


CaMO no ce6e npHnaraTenbHoe «CTaTHCTH4eCKHA» 03Ha4aeT, 4TO 

Hcnonb3YIOTC5I ycpe,LLHeHHble no MHorHM HaOnIOjLeHH5IM jLaHHble, CBoe­

ro p0,LLa COOHpaTenbHbIl1 CpejLHeCTaTHCTH4eCKHA OITbIT. 11 HOBH3Ha 

,H3wero illQjLXOjLa no cparBHeHHIO C ,Kn310CHQeCKHM B TOM, '4TO 'Oep:OPM­

JI5Ie'DC5I 3TOT OTIbIT B BH,Ue HHTepBaJIbHbIX MOjLenelr CpejLHHX, qTO n03­

BOJI5IeT OXBaTHTb rrpaKTHQeCKH caMbIA pa3HonHKHA craTHCTH4eCKHA 

MaTepH3JI B ero 6e,UHOCTH 111 6,oraTCTBe, C ,YQeTO.\1 epOPMbI, 06beMa, 

HeOnpejLeneHHOCTH H CTerreHH ,UOBepH5I K HeMy. 

CaMH peWeHH5I B CTaTHCTH4eCKHX MeTo,Uax HMeIOT CTaTHCTH4ec­

KylO oKpacKy: OHH He 065I3aHbI 6bITb COBceM T04HbIMH BCer,LLa, pa3 

3TO HeB03MO.lKHO tc,Ue.J13Tb OjLH3.lK,UbI, HO B CpenHeM ,LLOn}I(HbI npHBO­

,LLHTb K H3HJIYQWeMY pe3YJIbT3TY. 3TO H eCTb OCHOBHa5I 3ajL34a CT3­

TilCTHQeCKilX MeTO,LLoB -- OTITHM3JIbHblii: cHHTe3, KOTOpOMy nOCB5Illl,e­

H3 BC5I BTOpa5I q3CTb KHHrlI. 

M3TeMaTHqeCKa5I CT3THCTHK3 - H3YKa aHanH3a peWaIOlll.Hx npa­


BHJI H ilX CHHTe3a - HMeeT ,UaBHHe Tpa,LI,liUHH, KOpH5IMH YXQjL5Illl,HMI1
 

B li:CTOpHIO TeopHH Bepo5ITHocTeIi. PIOCJIH 3TH ,ll,'Be Ha)liKH BMeCTe, Ino"lJ,­


T5IfHBa5I ,Upyr ,Upyra. MaTeMaTH4eCKa5I CTaTHCTHKa jLaBaJIa TIHlll.Y Teo­


pHH Bep05ITHOCTeA Tpe60BaHHeM OCBOeHH5I HGBWX Mo,UeJIeA, pa3BHBaH
 

,LLn5I HHX MeTO,UbI. 11 B pe3YJIbTaTe oypHoro COBMeCTHoro pOCTa, 065I­


3a
l
HHoro XX BeKy, ,MbIOKa3aJIHCb nepen nopa3HTe.;lbHbIlVI :pa3Ho06pa­


3HeM. MO,LLeJIeI1 II MeTO,LLOB. )lOXO,UHJIO ,UeJIO ,ll,O a6cYP,ll,a, EOr,ll,a HC­


CJIe,UOBaTeJIH CHaqananpHjLYMbIBaJIH Ha 'DCHOBe 3,UpaBoro CMbICJIa
 

npa'BHJIa, a 33TeM «Ha'BO,JJIJIlI H8 IHHX HayKoo6pa3He», nOi,UbI,CKHiBa5I
 

Mo,UenH, ,UJI5I KOTOpbIX 3TH rrp aBHJIa orrTIIMa.lIbHbI (eCJIH 3TO H eCTb
 

enoc06 orrpaB,UaHH5I, TO nHWb CBoero cymecTBOBaHHH) ..A. I10TpeOn ...
 

renHM 'HHlJerO He 'OCr3BaJIOCb, K3K BepHTb HJ1H ineJlaTb BMIL, 14TO Be:pHT,
 

CJIe,LLY5I H3BeCTHOH ,CKa3Ke TIpO rO.lIoro KOpO.lIH.
 

KOp'HH nO,U'Oi6HbIX 36cyp,J,OB JIelliaT B TOM 6ecnpeKOCJTOBHOlVI no,2l­

t-IHHeHHH, He3pHMOM <paTaJIH3l\1e, C KOTOpbIM BbI60p MOJLeJIH 06yCJI3B­

JIHBaeT l\leTO,ll, CHHTe3a H B HTore BH,U OTITHlYIa.lIbHoro peWeHH5I. 11 eCJIH 

rrOJIb30BaTbC5I apCeHaJIOM TOqHbIX Mo,UeJIeA, TO HX KaMymeecH :MHoro­

o6pa3He, C O,LLHoA CTOpOHbI, H HeHa,lJ,e)l(HOCTb C LLPyroA - nOpOlli,ll,aIOT 

O,LLHHaKoBoe COl\1HeHHe B BapHaHTax BbI6opa, jLe.naIOT paBHoueHHbIMH 

COBepweHHO p a3Hble MOjLeJIH, TelY! ca~lbIM 06e3JIHqIIBa5I OnTHMa.lIbHble 

rrpoue'uypbI peIIIeHHiL 

Hanpa1I1HB3IOI..UHlfC5I iBbIXO;J; coeTOHT B paClliHpeHHH apCeHa~TIa YI0L1-e­I 
If 

JIeA, ,LLOnOJ1HeHHH ero rrpOCTbIMH, rpy6bHvIH, Ha,J,eiKHbIMH l\10,ZI,eJl5IMH 

,nJI5I yn.OBJleTBOpeHlI5I CTIpOca T3KIL\1H, ;KOTOpbIM IBIIOJIHe MOiI('RO II HyiK­

HO ,UoBep5ITb. He Ha6HpaTb K3:/K;:LbII1 pa3 lYIo,ne.IIlI K3K ceMeAcTBa T04­

HbIX, rrOCKOJIbKY 3TO ,UoJIrHA rrYTb, a HMeTb rOTOBble 06p33UbI H3 Bce 

cnyqaH lKH3HH - BOT Hawa ue.lIb! IlpHHLIJITIH3JlbHO TO, qTO B pe3JIb­

H~X 3a,LLat-IaX ,.uaHHWX BCer,LLa KOHe4Hoe qHC.nO If OHH He MoryT 6WTb 

a6conIOTHO TOQHbIMH. 11MeHHo TaKOBbl~1H 5IBJI5IIOTC5I OCHOBHble p33­

BHBaeMbIe Hal\1H Mo,Ue•.TIH, 06peTa5I TIOTeHUHaJIbHYlO Ha,Ue.lKHOCTb B 

ymep6 yTep5IHHOA TOQHOCTH. 11 HMeHHO B 3TOM 3aJIOiKeH CMbICJI rro,lJ.­

rOTOBJIeHHbIX HaMH anrOpHTMHqeCKHX MeTOjLOB, opHeHTHpOB3HHbIX Ha 

KOHeQIIOe 'QnCJIO ,U3'HHbIX, 3 npH IHeOrpaHHQeHH01tI YBeJIHqeHHH 
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paCCbInaIOLUHXC5I B«q>eAepBepK» cOBpeMeHHbIx aHaJIHTHqeCKHX MeTO­

nOB (TaK HJIH HHaqe HaXOjL5ImHX pa3yMHoe CBoe OOOCHOBaHHe B paM­

Kax npe,lJ..lIaraeMOro 06mero nO,LLXOjLa). 

HOBbIe MO,LLeJIH npHrO,UHbI ,UJI5I .lII06bIX ,«KJIHMaTHqeCKHX» ycnoBHI1:: 

«rrepeHOC5IT» KaK H306H.lIHe, TaK H ,UeepHUHT HCXO,LLHbIX CTaTHCTHqeC­

KHX ,naHHbIX, pa60TaIOT B YC.lIOBH5IX CTaTHCTHt-I'eCKOA HeycToA4HBOCTH 

(OTpa2KeHHOI~I B HHTepBa&l1bHbIX cpeJJ,HHX), a TaKlKe rrpH qaCTH4HOM 

H TIOJIHOM OTCyTCTBI1H CTaTIICTH4eCKHX ;r.aHHbIX. ITPH 3TOM B paMKax 

lfH;:J.HKaTopHbIX Mo,.ue.TIei~I HHTepBa.nbHble Cpe,ll,HHe MoryT nO,UMeH5ITbC5I 

YKa3aHH5IMH HHTepBa.lIOB, ,LLOTIyCKOB Ha Ha6nIO,neHHH, rrpHOJIHLKaH HaC 
K lIHTepBa~1bHOMY aHaJIH3Y, H B 3TOM n.naHe TeOpH5I eme 2K,LLeT CBoero 

Ipa3BHTH5L 
CTaTliCTH4eCKHe HHTepBaJlbHbIe MO,II.eJlH. ITpHcTynliM K CTporOH 

MaTeMaTH4eCKoA q>opMynHpoBKe rrrp06JIeMaTHKH. 3a,Ua4a COCTOHT B 

o6pa60TKe Ha6JIIO,UeHHA YEUlj C ueJIbIO nOjLrOTOBKH ,ll,aHHbIX H BbI­

HeceHHH peweHHA OTHOCHTeJIbHO COCT05IHHA XEge 06'beKTa HJIH 5IB­

JTeHH5I. ITpHMepoM COCT05IHHrI MO.lKeT 6bITb HaJIH4He JIH60 OTCyT'cTBHe 

CHrHaJIa, CKpbIToro wyMa, HaTIpaB.TIeHHe HJIH n3JIbHOCTb )1,0 ueJIH 

11 T. JJ.. ITepeMeHHyIO x 6y,!I.eM Ha3bIBaTb napaMeTpOM COCTOJlfiUU. 06­
JIaCTb ge 3HaqeHHi:'r x, B 06meM, BeCbMa npOH3BOJIbHa: ,LLHCKpeTHoe 

MHOlKeCTBO, BeKTopHoe H.lIH <PYHKUHOH3.nbHoe npocTpaHcTBo 11 T. II. 

TIpe;jL!~leT :~laTeMaTnI4eCKoA 'CTaTHCTIPKH B03HHKaeT TOfJJ,a, KOlrjLa 

np5IMOe Ha6.TIIO,ll,eHHe 3a COCTOHHHeM x JIH60 HeB03MOlKHO, .nH60 3a­

Tpy,LLHeHO HaJ1H4HeM BHyTpeHHHx H.TIH BHellIHHX CJIyQaAHocTei1:. 4TOObI 

33,LLaqa HMeJIa CMbICJI, OT COCT05IHHA X jLOJIlKHbI 3aBHceTb OBOHCTBa 

H36JIIOJI,eHHr1 yEUlj, Ii TOr,LLa Y 6yjLeT onHCbIBaTbC5I He 0)],HOI1, a ce­

Melic'TBOM lVlo,UeJIeA J(Yx , XE£e. 310 eCTb nepexo,UHble MO,LLeJIH, 3KBH­

BaJleHTHble HeKoTopoMy c.nY4aI~IHOMY onep3Topy Q (K3HaJIy), B COOT­
Q 

BerCTBHH C IKOTOPbI'M ge -+Ulj. 
CaMo COCT05iHHe x TaKlKe, B 06meM, anpHopH onHCbIBaeTC5I MO­

JI,eJIblO J!tx , TaK lITO Jf{Y = QJ1{x. IlpoH31Be.neHHe J!{XY =JI{Xvf{Yx "lJ,aeT 'COB­

MeCTHoe M3TeM3THQeCKOe OTIHC3HHe HCXOJI,OB Ha Ulj H 3Ha4eHHA HH­

TepecylOmero Hac napaMeT,pa x COCT05IHHI1. COBl\1eCTHa5I J{XIJ Ha3bI­

BaeTC5I CTaTUCTUlfeCKOU ufiTepBaAbfioll J1l00eAblO (CI1M). 
CTaTHCTHQeCKa5I IIHTepB8JlbHa5I MOJI,eJ1b e/f{xy B 33BHCHMOCTH OT 

Toro, p aCrra,lJ,aeTC q li J H3 IT pOH3BejLeHHe Jltxv1{ux HJ1I! HeT, Ha3bI­

BaeTC5I COOTBeTCTBeHHO pa3JlOJICUJl'lOll U fiepa3AOJlClL~lOll. Pa3JI1I4He 

MelKny HHMH caCTOllT B cnoco6e epOpl'.1HPOB3HH5I COB1'1eCTHOA l\10jLe­

.TIII. ,U.II5I Hepa3.nO~'KH:'vlbIX 3TO ,ne.TIaeTC51 C nOMOmbIO nepBHqHbIX cpeJl­

HHX iWg (x, y), gE~, CO;replKaIILHX ,lJ,3HHble 0 COB:\leCTHOl\1 rrOBe;r,e­

HHII x H y. 3TH CpeJLHHe l\10rYT ObITb HaA~eHbI 3KcnepHMeHT3JIbHO, 

Kor,Ua COCT05IHH5-I x HaxO;L5ITC5I BHe Hawero B,;1H51HH5I, T8K lITO l\10lli ­

EO JIHIIIb naCCHBHO CJTeJJ,HTb 3a 3Hat-IeHH51MH x 11 conpOBOiKJI,3IOIll,I1l\1H 

ux peaJIH3aUH51MH y. P33JlOiKHMble MOjLeJIH 5IB.lI7IIOTC5I pe3YJIbTaTO~1 

aHaJIH3a nOBe,neHH5I Ha6.lIIO;:LeHHA y npE K3iK,LI.OM XE£e B OT,Ile.TlbHOC­

TH. OHH 6y,nyT HMeTb MeCTO TOrjLa, KOfJJ,a Ha 3TaTIe epOpMHPOB3HH5I 

Mo,neJIH MOlKHO ynpaBJl5ITb 3H34eH115IMH x COCT05IHHA. [105ICHHlVl pa3­

HHUY MelK,ll,y MO,lJ,e.n5IMI1 Ha rrpHMepax. 
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IT p II M e p 5.1. ITYCTb CllHTe3 MO.l\eJIll OCYllleCTBJIlIeTClI Ha OCHOBaHllU nOBTOp­


HOro COBMeCTHoro Ha6JIIO.l\eHHlI peaJIll3aUHH x(n) II yIn). n= I ..... N. npll 3TOM
 r
co6llpalOT.ClI CBe.l\eHllll 0 'Cpe.l\HnX 3HaqeHllllX npll3HaKOB g(x. Y)E'S. ):(aJIee ycpe.l\ ­


aeHueM II BblCTaBJIeHlleM .l\OBepnTeJIbHbiX rpaHllU HaJeO.l\lITClI nepBllqHble 3HaqeH.sr
 

I N
 
Mg(x. y)=- Lg(X(nJ, y(n»_~;
 
- N n=!
 

I N
 
Mg(x, y) =- L g (x(n), y(Il» +~.
 

N n=1
 

B 3TOM CJIyqae CI1M nOJIyqaeTClI Hepa3JIO)l{HMOH. ECJIH )l{e HMeeTClI B03MO)l{HOCTb
 

ynpaBJIlITb COCTOllHH5IMll x II Ha6llpaTh cTaTllcTHKY 0 Cpe.l\ReM MYxg (y) npH Ka)l{­
 r 
.l\OM 3HaqeHHH XE!Jl}, TO 6Y.l\YT nOJIyqaTbC5I AOBepllTeJIbHble rpaHHUbI ~Yxg(y), 

MVxg (y), 3a.l\alOlllHe nepeXO.l\Hb!e MO.l\eJIHpa3JI·O)l{,HMO!1 CI1M. 
IT P H M e p 5.2. ITyCTb COCT05lHHH Bcero .l\Ba: Xo 'll XI, H Ka)l{.l\OMY ll3 HllX
 

cooTBeTCTByeT CB051 MO.l\eJIb .JI(Yo II ,;/{Y1, llHTepnpempyeMall KaK ceMeHcTBO TOqHbIX
 

pacnpe.l\eJIeHllll Bep05lTHOCTeii g>y: ,;/{Yx = V g>y, X=Xo llJIll XI. Tor.l\a eCJIR
 

.Cf!y E ..Jt~
 

g>y MoryT BbI6llpaTbC5I npOH3BOJIbHO BHYTPll .,f(Yx BHe CB5I3H C TeM, paBHO X=X(}
 r 
llJIH Xl. TOr.l\a 

Mf(x. y)=M
X 

[8 xo (x). SUp M~f(x, y)+8 ,(x) SUp M'jpf(x, y»)x 
~c..Jtt ~c..Jtf 

H HMeeM pa3JIO)l{HMYlO CI1M, npHqeM ,;/{Yx 0 =v!{Yo, "f{Yx I =v!{Y I. ECJIH )l{e g>Y H3 ,;/{Y II ~ 
KaKHM-TO o6pa30M nO.l\tIJHHeHbI g>yo ll3 .,f(Yo, TaK qTO BbI60p O.l\HOro pacnpe.l\eJIeHIHl 

BbIHY)l{.l\aeT BIl.l\ .l\pyr-oro, TO, 0603HaQall CB5I3b g>y 1= Sg>yo• nOJIyqaeM 

M 
X

Mf(x, y)= SUp [8x (x)Mf-n f(x, y)+8 (x)MSY.,,, f(x, V)].
y 0 ,::.0-0 x 1 7-0 

~oE..Jto 

B 3TO'M c,1yQae CI1M CY)l{aeTClI H 'CTaHOBHTClI Hepa3JIO)KHMOII. 

OapaMeTpaMH COCT051HHH MoryT 6hITh Cpe.n.HHe xapaI<TepHCTHKH
 

CJIyqaHHOrO 06beKTa HJIH 5lBJIeHH51, 'CKa)KeM x=Mq (y) I r.n.e .q - He­


KOTopaH <PyHKU.HH. Tor.n.a .;J{Yx CYTb Mq-CetIeHH51 H3 npe.n.CTa BJJeHH51:
 

J1tY = V J!t~, r.n.e .J1..'~ = J/Jty 1\ (Mq = X)
 
XES;
 

H $= {x: ..J{Yx =p0}. Mo.n.eJIh pa3JIaraeTC51 Ha npOH3Be.n.eHHe ..J{XY= 

=:'Jxv/{Yx , r.n.e :'JX eCTb rOJIaH Ha $ MO,lleJIh. 3TO npOH3Be.n.eHHe .3KBH­ ..,
BaJIeHTHO CJIe.n.YIOLUeMY nop51.n.Ky BbltIHCJIeHH51 cpe.n.HHX: .!Vif (X, y) = 
= SUp .!ViYxf (X, y), H COOTBeTlcTByeT nOJIHoMy OTCyTCTBHIO anpHopHhIX 

X 

.n.aHHhlX 0 x. 
O.n.HHM H3 cnoc060B B03MQ)KHhIX ynpOl.lI,eHHH CI1M 5IBJI51eTC51 ee 

paCWHpemle, TaK KaK .3TOT cnoc06 BH.n.OH3MeHeHH5I CI1M He yxy.n.­

waeT ee Ha.n.e)l{HOCTH (a cKopee Ha060poT, B OTJIHlfHe OT cy)l{eHH51). 

HanpHMep, pacwHpeHHeM Hepa3JIO)KHMaH CI1M MO)l{eT 6hITh npHBe­

.n.eHa K pa3JIQ)KHMO{I. Bo06l.lI,e pacwHpeHHeM MQ)KHO CBeCTH CI1M K 

JI1060ii H3 3a;pa'Hee BbI6paHHblx yrrp0l.lI,eHHblx CpOpM. Borrpoc TOJJbKO 

B TOM, KKaKHM rtoTep51M TOlfHOCTH .3TO npHBe.n.eT, TaK KaK npH He­
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y.n. alfHO BhI6paHHOH <popMe npHBe.n.eHHoH CI1M pacwHpeHHe MO)l{eT 

06paTHTbC5I B .«pa3.n.eBaHHe» B'IlJIOTb .n.o rOJIOH Mo.n.eJIH :'Jxy , 'CJIe.n.oBa­

TeJIbHO, K nOTepe JII06hIX .n.aHHblx KaK OTHOCHTeJIhHO x, TaK H y. 
OpHBe.n.eHHe B03MO)l{HO H K .n.pyrHM <popMaM, 0 KOTOpbIX noH.n.eT pelfb, 

H 3a.n.alfa HH)I{eHepa-HCcJIe.n.oBaTeJI5I - no.n.06paTh T'aKYIO, KaKa51 6JIH­

)l{e Bcero CTOHT K pewaeMOH 3a.n.alfe 'C IJ.eJIbIO COCTaBHTh HaH60JIee 

.3KOHOMHoe orrHcaHHe. 
4»YHKlJ.HOHaJlbHble npe.n.cTaBJleHHSI Ha6Jl10AeHHi;L O.n.HOH H3 <POPM 

3a.n.aHH5I CI1M 5lBJl5IeTC5I <PYHKIJ.HOHaJIbHOe npe.n.cTaBJIeHHe BH.n.a 

y=Vx~, xEfC, yE"/j, ~E8, (5.1) 

r.n.e ~ - HeKoTopoe CJIYlfaHHoe 51BJIeHHe, Ha3hlBaeMoe <pJIyKTyaIJ.H51­

MH (JlH60 WyMOM, nOMexoH), a V eCTb onepaTop CB5I3H y C X 

H ~, oT06pa)l{aIOl.lI,HH rrpoH3Be.n.eHHe 'rrpocTpaHcTB $ X 8 B Ulj. B .3TOM 

CJIylfae .n.OCTaTOlfHO 3Ha'Tb cOBMecTHyIO Mo.n.eJIb .If{x~, KOTOpa51 BMeCTe 

C V o.n.H03Ha·lfHO ·orrpe'.ll.,eJIHT CI1M ..J{XY. npeHM,YLUec11Ba :rrpe,1I:CTaBJIe­

HH5I (5.1) 6y.n.yT OLUyTHMbI JIHWb Tor.n.a, Kor.n.a rrpOCTOH rro <POp Me 

5lBJI5IeT'C5I .If{x~ (HJIH 6e3 OC06hIX rrOTepb B paCWHpeHHH ee y.n.aCTC5l 

yrrpocTHTb). HarrpHMep. Kor.n.a ..J{x~=.If{x.lf{~, T. e. <pJIyKTyaIJ.HH ~ CBO­

60.n.HhI OT x. 
MO)l{HO 3apaHee BbI6paTh orrepaTOp V H paCWHpeHHeM CBeCTH 

CI1M K BH.n.y (5.1). Tor.n.a B03HHKaeT Bonpoc 0 IrrpaBHJIbHOM iBbI60­

pe V, H3BJIeKaIOLUHM H3 ~ Bce OTJIHqHTeJIhHOe, qTO TOJIbKO Tpe6yeTC5l 

.QJI5I y. 
MOAeJiH C MellialOLUHMH napaMeTpaMH. B orrpeAeJIeHHhIX 3aAalfax 

BhI.n.eJI5IIOT TaK Ha3hlBaeMhle MewaIOW;IIe napaMeTphI eE'8, ClfHTa5I 

CI1M .If{axy no.n.lfHHeHHoH e. ECJIH e MO)l{eT 6hITh JII06hIM BHyTpH e, 
TaK qTO aTIpHOpH ero Mo.n.eJIb 51BJI5IeTC5I rOJIOH .If{a.=:'Ja, TO BBe.n.eHHe e 
.3KBHBaJIeHTHO rrpe.n.CTaBJIeHHIO CI1M B BH.n.e 06be.n.HHeHH5I ..J{xy= 

XY= V.Jf{a . OpH .3TOM CI1M 6y.n.eT TaK)I{e qaCTHOH K rrpOH3Be.n.eHHIO 
a 

.;f{axy =:'Ja .If{aXY . 

MewaIOLUHH napaMeTp MO)l{eT BXO.n.HTb B <PYHKIJ.HOHaJIhHOe rrpe.n.­

CTaBJIeHHe y= Va,x~, r.n.e OH OTpa)l{aeT HeH3BeCTHble .n.aHHble 06 orre­

paTope V. 3TO rrpe.n.CTaBJIeHHe HMeeT CMbICJI TOJIbKO BMeCTe C ynpo­

rn,aIOLUHMH npe.n.rrOJIO)l{eHH5IMH 0 ,coBMecTHoH Mo.n.eJIH e, x H ~, QTO 

paCCMal1pHBaeTC5IB rrpllMepe. 

ITpHMep 5.3. I1YCTb llMeeT MeCTO npe.l\CTaBJIeHHe Yt=8+t{Xt+5t}, r.l\e Xt 
eCTb OlrtlaJI, nepe.l\aBaeMblfl no KaHaJIy CB1I3H; 5t - a.l\.l\HTHBHbIH WyM. 3.l\eCb 

MewalOlllHH napaMeTp 8+ t:;;' 0 OTpa>KaeT 3aMHpaHHlI B KaHaJIe. B CJIyqae He­

3aBHCHMOCTHCOBMeCTHa51 MO.l\eJIb 3am1WeTC51 ,;/{ax~=J(8X IlfXX,;/{s. ECJIllCBe.l\eHHlI 0 

He3aBH'CllMOCTH HeT, HO HMeeT MeCTO cBo6o.l\a 5 OT 8 H X (o3HaqalOlllall, qTO WYM 

cnoco6eH B HeKoTopoH Mepe «nO.l\CTpaHBaTbClI» no.l\ 3HaqeHHlI 8 H X B paMKax 

3aJJ.aHRoA .JI(5) H cBo6ona 8 OT x, TO: ,;/{ax~=.,f(a.Jl(x.Jl(s. HaKOHeu, B03MO)l{eH H .l\PY­

roA BapnaHT, 'KOr.l\a J(ax~=,;/{x~J(a II 3.l\eCb y)l{e napaMeTp 8 MO)l{eT TaKruqeOKH 

-«nO.l\CTpaHBaTbclI» no.l\ X Ii 5 ·B paMKax .JI(a . 

Po6acTHble MOAeJiH. nOJIYlfaIOTc5I 3a.n.aHHeM HJIH HHTepnpeTaIJ.Hei'f 

Mo.n.eJIeH ceMeHCTBaMH pacrrpe.n.eJIeHHH Bep05lTHOCTeH, O<popMJIeHHhI­
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~
 MH KaK HeK01'Opble OKpeC1'HOCTH 13 rrpOCTpaHCTBe pa'CrrpeJI.eJIeHHiL
 

TaK MO)KeT OrrnCblBaTbC5I H caMa no ce6e CI1M, H MO,.QeJIH q)JIyKTya­


~HH (HJIH rrapa'MeTpa 'COCT05IHHH) BepYHK~HOHaJIbHOM npeJI.'CTaBJIe­


HHH Ha6JIIOJI.eHHH. 3 aJI.ae1'C5I ceMeHCTBO .;/( = V flJ B BHJI.e MeTpH'IeCiKHX
 
OrpaHH'IeHHH THrra 

{gil: d (gil, gvo) ~ e}, 

rJI.e d - l«paCCT05IHHe» or pacrrpeJI.eJIeHH5I BepoHTHocreH flJ )].0 «~eHT­

pa» flJo. lIHTaeTc5I, KaK ,ceMeHCTBO Bcex pacrrpeJI.eJIeHHl1 BepoHTHocTel1
 

flJ, OTCT05IlUHX or flJo He 60JIee, ''IeM Ha e. Pa3Hble MeTpHI\l-I d Ber":(yT
 

K pa3HbIM ceMeHCTBaM, pa3HblM M0JI.eJI5IM. OJI.HO H3 pacrrpOCTpaHeH­


HbIX ceMeHCTB JI.aIOT HHTepBaJIbHbIe ofIJIOTHOCTH: e. (z), p(z) - 'ceMefI­
t' 

CTBO Bcex rrJIOTHOCTeH, pacrrOJIaraIOll.I,HXC5I Me)KJI.Y HIDKHeH H BepXHeif 

rpaHH~aMH (3JI.eCb z 3aMeH5IeT rrepeMeHHble x, y HJIH 06e BMeCTe). 

BblJI.eJIHM «l.1,eHTp» po(z)=I[e.(z)+p(z)]/2, OH epopMa.'IeH (::lTO MO­

)K'eT H He 6bITb rrJIOTHOCTb); TOrJI.a ceMeHCTBO {p (z) :!? (z) ::::;;P (z)::::;;
 
::::;;P (z)} Bblpa)I{aeTCH MeTpH'IeCKH TalC
 

{ 
+} .p (z) : max I~ (z) - Po (z)/ ~
 

z p (z) - E(z)
 

1I a'CTHble B a pH a HTbI HHTepBaJIbHOI1 rrJIOTHOCTH, COOTBeTCTBYIOI.UlIe
 

p(z) = 00, JI.aeT CeMeI1CTBO«3acopeHHbIX» :[ 11] pacrrpe,1I.eJIeHHI1, 3KBH­


BaJIeHTHO npeJI.cTaBJI5IeMoe: (I-e)po(z)+epv(z), r,1I.e Po(z) - 33­

\0,1I.aHHa5I, Pv (z) - COBepweHHO HeH3BeCTHa5I rrJIOTHOCTb, H Tor)]. a
 

e.(z) =,(1-e)po(z). CeMeI1ICTBO 3arrHCblBaeTC5I 'lepe3 epYHKI.1,HH pac­

npeJI.eJIeHH5I: (I-e)Fo(z)+eFv(z), r,1I.e F,,(z) - rrpoH3Bo.'lbHa. no­

HHMaeTC5I TaKa5I MO,1I.eJIb TaK, KaK 6YJI.TO C Bep05ITHOCTbIO (I-e) CJIy­


'IaHHWH HCXO)]. z nO,1I.'IHH5IeTC5I 3a,1I.aHHoMY C4HCTOMy» pacrrpeaeJIeHHIO
 

Bep05ITHOCTeii, cooTBeTcTBylOI.UeMy F0 (z)( HJIH Po (z) ), a C Bep05IT­


HOCTbIO e MQ)KeT 6bITb Bce, 41'0 yrO,1I.HO, 'ITO H Bbl3blBaeT '«3acopeHHe»
 
'IHCTbIX 3HaHHH H rrOHBJIeHHeCeMeHCTBa. 

P06aCTHblH no,1I.XO,1I. HMeeT rrO,1I.,1I.ep)KKY B BHJI.e TeopeMbI 1.3 0 

rrpeJI.cTaBJIeHHH, rro KOTOpOl1 MOJI.eJIH HHTepllpeTHpyIOTcH KaK ceMeii ­

CTBa pacrrpeJI.eJIeHHH BepoHTHocTeH. 11 31'01' 1l0,ll.XOn Mor 6bI 6bITb 

yHHBepCaJIbHbIM, eCJIH 6bI He orpOMHble Tpy,1I.HOCTH, BCTaIOLUHe Ha 

rrYTH OllHcaHHH MeTpHlleCKHMH orpaHH4eHH5IMH caMbIX pa3Ho06pa3­

HblX ceMeHCTB H CBOlkTB, oc06eHHO TaKHX, KaK 3aBHCHMOCTb Me)K,1I.y 

CJIY4aHHbIMH BeJIH4HHaMH BHyTpH rrOCJIe,1I.OBaTeJIbHOCTH HJIH rrpouec­ jl, 

ca. Yrp03allOJIY4HTb rpOM03,1I.KHH KOM onHcaHHI1 BMeCTe C BbITeKaIO­

I.UHMH OTCIO,1I.a TPYJI.HOCT5IMH CHHTe3a OLIeHb orpaHH4HBaeT cepepy ,1I.eH­
CTBHH p06aCTHblX MOJI.eJIeH H MeTO,ll.OB. 

5.2. OnnfMAJlbHblE fIPABHJlA 
.' 

PaCnJIbrc4aTble peWeHH5I H pewalOW:He rrpaBHJIa. UeJTblO CTaTHCTH­

'leCKHX MeTO,ll.OB 5IBJT5IeTCH BbIHeceHHe peWeHHJ1 OTHOCIHeJIbHO COCTOH­

HHH xEge no Ha6JIIOJI.eHHHM y. !\a)I{JI.oe peweHHe ,eCTb HeKOTopoe 

cy)K,1I.eI-IHe 0 COCT05IHH5IX. 3TO cy)K,1I.eHHe MQ)Ker Bblpa)I{aTb'C5I B .u:e­

TepMHHllpOBaHHOH epopMe B Bll,1I.e YKa3aHHH KOHKpeTHoro 3JIeMeHTa X 
npOCTpaHcrBa ge, TaK 11 B He'leTKOH epopMe B Bll,1I.e nOJI.'MHO)KeCTB f!C, 
HJIll B BHJI.e He4erKHX C06bITHH.!l (x), if (x) (c. 88), rJI.e crreUHepH'IHO 

,1I.JI5I peweHHH rpaHllUbl 065I3aHbi COBrra,1I.aTb H 0603Ha'laIOTC5I d (x). 
PeuteHUflMU Ha3bliBaIOT,C5I JIIO'6ble He4eTKHe '006bITlI5I Ha rrpOCT­

paHcTBe COCTOHHHH ge, onHCblBaeMble epYHKI.1,HHMH d (x), xE'f!C , Ta­

KllMll, 'ITO O~d (x)::::;; 1. <1>YHK'UIl5I dl(x) - '1l'305pa)l{elHHe M'HeHHH OTHO­

CllTeJIbHO ,B03MO)KHbIX x, Bblpa)l{eHHOrO 'B Bll,1I.e HeK0110pOH .KlpUBOH 

npe,1I.rrO'lTeHHH pa3HbI:\1 3Ha4eHH5IM x rro WKaJIe [0; 1]. 31'0 )Ke rrpH 

Ka)K,1I.OM x llCTeneHb yBepeHHocTll, JI.a)Ke Bep05ITHOCTll, C 'KOTOPOH 

3JIeMeHT x BKJIIO'IaeTCH KaK B03MO)KHbIH rrpe,1I.'CTaBllTeJIb peWeHIl5I. 

MHO)I{eCTBO Bcex B03MO)KHbIX peweHllH (Bcex epYHKUllH O~ 

~d(x) ~ 1 Ha ge) 0603Ha411M Dv . B D" BXO,1I.llT peweHHe d(x) = 1, 
cooTBeTcTByIOll.I,ee eppa3e: ,«!\aKoe-To COCT05IHlle Ha ge llMeeT MeCTO». 

TYJI.a )I{e BXO,1I.HT uHouKaTopHble peuteHUfl d (x) =A (x), Acf!C, COOT­

BeTcTByIOLUHe eppa3e: «I1MeeT MeCTO KaKoe-TO O,1I.HO COCTOHHlle H3 

MHO)KeCTBa A Ha f!C». B CJIy'lae ge = Ill, KOr,1I.a MHO)KeCTBO A eCTb 

I1HTepBaJI rrp5IMoii: A ={a, b], llHJI.ll'KaTOpHOe peweHHe Ha3blBaeTC5I 

UHTep8aJlbHblM peuteHueM. PeweHlle B BHJI.e JI.eJIbTa-epYHKUllll: d'(x) = 
= IL (x), COCTOHll.I,ee B YKa3aHllll OJI.HOrO KOHKpeTHorOCOCT05IHllH X, 

x 
Ha3blBaeTC5I oeTepMuHupo8aHHblM. HaKoHeu, peweHHe d (x) =0 COOT­

BeT,cTByeT TOMy, 'ITO HHKaKoe 113 COCT05IHllH f!C He HMeeT MeCTa. 

Y,1I.06HO BbIJI.aBaTb ° 3a 6eJIoe, 1 - 3a a6COJIIOTHO 'IepHOe, H 

Boo6:palliaTbce6e ,B 06ll.1,eJM d (x), ,Ka,K pa3'Ma3aH'HOe rrHTHO Irrepe.MeH­

HOl1 KOHTpacTHocTll Ha 6eJIOM epoHe, ICBoero po,1I.a KaK He'lJeTKOe 11306­

pallieHHe uemI Ha 3KpaHe OCI.1,IlJIJIorpaepa. 

BeJIll'lHHY sup d (x) -inf d (x), paBHyIO BbICOTe d (x), 6YJI.eM Ha­

3bIBaTb KOHTpacTHocTblO peuteHufl, a peweHHe, npliHllMaIOI.Uee XOT5I 

6bl pa3 KaK 3Ha'leHlle 0, Ta'K 11 3Ha'leHlle 1 - KOHTpacTHblM. KOHT­

pa-CTHOCTb, :31'0 B HeKoTopolM ,CMbICJIe HeC'OMHeHHOCTb, y'BepeHIJ-IoocTb pe­

rneHHH. MHolliecTBo KOHTpacTHblx peweHl1ii 0603HaLIllM DOl: DOl = 
={d(x) :infd(x)=O, supd(x)=I}. B DOl :BXOJI.HT KaK Bee JI.eTepMllc 

HllpOBaHHble peweHIiH DiJ.eT, TaK 11 Bce llH,1I.ll'KaTOpHble (IlHTepBaJIbHble) 

Dn. Ha 3TOM OCHOBaHHH BepHO BKJIIO'IeHlle: DiJ.eTCDnCDol cD" . 
BepHeMC5I K MHO)KeCTBY D" Bcex peweHllH. OHO 3aMKHyTo OTHO­

CHTeJlbHO JIOrWleCKHX onepaUHii: «He d(x)>>-<=>-l-d(x); «dl(x) llJIH 

ddx)>>-<=>-d(x)=max{ddx), d2 (x)}; «ddx) 11 dz(x)>>-<=>-d(x)= 
=min{dr(x), d2 (x)} (TO )Ke MOlliHO CKa3aTb OTHOCHTeJIbHO lln). 
MHOllieCTBO Dv 3aMKHyTo 11 OTHOCllTeJIbHO ,paH)].oMH3aU'HH: «'BbI60'p 

di(x) C BepOHTHOCTHMll pi, LPi= !»-<=>-d(x) =z,Pid;(x). PaHJI.OMH3a­

u.Heii BbI-palliaIOTcH pemeHH5I, BbI'CKa3aHHble B BHJI.eCOMHeHllH. TaK, 

epp a 3a: «BepoHTHo (c BepoHTIHOCTbIO p) llMeeT MeCTO peweHlle d* (x)>> 
DTpalliaeTC5I a6cTpaKTHbIM 'C06bITlleM d(x) =pd* (x). ECJIll, CKallieM, 

d* (x) =A (x) - llHJI.HKaTOpHoe peweHlle, TO peweHHe pA (x) 6YJI.eT 

COOTIBel'CTBOBaTb rrpe,1I.JI'OllieHHIO: «I1Mcer MeCTO O;I.HO 113 ,COCTOHiHllH 

MHOllieCTBa A co CTeneHbIO yBepeHHOCTll p, 'H HHKaKoe 113 JI.pyrllx ICO­

Cl'OHHllii (T. e. 113 Ac) ». TaKHM o6pa30M, pa3Ho06pa311e He'lel1KllX 

C06bITllH rr03BOJIHeT Bblpa311Tb pa3Hble orreHKH 'peweHllH. 
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TIepeH,lI,eM Terrepb OT perneHHii: IK p e rn a 10 m II M rr p aB II JI a M. '19 I 
OHH Ka)K,lI,OMy Ha6JIIO,lleHHIO Y YKa3bIBaIOT, KaKoe peweHHe IlpH 3TOM t 
CJIe)l.OBaJIO 6bI npHHllMaTb; T. e. nOJIHOCTblO 3anaIOT cxeMy, Ilpoueny­

1 
py \npIIHHTHH perneHHH, KaKoe 6bI Y Hill CJIyllHJIOCb. ECJIH peweHHH 

HelleTKJHe, TO :npaBlHJIa ~Ha3bIBaIOTICH paCnAblBtiaTblMU. 
qHCTO <popMaJIhHO pernalOmee IlpaBHJIO ay, (x) eCTb oTo6palKe­

HHe rrpOCTpaHCTBa Ha6JIIO,lleHHH Olj B MHO)KeCTBO Bcex perneHHH 

ay
DV: ~-+DV· 

MhI orpaHHIIHM KJIaCCbI rrpaBHJI, eCJIU 3aMeHHM D y Ha HeKOTopoe 

ero nO)l.MHO)KeCTBO D. TaKHe rrpaBllJIa Ka)K)l.OMy y CTaBHT B COOTBeT­

CTBHe pern,eHHe d (x) H3 ,MHO)KeCTBa D, DeDv. t,. 
TIpaBHJIa 'KJIaCCHepHUHpyIOTCH no BH,ny perneHHH. ECJI'H D=DJj.ey 

eCTh MHOJKeCTBO ,1l.eTepMHHHpOBaUHbIX perneHHH, TO npaBHJIO Ha3bI­

BaeTCH ,1l.eTepMHHHpOBaHHhIM; eCJIH D=D H eCTb HH)l.HKaTOpHble (HH­

TepBaJIbHble) perneHH5I, TO npaBHJIO Ha3bIBaeTICH HH,llIIKaTOpHbIM 

(HHTepBaJIbHbIM). HaKOHeu, eCJIH D=Do1 - MH02KeCTBO KOHTpaCT-

HbIX perneHHH, TO npaBHJIO Ha3bIBaeTCH KOHTpaCTHbIM. 0603HaqeHH51 

KJIaCCOB npaBHJI CP0,llHH pelIIeHHHM: q)y, q)ll.eT, q)H' 200'1' 
·rnOTepH. PelIIeHHe d (x') np'HIHHMaeT'CH IB KOHellHOiM tC:lleTe OTHO­

CHTeJIbHO COCTOHHHH x'EfE, n03TOMY Tp'e6yeTcH oxapaKTepH30BaTh 

ero ,rrpaBHJIbHOCTb, HaCKOJIbKO OHO yranbIBaeT IICKOMoe x, OXBaTbI­

BaeT qTO JIIH ero. 13y)l.eM xapaKTepH30BaTb npOTH'BOIlOJIO)KHYIO Be.Hll ­

tIHHy - HerrpaBIIJIbHOCTb - C nOMOmblO norepb rt (x, rd (x') ), onpe,lle­

JIHIOIII.HX nJIaTy 3a peweHHe d (x'), eCJIH Ha caMOM ,lleJIe IIM,eJIO MeCTO 
.. 

COCT05llHHe x. 3T'O, IB 06meM, ·epYHlKIUHiOlHaJI OT Hel.~eTKHX perne­

HHH Id (x'), 3aBlICHmlIH OT HCTIHHHoro COCT05lHH5I x. B qaCTHOM iCJIY­

qae ,lI.eTepMIHHHpOBaHHbIX perneHHH nOTepH rt (x, x) 6y,llyT epyHKUHeiI 

~B,yX IIlepeMeHHbIX: IICTHHHoro ,COCT05tHHH x ,H npHHHMaeMoro perne-

HHH X. HHJKe )l.aIOTCH TIlpHM·epbI rrOTeph. 

,n p H M e p 5.4. ,U e JI b T a-n 0 T e p H. l1,cnOJIb3ylOTcH npH ,lJ,eTepMIHHHpoBaH-

HbIX peIlleHHHx .H HMelOT BH,lJ, o6paTHOro,lJ,eJIbTa-iBbI6poca: n(x, x') =,1-:6; (x). 00­

TepH paBHbI 0 rrpH X=X (npaBHJIbHOM peIlleHH<H) H paBHbI 1 npn OlIlH60lJHOM. 

TaKHe nOTepH 03HaqalOT, qTO Hac He BOJIHyeT, KaKyro oIllu6Ky )J.aeT peIlleHHe X 
no OTHOIIIeHHIO K HCTHHHOMy COCTOHHHro x, a JIHIllb lI'HTepecyeT caM epa!KT, HMeeTCH 

JIB OIIIH6Ka (TOr,LLa nOTepH paBHbI 1) HJI'H HeT (Tor.na 0). 3Ta KpaHHHH KaTero­

p'HtIHOCTb: JIH60 Bce, JIH60 HHqerO - CrJIaMHBaeTC5I npn o606mcHHH C ,LLeTepMH­

HHpoBaHHblx Ha rrpOH3BOJIbHble HeqeTKUe perneHHH B cJIe.nyromeM rrpHMepe. 

ITpHMep 5.5. CocTaBHbIe nOTepH. ITYCTb n(x, d(X'))=I~d(x)+ ,.. 
+<AQ{d(x)}. rIoTepH paBHbI BeJIH1JHHe HeyHepeHHocTH I-d(x), C KOTOrpoti perne­

Hue d(x) cynHT 06 HCTHHHOM COCTOHHHH x rrJIIOC ymep6 AQ {d} 3a paCITJIbIBQa­

TOCTb. Ymep6 nponopUHOHaJIeH IllHpHHe H 06bIQHO eCTb HHTerpaJI OT d (x). Ha 
npHMoI1 ge,=PJl 3TO 6y,neT nJIOmajI,b no,lJ, epyHKUHeI'1 d (x), onpe,LLeJIHIOmaH HHTe­

rpaJIbHylO IIIHPHHY. )lJIH ,LLeTepMHHHpoBaHHbIx npaBHJI IIIHpHHa HyJIeBaH: ~J {.i} = 
=0 - H ,lJ,JIH HHX COCTaBHble nOTepH cOBna,nyT C ,LLeJIbTa-nOTepHMH. llapaMeTp 'A 
eCTb BecoBoI'1 K03epepHUHeHT, YBeJIHqeHHe KOToporo nOBblwaeT aKQeHT ymep6a 3a 

paCnJIbIBqaTOcTb. 

IT p H M e p 5.6. I( B a )J. paT H q H bI e nOT e p H. 3TH nOTepH HCnOJIb3YIOTCH 

,lJ,JI5I ,lJ,eTepMHHHpOBaHHbIX npaBHJI II paBHbI KBa,lJ,paTY «paCCTOHHHH» MeM)J.y npR-

HHMaeMhlMH peIlleHHlIMH X H HCTUHHhlM COCTOllHHeM x. B CJIy'lae $'=!1l IIOTepll 

1t (x, x) = (x-x) 2, a IIpH MHorOMepHOM napaMeTpe COCTOlllHHll a; =!1ln - .9TO 
n 

6y,1l.eT KBa,1l.paT AJIHHhI BeKTopa OIllH6KH: n(x, x) = ~ (Xi-Xi)2. HaKOHeu, AJIli 
1 

npouecCOB KBaApaTll'lHble IIOTepH IIpeBpaTliTCli B IIHTerpaJI: :rc (x, x) =S (Xt-Xt )2dt. 

0606uieHHeM HBJIHlOTC5I IIOTeplI, onpe.neJIHeMble B BH,LLe MeTpHKH Ha ge, a ,IT.,JUI 

JU1HelIHbIX npOCTpanCTB ge - B :BH)J.e HOpMbI: rt (x, x) = Ilx-xI1 2
• PacnpOCTpaHlITb 

T3KlIe nOTeplI Ha iHHTepBa.TIbHble perueHHH d (x') ,= [x, ",i] MOlliHO 6bLTIO 6bI, CKaMeM, 

nOJlO2KHB rt (x, d (x')) =min {llx-:11 2
, Ilx-xI1 2

}. 

11OTepH U eJIeH a Ilp a BJIeHHOBbI6 HP a 10T'C5I 11CX0,l1.5I 113 TOro, Ka KHe
 

peWeHH5I (pewalOIUlle npaBllJIa) ·MbI M02KeM peaJIll30BaTb Ha rrpaK­


THKe, Ha KaKHe llX 'CTOPOHbI CJIe,l1.yeT 06paTHTb oc06oe BHHMaHHe H
 

qTO )KeJIaTeJIbHO nOJIyqllTb. HeMaJIOBa2KHa H npOCTOTa. TaK, ,llJI5I 3a­


,natI .paCIlJIbIHtIaTOI[O oueHHBaHll5I y,n06Hb1Mll OKa3bIIBaIOTIC5I COCTaBHbIe
 

nOTepH, a I,II)IH 3ajI,a'q epHJIbTipaUllH - (KBanpaTllll'Hble. 
TloTepll caMH no ce6e MoryT 6bITb HeO,llH03HaqHbIMH, ,eCJIH HX Bbl­

nop iBbl3bIBaeT rCO:\1HeHHH. TOf,l1.a aHll OIlpe,l1.eJI5IlOTIC5I )I.By·M5I rpalHHua-

MH: n (x, d (x') ), ~ (x, d (Xl)), eB:oero po\,Ua HaHJIyqWHMH III IHaHxy,l1.­

I11HMH nOTep5IM~ B qaCTHOCTH, M02KeT 6bITb 3a.uaHa TOJIbKO rpaHHua 

rrOTepb cBepxy n If TOf,lla, yqHTblBaH, qTO ~ neOTpHuaTeJIbHa, OCTa­

HeTC5I CqHTaTbJt==O. TIPH paBeHCTBe rt (x, d) =n (x, d) nOTepH Ha3bI­

BalOTCH TOtIHbIMH II 0603HaqalOTC5I rt (x, d). 
PUCK. TeKymae CBOHCTBa peweHHH oueHHBaIOTC5I nOTepHMH, a 

fJIo6aJIbHWe CBOHCTBa rrpaBllJI ay (ilepeMeHHylO x y,l1.06HO orryCKaTb) 

KaK IlpOUe,llyp rrpHHHTH5I peweHHH, 3aBHCH OT rrOTepb, orrpe,l1.eJI5IIOTC5I 

cymecTBeHHbIM 06pa30M COBMeCTHbIM rrOBe,neHHeM Ha6JIIO,l1.eHllH y H 

HX CBH3blO IC COCT05IHH5IMH X, T. e. BH,l1.0M CHM J[xy. Ta.K 'KaK HH 

KOHKpeTHbIX 3HaqeHH~I X, HH KaKOBO 02KH,l1.aeTCH y Ha CTa,l1.HH CllHTe3a 

'npa:BHJI MbI He 3HaeM, TO rCiBOHICTBa Hy2K'HO Xapa,KTep'H30iBaTb B Icpe,l1.­

HeM, 'C yqeTOM iCpe,llHeCTaTUCTHqeCKHX H3MeHeHHH X H y. JlJI5I 3Toro 

Hy)KHO ycpe,l1.HHTb rrOTepH H rrOJIyqHTb flUOICHUU U BepXHUU cpeOflue 
pUCKU:


!! (a) = MxY ~ (x, ay), fr (a) = M xy n (x, ay).
 

HH)KHHH - 3TO pHCK, JIyqllIe (MeHbIIle) KOToporo 6bITb He MO)KeT.., 

a BepXHHH - HaHXY',l1.IIlIHH H3 B03M02K'HbIX; C 01l.\Hoti ,CTOpOHbI, pHC:K 

onTHMHCTHQHbIH, a C ,l1.pyroll -. pHCK neCCIlMHCTlltIHbIll. 3a6eraH Bue­

pen, OTMeTHM, lITO pHCKH MoryT BbllIHCJI5IThC5I H Ilo-npyrOMy, He TOJIb­

KO KCliK Cpe,l1.HHe 3HaqeHH5I, a C ,l1.06aBKaMH, Hy CKa)KeM, 3a paCTIJIbIB­

-qaTOCTbnpaBH,TI llJIH npyrHe HX :HeraTHIBHble tIepTbI. 3TO 6YJI.eT ;Y)Ke 

He Cpe,lI,HHH pHCK, a COCTaBHOH, 0 KOTOpOM IlOll,neT pelIb B CJIe,llYlOmeH 

TJIaBe. TaKylO B03M,02K1HOCTb ·o606meHH5I :Lep)KH~ Bcerna B yMe. 

B )l.aJIbHellWeM y,l1.06HO HMeTb B KaqeCTBe pnCKa He ABa, a OAHO 

QHCJlO, B3BeWHBaH M,eJK,lly C060ll HH2KHHH 11 BepXHHH ero 3HaqeHH5I: 

(5.2)Ox (8) = (1 - x) ~ (8) + x Il (a), x>O, 
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r.ne x eCTb Koa¢¢Ul{UeHT neCCUMU3/vla. TIPH x=O H X= I pHCK paBea 

COOTBeTCTBeHHO HH)KHeH H BepxneI1 ero rpaHHuaM. CJIylJaH x = 0 Be­

.neT K IT (0) H OOOTBeTcT,ByeT KpaI1HeMy onTHMH3MY, T. e. paClJeTy Ha 

HaIIJIylJlllHH paCKJIa.n: t«aBOCb nOBe3eT», TOr)La KaK x = I 30BeT K IT (0) 
II CTpaTerHH neOCHMH3Ma. ,UonycKaeTc5I x> 1 - 3TO CBepxneCCUMU3M. 

3HalJeHHe X= 1/2 cooTBeTcTByeT nOAyonruMU3lvtY. ,IlBa 3HalJeHH5I x== I 
II X == 1/2 3aHHM31OT oco60e nOJIO)KeHHe, 0 lJeM noH.neT Ipel.Ib ,naJIbwe. 

CTaTHcTH4ecKa~ 3aA~4a. ¢OpMaJIH3yeTc5I KaK COBOKY~HOCTb HC­

XO,nHbIX JI,aHHbIX B BH,ne Y=(J{xy, fll), I'[IT] , x), r,ne J{xy eCTb CI1M; 
q) - KJIaCC 'pellialOIUHx npaBHJI, KOTOpbIMH MbI c06HpaeMic5I orpa­

HHlJHTbC5I; x - K03epepHUHeHT neeCHMH3Ma; [IT] - cnoco6 BbI4HC­

JIeHH5I pUCKa. ,UJ151 cpe,nnero pHcKa ero 3aMeH5IeT epyHKUHH nOTepb" 

3a,naHHa51 TOlJHO :[ Jt] HJIH HHTepBaJIbHO I[Jt, Jt]. 
CTaTHCTHlJeCKa51 3a,naqa MO)KeT 6bIT"b 60JIee H MeHee IllHpOKOI1. 

,llJI5I ,nByX 3a,nalJ Y1 H Y2 rOBopHM, l.ITO 11 He lllHpe Y 2, eCJIH Xl =X2, 

PJ)1 =2f)2 == q) H BbInOJIH5IlOTCH HepaBeHCTBa: III (0) ~ Il2 (a), III (a) ~ 

~rr2i(a), VaEt!lJ. TorjI,a Y I 5IIBJI5IeTC51 ,60.TIee Y3K0I1 3al;:LalJeH, qeM Y2" 
KaK B tCJIYlJae J{l xY C,vf{2xy HJIH [Jtl, ~] C,[ Jt2, J1;]. 

CTaTHCTHlJeCKa51 3a,nalJa nOCTaBJIeHa, eCJIH )LJIH JII060ro pewaIO­

mero npaBHJIa OyEeD MoryT 6bITb BbIl.IHCJIeHbI pHCKH IIx (a). CJIHlll ­

KOM IlIHpOKa51 CTaTHCTHlJeCKa5I 3a,na43 (HanpHMep, Jlxy = ;yxy HJIH 

,,;==0,;:[ 1) npHBo,nHT K TPHBH3JIbHbIl\1 PHCK3M H ee HY)KHOCY)K3Tb. 

KpoMe Toro, l~eJIeBOe paCIllHpeHHe CT3TIICTHlJeCKOH 3a,nal.IH (pa1clllH­

peHne vf{xy JIH60 [rL, Jt]) IMO)KeT CJIYlKHTb cpe,nCTBOM ee ynpomeHH51. 

K.JI3CCHepHKaU'H5I CTaT'HCTHqeCKHX 3a,naq. XapaK-

Tep CTaTHCTHlJeCKOH 3a.naQH onpe,IleJIHeTC5I MHorHMH epaKTopaMH: 

CTpyKTypOH npOCTpaHCTB a; H uy, BH,IlOM CI1M vf{XY H T. ,n. Ho nJI5I 

KJIaCcHepHKaUHH HaH60JIee Ba)KeH BH,Il npOCTpaHCTBa COCT05IHHH a; Ii 
KaKHe perneHH5I D OTHOCHTeJIbHO COCT05lHHH MoryT npHHHMaThC51. 

ECJIH D HMeeT nBe CTeneHHCB060,nbI, T. e. JII060e dED rrpe,ilCTaB­

JI5IeTiC5I KaK JIHHeHHaH KOM6HHaUH5I d (x) = cIA (x) +C2 (I-A (x) ), 
Ac:~, TO HMeM 3a,nalJy npOBepKH ,nByX rHnOTe3: O):LHa H3 HHX CO­

CTOIIT B TOM, QTO XE.t4, If aJIbTepH3THBa xEtA. ECJIH ,d(x) = l:CiAi (x), 
r,neMHO)KeCTBa Ai 06pa3yIOT pa36HeHHe ~, TO HMeeM 3a,naQy npo­

BepKH HeCKOJIbKHX rHnOTe3, T. 'e. QTO XEA i . K npOBepKe fU£10Te3 

Bcer,na MO)KHO CBeCTH 3a,IlalJY, eCJIH a; ,IlHCKpeTHO H COCTOHT II3 KO­

HeQHOrO lJHCJIa 3JIeMeHTOB, XOT5I '3TO )Ke H 3a,nalJa oueHHBaHH51 3Ha­

tIeHHH x, lJeTKOH rpaHH 3,neCb HeT. 

ECJIII a; HenpepbIBHO, HanpHMep ge ==PJl, II Ha peweHHH HHKaKHX 

OrpaHHQeHHrI He HaKJIa,nbIBaeTCH, TO HMeeM 3analJY oueHHBaHHH napa­

MeTpa. Bo Bcex ICJIYQa5IX QHCJIa 

::(8)=MxY [1-8y (x)] == 1- M XY 8y (x), 

a(8) = I-MxY 8y (x) 
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eCTb HUJlCHfl5l U BepXH5ul BepOflTHOCTU omu6KU npaBliJI. COOTBeTCT­

BeHHO 

a:,( (0)= (1- x) ~ (o)+xa (0) 

6Y.lI.eT B3BemeHHOU BepOflTHOCTblO omu6KU. 
ECJIH Ha KJI3CC !lJ) HaKJIa,nbIBaeTC5I TOJIbKO O,nHO Tpe6oBaHHe, QTO­

6bI .lI.
JI5I 

Bcex oEf![) epllKClipOBaHHOH 6bIJIa Bep05lTHOCTb OIllIf6KlI 

aX (0), TO lIMeeM 3 a.ll. a qy .lI.OBep HTeJIbHOrO peIlleHH5I. 'uOBepiHTeJIbHble 

peIlleH1I5I 065I3aTeJIbHO .lI.0JDKHbI 6bITb paCIIJIbIBqaTbI, TaK KaK .lI.JI5I 

.lI.eTepMHHlIpOBaHHbIX oueHOK qHCJIOBOrO napaMeTpa OIIIH6Ka, eCJIH 

OT6poCHTb BblpO)K,n'eHHble CJIylJaH, 6y,neT paBHa 1. 
,UeTepMlIHHpO'BaHIHble 'IIpaBHJIa OEf![)lJ.eT 3aIIIlICbI'BaIOTC5I: Oy(x) = 

=0; (x), 'H.TIH nlpocTo x y , r,Ile xEfE. AJIiropHT:M x y eCTb OT06pa)KeHHe 
y

Ulj-+fE, YIKa3bIBalomee K3lKjI,O'MY Y oueHKy X 'COCTOHHH5I.
 
OnTMMaJIbHOCTb H neCCHMH3M. OnTuMaAbHblMU Ha3blBa1OTcfl npa-


BUAa (jx , MUHUM,U3upyl0U{ue pUCK ITx (a). OHH ,naIOT peIlIeH'He 'IlOC­

y 

TaBJIeHHOH CTaTHCTHlJeCKOH 3a,naQH Y. ,UJI5I onTHMaJIbHbIX npaBHJI 

pHCK paneH 

v (Y) = inf IIX (8) 
aE!J) 

11 Ha3bIBaeTCH [{eHoii 3aaa tl,u. 

MHHllMyM pllCKa iRa KJIaCCe q) MO:IKeT He ,nOCTllraTbCH, If B TO :IKe BpeM5I 

v (Y) < 00. Tor,Ua 6y,neT cymecTBoBaTb no,UonTllMaJIbHaH nOCJIe,UoBaTeJIbHOCTb 

a(n) E!!J) npaBILJ1, KalIeCTBO KOTOpbIXCKO"TIb yro,nHO npI16JIll:IKaeTCH K HallJIylIllieMy: 

v(Y) = lim IIx(O(n)). TIpn JII060M e>O B 3TOH nOCJIe,UOBaTeJIbHOCTll MO:tKHO yKa­

n~oo 

3aTb TaKoe n ' lITO rrx (J(n)) --v ("1') < E npH n> ne H, CJIe,UOBaTeJIbHO, ymep6 He 
c 

6y,UeT npeBbI:IllaTb ,e, CKOJIb yrO,llHOe MaJIOe. 

TIPH X = 1 onTHMaJIbHbIe npaHHJIa (no,noIlTHMaJIbHble nOCJIeAOBa­

TeJIbHOcTH) MHHHMH3HPYlOT MaKCHMaJIbHbIH pHCK H Ha3bIBaIOTC5I JtU-

HUMaKCHbUltU. 
TIPH x~ I paclllHpeHHe 3aAalJH (B CMbICJIe ,IlaHHoro BbIllie orrpe­

.lI.eJIeHH5I) YBeJIHq'HBaeT ueHy, paBHO KaK H .lI.aJIbHeHIllee cBepx 1 yBe­

JIHqeHHe K03epepHUHeHT3 neCCHl\rlH3l\tla ~. 4T06bI CKa3aHHoe ICTaJIO COB­

ceM np03paQHO, HylKHO nepenHcaTb pHCK (5.2) B BH,Ue 

(5.2')
IIX (a) == II (a) + X [ll (8) - TI (8)] 

H o6paTHTb BHHMaHHe Ha TO, lJTO OH COCTOHT H3 CYMMbIHU)KHerO 

pHCKa nJIlOC pa36poca pHCKa (OT HaH.TIylJIlIeTO K HaHxy,UllleMy ,c.ny­

lJalO) , B3BeweHHoro K03epepHUHeHTONl neCCHMH3Ma. K03epepHuueHT X, 

TaKHM 06pa30M, 'HrpaeT P0.TIb pery.rI5ITOpa H3MeH4HBOCTH pHCKa OIITH­

MaJIbHOrO npaBHJIa ax, TaK KaK npH pOCTe x YBeJIHQUBaeTC5I Bee BTO­

POH_lJaCTH (5.2), QTO 'BbIHy,IIJIT B HTore CHHTe3a YMeHbllleHHe pa3HOC­

TH n (ax) -IT (ax), Ine.TIa5I pHCK 6o.nee y"cTofrqUBbIIM B CMbI'C.TIe p a36poca, 

6oJ1ee rapaHTHpoBaHHbIM. 3HalJeHHe x= 1 CBoHcTBeHHo neccHMH3MY, 

a x> 1 - cBepxneccHMH3MY· 
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YMeHbIlleHMe x HM2Ke 1 npMBO,lJ)IT K npuHUHIIHaJIbHbIM IH3MeHe.. ,. Hble .TIJlOTliOCTli E(x, y), p(x, y) TaKlle, Q1'Ou.eHTpaJll>HOH (:CPeJlIHe ­

HHHM B CTaTHCTHqeCKOH: 3a.naqe. Tenepb Y2Ke 'PaCIlIHpeHMe Cl1M B 
Ii 

ueJI5IX ynporneHM5I M02KeT .na2Ke YMeHbIIlHTb ueHy 3a.naQH, TaK KaK ( 

npHBO,lI,51 K YBeJIHqeHMIO BepxHero pHcKa II (a), B TO)Ke caMoe BpeM5I
 

YMeHblIIaeT HH)KHHH: II (a). I1pHQeMnpH x> 1/2 npe06JIa,lI,alOrn'HM B
 

BeCOBOH: cyMMe 6y.neTBepXHHM pHICK, a npH x< 1/2 -HH2KHHH. CJIy­


qaH qpe3MepHoro OIITHMH3Ma X< 1/2 BbI3bIBaeT npoTMBOpeqHe: qeM
 

MeHbwe H3BeCTHO (qeM IIIHpe CI1M) , TeM JIyqrne. 4 TO Ha3bIBaeTC5I:
 

«XOpOlliO JIOBHTb pbI6y B MyTHOM Bo.ne».
 

A HMeeT JIM Boo6rne CMblCJI OIITHMH3M x< 1? HaBepHoe .na, TaK
 

KaK rreccHMHCTHqHbIH HacTpoH, XOT5I H .neJIaeT rrpaBHJIa YCTOHqHBbI­


MH, HO ,lI,OCTHraeT 3Toro, IrrocTyrr5lcb yxy,nlIIeHHeM KaqeCTBa, pa3Me­
 t: 
HHBaHCb ueHOIO 3a,lI,aqH. OrrTHMH3M 2Ke npH y,naqe ,lI,aCT BbI6poc Ka­

lIecTIBa;Hanp'0T~B, rr'PH IHeyna4e lupHiBe,neT K ,n,onOJI1HHTeJIbHoMY yxy,n­

weHHIO, ycyry6uB rrOJI02KeHHe. 11 Borrpoc B TOM,qTO ,JIyqIlle MMeTb, 
\t;, 

JIH60 3aBe,nOMO qTO-TO rapaHTHpoBaHHOe,Ha,lI,e2KHOe, JIH60 qTO-TO He­

yCTOMqHBOe, HO BpeMeHaMll TO 60JIee xopOIll'ee, TO 60JIee nJIoxoe. 

Borrpoc peWaeTC5I B CTOpOHy orrTllMH3Ma, KOr,lI,a O:tKH,naeMoe K"aK ra­

paHTHpoBaHHoe 3aBe,lI,OMO xy,lI,O H y,lI,OBJIeTBOpUTb He M02KeT. Tor,na 

,ll,06aBOK OflTHMH3Ma 3a C4eT ycyry6JIeHH5I rreperra,noB B K3'QeCTBe 'f 

OCTaBJI5IeT Ha,ne2K,ny (CBoMcTBeHHylO HrpoKaM) Ha 6.rrarOnpH5ITHbIH 

HCXO,lI" eCJIH, KOHeqHO, nOBe3eT. JIy41IIe Ha,ne:tK,na, qeM rapaHTHpoBaH­

Ha5I 06peqeHHOCTb (rro3ToMY B a3apTHble HrpbI JII065IT llrpaTb JIIO,nll 

MaJIoo6ecneqeHHble) • 

CJIyqaH X= 1/2 nOJIyoIITHMll3Ma 51BJI5IeTC5I OC06bIM. B HeM O,lI,HHa­
4i} 

KOBO 3aJI02KeH paC4eT Ha «y,lI,aqy» III Ha '«Hey,lI,aqy». 11 oco6eHHOCTb 

ero, KaK 3TO cnepBoro B3rJI5I,lI,a HH TIOKa2KeT'C5I CTpaHHbIM, B peKO­

MeH,naUHH rrO.llb30BaTbCH IfIMeHHO TOqHbIMll pacrrpe,lI,eJIeHHHMH Bep05IT­

HOCTeH rrpH rrOHCKeOrrTHMaJIBHbIX npa'BHJI. 

Teo p eM a 5.1. l1yCTb CHM onpeaeJleno' COcJlaC08aflflblMll nep­
8U tlHblMU 8epOflTHOCTflMU -E (x, y), P (x, y) Ha aUCKpeTHblx W U uy, 
npUtLeM ~~,[P(x, y) +P(x, y)] =2. Tocaa npu TOtLHblX nOTepflX 

x y """ 
Jt (x, ay) B peiJICUMe nOJlyonTuMu3Ma X= 1/2 cpeaflUU pUCK Jll060cO 
npaBUJla ay paBen 

~TII/2 (0) = L Jt (x, ay) Po (x, y), Po (x, y) = [~(x, y) +P (x, y)]/2. 

it>B caMOM .neJIe, npH 3THX yCJIOBIHIX, KaK 3TO CJIe.nyeT R3 ¢OPMYJIbI (1.6) )I.JI51 

Cpe,lHHX Ml, Nit y a.n.nHTHBHbIX liPB, HMeeM Mt+Mf=2~LJ(X, y)Po(x, y), OTKy.n3 
- - xy 

no~cTaHoBKo~ BMeCTO f nOTepb nOJIyqaeM pe3ynbTaT. 

OCHOBHOH BbIBO,lI, TOT, lITO pa3 pnCKH Bblpa:tKalOTC5I qepe3 T04HOe 

COBMeCTHoe p a cnp e,neJIe HHeBepO51 THOCTe if Po (X, y) (COr JI a CHOYC.J10­
( 

BIBO TeopeMbI L2:Po(x, y) == 1), TO 'M nOUCK OnTUJltaJlbHOcO npa8UJla 
CJle8yeT npOU3Bo8UTb no 3TOMy TOtLflOMY pacnpe8eJleHUIO Po. 

TeopeMa 5.1 O,lI,HH K O,lI,HOMy nepeHocHTcH Ha rrpOH3BOJIbHble rrpo­

cTpaHcTBa f£ H uy, Ha npOH3Be,lI,eHHM KOTOpbIX 3 a,lI,a HbI HHTepBaJIb-

apH<pMeTllQeCKOH) Me)K.n.y HliMli Po= (e+ p)/2 6y.n.eT TaK)Ke TIJlOTHOCTb. 

HanpHMep, 

e. (x, y) = Po (x, y) - ~ (x, y), p(x, y) c= Po (x, y) + t!. (x, y), 

cue Po eCTb HeKoTopoe npe,lI.nOJIOlKHTeJIbHOe 3HaqeHHe UJIOTHOCTH, a 
A - OlIIH6Ka B ee 3HaHIiH. Tor,na pHCK II(i/2) (a) BblqHCJI5IeTCH no Po 
II He 6y,neT 3aBMceTb OT OlIIH6KH I~, H CJl,e,lI,OBaTeJIbHO, OT IIl'HpHHbI 

CI1M. Bce 6y.n.eT onpe.n.eJl51TbC51 u.eHTpaJlbHOH TIJlOTHOCTbIO Po(x, if)· 
KOHelIHo 2Ke, 3TO tIaCTHbIH pe3YJIbTaT, cooTBeTcTBylOllLIIH CI1M, 

3a.naHHoH a,lJ..n.HTHBHbIM HHTep:BaJIbHbIM pacnpe,lI.eJIeHHeM Bep05lTHOC­

TeH, HO OH onpe.n.eJIHeT ,cTaTye TOq'HbIX Bep05lTHOCTHbIX MO,lI,eJIeH npH 

pemeHHH 'CTaTUCTHtIeCKHX 3a,lI,aq, Kor.n.a npe.n.nOJI01KeHHe 0 TOM HJIH
 

II'HOM BH,lI,e nJIOTHOCTH HJIH pacnpe,lI,eJIeHIIH Bep05lTHOCTeH BbI,naeTC51
 

3a yBepeHHOCTb B a,lI,eKBaTHOM Bbt60pe MO,lI,eJIH.
 
np06J1eMa ,lI.OCTaTOQHOCTH. XopOWO, Kor,lI,a Ha CTa,LUfH npe,llBapH-


TeJIbHOrO aHaJIH3a CTaTHCTHqeCKOH 33,lI.atIH no ee 'BHeWHHM 'tIepTaM
 

cpa3Y Me ,B03HHKaeT B03\MO:IKHOCTb CY3HTb KJI8ICC pellialOllLHX npaBHJI
 

,lI.O pa3MepOB, 06JIerqalOIl.I,HX nOMCK OIlTHMaJIbHoro. TaK CKa3aTb, C03­


,lI.aTb ICBoero po,ll.a orpa:tK.ueHHe, ,lI,OCTaTOqHOe B nJIaHe yBepeHHOCTH,
 

tITO orrTHMaJIbHOe InpaBM,TIO Haxo,nHTC5I BHyTpH Hero. Tor,Ua 'HaXO)K).l.e­


Hlle OnTHMaJIbHOTO npaBHJIa ,npHo6peTaeT ,lI,BY3TanHocTb: ,CHa'tIaJIa KaK
 

M10:IKHO 60JIblIIee Icy:tKeHHe ,ll.Hana30Ha nOHCKa, a 3aTeM Y2Ke OKOHlIa­

TeJIbHbIM BbI6op. C'eHqaC peqb nOH,LLeT 0 rrepBoM 3Tarre, ,llOJIylIuBweM 

Ha3BaHHe ,ll.OCTaTOqHOH pe,lI.YKUHH. 
nOCTaTOQHa51 pe,lI,YKUH5InPOH3BO,LLHTCH no BHewHeMy 06JIHKy 3a­

,lI,aflIH, III03TOMY 6y,lleT O,lI,HOTHnHO onpe,lI,eJIHeMOH ,lI.JI5I ceMeMlcTB eTa­

THCTHqeCKHX 3a,UatI, o6be,LLHHeHHblx O,lI,11HaKOBbIMH qepT3M'H, T8'KHMII 

KaIK: 1) loe·o6eHHocTH Cl1M, 4aCJIO 11 BHJl rreplB.HqHbIX npH3
r
H8IKOB; 

2) xapaKTepW H 2/), 3a,LLalOmHX rrocTaHOBOqHYIO ueJIb pewaIOm
ero 

TIpaBlIJla; 3) BlI.n. <PYHKUlili TIOTepb; 4) 06J1aCTb 3HaQeHHH K03<p<p 1I­

UHeHTa rreOCHMH3'Ma x. I1pH4eM TeM BeCOMee 6y,lI,yT Te HJIH HHble 

npneMbI ,nocTaTo4HocTH, 4eM ,nJI5I 60JIee wHpOK'Oro ceMeHcT1Ba 3aAaq 

OHH npHro,UHbI.
B CBeTe CKa3aHHoro np06JIeMy ,lI,OCTaTOqUOCTH 6y,lI,eM IIIO,lI,pa3,lle-

JIHTb Ha 2.//,o6aAbHYIO, Kor,lla pe,nyKuHH npoH3BO,LLHTCH C ,n03HUHH 

cpe,nHero pHcKa IIlO BH,Uy CI1M, 11JIH:lKe TOJIbKO no 'BHewHeMy 06JIHKy 

QlYHKUHH InoTepb, 11 cne4UaJlbHYIO, Kor,lla ,lI.OCTaTOqHaH pe,nYKU11H CBH­

3bIBaeTCH C KOHKpeTHbIMH m H2/), rrpHB5I3hIBaeTCH K 3a,Uaqe IIpoBep­

KH fnrrOTe3 HnH oueHHBaHHH If K Bw6paHHoMy THrry pHcKa. B 3TOM 

rJIaBe MbI KacaeMCH TOJIbKO rJI06aJIbHOH np06JIeMbI, OCTaBHB cneUHaJIb­

Hble HanOCJIenYlOmee npe,nMeTHoe H3JIO:tKeHHe no rJIaBalM. 
nanHM epopMaJIbHOe onpeJI,eJIeHHe. nO,lI,KJIaCe q)* pernalOIUHxnpa­

BHJI Ha3bIBaeTCH 80CTaTOtLHblM, eCJIH rrpOH3BOJIbHOMY npaBHJIy dEq) 
rrpli JII060M 3a.n.aHHoM £>0 MO)KHO YKa3aTb rrpaBlIJIO a*E!!lJ* TaKoe, 

qTO rrx;(8*) ::s; [IX (8) + e, T. e. JII060My rrp aBHJIy H3 HCXO;:LIHOro (COOT­

BeTcTBylOllLero Y) KJIaCCa q) MO:tKHO YKa3aTb He xy,nwee ero B crvlbICJIe 
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0 

pHCKa (eCJIH TOJIbKO Ha CKOJIb ,yrO,lI.HO MaJIyIO BeJIHqHHY B)' rrpaBHJIO 

H3 ,nOCTaTOqHOrO iIIO,lI.KJIaCCa q)*Cq). 
AOCTaTOqHOCTb H 4JYHKlI.HSI nOTepb. CJIe,llYIO~ee yTBepLK,lleHHe 0 

.nO:CTa'TOqHOCTH CB5I3bIBaeTC5I C HeOnpaHHqeHHbIMIH I10Tep5IMH. Tor,lI.a 

PIIOK I1(O) ==lWrc(X, Oy) 6YJLeTKOHeq~HbI',M JIlIlIlb .,lI.JI5I TeX 0*, II1pH a\O­

TOpbIX 'n(x, Oy) npHHa,lI.JIe)KHT 06JIaCTH cymeCTBOBaHH5I BepXHHX 

Cpe.nHHX CI1M. ,UJI5I OCTaJIbHbIX OH 6eCKOHeqeH, KaK 6eCKOHeqlHbIM 6y­

~eT rrX(o) rnpH JII060M %>0 II TaKHe \II'paIBHJIa MoryT 6bITb HCKJIIOqe­

HbI H3 £1), pe,lI.ynHpoBaHbI, qTO rrpHBO,lI.HT rK CJIe,ll.YlOmeMY BblBO,llY. 

aOCTaTOttHblM npu %>0 flBAfleTCJl nOOKAacc q)* pewaloU{ux npa-, 

8U.:Z, OAR KOTOpblX nOTepu rt(x, Oy) npUflaOAe{)fCaT 06AaCTU cyU{eCTBO­
BQHUfl CHM. TaK, eCJIIH Jf{xy== <M~>.. f,ll.e gi (X, y) E~ ----,- I1epBHqHble 

rrpH3HaKH CI1M C 3a,lI.aHHbIMH Mgi, TO B q)* BKJIlOqaIOTC5I :rrpaBHJIa 

0*, IHOTepH KOT'OpbIX n (X, 0*) IMaLK10pHpyeMbI XiQT5I 6bI O,ll.HOH 

H3 KOHeqHbIX cyMM g(x, Y)==CO+~C-t-igi(X, y), COCTaBJI5IIOmHX KJIaCC 

p+cg BTOPl1qHbIX rrpH3HaKOB, C rrepeHOCOM Ha HHX M!g==co+ ~c+iMgi, 
K3K 3TO CJIe.nyeT H3 o6mei'I epOPMYJIbI rrpO,lI.OJILKeHH5I epe,ll.HHX: 

ft (8) = inf {Mg: n(x, ay ) ~ g (x, y) E ~+ "fJ }. 

PaccMoTpHM rrpHMep rrpHMeHeHH5I C,lI.eJIaHHOrO yTBep)K,lI.eHH5I. 

TI p H M e'P 5.7. IlyoTb ze =0Jj =D=PJlT eCTb rrpocT:paHcTBa peaJlH3aUHI1 Ha HH­

TepBaJIe [0, T] II nycTb npaBHJIa ,lJ.eTepMHHIIpoBaHHble q)JI,eT, a nOTepH ,lJ.JIH HHX 
_ T .
 

n (x, x) = f (xt-xt} 2dt paBHbI cpe,lJ.HeMy KBa,lJ.paTY OIIlH6KII. TIyCTb CI1M J(xy
 

o 
3anaHa Koppe.TIHUHOHHbIMH CBOI1CTBaMH M (c+ ~CiXti +~~dijXti Xtj ). Tor,lI.a ,lJ.OC-

TaTOlJHbIMH 6ynyT rrpaBHJIa Xt,y, KOTopble npn Yt~OO pacTyT KaK ¢YHKUH5I Yt He 

6bICTpee JIHHei:fHof'! CTeneHH. 1-( HUM OTHOCHTCH "TJHHe{IHble: 

T 
palnqeC~He Xt,y= Jh(l, 't)y\;d't yLKe He 6ynyT BXO;I,HTb 

o 
KaK rrOTepH ,UJl5I HHX He MaLKopHpyeI\~bI KBa,UpaTHlfHbIMH 

Bce BTOpHlJHble npH3HaKH ,lJ.JI5I 3a,lJ.aHHoH CI1M. 

T 

Xt,y=f h (i, 't) y'" d't. l(Baj:(-· 

o 

B ,lI.OCTaTOlJHbIH KJlaCC, TaK 

¢opMaMH, COCTaBJI5IIOIlI,HMH 

UeJIeBOe paCWHpeHHe CI1M ynpaBJIHeT ,UOCTaTOqHbIM KJIaCCOM, 

MO)KeT CJIY.IKHTb 3epepeKTHBHbIM HHCTpYMeHrO~1 yrrpomeHHH. KpOMe 

TOro CJIyqaH, KOr,Ua paClliHpeHHe He 3aTparHBaeT BepXHHX cpe,UHHX 

CJle.=LYIOmerOKJIaCCa rrpH3HaKOB (epyHKnHH x, y): 

~ n = {-~ (x, a*), J1 (x, 8*) : 8* E ~*}, 

no cymecTBy, orrpe,ll.eJI5IIOmerO pUCK )J,Jl5I Bcex 0* H3 ,UOCTaTOQHOrO 
KJl3CCa rrp3BHJI. 

l.JTo6hI YKa3aTb eme Ha O,ll.Hy llepTy ,llOCTaTOllJHOrO KJIaeCa, neHT­
o 

pHpyeM nepBHqHble rrpH3HaKH CI1M <A1~> (rrpHBe,lleM K Mg==O), 
o 0 

rrO.;10.IKHB )J,JlH 3Toro g==g-Alg, gE~. 0603HaqHM ~ - ueHTpHpo­

t· 

.J 

• 

B3HHbIH Ha6op. Tor,lI.a cor,naCHO 'MO,lI.:HepHUHpOBaHHoH epopMyJIe rrpo­

)l.~OJJ)KeHH5I (1.3) HH)KHHH H IB~PXHHH Cpe,ll.IHHe PUC'KH 3auHlIlYT'CH: 

n (a) = - inf sup [~~ (x, ay)-g (x, y)] ; 
o x,y

gE2+:§
 

n (a) == inf sup [n (x, 8y ) - g (x, y)].
 
o x,y

gE2+;§ 

OT1cJOJLa BI1,lI.HO, qTO pHCKH B orrpe,lI.eJIeHHOM CMbICJIe paBiHbI BeJIHqH­

He HaHJIVqWero rrpH6JIHLKeHH5I epyHKUHH rrOTepb (,lI.JI5I BepXHero ­
oJ'. """ 

cBepxy, JI)IH HH)KHerO - CHH3Y) UeHTpHpOBaHHbIMH (c HyJIeBbIMH Mg) 

BTOPHqHbIMH np1I3HaKalMH CHM H3 2+cS. ,llocTaToIIHbIMH 6y,lI.yT KJIaC­

CbI T a KH x IIp a BHJI, ,lI.JI 51 KOTOPbIX -Jt, ( x, 0y ) H rc (x, 0y ) JIyqwe ,lI.pyrHx 
o 

annpOKcHMHpyIOTC5I cBepxy epYHKUH5IMHKJIaCCa 2+f§. ITpnqeM npH 

pacrnupelHH'H CI1M epyHKnHH 3Toro KJIaOCa CMemaIOTC5I 'B 06JIaiCTb 

01lp,HuaTeJIbHbIX :3'HaQeHHH, 'B Ipe3YJIhTaTe anrrpoKiCHMaUH5I YXYIJJ,lIlaeT,C5I 

H 3TO nJIeqeT 3a C060H YBeJIHqeHHe ipHc'Ka (rro KpaHHeH 'Mepe, npH 

x~l) . 
Ha OCHOBaHHH TOJIhKO O,ll.HOrO BH,lI.a epyHKnHH rroTepb MO)KHO 

HHor,Ua cOKpaTHTb MHOLKeCTBO D pelIleHHH, If COOTBeTCTBeHHO KJIaCC 

pelIlalOIUHx npaBHJI. MflO{)fCeCTBO pewefluu D* 6yoeT oocTaTOttHblM 
(Ha D* OCHOBbIBaeTCH JLOCTaTOQHbIH: KJIaCC rrpaBHJI), eCAU Ka{)fCdoMy 
dE·D MOJICflO yKasaTb TaKoe d*ED*, !lTO npu Bcex xEflJ UMeeT 
MeCTO flepaBeflCTBO: Jtl (x, d*) ~ rc (x, d). HanpHMep, ,nycTb pelIleHI15I 

,lI.eTepMHHlIpoBaHHbIe D ==,DJl.eT., a nOTepH rt (x, x') npHHHM310T noc­

TOHHHhle 3HaqeHH51 Ha pa36HeHHH AI, ... , A k rrpocTpaHcTBa W: 
n(x, X')==JLi(X), x'EA i . Tor,ll.a ,lI.OCTaTOIIHbIM '6y,ll.eT KOHeqHOe MIRO­

)KeCTBO D' = {X'I, ... , X'k} perneHlIH, r,ll.e X'i eCTb rrpOH3BOJIbHO BbI6­

paHHble npe,ll.'CTaBHTeJIH MHOLKeCTB Ai. 
OT epyHKnHH norepb MHoroe 3aBHCHT -KaK IB nJIaHe rJI06a.HbHoH, 

TaJ{ H IcrreunaJIbHOH ,lI.OC'TaTOqHOCTH. CaM ee BbI60p MOLKeT CTHMy­

JIHpOBaTb npHH5ITHe Torn HJIH 'HHOPO 'BH,lI.a perneHHH, HanpHMep TOJIb­

KO ,neTepMHHHpOBaHHbIX HJIH TOJIbKO paCrrJIbIBQaTbIX. OBJIa,neHHe 

STHM pbIqarOM ynpaBJIeHII5I - aco6a5I np06JIeMa, OCTalOmaHC5I BHe 

Harnero paCCMOTpeHH5I. MbI LKe B ,naJIbHeHWeM 6YJLeM HMeTb ,neJIO 

C Ha60JIee rrpOCTbIMH, THrrOBbIMH BH,lI.aMHrrOTepb, ,lI.JI5I KOTOpbIX pa3­

pelllHM IH He CBepxrpOM03,lI.OK nYTb HaXIQ:tK,lI.eHH51 OrrTHMaJIbHbIX npa­

BHJ1. CKa3aHHoe OTHOCHTiC5I H K 60JIee o6mHM TUIIaM pHcKa. Ha nep­

BaM IIlJIaHe CTOHT,KO\HeLIIHO .IKe, npOCTOTa 'C_HHTe3a H np3iKTHQeeKa51 

pa3yMHocTb paCKa. PerYJIHpOBOqlHbIMH 'CTaHOBHTC5I Te napaMeTpbI, 

KOTopble 6e3 yCJIOLKHeHHH y,lI.aeTC5I BHJIeCTH B CTpyKTypy pHC'Ka (KaK 

3'TO 6bIJIO, HanpHMep, C K03epepHUHeHTOM neCC:HMH3Ma). 

5.3. ,nOCTATOlJHA5I PE,llYI(UH5I HA6JlIO,llEHH" 

TeopeMa 0 npe.n.cTaBHMoCTH. 3neCb H HH)Ke C II03HUHH 

ra pHcKa oCBemaerC5I r JI06aJIbHa5I np06JIeMa ,noCTaTOqHOCTH 

He TaKHX rrpeo6pa30BaHHH Z == Qy Ha6JIIO,lI.eHHH y, 'KOTopbIe, 

cpeLlHC­

B nJIa­

'coKpa­208 
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ma51 y, He BhIBO)I.51T li3 ,lI,OCTaTOqHOrO KJIaCCa $*, T. e. cpa3Y Ha Ha­

lJaJIhHOM 3Tarre 6e3 ymep6a ,lI,JIH 'CTaTliCTHqeCKOi1 3a,lI,a"llH COBOKyrIT­

HOCTh Ha6JIIO,lI.eHHH pe,lI,yUHpyeTcH npeo6pa30BaHHeM Q ,lI.O SHaqe­

HHH Z Me'HhlIleH pa3MepHOCTH. 3TO iB03MO)J{HO TOJIhKO TOr,lI.a, KOr,lla 

pelIlaIOmHe npaBHJIa ,lI,OCTaTOqnOrO 'KJIaCCa 2/)* MoryT 6bITh B'ce 3a(IIH­

e-a:H.bIQepe3 z, T. e. Q-npe,lI,CTaBHMbI B CMhICJI'e CJIe,lI,YIOmeH 3anHCH 

a*z(x) =a*QY(X)' Ilpeo6pa3'oBaHHe Q, OT KOToporo saBliCHT ,lI.OCTa­

TOqHbIH 'KJIaCC :npaBHJI, H3'ShIBaeTCH OOCTaTOtLflblM. OHO ,llaeT cOKpa­

meHHble cBe,lI.eHHH 0 Ha6JIIO,lI.eHHHX, BnOJIHe ,lI.OCTaTOqHhle ,LI.JI5I no­
cTpOeiHH5I OnTHMaJIhHOrO pernaIOmero npaBHJIa. 

Teo p e M a 5.2. npeo6pa30Baflue Qy 6yoeT oOCTaTOtLHblM npu 
x~ 1, eCAU Bce nepBUtLflble npu3HaKu CHM J(XY= <Meg> flBAfllOTCR 
Q-npeocTaBuMblMU, T. e. sanUCblBalOTCR 

gj (x, y) = hj (x, Qy), V gj E fJ. (5.3) 

n a K 3 3 3 T e JI b C T B O. B C3MOM .rr.eJIe, TOr.rr. 3 M Bce BTOpHQHbIe npM3HaKH 

KJI3CC3 ,2+;g 6y.rr.yT ;g -npe.rr.'CT3BHMbI B CMbICJIe (5.3). OHH 6y.rr.yT iTIOCT05lHHbIMH Ha 

no.rr.MHO)KeCTBaX Q-iQy=Q-1Z npOCTpaHCTB3 0Jj TaKHX, lITO Qy=z np'H <pHKCH­

POB3HHbIX IZ, n03TOMY BepXHHe cpe.rr.HHe o.rr.HHaKOBbI .rr.JI5I JII06oro BbI6p3HHoro npH3­

HaKa f (x, y) H Q-npe,ZI,CT3BHMOH ero Ma)K0p3HTbI sup f (x, y'), r.rr.e ,cynpeMyM 6e­

peTCR no y'EQ-1Qy. IlpOH3BOJIbHoMy npaBHJIY ay YK3)KeM Q-rrpe.rr.CTaBiHMoe d~ y, 

flOJIO)KIUB ero Ha nO,ll,MHO)KeCTBaX Q-1Z = {y : Qy = z} = Q-1QY npOCTp aHCTB3 OIJ 

paB'HbIM ay z' f,ll,e Yz ~ npe,ll,CT3BHTeJIb Q-1 Z . TOf,J,3 Ha OCHOB3HHH CKa3aHHoro: 

!! (iJ) == ~XY inf ~(x, db") ~ MXY ~ (x, a;) == !!(a*); 
y'EQ-l Qy 

IT(iJ)==MXY sup n(x, ay,) ~ Nl x y. n(x, iJ;) == IT (a*) . 
y'EQ-l Qy 

B pe3YJIbT3Te npM x~ 1 COrJI3CHO (5.2) nX(8) ~IIX(8*), lITO M Tpe6oB3J10Cb. 

ECJIH lIlHpOKO paOCMaTpHrBaTh Q KaK ,lI.eTepMHHHpOBaHHOe npeo6­
paSOBaHHe fCXUJj B feXZ, OCTaBJI5IIOmee 3JIeMeHT x Ha MeCTe: 

Q (x, y) = (x, Qy), H !Be,lI.ymee IK npeo6pa30BaHHIO CI1M; Q:J{XY== 
=t!f{xz, TO yCJIOBH5I (5.3) 3KBHBaJIeHTHhI TOMy, qTO Q HaBO,ll.HT 'nono­

6He (CM. I§ 2.1): vf{xYC'JJ(xz, T. e. He 'BJIeqeT 'rrOTeph ,llaHHbIX 0 CI1M: 
Q-1Qt!f{xY=J(xy. TaKHM o6pa30M, Qy, eCJIH 3TO npeo6pa30BaHue no­
006UR CHM, 6yoeT OOCTaTOtLflblM npu x~ 1, U Hao6opoT. 

3 aM e q a IH H 51. 1. ECJIH BOBJIeKaTb IIlHPOKHH KJIaCC npeo6pa30­

BaHHH Q (x, y), MeH5IIOmHX 'He TOJIbKO y, HO H x, TO yTBep)K,lI.eHHH 0 

,lI.OCTaT04HOCTH 6y,lI.yT ,cymeCTBeHHO CB5I3hIBaTbIC5I C BH,llOM norepb 

H B 3TOMCMbICJIe 6y,lI.yT CrreUHaJIhHbI. TIlpH4HHa: C06JIIO,UeHHe HJIH HeT 

Hy)KHOrO (,UJI5I TeopeMhI 5.2) epaKTa, qTO H3 Q-npe,lI.CTaBl1'MOCTH d:t: y 

CJIe,lI.yeT Q-npe,lI.CTaBHMocTh rrOTepbJt (x, 0* y) ,n (x, 0* y). 
2. KaK MhI yBH,lI.eJIH CeHqaC H YBH,lI.HM HHMe, yTBepM,lI.eHH5I 0 .LLGC· 

TaTOqHOCTH pa6oTaIOT 06hlqHO npH rreCCHMH3Me x~ 1, KOpHH 4ero 

B TOM, qTO pe,lI.yKUHH«COKpamaeT 6JIarOrrpH5ITHble B03MO)KIHOCTU» H 

ymeMJI5IeT ,lI.HanaSOH iOB06o,lI.HOrO BhI6opa. KpoMe Toro CJIyqa5I, Kor,[La 

Bce caMhIe 6JIarOnpH5ITHhle B03MOMHOCTH OCTaIOTC5I BHYTplH COKpa­

meHHoro KJIaCCa, TaK Me KaK H HaHMeHee 6JIarOnpH5ITHhle. 

nepBHlJHbIe npH3HaKH H }J.OCTaTOlJHOCTb. npeo5pa30BaHHe z=Qy,

I <>6JIaiCTbIO 3HaqeHHH KOToporo 5IBJIHeTC5I qHCJIOBa51 np5lMa51 ZEPll, BeK~ 
TOp ZEfllk 

HJIH JII060e 4:HCJIOBOe npOCTpaHCTBO Z, Ha3hIBaeTC5I tLUC. 
AOBblM. aHO 3KBHBaJIelHTHO Ha60py npH3H3tKOB: Zi=Qi(y), i=l, ... , rk, 
Ka:K iep!YH'KUH~[ 'Ha6.TIIO,,UeHHH Ha Ulj. EIC,JIH Q ,lI.rOCTaT04HO, TO H'COOTBeT­

cTByIOmHH eMy fla60p npU3HaKOB Ha6A100eHUU IHa3hIBaeTiC5I dOCTa­
TOttflblM. 

CB5I)J{eM ,lI.OCTaTOQHhIH Ha60p C nepBHqHhIMH rrpH3HaKaMH CI1M 
J[xy=(fJ.C§). TIOP5I,lI.OK CJIe)l.yIOmHH: CHaqaJIa no nepBHqHhIM npH3Ha­

Karvl gi (x, y) CI1M BhI,UeJI5IIOTC5I ,LI.OCTaTOqHhle IIpH3HaKH Ha6JIIO,lI.eHHH, 

pOBHO CTOJIhKO, CKOJIhKO OCTaHeTC5I rrOCJIe HCKJIIOqeHH5I rroBTopoB, a 

Y)l{e pa3MepHocTb npocTpaHcTBa Z caMa C060H rrO,lI.CTpaHBaeTC5I no,ll
II .... 

HX qHCJIO. 

Teo p e M a 5.3. !£ocTaTOtLHblMU npu x~ 1 npU3HaKaMU Ha6AlOoe­
Huii flBAfleTCJl Ha60p nepBUtlHblX npU3HaKOB CHM g(x, y) EW (pac­
CJltapUBaeMblX npu KaJICOOM x KaK ¢YHKl{UU nepeMeHHou y), pa3BepflY­
TOU no x U go: 

Q y = {g (x, y) : XES;, g E ~ }. 

YTBepMLLeHHe CTaHeT rrp03pa4lHhIM, eCJIH .ge ,lI.HCKpeTHO H COCTOHT 

H3 3JIeMeHTOB Xl; ... , Xh. Tor,lI.a )l.OcTaTOqHbIH Ha60p o6pa3yIOT CJIe)l.yIO­

mueBeKTop-rrpH3HaKH (gj (Xl, y), gj (X2, y), ... , gj (Xh, y)) Ha6JIIO,lI.eHHH, 

pacrrOJIO:IKeHHble ,lI.pyr 3a ,lI.pyroM BuerrOqKY rrpH gj, 'rtpo6eraIOmllX ~. 

nO~TIyqaeTC5I BeKTop-uenOqKa Qy npH3HaKOB, 06maH pa3MepHOCTh KO­

TOpOH paBHa npOH3Be)l.eHHIOqHCJIa 3JIeMeHTOB ge Ha LIHCJIO npH3HaKOB 

Ha60pa ~. ,UJIH YMeHblIleHH5I pa3MepHOCTH rrOBTopbI B 3TOH uenOqKe 
yMecTHo COKpaTHTh. 

,[LoKa3aTeJIhCTBO yTBepM)l.eHIl5I 3KBHBaJIeHTHO ,lI.OKa3aTeJIhCTBY 

rrpe,lI.CTaBHMOCTH KaM,lI.Oro gj (x, y) B BH,lI.e (5.3) H CJIe)l.yeT H3 Toro, 

lITO gj (x, y) eCTb, no CYTH ,lI.eJIa, IBhI60p j-frO BeKT10p-npH3HaKa H3 

uenOQKiH Qy, T. e. npOeKUH5I Qy B HeKOTopoe nO,lI.npOCTpaHCTBO inpOCT­

paHCTBa epYHKUH~I rrepeMeHHOH y, COCTaBJI5IIOmHX «OCH» Qy. 
B03MOMHOCTb ,llOrrOJIHHTeJIhHOH pe,UyKUHH B03HHKaeT, \KorLLa Bce 

3JJeMeHThI uerrOqKH 3aBHC5IT rrOJIHOCTbIO OT 'He6oJIblIlOrO qHCJIa O,UHHX 

H Tex Me epyHKUHH ql (y), Q.2 (y), ... , KOTopble H ICOCT3-B5IT Ha OCHO­

BaHHH (5.3) ,UOCTaTOqHbI~I Ha6op. HarrpHMep, Bce OHH 3a:BHC5IT OT 

OJl.HOH \11 T10H Me epYIHIKUHH, qTO 'B031BpamaeT ,Hac IK TeOipeMe 5.2. 
Depei1,UeM K MO,lI.H<p'MKaUH5IM ,lI.OCTaTOqHOCTH ,lJ.JI5I Pa'3HbIX KOH­

KpeTHhIX cnoco6oB 3a,lI,aHHH CI1M, :rrpHMeH5I5I TeopeMy 5.3 K ICOOTBeT­

cTByIOmuM Ha60paM npH3HaKOB. C'Ha4aJIa IlCnOJIb3yeM pa3JIOMeHHe 
CI1M. 

C JI e,lI. C T B H e 1. nyCTb CHM pa3AOJICUMa fla npou3BeiJeHue: 
J(XY~Jf{xJftYx, coe nepexooHafl MooeAb J{Yx 3aoaeTcfl nepBUtLHblMU 
cpeofluMU .Mx'!'x (y), 1.Px (y) EWx. Tocoa npeo6pa30BaHue B Buoe BeK­
Topa-l{enOttKu 

Qy = {1J'x (y) : tVx (y) E Wx' x EX} 

6yoeT oOCTaTOtlflblM (npu x~I). 
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'uOKa3aTeJIbCTBO BbITeKaeT H3 Toro, tITO nepBtIqHbIMH JlJI5I npOH3­

Be,lleHH5I 6Y,llYT c+ (x)([ 'Px (y)-MxtV] BMeCTe C nepBHqHbIMH npH3Ha­

KaMH Jl{x (TeopeMa 2.3). 
YqHTbIBa5I yKa3aHHylO 'BbIlile 3aBHCHMOCTb ,.J.OCTaTOqHOrO Ha60pa 

OT npeo6pa30BaHH5I no,Uo6H5I, MOLKHO nepeepopMyJIHpOBaTbCJIe,LlCT­

Bue 1 TaK: npeo6pa30BalHH5I no,Uo6H5I QxY ,UJI5I nepexo,UHbIX JKYx~ 
BbIcTpoeHHbIe B BeKTop-uenOtIKy no x, o6pa3ylOT TaH,lleM Qy= 
= {QxY : XE~~}, 5IBJI5IlOIUHHC5I npeo6pa30BaHHeM no,Uo6H5I Ci'iM :( CJ1e­

,llOBaTeJIbHO, OT Hero 3aBHCHT ,UOCTaTOqHbIH Ha60p npH3HaKOB Ha6­

JIIO,lleHHH) . 
TIepeH,UeM K epyHKUHOHaJIbHoMy npe)l;CTaBJIeHHlO Ha6JIlO,UeHH~I. 
C JI e ,n C T B H e 2. n yCTb y == Vxf, U cttUTaeTCR 3aoaliliou MooeAb 

tJf{~ = (M'¥), npUtteM BblnOAliRIOTCR yCAoBUR: a) f, cBo6ooeli OT x; 
6) KaaICoblu npU3liaK tV (f,) E'¥ npeocTaBAReTcR B Buoe: tP (f,) == 

= r 1P (QxVx£), zoe Qx - lieKOTopble npeo6pa30BaliuR y, 3aBUCRU{ue 
OT x. T020a ux BeKTop-t{enOttKa Qy= {QxY: xEEr} o6pa3yeT oocra-
TOttliOe (npu x~ 1) npeo6pa30Baliue lia6AlOoeliuu. 

B caMOM ,UeJIe, yCJIOBHe a) fapaHTHpyeT pa3JIOLKHMOCT~ CI1M t 

TaK KaKMxYfi(x, y) =MxM~f(X, Vx~) = MXMYxf (x, y), a nepBUqHbIMH 

,nJI5I nepexO,llHbIX Mo,UeJIeH Ha OCHOBaHHH yCJIOBH5I 6) 6y,UyT 'npH3Ha­

KH .'P (Qy), tVE'P', o6pa3ylOIUHe COLTIaCHO CJIe,UCTBHlO 1 ,UocTaTOqHbIl1 

Ha60p H 3aIBHC5IIUHe OT ,n\pe06pa3Q:Ba'HHI1 QxY, ,K:oTopble 11 6y;:I,yT kUOC· 

TaTOqHbIMH. 

IlpHMep 5.9. nYCTb Yt=Xt+£t, tE[O, T], cue ruYM ~t cB060.leH OT CHr... 

HaJIa Xt, HHTerpHpyeM H 3a,QaH nepBlIqHbIMH cpeAHHMlI j~l~) (S £tdt), tP E '¥. Bblpa­

)KeHHe B KpyrJIbIX cK06Kax 3anHCbIBaeTCH: S [(Xt +£d-Xt] dt= f (Yt-xt}dt. qTO 

H onpeAeJIHeT QxY. Dpn Bcex Xt npe06pa30BaHHe QxY 3aBHClIT TOJIbKO OT S ytdf, 

n03ToMY IIHTerpaJI II 6YAeT AOCTaTOqHbIM npH x~ 1 np1I3HaKoM Ha6JIlO~eHHH, onpe­

.z:r.eJlHlOIUUM AOCTaTOqHYlO pe,UyKuHlO npocTpaHcTBa pea.IIH3aUHH uy. B qHc.noBylO IlpH-

MyIO fll. 

PaCCMOTpHM Tenepb CJIyqaH 3a,U3HH5I CI1M nocpe,llCTBOM MernaIO­

mero ~rrapaMeTpa H. ,IlBa Oqepe,UHbIX CJIe,UCTBH5I, He Tpe6ylOm He ,1l.0Ka­

33Te.TIbCTB, 5IBJI5IlOTC5I 'HeKOTopbIMH '0606meHH5IMH npe,UbI,UymHX. 

CJIe,UcTBHe 3. flYCTb CHM 3anUCblBaeTCR KaK ceJvteuCTBO 
~/f{xy = VJI{eXY U npu KaafCooM cPUKcupoBalilioM 8 cyU{ecTByeT npeo6­
pa30Baliue QeY nooo6UR OAR Jl{exy. T020a t{enOtlKa Qy= {QeY, 8Ee} 
npu x~ 1 oacT oocTaTOttliOe npeo6pa30Baliue. 

C .n: e ,U C T B H e 4. nyCTb y = Ve,xf" 20e ~ CBo6ooeli OT x U 8. 17yCTb 
cytl{ecTByeT oTo6pa'JICeliUe Sf, nooo6UR OAR ..;/{'£, 3anUCblBaeMoe S,~ == 
=Qe,x(Ve,x~). Tozoa BeKTop-OT06pa'JICeIiUe Qy= {Qe,xY: HEe, XE2l'} 
6yoeT OOCTaTOttliblM npu x~ 1. 

):locTaTOQHbIe npeo6pa30BaHHSI H 4JaKTopH3au.HSI. ,UaBHo H3BeCTHa 

CB5I3b ,UOCTaTOqHOCTH C epaKTop1l3aUHeH nJIOTHOCTeH pacnpe,UeJIe:HHH 

Bep05ITHOCTeH [3, 4]. 3,Uecb, CJIe,UyH no 3TOMy Me nYTH, 6y,UyT no­

JIyqeHbI CHaqaJIa 06mHe KacalOIUHeC5I lIHTepBaJIbHbIX Mo,UeJIefi yT­

Beplli,UeHH5I, aHaJIOrHqHbIe epaKTop1l3aUIIH, If ,na.TIee YKa3aHa CB~3b c 

KJIaCCHqeCKIIMH. 
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}.J Teo p e M a 5.4. 0 ep a K TOp II 3 a U H H . flYCTb B ucxooax npeo6.... 
~ pa30BaliUR z=QYJ oTo6paJICal0U{e20 Ulj B ~, CHM pa3AazaeTCR Ha, 

npOU3Beoeliue 

~·ftxy = .JfizX t/i{~ • (5.4) 

T020a Qy 6yoeT OOCTaTOtLlibLU OAR Tex craTUCTUttecKUX 3aoattJ B KO~ 

TOpblX: a)x= 1; 6) KAacc fll) peUlafOU{UX npaBUA TaKOBJ ttTO dyE 
Eq)*MYz=QyOyEq); B) cPYliKl{UR nOTepb;-(x, d) npu KaJICOOM x Bbl-­
nyKAa OTliOCUTeAbflO dED. 

B caMOM ,neJIe, lICrrOJIb3Y5I epaKTopH3aI.I.HlO (5.4) 11 aHaJIOr Hepa"'-

BeHCTBa IleHceHa 113 § 3.2, HMeeM: II (0) =MXYn(x, dy) = 
(. =MxzMYzJt (x, Oy) ~Mxzn(x, MYzoy) =MX1n(x, .o*z), f,Ue o*z=MuzOy;, 

OTCIO,na IT (0) ~ II (0*) . 
Y'CJIOBHe 6) TeopeMbI BbIrrOJIHIITC5I, eCJIH 'M'HOLKeCTBO D peweHHit 

eCTb BbInyKJIOe rrO,U'MHOMeCTBO 'qHCJIOBOfO rrpocTpaHcTBa, a q) =q) v 
COCTaBJI5IIOT BceB03MOMHbIe oTo6paLKeHH5I Ulj B D (HanpHMep, Bce 

.n.eTepMHHHpoBaHHble np3iBHJIa). 

B ,UaJIbHeflIlieM HaM nOHa,Uo6HTC5I TOT <paKT, qTO ,UJIH Jf{Y z epaKTH..r 

qeC'KHM npOC'TpaHCTBOM B03MO)KHbIX HCXO,UOB 6Y,lI.eT MHOLKeCTBO °ljz= 
=Q-1z= {y: Qy=z} Bcex Tex y, KOTopbIe rrpeo6pa3ylOTC5I B O,UHO z" 
TaK qTO QUl/z=Z H pYz(Uljz) = 1. 

TeopeMy 5.4 MO)KHO pacnpOCTpaHHTb IHa lIlHPOKHM ,UHana30H 3Ha .... 

q,eHHH x, eCJIlI nOTpe6oBaTb OT cpe,UHHX MYz TOtIHOCTH (T. e. A1 uz =­
=MYz). -

Teo p eM a 5.4a. nYCTb CTOUT 3aOatla Y=(JI{XI, Jl{Yz, 2lJ, i[n, n]" 

x), 20e z=QYJ u nepeXOOlible cpeoliue MYzJt(x, Oy), MYz~(x, oy) 
JlBAfll0rCfl TOtlliblMU OAR Bcex OyE!!/), npUtleM OyEfll)*MYzOyEf!l)• 
T020a npeo6pa30Baliue Qy 6yoeT OOCTaTOtlHblM OAR 3aoattu l~ npu 
Beex x::S;l, Kozoa liU'JICliue Jt(x, d) U BepXliue ~(x, d) nOTepu npu 
Ka;)JCooM x 8blnyKAbl KaK cPYliKt{UU Id; U 6yoeT oocTaTOttlibLJtt npu 
x~l,Kozoa BepXliue nOTepu BblnyKAblJ a liUalCliue - BOZliYTbl. 

B caMOM ,UeJIe, eCJIH HHLK'HHe rfIOTepH BbInYKJIbI, Tor,Ua Ha OCHO­

Ba'HHH 3iHaJIOra Hepa'BeHC'PBa YIeHceHa B § 3.2 HMeeM: II (0) = 
= MxzMYzJt (x, oy)~MxzJt(x, MYzoy) = MX1n (x, o*z)=II(o*), n03To~IY 

npHx::S;1-6y,UeT cnpalJ3eJ])lHIBO HepaBeHcTiBo: IIX(a)~IIx(o). Hao6o­

pOT, eCJIH 3TH ,HOTep'H BOfHYTbI, TO II (0) ~ II (0*) H npH x ~ 1 HMee~l 

IIX(o)~rrX(a*). - ­
B qaCTHOCTH,eCJIH Jt (x, d) ==0, TO HHLKHHe nOTepH 6y,UYT KaK 

BbIrrYKJIbIMH, TaK Ii BorHyTbIMH, H TOf,Ua npeo6pa30BaHHe Qy 6yneT 

,nOCTaT04HbIM npH JII06bIX x. TIPH TOqHbIX nOTep5IX Jt (T. e. ~ =n.} 
Jl.'OIIIYCTH'M JIHWb CJIyqa~I x ~ 1, ,AJI5ItIerO 'noTpe6yeTcH BbI'nyKJIOCTb n., 
qTO xapaKTeplHo ,UJIH KJIa'CCHtIeCKHX Mo,UeJIeM. 

IT pH Me p 5.10. ITYCTb .;/{xY=[jJxy - pacnpe,UeJIeHHe TOqHbIX (Ha a~TIre6pe .91; 
npocTpaHcTBa f}J XUY) Bep05ITHOCTeH, 3ajI,aHHOe TOqHOH cOBMecTHoH TI.TIOTHOCTbIO 

p(x, Y), H rrycTh 3Ta rrJIOTHOCTh epaKTopH3yeTcH: p(x, y) =r(x, Q(y))h(y) Ha npoH3­
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Be,rr,eHJIe II3MepIIMbIX (OTHOCHTeJIbHO st) epYHKUIIIH. ITYCTb q) - BceB03MOJKHbIe 

H3MepIIMble pelUaIOIll,lIe npaBIiJIa 0, a rrOTepII n (x, iJy ) 5IBJI5IIOTC5I TOqHbIMII H3Me­

pIiMbIMII. Tor,na cpe,nHIIH pIICiK 6y,neT TOqHbIM, paBHbIM IT (a) =MxYn (x, ay) = 

=MxzA1Yzn(x, ay), r,ne MY z cooTBeTcTByeT pacrrpe,neJIeHIIIO Bep05ITHOCTeH Ha UJj (a 

TOQHee, Ha qjz) rrp,1I 3a,naHHOM ,Z. YCJIOBlle 6) TeopeMbI 5.4 BblrrOJIHIITC5I, eCJIIi 1J­

BblrryKJIOe MHOMeCTBO qIICJIOBOrO rrpOCTpaHCTBa. TIo TeopeMe 5.4a rrpII BbIrrYKJIbIX 

nOTep5IX n(x, d) II BblnyKJIOM MHOMeCTBe D perneHIIII npeo6pa30BaHlie Q (y) 6y­

,J,eT ,lLOCTaTOqHbIM. CKa3aHHoe ,COCTaBJI5IeT CYTb II3BeCTHOH II3 JIHTepaTypbI TeopeMbI 

o epaKToplI3aUHlI II.lIOTHOCTII II CB5I3aHHbIMII C HeIO ,lLOCTaTOqHbIMH CTarn:CTIiKaMII 

[3,4]. 

PaCCMOTpHM rro,np06!Hee yCJIOBHe epaKTopH3yeMocTH (5.4) C TOq­

KH 3peHH51 rrepBHQHbIX rrpH3HaKOB g (x, y) CI1M. Cor.naCHO TeopeMe 

2.3 0 nepBII4HbIX rrpH3HaKax rrpoH3Be,neHH51 Mo,neJIeH yc.noBHe (5.4) 
epaKTH4ecKH 03Ha4aeT, qTO rrpH3HaKH gECS, rrpHBe,neHHble 'K HyJIeBbIM 

o 

cpe,UHHM g=g-Mg, HMeIOT 'BH,n JIH60 1) g(x, Qy)-Mg, JIH60 2) 
c+(x, Qy),[tlJ(y}-M'!'] , rrpHqeM rrOCJIe,nHHe, eCJIH OHH He TpHBHaJIb­

HbI, rrOJIYQaIOTCH nepe60pOM Bcex HeOTpHuaTeJIbHbIX c+ (x, z). (3,neCb 

'P (y) - rrepBH4HbI ,nJIH J{Yz BMeCTe C pYz (6Jj z) = 1). ECJIH :IKe npH3­

BaKOB BH,Ua 2) HeT, qTO cooTBeTcTByeT rOJIOH B 06JIaCTH 6ljz rrepe­

XO,.1.HOH Mo,UeJIH Jf{Yz, TO OCTaIOTCH :rrpH3HaKH 1) H TeopeMa 5.4 epaK­

TopH3aUHH non1rra,naeT rrQ,n TeopeMy 5.2 0 C.B5I3'H JLOCTaTOqHOCTH C 

'Q-rrpe,ncTaBHMocTbIO rrpH3HaKoB, qTO pacrrpOCTpaH5IeT ee cepepy ,UeH­

CTBH5I Ha JII06ble nOTepH npH x~ 1. 

5.4. PE,lJ,YKlJJ1~ HA6JIIO,lJ,EHI1" 11 HHBAPI1AHTHOCTb 

HHBapHaHTHbIe MO,ll.eJIH. CBOHCTBO HHBapHaHTHOCTH OTpa:IKaeT He­

KOTopbIe CTOpOHbI CHMMeTpUH CI1M rro,no6HO CHMMeTpHH lllapa c 

UeHTpOM B HaqaJIe Koop,nHHaT K IrroBopoTy oceH. Ho rrpe.lK,Ue H3yqHM 

caMO rrOH5ITHe HIHBapHaHTHOCTH, lllHpOKO HCrrOJIb3yeMoe B HaCT05lmee 

BpeM5I B HaY4HO-ICTaTHCTH4eCKOH JIHTepaType, II ,CB5IlKeM iC tHaIIIHM 

nOH51THeM ,UOCTaTOqHOCTH. 

TIYCTb SyE[JJ eCTb MHO:IKeCTBO 06paTHMbIX rrpeo6pa30BaHHH:U/j 

Ha ce65I. !04eBH,,UHO, 3TO 1~1HO:lKeCTBOBCerJLa ,MO:lK\HO cq.HTaTb aJIre­

6paH4eCKOH rpyrrrroH. B caMOM ,neJIe, rrpOH3Be,neHHe SlS2Y=Sl (S2Y) 
€CTb 'CHOBa 06paTHMoe rrpeo6pa30BaHHe, a 'TOlK,lleCTBeHHoe npeo6pa­

30BaHHe y-+y ,UaeT e,nHHH4HbIH 3JIeMeHT rpyrrrrbI, rr03TOMY [JJ Ha3bI­

HaeM 2pynnou npeo6pa30BaHUU. 
¢yHKUH5I ~(y) Ha3~BaeTC5I UHBapuaHTHOU K 2pynne npeo6pa30­

.8aHUU gJ rrpOCTpaHCTBa 6lj, eCJIH ifp (sy) =cP (y), VSE[JJ. TIPH rrp,eo6­

pa30BaHH5IX rpyrrrrbI S Ka:lK.n.a51 TOqKa y COBepIIIaeT .n.BH:lKeHHe rro 

TpaeKTopHH Oy= {sy, SE[JJ} , 'Ha3bIBaeMOH Op6UTOU 3JIeMeHTa y. ~Be 
pa3HbIe Op6HTbI JIH60 COBrra,naIOT, JIH60 He rrepeceKaIOTCH. Ha Ka)K­

)J.OH op6uTe rpyrrrra [JJ TpaH3HTHBHa B TOM CMbICJIe, qTO JII060H: 3JIe­

MeHT 3TOH Op6HTbI MO:lKHO rrpeo6pa30BaHHeM H3 [JJ rrepeBecTH B JIIO­

UOH npyroif. TIpocTpaHcTBO 6Jj pa36'HBae~cH pa3HoHMeHHbIMH Op6H­

TaMH Oy Ha HenepeceKaIOmHecH n0.lI.MHOlKecTBa: OY = "22 Q y• 
y 
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MaKCUMaAbHblM uHBapuaHTOlvt OTHOCHT,eJIbHO rpynnbI g:; rrpeo6pa...­

30BaHIIH: npocTpaHcTBa U/j Ha3bIBaeTC51 oTo6pa:lKeHHe J (y), npH KO­

TOpOM paBeHcTBo J (y) = J (y') '3K'BHBaJIeHTHO npHHa,nJIeiKHOCTH y H y' 
O,lJ.HOH: II Toif Me op6HTe. MaKCHMaJIbHbIH: HHBapHaHT npHHHMaeT Ha 

K3lK,UOH: Op6\HTe rrOCTOHHHble 3HaQeHH5I, rrpH4eM pa3HbIe ,nJI51 pa3HO" 

HMeHHbIX Op6HT. 06JIaCTb 3HaqeHHH: MaKCHMaJIbHOrO HHBapHaHTa MO-­

)KeT JIeLKaTb B BeCbMa npOH3BOJIbHOM rrpOCTpaHCTBe. 

Y T B e p :lK.n. e H H e 5.5. JI106aJl U1-l8apUaHTHaJl K 2pynne [JJ epyHK­
t{UR cp (y) npeocTaBuMa tiepe3 MaKCUMaAbHblU uH8apuaHT: ({J (y) ==~ 

= ¢ (I (y) ). 

B caMOM ,lLeJIe, eCJI.J1 y II y' TaKOBbI, liTO 1 (y) =1 (y') ,'DO y' = sy )lJI5I HeKOTO~­

poro SE[JJ II rr03TOMY (P (y) ='q) (y'). 

,UJIH HaXO:lK,neHHH 1 (y) MO:lKeT 6bITb HCrrOJIb30BaH CJIe,nyIOlUHH 

ep3KT \[9]: ,UJIH JII060H epyHKUHH l (y) ee 'HHepHMyM inf f'( sy) = f (y) 
s 

(KaK H sup) Bcer,na HHBapHaHTeH K rpyrrrre [JJ, a eCJIH HHepHMyM­

,l1..OCTHraeTIC5I 'H e,u'HJHiCTBeH: min t (sy) = t(Sy (y»), TO J (y) = Sy (y) 51B-­
s 

Jl5IeT'C5I MaKCHMaJIbHbIM HHBapHaHTOM. 

CTaTHCTHQeCKa51 Mo,neJIb <M~> Ha3bl8aeTCJl UH8apuaHTHOU K 2pyn..· 
ne [JJ npeo6pa308aHUU, eCJIH 'Bce ,ee rrep.BUqHbIe npH3'HaKH HHBapHaHT-­

Hbl K [JJ: g (x, sy) = g (x, y), V gECS. COrJIaCHO yTBep:lK,neHHIO 5.5­
Bce nep:BH4Hble npH3Ha'KH HHBapHaHTHOH: CI1M npe,lLCTaBHMbI Qepe3~ 

Ma'KCHMaJIbHbIH HHBapHaHT 1(y), T. e. 3anHCbIBaIOTCH g (x, J (y) ). H01 

TOf;I.a Ha OCHOBaHHH T1eopeMbI 5.2 HMeeM CJIe,llYIOmyIO TeopeMY. 

Teo p e M a 5.6. MaKcuMaAbHblu UH8apuaHT Jl8AJleTCJl oOCTaTOtl,­
HblM (npu x~ 1) npeo6pa30BaHueM npu uH8apuaHTHou eMMJ a TaK~ 

{)fCe npeo6pa308aHueM eenooo6uJl. 

n p H M e p 5.11. ITYCTh y= (Yt, ... , Yn) II nYCTh rrepBHQHble rrplI3HaK'H CI:1M. 
HHBapHaHTHbI 'K nepeCTaHOBKaM KOOp,lL'lIHaT, HanpHMep npUBO,lJ,HTC5I K BII,ny g (x,­

(~yq dm ), TOr,1J.a IIHBapliaHTHbIe npaBIiJIa ,lLOCTaTOqHbI, rr03rOMY IIHBapIIaHTHbIM 

,l{OJliKHO 6bITh OnTIIMaJIbHOe (nplII x~l) peWaIOIll,ee rrpaBHJIO; OHO 6y,neT <PYHK­

IJ.IIeH: MaKC'HMaJIbHOrO IIHBapHaHTa, KOTOpbIM 5IBJI5IerC5I 3,neCb nOp5I,nKOBa5I craTHC­

THKa - nOCJIe,UOBareJIbHOCTb, paCnOJIOMeHHa5I B rrOp5IA'Ke Hey6bIBaHH5I: 1(y) = 

= (Y(l) ~Y(2) ~ .•• ~Y(nd· 

CHMMeTpHSI, HHBapHaHTHOCTb H ,lI.OCTaT04HOCTb. Hawe H3.IIOlKe­

HH,e 3,neCb OCHOBbIBaeTC5I Ha TOM 'C006pa:lKeHHH, 4TO eCJIH CI1M rrpH 

HeKOTopbIX npeo6pa30BaHH51X rrpOCTpaHCTBa 6Jj Ha ce651 He MeHHeT­

C5I, TO IB O'6meM-TO He ,UOJI:lKHbI MeH51TbC5I H OrrTHMaJIbHble pewaIO­

~He rrpaBHJIa. 

Mo,neJIb Jf(xy 'Ha3bIBaeTC5I CUMMeTpUifJ-loit K rrpeo6p a30BaHH51rvl sy 
npOCTpaHCTBa 6lj Ha ce65f, eCJIH OHa He MeH5IeTC51 rrpH 3THX rrpeo6­

pa30BaHH5IX, T. e. svf{xy = Jf{xy, HJIH qTO TO }Ke caMoe 

M t (x, S y) = M f (x, y), V f E ~. 

Inp,eo6pa30BaHH5I S CQHTaeM ,naJIee o6paTHMbIMH. 

E'CJIH CI1M cHMMeTpHqHa 'K npeo6pa30BaHH51M Sl II S2, TO OHa 
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oy,lJ.eT CIIMMeTplIqHa K IIX :rrpOII3Be,lI,eHHIO (IrrOCJIe,lJ.OBaTeJIb-

HOMy npHMeHeHHIO) SlS2, a T3KlKeK 06paTHbIM npeo61pa30IBa~HH5I.M 
1 1Sl- , S2- . CJIe,rr,OBaTeJIbHO, OHa 6Y,LleT CIIMMeTpHqHa K BC€B03MOlK­

HbIM npOH3Be,lJ.eHH5IM (nOCJIe,lJ.OBaTeJIbHbIM rrpHMeHeHH5IM) Si H Sj-1, 

{)6pa3YIOm fHM aJIre6palIqecKylO rpyrrny flJ npeo6pa30BaHHH. TaK KaK 

CI1M 6Y,lJ.eT CHMMeTpHtIHa K rpynne flJ B TOM H TOJIbKO B TOM CJIylqae, 

eCJIH OHa CHMMeTpHqHa KKalK,lI,OMy npeo6pa30BaHHIO SEflJ, 'TO HM'eeT 

·CMbIC.J1 rOBopHTb 0 'CHMMeTpHIIKOBceH rpyrrrre flJ. 

CHMMeTplI5I CI1M 03HaqaeT, lITO KalK,lI,OMy 'IIepBHqHoMy npH3HaKY 

gE~ H \IIlpeo6pa30lBaHHIO SE.flJ MOlKeT 6bITb iHaH,lI,e'H J1,py1r,oH g*E~, 
TaKOH, lITO (g(x, sy)=g-*(x, y) H Mg(x, y)==Mg*(x, y), T. e. npeo6­

pa30BaHH5I cHlV1MeTpHH COBepwalOT \IIepeCTaHoBKy IIepBHlIHbIX IIp1I3­

HaKOB BHyTpH ~, He MeH5I5I IIX Cpe,LlHHX. 

HfiBapuafiTfible K flJ CUM CUMMeTpUtLfibl K flJ, HO He BCer,lI,a 

.Hao6opOT, II03TOMY rrOH5ITlle CHMMeTplIli 60JIeeeMKoe. JIro6ylO CI1M 
v!{xy paClllllpeHHeM MOlKHO CneJIaTb CHMMeTpHqHOH J[*xY, Jf{ *xY-::::JJ[xy; 

J],JI5I lIerOHaLnO 06pa30BaTb lopeAHHe 

M*f (x, y) = sup M f (x, sy). 
s 

.B caMOM ,LleJIe, ,lJ.JI5I J[*xy 1M sJ[*xy HMeeM sM*f(x, y) ==M*f(x, sy) == 
=M*f(x, y), ,no3ToMy sJ[*xY=J(*xy. ECJIH ~ eCTb Ha60p nepBHqHbIX 

npH3HaKOB ,lJ.JI5I v!{xy, TO 'CHMMeTpH3aUIIIO ,lJ.OCTaTolIHO rrpOBeCTli Ha ~, 

lITO rrpII BO,lJ.HT, Bo6meM, K paCWHpeHHIO Ha6opa, H TeM He MeHee, 

yrrpomaeT CI1M, TalK ,KdlK IIep,BHi4HbIe iClpen.-HHe BblpaBHHiBaIOT~C5I Ha 

.npH3HaKax g (x, sy), npeo6pa3yIOmHXC5I ,lJ.pyr B ,lJ.pyra IIpH S, rrpo6e­
raJOIIJ.HX flJ. 

TIpHMepbI CHMMeTp'HlIHbIX CI1M ,lJ.alOT O,lJ.HOp0,lJ.Hble npoueCCbI, ,LlJI5.I 

KOTOpbIX rpyrrrry flJ o6pa3yIOT C,lJ.BHrlI BO BpeMeHII. 

C B 0 He T B 0 'II 0 C T 0 5.I H C T B a p H C K a. ECJlu CUM CUMAteT­

pUtffia K npeo6pa30BaHuflM g; npOCTpaHCTBa Ulj, TO pUCK 6yoeT HeU3­

MefieH npu npeo6pa30BaHUflx SEflJ: rrX(Osy) ==IIX(oy), TaK KaK cor­

JlaCHO orrpe,lJ.eJIeHHIO CIIMM,eTpHII 

M ~ (x, 8sy) =,M ~ (x, 8y ), M n(x, 8sy) = M n(x, 8y ). 

CrelP·laC MhI CBHlK·eM rrOH5ITII5I CHMMeTplIlI, HHBapHaHTHOCTH H ,lJ.OCTa­

TOqHOCTIIB CMhI'CJIe Cpe,lJ.HerO pnCKa, ClIlITa5I KJIaCC f!l) 3aMKHYThIM 

OTHOCIITeJIbHO f1J B CMbICJIe OyEf!l)*OsyEIq), VSEflJ, II paH,LlOMH31I­

pOBaHHbIM, T. e. BhlIIYKJIbIM. 

Teo p e M a 5.7. flYCTb CUM CUMMe.TpUtLfia K 2pynne flJ npeo6­

.pa308aHuu npOCTpaHCTBa 6lj u BblnOjlfifleTCfl Jll060e U3 YCA08UU: 

1) cpynna g; oucKpeTHa; 2) OnTUMaJlbHOe npaBUAO o~ flBAfleTCfl edUH­

CTBeHHblM. T020a ~HaKCUJvtaJlbfiblU UHBapuafiT K 2pynne g; eCTb OOCTa­

TOtffiOe npeo6pa308aHueJ npUtfeM OJlfl 8cex x. 

;::( 0 !K a 3 aTe .n b C T B 0, Ec.nu 8x y e)l,IIHCTBeHHO, TO Ha OCHOBaHHII CBOMCTBa 

nOCT05IHCTBa pliCKa HMeeM inf IIX(8y) =IIx(8xy) =IIx(8xgy ) II B CHJIy e)l,HHCTBeH­

HOCTH onTlIMa.nbHoro npaBliJIa BepHO 8x y = 8x sy, T. e. OHO HHBapliaHTHO, If CJIe)1.0­

.aaTe.nbHO, eCTb epYHKUII5I MaKCHMaJIbHOrO HHBapliaHTa. ECJIII OnTlfMaJIbHOe npaBIIJIO 

He HBJI5IeTC5I eJJ..HHCTBeHHbIM, TO cOBoKynHocTb OnTliMaJIbHbIX npaBlHJI {8X y } .nOJI)KHal( r
6bITh 3aMKHyTa OTHOCIITeJIbHO rpynnbI flJ npe06pa30BaHHH B TOM CMbICJIe, tITO )1.JI5I 

3a,UaHHoro 8Xy Bce npaBHJIa 8x sy npn SEflJ )l,OJI)KHbI npIIHa,U.TIe)KaTb 3TOM COBO­

KynHOC'TIi. TIplitIeM, eCJI:II rpynna flJ )l,UOKpeTHa flJ = {S1' ... , Sk}, TO, nOJIara5I, tITO 

8*y rro.nytIaeT'C5I paBHOBep05lTHbIM paH)1.0MII3Hp,oBaHHbIM BbI'60pOM 8xsy, npu)1.eM K 
k
 

IIHBap,HauTHoMy npaBllJIY: 8*y= L 8xsiX/k.
 
i=l 

ECJIH CI1M pa3JIOlKHMa J{xY==J(xJ{Yx , TO CllMMerpH5I J{xy 3KBII­

BaJIeHTHa CHMMeTpHli rrepeXO,lJ.HhIX MO,lJ.eJIefr uftY B CMhlCJIe' sJ[Yx == x 

==JfYx , VX. 
I1p'IIMep 5.12. ITyCTb Y=(Yl, ..., Yn) II CI1M pa3.n0)KHMa. TIyCTb npn 

Ka)K)l,OM xEfC noc.nejI,OBaTeJlbHOCTb Y i He3aBIICliMa II OJJ.HopO)l,Ha, T. e. 

Jft~ == Jtt~t X ... X .lPtfn, .J;t~i ~ .lPtft . 

Tor)l,a nepeXO)l,Hble MO)l,eJIIi J{Yx 6YJI.yT cHMMeTpIItIHbI K nepeCTaHOBKaM Yi Me)K,J,Y 

Co60H.MaKOIiMaJIbHbIM IIHBapliaHTOM K rpynne nepeCTaHOBOK 5IBJI5IeTC5I nOp5I)l,KO­

Ba5I CTaTIiCTIiKa (Y(1)~Y(2)~ ... ~Y(n)). CJIe)l,OBaTeJIhHO, OnTIiMaJIbHOe npaBII,,1o 

,lI,OJI2KHO 6bITb liHBapHaHTHbIM K nepeCTaHOBKaM If 51BJI5IThC5I <PYHKI]Jiei1: rrOp.SI)l,KOBO(I 

CTaTHCTlIKII. 

TIop5I)l,rKOBa5I CTaTIiCTIiKa 6YJJ.eT MaKCHMaJIbHhIl\I HHBapHaHTOM II B TOM CJIy1Jae, 

ec.nH Yi npli Ka)K)l,OM 3a,UaHHOM x IIMelOT O)l,IIHaKOBble MO)l,eJIH J(fl = ... = J{ ~n HO 

COBepweHHO HeH3BeCTHO, KaK Y i CB5I3aHbI )1.pyr C )l,pyroM (rrepBII1JHbIH Ha60p o6pa­

3YlOT {gx (y i), gECS, i = 1, ... , n}, a nepBIItIHble cpe,UHHe He 3aBIIC.SIT OT i). 

5.5. ,LLETEPMMHHPOBAHHbIE PELUEHH5I H <l>HJ1bTPAUH5I 

06llJ.He C006pa.lKeHHSI. J],eTepMuHupOBaHHblJrtU Ha3bIBaIOTC5I rrpaBH­

JIa KJIaCCa f!l)JleT, .uJIH KOTOpbIX peWeHII5IMH 5IBJI5IIOTC5I caMH HCKOMble 

COCT051HH5.I feEge. TIpaBHJIa 0603HaqaIOTIC5.I Xy 'II npe,lI,CTaBJI5IIOT- (C060~I 

HHCTpyKUI1IO, YKa3bIBaIOmylO, KaKoe X BhI611paTh (npe,lJ..naraTb KaK 

peweHue) \IIp HKalK,lJ.OM B03MOlKHOM Ha6JIIO,lJ.eHlllI y. 
I\of,lJ.a COCT05IHHe:.vr CTaHOBllTC5I IIapaMeTp (T. e. ge ==fJl - lIHCJIO­

BaH rrp5IMa5I), ,lJ.eTepMHHHpOBaHHble rrpaBHJIa rrepeXO,lJ.5IT B ,lJ.eTepMll­

HHpOBaHHoe oueHHBaHHe. OueHHBaHHe 6y,lJ.eT, KOr,lJ.a x - BeKTOp 

(fJe == fYtk). TIoCJIeZLHHH c.nyqali: HHOr,lJ.a Ha3bIBaIOT epHJIbTpaUHeH, rrOHH­

Ma5.I rro,lJ. BeKTopoM OTCqeThI rrpouecca. A B o6meM, epHJIbTpaUH5.I ox­
BaTbIBaeT CJIyqaH, KOfj(a x - rrpouecc (W -- npOCTpaHCTBO peaJIH­

3aIJ,HH). 4eTKoH rpaHH 3neCb HeT. 

,UeTepMIIHlIp,oBaHHble - 3ro .pelllHTeJIbHble IpeWeHH5I, rKOrna :He 1):1,0.11­

)RHO 6bITb MeCTa HeqeTKHM, OCTOPOlKHbIM BbICKa3bIBaHIl5IM, cylK,lJ.e­

HH5IM, a Tpe6yIOTC5I KOHKpeTHble ,lI,eHCTBH5.I. HarrpliMep, HylKHO OlIHC­

THTb peqeBOH CHrHaJI OT rnyMoB, QTo6bI rrOJIyqHTb KOHKpeTHyIO pea­

JIH3aUHIO OTepHJIbTpOBaHHoro rrpouecca. I1JIIi B TeopHH yrrpaBJIeHH5I 

no Ha6JIIOneHH5IM 3a 06'beKTOM Tpe6yeTC5.I CepOpMHpOBaTb CHrHaJI: 

OH TOlKe ,nOJI)KeH 6bITb lIeTKHM KaK yrrpaBJI5Iromee B03,lJ.eHCTBHe Ha 

epU3HQeCKYIO cHcTeMy. 

TIp06JIeMa ,LleTepMIIHH3Ma B OIJ,eHHBaHHH HMeeT ,lJ.aBHHe Tpa,lJ.H­

~HH If 6oraTyIO lfCTOpHIO. MbI He CTaBHM 3a.uaQell 0630p. I-Iawa 
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n,eJIh - BhIHBHTh Te OC06eHHOCTH, KOTOphle BHOCHTCH B Hee HOBhIMH r
 rJI,e P1-X(X=Xy ) ==xP(X=Xy ) + (l-x)j5(x=x y ) - B3iBeWelHtHaH 1Be­
:\10,lI,eJIHMH H peryJIUpOBOqHOH WKaJIOH OIlTHMH3Ma-neCCHMH3Ma. 

p05ITHOCTh npaBHJIhHOrO peweHHH. IlpH X=? onTlfMaJIhHOe npaBHJIO
IlocJIe,lI,HHH n03BOJIHeT ,lI,eJIaTh 'IlpaBl1JIa TO 60JIee H36HpaTeJIhHhIM'H 

u 

6Y,lleT HaXO,ll.HThCH MaKCHMH3aUHeHBepXHeH rpaHHUbI BepOHTHOCTH
K orOBopeHHhIMcHTyaUHHM H ,KaqeCTBeHHbIMH K HHM, To6oJIee P(x===xy ), a npH TleeCHMII3Me x= 1 - HH:tKHeH P(x==xy ).
rpy6hIMH H YCTOHqHBhIMH (B CMhICJIe Cpe,AHerO pHCKa) K OTKJIOHe­

HHHM OT HHX. 

IloTepH npaBHJI Xy MepHIOTCH 06blqHO KaK HeKOTopoe paCCTOHHHe 

J[ (X, Xy) MeLK)l.y HCTHHHbIM 3HaqeHHeM X H npe,ll.JIaraeMhIM oueHKOH Xy. 
3TO 06~3aTeJIbHO HeJIHHeHHaH, nO~4ac HeOrpaHHqeHHaH ~YHK­

UIf~, KaK B CJIyqae CTeneHHoro ee THI1a IX-Xy Ik. nynyqH npe06pa30­

BaHHeM nepeMeHHhIX X H X, ~YHKUHH rrOTeph HCKalKaeT BH,n IUepBHtI­

HhIX npH3HaKOB CI11Vl, BTopraHCh B CBH3h Me)Kny CTpyKTypOH npH3­

HaKOB H BH)l.OM npaBHJI, HO coxpaHHeT, 4TO OqeHh Ba)KHO, Qy-npen­

CTaBHMOCTb: Q-rrpenCTaBHMOCTb npaBHJI 3KBHBaJIeHTHa TaKOH :tKe 

npe,lI,'CTaBHMOCTH rrOTeph H CJIenyeT B 'CBOIO 04epe,nh H3 npenCTaBH­

MOCTH nepBH4HhIX npH3HaKOB. IlocJIe,nHee, KaK yTBep:tK,naeTCH Teo­

peMoM 5.2, naeT OCHOBaHH~ ,nocTaTo4HoH pe,nyKUHH Ha6JIIO,n,eHHM. 

TlpHBe,neM npIfMep pe,nYKll.HH. 

n p H M e p 5.1'3. fIYCTb Ha6JIIO,naIOTcH Y1, ... , Yn, a x - UCKOMbII1 IIUCJIOBOI1 

napaMeTp. ITYCTb nepBMtIHbIM ~JIH CI1M HBJIHeTCH cpeAHee M~ (Yi-X)2=6. ITep· 
i 

2BHIIHbII1 npH3H aK npe~eTaBJIHeTCH ~ (y i-X) 2 = Ly2 i-2x~y i +x U npu JII06bIX x 
iii 

·eCTb <pyHKUHH }2Yi U Ly2i. 9TU CYMMbI COflIaCHO TeopeMe 5.2 eCTb ,lJ,OCTaTOtIHbIe 

i i 
np.H x ~ 1 inpH3HaKH, '01ICIO,,na qy JI,OJIMlffa 6bITb \<pY;HKUHeI1 OT HHX. HeKoTopoe o606~ 

meHHe lIOJIytIaeTCH, KOf,lI.a CYMMbI B3BerneHbI K03ep<pHUlIeHTaMH ~Ci (Yi-X ) 2, TorAa 

i 
,lI.OCTaTOtIHbI }2CiYi, LCiy2i. 

i i 
C'OBeplIleUHo TeMH :IKe CorJIaCHO CJIe~CTBIiIO 2 K TeopeMe 5.3 ~OCTaTOtIHble 

npH3HaKH 6y,nyT, eCJIll:I Yi=X+~i, i=l, ... , fl, a <pJIyKTyauulI ~i 3a,naUbI nepBatIHbIM 

3HaIIeHlIeM M~Ci~2i. ECJIH Yt - lIpouecc, TO lfH,neKC i 3aMeHHeTCH Ha BpeMH t, a 

i 
CYMMbI - Ha UHTerpaJIbI lIO t H ,n,OCTaTOtIHbIMU npU3HaKaMH CTaHOBHTCH HHTerpaJIbI

SCiytdt, SCty2 t,dt. 

OnTHMaJIbHble perneHHSI npH ,lI.eJIbTa-nOTepSlX. OpIIcTynHM K H3JlO­

lK'eHHIO n p IfHUHIT0 B ITOCTPOeHHH 0 ITTIIM a JIhHhI X n eTepMHHHP0 BaHHhIX 

oueHOK B 33Blf:CHMOCTH OT BH,na ITOTepb H 3HaqeHHHK03,<p~Hll.HeHTa 

ne:CCHMH3Ma. IlYCTh CHaqaJIa 6epyTcH oeAbTa-noTepuJt (X, x) == 
=1-6,,(x), paBHhIe 0 npH np3BHJIhHOM peweHHII X=X H 1 npH He­

x 

npaBIIJIbHOM X=F x. 3TH nOTepII OqeHh XIPHTHqHhI (eCJIH IHe iC!Ka3aTh 

KanpH3HbI) K CKOJIh yrO,UHO MaJIbIM OTKJIOHeHHHM X OT X, TaK KaK 

cpa3Y rro,n'CKaKHBaIOT OT MHHHMaJIhHOrO ,no CBoero MaKCHMaJIhHOfO 

3Ha4eHH~. 3aTO pa60Ta C ,UeJIhTa nOTep~MH y,Uo6Ha BCJIe,nCTBHe npoc­

~WX pe3yJIhTaTOB, H60 ueHa npH06peTaeT «JIHuenpH~THWM» BH,ll.: 

v (Y) = 1- sup pl-x (x = Xy), (5.5) 
Xy 
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II p 1I M e p 5.14. flYCTb CI1M 3a~aHa rrepBHtIHbIMll iBepoHTHOCT5IMH: 

O~~(x, y)~P(x, y)~I, V(x, Y)EXXUJ/ 

(corJlaCOBaHHbIMH B CMbICJIe ~~~ 1, ~J5;;::: 1, r,LJ,e CYMMbI no x, y), 3a,nalOruHMH 

a,ruI:HTHBHoeI1PB Ha ~HcKpeTHblx aJ xOlj. flo epopMyJIe (1.5) ,lJIH a,n2UIT;UBHbIX 

I1PB UMeeM: 

E.(x==xy)==max{ ~ !:.(x, y), 1- ~ P(x, Y)}' 
x= x X~Xyy 

P(x == Xy) == min { ~ P(x, y), 1- ~ !:. (x, y)}. 
x=x x;t:.xyy 

TaK KaK MHO:IKeCTBO {x~Xy} TOIIeK npocTpaHcTBa fJiJ xrJ1j OKa3bIBaeTCH 06bIIIHO 

cymecTBeHHo lllHpe MHO:IKeCTBa {X=X y }, TO B nepBon epopMyJIe lIpaBa5I U3 ,n,ByX 

qaCTeH HMeeT TeH~eHUIiIO CTaTb OTpHuaT€JIbHOI1, a BO BTopon - JIeBaH CTaTb 

MeHbllle npaBofI (UpH 2:~< 1), lI03TOMY tIaCTO OKa3bIBaeTCH, tITO 

~(x =:;:= Xy) == ~ ~ (x, Y), P(x == Xy) == ~ p (x, Y), 

x=x x= x yy 

H OlITHMaJIbHOe npaBUJIO 6y~eT OlIpe~eJIHTbCH MaKCHMlI3aUlIeI1 no x rrpu 3a,LJ,aH-

HOM y B3BelIleHHOrI COBMeCTHOM BepOHTHOCTlf Pl- x (X, y)=x~(x, Y)+I(I-x)P(x, y), 

1\ 3TlfM npaBHJIaM CKOpO BepHeMCH lf3-3a .lIX 60JIee o6ruero Ha3HaIIeHHH. 

3 a Me q a H H e. 06paTHM BHHMaHHe Ha O,UHy xapaKTepHyIO OCO­

6eHHOCTh OI1THMaJIhHbIX np3BHJI npH ,ILeJIhTa-nOTep~x. 1VIHo:tKecTBO 

.{X=Xy} npe,nCTaBJI5IeT C060M JIHHHIO B npOCTpaHCTBe geXUY H, KaK 

epaKT, HeB03MO:tKHO HaHTll HII O,ILHOM JIHHeHHOM KOM6IfHaUIIH rrepBHQ­

HhIX rrpH3HaKOB CI1M, KOTopa~ Ma:tKOpHpOBaJIaCh 6hI HH,lI,HKaTOpHofI 

tPyHKIl,HeM MHO:tKeCTBa {X=X y } H HM,eJIa HeOTpHuaTeJIhHOe HHlKHee 

cpe,nHee, rr03TOMY ,nJI~ TaKHX 33,ILatI P(X=Xy) ==0. 06paI.II.a~Ch Tenepb 

K epopMyJIe (5.5), BH,ILHM, qTO npH-X= 1 ~ pHCK He3aBHCHMO OT xy 

Bcer,na 6y,neT MaKCHMaJIbHhIM, p aBHhIM 1. OnTHMaJIhHOe np aBHJIO 

CTaHOBHTCH 6eCCMhICJIeHHbIM. K 6eCCMhICJIHue npHBo,nHT H x> I. 
JIHWh npH X< 1 OITTHMaJIbHbIe npaBHJIa 6YJlYT HeTpHBHaJIhHbIMH If 

Haxo,n5ITC~ MaKcHMHsaUHeH j5 (x=xy ). 

PaclllHpHM CI1.lVl ,Uo aJJ.,nHTHBHoro I1PB, oITpe,neJIeHHOrO rpaHH­

~aMH P (x, y), j5 (x, y) (BbI4HCJIeHHbIMH no HCXO,nHOH CI1M H npl1­

H~ThIMH 3a rrepBHqHhIe). IlpaBIIJIO, MIIHHMl13l1pYIOmee pHCK npH yKa­

S3<HHOM paclllHpeHHH CI1M, a nOToMy K B a 3 H 0 IT T II M a JI h Hoe, 

0603HaQaeTC~ gxy • OHO 'COfJIaCHO (5.5) MaKCIIMII3l1pyeT npHKalK,llOM 

yc.U/j B3BeweHHYIO BepO~THOCTh: max pl-X (x, y) H Ha3hIBaeTC~ npa­
x 
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r
I8UAO;l1 83BeUleHH020 npaBAOnOA06HH (BnpHMepe 5.14 OHO OnTHMaJIb­ onpeAeJIeHHOCTb MaTpllUbI Lc+;Hi-C. TaKHe )!(e epOPMYJIbI BepHbI 

HO). B 4aCTHOCTH, TIpH %=0 H3 Hero BblTeKaeT npaBHJIO XOy, MaKCH­

MH3HpYIOw.ee P (x, y): P (fOy) =max P (x, y), Ha3blBaeMoe npaBuAo,w 
x 

.J1WK-CUlvWAbH020 npa8oonooo6uJl. TaKIlM 06pa30M, J1WTOO ,IWI\CUMaAb­
H020 npaBoonooo6u.'1 cooT8eTcT8yeT ,1LaK-CU,11aAbHO B03MOJICHOMY on­
TU,lIL13MY % = 0. 

DpH neCCHMH3Me %= I KBa3HOnrlHlaJlbHblM 6y,a,eT npaBHJlO 

lly : P (i1y, y) = max P (x, y), Ma KCHMIl3HppOw.ee HmKHlO1O rpaHHUy 
- x ­

Bep05lTHOCTH. 

. BBe,a,eM Mo,a,HepHKaUHH paccMOTpeHHblx npaBHJI, Y4HTblBalOw.He 

MewalOw.He napaMeTpbI. DycTb .;!{xy = V[JJexy, r,a,e [JJe xy npH l\a}K,a,OM 
e 

e onpe,a,eJlHeTC5I T04HblMH Bep05lTHOCTHMll Pe(x, y). Tor,a,a P (x, y) = 

=infPe(x, y), P(x, y)=supPe(x, y) II oueHKa ioy MaKCH~1l13HpyeT 
e e . 

MaKCHMaJIbHYIO rro e Bep05lTHOCTb, a X'y - :YIHHHMaJlbHYlo. 

ECJlH <:OOTBeTCTBeHHO 3aMe4aHHIO Bblwe P(x=xy) =0, H TeM 60­

)lee !(x, y) ~P(x=Xy) =0, TO PI-X(X, y) CT3H03HTCH rrponopU'HO­

H3J1bHOH P (x, y), rr03TOMY rrp3BHJlO MaKCIIM3J1bHOrO np3BAonOA06HH 

iOy , COOTBeTcTBylOlll,ee %=0, 6y,a,eT I\Ba3110nTIfM3.1bHbIM rrpH .TJI06bIX 

%< 1. Y.Ka33HHaH rrpO'nopUHOHaJlbHOCTb 6y,a,eT IIMeTb Mecro II ]wr,a,a 

P(X, y)=pP(x, y) .il.Jl5I HeJ\'OToporo p~1 (:np'H p=1 ;BepOHTHOCTb 

T04H351) . 

nOCTaHOBKa 3a.na4H JIHHeHHOH ~HJIbTpa~HH CHrHaJIa npH KBa.n­

paTH4HblX nOTep5lx. DycTb Ha6J1i0.neHH5I 33nHCblBaIOTC5I 

Yi=Xi+~i' i=l, ... ,n, M~i=O, 

r.il.e Xi YCJlOBHO 6Y,ll.e:Vl H33blBaTbCllrH3JIOM, 3 Si - WyMOM. l1ml B 

BeKTopaX-CTOJI6U3X y=x+;, M;=O. CT3BHTCH 33A343 epllJlbTP3UHH 

X ·rrpn .I\B3J,panI4HbIX nOTep51X 

n (x, x) = II x - xW= (x - X)T (x - x), 
I 

f.J,e lizl!2 - ,hBa,ll.p3T HOpMbl Bel(TOp3. BeKTopbl x II S C41lT310TCH He­

KOppeJlHpOB3HHbIMH: MX;T=O, 33,ilaHllblMll CBOl1cTB3MH BToporo rro­

p51,a,1,3 B Blf.J.e COrJI3COBaHHoro Ha60pa Cpe,ll.IIIIX MxTCx, MSTCS rrpH 

BceB03MO)KHbIX M3TpHuax C. 3TO ,a,eJIaeTC5I nyTeM 3a,ll.3HHH nepBH4­

HblX 3Ha lleHlfH AixTHx, HEd&', lHsTG;, GE~, C IlX rrOCJIe,ll.YIOw.HM 

rrpo,a,O.'1)I(eJ-lIleM COrJIaCOBaHHblM 06pa30M Ha BTOpH4Hble npH3HaKH 

(T. e. H3 I\B3,a,paTH4Hble epOPMbl) no q)OpMyJle 
~ 

TM x T Cx = inf { L: C( Nt x Hi x: L: C( Hi - C ;;::: O} , (5.6) 

r,ll.e HiEd&'. B (5.6) H3 CYMM Bbl6poweH cB060'.J.Hbl(r I\OaLj:JepllUHeHT, 

1160 011 nOJlY l l3eTOl p3'BHbIM 0. HepaBeHcTBo rro.il. 3H3,IWM HH­

epHMyMa rrOIlHMaeTC5I K3K M3TpH4Hoe, 1". e. Kal\ HeoTpHU3TeJIbH35I 
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,LI.JIH ·s,
B KJIaCCe np3BHJI, .nonyCI(31OW.HX P33JIO)KeHH5I B pHAbl BOJIbTep­

pa, T. e. Tl/TIa 

(XY)i= L:LuYj+ L.L.Ll';/YkYi+ L.LL:dVtY"YiYI+·'" 
j k i k j I 

1I3 OCHOB3HHH TeopeMbI 5.1 .nOCT3T04HbIMH 6YAyT JIHHeHllble rrp3BHJIa 

x=Ly, r,a,e L= {L ij } ~ M3TpHua p33MepHocTH nXn (T3K 1(3K TOJIb­
Y 

KO ,J,JI5I HHX nOTepH M3)!\0pHpyeMbIKB3.nP3TH4HbIM epOPM3MH) . .Ll.JI5I 

JIHHeHHblx rrp3BHJI rrpH KBa.nP3TH4HbIX nOTep5lX H HeKOppeJIHpOB3H­

HblX x H 's HH)!<HHH H BepxHHH pHCI<H 33rrHwyTc5I 

n (Ly) = MXY II x - Ly 112 = Mx II x - Lx W+M~ II L sW, 
XYfi (L y) = M 1\ x - Ly II~ = Mx II x - Lx W+ M; 1\ L sW 

H BbI4HCJI5IIOTC5I COrJ13CHO (5.6). PHCKH CKJIaAbIBaIOTC5I H3 ,a,ByX CJI3­

r3eMblX: nepBoe onpe,a,eJI5IeT oWH6Ky epHJIbTpall,I1H 33 C4eT HHepUI10H­

HOCTH epH.'1bTp3 L, KOTOpbII1 He ycrreBaeT OTCJIe)!<HBaTb H3MeHeHH5l 

CHrH3JI3 (B CI1JlYOTJIH4H5I OT eAHHH4H0I1 MaTpHUbl I), a BTopoe ­

3a C4eT rrpOHHKHOBeHH51 WyM3 H3 'BbIXOA epHJIbTpa. DepBoe CJI3rae­

Moe paCTeT npH YBeJIH4eHHH HHepll,HOHHOCTH epHJIbTp3, 3 BTopoe ­

yMeHbWaeTC5I, H Me)!(AY IIHMH eCTb orrTHMyM. 
Bbl60p M3TpHUbI L *, onpe,a,eJI5Ilolll,eli OllTHMaJIbHblH epl-lJibTP, rrpo­

113BO,LI,HTC5I HCXO,LI,H H3 MHHBMH33UHB cpe,iI.HerO pHcKa 

nx (L) = MX x T(1- L)T (1-- L) x + MX ST Lor L S' (5.7) 

T,LI,e Mx eCTb B3BeweHHoecpe,LI,Hee, p3BHoe (I-%)M +xM. 
OpB T04HbiX M3TpHll,3X KOppeJI5IllHfl Mxx T 

= K: A1;ST = B pHCK OT 

% He 6y,LI,eT 33BHCeTb: n(L) =tr(I-L) (I-LpK+tr LUB, rAe tr ­

C)leA M3TpHll,bl, P3BHbIl1 cyMMe ,a,HarOH3JIbHbIX 3JIeMeHTOB. OrrHrM3JIb­

HblM B 3TOM CJIy43e npB 06P3THMOfi MaTpHll,e (K+B) 6y,LI,eT epHJ1bTp 

L* = (K +B)-1 K, n (L*) = tr K (K + B)-1 B, (5.8) 

rAe BTOPblM YI<333HO Bblp3)KeHHe ,LI,JIH OWH6I<H epHJIbTP3UHH. 
<l>HJIbTpall,HSI CHrHaJla C 113BeCTHblMI1 KOppeJl5lUHOHHblMI1 cBoiIC!'­

BaMI1 113 wyMa OrpaHJ1l!eHHOH MOW.HOCTH. DYCTb IWppeJl5IUHOIiHa51 

M3TpHU3 iCfrrHa.'13 x 51BJJ5ICTC5I TOlliJ-IO l!3SeCTHoH H paBHoii K, TOI")3 

K3K OTHOCHTeJIbHO W)''v13 1I3BeCTHbI CBe.'l.eHIUl .'1HWb 06 ero cpe:ll~erl 
«MOW.HOCTH» 

~ L sf/n=M \ls\\2/n=~2, MIlsW/n= 0~. 
22

TorA3 aHaJI0fl14HO (5.6) : _ M ST LL s= sup cn a = /..2. n 0 ,tnHl 

c1:(LTL 

M ST Lor L s= inf en 02 = 'A~ax no2 
,
 

rei ;" LT L
 

r,LI.e HepaBeHcTBa MaTpH4Hble H 'A2m in H 'A2max eCTb cooTBeTCTBcHHO 
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n

M'HHHMaJIbHOe II MaKCHMaJIbHOe C06CTBeHHble qHCJIa MaTpHUbI LT L..
 
B pe3YJIbTaTe 'Cpe~HHH pHCK
 

X (L) = tr (I - L) (I - L)T K+ (I - x) A~in n 0 2 + XA~ax na2 
•
 

TIpe~,cTaBHM K==FTrF, r~e F - M3TpHua C06CTBeHHbIX BeKTopOB"
 

a r - ~HarOHaJIbHa5I MaTpHua co6CTBeHHbIX qHCeJI 'Vi MaTpHUbI K. 
Tor~a OrrTHMaJIbHOe rrpaBHJIO 3arrHllIeTC5I B BH~e Ly == FA, r~e A ­
~HarOHaJIbHa5I MaTpHua KopHeH KBa~paTHhIX 'Ai H3 co6CTBeHHbIX 3.ne-­
MeHTOB ~2i MaTpHUbI LTL. B pe3YJIbTaTe cpe~HHH pHCK CTaHeT 

nx (L) == ~ (1- Ai )2 l'i + (1 - x) A~in n 0 2 + X A~ax n0-2• 

3a~aqa HaXO:IK~eHH5I OrrTHMaJIbHOrO rrpaBHJIa CBO~HTC5I K MHHH­

M:H3aUHH HaH~eHHoro 'Bblpa:IKeHH5I ITO 'Ai. na~HM pe3yJIbTaT, TeN! 6oJIee, 

qTO OH TpHBHaJIeH, He rrpHBO,lI,5I YTOMHTeJIbHbIX, HO B TO :lKeBpe~M5I 

HeCJIO:IKHhIX BbIKJIa,lI,OK. TIPH x~ 1 OrrTHMaJIbHbIMH 6y,lI,YT :A*i--:- C, qTO 

OOOTBeTCT:ByeT epHJIbTpaUHH Xy == cy, :CBO;,lI,5IIUetiC5I K Inp5I'M'OMY oCJIa6­

JIeHlIlO BXO,ILHbIX Ha6JIlO,lI,eHHH Ha BeJIlIqlIHY C = tr K/ (tr K+xn(2). \' 
ilpHqeM C YMeHbllIaeTC5I npH Cp~BHIITeJIbHOM YBeJIHqeHHII Cpe,lI,Hei1 

rCTaTHCTHqeCKOH .3HeprHH llIyMa na2, npHXO,lI,5IIUeHC5I Ha n OTCqeTOB,
 

ITO OTHoweHHlO K .3HeprHH CHTHaJIa tr K. B caMOM ~eJIe, eCJ1H WYM 1
 
! 

BeJIIIK, TO IQ'H ,,lI,aeT OCIHOIBHOHBKJIaJI. B iOllIlf:6Ky Ha 'BbIXiQ;,Ue Ii ero HYiI\:­ ~ ,. 
HO OCJIa6JI5ITb. He3HaHHe 'CTpyKTypbI llIyMa Be~eT K TOMy, qTO Ha6­

JIlO,lI,eHII5I epaKTUqeCKH He epIiJIbTPYIOTC5I. 

TIYCTb Terrepb O~x<l. Pe3YJIbTaT 6Y,lI,eT BeCbMa HHTepeCHbli\T, 

nOKa3bIBaIOmHM Ha Bblp0:IK,lI,eHHble CTOpOHbI pe)KHMa onTHMH3Ma . 
.- r 

TI'pH YiCJIOBHH xna2/tr K< 1/ (I-x) na2/'V1nin OTITHMaJIbHbIMH tCHOBa 6y.. 
,lI,yT 'A*i==C ~JI5I Bcex i, KpoMe O,lI,HOrO iO: 1\o== min Vi=='\'min, 'A*iO=O, 

Ha3HaQaeMOrO IHYJleBbLM. TIPH ,CHIHTe3e epHJIbTpa H3HiBHO rrpe:,UTlo.TIa­

raeTC5I, QTO 'B Han60JIee 6JIarOnp'l15ITHOM cJIyqae WYM IBeCb IBrQH\.leT 

HMe'HHO IB 3TO ·HaHMeHee «,CHrHaJIbHoe» JIarrp3BJIeHHe ,\,rnin, a MbI 

«3aXJIOiUHeM» era nyTeM rrrpHpaiBHHBaHI15I HyJIIO: 'A*iO= O. I1pe)),lcTaB­ I 
Te, 41'0 WY/MOM C Bep05IT1HOCTblO I-x 'ynnp 3BJI5IeT «,C'BOH» LJeJIOBeK, 

H3H6.rrarOrrpH5ITHeHlIlHM 06pa30M K HaM pacrrOJIO:IKeHHbIH, a C Be­ tP05ITHOCTblO x - rrpOTHBHHK. 06a OHH iI1peKpaeHO OCBeJI,OMJIeHbI 0 

HaWHX ,neticTBH5IX. HY:lKHO 3alUHTHThC5I I10-'B03:MO:IK'HOCTH OT rrpOTHB­

HHK3, II OCTaBHTb «OT\'uYW!HHY ,UJI5I 6JI3rOnplI5ITHbIX» 3 iKUHH «CBoero», I
raipaHTHpOH31B ,ce6e TaKIHl\!l DOp330M MHHHMaJIblHbII1 ymep6. 

TIoCJIe,lI,Hee He MO:IKeT 'CJIY:IKHTb yTelIleHHeM, a 'CKopee 5IBJI5IeTC5I 

BblpO)K,LLeHHeM, n03TOMY 06mUH BbIBO,lI,c.rre,UYlOIUHH: fie3Hafiue CTpyK­

Typbl UlyMa He n03BOAfler HUKaK ucnOAb30BaTb 3HaHue, 8aJlCe TOt{­

Hoe, KoppeAfU{-UOHHblX CBOUCTB CU2HaAa. 

<l>I1JIbTpa",wSI npH HeKOppeJlHpOBaHHorvl mYMC. TIyCTb CHOBa y = 
== x +S, 
TOqHO, a 

- 2
M Si 
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KOppeJI5IUHOHHa5I MaTpHua K seKTopa CHrH3JIa x H3BeCTHa 

WYM HeKOppeJIHpOBaH IH 3a~aH rrepBHqHbIMH cpe~HHMH: 

-2 2 2 .. = ai, M Si = !!.i , M Si Si = 0, t =1= J. 

'TorAa M \\ L S\1 2 = sup { L Ci of : L Ci £[ + L ~ £i Cij £i ~ 
i~j 

~ ~ ~ ~ £i Lii Ljk £k} = sup J ~ Ci of : Ci ~ ~ L?} = ~ 2: L~. o? ,. l _ !J ll_l ,. 

II TOqHO TaK :IKe MIl Ls112== LLL2 ija2i . B pe3YJIbTaTe pHCK 

IIX (L) == tr (I - L) (I - L)T I( + tr LLT 0,0 

T,lI.e 0"2xi==(1-x)~2i+xa2i H Ox eCTb ,lI,HarOHaJIbHa5I MaTpHua H3 aZXie 

MHHIIMH3aUH5I 'plICKa no L Be~eT K 3HaqeHHIO 

L* = (I( +0x)-l K, IlX (L*) = tr I( (I< +0x)-l Ox· 

,OrrTHMaJIbiHblfr epHJIbTp, KaK 3TO BH,lI,HO H3 cp aBHeHH5I C (5.8), rrOJIy­

QaeTC5I TOqHO TaKOH Me, KaK eCJIH 6bI M£2i 6bIJIH TOqHO H3BeCTHbI If 

paBH5IJIHCb a2
x i. 

060 6m e H H e. flYCTb y==x+ Hs, r,lI,e H - H3BeCTHa5I MaTpHua , 

neKTOp S - TOT :IKe, KaK H 6bIJI, a WYM Hs eCTb pe3YJIbTaT npOXO)K­

,neHH5I He3aBHCHMbIX OTCqeTOB£i qepe3 H3BecTHbIH <pHJIbTP, onHCbI­

BaeMbIH 'MaTpnueH H. lllY:M B Ipe3YJIbTaTe 6YJI.eT KJQlPpeJIUpOiBaHHbIH C 

HeTOqHO H3BeCTHbIMH KOppeJI5IU:H5IMH, 065I3aHHhIMH pa3JIHQHIO aZi If 

a2i. Tor~a 

IIX (L) = tr (I --L) (I - L)T K+tr H L LT HT O}P 

II B pe3YJIbTaTe MHHHMH3aUHH ITO L rrOJIyQHM 

L* = (I( + HOx HT) -1 K, TIX (L*) = tr K (K +HOx HT)-l HO;( HT . 

BbITeKaIOmaH H3 .3TIIX epOPMYJI HHCTPyKUH5I 1npH3bIBaeT 3aMeHHTb 

\He~OqtHiO H3BeCTHble KOppeJI5IIl"HH IWyMa 'Ha MarpHUY Bij == 2,;, Hik'a2xkHkj, 
k 

CQ'HTa5I ,ee npo ce65I TOqHOH MaTpHuefI KOppeJI5IUHH rnyMa, H ~aJIee 

paeqeTbI C HeH np'OII3'BO)J.HTb no (5.8). HanpHMep, eCJIH Yi == Xi + 
+~hl£i+l, T. e. lIlyM reHepHpyeTC5I CKOJIb35ImHM CyMM'HpoBaIHHeM Re­

t 
3aBHCHMbIX £i, TO Bij == 22 hi-la2xlhl-j. 3~eCb MbI HCnOJIb30BaJIII rrp5IMOH 

l 

MeTo,U, KOTOpbIH CBeJI 3a,lI,aqy K TOqHbIM KOppeJI5IUHH1\L B ICJIe,lI,YlOIUeM 

pa3,UeJIe HcrrO.JIb30BaH p06aCTHbIH no,lI,xo,lI,. 

l(oppeJISlQHH aaAaHbl c norpemHocTSlMH. IlYCTb y == X +S, CHrHaJI 

x HWyM ~ HeKOppeJIHpOBaHbI Me:IK,lI,Y c06oi1 H 3a,lI,aHbI KaLK,lI,bIH CBOH­

MH KOppeJI5IUHOHHbIMH CBoH'CTBaMH. TIoCJIe~HHe, KaK H3BeCTHO ('§ 4.2), 
.9KBHBaJIeHTHbI co6cTBeHHbIM ceMeHcTBaM, :COOTBeTCTBeHHO :J{) (,lI,JI51 x) 

II !lJ (~JI5I s) KOBapHaUHH, qTO in03BOJI5IeT rrplI BbIqHCJIeHHHX pHCKa 

rrOJIb30BaTbC5I ~OPMYJIOH 

nX(L)=(I-x) inf tr(I-L)(I-L)TK+x sup tr(l-L) (I-L)TK+ 
KEX KEX 

+(1- x) inf tr LLT 8 + x sup tr LLT B. 
BE$ BESS 
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PaCCMOTpHM CJIyllaH, KOr.ua :Jt' H g; 3a.uaHbI MeTpHlieCKHMH orpa­
HHlIeHH5IMH BH.ua 

x = {K : II K - K o II ~ ~K}, ga = {B : II B - BoII ~ ~B}' 

r.ue HOpMa MaTpHIJ. rrOHHMaeTC5I 'KaK MaKCHMaJIbHOe rro MO:llYJIIO co6­
CTBeHHOe lIHCJIO. MO)KeM .uJI5I orrpe.ueJIeHHOCTH 'ClIHTaTb, liTO Ko H Bo 
CYTb OueHKH KOppeJI5IUHOHHbIX MaTpHU, H3BeCTHble C OIIH16Ka~1H, He 
npeBblWalOI..I..lH,MH rC-oOTBeTCTJBeHHO .uorry,C'I<oB l'lK H ·~B. 

BepHO paBeHCTBO: sup {trH HTK : II K-Koll :::;l'lK} =tr H HT (Ko+ 
+~KI), ,rrpH4eM q l1rrpeMYM .uOCTHraeT.C5I npH K*=Ko+l'lK I, a 1 ­
e.uH·HH4Ha51 MaTpHua. MaTipHUa K* rrOJIY4aeTC5I H3 Ko YBeJIIHeHHeYl 
Bcex co6CTBeHHblX lIHCeJI Ha ~K' .!1cnOJIb3y51 TOT epaKT, liTO ceMell­
CTBa :Jt H g; .uOJI)KHbl COCT05lTb H3 'HeO'I'pHuaTeJIbHO orrpe.ueJIeHHblX 
MaTpHU, aHaJIOmliHO rrpe.ubl.uymeMY HMeeM 

inf{tr HHTK: IIK-Koll:::;~K}=tr HHT(Ko-l'lK 1)+, 

r.ue (KO-'~KI)+ nOJIYlIaeTC5I 113 Ko-l'lKI rrpHpaBHI1BaHl1eM Hymo Bcex 
OTpHuaTeJIbHbIX co6CTBeHHbIX lIHCeJI npH coxpaHeHHH co6CTBeHHbIX 
BeKTopOB. Ha OCHOBaHHH 3THX .uBYX pa'BeHCTB BbIBO.uHYI 

IT" (L) = (1- x) tr (I - L) (I - L)T (Ko- l'lK 1)++ 

+ x tr (I - L) (I - L)1' (Ko+ ~K I) + (1 - x) tr LU (Bo- ~B 1)+ + 

+ x tr LU (Bo+ l'lB I) = tr (I - L) (I - L)T K" + tr LB" U, 

r.ue K,,= (I-x) (Ko-Lhl)++x(Ko+~KI), H aHaJIOrWIHO B". 
OIlTHMaJIbHOH, MHHHMH3HpYIOmeH pHCK, 6y.ueT MaTpHua L*= 

= (K,,+ B x )-1Kx- 3aMeTHM, liTO B rrOCJIe.uHeM Bblpa)KeHHH K" nOJIy­
lIaeTC5I H3 K o rrepeClieTOM co6CTBeHHbIX lIHCeJI AOi MaTpHUbI K o B CO­
OTBeTC'I'BHH C paBeHCTBOM 

"'i = (1 - x) ("'Oi - ~K)+ +X ("'Oi + ~K) = {X"'Oi +xl'lK flpH "'Oi < l'lK, 
"'0;+(2x-l) ~K' rrpH AOi>~K, 

a 'co6CTBeHHble 'BeKTopbI COXpaH5IIOTC5I HeH3MeHHbIMH. TaK )Ke rroJI)'­
lIaeTC5I H B" H3 Bo. 4HCJIa "'i B03pacTalOT rro cpaBHeHHIO C AOi rrpn 
x> 1/2, a rrpH x:::( 1/2 pacTyT JIHWb Te H3 HIlX, KOTopbIe .uOCTaTOliHO 
MaJIbI, aHMeHHO, AOi<l'lKx/(l-x). Ho BCerJl.a A.i~X~I(. 3aKoHoMep· 
HOCTH rrepeclieTa MO)KHO rrpOCJIe.uHTb Ha pHC. 5.1, 0 KOTOpO:vI noH;r.eT 
pellb B .uonOJI,H€lHJ1H 2. 

Pac. 5.1. ITepepac4eT z> t/2 
9HepreTII4ecKoro cneKTpa 

/(0 (w) 

\ V /(iiI" (w)=:Z/(o (w)+ zLlJ{ 

/(iiI" (rLJ)= /(0 ((,;)+(2:e-t)L11( 

')Z~~-!K 
zL1K 

It} 

Haro epHJIbTpa no (5.8), KOTOpbIH H 6y.ueT OrrTHMaJIbHbIM .uJI5I HCXO;L­
HOI) 3a.ualiH. 

.Il. 0 n 0 JI H e H If 1I. I. Pe3YJIbTaTbi O,ll,HH K O,ll,HOMY nepeHocliTCli Ha np0l.\eCCbl 

Yt=Xt+St: MaTplIl.\bI K II B 3aMeHlIIOTCli Ha lI,ll,pa K(t, 'I), BU, 'I) onepaTopoB, 

a CJIe,ll, tr H - Ha IIHTerpaJI SH(t, t)dt. 5I,ll,POM e,ll,IIHlI4Horo onepaTopa I 6y.u:eT 

,ll,eJIbTa-<jJyHKl.\lIl1, lIBJIlilOIllaliCli KOppeJIlII.\1I0HHOH <jJYHKI.\HeH «6eJIoro llIyMa» cneK­

TpaJIbHOH IIHTeHCIIBHOCTII I. 
2. ITYCTb np0l.\eCCbl XI H Sl lIBJIHIOTCli He3aBHCIIMbiMII (IIJIII HeKOppeJIllpOBaH­

HbIM'II) CTa1.\1I0Ha pHbIMII H onpe,neJIeHbI CBOIIMII 3HepreTII4eCKIIMII cneKTpaMII 1\ (co) 
II B (co), 3a,naHHb1MII MeTpll4ecKHMII orpaHII4eHIIlIMII 

sup IK(O))-Ko(co)1 ~tJ.K. sup IB(co)-Bo(co)/ ~tJ.B, 
W W 

r,ll,e Ko (co) H Bo(co) - HeKOTopble npe,ll,nOJIaraeMble 3Ha4eHIIH (Ol.\eHKII). ITOHCK 

OnTIIMaJIbHOrO <jJIIJIbTpa op'lIeHTHpyeTcH Ha nepec4HTaHHbl~i cneKTp (pIIC. 5.1) 
K" (0)), BbPrIlCJIHeMbIJ1 no aHaJIOfllll C "", 

5.6.3AKJIIOlJEHHE 

ITpe,nJIaraeMali 3,ll,eCb Teopllll CTaTHCTH4eCKoro CHHTe3a no cBoeMy nOCTpoeHiilo 

nO,ll,06Ha KJIaCCH4ecKoM. MO>KHO apryMeHTHpOBaHHo rOBoplITb 06 OnTIIMaJIbHOCTIl, 

eCJIH onpe,ll,eJIeHO ::ITO nOHHTlle. A ,'lJIli 3Toro ,ll,OJI>KeH 6bITb oTpa60TaH annapaT 

aHaJIlI3a, BbI,ll,BIIHYTbl KpllTepll1l cpaBHeHlIlI aJIropIlTMOB: KaKOM 113 JlI06bIX BbI6paH­

HbIX JIy41l1e, Kal\ofi xY>Ke. AnnapaT 6y,neT ,ll,efICTBeHeH, eCJIIl aHaJIII3 Ka>K,noro a.1­

roplITMa npHHUHnHaJIbHO B03MO>KeH II He HaCTOJIbKO 'I'py,noeMOK, 4TO r,ll,e-TO rp03HT 

OCTaHOBKOM. Tor,ll, a B03HIIKaeT MbICJIb, 4TO pa3 aJIrOpHTMbI ynOp5I,ll,04HBalOTcli B 

~npH Ko-l'lKI>O H Bo-l'lBI>O (liTO COOTBeTcTByeT rrOJIO)KHTeJIb­ KOJIOHHy ,ll,pyr 3a ,ll,pyroM no IIX Ka4eCTBeHHbiM nOKa3aTeJIHM, TO cpe,ll,1I HHX cy­

IllecTByeT HaHJIy41l1l1fr, K KOTOpOMy MO>KHO npH6JI1I311TbClI, ,ll,BllraliCb B rOJIOBy 

KOJIOHHbl. ITpll4eM ,nJIH 3Toro ,He 06113aTeJIeH nepe60p Bcex aJIrOpHTMOB, IIMelOTCli 
HOH orrpe.ueJIeHHOCTH MaTpHU) HMeeM 

K" = K o+(2x - 1) l'll( I, B" = Bo+(2x - 1) l'lR I. ,ll,pyrlle 3<jJ<jJeKTIIBHble nplleMbl II IIX pa3pa60TKa - Hallia ueJIb. 

Tal<HM o6pa30M, HaJIHlIHe OWH6oK l'lK H ~B B l<oppeJI5IUHOHHbIX epyHK­ CIIHTe3 He MO>KeT 06XO,ll,IITbCH 6e3 aHaJIlI3a, a aHaJIH3 - 6e3 no,nrOTOBHTeJIb­

UH~X KOMneHcHpyeTc5I rrpH6aBJIeHMeM K x H ~ .uo6aBoK B BHJI.e He­ HbIX pa60T CJIe,ll,YIOIllero po,na. CHalJaJIa, Y411TbIBali CJIylJaHHylO npHpo,ll,y Cpe,ll,bI, 

KOppeJIHpOBaHHblx BeKTopoB 1'] H ~: M11 2i = l'lK' M~2i =;l'l R, MY]i'lli = Hy>KHO onpe,neJIIITb xapaKTep CJIY4a~IHOC'I'H, T. e. MaTeMaTII4eCKYlO Mo,neJIb B BII.u:e 

=MSi~j=O, i=l=j, H rrepexo.uoM K Mo.ueJIH y=x'+~', B KOTOpoii x'= CI1M (CTaTIICTII4eCKali HHTepBaJIbHaH MO,ll,eJIb). IToCJIe,ll,HHlI eCTb. COBMeCTHoe onH­

=x+1'], ~' =s+~ 1, C rrOCJIe.uYlOmHM ·CHHTe30M .uJI5I Hee OnTHMaJIb- caH:lle nOBe,ll,eH1I5I Ha6JIIO,ll,eHIII1, 'f. e. BXO,ll,a aJIropllTMa, II He Ha6JIIO,ll,aeMbIX, HOI 
I H'HTepeCYIOIllHX Hac BHyTpeHHHX COCTOHHHM cpe,nbI. C COCTOllHlIlIMII CBH3bIBalOTCli 

1 KY3Hel.\OB B. IT. 06 YCTOH411BOH JIHHeHHOH <jJIIJIbTpal.\lIl1 CJIY4aHHblx CllrHaJIOB// BblXO,ll,b1 aJIropHTIdOB - npHH'HMaeMbie HMH pellleHHlI. 

Pa,nlloTexHIIKa II 3JIeKTpOHIIKa, - 1975. - N2 1. - C. 2405-2408. 8-13 
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B,HLT, MHO)KeCTBa perneHiHI1 coct3BJHler JIHUO 3alI,aqn. ECJIH HMeIOrC5I B'Cero 

,lJ.Ba peweHIUI, TO 3T'O 6y,ner rrpOBepKa ft.BYX rHTIOTe3. HeCKOJIbKHM pelIl€HH5IM COOT­

BercTByer MHOfOaJIbTepHa'THBHaR 3a,naqa. ECJIH Hy)KHO oueHHTb rrapaMeTp, TO MHO­

.lKeCTBOM perneHHI1 6y,nYT TOqKH qHCJIOBOI1 OCH. HaKOHeu, B 3a,naqaX ¢HJIbTpaUHH 

perneHHRMH 6YJI.yr peaJIH3aUHH 06pa60TaHHoro corJIaCHO aJIrOpHTMy CHrHa.na. 

Ka)KLT,bII1 aJIrOpHTM eCTb rrpaBHJIO ,neI1CTBH5I, HHCTpyKUHR, rrp e,ll.rrHCblBa IOIUa51 , 

KaKOH BbIXO,n Ha3HaqHTb Ka)K,nOMY Ha6JIIO,neHHIO, T. e. BXO,ny. I13IOMHHa HarnefO 

rro,nxo,na ,B TOM, qTO 3TO He 06R3aHa 6bITb COBceM CTpOra51 HHCTpyKUH5I (,neTepMH­

HHpOBaHHoe rrpaBHJIO), a MO:tKer 6bITb Ha60p peKOM€H,naUHII B BHLT,e CIlHCKa cpaB. 

HHTeJIbHbIX rrpe,nrrOqTeHHI1, -KOTOpbIMH Ha,neJIRIOTCR pa3Hble perneHH5I. AJIrOpHTMbI­

Heo,nyrneBJIeHHble 06'beKTbI, a OKOHqaTeJIbHOe perneHHe rrYCTb OCTaHeTC5I 33 qe.TIO­

BeKOM. CKa3aHHoe rrO,lI.BOLT,HT Hac iK rrOH5ITHIO HeqerlKHX peweHHH II pacrr.TIbIBqaTbIX 

aJIfopllTMOB. 

TIpaKTuKa rrpHMeH€HHH H pOLT, MaTeMaTHqeCKoro arrnapaTa CHHTe3a MoryT no­

Tpe60BaTb aJIfOpHTMOB 3aKperrJIeHHOH CTpyKTypbI (CKa)KeM, .TIllHeHHbIX). Torj.(a c 

caMoro HalJaJIa BBOj.(HTCR OnpaHHqeHlle rrpaBHJI :B BHLT,e KJIaCCa j.(onYCTllMbIX aJIro­

pHTMOB, BHyTpH KOToporo H 6y,neT rrp01l3BOJUITbC5I 3aTeM BbI60p HaHJIyqWero. 

I10j.(fOTOBHTeJIbHble pa60TbI eIUe He 3aKOHqeHbI. Hy)KHO yMeTb CQrrocT3BHTb 

HCTHHHble 3HalJeHIUI COCTORHHH 'C rrpHHRTblMH p€WeHH5IMH. KOHeqHO .IKe, rrO..TJHOe 

COBrr3,neHHe - 3TO OqeHb xoporno; HO He 6bIJIO 6bI CTaTHCTUqeOKOH 3a,naqH, eCJIH 

6bI aJIrOpHTM He HMeJI «rrpaB3 Ha ornu6Ky». Hy)KHO Ha3Hal UITb rrJI3TY 3a oWH6KH 

B BH,lI.e ,q)yUKUHH nOTepb. 

TOJIbKO Tenepb rrOCJIe BBe,neHH5I Bcex arpH6yToB CTaTHCTHtIeCKOH 3a,lI.aQH MO)K­

HO npHcTyrrHTb K CHHTe3Y, T. e. HaXO)K,lI.eHHIO OnTHMaJIbHOrO npaBHJIa npHH5ITHH 

pelIleHIHH. KpHTepueM cpaBHeHH5I H BbI60pa ~TIYQlIlerO 6Y,lI.eT pUCK, paBHbIH Cpe,lJ,HHM 

nOTepRM. 3,lJ.ecb B03HUKaIOT ,lJ.Be oco6eHHocTH. O,lI.Ha -KoHcTpyKTHBHa5l, COCTOHT 

B BbIqHCJIeHUH pucKa npO,lJ.OJIMeHUeM rrepBUQHbIX cpeLT,HHx C11.M. Ha. ¢YHKIJJ1IO no· 

repb (lJaCTHbIM ·CJIyqaeM TaKoro rrp0JI.OJI)KeHU5I 6Y,lI.eT HHTerpHpoBaHHe no Bep05lT· 

HOCTHOMy pacnpe,l:leJIeHHIO). 

,Upyra51 - HH~epBaJIbHOCTb pHcKa KaK Cpe,lI.HerO O,lI.HOro H3 rrpH3HaKoB C!1M, 
npUlJeM HHiKHUfI pUCK eCTb HaHMeHbwee, HaH60JIee OIlTUMHCTHqHOe ero ,3HaQeHHe, 

3 BepXHHH - neCCHMHCTHlJHoe. l1,ne51 6paTb HeKoTopyIO npoMeMyTOQHyIO BeJIHlJHHY 

Be,lJ.eT K K03<P¢UU:HeHTY neCCIIMH3Ma, B3BeWHBalOIIJ.eMY pHCKH. XorHM HMeTh Ha· 

,lI.eMHbIH rapaHTHpOBaHHbIH pe3yJIbTaT, 6epeM K03<P<PIIUHeHT rreCCHMlI3Ma paBHbIM 1, 
opHeHTHpy5lcb rrOJIHOCTbIO Ha Hauxy,lI.W.HH BepxHHiI pHCK. BepeM HOJIh - paCCqUTbI­

BaeM Ha HIIMHHH pHCK, cBepxonTUMHCTHqHO ,neJIa51 cTaBKy Ha nOJIHyIO y,lI.aqy (KaK 

B MeTO,lJ.e MaKCIIMaJIbHOro npaB,lI.orro,lJ.06H5I § 5.5). OrrTHMaJIbHbIC rrpaBHJIa npH H3· 

JIlilIlHeM on'PHMU3Me JIHXOpa,lI.OlJHbI no 'CBoHCTBaM. 4YTb JIYQIlle OHH ,lJ.e.TIaIOTC5I npM 

nOJIyonTIIMH3Me, Kor,lJ.a HII:lKHHi'I H BepxHlIlI pHCKH CyMMHpylOTC5I C O):(HHaKOBbIMH 

BecaMH. Pe}J{UM nOJIyorrTHMH3Ma OCJIa6JIReT Tpe6oBaHH5I K Ha,lI.e:IKHOCTH MOlI,eJIH 

(onpe,lI.eJIHIOIII.eiI «3,lI.0pOBbe» aJIrOpHTMa) H oLT,06p5leT HapOlJHbIH rrepexo,lI. K H)J.eaJIb· 

HbIM «norO,lI.HbIM YCJIOBH5IM» B BH,lI.€ TOQHbIX Mo,neJIeH, onpaB,nbIBa51 TeM caMblM 

npHMeHHMOCTb pacnpe,lI.eJ1eHHi'I Bep05lTHOcTeH. I1OJIHbIII HMMyHHTeT K «rroro,lI.e» npH­

oopeTalOT OnTHMaJIbHble npaBHJIa, cIIHTe3lIpOBaHHble B pe)KIIMe rreCCHMH3Ma M CBepx­

neCCHMH3Ma. ITo CBOHCTBaM OHM ,neJIaIOTC5I YCTOi'IQUBbIMH, po6aCTHbIMU. 

AJlrOpHTMbI CYTb H3JJ:eJIII5I HaYQHbIX JIa60paTopliH. Y,lI.06HO HX «rrpOH3BO,lI.CTBO» 

C,lI.eJIaTb JI.BYX3TarrHbIM: CHalJaJIa - rrpe,lI.BapHTeJIbHa51 3arOTOBKa, a 33TeM -- OKOH­

qaTeJIbHa51 onTUMH3aUU5I. ITepBbIH 3Tan COCTaBJI5IeT CMbICJI ,lI.OCTaTOlJHOH peJJ.yKuHH. 

UeJIb ero - CY3HTb KJIaCC pelIlalOIUUX :npaBHJI, yKa3aB, Ha KaKOM MaTeplIaJIe oH 
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)J.OJDKeH OCHOBbIBaTbCH,T. e. K3KHe npe,lI.BapHTeJIbHbIe cOKparueHH5I Ha6JIlOJJ.eHHi'I He 

npHBe,lI.yT K nOTepe CBOHCTB. I1HTepecHO H Ba:IKHO (TeopeMa 5.3), QTO 3Ta peJJ.yK­

UH5I BC€ueJIO onpeneJI5IeTC5I CTpyKTypOll nepBHlJHbIX npH3HaKOB, HCXO,lI.HO 33n31OIII.HX 

CHM. LJeM rrporue nepBHQHbII1 Ha6op, TeM rJIy6:IKe B03MOiKHa pe,lI.YKUH5I. 

nOCTaTOlJHOCTb - npeporaTHB3 HC:KJIIOlfHTeJIbHO pe:IKHMa rreCCHMH3M3. B Ha­

meM H3JIOMeHHH CB5I3bIBaeTC5I C KJIaCCHQeCKHM rrOH5ITHeM TeopeMotI 5.4 0 <P3KTO­

pH3aUHH (paclllHpeHHOi:f npHMeHHTeJIbHO K HHTepBaJIbHbIM Mo,neJ15lM, a 3HalJiHT, Ii K 

ceMellcTBaM pacnpe,lJ.eJIeHMll Bep05lTHOcTei'I). 

I1HBapHaHTHocTb HHTepBaJIbHbIX MOneJIeH H HX CHMMeTpH5I K rrpe06pa30BaHH5IM 

npocTpaHcTBa Ha6JIIO,lI.eHHH nopOMnaeT TaKHe Me OC06eH'HOCTH OnTHMaJIbHbIX rrpa· 

BUJI, a CJIenOBaTeJIbHO, npenonpe,lI.eJI5IeT B KaKOlf-TO Mepe BH,lI. ,lJ.OCTaTOQHbIX npeo6· 

pa30BaHHll (§ 5.4). 
TIoCJIe,lI.HHll rraparpa<p § 5.5 rJIaBbI OT,lI.aeTC5I HJIJIlOCTpHpOBaHHoMy rrpHMeHe· 

HHIO OCHOBHbIX yTBep.IK,lI.eHHlf TeopHH K 3a,lI.aQaM ,lJ.eTepMHHHpOBaHHoro (TOtIelJHOro) 

oueUHBaHH5I H <pHJIbTpaUHH. BbI5ICH5IeTC5I BJIH5IHHe K03<P<PHuHeHTa neCCHMH3Ma Ha 

BH)J. aJIrOpHTMOB OnTUMaJIhHOH <pHJIbTpaUHH. 




