOB x /B W, 
n03TOMY rOBOp.H'M 0 InpaHHJIaX Ka,K 06mHX 'CJIy'la5lX OI.I.e'HOIK. 

nYCTh Oy (x) - paCnJIhIB'IaTOe npaBHJIO - epyHKI.I.H5I K3K x, TaK 

H y. PaCCMOTpHM CHaqaJIa ero Ha,lI.e)KHOCTh - BeJIH'IHHY, 06paTHylO 

OIllH6Ke. ,UJI5I 3a)1,aHHOro npaBHJIa ay (x) HH)KH5I5I H BepXH5I5I Ha,lI.e)K

HOCTH COOTBeTCTBeHHO pasHhI May, May, r,lI.e cpe,lI.HHe 6epyTc5I no 

CHM ..$("Y, B caMOM ,lI.eJIe, BeJIH'IHHa ay(x) eCTh yBepeHHocTh, C KO

TopoH x YKa3hIBaeTC5I KaK B03M01KHoe 3HaqeHIle HClWMoro COCT05l

HH5I no pe3YJIhTa ry Ha6JIIO,lI.eHH5I y. DPH pa3HhIX y H X 3Ta iBeJIIFIHHa 

KOJIe6JIeTC5I aT 0 ,lI.0 1 co06pa3Ho BH,lI.Y npaBHJIa, npH'IeM 0 COOTBeT

cTByeT TOMy, 'ITO x OTBepraeTC5I KaK npHeMJIeMhIHBapHaHT COCT05l

HHI"r, a 1 - Ha060pOT, COOTBeTcTByeT 6eCnpHKOc.TIOBHOMy BK.'1IO'Ie

HHIO; IBeJIH'IHHa Oy(x) = 1/2 03;Ha'laeT, 'ITO npH 3aLJ,aHHOM y HeKOl'OpOe 

x np IiHHMaeTC5I KaK B03MO)KHOe COCT05lHlie C Bep05lTHOCThIO 1/2, T. e. 

C nOJIOBHH'IaTOfI yBepeHHocThlO. Ha,lI.e)KHOCTh llie eCTh yBepeHHocTL 

B Cpe,lI.HeM, T. e. onpe,lI.eJIeHHa51 B Cpe,lI.HeCTaTIiCTI1'1eC\WM CMhICJIe, 'ITO 

H 3aJIO)KeHO B May. 
HeHa,lI.e)KHOCTh Mep5leTC5IKaK HI1)KH5I5I 11 BepXH5I5I Bep05lTHOCTH 

OIllIi6KH: ~(a) = I-May, a(a) = I-May, a B3BeIlleHHa51 Bep05lTHOCTh 

OIllli6KH KaK 06'he,lI.HHeHHhIH nOKa3aTe.TIh 

aX (0) = (1- %) ~ (a) +% ex (0) = 1- (1- x) May - % /\1 ay, (6.1) 

r,lI.e % - K03epepHI.I.HeHT neCCHMH3Ma. 

HYJIeBOI1Bep05lTHoCThi0 OIllH6KH 06JIa,lI.a1OT TpHBHaJIbHhle npaBH

J1a ay (x) = 1, TO)KLJ,eCTBeHHO paBHhle 1, cooTBeTCTl3jr~mHe flpH JIIO

60M X eppa3e: «Ka:we-TO x 113 PlJ I1MeeT MeCTo» (ifO KaKoe?). Ero 

Ha,lI.e)KHOCTh paBHa 1, TaK KaK OIllH6HTbC5I 

onpe,lI.eJIeHHIO flpocTpaHcTBa 3JIeMeHTapHhix 

HOCTh - e,lI.HHH'IHa51 Bep05lTHOCTh OIllH6KH, 

(,lI.CTepMHHHpoBaHHhIM) OI.I.eHKaM, npH'IeM 

OKa3hIBaTbC5I HMeHHO BepXH5I5I 01lHl6Ka U"(a) 

3,lI.eCh HeB03MO)KHO (no 

HCXO,lI.OB). ,Upyra51 KpaH

CBoHcTBeHHa51 TO'le'lHhlM 

'lame e,lI.I1HwlHo{I 6Y,lI.eT 

= 1, a HH)KH5I5I npH 3TOM 

MO)KeT BnOJIHe 6hITh HyJIeBOii (TOr,lI.e B3BeIlleHHa51 oWH6Ka 6Y,lI.eT paB

Ha % - Bepe B He6JIaronpSUITHhIH HCXO,lI.). npe,lI.MeTHbIH HHTepec ,lI.JI5I 

TeopHH npe,lI.CTaBJI5IIOT He KpaHHOCTH, a «30JIOTa51 Cepe,lI.HHa», T. e. 

Y'HHMO,lI.aJIhHh!e KaK epyHI<I.I.HH x npH Ka)K,lI.OM y KOHTpaCTHhle (,lI.OCTH

ralOl.l.l.He 0 HI) npaBHJIa OrpaHH'IeHHOI1 no x IllHpHHhI. 

He orpa)K,J.a51 I(JIacc q) paCnJIblB'IaTbIX npaBHJI KaKHMH-JIH60 

6aphepaMH, T. e. q)=q)V' BbI;J.eJIHM 113 Hero nO',lI.KJIaCC ClIe,lI.YIOI.l.l.HM 

yCJIOBHeM. 

npaBHJIa ay, JI.JI5I KOTOpbJ)C aX (a) = a, Ha3bIBaIOTC5I npa8UJLaMU 
YP08HJl a, a npH '1HCJIOBOM fl} - a08epureAbHblMU OlWHIWMU x. 
B ,lI.aJIhHeHWeM Mhl 6Y.LI.eM 3aHHMaThC5I CHHTe30M HMeHHO TaKHX OI.I.e

BOK. 

PaCnJlblB'IaTOCTb, pHCK. nOM liMO OIllH60K y paCCMaTpIIBaeMbIX 

npaBHJI HMeeTC5I ,lI.pyra5I «TeHeBa51 CTopOHa» - HX pacnJIWn'laTOCTh. 

.~ 

[
 
[ 

·tl 

)KeJIaTeJIbHO, '1T06hl aHa 6bIJIa KaK MO)KHO MeHhIlle, T. e. npH Ka)K

,lI.oM y KOHKpeTHee YK~3hIBaJIOCb 6hI H~KOMoe COCT05lHHe x, HO 3TO 

BCTynaeT B npOTHBO,lI.eHCTBHe C OWH6KOH npaBHJI, KOTOpa51 npH 3TOM 

YBeJIH'IHBaeTC5I. 
PacnJIhIB'IaTOCTh xapaKTepH3yeTC5I IllHpHHOH 'npaBHJIKaK epyHK

UHl1 ,nepeMeHHOl1 x npll .3a,'laHIHOM y; ,MOfKeT H3'Mep5lTbtC5I pa3iHhIMH 

cnoc06aMH. npe)K,lI.e 4eM npllcTynHTh K HX paCCMOTpeHHlO, no,lI.y

MaeM, a 3a4eM 3,J,eCb KaKoe-TO pa3Ho06pa3He, Hy)KHO JIH OHO? OKa

3hIBaeTC5I, .LI.a, TaK hal, 3TO CBoero pOLla perYJIHpOBKa, HHcTpyMeHT 

HanpaBJIeHHOrO B03.LI.eikTBH51 Ha OnTHMaJIbHble npaBHJIa, npH.LI.aHIlSJ 

11M Tex HJIH HHhIX )KeJIaeMhIX KaqeCTB, '1epT, OTTe'HIWB. 

npIlBe.LI.eM pa3Hhie III KaJIbI pac:nJibI43TOCTH, ,rrpHrO,lI.'Hble KaK )lJI5! 

CKaJl51plwro, TaK 11 BeKTopHoro 'napaMeTpOB xEfllli. (JIHWb ,lI.JI5I BeK

TopHoro X= (Xl, ... , Xli.) Il HHTerpa.TIbI no dx=dxl· .. · ·dxli. CTaHOB5ITC5! 

KpaTHbIMH) . 
1. HHTezpaAbHaJl lUKaAa: Q(ay) = 5ay(x)dx - HaH60JIee npOCTa 

no CMbICJIY, TaK KaK npH,lI.aeT BceM Ill<C3M O,lI.HII H Te )Ke ,Beca. )..I,JI5! 

O)l.HOMepHoro X 310 6Y.LI.eT npHBe,lI.eHHaSi (K np5IMoyrOJIbHIIl<Y eJI.J1HUq

HOH BbICOThl TOH )Ke nJl0ma,lI.H) WHpHH3, 3 MHorOMepHoro - npHBe

,lI.eHHbIH o6be,M. 
2. B38elUeHHaJl lUKajW: Qq(ay)= fq(x)oy(x)dx. Bec'OBa5I epyHK

UH5I q (x) Hy)KHa ,lI.JI5I Bbl.LI.eJIeHH5I 60JIee Ba)KHbIX (Cl<a)KeM, 'B CMhIC

JIOBOM J1JIH CTpaTerU'IeCKOM oTHoIlleHHH) COCT05IHJ1H, BhIHy)K,lI.35I HX 

60JIee TO'lHoe oueHH'BaHile B yme;p6 OCTaJII,:HbIM. 
3. 060614eHHaJl lUKaAa: [21' (ay) = fq(x)ay(x)Vdx. B03Be,lI.eHJ1e pe

weHHI1 B CTeneHb y< 1 YBeJIH4J1BaeT aVy no cpaBHeHHIO cay, eCJIU 

nOCJIe,lI.Hee < 1, TeM caMblM YBeJIII4IIBa5I nJIaTy 3a HeyBepeHHocTb pe

weHHH II CTlIMyJIHpy5I HX nOBblIlleHHYIO KaTerOpH'IHOCTb THna 0 J1 1 
(HeT, )l.a). npJ1 y> 1, Ha06opOT, 6y,lI.yT nOOl.l.l.p5ITbC5I HeyBepeHHble pe

WeHII5I. 
4. 3q)(!Je1,.Tu8HaJl lUUPUl-W: f ay(x)dx/supoy(x). 3TO eCTb npH 

x 
Ka)K,lI.OM y OTHoweHHe nJlow.a,'lH (06'heMa) no;:! ay(x) hal< epyHK-

UHH nepeMeHHOl1 X K BblCOTe ay • TaKHM cnoc060M c03,lI.a1OTC5I 6JIaro

npH5ITHble yCJ10BI15I ,lI.JI5I KOHTpacTHblx haTerOpl1'1HbIX npaBHJI, y KOTO

pbIX a = 1, H ,J.J15I HJlX 'OlIO cy,J.eT npoCTo uHTerpa.TJbHa5I IllKaJIa.u 
5. flepUJ;teTp cE:)ECTBeH Bel<TOpHoMy x H onpe,'leJI5IeTC5I KaK iVlaK

CHMaJIbHa5I no IWMnOHeHTaM Xi HHTerpaJIbHa51 WHpHHa npaBHJI: 

m.xax m~x [qi Say (x) dx;], 

r,lI.e qi - Beca, BbI,lI.eJI5IlOmile OTHOCJ1TeJIhHYIO «Ba)KHOCTb» pa3HbiX 

KOMnOHeHT BeKTopa x. 
BBe,lI.eHHblC IIIKaJIbI npHrO,lI.HbI H )l.JI51 )l.HCKpeTHbIX X, eC.'1I1 HHTe

rp3JIbI 06MeH5ITh Ha CYMMbI no x. 
BeJIH'IIlHa paCnJIbIBqaTOCTH no BBe,lI.eHHbIM WKaJIaM 3aBilCIlT aT 

lHa6JIIOJI,eHJ1H y. TaK K3K 'paCnJIbIB'IaTOCTb npaBHJI au (x) MO)KeT 6bITb, 

B o 61.l.l.eM, pa3HOH npJ1 pa3HbiX Ha6JIIO)l.eHII5IX y, n03TOMY Hy)KHO ro

BOpJ1Th 0 Cpe.LI.HeH p aCnJIbIB'IaTOCTH (IllJ1pHHe), ycpe.LI.H5I5I Q (ay ) no y 
COrJIaCHO CHM .J1{xy (no '1aCTHOr1 K 'HeH .J1{U). Cpe.LI.HSI51 IllJ1pHHa eCTb 
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UlTpa¢ 3a paCnAbI8'LaTOCTb H Mep51eTC51, B 06meM, cBepxy H CHH3Y: 

MQ (Oy), MQ (Oy), r,lI.e IQ( ) - JI106a51 H3 YKa3aHHbIX Bblille IIIKaJI. 

ECJIH 6paTb B3BeIIIeHHYlO 'CyMMy (l-x)MQ (Oy) +xMQ (Oy), TO 

npH neCCHMH3Me x;;>-l HHlKHee 3HalJeHHe 6y,lI.eT C OTpHuaTeJIbHbIM 

3HaKOM, H 3TO ylKe, H3BHHHTe, 6y,lI.eT He IIITpaep, a nOOmpeHHe pac

nJIbIBlJaTOCTH, 'ITO C,lI.eJIaeT HeB03MOlKHblM OCHOBHble pe3YJIbTaTbI 0 

,lI.OCTaTOlJHOCTH (cnpaBe,lI.JIIIBble, KaK yBH,lI.HM, npH %;;>-1), n03ToMY 

3a IllTpaep 6Y,lI.eM 6pan BepxHee 3HalJeHHe MQ (Oy) (no I<pafIHeH Me

pe, rO,lI.HOe npH neccHMH3Me). 

Ha30BeM COCTa8HbiM pUCK.OM pacnAbl8'LaTblX npa8uA B3BellIeHHYIO 

CyMMy ,BepoHTHoCTH OllIH6KH H BepxHero llITpaepa 3a paCnJIbIB'laTOCTb 

(,lI.JI51 O,aJI51pHOrO x 3TO Cpe,lI.H5151 IIIHpHHa): 

~ n~ (a) = (XX (a) + AM Q (Oy). (6.2) 

BecoBoH K03epepHUHeHT A npH3BaH peryJIIIpOBaTb OTHOllIeHHe Me)!{

,lI.y ,CJIaraeMbIMH: npH YBeJIHlJeHHH IA 66JIbIIIa51 BalK,HOCTb npH,lI.aeTC51 

paC'lIJIbIBlJaTOCTH, HelKeJIH oIIIH6Ke, B pe3YJIbTaTe OnTHMaJIbHble npa

BHJIa, T. e. Te, KOTopble MlIHHMH3l1PYlOT llX,,(o), 6y)l.yT 60JIee T,OlJIHbIMH 

H MeHee Ha,lI.elKHbIMH. 11 Ha060poT. 

06paTilM BHHMaHHe, 'lTO COCTaBHOH pHCK (6.2) He eCTb ,cpeJJ:HHH pH0K (cpeJJ:

lIlee 01' nOTepb) ,B CMbICJle npeJJ:bIJJ:Yll.leH r JlaBbI, a npeJJ:CTaBJll1eT C060H HeKOTOpyIO 

O'leHb npoCTYIO ¢OPMY xapa>KTcpH3aUHH HeraTHBHbIX ,CTOpOH npaBHJla, TeM He Me

Hee olt COX'paHl1eT CTPYKTYPY pHCKa Kan<:B3BeweHHoro K03¢¢HUHeHTOM neCCHMH3Ma 

HIDKHero H BepXHero ero 3Ha'leHlIH: 

n~(a) = (l-x)~(a) + x ll(a)
 

_ - A
npH .!! (a) = May, fI(a)=May+- MQ(ay). 

x 

nO'leMY MbI BJJ:Pyr paccMaTpHBaeM COCTaBHOH pHCK, a He ,cpeJJ:HHH? ,Ua nOToMy 

'lTO COCTamlOH pHCK JJ:eJlaeT npOCTbIM CHHTe3 paWJlbIB'laTbIX oueHOK H YJJ:OBJleT

'BOpl1eT (c nOMOll.lbIO peryJlHpOBO'lHbIX WKaJl) BceM npaKTH'leCKHM l'pe60BaHHl1M. 

PeryJI,Hpy51 A, MOlKHO ,lI.06HTl>C51 JII060ro epHKCHPO~a,.tI,H ypOBH51..W.o 
,Ja OnTHMaJIbHOrO npaBHJIa: eCJIH OllIH6Ka OKa3aJIaCb M'eH"bine a, TO ').. :" 

CJIe,lI.yeT l.J~Th.;Q1IHbllIHTb, CTHMyJIHpy51 T,eM caMblM paCnJIbIBlJaTOCTb, 

3 eCJIH 60JIbllIe - TO yBeJIHlJHTb, H ,lI.aJIee CHOBa nOCMOTpeTb,lJTO 

npH 31'OM IIOJIYlJHTC51 C OllIH6KOH OnTHMaJIbHOrO npaBHJIa. 

MUHUMU3aLfUfl no OE2lJv COCTa8H020 PUCIW C napaAAeAbHOU 
«no020HK.OU» 3HaQeHUfl A eCTb cnoco6 CUHTe3a onTUMaAbHblX npa8UA 
¢UK.CUp08aHHo2o yp06Hfl a, 06AaOafoU{ux MUHUAWAbHOU cpeoHeu UlU
pUHOU 8 K.AaCCe npa8UA yp08Hfl a, T. 

min MQ(oy). 
8:o;X( (, )=0; 

OnTHM3JIbHbie paCnJIblBlJaTble npaBHJIa 

HbIX nJIOTHOCTSlX BepoSlTHocTeH. COBMeCTHa51 

60H KpaHHee HCKJIIO'leHHe, KOr,lI.a ,lI.aHHble 0 

e. peUlaJOU{UX 3adaQY: 

npH 3a)l.aHHbiX COBMeCT

IIJIOTHOC1'b 5lBJI51eT co

npaKTHlJeCKH Bcex Be

Ha3BaTb o1'cTynJIeHHeM OT 06lUef! HallIeH TeH,lI.eHUHH HMeTb ,lI.eJIo C 

rpy6bIMH MO,lI.e~HMH, onHCblBaeMblMH KOHelJHblM lJlICJIOM ,lI.aHHbIM. TeM 

He MeHee TaKOH OTXO,lI. II03BOJI51eT, Bo-nepBbIX, Y51CHHTb BJIH51HHe IIIKa

JIbl paCnJIbIB'laTOCTH Ha BH,lI. OIITIIMaJIbHOrO npaBIIJIa, II BO-BTOpbIX, 

npO,lI.eMOHCTpIlpOBaTb npocToTy HuOBoro aIInapaTa CHHTe3~ ,lI.OBepIl

TeJIbHbIX npaBIIJI Ha KJIaCCH'leCKOIl «IIOlJBe» pacnpe,lI.eJIeHIIII B'ep051T

HOCTeH. 
nycn f1) =fJlk , T. e. X= (Xl, r'" XI,) II UIj =fJln , T. e. y= (Yll ... , Yn), 

Ii nYCTb CI1M 3a,lI.ae1'C51 TOlJHOH cOBMecTHoH nJIOTHOCTblO p (x, y) no 

Mepe-,lI.JIHHe Ha fJlHn (o606meHHe Ha ,lI.pYfHe npocTpaHcTBa H MepbI 

,lI.JI51 Hac He npHHUHnHaJIbHO). Tor,lI.a lJaCTH~e nJIOTHOCTH 6y,lI.yT paB

Hbl: p (y) = f p (x, y) dx, p (x) = Sp (x, y)dy. ClJHTaeM aBTOMaTHlJeC

KH BbIliOJIHeHHblMH Bce He06xo,lI.HMble yCJIOBH51 H3MepHMocTH no OT

HOllIeHHIO K aJIre6pe O1'pe3KoB Ha fJlk+n, 06513aHHOH conpoBOlK,lI.aTb 

nJIOTHOCTb (CM. § 1.5). 
,UJI51 (H3MepHMblx) oueHOK Oy (x) OllIH6Ka 6y,lI.eT TO'lHOH BeJIHlJH-

HOH, paBHoH a (a) = 1-SSay (x) p (x, y) dxdy. OepeH,lI.eM K COCTaBJIe

HHIO pHcKa H HaXOlK,lI.eHHIO OnTHMaJIbHbIX oueHOK ,lI.JI51 pa3Hblx IIIKaJI 

p aCnJIbIBlJaTOCTH. 
B 3 Be IIIe H H a 5'1 III K a JI a. COCTaBHOH pHCK ,lI.JI51 Hee 3anHCbI'" 

Bae1'C51: 

ndo) = 1+ jjOy(x) [-p(X,y)+Ap(y)q(x)] dxdy. 

TaK KaK Oy(x) 3aKJIIOlJeHO B npe,lI.eJIax OT °,lI.0 1, TO npaBHJIOM, MH

HHMH3HPYlOlUHM 3TOT pHCK, 6y,lI.eT: 

0* (x) = { 1 npH p (x, y) > Ap (y) q (x), (6.3) 
y °npH p (x, y) < AP (y) q (x). 

OnTHMaJIbH~M ypOBHH a 6Y,lI.eT HaH,lI.eHHOe npaBHJIO npH TaKOM 

BbI60pe A, lJ1'06bl 

1-(X=MXYo~(x)= SS p(x,y)dxdy, 
p(x. y»A.p(y)q(x) 

r,lI.e HepaBeHCTBO CHH3Y OnpelleJI51eT COBMecTHylO Ha 

HHTerpHpOBaHH51. 0603Ha411YI py (x) = p (x, y) jp (y) 

cTepuopHoU nAOTliOCTiJlO. OIITHMaJIbHOe pellIalOmee 

f1} X UIj 06JIaCTb 

H Ha30BeM ano
IIpaBHJIO 6YlleT 

HH,lI.HKaTOpHbIM H COCTOHT BcpaBHeHHH npH KalK,lI.OM y OTHOWeHH51 

py (x)jq(x) C noporoM A H npHcBoeHHH o~ 3Ha'leHH51 I, eCJIH 31'0 

OTHOllIeHHe BblllIenopora, H 0, eCJIH HHlKe. 
<PyHKUH51 q (x) onpe,lI.eJIHeT Bec llITpaepOB B 3aBIICHMOCTH 01' x. 

,UJI51 HHTerpaJIbHOH llIKaJIbl q (x) == 1 H TOr,lI.a 0* y onpe,lI.eJI51eTC51 cpaB

HeHHeM anoc1'epHoplHof! IIIJI'Ol'HOCTH py (x) ,C nOp0'l'OiM A. OpH q(x) = 
= p (x) C noporoM 6y,lI.eT cpaBHHBaTbC51 OTHOIIIeHHe p (x, y) j 
[p(x)p(y)]. 

B03MO)KHa 3aMeHa ycpeJJ:HeHHoro Ha MaKCHMaJlbHblH no y wTpa¢ 

sup say (x) q(x)dx, HMeIOll.lHH CMbICJI, eCJIH npH JII060M y Tpe6yeTCl1 KOHTpOJlHpO

P051THOCT51X C06bITHH, CB513aHHblX KaK C x, TaK II C y, HMeIOTC51 B y 

231BH,lI.e TOlJHbIX 3HalJeHHH. BbI,lI.eJIeHHe TaKoro cJIYlJa51 MOlKHO 6bIJIO 6bl 
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BaTh lIlHpHHY npaBIIJla Oy (X) no nepeMeHHOH x. TorJla COCTaBHOH PIICK npH06pe

TaeT BHJl: 

II (0) = 1 - MXY Oy (x) + Asup SOy (x) q (x) dx.h y 

3anllcaB inf IIh (0) = sup inf [1 - MXY Oy (x) + APo (y)SOy (x) q (x) dx] (me, 
a Po (Yl a 

HcnOJlh3Yll COOTBeTcTBylOume yTBep)KJleHJllI Teopllll IIrp [22], inf II sup nOMeHlIJlII 

MecTaMII), MhI npllJleMK npaBllJlY (6.3), B KOTOpOM p(y) 3aMeHeHO Ha po (y), onpe

JleJllleMOe M'IIHIIMII3aUlleH Bhlpa)KeHlllI SS [p(x, y)-APo(y)q(x)]dxdy. B HeKoTopoM 

CMhICJIe po (y) BhI6HpaeTclI TaKIiM 06pa30M, tIT06hI npOll3BeJleHlle Po (x) q (x) 6WIO 

no B03MO)KHOCTII 60Jlee «nOXO)KIIM» Ha p(x, y). 

0606 me H H a 51 III K a JI a. CocTaBHoH pHCK 

fIda) = 1- SJ [- a y (x) p (x, y) +Aay (x)Y p (y) q (x)] d x d y. 

OrrTHMaJIbHOe peIllalOmeerrpaBHJIO MO)l(eT 6bITb HaH,UeHo MHHHMH3a

IJ,HeH npH Ka)l(,UOM x H y Bblpa)l(eHH51 B KBa,UpaTHbIX ,cK06Kax: DocJIe 

HeCJIO)l(HbIX BbI'lHCJIeHHH rrpHXO,UHM K CJIe,UylOmeMy ero BH,Uy: 

a* (x) = min {I [ P (x, y) J1/(Y-I)} ~ 1 
y , f..yp(y)q(x) , y~ , 

r,Ue A HaXO,UHTC51 H3 ypaBHeHH51 

1a(a)=SSp(x,y) [1- ( p(x,y) ')I/(Y- l J+ dxdy=a.
 
AI' p (y) q (x)
 

DapaMeTp "( orrpe,UeJI51eT HaIlle OTHOIlleHHe K COMHHTeJIbHbIM pe

IlleHH51M Oy(x)<1. DPH "(=1 B03BpamaeMC5l K (6.3). fIpH "(=2 rro

JIy'laeM oy(x)=min{l, py(x)j[2Aq(x)]). HHTepecHo OTMeTHTb, 'lTO 

rrpH q (x) = 1 ,UaHHoe peIllalOIIJ,ee rrpaBH,rro COBrra,UaeT rro <POp Me C 

a!rrOCTepHopHOH rrJIOTHOCTblO, B03MO)l(HO, yce'leHHOCI cBepxy BeJI,H'lH

HOH 21... 
3 a M e 'l a H H 51. 1. BbIBO,UbI H3CT05lmerO pa3,UeJIa corJIaCHO Teope

Me 5.1 oCTaHyrc5I B CHJIe, eCJIH CHHTe3 rrpoH3BOnHTC51 B pe)l(IIMe rro

JIyorrTHMH3Ma x= 1/2, a CHM 3anaHa HHTepBaJIbHOH 'rrJIOTHOCTblO 

e(x, y), p(x, y), TaK 'lTO SS [e(x, y) +p(x, y)]dxdy=2. Torna B 

rrpenb1nymHe Bblpa)l(eHH5I Hy)l(HO rrOnCTaBJI51Tb p (x, y) =:[e (x, y) + 
+p(x, y) ]/2. 

2. fIPlI ,UHcKpeTHblx x H y IIJIOTHOCTH 33MeH5IIOTC51 HaBep05lTHOC

TH, 3 HHTerp3JIbI - Ha CYMMbI. 

JI.ocTaTO'lHble KJIaCCbI paCnJIbIB'laTblX npaBlfJI. HaM HeBa)KHO 

On5lTb, Ka KOBbIMH 5lBJI51IOTC5I !Je H 6lj. 3TO MoryT6bITb 'lHCJIOBble HJIH 

,UlIcKpeTHble rrpoCTpaHcTBa, rr03ToMY BMeCTO oueHOK B 06meM rOBO

pHM 0 paCrrJIbIB'laTbIX peIlleHH51x. HeB3)KHo TaK)I(e, KaKoH 5lBJI51eTC5l 

npII 3TOM IllKaJIa paCrrJIbIB'laTOCTH; OHa MQ)KeT 6bITb COB-CeM ,UpyroH, 

qeM paCCMOTpeHHble BbIIlle. Ba)KHO, 'lTO nJI51 IllKaJI nOJI)I(HO BbIIlOJI

H51TbC5I O'leBlinHOe yCJIOBHe 

d1 (x) > d2 (x) * Q (d1) > Q (d2). (6.4) 
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T. e. 60JIee paCIIJIbIB'laTbIM H 60JIee HeOrrpeneJIeHHbIM peIlleHlIHM nOJI

$HO 'COoTBeTcTBoBaTb 60JIbmee (rro KpaHHeCI Mepe, He MeHbIllee) 'lHC

JIOHO IllKaJIe Q. KaK H BbIIlle, rrOJIaraeM q) = q)" - KJIa,CC Bcex 

oueHoK. 
BbIrrlIIlleM Bblpa)l(eHlIe (6.2) nJIH COCTaB'Horo pHcKa, pacKpbIB 

nonp06Hee 01llH6Ky: 

(6.5)n~ (a) = 1- x May + (x - 1) May + AM Q (ay). 

CJIenYlOmaH TeopeMa 0 nOCTaTO'lHOCTH 51BJIHeTCH KJIIO'leBOH nJI5I 

HacToHmeH r JIaBbI. XOT5I nOCTaTO'lHOCTb 3necbCrreUlIaJIbHa51, TaK KaK 

npHBH3bIBaeTCH K KOHKpeTHoMy plICKy (6.5), HO 3aTO HarrpHMylO 

05paIIJ,aeTC51 K cTpyKType 'rrepBH'lHbIX rrplI3HaKoB CHM, a 3aOnHO H 

rr03BOJI51eT KpaHHe rrpocTo HaHTH 'BepxHIOIO (HaHMeHee 6JIarOrrpHHT

HylO) OIllH6Ky, HaH60JIee Ba)l(HYIO nJIH Ha,c. 
TeopeMa 6.1. llpu CHM <M~>, neCCUMU3Me x;::::l U YCA08UU 

(0'	 )(6.4), OOCTaTO'tHQM 8 CMblCAe COCTa8HOZO PUCIW (6.5 KAaCCOM pac

a6c ltuccnAbl8'taTblX npa8uA 6yoeT yce'teHHblu CHU3Y OCblO nooKAacc 

8TOpU'tHblX, He npe8blUWl0U{UX 1 npu3HaKo8 
~, 

g)* = {ay (x) = [co - ~ ct gi (x, y)]+ : Co E :fl, ct E J7i+, 

git=~ ,ay(x)~l}. (6.6) 
flpU'IeM 8 Hew AWZyT 6blTb 8KA1O tleHbl TOAbKO Te O*y(X), OAfl KOTO

I pblX HUJ/CHflfl Haae:JICHOCTb pa8Ha
j 

* "" +May=co- £..l Ci Mgi •'~ 

.u 0 K a 3 aTe JI h C T B O. .llJllI JlI060ro Oy corJlaCHO 
.1 lIepen'llcaHHoMy JlJI5I HIi)KHerO CpeJlHerO, IIMeeM Mo= 
i
 

·1
 
ClO1l.a 3aJlaHHOMY e>O MOlliHO BcerJla nOJlhICKaTh 

-ge~-o II Mo::;;;Mge+e. C yqeTOM HepaBeHcTBL	 


(6.7) 

CJleJlCTBll10 K TeopeMe 1.1, 
sup Mg. OT

-0~-gE2+ ;y -
TaKylO -geEP+'!l, tITO 

ge(x, y) ::;;;ge(x, y)+::;;;Oy(x).
 

.~ r1l.e n,11OC 03rlaqaeT B311Tlle HeoTpIiUaH'JIhHOH tIanli, IIMeeM M o-e::;;;Mge::;;;Mg+e'
 

MO~!Jg+e' <l>yHKUlilI ge(x, y)+ eCTh pewalOlI.\ee npaBIIJIO, TaKKaK O::;;;g+e::;;;d::;;;l.
 
Teneph 113 (6.5) Ha OCHOBaHll1l yCJIOBlllI (6.4) II HaHJleHHhlx oTHoweHllfI nOJlytIaeM:
 

IIr (0) = 1 - x ~o +(x - 1) Mo + AMQ (o)?, 1 - x Mgt + 
+ (x - 1) Mgt + AMQ (gt) - xe = II~ (gt) - xe, 

QTO	 M JlOKa3h1BaeT JlOCTaTOtIHOCTh KJIaCCa £V~ npaBIiJI. 

OCTaJlOCh JlOKa3aTh nOCJle.ll;HlO1O tIaCTh TeOpeMhI. ECJlII B (6.7) BMeCTO paBeH

CTBa CTOHT HepaBeHCTBO, TO no CJIeJlCTBli10 K TeopeMe 1.1 cyll.\ecTByeT JlPyroH 

BTOPHtIHhlH npli3HaK -gEP+'!l, 1l.JllI KOToporo g(x, y)+::;;;Oy(x) Ii Mo=Mg+e, 
a TaK KaK B CIiJIY nepBoro He,paBeHcTBa Nig+::;;;Nio, TO pHCK (6.5) Y J1IpaBHJIa g+

," 
6Y.lJ.eT (npil e--O) He 60JIhWe, tIeM y 0, H nOCJIe1l.Hee MO)KeT 6hITh IIC,KJIlOtIeHO 113't

'. 
AOCTaTOtIHOrO KJlaCca. 

3aMeTIlM,'lTO 0503Ha'leHHe Mgi Brrpa:B<OH 'la'CTli <pop MyJIbI (6.7) 
BMeCTO Mg 03Ha'laeT, liTO OCTaBJI5IIOTC51 JIHIllb rrOJIYJIlIHeHHble KOM

i 
6lIHaUHlI COrJI3'COBaHHbIX rrepBlI'lHbIX rrpH3HaKOB. 
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CJIe.ll.YIOI.JJ.He HH.lKe yTBep.IK.lI.eHH51 nOJIY'IaIOTC51 H3 TeOpeMbl o.l
 
paCWH¢pOBKOH KJI3CCa BTOPH'IHbIX npH3HaKOB npH pa3HbiX -cnoc06ax
 

3a.ll.3HH51 C.l1M. 3TH yTBep.IK.lI.eHH51 TyT .IKe cOnpOBO.IK.lI.aIOTC51 n051C

H511O~HMH npHMepaMH.
 

CJIe.ll.CTBHe 1. IlYCTb CHM pa3AOJ/CuMa Jf{XY = J/{xJf{Yx, npUtteM
 
Jf{x =(M:M), Jf{Yx = (Mx'P,) onpeoeAelibl C80UMU nep8UttliblMU cpedliU

,UU Mhdx), hiE:M; Mx'ljJj (y), 'ljJjE'¥. Tocoa npu x~ 1 OOCTaTOttliWJ
 
6yoeT KAacc npa8uA 

fj)* = {oy (x) = [co - ~ at hi (x) - l; ct (x) ('ljJi (x, y)

-M x 'ljJi)]+: hi E Je, 'ljJi E '¥}. 

npUtteM TaKUX, 'ITO Oy(x) ~ 1, MYxoy'(x) =co-~a+iMhi' 
·f,

IT p H M e p 6.1. ITYCTb .,f{Yx orrpe.n:eJUleTClI Bcero O.n:HHM rrepBH'lHblM rrpH3Ha

KOM 1jJ(y) H 3Ha'leHHeM Mx1jJ, 33BHC5Il.I.\'HM OT x, a ..,ffx=::J x - rOJla51 Mo.n:eJlb. Tor '! 
.n:a PlJ* COCTaBJl5IlOT oy(x) = [co-c+ (x) (1jJ (y)-Mx1jJ) ] + rrpH Bbl60pe KO.3<jJqmuHeH

TOB Co H c+(x)~O, Y.ll:OBJleTBOp5llOl.I.\HX HepaBeHcTBy co+c+(x)(1jJ(y)~Mx,p)~I, 
rrpH'leM Mo=co. Mbl BH.n:HM, .'lTO TaK KaK c r (x) eCTb rrpOH3BOJlbHa51 ,HeOTpml,aTe,lb , 
Ha51 <jJyIllKUH5I, TO npaBHJla oy(X) KaK <jJyHKUHH nepeMeHHOH x npH Ka)K.n:OM 3a , ",

i,1{aHHoM y MoryT HMeTb rrpOH3BOJlbHblH BH.n:, HO KaK <jJyHKUUH rrepeMeHHOrl y HX
 

BH.n: ueJlHKOM onpe.n:eJl5leTC5I nepBH'lHOH <jJyHKuHei"1 1jJ (y).
 

C JI e.ll. 'C T'B He 2. IlVCTb CHM 3aoalia cPYIiKl{uoliaAbliblM nped
CTaBAeIiUeM y = Vx~ U MooeAbfO J/{X~ = (Al x:M) (M~'l') (T. e. cPAyKTva
l{UU ~ c806o0libl OT x). IlYCTb onepaTOp V x o6paruM: ~=Vx-ly. Toc
oa npu x~ 1 OOCTaTOttliblMU 8 CMblCAe COCTa8liOcO pUCKa (6.5) 6y~. 
OyT peUlafOU{ue npa8UAa 

fj)* = {Oy (x) = [co - ~ at hi (x) - ~ ct (x) ('ljJi (V;I y)

- .M'ljJi)]+ : hi E Je, 'ljJi E 'I'}, 
1 

npUtteM TaKUe, 'lTO Oy(x) ~ 1, Mo=cO-~a+iMhi. 

IT pill M e p 6.2. fIycTb Ha6J1IO.n:eHH5I eCTb CMeCb CHrHaJla x J-I wyMa: Yi=X+~i,
 
i= I, ... , n, XEfJl, SiEfJl, HJlH B BeKTopHoM BH.n:e y= Ix+s, rne I = (I, ... , l)T _
 

e.n:uHH'lHblii BeKTop. C'lHTaeM, 'lTO wyM S cB060.n:eH -oT x H HMeeT ~1O.n:e.1b .J1(~,
 
3a.n:aHHylO rrepBH'lHbIMH 3Ha'leHH5IMH M1jJj (S), 1jJjE1JI', a Mo.n:eJlb CHmaJIa x - 3Ha

'leHH5IMU Nth i (x), hiEde. Tor.n:a KJlaCC PlJ* 06pa3YlOT npaBHJla BH.n:a d y (x) = 

= [co-1:a+ih i (x) -1:c+ j (x) (1jJj (y-lx)-M1jJj) ] +, rrpH Oy(x) ~ I, Mo=co.t 
-1:a+iMhi . 

OTKa.IKeMC51 B CJIe.ll.CTBHH 2 OT npe.ll.nOJIO.IKeHH51 CB060.ll.bI I; or x. 
CJIe.ll.CTBHe 3. IlYCTb y=Vxl;, npUtteM onepaTop V" o6paTuM.
 

U nYCTb nep8UttliblJl1.U cpeoliuMu 3aoalibl ttaCTlible .J!{X= (M:M) , U .J!{~ =
 
= (M'¥). Tocoa npu x~ 1 U pUCKe (6.4) OOCTaTOttliblM 6yoeT CAe

0y,ol4uu IKAacc npa8UA: 

fj)* = {Oy (x) = [co - ~ at hi (x) - ~ ct 'ljJi (V;l V) j+ : hi E. 
E Je, 'ljJi E '¥}, 
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nputteM TaKUX, 'ITO Oy (x) ~ 1 U Mo= Co-~a+iMhi-~c+iM1\Ji' 
k 

npnMep 6.3. ITYCTb Yi= 1: WijXj+Si, i=l, ... , n, HJIH B BeKTopHbIX 060a
j=! 

Ha'leHHlIX Y= Wx+ S, r.n:e W - MaTpHua Wij. ITyCTb aa.n:aHbl TOJlbKO rrepBH'IHble 

cpe,i\HHe M1jJi <jJJly,KTya.UHii S, a -0 CB1I3H S C x cOBepweHH.o HH'lerO He HaBeCTHO. 

Tor.ua ,D.OCTaTO'lHbIii (rrpH x~ I) KJlaCC 06paaylOT rrpaSHJla BH,D.a Oy(x) = 
= [co-1: c+ i1jJi (y-Wx) ] + rrpH TaKOM BbI60pe KO.3<jJljJHuHeHToB, 'lTO Oy (x):;;; 1 R 

MO=Co-1:C+i.vhpi. HeTpynHo BH,D.eTb, eCJIH rrepeiiTH K k=l, W=I, 'lTO 3TOT KJIaCC 

np0l.l.\e TOro, 'lTO nOJIy'lHJIClI B rrpe.ubI,D.yl.l.\eM rrpHMepe. 

CJIe.ll.CTBHe 4. IlYCTb y=Vx~, npUtteM V x o6paTuM, U nycTb 
06 x liuttecO lie U38ecTHO .#{X = ::lx, KaK U 0 eco C8fl3U C £ (Au60 x 
c806ooeli OT s), a Jf{~ = (M'¥) OCli.08bl8aeTCfl lia nep8UttliblX npU3lia
Kax 'ljJi (~), 1\JiE'l'. Tocoa OOCTaTOttliblU KAacc o6pa3ylOT npa8uAa 8U
oa [co-~c+i'!Jd~)]+~I, Kyoa nOOCTaBAfleTCfl ~=Vx-l y, npUtteM 
MO=Co-~C+iM'!Ji. 

HanpHMep, eCJIH y = Wx + S, TO OnTHMaJIbHOe npaBHJIO eCTb <jJyHKUHlI 

y-Wx: Oy(x) =o(y-Wx), B 3TOM BH,D.e ero H Hy)KHO HCKaTb. 

3 a M e'I a H He. ECJIH C.l1M 33.l1.aeTC51 B BH.lI.e ceMeHcTBa V J/(eXY , 
HJIH B BH.lI.e nepeCe'IeHHH /\.Jf{fjxy, 3 KJIaCC q)* .lI.OCTaTO'IeH rrpH Ka.IK

.not! Jf{eXY , 'f0 OH 6Y.lI.eT .nOCT3TQi'IHbIIM .lI.JI51 06be.ll.H1HeHHH H .lI.JI51 nepe

Ce'IeHHt!. 3TO fBepHo XOT51 6bl rroT,oMy, 'ITO KJIa'CCbl BTOpIi''IIHbIX npH3

'HaXOB, eCJIH OHH O:.lI.HH H Te )I(e .lI.JI51 Jf{eXY , npH 96beJI,HHeHH51X H nepe

Ce'IeHH51X 'COXp3H51IOT'C51. 

OnTHMH3M H )I.0CTaTOlfHOCTb. COrJI3CHO rrpe.ll.bl.ll.y~eMY pa3.l1.eJIy 

pe.IKHM neCCHMH3M3 (T. e. x~ 1) n03BOJI51eT npoH3BecTH rrpe.ll.BapH

Te.1JbHylo 06pa60TKy, COCT051~YIO B pe.ll.YKUHH K .lI.OCT3TO'IHOMY KJIaC

cy q)* paCnJIblB'IaTblX npaBHJI, 'ITO 06JIer'IaeT peweHHe CTaTHCTH'IeC

KOt! 3a.ll.a'IH B nJIaHe H3XO)K.lI.eHH51 OrrTHMaJIbHOrO rrpaBHJIa. 

B03HHK31OT .lI.Ba BonpOC3. O.ll.HH - ·B03MO)l{Ha JIH npH orrrHMH3Me 

x< 1 TaKa51 npe.ll.BapHTeJIbH351 06pa60TKa? 06I.JJ.ero OTBeTa Ha 3TOT 

Bonpoc .lI.3Tb HeJIb351. llpH'IHHa B TOM, 'ITO Jll06a51 pe.ll.YKUH51 Ha6JIIO

.lI.eHHl1 Be.ll.eT K nOTepe .lI.3HHbiX H paCWHpeHHIO HHTepBaJIbHot! MO.ll.e

JIH. B CBOIO O'Iepe.ll.b, 3TO YMeHbwaeT Mo H yBeJIH'IHBaer Mo, T. e. 

3TH BeJIH'IHHbl KaK CJIaraeMble pH'CKa (6.5) 6Y.ll.YT MeH51TbC51 B rrpo

THBOrrOJIO)KHbIX HanpaBJIeHH51X H npH X< 1 TPY.ll.HO yCJIe.ll.HTb, B KaKylO 

CTOpOHy nOBe.ll.eT HX B3BeweHHYlO CyMMy, TeM 60JIee .lI.eJIaTb 06~He 

yTBep;'K.lI.eHH51 Ha 3TOT C'IeT, COCTaBJI511O~He CMblCJI .lI.0CTaTO'IHOCTH. 

OTClO.lI.a B03HHKaer .lI.pyrot! Bonpoc, H3CKOJIbKO ueJIeC006p33HO 

nOJIb30BaTbC51 onpe.ll.eJIeHHblMH npH x~ 1 .lI.0CraTO'IHbIMH KJIaCCaMH 

I!lJ*, eCJIH X< I? OT'IaCTH orBeT OCBeLUaeTC51 CJIe.ll.YIOLUIIM JIerKO npo

Bep51e:\1bIM YTBep.IK.lI.emleM. 

Y T B e p.IK.lI. e H H e 6.2. [[yCTb OAR 8cex npa8UA oOCTaTO'lIi020 
(npu x~l) KAacca q)* 8epliO: MO'y=supO*y(X). Tocoa KAacc q)* 

6yoeT OOCTaTOttliblJU U npu x<l. x.y 

.l1T3K, BH.lI.HM, 'ITO P3CCMOTpeHHbie B npe.ll.blJJ.y~eM nyHKTe .lI.OCTa

70'IHble 'KJIaCCbI npaBHJI q)* 6Y.ll.YT .lI.0CTaTO'IHbIMH H npH x< 1, eCJIH 
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B aX (a) «Hei'npaJIH30BaHO» CJIaraeMOe C May. I1HatIe B03HHKaeT tIHC


TO MaTeMaTHtIeCKa51 B03MO)l{HOCTb YMeHbWHTb oWH6Ky aX (a) 3a CtIeT
 

HCK'yccTBeHHoro yBeJIHtI'eHH5I May npH ,cox'paHe'HHH HeH3MeHHbIM May.
 1
DpH'Be,lleM npHMep peaJIH3aU'HH TaKoH B03MO)l{'HOCTH, tITo6bI OCMbIC "'i'
 

JIHTb BCIO a6cyp,llHOCTb, K KOTOpOH MO)J{HO npHHTH, eCJ1H rrOHTH B03


HHKWHM nyTeM.
 
\. 

n p H M e p 6.4. .uOllYCTHM CI1M 3a.i\aHa TO'lHbIMH Bep05ITHOCT5IMH Pij = 
1

=P(xEA i , YEB j ) Ha lIpoH3BeneHlHi pa36HeHHII AiE.)tXl: Ii BjE!JJUl: COOTBeTCTBeH •
 
HO lIpocTpaHcTB fill H Ulj. OllTHMaJIbHOe lIpaBHJIO lIO TeopeMe 6.1 3allHCbIBaeTClJ
 

B BRne Oy(x)=I-~~CijAi(X)Bj(Y). r,ll,e O~Cij~l. TIYCTb Tenepb x<l, a !JlJ
 
H Ulj eCTb JIHHeHHble lIpocTpaHcTBa (cKaJKeM, !JlJ Efll, Ulj Efll n ) , lIpH'leM MHOJKeCTBa
 

A j H B j ,cO,ll,epJKaT KaJK.i\Oe 6oJIee. 'leM no onHOrl TO'lKe 3TOro lIpocTpaHCTBa. Tor


,lI,a, ,lI,06aBHB K KaJK,lI,OMY CJIaraeMoMy cijAdx)Bj(y). y KOToporo Cij< I, npoH3Be


,lI,eHHe ,lI,eJIbTa-cjJYHKl.\HH (I-Cij)6x(. (x)6y(. (y), r.:le Xli) H Y(i) eCTb npOH3Bo.1bHbIe

,) J)
 

lIpe,ll,CTaBHTeJIH MHOJKeCTB A j H COOTBeTCTBeHHO B j, lIpHXO,ll,HM K lIpaBIlJIy
 

0*y(x) = 1-~~ [cijA;(x)B j (y) + (l-ci j )6,U) (x)6Y(j) (y)) 

C ,lI,eJIbTa-BbI6pocaMH. y KOToporo 3a C'leT HYJIeBOI"1 nJIOll.la,ll,H BbI6poCOB WTpacjJ
 
(0,
,TOT JKe: Sa*y(x)dx=Joy(x)dx, HO MO';'y(x)=I;;'MOy(x)=MOy(x)=I-~LCijPij. 

UeJIb BbI6poCOB - 06eCne'lHTb B HaH6JIarOnpll5ITHeiiweM CJIyqae e;J.HHIllIHYIO Ha.J,eJK

HOCTb Mo* = 1 H TeM caMblM YMeHbWIlTb PIiC'K npli OnTH:'vlH3:'vle. 

TaKl:IM06pa30M, OTXO,ll npl:l x< 1 OT ,llOCTaTOtIHOrO KJIaCCa q)*
 
(cooTBeTcTBylOmero x~ 1) MO)l{eT ,npHBeCTl:I K «HapyweHHIO rapMO
 " 
HHH» B npaBHJIaX, Bp5l,ll JIH 'npaKTH4eCKH OnpaB,'I,aHHoMy, rr03TOMY
 

l:IOrrOJIb30BaHl:Ie KJIaCCa .q)* npe,llCTaBJI5IeTC5I p a3YMHbIM l:I tIlpl:l X < I,
 
,lla)l{e eCJIH yCJIOBl:I5I yTBep)l{,lleHH5I 6.2 He BbIIlOJIH5IIOT'C5I.
 

CHMMeTpHSI CTaTHCTH4eCKHX MO)l.eJleif H 3KBHBapHaHTHocTb pac

nJIblBtIaTbIX rrpaBHJI. LIaCTO B 3a.Ll-atIe 06Hapy)l{l:IBaeTC5I Cl:IMMeTpH5I 

cJIe,llYlOmero ,CO,llep)l{aIHH5I: ,Cl:IHXPOHIHble H3MeHeHl:I5I ,Ha6JIIOI,.'I.elHll:IH 3KBl:I 

BaJIeHTHbI COOTBeTcTBylOmeMy C,llBl:Iry napaMeTpa COCT05lHHH. MblCJIb r 

nO,lIJ'Bep)l{,llaeTC5I Ha npHMepe, KOr,lla Yi = X +Si, r,lle rrO,ll'beM 'Bcex Yi 
Ha tIl:ICJIO a paBHOCl:IJIeHC,llBHry x Ha TO )l{e caMoe tIl:ICJIO. HYiKHO 

O)l{H,llaTb nepeHoca Ha3BaHHoro CBOHCTBa Ha OnTl:IMaJIbHble oueHKll x, 
a B 06meM, Ha rrpaBHJIa, 0 tIeM H rrOH,lleT petIb. Ho B Wl:IpOKOM rr.la

He, KOr,lla CHHXpOHHble l:I3MeHeHH5I y H X MaTeMaTHtIeCKH nocTy.1l:1

pylOTC5I KaK CB5I3aHHble Me)l{,lly C060H rrpeo6pa30Ba Hl:I5I rrpocTpaHcTB 

a; H UIj, l:IJIl:I npocTo 'KaK OC06bIH KJIaOC npeo6pa30BaHl:IH npoH3Be

,lleHl:I5I 'npocTpaHcTB fie X UIj. 0 pl:ltIeM BaiKHO He TOJIbKO, 4T06bl 3TH ". 
npeo6pa30BaHl:I5I He nepeKp,eml:lBaJIl:I Me)l{,lly C060H fie l:I 6Jj, HO l:I 

tIT06bI OHl:I 06pa30BbIBaJIH rpyrrrry, Ky,lla BXO,lll:lJIH nOCJIe,llOBaTeJIbHble 

rrpe06pa30BaHH5I, paBHO KaK H 06paTHble. 3TO HyiKHO ,llJI5I IrrocJIe,llYIO

mero npl:lMeHeHl:I5I npl:lHUl:lnOB HHBapl:laHTHocTH. 

Dep'eH,lleM K <popMaJIbHoMy l:I3JIOiKeHl:IlO. PaCCMOTpHM rpynny fJl 
rrpe06pa30BaHHHrrpOCTpaHCTBa fiexUIj, 'cOXpaH5IIOW:ylO Ha Mecre no 

OT,lleJIbHOCTl:I fie H UIj, T. e. TaKylO rpynny, tITO Ka)l{,llOe SE9' oTo6pa

iKaeT a; Ha fie H UIj Ha 6Jj: S (x, y) = (SIX, S2Y)' JII060e npeo6pa30

BaHHe S 3arrHCbIBaeTC5I KaK COBMeCTHa51 napa (SI, S2) rrpe06pa30Ba
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HHH, nepBoe 'H3 HHX SI ,lleHcTByeT TOJIb'KO Haa;, a BTopoe S2 - TOJIb

KO HaUlj. Ha3bIBaIOTC5I s\ H S2 tIaC11HbI:Ml:I K S npeo6pa30IBaHH5I'Ml:I. 

,Ua,lll:lM o606w:eHl:Ie Ha COBMeCTHble npe06pa30BaHl:I5I s=(s\, S2) pe

3YJIbTaTOB § 5.4 (r,lle paCCMaTpl:lBaJIHCb rrpeo6pa30BaHH5I JIl:IWb OJlHO

ro npocTpaHcTBa Ha6JIIOJleHl:IHUIj), HCnOJIb3Y51 BBe,lleHHbIe raM nOH5I

Tl:I5I l:I HeKOTopble pe3YJIbTaTbI, l:IHTepnpeTl:IpOBaHHble K HaweMy CJIy

tIalO. 
CTaTl:ICTl:ItIeCKa51 l:IHTepBaJIbHa51 MOJleJIb Ha3bIBae1'C5I CUMMeTpU'l-

HOU K cpynne 9', ec.rIl:I JlJI5I JII06oro npeo6pa30BaHl:I5I H3 3TOH rpynnbI 

Mf(SlX,S2y)=Mf(x,y), "tfE:!. 

CHMMeTpl:l51 JlOCTl:IraeTC5I, eCJIH CHMMeTpl:ltIeH nepBHtIHbIH Ha60p ClJ 
MO,lleJIl:I H TOM ICMbICJIe, 4TO IKai!\i)l.OH g (X, y) EClJ )1 Ka)J(,llOMy 'npe06

pa30BaHHIO sE9' MO)l{eT 6bITb YKa3aH ,llpyroH nepBl:ItIHbIH !npH3HaK 

gs (X, y)=g(SIX, S2Y)EClJ TaKoH, tITO Mgs(x, y)=Mg(x, y). 
Y T B e p)l{ Jl e H l:I e 6.3. ECAu A"Y cUMAfeTpU'lfW K zpynne 9', TO 

'laCTHble MOaeAu Ax U Ay 6yayT cUMMeTpUttHbl K C80UM 'laCTHblM 
npeo6pa308aHUJlM SIX U S2Y, (SI' S2) E9'. 

YTBep)l(,lleHHe cJI'e,llyeT 'H3 onpe,lleJIeHl:I5I H cooTBeTCTByeT pa

BeHCTBaM Mf(SIX)=Mf(x), MqJ(S2y)==MqJ(Y)· 
<PyHKUl:I5I f(x, y) Ha3bIBaeTC5I 3K.8U8apUaHTHou no OTHoweHHIO K 

rpynne Inpeo6pa30'BaHHH 9' npocTpaHc11Ba fiexUlj, eCJIlf f(SIX, S2Y)= 
=f(x, y), (s" S2) E9'.•J\'loJ,eJIb .;/{XYHa3bI'BaeT1C51 3K.8U8apUaH.THotl K 

cpynne 9', eCJIH Bce ee nepBH4Hble npH3HaKH 3KBHBapHaHTHbI K 9'. 

CMbICJI 3KBHBapHaHTHocTH - J<OMneH'Cl:IpOBaTb H3MeHeHH5I y COOT

Be11cTBylOm H'M l:I3MeHeHHe:vr x. I1HBapHaIHTRo'CTb CI1M eCTb OC'06bIH 

CJIytIaH 3KBHBapHaHTHocTH, KOrJla (SIX, S2Y) = (x, S2Y), T. e. KaiK,llOe 

SE9' npe06pa3yeT TOJIbKO npocTpaHcTBo UIj (SI OCTa'BJI5IeT X tIeTKO 

IHa MecTe). 

ECAu CUM <'MClJ> 3K8uBapUaHTHa K. 9', TO OHa 6yaeT CUMMeT
pU'lHa K 9'. B caMOM ,lleJIe Bce <pyHKUHH KJIa'Cca :J?+ClJ 6y,llyT 3KBH

Bapl:laHTHbIMH H 

M f (Sl X, S2 y) = inf {Mg : f (Sl X, S2 y) ~ g (X, y) E X+ fJ } = 

= inf {Mg : f (X, y) ~ g (X, y) E 0'£+ fJ } = M f (x, y). 

B 'COOTBeTtCT'Bl1l:1 C onpe,lleJIe'Hl:IeM peUlalow,ee npasuAo 6YJleT (,KaK 

f) 3KBu8apUaHTHblM K 9', eCJIH aS2y (SIX)=ay(x). I1HatIe MOi!(eT 6bITb 

3anHcaHO as2y (x) =ay (SI-I X), (SI' S2) E9'. HanpHMep, ,llJI5I ,lleTep

MHHHpoBaHHblx npaBHJI l:IMeeM XS2 y=SIX y , OTCIOJla rrpeo6pa30BaHHe 

S2Y 'BbI6opKH y BeJleT K «CMew:eHHIO» peWeHl:I5I JlO peWeHl:I5I Sl'~ B 

rrpocTpaHcTBe COCT05lHl:IiL 
KJIacc 3KBHBapl:laHTHblx <pyHKUHH 3aMKHyT OTHOCIlTeJIbHO JIHHeH

HblX orrepaUHH H HeJIHHeHHblx npeo6pa30BaHHH, T. e. H3 3KBHBapHaHT

HOCTH Bcex g (X, y) EClJ CJIe,llyeT 3KBHBapHaHTHocTb HX JIl1HeHHbIX 

KOM6HHaU:HH (a B 06meM - 3KBHBapl:laHTHOCTb JII06bIX epyHKUl:Iii OT 

HHX qJ (g (X, y)). OTCIOJla Ha OCHOBaHl:Il:I 1'eOpeMbI 6.1 l:IMeeM: 
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YTBepJK)J.eHHe 6.4. flpu %;;;::1 OOCTaTOttHblMU OAR 3KBUBa
pUaHTHblX CHM B CMblCAe COCTaBH020 pUCKa (6.5) 6yOyT 3KBUBa
puaHTHble npaBUAa. 

3Haq11T, H OrrTI1MaJIbHble rrpaBHJIa 6y)J.yT 3KBHBapHaHTHbI. CeHqaC 

rrOKa){{eM, 'ITO B p5I)J.e CJIyqaeB 3KBHBapHaHTHbIMH OrrTHMaJIbHble rrpa

BHJIa ,ll;OJIJKHbI 6bITb H rrpH CHMMeTpHqHbIX CI1M. Ha30BeM UlKaAy 
UHBapUaHTHOU KfJJ, eCJIH Q(Oy(SIX)) =Q(Oy(X)), V(Sl, S2)EfJJ. BeJIy

qae Q (Oy (X)) = f Oy (x)dx UIKaJIa 6y)J.eT 'HHBapHaHTHOH, nOJKaJIyH, 

TOJlbKO K 'C)l;BHraM SX=S+X. 
Teo p e M a 6.5. flyCTb CHM CUMMeTpUttHa K 2pynne npeo6pa

30BaHUU fJJ, a pUCK COCTaBHOU, onpeoeAeHHblU rjJOpMyAOU (6.5), npu
tte,l1, UlKaAa Q uHBapuaHTHa K fJJ. /I,onycTuM, TaKalCe BbLnOAHeHO AIO
60e U3 OByx yCAoBUU: 

A. OnTuMaAbHoe npaBuAo eouHcTBeHHo UAU ttUCAO 3TUX npaBuA 
KOHettHo; 

D. rpynna fJJ oucKpeTHa. 
BUAO (a eCAU ux HecKOAbKO, 
BapuaHTHblM K fJJ. 

.u 0 iK a 3 aTe JI b C l' B O. ITYCTb 

T020a npu AI06blX % onTUMaAbHoe npa

TO XOTR 6bl OOHO U3 HUX) 6yoeT 3KBU


OnTHMaJlbHOe lllp'aBHJlO lIBJlHeTCH eJ(HHCTBeHHbIM. 

TorJ(a, HCnOJlb3YlI CHaqaJIa HHBapHauTHocTb lllKaJIbI, a 3ar-eM cJIeJ(YIOll.\YIO H3 yT

Bep)KJ(eHH5I 6.3 caMMeTp.HIO qacTHof[ MOJ(eJlH, nOJlytlHM MQ (a y(x» =MQ (ay(51X» = 

=,HQ(as • y(51X»). OTclOJ(a 

n~ (Oy (x» = 1- M(l-X) ay (x) + A,' M ~J (Oy (x» = 
= 1 - M(I-x) 0s, y (51 x) + ;\.·M Q (0s, y (51X» = nr (0s, y (51 x» 

H B CHJlY e,mHHCTBeHHOCTH OnTllMaJlbHOrO npaBIiJIa a y (x) = as ,y'(5tX). 
ECJlll Tenepb OrrTIiMaJIbHbIX rrpaBHJI He OJ(HO, a HeCKOJlbKO, CKa)KeM, dy(X)i, 

i= I, ...., I, TO rrpe06pa30BaHHHMll SEg:' OJ(HO rrepeXOJ(HT B J(pyroe, TaK '11'0 3aJ(aH

HbIM SEg:' H i HaUJ(eTC5I TaKoe j, '11'0 as,y(SlX)i=ay(X)j. ITPOIl3BOJ(H paBHOMep

HylO paHJ(OMIl3aUIiIO Me)KJ(y ay(x) i (1'. e. Bbl611paH Uy(x) i C Bep05lTHOCTHMll Ill), 
npHxoJ(HM K 3KB.HBapHauTHoMy pelllalOll.\eMY npaBHJ1Y. To :iI{e caMoe He06xoJ(HMO 

npo,J.eJIaTb, eCJIH rpynrra g:' J(HoKpeTHa: g:'= (s(I), ... , S(I). TeapeMa J(OKa3aHa. 

TeopeMa ,np'OCTa )J.JI5IcJIylJa5I, ,KOr,iJ.a fJJ ,ll.H'CKpellHa. ECJIH )Ke HeT, 

TO rpy,,iJ.HOCTI1 rMOjKeT BbI3'BaTb npOBep'Ka yOIOBI151 A. 
MaKCHMa.'lbHbIH HHBapHaHT OTHOCHTeJIbHO rpynnbI fJJ, rrOCKOJIbKY 

no onpe,iJ.eJIemIlO fJJ He nepeMeUlHBaeT MeJK,ll.y C060H fJe H Ulj, 3anH

CbIBaeTC5I ](aK napa II (X), 12 (y), H TOr,ll.3 3KBHBapl1aHTHOe npaBHJIO 

3anHCbIBaeTC5I lJepe3 MaKCHMaJIbHbIH HHBapHaHT: Oy (x) =0' I ,(y) (II (X)). 
T1pH YCJIOBI151X yTBep)K,ll.eHH5I 6.4 H TeopeMbI 6.5 OnTHMaJIbHble npaBH

JIa Hy){{HO HCKaTb HMeHHO B TaKOM BH,ll.e. 

6.2. Jl.OBEPHTEJlbHOE OUEHHBAHHE nPH 3AJl.AHHbIX 
PACnPEJl.EJlEHRSlX BEP05lTHOCTHI 4>J1YKTYAUHIiI 

npe,ll,I1CJlOBHe. OTCIO,ll.a MbI Haql1HaeM «oca,ll.y» np06JIeMbI ,ll.OBepH

TeJIbHOrO oueHHB3HH5I lJHCJIOBOrO napaMeTpa XEflt, anpHopHbIX ,ll.aH

HbIX 0 KOTOpOM COBceM HeT, C ueJIblO nOJIYlJeHH5I KOHKpeTHblx pac
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, nJIbIBlJaTblX oueHoK Oy (x), MI1HI1MH3HPYIOI..lJ.HX 

nJIbIBqaTOCTb npH 3a,iJ.aHHOH 01Il116Ke (ypoBHe) 
~ )Ke ,caMoe, MHHHMI13I1jJYIOI..lJ.I1X COCTaBHOH 

+A.-i1Q(O) npl1 COOTBeT-eTByIOI..lJ.eM rro,ll.60pe A, 

UlTpalP MQ (0) 3a pac

a>«o) =a, HJII1 'ITO TO 

PI1CK Ilx,- (0) ='a
x (0) + 

06eCneqHBaIOI..lJ.eM ypo

BeHb a. OCHOBHa51 3a,ll.alJa - HaYlJHTbC5I nOJIb30BaTbC5I amlapaToM. 

3,ll.eCb B KalJeCTBe nepBoro mara He JII11I1He BbIHCHHTb, Ka'K pa60TaeT 

npe,ll.JIaraeMblH anrrapaT 'Ha rrpHBbllJHOH H XOpOlIlO«yTo,nTaHHOJ1» 

MHOrl1MH HCCJIe,ll.OBaTeJI5IMH nOlJBe 3a,ll.aHHbIX pac,npe,ll.eJIeHI1J1 ,BepOHT

HOCTeH H I1X ceMeHCTB, H K qeMy OH npHBO,ll.HT. 3TOMy H nOCB5II..lJ.eH 

,ll.aHHbIH naparpalP. HeO)!{H,ll.aHHbIM OKa3aJIOCb TO, 'ITO H Ha «yTpaM

60BaHHOM rpyHTe» ·Haill no,ll.XO,ll. ,ll.aeT rrp06HTb'C5I ,CBe)!{HM ,«pOCTKaM» 

B BH,ll.e IKaK 06I..lJ.HX Bblpa)!{eHI1H ,ll.JI5I ,ll.OBepHTeJIbHbIX oueHOK 'BeKTOp

Horo napaMeTpa x, TaK H nOJIyqeHI151 HOBblX ,ll.OBepI1TeJIbHbIX HHTep

13aJIOB ,ll.JI5I CKaJI5IpHOrO rrapaMeTpa. 
if Ou.eHKa perpeCCHH npH H3BeCTHOH rrJIOTHOCTH BepOHTHOCTeH. OYCTb 

k 
Yi=~WijXj+£i, i= 1, ... , n, HJIH 13 BeKTopHbIX 0603HaqeHI151X Y= 

j=! 
= Wx+ S. ClJI1TaeTC5I, lJTO OTHOCI1TeJIbHO BeKTopa x T= (Xl, ... , Xk) HWle

fO He H3BeCTHO, a Belnop ST= (£1, ... , £n), HMeHyeMbIH lP JIyKTyaUH5I
~, 

MH, oQ,npe,neJIe,H n-MepHOH nJIOT'HO,CTbIO ps(z) , ZT= (ZI, ... , 'Zn), T'O OT

HOlIleHHIO K Mepe-,ll.JIH'He Ha fJln. Tpe6yeTc5I OueHI1Tb Belnop X. OTHO

CH1'eJIbHO CB5I3H x H S HI1KaKHX npe,ll.IlOJIO)!{eHHH He ,ll.eJIaeTC5I, OHa He 

H3,BeCTHa (HJII1 TaK HaM y,ll.06HO 3TO 'Cll,HTaTb). 
COrJI3CHO CJIe,ll.CTBHIO 4K TeopeMe 6.1 ,ll.OCTaTO'lHbIH (npH x;;;:: 1) 

KJIa'CC o6pa3ylOT npaBI1JIa BI1,ll.a 0 (y-Wx), r,ll.e 0 (z) 113MepHMbI OT

HOCHTeJIbHO aJIre6pbl oTpe3KoB. Cql1Ta51 3a unpalP BepxHIOIO cpe,ll.HIOIO 
~ nJIOI..lJ.a,ll.bnO,ll. Oy (x), qTOCOOTBeTCTByeT HHTerpaJIbHOH WKaJIe pac

nJIbIBlJaTOCTH, H YlJl1TbIBa51 oTcyTcTBHe CBe,ll.eHI1H 0 x, npeo6pa3yeM 

lIlTpalP: 

M Q (0) = MY S0 (y - Wu) d u = MS sup S0 (Wx +S- Wu) d u =.' x 

= MS S 0 (s - Wu) d u = Spdz) d z J 0 (z - Wu)rt u = 

= SJPs (z +Wu) 0 (z) d z d u. 

B CHJIy H3MepHMocTH 0 (z) OlIlH6Ka 6y,ll.eT TOl['HOH, paBHoH a (0) = 

=I-Mo(s)=1-So(z)Ps(z)dz,11 COCTaBHOH pHCK 

.. Il~ (0) = 1 - S 0 (z) ps(z) d z +ASS p;(z +Wu) 0 (z) d z d u = 
= 1+S 0 (z) [A S ps(z + Wu) d u -- Ps (z)] d z. 

MHHl1MH3HpyeT PI1CK HHTepBa.JIbH3H oueHKa 0* (z), paBHa51 1 npH 

ASPs(z+Wu)du-ps(z):::;;O HOB npOTHBHOM CJIylJae. UeHa 6y,ll.eTI 
v=I- S[Ps (z)-J"'SPs(z+Wu)du]+dz. OOCJIe 3aMeHbI Aa.=IjJ... 'oueH

Ka 3anHCbIBaeTC5I SPs (z +Wu) dujps (z) :::;;Aa. (YKa3bIBaIOTCH 3HalJe

HHH z, n'pH KOTOpbIX 0" (z) = 1). 3,ll.eCb 'Arz HaXO,LI;HTCH no 3a,ll.aHHOH 

01IlH6Ke H3 ypaBHeHH5Ia (0*) = 1-f 0* (z) Ps (z) dz = a. 
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BbIpa2KeHHe .n.JI5I .n.OBepHTeJIbHOrO HHTepBaJIa B 51BHOM BH.n.e !TIO

JIYlIaeTC5I SaMeHOH Z=y-Wu H npH06peTaeT OKOHlIaTeJIbHbIH 06I.J.J:HH 

BH.n.: 

• JP~ (y - Wx +WU) d u 
Oy (x) = 1 npH ~ A.a, (6.8)

P~ (y- Wx) 

HHalIe :SHa'qeHHe	 npaBHJIa paBHo O. 
Hy2KHO paspeIIIHTb 31'0 HepaBeHCTBO OTHOCHTeJIbHO X H no.n.06paTb 

A.a, lITO H Be.n.eTK .n.OBepHTeJIbHOH HH.n.HKaTopHoH oueHKe sa.n.aHHoro 
ypOBH5I a, a npH o.n.HOMepHOM X - K .u:OBepHTeJIbHoMy lfHTepBaJIy. 
OTMeTHM, lITO, Bo-nepBbIX, rnOCT05l:HHbIe MH02KHTeJIH JIeBOH lIaCTH (6.8), 
He SaBHC5II.J.J:He 01' y-Wx, y.u:06HO .nepeHecTH B npa'BYIO lIaCTb, H BO
BTOpbIX, ueJIeco06paSHO aCKaTb Y1upOI.J.J:eHH5I c nOM0I.J.J:bIO MOHOTOHHbIX 
HeJ1HHeHHbIx npe06pasoBaHHH 06eHx lIaCTeH, lITO cpasy 2Ke H npo
.n.eMOHcTpHpyeM. 

PaCCMOTpHM TOT CJIylIaH, Kor.n.a S eCTb HOpMaJIbHbIH BeKTOp C 
HyJIeBbIM Cpe.n.HHM H MaTpHueH KOppeJI5IU:HH B, 'lITO COOTBeTcTByeT 
nJI·OTHOCTH Ps (z) =( (2:n:) n det B) -1/2 exp (-zrB-1z/2). Tor.n.a no (6.8) 
nOCJIe HeCJI02K'HbIX BbllIHCJIeHHH Haxo.n.HM 

J Ps (z + Wu) d u	 = CV23i)k 
X
 

Ps (z) -Vdet wT B-1W
 

X exp {+ZT B-1 W (WT B-1 W)-1 WT B-1 z} 

OTCIO.n.a oT6pa'CbIBaHHeM nOCT05lHHOrO MH02KHTeJIH,JIOrapH<pMHpOBa
HHeM H Ino.n.CTaHOBKoH z=y-Wx JIOJIylIaeM HH.n.HKaTopHyIO oueHKy, 
paBHyIO 1 B 06JIa'CTH SHalIeHHH X, .0rpaHHlIeHHOH HepaBeHcTBoM 

(y - WX)T B-1 W	 (WT B-1 W)-l WT B-1 (y - Wx) ~ X~ (k), (6.9) 

r.n.e X2a:. (Ik) - KpHTHlIeot<:a51 TOlIKa pacnpe.n.eJIeHHH XH-KBa.n.paTa C k 
CTeneHHMH cB06o.n.bI, H paBHyIO 0 BHe nOH 06JIaCTH. 

TI PH M e p 6.5. PaccMoTpHM npocTeHlIlIIH CJIyqaH o.n:lIoro HeH3MeHHoro no i 
na'pa:l1eTpa x, KOTOpbIH Hy)lmo OlIeHHTb no BbI60p·Ke Yi=X+Si, i= I, ... , n, r.n:e Si 
He3aBHCHMbI H HOpMaJIbHO pacnpe.n:eJIeHbI C Msi=O, MS2i=1. Tor.n:a k=l, H H3 

(6.9)	 nOJIyqHM .n:oBepHTeJIbHbIH HHTepBaJi .n:JIlI x, 3anncaHHbIH B ¢opMe HepaBeHCTBa 

_ n 1(I-a)a
l.!i-xi :;;;;"a' rJl,e 4	 Y = Lyi/n H "a = ---=- fll- -- , a lD(u) = 

1 Vn 2 
I U 

= V2n I exp (-- u2J2) du - ¢yltiaJ,HlI JIanJiaca. B pe3YJIbTaTe nOJIyqaeTClI xopo· 

wa	 1I3BeCTHblri Jl,OBepHTeJIbllbIH HHTepBa,l ",Jill cpe.n:Hej·O npH 3aAaHHofi AHcnepCHH 

HOpMaJIbHOH BbI60PKH 

- a -I (1- a)Iy-xi ~Vn fll -2-' 

f ::I MSi =0. Tor.n.a OllTHMaJIbHOH .n.OBepHTeJIbHOH oueHKOH Y2Ke 6y.n.eT 

"; X- yTB-1w I~ (wT B-1 W)-1/2 <D- 1 (I-a)	 (6.10) 
wTB-1w	 2 

\ 

~ IlpHMeHHTeJIbHO K npoueccaM Yt=XWt+St, Mst=O, B(t, 'C) = 
=MStS, <popMyJIa (6.10) nepenHcblBaeTC5I: 

I 
X- JYthtdt I~(JWthtdt)-1/2<D-l (I-a).

J Wt ht dt 2 

r.n.e ht eCTb pemeHHe ypaBHeJHHH J B(t, 'C)h,d-c=Wt. 
npH BSBeIlleHHoH IllKaJIe paCnJIbIBlIaTOCTH B SHaMeHaTeJIe JIeBOH 

l
11aCT11 HepaBeHcTBa B (6.8) ·nOHBJI5Ie11CH BeCOBOH M'H02KHTeJIb 
(J (y-Wx), paCIIIHpHIOI.J.J:HH lfHTepBaJI .n.JIH Tex x, KOTopble lIMeIOT «no
BbIIlleHHblH npHopHTeT» npH Cy2KeHHH .n.JI5I OCTaJIbHbIX x. 

BCJIyqae o606I.J.J:eHHOH IllKaJIbI Q (0) = f q (x) Oy (x)Vdx, -V> 1, on-

THMaJIbHaH oueHKa Y2Ke He 6y.n.eT .n.OBepHTeJIbHbIM :lfHTepBaJJOM, a 
nOBTopHeT C HeKOTopbIMH HCKa2KeHHHMH no <POp Me iTIJIOTHOCTb 

~, 0* (z) = min { 1;	 [-"-a:.-q-(Z-)-S-:.l:.:-(~-)-w-U-)d-U-J/('I'-ll}. 
r.n.e A.a HI.J.J:eTCH no 3a.n.aHHoMy ypOBHIO a. HanpHMep, npH O.n.'HOM na
paMeTpe x, npH q (z) = 1, HOpMaJIbHOH nJIOTHOCTH H He3aBHCHMbIX o.n.
PO.n.HbIX <pJIyKTyaUHHx C Msi=O, M S2i =:cr2, HMeeM (pHC. 6.1) 

0; (x) = min {I ; A. exp [ - n (x - y)2Jl . 
2a2 (y-l) J 

] 
,ll.oBepHTeJlbHOe oueHHBaHHe )l,HCnepcHH. IlycTb Yi=XSi, i= 1, ... , n, 

HJIH B BeKTopax y=xs, r.n.e x>O - OueHlf.BaeMbIH napaMeTp, cB060.n.
HblH 01' s H onlflcbIBaeMblH rOJIOH Mo.n.eJIbIO !yx (lITO COOTBeTcTByeT 
nOJIHoMy OTlCYTCTiBl1IO 1I.alHHbiX 0 X). TIYCTb H3'BeCTHa nJIOl1HOiCTb 
Pi, (z). Tor.n.a .n.OCTaTOlIHbIM npH x~ 1 6y.n.eT KJIaCC Bcex HSMepHMblx" 
npaBIiJI BH.n.a Oy (x) =o(y/x). OIIIH6Ka paBHa a(o) = I-M<7(Y/x) = 
= I-Jps(z)0 (z)dz, a IIITpa<p 

MY	 j <7 (ylu') du' = Ms sup j a(x slu') du' =
 
° x>o U
 

S p~ (z) sup j a(xzlu') du' d z = aSPs (z) j a(zlu) dud z, 
x>o 0	 0 

1	
"/" --

/ " ]'>1
I \ 

1--- / \ 
( 

iJ (x)y 

PHC. 6.1. 'uoBepJ-tTeJIbHall oueH

IlYCTb Tenepb Yi=XWi+Si, i= 1, ... , n, r.n.e Si HOpMaJJbHbI, saBHCH Ka cpe;J,Hero HOpMaJIbHOH Bbl
 "	 :x60pKH npH o606meHHOM WTpaepe	 !JMbI	 H sa.n.aHbI IIWppeJIHUHOHHOH MaTpHueH B= {MSiSi , i, j= 1, ... , n}, 
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I = U(A.a,n) 11 nO,lJ.CTaBJI5I~ liz 11 2= II y 112/x2, 11I0J1Y'lHM OKOH'IaTeJIbHO CJIe
r,lJ.e rrpOH3Be,lJ.e'Ha 3a MeHa U = u'/x H C,lJ.eJ1aHO ,lJ.OrrymeHHe sup x =a. 

x>o	 ..n.yJOIUHH ,!I;OIBepHTeJ1bHbIH lilHTepBaJ1 ypOBH5I a: 
He06xo,lJ.HMOCTb TaKOrO ,lJ.OrrymeHH5I COCTOHT B TOM, 'ITO WHpHHa ,lJ.0

BepHTeJ1BHOM OueHKH pa'CTeT ,C y,BeJ1!JlleHHeM X, CTpeMHCb K 00 rrpH 

X-+oo, IBOT H rrpHXO,lJ.HTC5I BBO,lJ.HTb OrpaH'H'IeHHe x<a (rrpH'IeM aMO)K

HO C'lHTaTb J1106b1M CKOJ1b yrO,lJ.HO 60J1bWHM 'IHCJ10M). Tor;r.a COCTaB

!HOM pHCK 3arrHWeTC5I 

III. (0) = 1- S a(z) Ps (z) d z +AaSps (z) r0 (z/u) dud z.
 
o
 

0603Ha'la51 A'O= I/Aa H rr'pOH3BO,lJ.51 BO BTOpOM HHTerpaJle 3aMeHy 

z'=z/u, Y'lHTblBa51 rrpH 3TOM, 'ITO dz=undz', rrpHBO,lJ.HM pHCIJ( K BHJJ.y 

II-.(o) = 1- S 0 (z) [Ps (z) - A;I JUn p£,(u z) dU] dz. 

OTCIOJJ.a ,cpa3Y .IKe CJ1e,lJ.yeT, 'ITO OrrTHMaJ1bHOe ,lJ.OBepHTeJIbHOe pewalO

mee rrpaBHJIO ,lJ.OJI)KHO 6bITb HHTepBaJ1bHbIM H HMeTb BHJJ. 

00

S un Ps (uy/X) du/ps (y/X) ~ Aa ,	 (6.11, 
o 

r,lJ.e 'HepaBeHCTBO YKa3bIBaeT 3Ha'leHH5I X, rrpH KOTOpblX iT (y/x) = I 
(HHa'le - 0); Aa HaXO,lJ.HTC5I H3 ypaBHeHH5I S0* (z)Ps (z)dz= I-a, a 
npH HaXO)KJJ.eHHH ,lJ.OBepHTeJ1biHOrO HHTepBaJ1aCOBepweHa rrO,lJ.CTaHOB

Ka z=y/x. 
B 'IaCTHOM 'CJ1y'lae HOpMaJ1bHOM cTaHJJ.apTHoH rrJ10THOCTH epJ1yK

TyaUHM OrrTUMaJIbHblM JJ.oBepHTeJIbHbiM HHTepBaJI B TepMHHax nepe

Me'HHOH z=y/x npH06peTaeT BHJJ. 

2 
00 ( I U ) exp (II z II"12) 00S un exp	 II z 112 du = - S Un exp (- u2 /2) du ~ A,--=-
o	 2 IIzlln+1 0 

OTHeCeM HHTerpaJt K ;rrpaB0I1 'IaCTH, 0603Ha'lI1B ee An, H rrYCTb II (An) 
H U(An) eCTb ,peWeHH5I ypaBHeHI151 exp(u2/2) =A"Un+1. TOriJJ.a HCIKOMblH 

)'I.OBepHTeJ1lmblH 11HTepBaJI 3arrHWeTC5I U2 (An ) ::::;;llzI12::::;; it~(An), ('CJ1il 

BepHO HepaBeHCPBO An~exp,[ (n+ 1)2/2]7(n+ 1)"+1. OpH paBeH'CTBe 

.lI.OBepHTeJIbHbll1 HHTepBaJI 'BbIp0)KJJ.aeTC5I B TO'lKy, 'rrpH'IeM U-=U.Il) = 
=u2 (An )=n+l, a npH o6paTHoMHepa'Be,HcTBe-'6eccMbI'CJ1e,H. 

HaH,lJ.eM An B 'COOTBeTCTBHH C 3a,lJ.aHHoII OWH6KOH a. ,UJ151 3roro 

06paTHM 'B'HHMaHHe Ha TOT epaKT, 'ITO IIsI12 rro orrpe,lJ.eJ1eHHIO eCTb CJly

'IaHHa51 BeJIH'IH.Ha, pacrrpe,lJ.eJ1eHHa51 rro 3aKoHy XH-KBa,lJ.paTa C f/. CTe

rreH5IMH CB060,lJ.bl. OO,lJ.CTaBJ15151 rrJ10THOCTb 3Toro pacnpe,lJ.eJleHH5I, Bbl

BO,lJ.HM 

U2 (I.n ) n/2 I 
p [u 2 (A ) ~ Ill': 112 ~ u2 (A )] = S V - e-v / 2 dv = 1- ex, 

_ n """ '0 """ n u' (I. ) 2/l/ 2 r (nI2) _ n 

rJJ.e r ( ) - ra,MMa-¢yHKUH5I. o l'CIO,U a 'Ha~O,lJ.HTC51 3H3'1eHHe Aa,lI 

KaK peweHHe 3Toro ypaSH€HH5I. 0603Ha'la51 !!o.,n =!:!:. (Aa ,n), Ua.,n = 
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~	 2IIYIl2/u~.n~ x ~IIYW/!:!:.~.n. 

OpH a-+l HMeeM !:!:.2a.ntn+ 1, U2a,ntn+ 1 'H ,lJ.OBepHTeJ1bHbIHHHTepIBaJ1 

CT5IrHBaeTC5I'~ TO'lKe lIy112/ (n + 1) = ~y2d (n+ 1). 
TaKHM 06pa30M, nOAyttefl oOBepuTeAbflblu UflTepBaA OAR oucnep

CUU flOpJrtaAbfWU Bbl6oPKU, 06Aaoa1OUfUu 8oo6Ufe MUflUMaAbflOU pac
nAbLBttaTOCTbIO, B TOM 'IHCJIe Cpe,lJ.H 'Bcex H3BeCTHbIX. MaTeMaTH'leC

Koe O)KH,lJ.aH'He Ha6J11o,lJ.eHHH Y C'lHTaJ10Cb ,HyJIeBbIM: 

MYt = 0, i = 1, ... , n. 
OYCTb Terrepb Cpe,lJ.Hee My; =8 cOBepweHHo HeH3BeCTHO, T. e. 

Yi=4,i+e. C'lI1Ta51 e ,cB060,lJ.Hb1M 'rrapaMeTpoM, a Si - He3aBHCHMblMH
l) cTaH:.lI.apTHblMH HOp'MaJ1b1HbliMH ,c. :B., nyTeM ROBJ1e'leHtH5I I1IOH5ITli'51 I1IHBa

pHaHTHocTH (K C,lJ.BHry) MO)KHO rrpHlhH K TOMy, 'ITO OrrTHMaJIbHOH 

OueHK'OH ,lJ.HCrrepCHH 51BJ151eTC5I ,lJ.OBepI1TeJIbHbIH 'HHTepBaJI: 

~ 2 -2 ~ 2 22nOy/Ua.,n-l ~ X ~ nOy/':!:.a,n-I .	 (6.12) 

•	 n 
r,lJ.e'lI1c.11a	 Ua,n-I H ila,n-l 6blJ1H Onpe,lJ.e.leHbl BblWeJa 0 2 y = ~ (Yi-gp/n. 

- 1 

6.3. OU,EHKA nAPAMETPOB PEfPECCHH no .3HEPrETHlJECKHM 
H KOPPEJ15IU,HOHHbIM ,lI,AHHbIM 0 cflJIYKTYAU,H5IX 

060CHOBaHHe. HaH60.1ee 06HXO,lJ.HbIMH, ,lJ.OcTynHbIMH CBe,lJ.eHH5IMH a 
rrpouecce nOM HMO Cpe,lJ.HerO 5lBJ151lOTC5I ero :,lHepreTH'IeCKHe xapalne

pHCTHKH: 'Cpe,lJ.H5I5I MOmHOCTb, TeKyma51 MOmHOCTb, a TaK)Ke KOppeJI5I

UHOHlHble 'cBoilcTBa, crreKTp. Opl1'1lJiHa I1X pacnpocTpaHeHH5I B TOM, 

'ITO BepXH5I5I rpaHl1ua Cpe,lJ.HeH MOLUHOCTH eCTb npOCTO npe,lJ.eJI 3Hep

reTH'leCKHX B03MO.IKHOCTeH HCTO'lHI1Ka H3JIy'leHH5I. A KOppeJ151UHOH

Hble CBOHCTBa 06bI'IHO 065133Hbl epHJ1bTpy, 6Y,lJ.b OH 06'beKT eCTeCTBeH

HOH rrpHpO,lJ.bl KaK 'IlHepUI1OHHOCTb Cpe,lJ.bl HJIH HCKyocTBe'HHoH B BH,lJ.e 

lHa'laJ1bHbIX KaCKa,lJ.OB rrpHeMHHKa, KOTOpblH rrpeO,lJ.OJIeBaeT rrpouecc 

rrpe)I{JJ.e, 'leM rrorraCTb Ha yCTpOHCTBO 06pa60TKH H npHH5ITI151 pewe

HHH. I\cTaTH, 3HepreTH'leCKHe ,lJ.aHHble eCTb 'laCTb KOppeJ151UHOHHbIX, 

KaK 11 HeIwppeJ1HpOBaHHocTb BbI60pKH, 06bl'lHO ,lJ.OCTJlraeMa5l, eCJ1H 

OTC'IeTbl rrpOI~ecca pa3HeceHbi ,lJ.OCTaTO'lHO WHpOKO ,lJ.pyr OT ,lJ.pyra." 3~ecb 'CTP05lTCH OrrTHMaJ1bHble ,lJ.OBepHTeJ1bHble OueHKI1 ,lJ.J151 'perpec
1	 CHOHHblxrrapaMeTpoB, B 'IaCl'HOCTH, napaMeTpa C,lJ.BHra, KOr,lJ.a H3

BeCTHbl Te HJ1H HHbie ,lJ.3HHble YKa3aHHoro copTa 0 epJ1yKTyaUH5Ix. 

OUeHI{J1 rr0J1Y4alOTc5I paCrrJlbIB'laTble, HO HHKaK He HH,lJ.HKaTOpHble, 
( T. e. He B BH,lJ.e ,lJ.OBepHTeJ1bHbIX H.HTepBaJIOB. J1106orrblTHO rro XO,lJ.y H3

JIO~KeHH5I npOCJ1e,lJ.HTb, KaK CB5I3blBaeTC5I paCrrJ1bl'B'laTa51 epopMa 3THX 

oueHOK C BH,lJ.OM rrepBH'lIHbIX npH3HaKOB, He3pHMO npHcyTcTBylOIUHXB 

3HepreTH'leCKHX, KOppeJ151UHOHHbIX H ,lJ.pyrHx HCXO,lJ.HbIX (nepBH'IHbIX) 

,lJ.3HHbIX, a T3IOKe KaK no Mepe YBeJ1H'IeHH5I KOJ1H'IeCTBa H yJ1y'lIlle
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HH5I KaqeCTBa (TOqHOCTH) 3THX ,ll.aHHbIX y.TIYQrnaIOTC5I OueHKH, CTaUO
B5ICb 60JIee TOq,HbIMH, 60JIee Ha,LLeMHbIMH. 

OueHKa napaMeTpa C,lI,BHra npH 3a,lI,aHHOH MO~HOCTH 4JJlyKTyaU.HH. 
TIYCTh Yi==X+£i, i== 1, ... , n, HJIH B BeKTopHbIX 0603HaqeHH5IX y= 
== lx+ S.TIYCTb e,ll.HHcTBeHHoe, qTO H3BeCTHO, TaK 3TO Ms IIsI1 2/n= 

2 
= 0 - BepXH5I5I 'Cpe,LLH5I5I no OTCqeTaM (H ITO aHcaM6.HJO) MOmHOCTb 

Q:>JIYKTyaUHll. Tor,ll.a CI1M J{xy 6Y,LLeT onpe,ll.eJIeHa e,ll.HHCTBeHHbIM nep

BHq,HbIM Cpe,ll.HHM, nOJIyqaeMbIM nO,ll.cTaHoBKoH £i == Yi-X : 

M XY I I (..., v~ (Yi - X)2/n = 02 • (6.13) 

3,ll.eCh cyMMa (,ll.aJIee Bce CYMMbI no i OT 1 JLO n) COCTaBJI5IeT nep

BHqHbIH npH31HaK. HmeM npH 3THX ,ll.aHHbIX OITTHMaJIbHYIO oueHKy na

paMeTpa x . .'uocTaTOqiHbIM ,ll.JI5I InOCTaBJIeHHOH 3a;J,aqHCOrJIaCHO ICt>rre,ll

CTBHIO 4 K TeopeMe 6.1 6Y,ll.eT ,cJIe,ll.YIOmHH KJIaCC oueHOK: 

ay (x) == [co - C L (Yi - X)2/n ]+, 0 ~ Co ~ I, c>O, (6.14) 

rrpHqeM ,LLJI5I HHX May (x) ==;[co-co2] +. 

'4TOObI HCKaTb OnTHMaJIbHYIO oueHKy, BblqHCJIHM Il1Tpaep. OopaTHM BHHMaHHe, 

QTO oueHKa (6.14) KaK epyHKUH5I x eCTb napaooJIa, qTO BH,UHO, eCJIH nepenHcaTb 

BXO,LlJlIUHH B (6. 14) rrepBHtIHbIH rrpH3HaK c.rre,nYJOIUHM oopa30M: 2: (Yi-X ) 2/n = 

= ~2y + (x-gp, fjJ,e .0='Eyi!n - BbI6opOtlHoe cpe;mee, ~; = 'E (Yi-Y) 2jn - BbI
60pOQHaH ',UHcnepcHH. ITapaooJIa yceqeHa CHH3Y OCblO aOcUHcc. I1HTerpHpyH ee, ITO

JIytIaeM
 

y+ -V[colc-~;]+ 
Q (a) = Say (x) dx == S [co - c~; - C (x - y)2] dx ==
 

..... V-[- -'2]+
y- colc-cry 

4 ([co - c~i ]+)3/2 

3yc 
fJle npeAeJILI HHTerpHpOBaHHH COOTBeTcTByIOT nO.nO)I{HTe.J1bHOfI qaCTH iJ (X). OCTa

- 4 - ([ -'2]-L)3/2 
y 

1l0Cb HaHTE MY Q (a) == y- MY Co - cay I • 4aCTHa5I Mo,Ue.J1b J[ Y cor..
3 C 

JIaCHO TeopeMe 2.1 OCHOBbIBaeTC5I Ha nepBHqHOM ,3HaqeHHH: 

MY inf ~ (Yi - x)""/n == MY 62 == 02. 

3,neCb 
-:.....y ..... 2 
M O"y 

-MY 

== 
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x y 

~2 Y eCTb rrepBHtIHbIH rrpH3HaK, 
...... 2 == Inf a y == 0, H n03TOMY 
Y 

( ..... ') +)3/2 ([Co - Ca;] == sup [Co 
Y 

( Co .-- Cinf ~ ;)3/2 == cg /2 . 
y 

a TaK KaK OH Bcero O,UHH, TO 

-' 2 +)3/2cay] 

'11.~ OCTaJIOCb HallTH .iWxy ay (x). TIpaBHJIO J y (x) He Ma1KOpHpyeTI~5I nepBHqHbIM 

T 

_li~ 

4 

i 

I
 

'npH3HaKOM (6.13), 3anHcaHHbIM ~2 y + (x-y) 2, a OH Bcero O,UHH, rr03TOMY 

MXYay (x) == sup [Co - c ~ (Yi - X)2/ n ]+ == Co
x,y 

B pe3y.TJbTaTe aX(J) = l-x~luy(x) + (x-I)2WJ (x) = 1-x[co-c02]++ (x-1)co.y
 
Terrepb 3arrHC~BaeM COCTaBHOll pHCK:
 

- + 4 ,j-
IIJ. (0) == 1-x[co-ca2 

] +(x- I)Co+ACo 3 V co/c. (6.15)< 

3,UeCb HyMHO paCC:MaTpHBaTb ,J,Ba C.TIyqaH: co-ca2~0 H co-ca2<0. Iloc.Tl.e,l,HHH 

H3 HHX He npe,ll,CTaBJI5IeT ,HHTepeca, TaK KaK COOTBeTcTByeT OIllHOKe ax (a) = (x-I) Co, 

onpe,neJI5IeMoii HCKJIIOlIHTeJIbHO neCCHMH3MOM (a He 3HaHHHMH 0 CBOHCTBax epnyKTya-' 

UHH). TIOJIara5I co-caz~0, HaH,UeM CHaqaJIa OnTHMaJIbHOe 3HalIeHHe c npH 3a;:(aH~ 
HOM Co. ,llJIH 3Toro, ,UHepepepeHUHpy5I IrrpaByIO lJaCTb COCTaBHoro pHCKa no C II npHs

paBHHBa5I 0, nOJIyqaeM 

c == Co (2 ')../(3 x (2))2/3 H 

minII",(a)== 1 +co[{12A2 x(2)1 /3_1].
 
c
 

OTclO,Ua BH,lI;HO, qTO OrrTHMaJIbHOe 3HalJeHHe Co ,UOJDKHO 6bITb paBHbIM JIHOO 0, JIH"

00 1. ITOCKOJIbKY HepaBeHcTBo co-c(J2 ~ 0 iHCKJIIOlJaeT 3HaqeHHe Co = 0, rro.rlaraeM 

Co = I. K03cP<PHUHeHT c HaXO,UHTC5I no 3a,UaHHoll OIl1HOKe a H3 ypaBHeHHH a = I-x+ 
+cxa2 +x-I = cxo2 H paBeH c* = a/ (xu2). ITpHlJeM yCJIOBHe cO-C::~2>0 coorBer"

cTByeT a/x < 1. 

TaKHM 06pa30M, npu rX~ 1 onTUMaAbHafl ot{eHKa UMeeT Bud 
..... 2 ..... (J.,'

Oy* (x) = [1 - c* L (Yi - x)2jn]+ = [1 - c* cry - c* (x - y)2]+, c* = -=- . 
xa2 

(6.16) 

l(aK epyHKUH5I 'nepeMeHHoH x, eCTb rrapa6oJIa, HaHeceHHaH Ha pnc. 

6.2 IlITpHXOBOH JIHHUell, MaK:CHMaJIhHa5I rrpH 3HaqeHHH x, p aBHOM 

BhII6o,PoqIHOIMY ICipe,lI,HeMy y, H iyceqelHHa5I CHH3Y OChIO a6cUHcc....i\laK--

CHMaJIbHOe 3HaqeHHe napa60JIbI l-c*~2, He paBHo 1, qro rOBopIIT 0 

HeKoHTpacTHoCTH oueH,KH, a pa3Max napa60JIbI Y 'OCHOBaHH5I, paBHhIH 

2 V l/c*-a2 
y , xapaKTepH3yeT ee paCrrJIbIBT.IaTOcTb. 3Aecb 'HerrpIUIT

2HbIM 5IBJI5IeTC5I BJIH5IHHe ay , OT KOToporo, KaK OKa3bIBaeTC?1, HeTpYJl-' 

HO 1I36aBHTbcH, qTOCeHqaC H 6y,ll.eTpaOcMoTpeHo. 

l 

' 

.1:'y-#
PHC. 6.2. ,l!,oBepHTeJIbHa5I napaOOJIa 
npH 3HepreTHQeCKHX ,UaHH~X 
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~~,l1,eM KOHTpacTHylO oILeHKy (T. e. sup ay =='1, inf Oy ==:0) BHJ:{a 
)C x 

ay (x) = [1 - c* (x - y)2J+, c* = a/(x02). (6.17) 

JlJIH Hee M Oy (x) == M [1 +c* a: - c* 2: (Yi - X)2/n]+ == 1 + c* Ma~ _ 

KaK npH HyJIeBbIX .naHiHblx M£i=O, TaK H Korna 3TI1X JI.aHHbIX 0 MGi 
HeT, o,nHa H Ta LKe, n03ToMY wTpaep paOCMaTpHBaeMGH Ol1,eHKH, a 
CJle,nOBareJIbHO, ~H pHCK 6y,LLyT TaKHMH LKe, KaK y oueHOK (6.16) ,
(6.17). TaKHM o6pa30M, oaHflble 0 HyAeBoM CpeOHeJvl SHatteHUU rjJAYK

-c* M ~ (Yi - X)2/n = I-c* 02 = I-a/x If May (x) = 1, n03ToMy 

:ypoBeHb aX (0) = 1- % M 0+ (x - 1) M 0 == a, a IIlTpaep My SOy (x) dx == 

= My 4/(3 Vc*) == 4/(3 Vc*). 

TaKIfM o6pa30M, If lIITpaep, If ypoBeHb 0ILeHOK (6.16) II (6.17) COB


rra.n.aIOT, KOI-lTpaCTflaJl ol{eflKa (6.17) TaK'JICe RBAReTCJl onTUMaAbflOU.
 

,3TO rrapa60JIa no nepeMeHHon x, HaHeCeHHa5I CnJIOlllHOH JIIfHHen Ha 
puc. 6.2. 

.J~ 
MOLKHO CKa3aTb, qTO JI106a5I oILeHKa, 3aKJIlOqeHHa5I B npe,neJIax
 

Me)K,ny OILeHKaMH (6.16) If (6.17)
 

~I - c* 0; - c* (x - y)2]+ ::::;; ay (x) ::::;; [1 - c* (x - y)2J+, 

6y,neT OnTHMaJIbHOll. TIpHqUHa TaKon iHe0Jl.H03HaqaOCTH OIITHMaJIbHOll 

OILeHKH 06'b5ICH5IeTC5I TeM, qTO K3'K May, Ta'K H '/WOy , aCJIeJl.OBaTeJIb-

HO, pHCK opHeHTHpOBaiH Ha TaKOH Ha'HMeHee 6JIarOnpH5ITHbIl1: npOILecc, 

2y KOToporo a y == 0, qTO 03HaQaeT nOCT05IHCTBO peaJIH3aILHll ¢JIyKTya


UHH Gl==G2== ... =Gn, npH 3TOM OneHKH (6.16) II (6.17) 'COBna,naIOT.
 

3TO Me If npHqHHa, no KOTOpOH TOqHOCTb oueHKH, ee lIlHpliHa He
 
33BHCHT OT 06'be:Ma BbI60PKH n. 

OIJ.eHKH (6.16) II (6.17) ,Ha3bIBalO~C5I OIl,eHKaMH 3HepreTUqeCKOrO
 

THna, TaK KaK HCrrOJIb3YlOT TOJIblKO CpeJl.HeMOmHOcTHble ,LLaHHble °
 
¢L7JYKTya nH5IX, CeiIqac MbI BbI5IBHM HeKoTopble HX Jl.OIIO.J1HUTeJIbHble
 
CTOpOHbI II JI.3,1,HM o606meHH5I. 

Pa3BuTue 3HepreTHLIeCKoro Tuna ou.eHHBaHHSI. 1. ECJIH nO~1HMO 
0:2 

3aJJ:alHa HH:tKH5I5I rpaH1Ura ~2=MslI~112/n 'MOW.HOCTH epJI'yKTyaUIfH, 

TO OllTHMaJIbHa5I oueiHKa He H3MeHHTC5I, TaK KaK HOBoe CpeJl.Hee, B35I

Toe 3a rrepBHQHOe, He MeH5IeT IHH qaCTHOH MOJI.eJIH vf{y, HH lIIKaJIbI
 
Q (0), HH 3HaqeHHH ./Woy , May.
 

2. IlYCTb IIOl\1HMO BepxHeiI MOmHOCTH U2 H3BeCTHO, qTO epJIyKTya

UHH IL\1eIOT HyJIeBble ICpeJI.HHe, a HMeHHO, JIH60 M£i==O, i== 1, ... , n, 
j 

JIHaO M£=O. B 060HX cJIyqa5Ix B CHJIy cHMMeTpHH CHM K nepecTa


HOBKa:vr Yi oIITHMa.lIbHbIH aJIrOpHTM 6YJI.eT IIpHHaJI.JIeLKaTb cJIeJI.YIOme 

:rvry rl o CTaTo41HoMY 'KJIaccy:
 

Oy (x) = [co + c1 2: (Yi - x)/n - c ~ (Yi - X)2/nJ+. 

C.,T1araeMoe C 'K03epep HUHeHTOl\1 Cl Jl.aCT JIHIIlb 'CMemeHHe B CTOpOHy no
 

DClI x oueHKH ay (x) KaK epyHKUHH x, qTO, KaK IHeTpy,II.HO y6eJI.HTbC5I,
 

np!IBe~eT K yBeJIHIIeHHIO pHcKa, n03ToMY Cl =O.4acTHa5I MOJl.eJIb JlY
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rya l1 uu He JvleHJlIOT pemeHUJl UCXOOHOU saoattu: OTITHMaJIbHa5I GueRKa 

6y,neT HMeTb BH,n (6.16) HJIH (6.17). C'Ka3aHHoe~IIepeHOCHTC5I H Ha 

CJlyqaH, KOrJI.a 3a,LLaHbI rpaHHUbI: a) M£i=-m, M£i=='m, i=l, ... , n,. 

JTH60 6) M~ = -m, M€ =m. 
3. OueuKH (6.16) H (6.17) «'HacTpoeHbI» Ha MaKcHMa.IIbHbIH 

IllTp'aep MQ (0) H ,cooTBeTcrBylOT x~ 1. TeM He MeHee OiHI1 OCT3IOTCH 

OIlTHMaJIbHblMH H IIpH X< 1, a TaKLKe IIp'H B3BeweHHOM (K03epepH-

UHeHToM neccHMH3Ma) wTpaepe BH,lI,a 

MX Q (0) == xM SOy (x) dx+ (I-x) M Say (x) dx. 

B caMOM JI.eJIe, May (x) = sup Oy (x) H 'COfJIaOHO yTBepLKJI.eHHlO 0.2 
,UO'CTaTOq:HbIM nipH x<1 6yneT TOT LKe KJIaOC (6.14) tQ!J.~eHOIK. IloJI3

ra5I co= 1 (OI1TIHMaJIbHOe 3IHaqeHHe), HeTpYJI.HO y6eJI.HTbC5I, qTO IIe-

pexto,U K B3BeweHHOMY llITpaepy He MO)KeT nOBJIHHTb H3 BH)!, onTH

MaJIbHOH oueHKH, TaK KaK 3HaqeHHe C OnH03Ha4HO 0I1pe,LLeJI5IeTC5I

OllllH6KOH a. 

4. ECJIH HCKaTb 0I1THM3JIbHYIO oueHKy B KJIaCCe HHTepBaJIbHbIX, 

TO OHa npHMeT BHJl. y±aVx/a H iIlOJIY4aeTC5I 3aMeHOH B (6.17) yce

q,eHHOll napa60JIbI 'Ha np5IMoyrOJIbHHK eJI.HHH4HOH BbICOTbI ,C TeM LKe 

OCHOBaHHeM, KaK 3ro BbIrJIHJl.HT Ha pnc. 6.2. OWH6Ka 3TOH oueHKH 

6YJl.eT TaKLKe paBHa a, 'OJI.HaKO paCnJIbIBqaTOCTb ee no CpaBH€lHHIO C 

(5.17) B03pacTeT 3a ,CqeT YBeJIHqeHH5I 'I1JIOma,lI.H IIO,lI. Hell. 

5. MbI CqHTaJIH, qTO 0 CB5I3H X H S ,HHqerO He H3BeCTHO. To LKe 

caMoe COrJIaCHO CJIe,lI.CTBHIO 4 TeopeMbI 6.1 6YJI.eT, eCJIH CQHTaTb, qTO 

B npe,lI.cTaBJIeHHH Y= lx+s 0 IIIapaMeTpe XH3BeCTHO TOJIbKO, qro OH 

CtBo6o,neH lOT 5, T. e. J( X 6 ==.."f{S;YX H Terrepb yLKe x MOLKeT InpOH3BOJIb-

HO nO,lI,CTpaHBaTbCH no,n 3HaqeHH5I s. MOlKHO nOKa3aTb, qTO ,lI.onyme -

HHe 0 cBo6o,lI.e x OT 5 He MeH5IeTOI1THMaJIbHOH Ol1,eHKH. 

6. OneHHBafHne rrapaM'eTpa perpeccHH. DycTb CvL.\1 

3a,naHa CJIe.nYIOmHM o6pa30M: Yi==WiX+~i, i= 1, ... , 17, l\IIIGI12/n=cr2" 
r,ne Wi - epyHKUH5I perpeCCHH (CKalKeM, epopMa ,UeTepMHHHpOBaH

Horo CHrHaJIa), x - napaMeTp perpeCCHH (aMIIJIHTYJI.a CHfHaJla)'. 

'uOCTaTOQHbII1 K.TIaCC B 3TOM CJly4ae 06pa3YIOT Ol1,eHKH BH)I,a 

8y (x) = [co-clly-wxI12/n]+, W= (W l , •.. , Wn}T. 

~ A 

TIpe,LLCTaBHM 3,neCb WBaJI.paT HOPMbI B BHne IlwI1 2.[a2 
y -(x-Y)2] B 

A A " 
20603HaqeHHH ':.y==~Yiwi/llwIl2, a y == Ilyl/2/llwI12-y2 It 3aI1ItWe11 rnrpaep 

/r A 

(B'epXHIOIO CpeJI.HIOIO lIlHPHHY): '"A sup (4co/3) 1/ coni (cllwI\2)-a2y. Cy-

A y - 
2npeMyM ,nOCTHraeTC5I npH a ==0, n03TOMY WTpa¢ paBeH '"A4coV conlc/y 
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(311wfl). 113 ,CpaBHeHH5I IC (6.15) iBU,nHM, 

,6bITb oueHKa (6.17) (HJIH (6.16)), eCJIHA _ 

Ha cry), a c* - Ha al/wI12/ (xa2n). 
7. 0 u e H H B a HH e B e K TOp H 0 r 0 

k 

CHM. IlycTb Y'i==~WijXj+Si, i=l, ... , n, 
j=l 

YW;= W (WTW) -lWTy - npOeKUH5I y B 

CTOJI6UOB W. 3aMeHa B BbIIIIe3arrHiCaHHOH 

"H5IeT a (nOCKOJIbKy Mllsl12=Mllsw 1/2, r,ne 

UH5I s), n03TOMY ,nOBepHTeJIbHa5I oueHKa 

p'erpeeeUH 

ay(x)=[I-exIIYw -Wx\l2j(xna2)]+ 

'qTO OITTHMaJIbHOM ,nOJI1K/Ha 

3aMeHHTb B IHeM g Ha g (~y 

rr a paM e T pap e r p e C-

UJIH \B 

=Wx+1S, H nYCTb JUllsI12/n=a2 orrpe,neJI5IeT Jf{s. 
H5I a (rrpM x~l) 6y,neT oueHKa [1-c*llsll2]+, 
rrO,llCTaBJI5IeTC5I S == y-Wx. 

BeKToplHOM 'BH,ne y= 

OnTHMaJIbHOM ypOB

c*=a/(xn(i2) , Ky,na 

3anHCaHHa5I oueHKa HeKOHTpaCTHa, TaK KaK maxlly-Wxll = 
x 

== Iiy III ~O, oTxy,na max 8y (x) ~ 1, r,ne Y 1 - rrpoeKUH5I y B no,n
x 

rrpOCTpaHCTBO, opTOrOHaJIbHOe BeKTOp-rCTOJI6uaM MaTpHUbI W. Pa3

JIOLKHM Y IHa ,ll'Be 0pTOrOHaJIbHbIe COCTaBJI5IlOmHe: y == Y,v + Yl' r,ne 
no,nnpOCTpaHCTBO BeKTOp

OueHKe y Ha Yw IHe H3Me

Sw - aHaJIOrH'q,Ha5I InpoeK-

MHorOMepHoro napaMeTpa 

6y,neT OnTHMaJIbHOH ypOBH5I a H o,nHOBpeMeHHO KOHTpacTiHoM. 

B tIaCTiHOM CJIyqae, Kor,na IrrapaMeTp perpeCCHH CKaJI5IpHbIH, pe

3Y~TJbTaT, KaKHeTpy,nHO y6e,nHTbC5I, COBna,lI.aeT C paOCMOTpeHHbIM B 

rrpe,lI.bI,nymeM nYHKTe. 

8. H e 0 ,n HOp °.IT. H bI e <p JI YK T Ya U H H. TIYCTb CHM 3a,lI.aHa 

C"TIe,nylOI..IJJ1M o6p a30M: 

y = Wx+S, M \lA S\12 = na2 
, 

T,LI.e A - MaTpHua nXn. 
COBeprna5I npeo6pa30BaHHe z=Ay==AWx+As=AWx+1J, BH,UHM, 

2qTO ..\illl) 11 == na2, H 3a,llatIa B HOBbIX IHa6JIIO')leHH5IX Z CBO,lI.HTC5I K pac

C:MOTpeHHOH B ,npe,l.I.bI,l.I.ymeM nyHKTe C 3aMeHOH W Ha A W. 

B qaCTHOM cJIyqae, Kor;na 3a,l.I.aHbI M~a2iS2i == na2, MaTpHua A CTa

HOBHTC5I ,UHarOHaJIbHOH C 3JIeMeHTaMM ai no rJIaBHOH ,l.I.HarOiHaJIilI. 

TaKoll pe3YJIbTaT J1erKo nepeHOCHT1C5I Ha rrp·oueccbI: 

~ I T 
Yt=WtX+~t, t E [0, Tj, M - S a; ~i dt= 0 2

,
 
T 0 

f,J,e K't H at - :i3BeCTHble <pyHKUHM. TorAa ,l.I.JI5I :IIOJIyqeHH5I OnTHMaJIb

HOl1 oueHKH HyMHQ B epopMyJIaX (6.'16), (6.17), y, ;cry II c* 3aM1eHHTb 

Ha 

r,lle Ilwal1 2 = S
T 

WZta2tdt. TaK, oueHKa TMIIa (6.17) npHHHMaeT BM,ll 
o A _a; (x) = [1 - ex \1 wa 112 (x - Yr )2j('XlJ2T)]+ . 

9. TIyCTb T'enepb nCXO,l.I.HbIM HBJI5IeTC5I He saAaHHe «MOmHocrH»

cPJIyK'DyauHH, a opeAHee 3HaqeHHe HeKOToporo 'HeOTpnuaTeJIbHOrO 

cPyHKuHOHaJIa OT peaJIH3aUHM <pJIyKTyaUHH : MF {s} ==l-1. Tor,l.I.a oueH~a 

6YAeT HMeTb BH,L( 8 y (x)=\[co-cF{y-Wx}]+, npHqeM M8=![co-Cp,]. 
Pac.CMOTpHM JLBa IIIpUMepa TaKHX oueHOK. 

n p H M e p 6.6. IlYCTb x - rrapaMeTp c,nBHra H 3a,naHHbIM 51BJUleTC5I cpe)l.Hee 

9<p<peKTHBHoe 3HaqeHHe peaJIH3aUH:H <pJIyKTyauHH Nt I51= 11, 15 1=~ ISi I· Tor.na orr~ 

TUMaJIbHaH oueHKa ypOBH5I a 3anHCbIBaeTC5I: a(5)= [co-c* 151] +, Co =il, c* = aj (X~l), 

CIO.ua Hy:tKHO rro.nCTaBHTb ~ =y-l x. OueHKa KaK cPYHKUH5I rrepeMeHHoi'I x o6peTaeT 

;~ BH,n JIHHeHHO-JIOMaHOH C Y3JIaMH B TOtIKaX Yi. <PopMa 3aIIHCH oueHKH He H3Me

BHTCH UpH 3a.uaHfHOrI JII060H ,npyroii HopMe 151. 
n p H M e p 6.7. nYCTb e.uUHCTBeHHbIM rrepB'HtIHbIM 3HatIeHHeM HBJIHeTCH 

M~ {1~iI > h}/n == Ph' 
T. e. HCXO,nHbIM HBJIHeTC5I 3a,naHHe BepXHero cpe)l.uero OTHOCHTeJIbHOH qaCTOTbI 

npeBbIIlIeHHI1 a6COJIIOTHbIMH 3HaqeHH5IMH Si nopora h. Tor.na OI1THMaJIbHaH oueHK1 

HMeeT ,BHJJ. 

ay (x) == [co - c ~ {I~i I > h} jn]+, Co == c == min {I, (1 - a)/(l - x Ph)}. 

OnTHMa~bHaH oueHKa napaMeTpa C~BHra npH O~HOPO~HWX He

KOppeJIHpOBaHHblx QJJIyKTyaUHSlX. ,UonOJIHHM CBe,L(eHH5I OTHOCHTeJIbHO 

epJIyKTyaUHH, o6orama5I nepBHqHbIH Ha60p HOBbIMH npH3HaKaMH, II 

nOCMOTpHM, KaK BH,LLOH3MeHHTC5I 'GueHKa, KaKHe HOBbIe CBoHrCTBa y 
Hee iII05lB5ITC5I. TIYCTb Yi=X+Si, i== 1, ... , n, npHqeM H3BeCTHO TOJIbKO, 

tITO '£i HeKOppeJIHpOB3HbI M£i£j = 0, i =1= j, H HMeIOT O,UHH.aKOBbIe 

«MOmHOC11H» M£2 i == 02. 3TO IcooTBeTcTByeT CHM C nepBHqHbIMli cpe,lI. 

HHMll, nOJIyqaeMbIMH IIo,UcTaHoBKofI Si =Yi-X H npllo6peTaIOmHMH 
l\H,lI.: 

M (Yi-X) (Yj-X)=O, i=l=j; M (Yi-X)2=(J2, 

r,l.I.e i II j ;npo6eraIOT 3HaqeHH5I OT 1 AO n. 
lloCKOJIbKy CI1M CHMMeTpHqHa K nepecTaHoBKaM Yi Me1K,LLy co

6ofI, a rpynna nepeCTalHOBOK .n.HCKpeTHa, TO ,lI.OCTaTOqHbIM 6y.n.e'T 

KJIaOC HHBapHaHTHbIX K rrepeCTaJHOBKaM npaBHJI (CM. yTBep1K,L(eHHe 

6.5). BMecTe rc TeopeMoH 6.1 .3TO n03'BOJIHeT nOJIyqHTb \CJIe,nYlOIUHH 
,nocTaTOqHbIMKJIaeC oueHOK: 

ay (x) = [co - c1 L L (Yi - x) (Yj - x)jn2 
- c2 L (Yi - X)2/n ]+ = 

I¢J 

= [co -c1 (y-x)2+(c1jn-c2) (y2-2xy+x2)]+, y2== "22Y~/n, 

'If ,lI.JI5I HllX l\!I8y (x) ==I[ CO-C202 ] +. OCTaJIOCb HaHTH K03epepHlLHeHTbI Co, 
.. S

T 

Yt Wt aj dt : S
T 

y; a; dt 
" Cl ,M C2, MIfHllMH3HpYlOmHe pMCK If y,UoBJIeTBOp5IIOII.I.He OrpaHHtIeHHlO

Yr = o ~ 0 2 = 0 -Y"2
r , c*= ay{x)~l. y

JI wa 11 2 II wa 1/2 
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I~yneM HCKaTb Q (OJ, nJlH lJerO nepenl1WeM Oy (x) B BI1:te: 

ay (x) = [co - CI y2+ (ctln - C2) y~2 + 

~	 + ~, + 
+2X(CI(n-I)ln+c2)y-X2(Cl(I1-I)/n+c2)] =[aO+aI X-a 2x2) , 

~ ~ 2 
:f:\e aO = CO-a2!)2+ (C,/I1-C2) (J y' al = 2a20, a, = ct!I1-1 )/11 +(2. 

YCJlOBHe Oy(X) ~ I COOTBeTcTByeT ,UByM HepaBeHCTBaM a2~0 11 sup Oy (x) = 
x 

=ao+a2t14a2~1. TaKKaK Oy(x)~O npll ao+a2t/2a2~0 11 Ix-al/2a21~ 

~ V [£12 1 +4aoad +/2 a2, TO. npOHHTerpHpOBaB Oy (x) no x B npelleJlax. COOTBeT

CTBYIOI.l\IIX nOCJlenHeMY HepaBeHcTBy. HaliAeM 

V '2 ' + ~ -2 +
Q(a)= ay(x)dx=(2/3a2) [a, +4aoa2) [ao+a,/4a2) .S 

YtLHTbIBaH Tenepb, 'ITO /Vio (x) =JvJY [ao+a2t/4a2]+=sup[ao+a2t14a2] +, C<popMllpyeM ,.. 
y 

13blpaMeHHe .llJlH COCTaRHoro pHOKa: 

n~ (a) = I - x [co - C2 02]+ + (x - I) 5 + 4A 53
/
2 /3 V~' 

HaHneM 'B 3TOM BblpaMeHIlH 5 = sup [ao-112t14a2]+ =co +inf a2y2 +sup (clln-c2) d\= 
y • ~ 2 

Y cry 

=co. OTMeTHM, 'ITO nJlH cnpaBenJlIIBOCTll nOCJlenHerO BbipaMeHHH nOJllKHO BbInOJl

,HHTbCH ctln~ C2 (IlHalJe cynpeMYM OT ~\ paBeH 00). B pesyJlbTaTe 

n~ (a) = I - X [Co-C2( 2 )+ + (x - I) Co + 4A c~/2/3 V a2, 

OnTHMaJlbHbIM Cl, MHHHMHS!IlpylOl.l\HM pHCK TIpH sanaHHbIX Co H C2. 6yneT TaKoe 

3'HalJeHHe. KOTopoe MaKCHMHsHpyeT a2=ctln-I)ln+c;t npH YCJlOBHH ctln~C2. TaK 

KaK lJeM 60JlbWe C10 TeM 60JlbWe a2 H TeM MeHbwe PHCK. TO OnTHMaJlbHbIM 6yneT 

Hall60JlbWee BOSMOMHoe SHalJeHHe: C1 = C2n. OTKyna cpasy Me a2 = CI, H ,nOCJle non

CTaHOBKIl 3TIlX SHalJeHH!l oueHKa npH06peTaeT BH,U Oy(X) = [CO-CI (Y-x)2] +, a ee 

PIlCK CTaHOBHTCH paBHbIM 

.I 
n~(a) = I-x [co -CI 021n)+ + (x--I)co+ ,"co (4/3) VcOlcI · 

~ 

TIoJlYlJeHHOe BblpaMeHlle OT,1HlJaeTCH OT (6.15) JlHWb TeM. 'ITO BMeCTO (J2 s,UeCb 

CTOHT (i2/n, n03TOMY OnTHMaJlbHaH OueH1<a 6yneT HMeTb BH,U (6.17) C 3aMeHoH 02 
Ha '(jZ/Je, 'ITO Mbl H C<jJOpMy.ij!HjJyeM KarK pesyJlbTa'T. 

flpu OOHOpOOHOii HeKoppeJwpoBaHHoii Bb/oopKe U x~ 1 onrUMaAb
.Hafl paCnAblB'l.arafl ol{eHKa ypOBHfl a UMeer BUO 

a; (x) = [1-c* (X_y)2j+, c*=an/xa2.	 (6.18) 

HJIJJlOCTpaUH5I ee )J.aHa !Ha pH'C. 6.3. IlpH yBeJIH'IeHHH n oueHKa CTa


HOBHTC5I Bce 60JIee Y3KOA, MeHee paCrrJI~B'IaToA. 'ITO O'IeBH)J.HO )J.OJI
 I 
)K:HO 6bITb, TaK KaK rrpH rrOJIy'IeHHH g KaK CYMMbl HeIWppeJIHpOBaH

Hble ¢JIyKTyaUHH CKJIa)J.bIBaIOTCH B 6ecrropH)J.Ke, CTOXaCTH'IeCKH, crJIa

)KHBa5I B H3BeCTHOMCMblCJIe )J.pyr )J.pyra, B pe3YJIbTaTe pa36poc 

PHC. 6.3. PaCnJlbIBlJaTaH OUeHKa npH He

KoppeJlHpOBaHHbIX <jJJlyKTyaUHHx 

COKpaTHTb lllHPHHY· npH'IeM TaKoA
 
me oueHKa 6y)l,eT, eCJIH )J.onOJI


HHTeJIbHO H3BeCTHO, 'ITO M~i = 0,
 
9TH HOBble )J.aHHble OKa3bIBaIOTC5I. I Ic="-----:l ~
J 

H3JIHll1>HHMH. 
Oll,eUKa (6.18) HHBapHaHTHa K rrepecTaHoBKaM Ha6JIIO)J.eHHA. aHa 

me 3KBHBapHaHTHa K rrpe06pa30BaHHIO C)J.BHra B TOM CMblCJIe, 'ITO 

O)J.HOBpeMeHHoe rrpH6aBJIeHHe KO BceM YiH K x JII06oro -mCJIa a He 

MeH5IeT ee 3Ha'leHH5I: Oy(x) =Oy+la(x+a). IlocJIe)J.Hee H n03BOJIHeT 

HOCJIelUOBaTb (6.18) np'H x=O, HCCJIe)J.y5I ITeM ,caMblM 0(6). 
OueHHBaHHe C)J.BHra rrpH HeO)J.HopO.!l.HbIX HeKOppeJIHpOBaHHblX 

cPJIyKTyaUlulx. IlycTb Bbl60pKa He 5IBJI5IeTC51 O)J.HOP0)J.HoA, HO OCTaeT

C5I ueKOpp,eJIJIpOBaHHoA, T. e. Yi = X+'~i, M6i~j = 0, i=l= j, M~2i =02i, 
i=l, ,'''' n. Orrpe)J.eJIeHHa5I TaKHM 06pa30M CHM y)Ke He 6y)J.eT CHM

MeTpH'lHOA K nepeCTaHOBKaM. .uOCTaTO'IHbIM 6y)J.eT CJIe)J.YIOIUHA KJIaCC 
oueHOK: 

Oy (x) = [co - ~ ~ Cij (Yi - x) (Yj - X)j+, 

r.!l.e eli'" eji' 

TIepenHweM: Oy(x) = [aO+alx--':"a2x2]+, fne ao=cO-~~CijYiYj, al=~~Cij(Yi+ 

+ Yj) =2~CiYi, Ci = ~Cij, a2'= ~~Cij. TIPII BBeneHHbIX 06cisHalJeHHHX illTpa<jJ 
; 

- S 4 A. ~ • ? + 3/2MY ay (x)dx=-2-[sup(aOa2+aj /4)] .
 
3a

2 
y
 

I1l.l\eM BHyTpeHHHH cynpeMYM B KBa,UpaT,HbIx cK06Kax: 

sup (aoa2+a2d4) =cOa2+ inf [a2~~CijYiYj-~~CiCjYiYj]. 
y	 y 

4T06bI IlH<pHMyM He paBHHJlCH -00. MaTpllUa Q 3J1eMeHTOB ;Qij='(~~Chl)Cij-CiCh 

i, j= I, .... n. )I;OJlMHa '6bITb HeOTpUUaTeJlbHO onpeneJleHHOH, :II TOfna sup (1l0a2+ 
y 

+a2t14) = COa2. ,UaJlee MO y(x) = [Co-~c+ ii(J2i]+, rne c+ ii eCTb nOJlOMIlTeJlbHble 'Iac
- i 

Til Cii. HaKOHeu. MOy(X) = sup Oy(X) = (l/a2) sup (aOa2+ a2t14) +=co. a iJ y (x) ~ I 
x,y x,y 

3KBHBaJleHTHO YCJlOBHIO Co ~ I. I1cnoJlb3yH HaHneHHbIe 3HalJeHHH II nOJlafaH 

Co-~c+iicr2i > 0, 3anllweM pHCK 

n~(a)= I-Co+x~ctaf +A4.c~/2/3V~~CiJ' 

HyMHO MIlHIlMllsHpoBaTb pHCK cij npll YCJlOBHIl HeOTplluaTeJlbHoi! onpeneJleH

HOCTH MaTpllubi Q. PaSJlOMIlM Q Ha CyMMy MaTpllu paHfa I: Q=~b(h)bT(h), r,Ue 

yMeHblllaeT'CH, 'ITO rr03BOJI51eT )J.JI5I ¢HKcaUHH a coo6pa3HO 3TOMY	 b(hl= (bht, ... , bhn)T -BeKTopbl. Tor.ua HyMHO 6yneT MIlHIlMIl31lpOBaTb H}.(o) 
lIeSallll1CIlMbiM Bbl60pOM .BeKTopOB b(h). COBepweHHo HCHO, 'ITO Bce 3TH BeKTopbl CBe250 
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JI,yTC5I K OJJ.1HOMY, TaK lITO Cij=bib j . OTCIO..'la LLCij= (Lbz)2 Ii Cit' =b 2 
i . OueHKa H 2~ 

pHCK 3anHlllYTCH TaK: 

a (X) == [CO - (}2 bf (Yi - X))2]+,y 

2 -2 " ~ '9
n~(a)== l-co+x}2b i fJ i +,J,.4.co - 3I bi' 

OCTaJIOCb MIlHIlMH3IlpOBaTb PIlCK no bi II Co. J-lHepepepeHuHpyH rIO b i II rrpHpaB

HHBaH 0, rrOJIyqaeM bi=2ACo3/2/[3xa2i (Lbd Z]. CYM:\1HPYH ITO i, BbIBO,ZUIM ypaBHe

HHe, 1I3 ,KoToporo HaXOJJ.IlM CyMMY L b i = [2p\, (I (1/~ d),I (3~)] 1/3 C:) 1/Z. [10.lCTaBJUIH 

.9TY CyMMy B BbIpa:lKeHHe ,nJIH b i H JJ.a.TIee B IIx i. (0), IIMeeM 

bi = c~/2 ( ~~ f3 / [ol (~(ljanY'3] H
 

IIA(a) = I-co [1-(12A2 X )I/3 /(L(I/aj))1!3].
 

~CiYi 'OTHollleHHe (~ciwd 21 (L c2i a2i) (HHTepnpeTHPyeMoe B 3ana4ax 

pa,lJ)10TeXHHKH KaK BbIXO,ZI,HOeI10CJIe JII1HeHHOH o6p a60TKH OTIHOllleHHe 

3Heprl1H rrOJIe3HOrO CHrHaJIa K MOmHOCTH lllYMa). 

2. PaocMoTpHM 60cJ1ee 06mylO 3ana4Y. IlycTb H 3 B e C T H bIlK 0 p

p eJI 51 U II H ¢ JI yK T Y a U!H 11: Yi=:WiX+~i, M~i~j=Bij, i, j= 1, ... , fl. 
3,LleCb 3JIeMeHTbI B i ,io6pa3YIOT HeoTpnuaTeJIbHO orrpe~eJIeHHYIO Icn:M

MleTpl1LIHYlO MaTpHUY B. Pa3JIara5I ee rroco6cTBeHHbIM epyHKUH5IM, 

nOJIYQllM B = FT~F, r,lI.e ~ - nHarOHaJIbHaH MaTpHua C 3JIeMeHTaMH 

(j2i no rJIaBHOH ~HarOHaJIH,a F - YHHTapH35I MClTpIIua Fij : FT = F-1. 
nepexonH K BeKTopaM-CTOJI6uaM W H S 3JIeMeHTOB Wi H ~i, 3a

nHllIeM y=WX+s, B=MsIST. COBeplllHM rrpeo6pa30BaHHe z=Fy= 

=xFw+Fs=xW+l1' r,LLe wi==~FijWj, lli=~Fij~j. HeTpy,lI.HO BHneTb, 
j j 

,> lITO Ml)l)T==MFsSTFT=FBFT=:FFT~FFT=L,TaK LITO 11i HeKOppeJIH
,OlIeBH,nHo, Co 6y,neT paBHo 1 IlJIH 0 B 3aBHCHMOCTH aT Toro, OOJIbWe HJUI MeHbIlle 

pOBalHbI MeJKJ(Y co6oi1 H M't1 2 i = a2i. TaKHM o6pa30M, B Ha6,HIO,lI.eHHflX 
o BbIpa:lKeHHe B KBa,npaTHbIX cKo6Kax. Hac HHTepecyeT .1Hlllb rrepBbII1 ICJIylIall , no- Zi 3a,naLIa iCBOjI,HTC51 K Y)I(e paccMoTpeHHoH, TOJIbKO B epopMY~TJ:e (6.20) 
_aToMy co=lH Tor,na bi=A/()zi. Onpe,J.eJI5I5I I.. ITO 3a)l.aHHoit olllH6Ke a::=xLb2iUzi= 

Hy2KHO 3aMeHHTb Yi Ha Zi,Wi Ha Wi, a a2i IHa (J2i . TaK KaK 
=XAL (l/G2d, Haxo,nIlM ~.z = a/ [xL (l/GZd] . CepOpMy.:111pyeM OKOHlIaTeJIbHbIH pe

3y.rlbTaT. .... 2 2 v I v 

~ Wi IOi = w1' 2: - w == wT FT F B-1 FT Fw =: wT B-1 w,
 
OnTUMaJlbHafl (npu x~ 1) ypOBHfl a oqeHKa napaMeTpa cOBu2a
 

v t) 1 v.fleooHopoOHOU fleKOppeJlUpOBaflHou Bbl60pKU IUAleeT BUG ,)2: Zi wi/crf = ZT L - w = yT FT FB-1 FT Fw = yT B-1.w, 
a; (x) = [1- ~ (~~? ~ (X- ~ Yii~! )2]+ . TO iTIOCJIe COOTBeT,cTByIOme}I nO,ZI,CTaHOBKH B (6.20) rrOJIy4aeM OITTH

x aT ) L: 1/ 0i MaJIbHYIO OUeHKy 

2 • a ~ +B o603Ha 4eHH5IX D-2
c p = nl (L 1/a2i) II if = ac p22 (Yil (na2i)) OIlTHMaJIb Oy(x) = [1- -;- wT B-1w(x-Xy)2J • (6.21) 

HaH oueHKa 3arrHCWBaeTCH 
A 

a; (x) = [1 - ~n2 (x - ;p]+ . (6.19) rAe x y =yTB-1w!wTB-1W (rrOJIe3iHO cpaBHHTb ee C (6.10)). ,ECJIH yqeCTb, 

X0cp lITO !BepHO Mx
~ 

2s =: 1/wT B-1w, T'O oueHKa (6.21) 3aITHCbIBaeTC5I HHa4e: 

OTMeTHM, 4TO rrpH 0Jl.HHaKOBhIX ,lI.HCnepCH5IX ai = a l1MeeM acp =(J H • f~ ;" 2 
~ Oy (x) == [I-(alx) (x- xy )2/M x;]+. 
y=y, rr03TOMY H3 (6.19) 4aCTHhIM cJIyqae~1 6y~eT (6.17). 

0606liJ,eHI1S1 oueHOK 1. 0 u e H K a IT a paM e T pap e r p e C C H II. 
A 

OTl\feTI1M, LITO x y rrpI1 J\;1;i=O eCTb ,neTepMIIHIIpOBaHHaH oueHKa x, 
f'"_''i'" M'r- 0 '---,L.' M-r::'> --; . 1 11 .nyCTb Yi=WiXiSi, £iSj=, t-r-], I;,~i=a"'i, L== , ... , n. epeXO,lI.H MHHHMI13HpYIOman B E,.Tlacce .;lHHeI1HbIX oueHOK eTy OTHoweHIIe «CliT

K HOBhIM Ha6JlIO,lI,eHHHI\f Zi=Yi/Wi=X+ CSi/'wd ==x+lli, M1l2i=a2'dw2i' ,HaJI-IlIyM»: (McTy) 2/M (cTy) 2== (eTw) 2/ (cT Be) . 
3. 0 u e H H BaH H e a M rr Jl II T Y n bI neT e p M H H II P 0 BaH H o-l'vlhI ~BOI,lH~ 33;:r,a4y K (6.19), B KOTOPO}I Y'i 3a~e,H5IlOTCH Ha Zi, a a~i

r 0 iC II r H a III a. IlycTb Tpe6yeTcH oueHHTb xrro ,lI.3HHbIl\f
Ha a2ilw2i. IloJIy4aeTc51 cJIe,lI.YlOlUaH orrTHlVfaJIhHa51 oueHKa: 

fYt=WrX+£t, M~tGt,=B (t, tf), t, t =[0, T],a; (x) =: [1- :!- (~ ~l) (x- ~ YiWi!:f )2]+. (6.20) 
_ x of L: Wi/ oj r,ne B (t, tf

) - KOppeJIHliHOHHaH epyHKUHH rnyMa, 3TO eCTb 5I,lI.pO rro

JIOLKHTeJIbHO orrpe)J.eJIeHHOrO 06paTIIMoro orrepaTopa. OueHKa I1:VleeT 
OTl\1eTHM, Bo-rrepBbIX, LITO OTCLIeTbI Yi HH,lI.eKCa i: Wi == 0 HCKJII04a

TQlflHO rrpIIBe,lI.eHHbIH B (6.21) BHl( C TOrI J1I1Illb p33HHuei1, LITO EBa;:L
l{)TC5!. BO-BTOpbIX, oueHKa 3KBHBapHaHTHa K rrpeo6pa30BaHH5IM C)l)Hl

:paTHLIHble epOPMbI wTB-1W 11 yTB-1w 3al\feH5IIOTCH Ha HHTerpaJlbI 
ra BHna s (x, y) = (x+a, y+wa). B-TpeThHX, rOueHKa (6.20) 6a3H

T T 
pyeTCH Ha g== (~Y([JJi/a2i) / (~WiTa2i) - TaKoH ,lI.eTepMHHHpoBaHHoH wT B-1w= S wtht dt, yTB-1w= S Yt ht dt, 
oueHKe x, KOTopaH MaKcHMH3HpyeT B KJIaCCe JIHHeHHblx oueHOK BH)l.a o 0 
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r,ILe ht IlOJIyqaeTC5I perneHHeM IHHTerpaJIhHOrO ypaBHeHH5I 

J
T	

B (t, i') ht dt = Wt'· 
o 

OTMeTHM, qTO TOqROe 3HaHHe KOppeJI5IIl,JII1 eCTh HeKOTOpa51 H,Uea..,· 

JIH3aUHH peaJIhHhIX 3HaHHH, eCJIH OIlIH6KH HeBeJIHKH. B CJIe,lI,YIOmeM 

pa3,lI,eJIe 6y,ILeT H3YQeHO BJIHHHHe ornH6oK B 3HaHHH KOppeJIHUH~ Ha 
cnoco6hI epOpMHpOBaHHH oueHOK 'H OIlTHMaJIhHhIH BH,IL HX. 

Ou.eHKa aMnJIliTY,JJ.bI CHrHaJla npH KOJle6aHHSlX ero cPOPMbI 1-1 He-

TOlJHblX KOppeJlSlIJ.HSlX WYMa. TIyCTh Yt=WtX+£t, r,lI,e t=t1, t2, ••• , tn 
(HJIM tE)[O, T]), iWt orrpe,ILeJIHeT epOPMY CHrHaJIa, a x -ero aMfU1II

Ty,lI,y. TIYCTh IlIyM £t HM,eeT HyJIeBOe Cpe,ILHee j\tl£t == 0, aero Koppe.J15I

UHOHHaH epYHKUII5I B (t, 't) HeH3B€CTHa H JIe)KHT BHYTPII 3a,U3'HHOrO 

BhlrryKJIOrO OrpaHHqeHHOrO ceMeHcTBa ~: 

M £t ~'t = B (t, 't) E~, T.e. ~/ft~ == V JU~. 
BE~ 

EY,Zl,eM HCK3Th orrTHM3JIhHYlO oueHKy x B ,nOCTaTOtIHOM ,LJ)1H YKa3aHHo11 33,J.atIa 

KJIaCCe rrpaBHJI BH,na 8 (Yt-Wtx). 3arrHIlleM )])151 3Toro pHeK 

II~(a)= 1 ~xM;a(S)+(x-l)MSa(6)+A.MSs~pSa(6+W(X' -x»dx= 

== 1 - % inf Mi a(6) + (x - 1) sup Mi a(6) + Asup M~ Sa (6 - wx) dx == 
B -	 B B 

= 1- x ~f Mi a(S) + (x- 1) a+ A. s~p Sa (6 - wx) dx, 

r,ne HCrrOJIh30B3HO paBeHCTBO .M if CS) =sup:f (5) =t H HH,neKC t y St H 'LVt )l)1H Kpar
KOCTH onymeH. 3a,lI.alla CHHTe3a OnTHMaJIhHOrO rrpaBHJIa 06peTaeT BH,n 

inf sup [1- % Mi a(s) + (%- 1)(3+ Asup Sa (6- w x) dX].
a B - S
 

TaK KaK
 

~;Bl+(l-'V)B2a(s) == sup { L: L [1' B1 (t, 't) + 
t	 't 

+ (1 -1') B2 (t, 't)] Ct , 't: L Ct ~t + ~ }: Ct. -r 6f £,; ~ a(s)}'= 
t t 't 

==1'M~ a(s)+(I-y)MR a(s), O~y~l, 
-	 1 - 2 

TO p'HCK HBJIHeTCH BorHyToll epyHKUHeH B. YtIHThIB3H BblnY'K.TIOCTh H OrpaHUtIeH· 

HQlCTh :ceMeHCTBa ~, MbI MO:IKeM H'HepHMYM 1M cynpeMYM nOMeHHTh MeCTaMH 11 CRa· 

q3JIa OTh1CiKaTh oueHiKY npH 3a,UaHHOH KOppeJIHUHOHHOH epyHKUU:H B (t, 't), 0603HaQ3H 

pHCK IT~, B (8), 3 33TeM, MaKCHI~UI3HPYH pUCK, onpe,neJI'UTh HaHMeHee 6.IIarOnpH5IT· 

Hoe BH .6 H nO,UCT21BHTb B oueHKy. 

OIlTHMaJIhHa51 OueHKa, MHHHMH3HpYlOm aH IT t. B (0), H pHCK ,UJI5I 

Bee 3aiTIHChlIBalOTrCH B MaTplfiqlHOM BH,LLe (npH HenpephIBHOM t JIerXO 

nepenUChIBaIOmHMCH B COOTBeTcTBylOmHe HHTerp aJIhHhle aHaJIOrH): 

T
2A )2/3 ( w B-

l )2J+Oy (x) = 1 - - wT B-1 W X - _ y ,
[ ( 3%	 wT B 1 \IV 

rr~.B (0) = (12 A2 %)1/3/(WT B-1 W)1/3, 
254 

TtU IUPli H€JKOTOpOM A 3TO - epopMyJIa '(6.21), H 6bIJIO IC,LLeJIaHO 1IT.Oe 
nymeHHe, qTO IT~,B(a) ~ 1. Teneph IH3 BbIpa)K€lHH5I ,UJI5I pHCKa BH,UHO, 

rqrO HaUMeHee 6AacOnpUflTHOU BH .6 6yoeT KOppeAfllfuOHHafl epyHK4ufl , 
.MUHUMU3UpY'0U{afl KBaOpaTUt£HylO ¢OPMY: 

WT B-1 W= min wT B-1w.
H.6 

BE~ 

OKOHLIaTeJIhHO onTuhtaAbHafl olfeHKa ypOBHfl a npuMeT BUO (6.21), 
./(,yoa BMeCTO B noocTaBAfleTcfl BH .6 . PaccMoTpHM rrpHMephI TloJIyqe

HH'5I Ta'KHX oueHOK ,ILJI51 pa3JIMqHhIX IceMeHcTB ~. 

I1 p H M e p 6.8. ITYCTh 3a,U3HhI rpaHHUh1 KOppeJIHUHOHHOH <pyHKUHH B (t, 't), 
,8 (t, 't), HBJIHIOr..u.HeCH HeOTpHuaTeJIhHO orrpe,UeJIeHHb1MH H,Up3MH. Tor,lI.a HaHMeHee 

·6JIarorrpHHTHhIM 6y,neT 3HaqeHHe BH .6 (t, 't) =13 (t, 't), COOTBeTcTByIOr..u.ee MaKCHMaJIb· 

HOH: MomHOCTH B (t, t) = 52
t wyMa H M3KCHMaJIbHhIM KOppeJIHUHHM. 

B ,lI.pyroM CJIytIae rrYCTh ~= {B: IIB-Boll~v}, r,Ue HopMa IIBII eCTh MaKCH

'M3J1bHOe cOQcTBeHHoe IIHCJIO onep3Topa C H,npOM B (t, 't). 3,nech Bo(t, 't) eCTh 

iHeKOTopoe npe,UnOJIar3eMOe (oueHOQHoe) 3H3tIeHHe KOppeJIHUHOHHOH <pyHKUHH, a 

·v - BeJIHIIHHa OIllH6KH. B .9TOM cJIytIae 

Tmin w B-1 w == wT (80 + v 1)-1 w, 
"B-BolI~v 

T,ne I - eUHHHQHhIH orrep3Top, cooTBeTcTByIOr..u.HH RUPY B BH,Ue ,lI.e.r1hTa-<pytHKUHH 

.,AHpaKa. 5!.rr.po v I HHTepnpeTupyeTcH rKaK KOppeJIHUHOHH3H <pyHKUHH «6eJIoro illY· 

,Ma» crreK11paJIhHOH HIHTeHCUBHOCTH v. D03TOMY cyMMa 8 0 +v I paBHOCHJIhHa ,no6aB· 

JI€HHIO K <pJIyKTyaUHHM «6eJIoro wyMa». TalKHM o6pa30M, oUlu6Ka B 3HaflUU Koppe

IlRl{UOflflOtt ¢YflKl{UU ¢AYKTyal{uu KOMneflcupyeTcR npu6aBAeflueM 806a8Ku B 8u8e 

·«6eAoco UlyMa» (no,Uo6HhIH BhIBO,U, eC.TIH BcrrOMHHTh, MhI YiKe rrOJIylIaJIH B 33,nalle 

<pHJIhTP3UHH KOHua § 5.5). 

Teneph 06CY,lI,HM TOT CJIyqaH,Kor,Ua HeTOqHO H3BeCTHa ep)"HKUHH 

,Wt, aIIpe.neJIHlOll~aH epOPMY rrOJIe3HOrO ICHrUaJIa. OueHKa (6.21) y)Ke 

He 6YAeT B 3TOM CJIyqae OIlTHMaJIbHOlI, TaK 'KaK ORa npH3hlBaeT K 

JIHHeHHOH o6pa6oTKe Ha6JIIO,UeHHH yt, TOr,lI,a Ka'K rrpM 'HeTOqHO H3BeCT" 

HOM CHflHaJIe He HCKJIlOqeHO,qTO CJIeJI.yeT IlepeHTH K HeJIJ1IReHHOH 

o6pa6oTKe. TIo KpaHHei1 Mepe, oueHKH BH,lI,a r[CO-~~Cij(Yi-X) X 
X (yj-X)] + YfKe He 06pa3yIOT ,UOCTaTOqHOrO K.lIacca. TeM He MeHee, 

eCJIli II3MeHeHHH CBTHaJIa l\1aJIbI no cpaBHeHHIOC HeKOTopbHvl rHIIOTe

THqeCKHM 3HaqeHHeM ,WOt, TO Bee )Ke MO)KHO OrpaHHqHTbCH JIHHeHHbI
o 

MH oueHKaMH, nO,lI,6npaH B x y = cTy 3\HaqeHHe c TaKHM 06pa30M, QTO

6hI Ma'KCHl\1H3HpOBaTh OTHorneHHe CHfHaJI-wyM Ha BhIXOJle ¢HJIhTpa 

JlHHeHHOH o6pa6oTKH npH HaHMeHee 6JIarOnpHHTHOM OTKJIHKe Wt, 
T.	 e. pernaH 3a,ILaqy 

max min (eT W)2/eT Be rrpH eT w ==- 1. 
e WEY/ 

IT p H M e p 6.9. flycTh Wt MO:IKeT KOJIe6aThCH OKO.no 3HatIeHHH W
U 
t, T3K QTO 

Hw-woI12=~ (Wt-WOt)2~~2. Tor,U3 

t 

min (eT 
W)2 = min (~ Ct Wt)2 = (2: Ct w~ - "CI[~)2 == (eT 

Wo -I/cll ~)2, 
wEPI/ Ilw-wolI~~ 
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rne MHHRMyM nOCTHrae'J'ClI npR Wt=wOt-CtL'i/llcli. MaKCUMU3aUlll1l no c OTHoweHIHII 

CUrHaJI-wyM (cTwO-llcllL'i)Z/cTBc BeneT K 3Ha'leHUIO 

c* = (B- VI)-I w/wT (B - v I)-I w, 

rne v HaXOnUTClI KaK peweHue ypaBHeHlIlI vZwT(B+vl)-Zw=L'iZ. 

TIPH HerrpepbIBHOM 'BpeMe,HH t CYMMbI 3aMeH5IIOTC5I oRa H'HTerpa.TIbI, 

a MaTpHqHble 'Bblpa)KeHH5I - Ha HHTerpaJIb'Hble aHaJIOrH. 

TaKHM 06pa30M, flallU'lUe KOlle6aflUU CUimalla 8 clly'lae IlUfleu

HOU o6pa6oTKU KOMneflcupyeTcfl 88eiJefllleM iJonollflUTellbflOZO adiJu

TU8flOZO ,«6ellozo myMa» cneKTpallbflOU UflTeflCU8flOCTU Vi. TIOJIe3HO 

IlPOB€CTH 'cpaBHeHHe c rrpe)].bI)].ymHM rrpHMepOM, r)].e TaKa51 )Ke 1l,O

6aBKa 51B.TI5IJIaCb CJIe)].CTBHeM 'HeTOqHOrO 3HaHH5I KOppeJI5IU'HOHHbIX 

CBOMCTB WYMa. 

6.4. OU.EHHBAHHE nAPAMETPA C)J,BHrA no MOMEHTAM
 
H rAPMOHHlJECKHM CPE)J,HHM
 

OueHHBaHHe rro MOMeHTaM. KaKOBa 6yneT oueHKa rr~paMeTpa x 
rro Ha6JIIO)].eHH5IM Yi=x+1;i, i= I, ... , n, Kor)].a H3BeCTHbI MOMeHTbI 

60JIee 'BbloOOKHX, 'leM rrepBoro H BToporo rrOp5l)].IWB? Tor)].a BH)]. Ol\eH

KH, IB '06m€M, 6y)].eT OTJIHqaTbC5I OT yceqeHHOM CHH3Y rrapa60JIbI, ha

KOBOH OHa HBJI5IJIaCb BbIwe. Haq'HeM c rrpHMepa. 

TIpuMep 6.10. )J,onycTuM, 'lTO UCXOnHbIMU nJIH S HBJIHIOTCH: MS3iS 'j=0, 
i=r!=j, Ms6 i =lnG. Torna npu x~1 nOCTaTO'lHbIM 6yneT CJJeAYlOmuH KJIaCC oueHOK: 

o(s) = [co-Cj~~S3iS3j-CZ~;6d + (,KY.I\a .l\JIHnOJIYlJeHUlI Oy (x) Hy)KHO nO.l\CTaBUTb 

i ""j
 
;i=Yi-X). B lJaCTHOCTU, K .3TOMy KJIaccy OTHOCUTClI oueHKa BH.I\a
 

a(6) = [1- (fa/L'in)Z]+, €3 = ~Wn, 

KOTo~aH 3aMeHOH ;3i =1']i BbIBO)j,UTCH U3 (6.18), npUlJeM M1'ji=O, M11zi=lnG. 110

.3TOMy .l\JIH ¢uKcalluu ypOBHH nOJI)KHO 6bITb L'i n = y XlnG/ (an) . ECJ1U B TOH )f{e 

caMofl 3ana'le nOrrOJIHUTe.1bHO H3BeCTHbI rrpOMe)I<yTO'lHble MOMeHTbI (BnJIOTb .1\0 

weCToro), TO, KaK MO)KHO 6yneT BH.I\eTb U3 cpaBHeHUH CO CJIenylomHM npHMepOM, 

60JIee XOpOWHMU MoryT OKa3aTbCH OlleHKU BUna [1-((/6) 6] +, TaK 'lTO qJopMa 

olleHOK BO MHorOM orrpe.l\eJIHeTCH BH.I\OM UCXOllHblX (nepBH'lHbIX) npH3HaKOB. 

TIepeMJJ:eM OT irrpHMepa K ·06meMy CJIyqaIO. TIYCTb OrpaHHqeHHblMH
 

5I'BJI5IIOTCH MOMeHTbIBnJIOTb )].0 rrOp5l)].Ka 2k. 3a)].a)].HMC5I OueHKaMH
 

'BH)].a
 

0(1;) = [1 - (~/f1n)2kl+, k = 1,2, ... , (6.22) 

H Ha30BeM HX 04eflKaMU CTeneflflOZO Tuna. KaK <PYHKUH5I rre,peM€HHOM
 

x oueHKa CTerreHIHorOBu)].a iJ(y-Ix) rrpHk> I y)Ke 'He rrepeBepHyTa51
 

I BrrepBble nOKa3aHo B CTaTbe: KY3HellOB B. TI. 0 CUHTe3e JIHHeHHblX 06Hapy)KU

TeJIeH npH HeTOlJHO 3a.l\aHHOM CUrHaJIe U HenOJIHOCThlO H3BeCTHbIX CBoHcTBax HOp

MaJIbHOro wYMallPa.l\UOTeXHUKa H .3JIeKTpOHuKa. -1974. - NQ 12. - C. 2529
2538. 
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, .~ ... 
Puc. 6.4. OueHKH CTeneHHoro Tuna 

:>::.•
& 

60JIee TynaH, qeM napa60JIa y BepwH

HbI, II 60JIee KpyTO cna)].aIOma51 y oc

HOBaHIfH, KaK 3TO nOKa3aHO Ha pllC. 

6.4, TpaHc<popMHpYJ<?ma5lc5I npH k-+ J ; I .1 L 
-+00 K HH)].lIKaTopHoH <POp Me, T. e. )].0- :r 
BepHTeJIbHoMy HHTepBaJIy. 

BeJIHqHHa 2f1n - pa3Max oueHKH y OCHOBaHH5I. OqeBHJJ:HO MiJ (6) ~ 

yceqeHHaH CHH3Y rrapa60JIa, a KpHBa5l, 

~1_M€2I<f~2hn (TaK KaK iJ(z)~I-,(Z/,f1n)21<),J\1iJ(6)~1 (TaK KaK 

o(z) ~ 1), tOT'KYiJ,a npM x~1 ;HMeeM 

aX (0) = I - x M 0+(x - I) M 0 ~ x 1\.1 ~ 21</ f1~k. 

Tenepb, 4T06bI ypo'BeHb aX(o) oueHKH 6bIJI He 60JIbWe a, 'Hy}l{HO 

6paTb~n~ (xM~21</a)1/21<. nJI5I orrpe)].eJIeHHH pa3Maxa oueHKH f1n HY}l{

HO 3HaTb M~21'. B CBOIO 04epe)].b, )].JI5I HaXO)K)].eHHH M€2k, KaK 3TO CJIe

,'!.YeT H3 HepaBeHCTBa M€2h~1; ... 1; 1M l1;i ". 1;i I< /n21<, ,ll.OCTam4HO 3HaTb 
1 

CMeWa'HHbl,e MOMeHTbI 'BHJIOTb )].0 iIIOp5l)].Ka 2k. 
4T06bl rrOJIyqHTbco)].ep}l{aTeJIbHble pe3YJIbTaTbI, Hy)l{HOc)].eJIaTb 

npe)].,rro.nO}l{e'HH5I OTHOCHTeJIbHocyme'C'l'BOBaHHH MOMeHTOB. XapaKWp 

3THX npe)].nOJIO}l{eHHM H HX BJIH5IHH5I Ha pa3Max oueHKH yCTaHoBHM 

C'HaqaJIa Ha 'npHMepe. 

TI p H M e p 6.11. TIYCTb k=2. Torna .l\JIH He3aBHcHMoH cUMMeTpU'lHOH nOCJIe

,lI.OBaTeJIbHO~TH C KOHe'lHbIM lJeTBepTbIM MOMeHTOM: 

r0 rrpH i 1 =1= i 2 , i 1 "" itl' i 1 "" '4' 

IMI~· 1:. 1:. ~. = J 04 npH i 1 =iz ~ i a =i4 ,1. 1 '01. 2 '01. 3 1. 4 )

l 1n4 rrpH ii = i 2 = i a = i 4 , 

r,ll.e OZ=MSZi, iii,=Ms';. OTCIOna HMeeM 

M~4~ m4 + 30
4 
(n-l) L'in~~[~( 1n4 + 304(n-l) )]1 /

4 
n n ' Vn ann
 

AHaJIOrHlJHO, eCJIH k = 3, TO
 

M~6~+( nm6+C~n(n-I)~az+n(n-I)(n-2)a6 (2!~~3! ). 

1 [X (m6 2n - I -- (n-I)(n-2) _)]1/6
tJ. ,,;:::-- -- --+C --m oZ+15 0 6 

n "'" , /- 2 6 2 4 nZv n a. n n 

3necb BU.I\HO, 'lTO 'leM 60JIbWe n, TeM B MeHbweH MepeBJIHHIOT BeJIU'lHHbI cTap

WHX MOMeHToB Ha WHpHHy ou,e'Hl{Jol (6.22). TIPH n-+oo cymeCTBeHHblM OKa3bIBaeTCH 

JlHWb 3Ha'leHUe BToporo MOMeHTa oz. I 
C~eJIaeMrrpe)].rrOJIO}l{eHH5I. OYCTb k - HeKoropoe ueJIoe 4HCJIO 

If 06paTHMCH K oueHKe CTeneHHoronma (6.22). CqHTaeM 6i O,ll. H 0
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p 0 .rr. H 0 I1 II OC JI e .rr. 0 BaT e JI h iH 0 C T h 10 C II M MeT p II '1 H hI X e. B., 

y 'KOTOpOI1 nhk = MSi2.k< 00. nJI5I 'Hee Ms i 2. j -l=O IIpl1 j= 1, ... , k, 11 

m2jKOHe'lHbI IIpH j ~Ik. HY)l{HbI TaK)I{e npe,l1,'nOJIO)l{eHI151 OTHOCI1TeJIbHO 

H e K oQ;p P e JI H P 0 BaH IH O'C T HM e )I{ ,11, yeo 6 0 I1 'C Ten e .'H e II 0 T

e '1 e T 0 B, a HMeHHO, C4HTaeM IMIS{l S~2 ... Sj,n =O,eCJIH He'le11HO XOT5I 

6hI O,l1,HO ji', r,l1,e jinpHHHMa10T l1,eJIbIe 3Ha4eHI15i OT °,11,0 '2:.ji~2,k (Tpe

6yeMa51 HeKOppeJIl1pOBa'HHOCTb 6y,l1,eT, eCJIH Si He3aBHCHMhI H CHMMeT

PH'l'HbI). Tor,l1,a ,I1,JI51 paC'leTa l;iI(2.h, a OTC1O.rr.a H ,I1,JI5i paC'leTa OWH6Kll 

a" (a) =xM~2.kl!i2.hn Ol1,eHKH (6.22) y:vreCTHO BOCnOJIb30BaTbC51 ,I1,onpe

)l,eJIblHOrlep'OpYlyJIOH (3.11), 3 B aCHMnrOTHhe npa n-+oo - ,yTBep)K

.rr.eHHe;VI 3.11, ,corJIaC,HO KOWpOMy lim M€2.1J n" ~(J2k (2,k) !I (k!2h). 
t1~oo 

OOlll:CTaoBJI5i51 n'pa'By1O 4aCTb B oWH61Ky H npl1p8B,HHIBaH noc./le,J.

H1010 a, H3XO)l,HM 3CHMTlTOTH4eCKoe 3Ha4eHHe pa3MaXa!in Ol1,eHKH 

CTel1eHHOrO 'Ulina, HOpiMYipOBaHRoe MHO)l(IHeJIeM Vn: 

~im!in -yn= a [X(2k)! ]1/2k (6.23) 
~oo -, ;-2 !IV a,~. 

06paTHM BoHHMaHHe, 'ITO IIpH n-+oo pa3Max!in YMeHbWaeTC51 

npOIIOpl1,HOHaJIhHO I/Vn, TaK KaK IIpaBa51 4aCTh OT n He 3aBHCHT. 

K.aK epYHKI1,H514HCJIa k IIpaBa51 4aCTh HMeeT 5lBHO Bhlpa)l{eHHhIH MH

HI1MyM, )l,a1OIUHI1 HaHMeHbWH'I1 pa3Max Ol1,eHKI1 npl1 )l,3HHOM ypoBHe a. 

::ho pO)l{)l,aeT 3a)l,a 4Y aCHMIITOTI14eCKH (npl1 n-+oo) OIITHMaJIhHOrO 

BbI60pa 'lI1CJIa k, T. e. '110)l,CTp.aHKe epOpMbI Ol1,eHKH JIO na'paMeTpy k 
B paMKaxcTpyKTyphI CTeneHHor.a TI1IIa (6.22), K 'leMy 11 IIIepeH)l,eM. 

ACHMnToTH4ecKaH nO,l1,CTpOHKa Ol1,eHKH CTeneHHoro THna. C'lHTaeM 

Si ,cHMMeTpH''l!HbIIMH, o:rp61HH4eHIHbIMll (IlI013TOIMY ,oYIUecTBy1OT MOMe'HTbI 

JIl06hIX :nOip5l)l,'KOB) 11 He3aBHCHiMbIMH. B 'pe3lyJIbTaTenpH JI1060M l1,eJIOoM 

k 6y)l,yT BhIl10JIHeHhI npe)l,nOCbIJIKll ¢OPMYJIbI (6.23), )l,a1OIUeH aCHM

IITOTll'leCKOe IIpH n-+oo 'Bblpa)l{e'HHe )l,JI51 ,pa3Maxa Ol1,eHKll CTeIIe'HHO

ro TllIIa. 

lllllpl1Ha orr:eHKH (6.22) IIOJIY4aeTc5I HHTerpllpoBaHHeM 

~n 2k 
Qn (0) = S [1 - (xl!in) 2k] dx = 2 !in 2k + 1 

-~n 

Oo.rr.CTaHOBKa C1O)l,a 3HalJeHIl51 !in H3 (6.23), 06eCnelJH'Ba1OIUero no 

KpaifHeH Mepe aCI1MoIlTOTH'leCKH ypoBeHb a, IIpllBO)l,HT K BhIpa)l{eHH1O 

)l,JI51 aCUMnrOrU'leCKU l-WpMUpOBaHHou UlUpUHbl 

Q* = lim Q (0) Vn = V2 a[X (2k)I I/2k ~ . 
n 

no+oo _ u kl J 2k + 1 

OOCTaBHM 3a)l,a4y BhI60pa TaKoro k, IIpll KOTOpOM )l,OCTlIraeTC51 

MHHHMyM IIpaBOH lJaCTll. Ee peweHHe - cepepa 'lHCJIeHHhIX MeTO)l,OB. 

Ho Ha Ka'leCTBeHHOM ypoBHe BIIOJIHe nplleMJIeMhI H aHaJIllTHlJeCKlle, 

BOCIIOJIh30BaThC51 KOTOPhIMll n03BOJI51eT epopMyJIa CTll'pJIlmra: 

(40:", '-'r··· 

k! "'" ('k/e) k V 2:rtk. nO)l,iCTaHOIBKa ee Ha Meno <:paKTOpllaJIOB B Q* 

.rr.aeT :
 

Q =2a(V2x/a)1/2k y2k/e ~
 * 2k+ 1 • 

a MHHHMH3al1,HH no k Be,lI.eT K ypaBHeHH10 la=k(2k+3)/(2k+l), r,lI.e 

l$ =In (11 2x/a), peweHlle hOTOporO eCTb k* = 10./2- 3/4+VI
2

a -
3/ o. / 

2+ 
+972. HY)!(HO B35ITb 6mDK8Hwee l1,eJIoe K HeMy 3Ha4e,HHe \[ k*], no,l1,

CT3HOBKa 1\0TOpOro B Q* ,lI.aCT aCHMnroTH4ecKHHopMHpoBaHHy1O WH

PHHy OU
eH

.!5H (6,22). Ee nplc\Be.ueH'Hoe (K e,lI.I1HHlJHotl )l.HCnepclIH) 3Ha

4el'me Q*/a npH x= 1 'CBe)l,eHO B Ta6J1Huy ,lI.JI51 cpaBHeHHH c npH'Be

;r.eH WHpHHOH 2dr1(1/2-a!2) ,lI.OBepHTeJIbHOrO HHTepBaJJa HOp
HOH 

MaJIbHOrl Bb16opl\H npHMepa 6.5. OpHCOCTaBJIeHlIH Ta6JIHUbI 6paJIlICh 

no 04epe,lI.H ueJIble 3Ha4eHHH k'" = I, 2, ... , no HHM HaXO,lI.H.'lIICb la, 
3aTeM a (onTHyta~bHble ypOBHH, cooTBerCT'BylOw. l1e 3anaHHo\01Y k~) H 

Bbl411'CJlHJIHCb Q,."ja, a napaJIJleJIhHo,J.JIH cpaBHeHHH Haxo,J.HJIHCb 

2cD- 1 (1/2-ai 2). 

I 65
1 2 3 \ 4CTeneHb ou,eHIUI I \ I I 

I 0,267 I 0,086 I 0, 03 1 0,01 I3,84.10-' 11,4.IIr.
OTITHMaJIbHblH ypoBeHb 

6.3 6.9 
1 3,9 14, 8415. 62 \PaCTIJIblB'IaTOCTb Q./a \ 2.62 \ 

5,76 6.4 
\ 2.22 \ 3,44 \ 4, 36 \ 5, 08 \2<D- ' (l/2-u/2) \ 

MbICJIb, npOBO)l,HMa51 HaMI1 H nO)l,'KpenJIeHHa51 Ta6JIl1ueH, BOT B 

lJeM. Opa yBeJIH4eHH'1I n HOpMHpOBaHHa51 ,cyMMa '2:.£dVn orpaHIl4eH

HOrI CI1MMeTpH4HOH He3aBHCHMOl1 nOCJIe,lI.OBaTeJIbHOCTH C. B. B COOT

BeTCT13I1H C u elIT pa,lbHOli npe.ueJIbHOH TeopeMoH 3,16 )l,OMKHa cxo

)l,IlThC5I K HOpMaJIbHoMy 3aKoHy, 3TO epaKT. Ho Tor,lI.a ·cJIe)l.yeT O)I<H

,lI.aTh, 'ITO liIHpHHa oueHi<H (6.22) TO)Ke ,lI.OJI)I{Ha npH6JIrDKaTbCH K 

Wl1pHHe ,lI.OBep"Te.lbHoro HHTepBaJla ,J.Jl51 HOpM3JlbHOii nOCJIe,J.OBa

TeJJbHOCTII Si (cyMMa KOTOpbIX, Ea!\ H3BCCTHO, TO)lZe HOpMaJIbH8). 3TH 

OiIOI,lI.aHHH, EaK HBcTByeT 113 Ta6JIHUbl, nOJIHOCTb1O OnpaB,lI.bIBaIOTCH. 

OnpaB)l,bIB31OTC5I H ,lI.0!Za3bIB81OT npHHUHnH3JIbHY1O B03MO}KHOCTb no

JIYlJeHI151 l\a4eCTBeHHbiX oueHOK npH hpai1He CKy,J.HbIX 3HaHHHX 0 cPJIyK

TyaI1,H51X £i. OTCyTcTBHe )!ze nOJIHOrO COBna.neHH51 06'bHCH51CTCH TeM, 

'ITO H3 npe,ll,eJIbHbIX CBoikTB cyMMbI '2:.Si «BblxBaqeHbI» TO./lbKO MO

MeHThI, ,lI.a H caM a Ol1,eHKa no nOCTaHOBl\e 3aKJIlO4eHa BHyTpH cPOpM 

CTeneHlHoro TIIIIa. EUI,e Ba)KHO, 'ITO HaWI1 oueHKI1 «'BflHTbIBa1OT» B ce

65'1 Bce HMe1OIUHeC51 H cJIenYIOw.He H3 HHX naHHble, ,lI.aiKe n0604Hble. 

I1.cnOJIb30BaHI1e ,lI.onpeLl,e.nbHblx 11 npeAeJIbHbIX pe3YJIbTaToB. °PII

cTynHM K 60.lee MeTo;UI 4HOM Y npHBJlelJeHHIO ,lI.Oflpe,lI.eJIbHbIX H npe

,lI.eJIhHhIX pe3YJIbTaTOB r JI. 3 )l,JI51 CHHTe3a Ol1,eHOK. B IIpeAb1nyIUHx 
~59 

9* 258 



.uByX pa3.ueJIaX p3CCMaTpHBaJIH>Cb TOJIbKO 'CTerreHHble rrpH3HaKH CYMM 

11, Ka'K CJIeLJ.CTBHe, MOMeHTbI. B TO )I(e BpeMH He HOrrOJIb30BaHbI LJ.aH

Hble 0 rapMOHHlJeCKHX rrpH3HaKax, B03HHKalOIUHe rrpH CYMMHpOBaHI1H 

He33BHOIMbIX C. B. 'COrJIaCHO HCCJIeLJ.OBaHHHM rJI. 3. 
ITpe)KLJ.e lJeM 'BblCKa3aTb c006pa)KeHHH Ha 3TOT ClJeT, CLJ.eJIaeM 

He60JlbwyJO oCTaHoBKy, lJT06bl pe3JOMHpoBaTb xapaKTepHble CBOI1cTBa 

nOJIYlJeHHblX Bblwe Ol../,eHOK napaMeTpa C1I,BHra x. Bo-nepBblx, Ol../,eH

KH Oy(x) 5lBJIHJOl'C51 epYHI\l../,H51MJI Si=Yi-X, 'lTO paBHOC,I1JIbHO JIX 31\BI1

Bapl1aHTHOCTH K npe06pa30BaHH51M CLJ.BHra: Oy+la(x+a) =Oy (x) = 
=o(y-lx)=o('g), ITepBOnpH'lHHa Tal\OrO CB01~!CTBa B TOM, lITO JIJO

6ue 3Ha'leHH51 x HaX01I,RTC51 B 01I,HHaKOBOM no npHBI1JIerHRM anpl1op

HOM nOJIO)l(eHI1H, eCJIH LJ.aHHbIX 06 x HeT (LJ.aHHble, CXa)l(eM, 0 LJ.Ha

lla30He 3Ha'leHH1'1 x YMbIWJIeHHO MO)l<HO HrHopHpoBaTb C ueJIbJO LJ.OC

TWlb yrrpoIUeHH1'1) H eCJIH WKaJIa paCnJIbIBlJaTOCTH He B3BeweHa. 

BO-BTOPbIX, .llJIH O.!lHOpO.il,HOii BbI60PKH Yi = X +Si iHa6JIJOLJ.eHH1'1 oueH

Ka 5l'BJI51eTC51 epYHKl../,He1'1 CYMMbI ~Si 'KaK rrOCJIeLJ.CTHI1e CHMMeTpHIH 3a

.ualJH K irrepeCTaHOBKaM Ha6JIJOLJ.eHH1'1, B pe3YJIbTaTe Bce ,Ha6JIJOLJ.eHHH 

OKa3bIBaJOl1C51 OLJ.HHaKOBO paHHOl../,eHHbIMH ylJa'CTHHKaMH B nOHCKe 

CKpbITOrO x. 
H, HaKO'H,el../"caIMoe Ba}.K1Hoe B IHaCT051IUH1'1 MOMetHT, lJTO 'OUEllHKH 5l'B

JI51JOTC51 epYHKUH51MH He npOCTO CYMMbI, a HOpMup08arlfWii CYMMbl ~n. 

3TO JIH60 CpeLJ.Hee apHepMeTHlJeCKOe S B OueH'l(e (6.17), KOrLJ.a LJ.aH

HbIX 0 KOppeJIHUHHX Si HeT, JIH60 HOpMHpoB3HHaH cyMMa ~V n= 
= ~sdV n, eCJIH Si 'HeKOppeJIHpOBaHHaH HJIH He3aiBHCHMaH o.uHOpOLJ.

HaH nOCJIe1I,OBaTeJIbHOCTb. IToCJIeLJ.Hee JIerKO BbITeKaeT H3 (6.22), 

(6.23), eCJIH ylJeCTb, lJTO oueHKa 3aBHCHT OT OTHoweHHH (/,I'J.n , a pa3

MaxI'J.n inponopUHOHaJIeH 1/ V n. ''!'.3i.I"c, 

B 06meM, oueHKH 3 a'rrHCbIBaJOTCH: Oy (x) = V (~n), r.ue v (z) e,CTb 

HeKOTopaH YHHMOLJ.aJIbHaH CHMMeTpHlJHaH epyHKUHH Z, paBHaH 1 npH 

z=O II cnaLJ.aJOIUaH K 0 npH 011KJIOHeHI1II Z OT O. HHT,erpaJIbHaH 

Wl1pHHa 'epyHKUHH v (z), a LJ.JIHHe3aBHCIIMbIX epJIyKTyaUH1'1 'C nonpaB

1(01'1 Ha MHO)l(IITeJIb 1/ Vn .ilaeT paCnJIbIB'laTOCTb oueHKH. B yrrOM51

HyTOM cJIyLJae Sn=€Vn= Cy-x) Vn II 

SOy (x) dx = Sv«y - x) in) dx = S v (z) dz/Vn. 

B apryMeHTe epyHKUHH v (Sn) CTOHT HOpMIIpOBaHHaH cyMMa ~n, 
B nOBe.ueHHH KOTOp01'1 BbILJ.eJIHel'CH TO, lJTO \;n npH YBeJIH'leHHH n CTa

6HJIH3HpyeTcH KaK CJIylJa1'1HaH BeJIHlJHHa, T. e. He Bblp0)l(LJ.aeTCH HH 

K HyJIJO, HH K 6eCKOHeLJHOCTH. Y.il06HO npe.uCTaBJIHTb Ice6e C. B. Sn, 
KaK 6y.uTO COBepwaJOIUYJO O"paHIIlJeHHble KOJIe6aHHH B .ilHarra30He, 

MeHHJOmeMCH npH YBeJIHlJeHIIH n HecymecTBeHHO, B TO BpeMH, KaK 

cpe.uHeCTaTHCTIILJeCKIIe .uaHHble 06 \;n npeTepneBaJOT II3MeHeHIIH, .ua 

eI:l{e ,KaK'IIe! 533Y H'C,CJIeJJ.Od3aHHH,M,LLaeT nL 3, r,lI;e ,HoKa3alH0, lJ110 HOp

MHpoBaHHaH ,cy\MMa ,oo06pa3RO HCX()\,LL'HbIM ,LL3HHbIM 'CTpeMIJT,CH K 

pa3HbIM no wIIpIIHe Mo.ueJIHM, nepBHtIHUMII .uJIH KOTOpbIX H'BJIHJOTCH 
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CTeneHHble II rapMOHHlJeCKHe npH3HaKH (BnJIOTb .ilO HOpMaJIbHo1'1 H 

liHTeplBaJIbHo1'1 HOpMaJIbHo1'1 MO,LLeJIe1'1). 3,LLeCb HHTepecHo 'HanoMHHTb, 

4'fOC,B~eHHH 0 CTe,neH,HbIX 11 rapMO'HH4ec.Klix 'IlpH3lHa'Kax CylM.M 1;n 
B03HWKaJOT 11 YTOlJH5IJOTCH ,LLa)Ke TOr,LLa, KOT.ila nOXO)l(HX .ilaHHbIX 0 

cJIaraeMbIX ,BpO.ile 6bl Ii He6bIJIo. 
CKa3aHHoe HaBO.ilHT Ha MblCJIb .ilJI5I He3aBHCIIMbIX epJIyKTyal../,HI1 Si 

nplH paClJeTe OWl16KH OueHIU! a('g) = v (Sn), \;n = 2:sd Vn: 11 CHHTe3e 

OrrTHMaJIbHo1'1 Ol../,eHKH l\aK MO)KHO WHpe nOJIb30BaTbCH LJ.aHHbIMH 0 Sl1' 

npeLJ.OCTaBJI5IeMbIMH ,LLOnpeLJ.eJIb~bIMH H npe,LLeJIbHblMH TeOp~M~MH~ B 

BH)le CpeLJ.IHHX CTene:HHbIX MSh n H rapMOHII'4eClKHX M Sin U~n, 

M,cos USnrrpH3'HaKOB, 'B35ITbIX 3a ,nepBH'lHble LJ.JI51 \;n. ITPH 3TOM BpOLJ.e 

6bI «3a6bIBaJOTC5I» I1CXOLJ.Hble LJ.aHHble 0 epJIYl<Tyal../,li5IX nOCJIe TOrO, KaK 

OHH 6bIJIH HCnOJIb30BaHbI )lJI5I nOJIYlJeHH5I He06xo)lHMbIX 'CBe,LLeHH1'1 OT-

HOCliTeJIbHO 1;n. 
Tenepb 'paC4eT OLllH6KH 6y,LLeT OCYIUeCTBJI5ITbCH TaK: LJ.JI51 BbIlJHC

.JIeHH5I May (x) =Mv (Sl1) epYHKl../,H5I v (z) Ma)KOpHpyeTC51 nOJIHHOMaMH, 

CMeCbJO rapMoHHK HJIH TeMH, H .upyrHMH, a 'npH paClJeTe May (x) 
(cooTBeTicTIBYJOIUeii BepxHe1'1 ,owH6Ke), Hao60pOT, Ma)l(opHpyeT HX B 

COOTBeTCTBHH C 06IUHM npHHl../,HnOM npOLJ.OJI)I(eHHH Cpe,LLHHx. A eCJIH 

BcnOMHHTb npHHl../,Hn )lOCTaTO'lHOCTH, epOpMyJIHpyeMbIH TeopeMoH 6.1, TO 

1) (z) H BOHce caMa ~OJI)I(Ha 3arrH'CbIBaTIYCH B BHLJ.e ,CTeneHHoro p5ILJ.a, 

ra'pMOHHlJeCKOI'O p5ILJ.a <pypbe HJIH nOJIYlJaTbCH ,CMeweHHeM Toro II 

)l,pyroro. TalK, 'B 06w,'eM-TO, II LJ.eJIaJIOCb 'B npe)lbILJ.ymeM pa3LJ.eJIe, HO 

TOJIbKO )lJIH CTeneHHbIX npH3HaKoB. HaM )l(e npe)lCTOHT 31'0 llpO)le

,.JIaTb eIUe H ,LLJIH rapMOHH'leOKHx. 

3 a M e lJ a H H H. 1. Hy)l(HO OTMeTHTb, lJTO oueHHBalme 110 LJ.onpe

)l,eJIbHbIM HepaBeHCTBaM II npe)leJIbHbIM pe3YJIbTaTaM HeJIb3H Ha3BaTb 

C.QB>CeM OnTHMaJIbHbIMH XOTH 6bI nOToMy, lJTO Mbl «336bIBaeM» .uaH

!Hble 0 Si H nOJIb3yeMcH TOJIbKO TeM, 'lTO Y3HaeM no HHM 0 'Sn. H )la

JIee, XOTH no ,lI,aHHbIM 0 \;n oueHKa 'CT,pOWflCHHaHJIylJWHM 06pa30M, 

HO TaKHe oueHKH 'BiCe )Ke T041Hee Ha3BaTb KBa3HorrTHIMaJIhHbIMH, a 

npII n-+oo - acuMnTOTU'l.eCK.U onTUMaAbHblMU. 

2. HOpMHpOBaTbC5I cyMMa ~£i B oueHKe v (\;n) iTIpH He3a,BHCHMbIX 

¢JIyKTya U H5I X He 065I3aTeJIbHO LJ.0JI)I(Ha K03epepHUHeHToM 1/ V n, 3TO 

MO)l(eT 6bITb H l/n, eCJIH )laHHbIX 06 OT,lI,eJIbHbIX CJIaraeMblX nOlJTH 

HeT. 

CHHTe3 KBa3HOnTKMaJIbHWX OIJ,eHOK no rapMOHHlJeCKHM cpeAHHM. 

ITYCTb si,i= I, 2, ... , 11, - O)lHopOLJ.Ha5I nOCJIe~OBaTeJIbHOCTb He3aBII

CHMbIX c. B. H rrYCTb a('g) =v(\;n) eCTb oueHKa napaMeTpa C)lBHra, 

r.ilesn=~sdVn- 'HOpMHpOBaHHa5I 'cyMMa. <pYHKIJ,HJO v(z), 'ClJHTa5I 

ee cHMMeTpH4Ho1'1 no OTHoweHHJO K HaLJaJIy KOOpLJ.HHaT, 3anHweM lJe

pe3 >TIpe06pa30BaHHe <PYPbe V (u): 

v (z) = 
00

S V (u) cos (uz) du, V (u) = -' 
00

f v (z) COS (uz) dz, 
-00 2:rt -00 

3TO npHMaH H 06paTHaH epOPMYJIbI rrpe06pa30BaHHH <pypbe. 

261 



PaCKJIa,n,bIBa51 V(U)=V+(U)-V-(U) Ha nOJIOMHTeJIbHYlO H OTpH

uaTeJIbHYlO lIaCTH, HMeeM 

M v (~n) ;> SV+ (u) M cos (u ~n) du - SV- (u) M cos (u ~n) duo 
- u - U 

MbIBH,n,HM, lITO oWH6Ka a(0) ='I-Mv (Sn) oueHKH 'BbI'PaMaeTC5I lIe

pe3 ra'P,MOHHlIeCKHe cpe,n,HHe M 'cos (USn) H M COS (USn) 'HOp,MHpOBaH

HbIX 'CyMM. LLaHHbIe rapMOHHlIeCKHXCpe,J.HHX ,n,OCTaBJI5IlOTC5I ,n,onpe

,n,eJIbHbl'M'H H o'pe,n,eJIbHbIMH TeOpeMaMH r JIaBbI 3, B 06meM, He ,n,JI51 

Bcex U, a ,n,JI5I HeKOTopOH 06JIaCTH V, YlITeHHOI1 rrpH HHTerpHpOBaHHH. 

LLJI5I rrpOCTOTbI KOHKpeTH3HpyeM 3a,n,alIY. nYCTb Si He 3 a B He H

MbI, H M e 1O THy JI e B bI e C p e,n, H He MS i = 0 H K 0 H e II H bI e ,n, H c

o e pC H H MS2i=a2. npH .3THX ,n,aHHblx rrOCJIe,il,OBaTeJIbHOCTb Si, B 

06meM, CTanICTHlIeCKH HeycToHlIHBa, CXO,LIJIMOCTH Sn K HOpMaJIbHOH 

Mo,n,eJIIH He 6y;:I.eT. TeM He MeHee 3H3lIeHII5I M COS (USn) MOrm·l 6bI 

6bITb rrOJIYlIeHbI H3 ,n,orrp,e,n,eJIbHOH TeOpeMbI ,n,OnOJIHeHH5I K § 3.3, KO-

TopbIe H rr03BOJIHJIH 6bIB rrpHHUHne paCClIHTaTb oWH6Ky ~(o) npH 

KOHelIHOM n (H CJI,e,n,OBaTeJIbHO, B3BeweHHylO oWH6Ky, TaK J(3K a (d),= 
= 0). MbI 'He 6y,n,eM BbIIlH'CbI'BaTb Bce rpOM03,n,KHe 'CJIe,n,ylOIUHe-.3TOMy 

rrYTH ¢OPMYJIbI XOT5I 6bI ,rroToMy, lITO OHH rrpHHUHOH3JIbHO MaJIO lIeM 

OTJIHlI31OTC51 OT 60JIee ,npOCTbIX BbITeKalOIUHX H3 HHX rrpH n-+oo aCHM

rrTOTHlIeOKHX ¢OplViyJI, Tex, lITO ,n,aIOTC5I iCJIe..lCT'BHeM 1 Teope'MbI 3.13, 
Ha KOTOpbIX H OCT3HOBHMC5I. 

11ocJIe,n,HHe npe,n,oonpe,n,eJI51lOT Ta-KHe aCHMrrTOTHlIeC'KHe ,n,3HHbIe 

o Sn: 
- 2 - - 2 2 2 2M ~n = 0, M ~n = 0 , M COS (u ~n) = exp (- U 0 2/2) COS (c* U 0 ), (6.24) 

r,n,e c*=0,3184, a luI2~Jt/(2c*a2). 3TO HepaBeHcTBo ,n,JI5T U H orrpe

,n,eJIHeT 06JIaCTb V, TaK lITO eCJIH v (z) TaKOBa, lITO V (u) ~O ,n,JI51 

Bcex U, TO HMeeM aCHMnTOTHlIeCKoe 3HalIeHHe 

rr/( 2C*(2) _ _ 
2 2 2lim M v (~n) ;> 2 S V (u) exp ( - u 0 2/2) COS (c* u 0 ) du, 

n~oo a 

r,n,e npH SbICT3BJIeHHH npeJI.eJIOB HCrrOJlb30SaHa cHMMeTpII5I no,n,bIH

Terp3JIbHOrO Bblpa)KeHH5I. 

33M e II a H He. fapMO'HHlIeCI<He cpe,n,l-me B (6.22) MQ)KeT 6blTb 

He CTOJIb 3HalIHTeJlbHO, HO Bce )Ke YTOlIH5IIOT MO,'l,e.1Jb CYM\1bI no cpaB
2 2HeHHIO C M\;2 n = G. 110 O,n,HOMy TOJIbKO nOC~,'l,HeMY 3HalIeHIIIO a rrpo

.nomK6HHeM HMeJIIl 6bl: M 'cos (u~n)?:: 1-u2()2/2, a TO, lITO CO,'l,ep,KHT

C5I 0 \;n B Bblpa)J(eHHH (6.24), HeCKOJIbKO JlylJWee, XOHI rrpH u-+O 
OHH H CTpeM5ITC5I .npyr K ,n,pyry. 

IT pH M e p 6,12. ITycTb v(z) CCTb no ¢Op}le «rayccoB KO,10Kon»: v6 (z) = 

=exp (-nz 2/132), rne 13 - ero IIHTerpanbHa51 wHpmla: S v6(z)dz=13. Torna V(u) = 
= (13/2JT) exp (-1l213 2/4n) ~ ° H OWH6K3 aCHMnTOTHtIeCKH 6y.n.eT He 60JIbwe: 

_ 8 rr/(2c*0') { u 2 (_ ( 2
)} _ 

a (0) ~ 1- -; S exp - -2- 02 + 2;- cos (c* 112 0 2) duo 
o 
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DpHpaBHHBall npaBylO tIaCTb 3HatIeHHIO a/x, paCCtIHTbIBaeTC5I wHpHHa 6, o6eCnetIH

BalOLUa51 HYJKHblii ypOBeHb a. ITPH 'HOM HanOMHlHM, tITO WHpHHa caMOH oueHKH 
HK v (~n) 6y.n.eT paBHa 6iV-n. y6bIBa51 C pOCTOM n nponopUHOHaJIbHO lin npH <p 

cnpOBaHHOM aCHMnTOTHtIeCKH a. 

Bonpoc, KOHelIHO, rrOlIeMY 'B rrpHMep,e B 'KalIeCTBe HCXO,n,HOH ¢op

MbI v (1;;n) B351T «rayoco'B KOJIOKOJI»? I1MeHHo nOToMy, lITO rrpeo6pa

30BaH <pypbe aT Hero eCTb BClO,n,y HeOTpHuaTeJIbHa51 ¢YHKUH51.3TO
He 

My ¢aKTY HMeeTC51 pa3Y~Hoe 060cHoBamIe. B caMOM ,n,eJIe, ,rrpH rrpH

H5ITbIX ,n,3HHbIX HMeeM M cos USn = 1, nO.3ToMY HaJIHlIHe oTpHuaTeJIb

HOH lI3CTH V (u) BHeceT ,n,OBOJIbHO HerrpH51THbIH BKJIa,n, B oWH6Ky 

oueHKH 'B BH,n,e CJIaraeMOro SV- (u)du. B pe3YJIbTaTe Te V (z), rrpe06

pa30BaHae <pypbe KOTOpblX HeoTpHuaTeJIbHO, ,ll.OJI)J(HbI HMeTb onpe,ll.e

JI,eHHOe npeHMymecTBo B nJIaHe ,ll.OCT3TOlJHOCTll. 
nOCJIe,n,Hee cY)I<,ll.eHHe Tpe6yeT HeKoTopoH hoppeKTHpoBKH, TaK 

K3K He rrpHHHMaeT B ClIeT eme o,n,Horo 06CT05lTeJIbCT'Ba: COrJIaeHO 

(6.24) 'rrOMHMO rapMoHHlIecKHx Cpe,ll.HHX HMeIOTC51 ,n,aHHbIe 0 Ima,ll. 

paTHlIHOM npH3H3Ke MS2n =~2. ECJIH TOJIbKO Ha 'HeM OCHOBbIBaTb 

oueHKy, TO .3TO rrpHBeJlO 6bI Hac 06P3THO K oueHKe (6.18) rrapaMeTpa 

c,n,BHr3 rro HeKOppeJIHpOB3HHOH Bbl60pKe (H 3H3 1-IHTeJIbHO 60JIee rrpoc

TblM rryTeM, rrpaS,ll.3, npH ,n,onOJIHHTeJIbHOM yCJIOBHH M~i =0). A ueJIe

C006p33HO, nO-BH,n,HMOMy, HCrrOJIb30BaTb 'Bce ,ll.aHHble 0 1;;n, rapMoHH

tIeCKHe H crerreHHble,rrpHBo,n,51IUHe K CJIe,n,yKiIUefi cMewaHHoH ¢opMe 

oueHOIC 

v (z)= [c + ~ ct cos (Ui z)-c+z2]+, co+ ~ ct= 1,oI 

I

npH nOCJIe,n,ylOIUeM Bbl60pe Ui, Co, C+i H c+. OueHKH .3TOH ¢OPMbl CHM


MeTpalIHbI H rrpH z=O COrJI3CHO yCJIOBHIO cnpaBa ,n,ocTHralOT MaKCH


MaJIbHOrO, paBHoro 1, '3HaQeHH5I. LLJI51 HHX
 
, 

M v (~n) ;> Co -I- ~ ct M COS (Ui ~n) - c+ (12 = 1- a/x, 

~ a lllapHHa, HOpMHpOBaHHa5I MHO)J(HTeJIeM I/V n, HaH,n,eTC51 HHTerpH

pOBaHHeM v (z). 
IT PH M e p 6.13. ITyCTb <popMa Ol\eHKH 3anaHa BblpaJKeHHeM 

v (z) = [cos (n z/26.) - z2/(166.2)J+, 
rne nemneJIb npl1 Z2 non06paH Ta,K, tIT06bI BblpaJKeHHe B KBanpaTHblx cK06Kax He 

HMeJIO n060tIHblX BbI6po.OB Bblwe 0, KpOMe o.n.Horo OCHOBHoro npH z=O. Tor.n.a 

nOnCTaHOBKa Ha MeCTO apryMeHTa ~n=~Vn H HCnOJlb30BaHHe (6.24) npHBo,llHT 

K ypaBHeHHIO
 

M 0 (~n) = exp ( - n2 b/2) cos (c* n2 b) - b/4 = 1- a/x.
 

r.n.e b=a2 /(4,6. 2 ). PeweHHeM ypaBHeHH5I HaXO,llHTClI b, a OTCIO.n.a H lJ.. 

11pHMeHeHHe ,ll.'pyrHx ,n,orrpe,n,eJIbHbIX H npe,n"eJIbHbIX pe3YJIbTaTOB 

npHHUH'rrHaJIbHO MaJIO OTJIHlI3e'PC5I 'OT 'POJIbKO lITO rrpo,n,eJI3HH-Oro. nO 

9TOMy nOBO,n,y 'cefilIac BbICKa)J(eM HeKOTopble co06pa)J(eHH51 npHMe

HHTeJIbHO K Heo,n,Hopo,n,HOH Bb160pKe.
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06 o~eHHBaHHH napaMeTpa CABHfa npH HeoAHopoAHWX ~nYKTya
~HDX. DYCTbYi=x+£i, i=J, ... , n, fAe £i - He3aBHcHMblec.'B. C HY

JIeBbl,MH Cpe,lJ,HHMH M£i=O Ii pa3J1blMH AHcnepcH511MH: M£2i=U2i. Tor
Aa 'HOpMHpoBaHHyIO CyMMy ~n HY)/{HO 3aMeHHTb Ha B3BellleHHYIO tn = 

n 

= L; Cin£i, Cin~O, 3allHcaB o~eHKY qepe3 V(~n). I1HTerpaJIbHoH llllI 
i=l 

PlIHOH oueHKH no x 6YAeTBeJIHqHHa J V(L;CinYi-xL;cin)dx= 
= (L;Cin)-1 SV(z)dz, 06paTHo npQ>IIop~HOHaJIbHa51cyMMe L;Cin. OlllH6

Ka MOHOTOHHO 3aBHCHT B KOHeqHOM CqeTe OT AHCnepCHM: M'S2 = n 
= L c2in'U\, n03TOMY Bbl'6op K03<p<pH~HeHToB Cin 6YAeT, ,nO~aHHeH 
Mepe, '6JIH3KHM K OIITHMaJIbHOMY, eCJIH MHHHMH3HpyeT L; C2in'02i rrpli 

3a,lJ,aHHOM ~Cin. 3TO BeAeT K 3HaqeHH5IM Cin ='A/02 i, 01'KYAa Sn = 
='AL;£i!a2i' T. e. BeCOBble K03<p<pHUHeHTbl OKa3bIBa~C5I 06paTHblMH 

AHCnepCH5IMH. CTaHOBHTC5I 51CHbIM, qTO qeM 60JIbllle '02
i
, TeM C MeHb

lllHM BeCOM .n.OJI)/{eH yqaCTBOBaTb i-H OTCqeT B cyMMe ~n, Orpa)/{.n.a51
 

ee TeM CaMblM 'OT BJIH5IHH5I 3TOrO H3JIHlllHe HHTeHCHBHOrO, H3JIlIlllHe,
 
lllYM5Iur.ero OTCqeTa.
 

C TeMH )/{e BeCaMH nOJIyqaJI3Cb oueHKa (6.19), HO .n.JI5I He-Koppe

JIHpOBaHHblX £i. Y Hac £i He3aBHCffMbl, qTOn03BOJI5IeT .n.OCTH~b .n.o
nOJIHHTeJIblHOro 3<p<peKTa oueH'KH ITIpHMeHeH'HeM K C'Y,M,Me ~i£;/02i .n.o

npeAeJIbHblX H IIpe.n.eJIbHblX TeopeM § 3.4. LI.aJIbHeHlllHH 'nyTb C'pporo 

CJIeAyeT -«KOJIee» npe.n.bl.n.yur.ero pa3.n.eJIa, H Mbl no.n.KpenHM ero npH
MepoM. 

IT P Ii M e P 6,14, ITYCTh Si He3aBucliMhl, 

PlilJHhl. PaccMOTpliM oueHKY BIi.l\a a(s) = 

a2i~e>O. .npI1MeH,eHl1e .l\onOJIHeHl1l1 3 d< § 

IjmM;~k~ lim (2k)~ [A~~(llaD]k, 
n-700 n-700 k! 2 

OTKYJ.la I) =A[%(2k)!1 (ll!a)] 1/2h V~(I /2aD. 

OrpaHlilJeHhl, 3a.n:aHhl (j\ Ii CliMMeT

[1-(~nll))2h] +, ~n=A~Sda2i. flycT1>

3.4 (carMblH KOHeu ,rJI3Bbl 3) .l\aeT 

ITPIi A= [~(lla2;)] -I CJIYlJaHHall Be

JIliqliHa ~n 6Y.l\eT cTa6liJIli3lipOBaHa no n, a aCliMnTOTlilJeCKall :HOpMHpoBaHHall lllH
pHHa oueUKH 

. - -lX(2k)!]1/2kQ*= 1JmQn(a)Vn=V2 - ucp , n-oo ak! 
l 

r.l\e a~p = [ -;- ~(I/anr . Ee MUHliMyM no k IHUeTClI TOlJHO TaK, KaK 3TO 

np0.l\eJIhIBaJlOCh B HalJaJle HaCTOllluero naparpacjJa npH aCHMnTOTHlJeCKOH nO.l\CTpOHKe 
OueHKI1 CTeneHHoro THna, 

6.5. Jl.OBEPHTEJlbHOE OIJ.EHHBAHHE nAPAMETPA MACWTA6A 

06U(He C006palKeHHSI. DapaMeTp MaClllTa6a onpe.n.eJI5IeT 3Hepre

THlleCKHe CBOHCTBa Ha6JIIOAeHHH: MOur.HOCTb, 3<p<peKTHBHOe 3HaqeHHe. 

3a.n.aqa ero o~eHlIBaHH5I B03HHKaeT, Bo-nepBblX, 'Kor.n.a ypoBeHb HH

TeHCHBHOCTlI npouecca HeceT nOJIe3HYIO HH<popMa~HIO 06 HHTepecyIO. 

" 
i,i
&1 

I
, 

I 
I, 
I 
I

I 

t· 

~ 

., 

meM Hac nOJIO)/{eHHH 06beKTa. HanpHMep, BeJIHqHHa fHApoaKycTH

:qeCKHX lllyMOB MO)/{eT xapaKTepH30BaTb paC-CT05IHHe .n.o 'KOC5IKa Pbl6 

JiJIIf AO Kopa6JI5I. CaM lllyM B 3TOM CJIyqae B He'KOTopOM CMblCJIe 

06peTaeT paHr 'nOJIe3HOCTH. A BO-BTOpbIX, nOTpe6HocTb 1f3MepeHH5I 

ypOBH5I lllyMOB B03HlfKaeT Inplf onpe.n.eJIeHIfH H TeKyur.eM KOHTpOJIe 

nOKa3aTeJIeH pa6OTaIOI.I.I.eH annapaTypbl, HanplfMep, .n.JI51 <pHKcaUHIf 

.Bep05ITHOCTIf JIQ)KHbIX Tpe-Bor B pa.n.HOJIIOKaUHOHHbIX CTaHUH5IX. 11 B 

3TOMCJIyqae oueHIfBa'HHe ypOBH5I lllyMa HeJIb351 CqHTaTb «BTOpOCOpT

HbIM», BTopocTeneHHblM AeJIOM, TaK K3K oueHKH COCTaBHblM 3JIeMeH

TOM BXOA5IT B eAIfHblH CIfHT€3HpyeMbIH KOMnJIeKC <PyHKuHoHHpOBaHH51 

annap a Typbl. 

C n03HUHI1 COBpeMeHHOH TeopIfH Bep051THOC1'eH oueHHBaHHe Mac

lllT36HblX napaMeTpOB 3aHrHMaeT oc060e nOJIO)l(eHlfe. 06513aHO OHO 

HenpepblBHoMy BpeMeHH If .n.onYI.I.I.eHHIO 0 TOqHOM 3HaHHIf KOppeJI51

ll,IfOHHbIX 'CBOHCTB, TaK KaK TorAa, pa3JIara5I npouecc KOHeqHOH ape

MeHHOH ,np'OT5I)/{eHHOCTIf OT 0 J!:O T B P5I,lJ, no c06CTBeHHblM <PYHK

UH5IM KOppeJI5IUHOHHOro 5I,lJ,pa, 'nOJIyqaeM 6eCKOHeqHOe qHCJIO HeKOp

peJIl1pOBaHHblX K03<plpIfUlfeHTOB pa3JIO)/{eHIf51, KOTopble HOpMH'POBKOH 

(,lJ,eJIeHl1eM Ha KOpHH H3 HX ,lJ,HOnepCHH) Bce nplf'Bo.n.51TC5I IK 0.n.HH3KO

BblM .n.11rC'nepCIf5I1M. B pe3YJIbTaTe ",POHICXrQ,J,I1T npeBpaI.I.I.eHlfe IHa6JIIO

)I.eH1111 B 6eCKOHeqHyIO nOCJIe,lJ,OBaTeJIbHOCTb npe06pa30BaHHblX, HOBblX 

3HaqeHIfH, HeKOppeJIHpOBaHHblX Me)l(,lJ,y c06011 If o.n.IfHaKOBO pearlf 

PYIOI.I.I.HX Ha H3MeHeHHe MaClllTa6a, H TaKIfM 06pa30M, HerCYI.I.I.IfX H~

OrpaHHqeHHbIH 3anac CBe,lJ,eHIfI1 06 3TOM napaMeTpe; 3anac, n03BO

JI5IIOI.I.I.I1H CKOJIb yrO,lJ,HO TOqHO ero ,BbI,lJ,eJIIfTb (npHqeM no oTpe3KY 

(0, T)Ha6JIIO,lJ,eHHH 'CK'OJIb yrO,lJ,HO MaJIOH npOT5I}KeHHocTH!). 3TO'T 

napa,lJ,OKC - 3qJepeKT TOl/HOro 3HaHH5I - nOJIyqlfJI Ha3BaHlfeclfHry

.JI5I p HOCTH 1. 

5!BJIeHHe ClfHrYJI5IpHOCTIf OKa3blBaeTC5I cepbe3H0l1 nperpa,lJ,OH B 

peaJIbHOM oueHIfBaHHIf napaMeTpa MaClllTa6a, TaK KaK 'Bce OueHI(If 

pe<pJIeKTOpIHO T5IHyT'CH B ee CTOpOHy Ka,K 'CyJI5II.I.I.yIO «pailcKHe IK'YLUH» 

'HeOrpaHHl/eHHOrO YJIyqllleHH5I HX KaqeCTBeHHbiX nOKa3aTeJIeH, nepe

Kpbl'BaH nOHCKIf ,lJ,pyrlfx nyTel1 If HanpOqb 3aCTaBJI5I5I 3a6bITb 0 TOM, 

qTO COK'PaI.I.I.eHlfe .LJ.JII1HbI IfHTepBaJIa (0, T) Ha6JIIO,lJ,eHIfH npe,lJ,b5IBJI5IeT 

Bce 60JIee >KeCTKHe Tpe60BaHI1H ~ TOqHOCTH KOppeJIHUHOHHOH <PyHK

I.I,HH, qT06bl XOTb KaK-TO rapaHTlfpoBaTb HeKOppeJIHpOBaHHocTb ,lJ,a)l(e 

He60JIblllOro qHCJIa KOMnOHeHTOB 'pa3JIO)KeHIfH. 

Hallla ueJIb - CTpOI1Tb oueHKIf napaMeTpoB MaouTa6a no peaJIb

lIblM, KORel/HbIM ,lJ,aHHbIM, qTO 'caMO 'C060H HCKJIIOqHT JII06yIO B03/M0)l(

HOCTb Ta:mx qlfCTO MaTeMaTHqeCKHX '«epOKyCOB», KaK cIfHryJI5IpHOCTb, 

TIOCTaBIn TeoplfIO OueHHrBaH'I1H Ha ,nOl/BY peaJIb:HOCTll. llpl1qeM, KaK 

BCer,lJ,a, 3a HallaJIO 'B03bMeM ,caMble CJIa6ble HCxO:LI.Hble ,lJ,aHHble (0 HB

JIeHHH) 3HepreTlfqeCKOrO TOJIKa, a 3aTeM 6y.neM HX nOCTeneHHO yCH

JIWBaTb B Hy>KHOM HanpaBJIeHHH, He 3a6bIBa5I CJIe,lJ,IfTb 3a npolfcxo

1I.5IUI,HMHIIpH 3TOM BH.n.01f3MeHeHH5IMH OnTHMaJIbHOH oueHKH. B KOHue 

KOHUOB, nOJIe3HO 3HaTb, KaKHe peaJIbHble CBe,lJ,eHI1H ,lJ,OJI)l<Hbl IfMeTbC5I, 

I rHxMaH 11, 11" CKOpOXO.l\ A, B, Teopl151 cJlY'laflHhlx npoueccoB, - M,: HayKa, 
1971. - T, 1. - 664 c, 
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lIT06bl C HyMHOH TOllHOCTbIO Ol./,eHHTb rrapaMeTp M aiClIITa6 a, B lIaCT

HOCTH, ero pa3HOBH.n.HOCTb - .n.HorrepCHIO. 
Ou.eHHBaHHe napaMeTpa MaClUTa6a no 3a.n.aHHoH MOll.I,HOCTH ljJJlyK

TyaU.HH. I1YCTb Yi=XI/'1.Si, i= 1, ... , n, x>O, l7'=O. T,pe6yeTc5I Ol./,eHHTb 

rrapaMeTp x, eCJIH H3BeCTHO, 'ITO orpaHHlIeHa cpe.n.H5I5I	 MOll.I,HOCTb 

¢JIYKTyaI./,HH: Ms2=~, 'fz= L,S'1.i/n, H 60JIee HHlIero He .n.aHO. 

OTMeTHM, liTO Il'pH a= I H l= 1 Jlapa,MeTp x 6YJI.eT MOU{IiOCTblO 
(rrpH Msi=O - aucnepcueii) Ha6JIIO.n.eHHH, a rrpH 1=2 - CpealiUM 
3rprpeKTuBlibl.M HX 3HalleHHeM. I1pH l=-2 31'0 6y.n.eT napaMeTp IiOP
MUpOBKU. B 06ll.I,eM CJIy4ae l7'=O 6yoa,eM 'Ha3blBaTb x napaMeTpOM 
Macuna6a. 

COrJIaCHO 'CJIe.n.CTBHIO 4 TeopeMbl 6.l.n.ocTaT04Hb1H KJIaCC 06pa
..-.. '1.3YIOT Ol./,eHKH, 3aBHCHll.I,He 01' S'1. C rro.n.,cTaHoB'KoH CIO.n.a si=ydx1/ , liTO 

Be.n.eT K I1X BH.n.y ay (x) =I[Co-c+Y2/x1]+, H .n.JI5I HHX May (x) = 
=I[CO-C+O"'1.]+, May (x) =Co. 

HaM.n.eM HHTerpaJIbHyIO IllHPHHY H IllTpa¢, paCCMaTpHBaH CHalla

JIa CJI'y4aH l<O, 
co " c I

Q (0) = f [co- x-I c+ y2]+dx = (~)-lll_0

1 c+ y2 '
 
_ _ Co I (co )_1 /1 - 1
0 
M Q (0) = -- sup --::::::- . 

1-1 • +y' C y2 
" 

I1paBa51 4aCTb paBHa 00 rrpH y'1.=O, rr03ToMY eCTb 'CMbICJI	 rrpe,LlnoJIo

" )J{HTb !j2~e>O, ClIHTa51 e CKOJIb yro.n.Ho MaJIblM lIHCJIOM.	 Tor.n.a co

cTaBHoH pHCK 3anHIlleTC5I 

I1~ (0) = I-x [Co-C+ -
0 2]++ (x-I) co+A. Co --1 (C-t- )-1 /1 

I. 

l- 1 C e 

113 3Toro Bblpa)J(eHH5I nOCJIe HeKOTopblX 'BbIKJIa.n.OK CJIe.n.yeT, lJTO orr

THMaJIbHblM 6y.n.eT 3Ha4·eHHe Co= 1. 3Ha4eHHe Me c+ 6y.n.eT onpe.n.e

JI5ITbC5I ypoBHeM a,4TO rrpH 'a<x .n.8>CT c+=a/(xa'1. ). nOCJIe ,rro.n.CTa

HOBKH HaH.n.eHHbIX 3Ha4eHHH onTUMaJlbliafl ou,elilW napaAteTpa x rrpH· 

Mel' BH.n. 

a; (x) = [1-x-/ a Y2/(xo2)]+, x> 0.	 (6.25) 

TaK, rrpH l=-2 (Tor.n.a Yi= si/x) OIlTHMaJIbHa51 Ol./,eHKa napaMeT

pa HOpMIHpOBKH x nOJIY4Hl1CH paBHoH: a*y (x) = [1-x'1.ayz/ (XO'1. )]+, 
x>O. KaK BH.n.HO H3 pHC. 6.5,a, 31'0 eCTb nOJIyrrapa60JIa C MaKcHMy

MOM B T04Ke x=O, yce4eHHaH ,C'HH3Y -OCbIO a6CI./,HOC H CJIeBa - OCbIO 

op.n.~lHaT. 

I1yCTb Tenepb l>O. Ol./,eHKa 6y.n.eT HMeTb BH.n. pHC. 6.5,6 H lIM-eel' 

6ecKoHellHyIO IllHPHHY. Tor.n.a, lJT06bl IllTpa¢ He paBH5IJIC5I 6eCKOHell 

HOCTH, Hy)KHO paCCMaTpHBaTb B3BeIlleHHYIO IllKaJIy UHTerpHpOBaHH51 

no xc 'BeCOBhIM MHOMHTeJIeM q (x), y6bIBaIOll.I,HM npH x-+oo, no KpaH

HeH Mepe, 6blCTpee l/x. ClJHTa51 q (x) =x- 1- V, 1'>0, (1'. e. lIeM 60JIbille 
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-2 dy'tze; 
, ~ ;}?,
L__ ,\d.!l

2 

o	 >x o x 

a) 0) 

Pac. 6.5. a, 6. OueHa napaMeTpa MaclUTa6a no 3HepreTH t iecKHM ,llaHHbIM 
I 

Heef x, TeM MeHbille 6epeTCH BeC), HaM.n.eM IllTpa<lJ KaK BepxHee cpe.n. 
.'.. 

B3BeIlleHHOll IllHpHHbl: 

: _ _ co c+ y2 dx -y co 

j	 " ]+ Co 
My Q (0) = My S Co - - -- = M f ( x1+'V 

o xl x
1

( c+ ")'//[	 +V 
-y' 

}.	 Co 

i 

" )	 () 1/ ()'VI/_	 C+y2 dx= ~ max ~ v = ~ _c_o_ 
x1+V+/ Y+ l y' c+yz y + l c+e 

COCTaBJIH5I pHCK H npoH3Bo.n.Hero MHHHMH3al./,HIO (T04HO TaK Me, 

KaK 31'0 .n.eJIaJIOCb rrpH l<O), rrOJIylJHM Ol./,eHKY (6.25), ,KOTopaH OKa

3blBaeTcH OIlTHMaJIbHOH np H JII06blX l. 
TaK, rrpH l= 1 H 02 = I (x eCTb MOll.I,HOCTb Ha6JIIo.n.eHHH) .n.OBepH

" 
TeJIbHa51 ou:eHKa x TIpH MeT BII.n. (CM. pHC. 6.5,6): ay (x) = ['l-aIP/ (xx) ) +. 

KaK ¢YHKUHH nepeMeHHoH x oueHKa pasHa	 H CTpe°npH x~a!i.;x 
~ MHTC5I K I npH X--+OO. 

non 0 JI He H H 51. 1. TOT Me caMhlM BH.n. (6.25) 6y.n.eT HMeTb on

THMaJIbHaH Ol./,eHKa .n.JIH HerrpepbIBHblX peaJIH3al./,HM Yt=X1l'1.Sl, O~t~T, 
" 1 T 

C TOM JIHWb pa3HlIueM, 41'0 y2 = - f yj dt . 
T	 0 

2. GBe.n.eH!1H 0 T04HOH ·:\10lll,'H·OCTH ()l.HOnepcHH) MS2='(J2, a TalOKe 0 

t - HyJIeBOM Cpe,CLHeM ¢JIYluyal./,HH Msi=O (HJIH Me Mf=o) He MeHHIOT 

BH.n.a Ol./,eHKH, T. e. 3TH CBe.n.eHH5I OKa3bIBaIOTC5I HeHY)J(HbIMH. To )J(e 

caMoe, eCJIH x HBJIHeTCH ,cB06Q.LI.HbIM ,01' s· 

3. CTOJIb 60JIbWaH paCnJIbmllaTOcTb rrOJIY4alOll.I,HXCH Ol./,eHOK eCTb 

CJIe.n.CTBHe	 KpaHHe CKy.n.HbIX .n.aHHbIX 0 ¢JlyKTyauHHx. neJIO B TOM, 
HHHliTO nOCTaBJIeHHaH 3a.n.alla, Kor.n.a H3BeCTHa TOJIbKO cpe.n. MOlll, 

HOCTb ¢JIyKTyaI./,Hii, B 'IleCCHMHCTH4eCKOM HaCTpoe 3KBHBaJIeH'THa oue

HHBaHHIO rrapaMeTpa MaCIllTa6a no O.n.HoMy-e.n.HHCT'BeHHoMy Ha6JIIO.n.e

HHIO, TaK KaK He HCKJII04ae-rCH 'CJIy4aH nOCTOHHHblX peaJIlOal./,HH SI = 
=S2= ... =Sn. 
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4. ECJIH 3a,ll.aHbI To'moe 3Ha4eHHe Ms
/'-.

2=a2 H BepXH5I5I rpaHHua 

M (€"2) 2= m4, TO ,lI.OBepHTeJIbHaH oueHKa ypOBHH a rrpHMeT BH,lI. 

ay (x) = [1- C* (1 -x- I ff)2)+, c* = a/[x (I -+-m4 - 2(2»). 
/'-. 

3Ta oueHKa, KaK BH,lI.HO 113 pHC. 6.6, 'paBHa 1 rrpH X= UP) III H y6bI

BaeT rro Mepe OTKJIOHeHHH XOT ::noro 3'Ha4eHHH. HeKOl'OpOe yJIy4IlleHHe 

oueHKH 3,l1.eCb ,lI.OCTHraeTC5I 3a 'C4eT ,lI.aHHblX 0 MOMeHTax 4eTBepToro 

rrOpH,lI.Ka. 3TO B HeKoTopoM po,ll.e 06ruee CBOlkTBO oueHOK MOMeHTOB: 

,lI.JIH rrOJIY4eHH5I 60JIee y,ll.OBJIeTBOpHTeJIbHbIX oueHOK MOMeHTa k-ro 

rrOp5l,ll.Ka Hy1KHO HMeTb CBe,ll.eHH5I 0 MOMeHTax rrOpH,lI.Ka 2k. Ceii4ac 

Mbl JIHIllHHH pa3 B .3TOM y6e,ll.HMcH. 

OueHHBaHHe napaMeTpa MacwTa6a no HeKOppeJIHpOBaHHoH BW

60pKe. DYCTb Yi=xI/2Si , i='I, .... n, X>O, l=/=O, H Hy1KHO oueHHTh 

rrapaMeTpMacIllTa6a X,eCJIH epJIYiKTyaUHH HeKOppeJIHpOBaHbI H HMelOT 

O,LLHIHaKOBble 'MOlUHOCTH: 

M£f=a2
, Ms,£j=O, i=/=j, i,j=j=I, ... ,n. 

OrrTHMaJIbHYIO oueHKy 6Y,ll.eM HCKaTb B cJIe,ll.YlOrueM ,lI.OCTaT04HOM 

KJIaCce: ay(x)=[co-rl(C,y2+C2d2y)]+, ~2y=!)_Y2. DPH HaX01K,lI.e

HHH .3TOrO KJIaCCa Y4TeHw rrepBH4Hwe ,lI.aHHWe H cHMMeTpHH nOCTaB

JIeHHOH 3a,ll.a4H K rrepecTaHoBKaM Ha6JIIO,lI.eHHiL LLJIH .3TOrO KJIaCCa 

May(x)=[CO-Cla2In-c2a2(n-I)ln]+, May(x)=co npH CI, C2~O. 
T04HO TaK 1Ke, KaK .3TO ,lI.eJIaJIOCb B rrpe,ll.bI,lI.yrueM pa3,l1.eJIe, TOJIb-

KO C 3aMeHOH C+y2 Ha Cly2-t-C2~2y, Bbl4HCJIHeTCH IllTpaep. DPH l<o, 
OH 6Y,ll.eT paBeH 

I 1M Q (a) = Cb l - ) II l![(l- 1) inf (C 1 ;;2 -+- c2 ~;)] = Cbl 
- )/ 

1 l!(l- 1) c2 e, 

2 2r.J,e HHqmMyM ,,lI.OCTHraerCH rrpH y=O H a y =e , rrpH4eM ,lI.OnYlUeHo 
/'

y2~ e>O (HHa4e IllHpHHa 6y.ueT 6ecKoHe4Ha), C4HTaH e CKOJfb M01K

HO MaJIbIM. OrrTHMaJIbHblM 6y.uer 3Ha4eHHe Co= 1, H TOr,ll.a rrpH a<x 
pHCK 3arrHCbIBaeTCH ,lI.ByMH ypaBHeHH5IMH: rrxda) =a+'A/c2, 

a=x(cla2/n+c2 a2 (n-I)/n). LJeM 60JIbWe C2, TeM MeHbwe PHC]<- 110

.3TOMy Y4HTbIBaH rrOCJIe,ll.Hee pane'HCTBO, OnTHMaJIbHblMH 6ynyT CI =0. 

f-e" t= - I I \ 
, I I \ PHC. 6.6. Ol..\eHKa lIapaMeTpa 

• A ," x MacwTa6a lIpH aa)l.aHHOM• 

lJeTBepToM MOMeHTe 
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("" C2 =ani (x (n-I) a2 ), B ,pe3YJIbTaTe 4ero orrTHMaJIbHa51 oueHKa rrp'YI06

It\ peTaeT BH.,lI. 
an A?J+

it (x) = 1- X-I Oy.
y [ x(n-l)a 2 

T04HO TaKoH 1Ke BH,lI. 6y,ll.eT HMeTb oueHKa rrpH l>O (eCJIH 6paTb 

B3Bell1eH YIO MH01KHTeJIeM x-1- V ll1KaJIy HHTerpHpOBaHH5I B wTpaepe).
H

TaKHM 06pa30M, aaHHbLe 0 HeKOppeJLUpOBaHHocTu Ha6JlIOaeHUU 
npu OTcTYCTBUU apycoi!. uHqJOpMal{Uu JlUUlb He3Ha'lUTeJlbHO MeHfllOT 
ol{eHKy U ee c8oi!.cTBa no cpa8HeHuIO C puc. 6.5,a U 6, a HMeHHO, oueH

Ka cy1KaeTC5I B nl (n-I) pa3, 4TO rrpH YBeJIH4eHHH n CTaHOBHTC5I 

npaK11H4eCKH He 3aMeTHbIM. DpH4HHa :Horo He:npH5IT,HOTO .3epepeKTa 

KpoeTC5I B TOM, 4TO ,lI.JI5I rrOJIY4eHH5I XOPOll1HX oueHOK Tpe6y1OTC5I ,lI.aH

Hble 0 4eTBepTblX MOMeHTax q)J]yKTyauHH. 
LLorrycTHM Terrepb, 4TO nOM HMO HeKOppeJIHpOBaHHOCTH MSiSj=O, 

i=/=j, H M 2 =02 ,lI.aHo MS2iS2j='a4, ,i=/=j, MS4i=m4. TO'f.ua .uonaT04IHbli1
S i -'" 

KJIaCC 06pa3ylOT oueHKH BH,lI.a a y (x) =.[CO+Clrly2+C2rl~~YiYj-
"....., ,-..... i~i 

_C3X-21y4_C5X-21~~y2iy2j]+, r,ll.e y4= ~y\ln. OocTapaeMC5I 60JIee HJIH 

i?' j 
MeHee «yra,ll.aTb» BH,lI. onTWMaJIb'HOrl oueHKH H3 .3TOrO KJIaCCa, 3a'llHCa'B 

ee B BH,lI.e 

a (x) = [1 - C (I - X-I Y2la)2)+. (6.26)y 
04eBH,lI.HO CJIe,ll.YIOLUee: May (x) =(j= 1, rrpH4eM Ma,KcHMyM oueHKH 

-'" 
,lI.OCTHraeTC5I npH Xl = y2/a. ECJIH pacnHcaTb oueHKy 4epe3 ;, paCKpblB 

KpyrJIble CK06KH, TO nOJIy4HM 

2 c c-'"2 C (4 ) '1+10 1 - "c' -1a(1':) = _ C -+- - ~ - n ') LJ..,! ( )'.:...J,k.J"'!" ct.!.oj 
a wn- i""jr 

H OTCIO.ua 6y,ll.eT CJIe,ll.OBaTb, 4TO 
4.; 

May (x) = [1 - c+ 2 C (Pia - cn141na2 - C (n - 1) O' Ina
2 
)+. 

C4HTa51 Bblpa,KeHHe B KB3npaTI-IblX C!<o6Kax HeoTpHuaTeJIbHblM, 

HLUeM CHa4aJIa onTHM3JlbHoe 3Ha4eHHe napaMeTpa a, Tor.ua hal< C 

nOTOM 6Y,lI.eT HaH,lI.eHO HCXO,ll.51 I-13 3a,ll.aI-lHOrO ypOBH5I a. ECJIH BbI4HC

JIHTb IllTpaep, rrOJIara5I if~e>O, TO OH 6y,ll.eT paBeH MQ(a) = 
=ellla-lllr(c) , rne r(c) = (I-c) (c+ 1/1-c_- I

/ 
I) +2c(c+(l-1)/I_c_(l-ntt)1

t
1(1_1)_c(C+(2H)ll-c_(2H)il)/(I-21), a c+=I+I/V"c' c_=I-l/~f--c. 
OO,ll.CTaBJIH5l HaH,UeHHble 3Ha4eHH5I B cOCTaBHOH pHCK, ,lI.HepepepeHul1py51 

ero rro a H rrpHpaBHHBa51 0, rrOJIy4HM 3Ha4eHHe a KaK pell1eHHe ypaB

HeHHH: ')." I el/l r (c) a(21-1)/ 1+ 0 2 a - (m4 - a4 )/n - 0'4 = 0. LJeM MeHbll1e 

ypoBeHb a, TeM MeHbwe 6y,ll.eT 3Ha4eHHe A. OO.3TOMY npH MaJIblX a 
rrepBbIM CJIaraeMblM JIeBOH 4aCTH paBeHcTBa MOIKHO rrpeHe6ep4b, no

JI01KHB ').,,=0. B pe3YJIbTaTe 'nOJIy4I1M 3Ha4eHHe rrapaMeTpa a B 51BHOM 

BH,lI.e: a = 0'2+ (m4/ a2_ a2 ) In. UaJIbHeHll1He yrrporueHH5I MoryT 6bITb 

nOJIy4eHbl, eCJIH C4HTaTb n 60JIbll1HM, H TOr,ll.a a;=::: a 2• OTMeTHM, 4TO 
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YBeJIHlIeHHe a no cpaBHeHHIO C (J2 Be}J.eT 'K YBeJIHlIeHHIO cpe}J.Heif llIH
ECJIH BocnOJIb30BaTbCH Tenepb B ~eJIHX ynpOI.l.l.€HHH. ¢OpMyJIOH CTap

pHHbl flpH 1<0 H YMeHbllIeHHIO 'llpH 1>0. 4hnUHra, 110 nOJIylJHM«(2k) !fik!2k]1/2k~ V2k/e2 1/ , oTKy.u.aTIOJIaraH }J.JIH npOCTOTbl a ='(J2, IflOJIYlIaeM HCXO}J.H H3 3a}J.aHHoH I

OWH6KH a 3HalleHHe C*=an(J4/X (m4-(J4). B pe3YJIbTaTe HCKOMaH ~ 1 ( - x ) 1/2k V- V (2 )2 
o~eHKa npH06peTaeT BH}J. L1 ~ Vii V 2 ~ 2 k/e H, H = M Sf - 1 . 

ana4 "'- +Oy(x) = [1- (l-x-Iy2Ia2)2] . (6.27)x (m4 - a4 ) 

"' 

O~eHKa HMeeT MaKcHMyM ,npH x l = y2/(J2 H npHHHMaeT HeHyJIeBble 3Ha

2 (lIeHHH B HHTepBaJIe C rpaHH~aMH ; 1 ±vf'a: (:; 1))]-1/1 .-
[ 

Pa3Max ::nora HHTepBaJIa, xapaKTepH3ylOI.l.I.HH paCnJIblBliaTOCTb o~eH
.. 

KH, 6YAeT TeM MeHbwe, lIeM 60JlbWe a, a caMoe rJlaBHOe, 3Ta WH

pHHa 6YAeT cTpeMHTbCH K 0 npH YBeJlHlIeHHH n co CKOpOCTblO I/~n. 
31'0 TO caMoe, lJero Mbl A06HB3JlHCb. 

Pa3BHTHe np06JIeMbl. 1. ,UJlH paclJeTa o~eHKH (6.27) HcnOJlb30

SaJIOCb TOllIHoe 3Ha'lJeHHe MOI.l.l.HOCTH (J2. B cJlyLJae 'HeTOLJ,HOro 3iHalJe

'HHH: ,~2=M~2i, (J2=M~2i OWJIo6KaB (6.26) paBHa aX (a) =x (I-May) = 

=xo[I-2~2/a+ln4/na2+a4(n-1)/na2]. OnTHMaJIbHblM 3HalJeHHeM a, 

MHHHMH3HPYlOI.l.I.HM oWH6Ky, 6YAeT a =,a4/(J2 + (m4-U4 )/na2. 
2. ,UaHHble 0 1n4-a", He06xoAHMble -AJIH o~eHKH (6.27), Moryl'
 

6bITb nOJIyLJeHbI IWCBeHHbIM nyTeM. HanpHMep, eCJlH ~i orpaHH'lIeHbl
 

lIHCJlOM H, T. e. P(I~I <H) =1, TO HepaBeHCTBO M(s2-a2)2~H4/4
 
n0380JlHeT m4-a4sa'MeHHTb Ha H4/4.
 

3. PaccMoTpHM Bonpoc 06 3CHMnTOTHlJeCI<H (npH n---+oo) HaHJIYlJ

llIHX o~eHKaX,eCJlH H3BeCTHO, LJl'O M~2hj<00, Vk>O. CLJHTaH ~i He

3aBHCHMblMH H nOJlaraH AJlH npocToTbl M~2i='(J2= 1, BBeAeM CJIeAYIO
I.l.I.HH 'KJIaCC Cl'eneHHblX oueHOK .. 

o(s) = {l- (1- ~2)2klL12k)+, 

KYA3 }J.JIH nOJlyLJeHHH Oy (x) BMeCTO ~i Hy)KHO nOACTaBHTb X-z/'GYi. 
ECJIH 0603HaLJHTb lli=~2i-I, TO M'Y]i= M~2i-1=0 H Tor}J.a d('Y]) = 

=[1- (~/L1)2h] +. Mbl BHAHM, lJTO '8 HOBblX 0603HalJeHHHX oueHK3 

cOBnaA3eT C (6.22). TorA3 npH n---+oo no aHaJlOrHH C oueHKoH (6.22) 
HMeeM 

1 - M 0 = [M (sf - I)2/L12njk (2 k)!/k! 2k+0 (lIn). 

OTCIOA3, npeHe6peraH nOCJIeAHHM CJIaraeMblM np3BoH 

nOJlb3yH TO, lJTO Ma = 1, nOJlYlJaeM ILHIPHHY L1 oueHKH 
ypOBHIO a: 

f 

L1 = (X (2 k)! ) '12k V M ( ~1- 1)2 
a k! 2k 

n 
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, 

lJaCTH H HC

no 3aAaHHOMy 

Dpn onTHMaJIbHOM '3HalJeHlfH ,k* = In (~2x/a), MHIHHiM'H3H1pYlOI.l.I.eM WH

pHHy L1 oueHKH, nOJIaraH k~ 6JIH)KaHWHM ~eJIblM lJHCJIOM, HMeeM 

OKOHlIaTeJlbHO L1*= (H/VIi) V 21n (V2x/a) H B pe3YJIbT3Te OueHKa 

Oy (x) npH06peTaeT BH}J.: 

Oy (x) = [1 - (1 - X-I !J2)2k* IL1~k* ]+. 

4. ,UaHHble 0 HyJIeBOM cpe.u.HeM MS i = 0 He MeHHIOT HaH.u.eHHbIX 

oueHOK. CKa3aHHoe He 03HalJaeT, liTO cpe.u.HHe MSi MoryT OblTb npOH3

BOJIbHbIMH, TaK KaK HeKOppeJIHpOB3HHOCTb Msisj = 0, i=l= j, caMa no 

ce6e OrpaHHlJHB3eT BOI3MO)KHble BapHaU,I1H cpe.u.Hero, 

5. OYCTb Yi=Xl/2(~i+8), i= 1, ... , n, r.u.e 8E97l -CKaJIHpHbIH Me

walOI.l.I.HH. napaMeTp. Tor.u.a o~eHKYCJIeAyeT HCKaTb B BH.u.e: Oy (x) = 
=,[l-c (1-x-I~2y/a2)2]+. l.lT06bl oWH6Ka 31'011 oueHKH CTpeMHJIaCb K°npH YBeJlHlJeHHH n,Tpe6ylOTcH CJleAYIOI.l.I.He YCJlOBHH: Msisj=O, i=l=j; 
M~2i=a2; MS2i~2j=a", i=l=j; MS4i=m4; MSiS.iShSI=O, i=l=j, i=l=k, i=l=l. 
OpH 3THX yCJIOBHHX I·-May (x) = c.[m4 (I/n-2/n2+ 1/n3 ) /a4-I/n+ 
+3/n2-1/n3 ] = a/x, OTKy.u.a 11 H3XOAHT'CH 1<03ep¢HUHeHT c. Ta'KoH )Ke 

OCTaHe11CH oueHKa .u.JlH H36JIIO.u.eHHH Yi = Xl/2Si + m, mE97l. 
6. PaCCMOTpl1M cJlYlJal1, Kor.u.a MOI.l.l.HOCTH epJlyKTyaUHH Si no H3

BecTHoMy 3aKoHy MeHHIOTCH: M S2i = (J2i , M~4i = (J4i1n4. Tor.u.a nepexo.u.H 

K HOBblM Ha6J110AeHHHM Z=yi/(Ji=XI12si/(Ji=XI/2'Y]i, Mbl CBOJ],HM 3a.u.alJY 

K p3ccMoTpeHHoH C M112i = 1. OueHKa 6YAeT OTJIHLJaTbCH 01' Hal1.u.eH

y
"'-
2HblX B 3TOM nyHKTe JlHLUb TeM, lJTO BMeCTO nOJ],CT3BJ1HeTCH 

:£y2j (J2in). AHaJ10rHlJHO, eCJ1H 33AaHa KOp peJ1HUHOHHaH M aTpHua B 
BeKTopa S, TO BeKTOp 1') = B-l/2S 6Y3:eT 06J1a.u.aTb TOJIbKO. liTO P3C

CMOTpeHHbIMHC,BOHCT'B3IMH, n03TOMY y2 33,MeH5I€TCH Ha yTB-ly/n. 

Mbl 'He CMO)KeM 'B 31'011 '3anaLJenepeHnl K npOlI;eccaM Yt =xl/'GSt , 
nOKa He H3YlJHM BJIH5iHHe OWH'60K B 3HaHIHI (J2i Ha CBOHCTBa oueHOK. 

,UeJIO B TOM, lJTO nJlH npoueCCOB C TOlJHblM 3HalJeHl1eMKOppeJIHUHOH

HOH epYHKUI1H B (t, T) =Mstst , p33JIaraH HnpO no c06cTBeHHbIM epyHK

UHHM B(t, T) = ~a2iCPi(t)cpdT) -B HOBblX H36JIIO.u.eHHHx Zi=, 
= f YtCPi (t) dt/ai = xl/2'Y]; 110JIYlJaeM 6eCKOHelJHO .u.JII1HHYIO Hel<oppeJIH

pOBaHHylO 110CJIe.u.OB3TeJlbHOCTb CJIyLJaHHblX BeJIHlII1H 'Y]i, M11 2i= 1, liTO 

COOTBeTcTByeT n = 00 H npHBeneT K a6COJllOTHO TOlJHOH oueHKe x. 
3TOT l1apanOKC CHHrYJI5IpHOCTH, 0 KOTOpOM rOBOpHJIOCb BO BBeneHHI1 

K naparpaepy, eCTb CJIe.u.CT'BI1e .u.onymeHI1H 0 TOlJHOM 3HaHHH B (t, T), 

I1pe.u. I1 OJIO)KeHHH, yBbl, I1paKTHlieCKH He BblnOJlHI1MOro. Bblxon Conep

)KHTCH 'B CJIe.u.YlOmeM nYHI<Te. 

7. 0Y'CTb MOI.l.l.HOCTH cj.JJI)IIKTyaUHH He HBJIHIOT,C5I TtOlJHO I13BeCTiHbl

MH, T. e. y,.=;c112t. Mt·l:·=O Ml:2.=(J2. M-t2.= -(J2. M-l:2.l:2.=-(J2.-(J2. 
~ ~1., 'olio) '_ '0 1 _ 1, ~ 1. 1, '0 tr:, J t), 
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MS4i = mi, i=l= j = 1, ... , n. l1w.eM OUeHKy 'B BH,Ue dy(x) = 
='[1-c(1-~y2ddd2]+, di~O . .llJI5I Hee May = 1 H 1 

2 --4 

~ (a) = 1- M ay = C 1_ 2 ~ .5!.t + ~ mi - at + ( ~ ~; r]+ .- [ d· d2 
_ t i 

Onpe,UeJlHM d, HiCXO,U5I H3 MHHHMH3aUHH OIlIH6KH a(a) . .llJI5I 3TO

ro npo,UH¢¢epeHUHpyeM npaBylO 4aCTb paBeHCTBa no d i H npHpaB

H5IeYl O. rIOJlY4HM d i = (rlti-a4d lC~Zi-l'aZd+, rAe "\' HaxO,UHTC5I H3 

ypaBHeHH5I 1'=~0Zi['~Zi-l'aZd+/(mi-a4i)' OTMeTHM, 'ITO ,,\,<1. Mbl 

BH,UHM, 'ITO d i = ex> npH ,(JzJaZi<"\'. TaKHM 06pa30M, eCJIH OIlIH6Ka B 

3HaHHH (Jzi ,UOCTaT04HO BeJlHKa, TO Ha6JIIO,UeHHe Yi ,UeJlHTC5I Ha_ex> H 

HCKJII04aeTC5I. HaKanllUBarOTCR IlUUlb Te yZdd i , allR KOTOpblX (JZi/(JZi > 1'. 
CKa3aHHoe OTHOCHTC5I H K npoueccaM, TaK KaK B pa3J1Q)KeHHH He

T04HOA KOppeJI5IUHOHHOA ¢YHKUHH B pH,U no c06CTBeHHWM ¢YHKUHHM 

H,Upa K03¢¢HUHeHTbl pa3JIO)KeHHH, 0603Ha4eHHble TaK )I,e (J2 i , cTaHyT 

HeIl3BeCTHbIMH. rIpH4eM 4eM 60JlbUle HH,UeKC i, TeM MeHbweHX a6co

JIIOTHble 3Ha4eHHH H TeM MeHbwe 6y,UeT OTHoweHHe C!..zJaZi. n03TOMY, 

Kal, H Bblwe, npH,UeTCH orpaHH4HTbCH JlHWb KOHeLJHbIM yceLJeHHbIM 

p5l'uOM, BKJlIOLJalOw.HM TOJlbKO ,«rJIaBHble KOMI10HeHTbI» pa3J10)KeHHH. 

6.6.3AKJlI04EHHE 

JIorJ1'Ka TaKOBa, 'ITO Ha HeHcHbli'1 Bonpoc He )KJJ,H Bpa3yMHTeJIbHOrO OTBeTa. 

ECTe~TBeHHbIM OTBeTOM Ha pa2MbITOCTb MOJJ,e.~efj, Bbl3BaHHYlO anpHopHo(l 6eJlHO

CTblO )J,aHHblx, 6y.ueT pa,:nJIbIB4aTOCTb oueHoK. 

OueHKH HCl<OMblX napaMeTpOB .uOJIiI<Hbl nOJl'l·HHHTbCH 

THBOflOJIO)KHbIM Tpe60BaHHHM. C O.uHOrl CTOpOHbI, 6blTb 

TeJIbHO, B HyJKHOi'1 Mepe paCnJIb1B4aTb1MH, a C .upyr0l1 -

BbIHy)l(JJ,aeT HX I< KOHl<peTHOCTH, T. e. no B03MO)l(HOCTH 

Pa3peweHHe 3Toro npOTHBOpe'lHH Be.ueT K OnTHMaJIbHblM 

epHKcHpOBaHHofi Ha.ueiKHOCTH. 

BBf.L\eHHe COCTaBHoro pHCKa KaK CYMMbl WTparpa 3a 

.uByM JlHaMeTpaJIbHO npo

HaJJ,e)KHbIMH, H CJIe.uOBa

nOTpe6HTeJIbcI<HII HHTepec 

l( HaH60JIbwei'1 T04HOCTH. 

JJ,OBcpHTeJIbHbIM OueHI(aM 

paCnJIblB4aTOCTb (B BH.'le 

nJIOWa.n.H noJJ, KpHBOIi peweHHl1) nJ1l0C BeJIH4HHa (BCpOHTHOCTb) B3BeweHHOl1 OWH6

liH .L\ocTHraeT CBOerl ueJIH - cyweCTBeHHoro ynpOIJ..leHHH MeTO.L\OB CHHTC3a .uOBe

pHTeJIbHblX OI(eHOK. ,Ua)Ke npH I(JIaCCH4eCKHX pacnpe.'leJICHIlHX BepOHTHOCTel1 MH

HHMH3aUHH cocTaBHoro pHCKa Be.L\eT K HOBblM no COJlepiKaHHIO 06U.(HM epopMyJIaM 

)J,JIH )J,OBepHTeJIbHbIX HHTepBaJIOB (§ 6.2) (JJ,JIH HOpMaJIbHblX pacnpeJJ,eJIeHHl1 npeB

pawa10wHMCH B Il3BecTHble), CTaBHTb H pewaTb HOBbie 3aJJ,a4H, HanpHMep, HallTH 

.uOBepHTeJIbHylO OI.(eHKY JJ,HcnepCHH, 06JIa",aloWyl0 MHHHMaJIbHOH paCnJIblB4aTocTblO; 

nOJIY4HTb OnTHMaJIbHble .uoBepHTe,nbHble OueHI<H napaMeTpoB perpeccHH. 

CaMoe Ba)KHOe, 'ITO COCTaBHOrl ·pHCI<, OpraHJ1lIHO C04eTaHCb C I<OHCTpyKuHel1 

IIHTepBaJIbHblX Mo.ueJIel1 B BH.'le nepBH4HbiX cpeJJ,HIIX, BbIXOJJ,HT Ha npO·CTble CTpyK

TypbI OnTHMaJIbHblX OueHOl<, 1<0TOPblMII 6y.uyT yce4eHHbie CHII3Y JIIIHei'IHbIe I<OM6H

HaUll1I nepBII4HblX npH3HaI<OB, 0 '1eM rJIa~IlT TeopeMa 6.1. B 3aBHCIlMOCTH OT nep

BH'I:lbIX .uaHHbIX nOJIy'lalOTcH caMble pa3Ho06pa3Hble no epopMe oueHKH, .ualOwlle 
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no lliJ<aJIe 0- \ KapTHHy npe.unO'lTeHIIH 3Ha'leHIIHM napaMeTpa. B '1aCTHOCToII, npll 

BepoHTHOCTHblX Mo.ueJIHX 3TO 6y.uyT .uoBeplITeJIbHble HHTepBaJIbl (npe.unO'lTeHlle nOJI

Hoe I 8'HyTpH H 0 BHe HHTepBaJIa)BBH.uy Toro, 'ITO nepBH4HbIe npH3Hal<H 3.ueCb 

llH.uHKaTopHble. 

MeHbwe .uaHHblx - JIer'le nOHCK OnTHMaJIbHOH OUeHI<II. Pa3Be He 3TO npaBHJIb

HaH nOKa HenpHBbl4HaH KOHuenUIIH? HeT .uaHHbIX - HHKaKoro nOHCKa He Ha.uo, 

oueHKH TpHBHaJIbH~ (BeCM 3Ha'leHHHM 6yJJ,eT npHnHcaHO OJJ,HHaKOBoe npe.unO'lTeHlle). 

O.L\HOPOilHOCTb HCXO.n.HbIX .uaHHbIX, HX CHMMeTpHH OTKJIHl<aeTCH B CTpyKTypax 

oueHOK YMeHbweHHeM '1HCJIa BapbHpyeMblx K03epepHUHeHTOB, no.uJIe)KaWHX OTITlIMII

3aUHH. K03epcjJHUHeHTbi CBH3blBalOTCH JIHHeHHblM ypaBHeHHeM, epHKCHPYIOWllM Ha

.ue)l<HOCTb, a B OCTaJIbHOM Haxo.n.HTCH H3 MJ1IHHMyMa HHTerpaJIbHOH paCnJIbIB'IaTOCTll 

oueH'KH. I1x ,nOHCI< BKJIa.'lbIBaeTCH B THnoBylO napaMCTpH'IecKylO 3a.ua4Y onTHMH3a

UIlH C orpaHH4eHHHMH. Mbl ee pewaeM aHaJIHTH'IeC'KIl, He HCI<JIIO'IaH nOJIe3HOCTH 

QllCJIeHHblX cnoc060B B BH.ue cTaH.uapTHbIx nporpaMM. 

OnTHMaJIbHble .uoBepHTeJIbHble oueHKH napaMeTpa c.uBHra HaxoJJ,HTcH B § 0.3, 
rAe Ct{IlTaeTCH H3BCCTHOl1 TOJIbl<O ycpe.uHeHHaH MOWHOCTb epJIyKTyaUHH. BOJIee 

TO'lHblMH OHH CTaHOBHTCH .uJIli HeKOppeJIHpOBaHHbIX epJIyKTyaUHH, a 3aTeM 0606wa

IOTCH Ha CJIy4ar"I 3a.n.aHHblx KOppeJIHUHI1 H Ha oueHHBaHHe napaMeTpa (o.u'HOMep

Horo) perpeCCHH. DpHMe'laTeJIbHO, 'ITO napa60JIll4eCKHI~1 BHJJ, Bee 3TIl oueHKH Ha

CJIeJJ,YIOT or I<Ba;IpaTI14HbiX npH3HaKOB, COCTaBJIHIOWHX 'CBOI~ICTBa BToporo noplIJJ,Ka 

Ha6JIIOJl,eHIl11. 11 xapaKTepHO .uJIH HaweH TeopHH, 'ITO oueHKH no CJIO)KHOCTH o.uH

HaKOBbl KaK AJIH nOCJIe.uOBaTeJIbHOCTH Ha6JIIOJJ,eHHH, TaK 11 AmI npoueCCOB, eCJIH 

COCTaB nepBH'IHblX ;J.aHHbIX o.uHHaKOB. Do Mepe pOCTa 4HCJIa .uaHHbIX OueHI<H He

CKOJIbKO YCJIO)I<HHIOTCH, 3aTO H YT04HHIOTCH, CTaHOBHTCH no epopMe 60JIee Y3KHMH 

npH TOl1 )Ke Ha.ue)KHOCTH. 

Dpe.uyra.ubIBaeTCH nOTpe6HTeJIbCKI!I1 Bonpoc, JIy4we JIH nOJIY4eHHble OnTHMaJIb

Hble OueHI<H, 4eM npl1Bbl4Hbie .n.oBepHTeJIbHble HHTepBaJIbl JJ,JIH HOpMaJIbHOrO pac

npeJJ,eJIeHHH? Ha HaIlBHbII~1 Bonpoc OTBeT HeyTewHTeJIeH: KOHe'lHO )Ke, xy)Ke! 

11 Moryr 6blTb HaMHoro, TaK l<aK pa3Hbie oueHKH paeC'IllTaHbl Ha pa3Hbie yCJIOBHH. 

O.uHIl yCJIOBHH - 31'0 pe)KHM nOJIHOrO anpl10pHOrO 6JIaronOJIY~1l1i B BIlJJ,e HOP

MaJIbllOrO .pacnpe;J.eJIeHHH BepOHTHOCTeH, no HeMy C4HTaeTCH .uOBepHTeJIbHblrl HHTep

BaJI. DOJIY4eHHbie HaMH oueHKH OnTHMaJIbHbl B yc.nOBHHX 1ll0JIHOrO He6JIaronOJIy4llH, 

CBOHCTBeHHoro 6e.uHb1M 3HaHHHMH MOMeHTHbIM 3a.ua4aM, n03TOMY 60JIee paCnJIblB

'1aTbl. 

11 Bce )Ke, He6JIaronOJIy411e HX OTHOCHTeJIbHoe. 

TIO Mepe YBeJIH4eHHH llHCJIa Ha6JIIO.ueHHI1 6e3 l<aKIlX 

HblX npennOJIOiKeHl1rl HaWH oueHKH npH6JIH)KaIOTCH 

(§ 6.4). MO)KHO JIHUlb nOA03peBaTb, 'ITO 3TOMy Mbl 

HOpMaJIbHOH CXO~(HMOCTH, epopMaJIbHO npH CHHTe3e 

DPH He3aBHCIlMbIX OTC'Ierax 

6bl TO HI1 OblJIO .n.onOJIHHTeJIb

no CBOlkTBaM K HopMa.~bHbIM 

06H3aHbl BHyTpeHHHM 3aKOHaM 

HHr,le He 3a.'lel1cTBOBaHHbIM. 

,UaHHbII"1 pe3YJIbTaT .ueMOHcTpHpyeT BeJIHKOJIenHOe «nHWCBapeH'He>} pa3pa60

TaHHoro annapaTa, n03BO.nHlOwero npH Kpal1He 6eJJ,HOM anpHopHOM narlKe yCBaH

BaTb JII06ble nHTaTeJIbHble BewecTBa. BHe.upeHHe .uonpe.ueJIbHbIX H npe.ueJIbHblX pe

3YJIbraTOB B oueHKy Ha CHCTeMllTH4eCKYlO OCHOBy nOCTaBJIeHO B KOHue § 0.4. 

KOHeu TJIaBbl nOCBHU.I,eH 3aJJ,a4e oueHHBaHHH napaMeTpa MacwTa6a (B '1aCT

HOC1'H, MOU.lJHOCTH) no ;I.aHHbIM '0 cBoi'ICTBax B1'OpOrO 'nOpH,:I.KaHa6JII<Y.'\e:HHH. Heo

)KH.uaHHbIM OKa3blBaeTCH 3.ueCb TO, 'ITO OTCyTcTBHe OrpaHl1'1eHIlH Ha MOMeHTbl '1eT

BepToro nopHJJ,K'l He n03BOJIHeT nOJIY4HTb CKOJIb-JIH60 XopOIJJJ1e oueHKll .ua)Ke npB 

Heo~paHHlICHHOM pOCTe ilJ1HHbl HaOJIIOJl,eHI1H. Ho HcnpaBHTb HX npH HaJIH41lH HY)K
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