


TIo HallieMY MHeHHIO, nJI5I peaJIbHbIX, epH3HqeCKH, TaK CKa3aTb, 
6hITH5I, HarrpHMep B pa,UHOJIOKaUHH, r,Ue 3arra3,UhIBaHHe OTpaMeHHOrO 

OC5I3aeMblX MO,l1.eJIeH Ka:tKna5I B03MOMHa5I peaJIH3aUH5I ,l1.0JLIKHa HMeTh 
l1MrrYJIhCa HeCeT CBe,UeHH5I 0 paCCT05IHHH ,nO ueJIH. BO-BTOpbIX, TIpH 

HeHyJIeByIO BepxHlO1O Bep05ITHOCTb J5 (Xt=Xt) >0, XtEPl? TaK 'H 6y.. 
OnHCaHHH epH3H4eC~HX 5IBJIeHHH, CB5I3HOCTb H eCTeCTBeHHOCTb XO,la 

,l1.eT IIOJIYQaTbC5I, eCJIH nepBHqHbIX ,LI,aHHbIX 0 npoueece KOHeqHOe tIrrc
pa3BHTH5I KOTOphIX 6e3 BpeMeHH 'npOCoITJe,UHTh HeMhICJIHMO, TaKHXKaK 

JIO H OHll He a6co.Tl1OTHO TOqHbI, T. e. B H3BeCTHOM 'CMbICJIe pa3MbITbI,
POCT arpoKyJIbTypbI, TeXHOJIOrHqeCKHe rrpoueCCbI, CHrHaJIbI ,1I\l1Ha~rJI t 
qeCKOH cnCTeMbI, IllyMhI, nOMeXH H TaK ,UaJIee. 

TIpouecchI B npHpo,Ue MoryT 6hITh ,caMbIMH pa3Ho06pa3HbI~1H: 

,Upo60Bble H aTMocepepHhle IIlyMbI, TpaHcnopTHble II rrpOMbIIIlJIeHHble, 

HMrrYJIhCHble H rapM'OH'H4eOKHe nOMeXH, BceB03MOMHble nOTOKH B 

CHCTeMax MaCCOBoro 06CJIy.IKHBaHH5I H ,Up. 3a,Ua4ei1 HCCJIe,UOBaTe/I5I 

CTaBHTC5I pa3pa60TKa KaK MOMHO 60JIee 3KOHOMHbIX H npOCThIX ann
caHHH, nOCTHraeMhIX BhI5IBJIeHHeM HaH60JIee cymecTBeHHbIX, BaTh:HbIX 

CTOpOH, ,CBoero po.ua «aHKeTHbIX naHHhIX» rrpoueCCOB C nOCJIe.uYlOlIJJL\l 

06JIaqeHHeM 3THX naHHWX B «Tory» rrepBHqHWX cpenHHX. 

Co6CTBeHHO, B caMOH yMe Mo,UeJIH 3a CqeT BbI60pa nepBH4HbIX 

rrpH3HaKOB 3aKJIIOqeHa nOTeHUHaJIhHa5I B03MOMHOCTb K yrrpomeHH5L\1, 

HarrpaBJIeHHbIM penyKUH5IM, H qeM 3KOHOMHee MOneJIb, MeHbIllHMqHC

JI011 ,UaHHbIX 'OHa 3anaeTC5I, TeM npolIl,e rrpouecc B HaIIleM npe.uCTaB

JIeHHH, T. e. B TOM BH.ue, KaK HaM yno6Ho C HHM J'IMeTb ,UeJIo. dTO 

rrpHHUHrrHaJIbHOe rrOJIO.IKeHHe TeopHH. 11 rrepexo,U K ,UHCKpeTHoMy Bpe

MeHH Torna eCTeCTBeH KaK OnHa H3 pa3HOBH,UHOCTeH pe.uyKUHH. 

PeaJIH3al..(MH H npH3HaKH. <PopMaJIbHO cAyttauHblM npOl{eCCOM (n,TIIl 

npOCTO npoueC'COM) HaSblBaeTCfl CllCTeMa cAyttauHblX 8eAUtiUH ..Yt, 

tET, UHoeKcupOBaHHafl tlUCAOBblJlt napa)UeTpOM t - reKyU{UM 8pe

MeHeAt. 3neCb T - MHO)KeCTBO 3HaqeHHii: t, B qaCTHOCTH, 3TO OTpe

30K [0, T] qHCJIOBOH np5IMOH, a B rrpeneJIe - nOJIynp5IMa5I ffl+ I1.T111 

BCR qHCJIOBaH OCb fll. ECJIH t - BeKTopHbIH napaMeTp, HarrpH~,Iep 

t= (t, 21, 22, 23) - BpeM5I H TplI KOOpnHHaTbI npOCTpaHCTBa, TO .\t 
Ha3bIBaeTC5I nOAe~tl, Harne H3JIOMeHHe pacrrpOCTpaH5IeTCH H Ha Hero. 
HaKOHeu, eCJIH T - nHCKpeTHbII1: Ha60p BpeMeHHbIX OTCLIeTOB: 'r == 
={t1, ••• , tn }, TO rrpouecc BblpOM.uaeTC5I B CJIyqaI1HYlO rroc.ne)lOBa

TeJIbHOCTb, a rrpH n = 1 - B CJIy4aHHylO BeJIHqHHy. TIepexo,U K rrOC~le

,UOBaTeJIbHOCTH CB5I3bIBaeT npouecc C HCCJIenOBaHHeM npe,Ub1nYUle.(I 

rJIaBbI, XOT5I ceH4ac Hac B OCHOBHOM 6yneT HHTepeCOBaTb HenpepblB

Hoe BpeM5I t. 
TIpocTpaHCTBOM 3.neMeHTapHbIX C06bITHI1:, COOTBeTCTBYlOlll,lIl\1 npo

ueccy Xt, tET, B o6rueM, 5IBJI5IeTC5I MHO.IKeCTBO Bcex B03MO)KHbIX 

peaJIH3aU}IH Xt, tET (epyHKUHH BpeMeHH). MHOMeCTBO ge peaJI1I3a

UlIH, HMelOmee e.uHHHqHYIO Bep05ITHOCTh P (Pl?) = 1, Ha3bIBaeTC5I doc
TOBepHbl/ll, )LJI5I ,UaHHoro np0IJ,ecca. Bce peaJ1H3aUHH, He rrpHHa,l"le

)KamHe Pl?, OKa3bIBaIOTC5I HeB03MOMHbIMH. 

ECJIH T eCTb HHTepBaJI np5IMOH (JIH60 BCB np5IMa5I), a J},OCTO

BepHbIM 5IBJI5IeTC5I MHOMeCTBO ge HenpepbIBHbIX peaJIH3aUHH, TO npo

uecc 6y,UeT HerrpepbIBHbIM. ECJIH 3TO MHO)KeCTBO ,UHepepepeHllHpye:vlbIX 

peaJIH3aUHI1:, TO Hnpouecc 6y,UeT ,U'HepepepeHUHpyeMbIM, ec.nH orpaHH

q,eHHhIX (T. e. IXt I ::S;;a), TO - orpaHH4eHHbIM H T. ,U. TaKHM o6pa

30M, HeKOT'Opoe CBOHICTBO Bcex peaJIll3aUHH 6y,UeT n'OCTOBepHbI~ 

CBOHCTBOM rrpouecca, T. e. BblnOJIH5IIOllJ.HMC5I C Bep05ITHOCTblO 1. 

,IJ,Jl51 Hy:tK,U TeopHIl, HeCMOTp51 Ha cKa3aHHoe, HeJIb351 HCKJIIOtIaTb H TOT KpaUHHH 

BapHaHT, Kor,na Bep051THOCTH Bcex OT,lI,eJ1bHbIX peaJIH3aUHM HYJ1eBble, nOHHMa51 ero 

KaK npe,UeJlbHblrr HJIH '1l,lI,ea.rrbHbII1, COOTBeTcTByIOmHH HeOrpaHHtIeHHoMy Ha60py ,UaH

HbIX. B 3TOM BapHaHTe ,lI,OCIOBepHoe MHOlKeCTBO peaJIH3aUHfI filJ MOllieT He 6bITb 

onpeJI,eJIeHHbIM O,lI,H03HatIHO (3KBHBaJIeHTHO HeO,lI,H03HaQHOCTH HyJIeBOrO 1'.1H02KeCT

Ba). B ca1'.101'.1 ,lJ.eJIe, eCJIH fe k , k=l, 2, ... , - pa3Hble 'BapHaHTbI ge, TO HX KOHetI

Hble nepeCeQeHH5I 06513aTeJIbHO 6y,LLyT ,LLOCTOBepHbIMH, HO HHKaK He CqeTHhIe, TaK 

KaK nepeCetIeHHe Bcex Ell k He npUBO,lI,HT K ,LLOCTOBepHoMy MHO:tKeCTBy, a 3HaQHT, 

MHHHMaJIbHOe H3 HHX He cymecTByeT (3KBHBaJIeHTHO TOMy, tIIO 06be,lI,HHeHHe 

CtIeTI-IOro QHCJIa HyJIeBbIX MHO)KeCTB He Be,lI,eT K HyJIeBoMy MHOiKecTBy). 

JII060e MHOMeCTBO peaJIH3aUHH, BKJIIOqalOmee XOT5I 6bI O,UHH Ka

KOH-HH6ynb BapHaHT !!C, 6yneT ,UOCTOBepHbIM. H,e Bcer,Ua FE Hy)KHO 

CTpeMHThCH c,UeJIaTh KaK MOMHO y)Ke, HO MeJIaTeJIbHO, qTo6bI OHO 

6bIJIO KaK MO:tKHO np0llJ.e (JJ,aMe 3a C4eT HeKOToporo ero paCWH
peHH5I) . 

TIpe.IK,Ue qel\1 IIOnOHTH K onHcaHHIO rrpoueCCOB, HarrOMHHM o6myIO 
KOHCTpyKUHIO HHTepBaJIbHhIX Mone.nefI. OHa OCTaeTC5I e,UllHoo6pa3

HOtl nJI5I JII06bIX CJIY4aHHbIX 06'heKTOB, 6ynh TOCJIyqaHHble BeJIH4H.. 

HW, nOCJIenOBaTeJIbHOCTH, rrpoueccw, HaKOHe~ nOJI5I, II COCTOHT H3 

Tpex warnB: 1) aHaJ1H3HpyeTC5I cTpyKTypa rrpU3H3'KOB C B33HNI

HOll HX rroJIyynopHLLOqeHHOCTblO; 2) BblneJI5IIOTC5I rrepBH4Hble, Ha KO

TOpbIX 3anaIOTC5I nepBH4Hble CpenHHe; 3) nepBIIqHble cpe,UHHe npo

nOJIMalOTC5I Ha Bce OCTaJIbHble npH3HaKH, o6pa3y5I MO,l1.eJIb. CJIO}I{

HOCTb MOneJIH 6yneT onpe.ueJI5ITbC5I qHCJIOM rrepBH4HbIX npH3HaKoB 

II, KOHe4HO, HX CTpyKTypOH, a «rrO,UBOJ1.HhIMH KaMH5IMH» 6y,UeT pa3

MepHocTh npocTpaHcTBa Pl? II 'CB5I3aHHble C HeH TpynHocTH KOHTpO"lH 

ynor ~..l,OqeHH5I npH3HaKOB, 0 KOTOpbIX nOH,UeT pe4b HH)Ke. 

06paTHMC5I K CJIyqaHHhIM npoueccaM. 11x rrpH3HaKaMH 6y.uYT Bce

B03MO:tKHhle cPYHKuHOHaJIbI f{Xt}, ,CTaB5IllJ.He B COOTBeTCTBHe Ka)l{.lI.OH 

peaJIH3aUHH Xt O,UHO qHCJIO. TIpHMepaMH TaKOBblX ,UJI5I npouecca c 
HenpepbIBHbIM BpeMeHeM 5IBJI5IIOTC5I JI II H e H H bI e n p H 3 H a K Ii, K 

KOTOpbIM OTHOC5ITC5I, BO-I1epBbIX, HHTerp aJIbI 

fh {Xt} = J X t ht dt, 
T 

r ne ht - BeCOBa5I epYHKIl,H5I; BO-BTOpbIX, «BbIXBaThIBaHHe» H3 rrpouec.. 

ca OnHoro OTC4eTa ft{X t } =X'p COOTBeTCTBYIOllJ.ero MOMeHTy 't (MO

MeT 6bITb rrOJIy4eH 113 HHTerpaJIa npH ht B BH,Ue ,l1.eJIbTa-¢YHKUHH 

,UHpaKa); B-TpeTbHX, B35ITHe rrepBOH rrpOH3BOnHOH f{X t } =,dXt/dl (ee.. 

JIM peaJIH3aU.IIH rrpouecca nHepepepeHUHpyeMbI), BTOPOH rrpOH3BO,UHOH 
II T. n. 

I(Ba,npaTHQHble IlpH3HaKH X2t , XtX", 02XtXT:/dld't,
f1-I{X t } = SJ XtX 7: Ht, -r;dtd't. 

TT 
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11 H ,lJ, H KaT 0 p H hI e rr p H 3 H a K H eCTh HH,lJ,HKaTOpHhIe epyHKUHH 

C06hITHH {Xt~a}, {al<X t <a2}, COCT05lllJJIX B rrpeBbIweHHH HJIH He

npeBhIweHHH rrpoueCCOM ypoBHeH; CIO,lJ,a .IKe OTHOC5ITCH rrpOH3Be,lI,eHH51 

HH,lJ,HKaTopHhIX epyHKUHH: {~Yt~a, V/ET 1}, YKa3hIBaIOIl1J1e Ha O,lJ,HO

BpeMeHHoe rrpeBhIweHHe ypOBH51 a BceMH 3Ha4eHH5IMH npouecca H3 
rrO,lJ,MHO.IKeCTBa T 1 BpeMeHHOH OCH. 

r H 6 p H,lJ, H hI e rr p H 3 H a K II BOBJIeKaIOT pa3HbIe KJIaCCbI rrpe

,U hI,lJ,ylltHX, K a K, H a IIpH Mep, JIHHe i1 H0 - H H,lJ,HK a TOpHbI H {J Xt htdt >a} , 
T 

COCT05IlI..(HH B epHKcaUHII rrpeBhIWeHH51 JIHHefIHhIM npH3HaKOM ypOBH5I a 
C epOpMyJIHpOBKOH pe3YJIhTaTa B BH,lJ,e 0 (HeT) H 1 ella). 

rap M 0 H Hq e 'c K II e n p H 3 H a K H ,lJ,aIOTC5I npOH3Be,lJ,eHH?iMH 

IT sin 
(U i X t .)i cos l 

II CB5I3bIBaIOTCH C npe,neJIbHhIMH TeopeMaMH npe,lJ,bI,lJ,ymei1 r JIaBbI. 

Boo6w.e, npII3HaKoB HeHC4HCJIHMOe lVIHO)I{eCTBO, a TO, qTO 3,lJ,eCb 

yKa3aHo, JIHWb Y3KHe HX nO,lJ,KJIaCCbI. Pa36epelYI ynop5l,lJ,04eHHe npH3

HaKOB K3K BHyTpH nO,lJ,K.;laCCOB, TaK H Me)K,lJ,Y HHMH. ,UJI5I JIHHeHHhIX 

npH3HaKOB HMeeM fh?;::. th*~ht?3:- h*t, V teT. ,UJI5I KB3,lJ,pa THlJHbIX 

tH ?3:-tH*~Ht'L-H*t, L - HeOTpHuaTeJIbHO onpe,lJ,eJIeHHOe 5I,lJ,PO. JIH

HeHHbIe npeBpam3IOTC5I B KBa,lJ,paTH4HbIe nOCpe,lJ,CTBOM B03Be,lJ,eHHH 

th B KBa,lJ,paT: t2h=SS X t XL ·hthTdld1: C Ht'T==.:hth T , B pe3YJIbTaTe qe-
T T 

ro t2h~tH* 3KBHBaJIeHTHO HeOTpHU3TeJIbHOH orrpeneJIeHHOCTH hthL
-H* i,L' CB5I3b JIIIHeHHblx H KBanpaTHlJHbIX C HH,lJ,HKaTopHbIMH npH3

HaKaMH OCYLUe'cTBJI5IeTC5I qepe3 M3)KOpHpOBaHHe HH,lJ,HKaTOpHbIX epyHK

~Hll narpa60JIaMH, H H3060pOT. TaK 'l\arK {I X, ::s;; a} ?3:- CO-C+IX2 npH 

co~ 1, C+l~co/a2, TO C,lJ,BHTOM no OCH a6CI~HCC nOJIyqaeM HepaBeH
CTBO: 

{al ~ X ~ a2} > co-ct (X - a_2_+_a_1)2t t
\ 2 

rrpH Co ~ 1, ct> __4_co_~ 
(a2 - a1 )2 

r;:Le B JIeBOH 4aCTII 'CTOHT IIH;:LHKaTOpHbIH npH3H3K, a IB npaBO}I 

BJIOMeHHa51 IB IIHiJJ,HKaTOpHbItI rrp5lMoyrOJlbHHK napa60JIa. TIo~leIll.a5I 

napa60JIY ICBepxy, nOJIylJaeM 

{X } + (X a2 -1- ar \ 2 \-I + ---- 4/( )2t>a2~cl t---) , va1<a2,c1 ~ a2-a1 . 
2

I(cTaTH, B351'B Cpe,lJ,Hee OT t06eHX qaCTet'I, rrpH;I,eM K HepaBeHcTBy Y.e

6bIIlleBa (CM. § 3.1). 
MO,lJ.eJIb npou,ecca. B epopMaJIhHOM oI1pe;~eJIeHHH 

C3 eCTb cOBoKynHocTb COrJIaCOBaHHblX Cpe,llHHX Mf 
<PYHKUHOHaJIOB-rrpH3HaKoB, COCTaBJI5IIOmHX 06JIaCTh 

BepxHHx Cpe)J)-IHx. B fF BXO,lJ,51T, no KpaHHei1: Mepe, 

MO,lJ,eJIb rrpouec

Ha KJIaCCe g
cymecTBOBaHH51 

Bce OrpaHHlJeH

Hble epYHKUHOHaJIhI. Ho MoryT BKJIIOqaTbC5I II HeOrpaHHqeHHbIe, CKa

)ReM, JIHHeHHble If KBa,lJ,paTHqHbIe. 3TO 6yneT COBepweHHO 33KOHHO, 

eCJIH rrpouecc OrpaHHqeH, a eCJIH HeT, TO 6YJI.eT HeKOTopbIH BOJIIOH'" 

TapH3M, HO Onp3B,lJ,aHHbli1: 3HepreTHlJeCKOH KOHeqHOCTbIO pe3JIbHhIX 

epH3HqeCKHX npoueCCOB, 3 TaK.lKe np 3KTHQeCKOfI HeB03MO.IKHOCThIO 

(,Ua)I{e B 'CMbl'CJIe H3IMepIHTh) CKOJIb yrO:,UHO 60JIbWHX ero 3HalJeHHIL 

K 3TOMy BepHeMC51 B KOHue pa3)l.eJIa. 

TIo cnoc06y 3a,lJ,aHHH MO,lleJIb COrJIaCHO 06meH H3wefI KOHCTpyK

IJ.HH nOpOM,LLaeTCH JII06bIM HenpOTHBOpeqHBhIM Ha60pOM nepBHqHbIX 

cpe,lJ,HHX Mg, gE.;§, rne ;§ - BbI,lleJIeHHa5I cOBoKynHocTb nepBHqHbIX 

npH3H3KOB-epyHKUHOHaJIOB. B qaCTHOCTH, nepBHlJHbIMH 6yJJ,yT Bep05lT

HOCTH, eCJIH ~ rCOCTaBJI5IIOT HH)IJIKaTopHhle npH3HaKH. 

KOHeqHO .IKe, no nepBHqHbIM Cpe,lJ,HHM BOBce He 065I3aTeJIbHO HC

KaTb Bce Nit, a Hy.IKHO y,UOBJIeTBOpHTbC5I MbICJIbIO, qTO OHH cymecT

BYIOT H B CJIylJae HY.IK,UbI BhlqHCJIHMbI KOHCTpyKTHBHbIM nyTeM, )la

BaeMbIM ¢OPMYJIOH COrJIaCOBaHH5I H npO,lJ,OJI.lKeHHH (1.1). 
TIPH ,UBH.lKeHHH K OCHOBHOH ueJIH: HaYQHThCH 3KOHOMHO onHCbI

BaTb nepBHlJHbIMH icpe,UHH'MH 3H3IKOMble H Han60JIee X3p31KTepHbIe 

THITOBhle qepThI H CBOHCTBa npoueCCOB, rrOJIe3HO rrpn,lI,3Tb 3THM cpea,

HHM npHKJIa,lJ,HyIO HHTepnpeT3UHIO. BOT HeKoTophle H3 npHMepoB: 

TeKymee cpe,nHee 3HaQeHIIe npouecca: fii t =MXt ; 

Cpe,lJ,Hee HHTerpaJIbHOe 3HalJeHHe: M f Xtdt; 
TeKyma5I Cpe,lJ,HH5I MOmHOCTb (t=MX2 t ; 

HHTerp aJIbHa5I cpe,UH5IH MomHOCTb:M SX2tdt; 
TeKymue HaQaJIhHhIe MOMeHThI: NiXkt ; 

KOppeJI5IUHOHHhle 4JyHKUHJI: f (t, -:r) == MXtXT ; 

Bep05ITHOCTIInpeBblweHHH: J5 (Xt>a);-
COBMeCTHble Bep05lTHOCTH: P\(al ~Xt~a2, VfET 1). 

3,lleCh qepTa Ha,lJ, H noJI. 6YKB3MH rrpe,lJ,OXpaH5IeT OT 'noBTopa, 

03HaQa5I, qTO COOTBeTcTByIOmee Bblpa.IKeHHe BepHO OT,UeJIbHO I<aK ,U.TI5I 

HH.lKHerO, TaK H ,UJI5I BepXHero Cpe,lJ,HHX. 

B OTJIHQHe OT MX t H NIX t , KOTopble paBHonpaBHhI, Me.IK,Uy HH)K

HHM H BepXHHf\1 Cpe,llHHMH ,lJ,pyrIIx npH3HaKoB HMeeTC5I 60JIbillaH 

pa3HHua. HH.lKHee cpenHeKBanpaTHqeCKOe 3HaQeHHe..!t YK33bIBaeT Ha 

TY rpaHHuy, HHMe KOTOpOt'! HH npH KaKHX YCJIOBH5IX He MO.IKeT ynacTb 

Cpe,LLHeKBa,UpaTHqeCKa5I MOIlLHOCTh npouecc3, a f t - BhIwe lJero OHa 

HHKOr,lJ,a He CMOMeT nO):LH5IThC5I. To .IKe caMoe OTHOCIITC5I K Bep051T

HOCTHM. TaKHM 06pa30M, rt, M, P CJIY.lK3T ,lJ,JIH onHCaHH5I He06xoJIJI

6">/ MhIX, 06513aTeJIbHO npHcyTcTByIOmHx CTaTHCTHt.IeCKHX 'CBOHCTB npouec

ca, a B CBOIO Oqepe,LLb, Tt H M, f5 - B03MO}KHhIX, 
06513 aTeJI b HbIx. 

JII060e H3 npHBeneHHhlx HaMH cpe,lJ,HHX, - a 

IQCqepnbIBaeTC5I He0603pHMoe 60raTCTBO BbI60pa, 

qeHO B Ha60p nepBHlJHWX; Bce 33BHCHT OT Toro, 

He HCKJIIOlfeHHbIX, He 

HMH, KOHe4HO .IKe, He 

MO.IKeT 6hITb BKJIIO

KaKHe cpenHeCTaTH· 

CTHlJ'eCKHe ,llaHHhle 0 

06pa3H5I .n?CTynHhIX 

MaTHlJeCKOH MO,LI.eJIH. 

ca npOH3Bo,n5ITCH C 

6* 

npouecce nOCTyrrHhI liJIH MorYT 6hITh H3 MHoro

pa3yMHo BbI,LI.eJIeHhI )l.JI5I ¢OpMHpOBaHli51 MaTe

HanpHMep, eCJIH H3MepeHH5I 3HaQeHHHnpouec

rrOMOmbIO IfHepUHOHHbIX TeXHHqeCKHX Cpe.llCTB, 162 

163 



BbI,n3romHx Ha BbIXO,n He 3H3qeHHH 'Ca~oro rrp o ueCC3, a JIHlllb HHre

rpaJIbHble ero .n:aHHble Ha OTpe3Kax[ iM, (i + 1)M], TO Bce nepBllq
(i+ 1 )111 

Rble npB3HaKH 6y.n:yT BMen BH.n: g(Yi ), r.n:e Yi = J Xldt. EC.JIB 

i111HH
rrp UHrrU3JIbHbIMII ,nJIH rrpouecca lVlbI CqHTaeM BbI6poCbI, TO ueJleco

06pa3HO B nepBHqHble BKJIIOqaTb Bep05ITHOCTB IIpeBbIIlIeHHH, Tor.n:a 

liMB H 6y.n:eT xapaKTepH30BaTbC5I BM.n:eJIeHHa5I HaMil qepTa IIpo~ecca. 
ECJIH .n:OCTyIIHbIM .n:JI5I Ha6JIIo.n:eHHH 5IBJI5IeTC5I He BC5I, a qaCTh T 1 Bpe

MeHHOH OCH, TO npH3HaKaMH 6y.n:yT epYHK~UOHaJIbl OT XI, tEOT , HH
I 

B3pH3HTHble K rrOBe,LI,eHHIQ pe3JIH33lUIIl BHe 1 1. 0 X3p3KTepHblx 

npH3H3K3X rrO,II,p06Hee noroBopHM B cJIeJJ,yIOmeM p3.3,II,eJIe. A cetp-Iac 

rrponeMoHcTpHpyeM IIpo~e.n:ypy np0,ll,OJI)KeHII5I nepBHqHblX Cpe,ll,HHX 
Ha OCTaJIbHble IlpH3HaKH. 

IT P Ii M e p 4.1. flYCTb )( t lL\1eer ;I.ocToBepHbL\1 HeKoTopoe ~rHO)KeCTBO peaJIH3a

UHU f!lJ H 3a,naH CBOIiMH TOlIHbIMH rrepBIilIHbIMIi 3HalIeHIUIMH TeKymero cpe,nHero 

MX t 
=111[, fET. HI-FIero, Kp0:\1e 3roro, 0 HeM He II3BeCTHO. cDOpMyJIOt'I rrpOJ1.0JDKe

HHH cpe,nHHX 6y~eT 

Mt {Xt } ::=:; inf {[co + ~ Cimtz] : t tXt} ~ Co + ~ Ci Xti}' 

r~e HepaBeHCTBO Ha rrOHcK HHqHIMyMa ,l(OJ1)KHO BbIITOJIH5ITb rrpH Bcex orpaHHQeH

HbIX peaJIH3au.Ii5IX Xt, a IiHq:>HMyM orrpe,ne.TurerC5I BbI6opOM ;I.HCKpeTOB t H J{03ep
i 

¢Hl!)lCHTOB Ci KOIICqHbIX CYMM. }b .l\aHHo!i ¢opMy.%I no,1yqaCM, M (Co + 2;ciX i) = 
t

=co+ ~CiMXti' T. e. orrepaTOp cpe,nHero, 6y,nylIII TOlIHbIM, npOHOCHTC5I 3a 3HaK 

KOHeQHbIX CYMM. 110 cropMYJIe rrpO;LOu11KeHH5I MoryT 6bITb Har"ra,eHbI Cpe,1Hrre nHIllh 

OT ¢YHKLUlOHaJJOB, npC.l\cTaBJJ5ICMbIX B BlI.l\C f {XI} = fo {XI} + 2; CiX i' r,'lC ¢YHIm.lIOt 

HaJJ f0 {Xl} paBHOMcpHO OrpaHIIqCH Ha !Jl}; omI-TO It 06pa:;YlOT 06.~aCTb cymcCTBO' 
BaHJl5I fT cpe,nHlIX II ,l(JI5I HEX: 

Mt {X t } ~ sup to {Xt} + ~ Ci mt. 
xtEB; l 

ECJIH Teneph TeKYlll.ee CpeJI.Hee !He 5IB.J15IeTC5! TOtIHbIM, a 3a;:r.aeTC5I HHTepBaJlaMli 

mt, int, TO BCC ¢OPMYJJbI OCTaIOTC5I B ClIJJC C To!i ,11I1lIb pa3HlIu.efi, qTO CiJnt i 3aMe


IUIIQTCH Ha Cdfitti npM Ci~O Ii Ha Cifnti rrpH Ci~O.
 

PaCCiVIOTpHM yrrpOLQeHH5I Ha nynf nOCTpOeHIIH MOnemf. l(aRoBa
 

6bl HIT 6blJIa HCXO,ll,Ha5I MO}l.eJIb, JIIo60ii npo~ecc MOLKHO «nO,ll,BeCTH
 

OCHOBaHHeM» rrO)l epHKCHpOBaHHbII1 Ha60p npH3H3KOB dfJ, BbPIIICJIHB
 

,nJIH 3TOrO Mh, hEdr5 H B35IB HX 33 rrepBH4Hble JI,JI5I HOBOM lVI0,lLeJIH. 

::ho COOTBeTcTByeT J'e-paCIlIupemuo Mo.n:emf J{ IT n03BOJI5IeT COOTBeT

CTByIOllI,HM BbI60pOM d6 yrrpoCTHTb OI1HCaHHe npouecca, rrpe,rr.CTaBHTb
 
ero B THI10BOM BH,lLe.
 

Y.m:e OTMeqaJIOCb, qTO BH,Il, nepBHqHOro Ha60pa OTKpbIBaeT B03

M02KHOCTb penyKuHH caMoro npouecca. TaK, eCJIH nepBHfJHbIMH 5IBJl5I

IOTC5I epYHKlIJIOH3JIbI g {Xt} =::: g {X}, 3aBHC5IIlLHe JIHIllh OT OTCqeTOB X= 
= (Xt , ... , X tn ) npo~ecca B .n:HCKpeTHble MOMeHTbl, TO nepexo.n: OT 

Xt K BeKTopy X, Ha3bIBaeMbIii OUCKperusat.{ueii. npot.{ecca, 6y,ll,eT npe

06pa30BaHHeM no.n:06H5I (CM. § 2.1). 3,1l,eCb 3TOT nepexo.n:, no cYTrr 

.tf
.ueJ13, He l\1eH5IeT ,n3HHbIX 0 MOLLeJIH. A nOCKOJIbKY K yKa33HHoMy BH,ny 

nepBHY:HbIX epyHKUHoHa ..TIOB IYIoryr p 3ClllHpeHHeM 6bITb rrpHBe,neHhI 

JI106bIe Mo:r,eJIH, TO ,LU1CKpeTH3aIlJI5J, B 06meM, eCTb He qTO HHoe B 

CMbICJIe TeopHH, KaK YI1pO~aIO~ee paCWHpeHHe Mo,UeJIH npouecca. 

To )Ke MOllieT 6bITb CK333HO OTHOCIITe.IIbHO KBaHTOBaHUf-l, COCT05I~e

ro B npHBe,J,eHHH 3HaqeHH(I npouecca K 3apaHee BbI6paHHbIM ~ypOBH5IM. 

:vITaE, JI106ble npeo6p a30BaHH5I rrpouecca BJIeKyT 3a C060M pac

IllHpeHH5J ero MOneJIH, KpoMe npeo6p a30BaHHH no,no6I15J, TaK KaK OHR 

COXpaH5IIOT Bce H3BeCTHble CBollcTBa npouecca. 

XapaKTepHbIe 4epThl npol(eCcoB. OepBbIH II rrp5IMOH nYTb 3ana

HH5I npoueccoB cocrOHT B BWneJIeHHH xapaKrepHMx craTHCTMqeCKHX 

CBOl1cTB H 06JIaqeHII5J EX B epoprv1Y rrepBHQHbIX Cpe,LLHHX. ,UJI5J 3Toro 

MO)KeT GbITb BbI,UeJIeHO, B 06rueM, ~TII060e I1X qHCJIO. npHqeM y,Uaq

.HbIM CqIITaeTCH Haill BbI60p TOJIhKO TOfjI,a, KOf,Ua 6e3 cepbe3Horo pac

liIHpeHH5I TeJIa MO,LLeJIH MeHbIIlHM OKa3bIBaeTCH qHCJIO nepBHQHbIX 

3HaqeHHI1, T3K KaK B pe3y.J1bTaTe 6yneT rrpo~e Mo,neJIb. I10MMaTb B 

qepTaX rrpouecca HaH60JIee Ba)KHOe, OT.JIHqHTeJIbHOe II BOnJIOTHTb B 

Mo,.::r,eJIb - eCTb HCKyCCTIBO 06J13,lI,3HH5I M3TeM3THLIeCIOIM H3bIKOM Ha 

6a3e IIHMenepHoil HHTyHUHH. 

P3CCMOTPHM HeKOTopbIe THIIOBble CBOllCTBa. CBe,neHH5I 06 0 r p a

H H q e H H OC T II n p 0 U e IC C a no a6co.J1IOTHOll BeJIHqHHe lIHCJIOM a 
¢OPMYJIHpyIOTC5I KaK J5 (I X t I>a) ==0. I1pn t, npo6eraIO~HlVf T, 3TO 

)I.aCT He OAHD, 3 ueJIbIH Ha60p rrepBHqHbIX 3HaqeHHI'1. 

11 H e p U 11 0 H HOC T b rr p 0 II, e C caB CMblCJIe HeB03l\10)KHOCTH 

6bICTPbIX ero II3MeHeHHiI OI1HCbIBaeTCH orpaHtp-IeHH5IMH Ha npOII3BOA

HyIO npouecca B 06bI4HOM HJIH cpeAHeI~Ba)I,p3TIIqeCKOl\1 Cl\1bICJIe: 

J5 ( IdXtldt I>a) == 0; lJ. (dXtldt) 2:= C. 3TO onpe,ne.rrHT JIOKaJIbHble CBoil 

CTBa peaJIH3aUHM. fJ106a.TlbHbIM iKe xapaKTep HX H3iVIeHeHHll oTpa

)K a e TC 51 B H,n0 M f Pa H II II, KOPPellHUH0 HHbIX ep YHKLUIl'1 r (t, 't), f (t, 't). 
OTMeTHM, lITO npE HeCOBna,UeHHH HH)KHell H BepxHeif rpaHHU Koppe

JIHIl}IM CBo}icTB3 HenpepbIBHoCTII HiMH 'Heonpe..neJI5IIOTC5I. Torna Henpe

PbIBHOCTb npouecc3 BOnJIOIll,aeTCH, H3rrpHMep, B crroc06HoCTb cpe,ll 

HHX BH:;:La Ai (..{t-Xl) 2 eXOJI)1TbC5I K 0 rrplI T-+-t. B03:\10)KiHbI ;.I,pyrHe 

cpe~CTBa onHcaHHH HenpepWBHOCTH, HanpHMep OrpaHHqeHHOCTbID 

npoH3Bo,UHoII. 

r JI06aJIbHO (II ZlOCT.3 TC~-IEG rpy6o) II3:YleHqHBOCTb npoIl,ecca onpe

,neJI5IeTCH UHTepeO.7C':.;! /\,oppeAf-l4UU LKOP - :MHHHMa.TIbHbIM qHCJIOM 

TaKHM, lITO IAlI IXt);t+T==O TIpl1 '1>LKOp. OxapaKTepH30B3Tb ~laKCH-' / 

MaJIbHO ,lI,OnycTHMyIO HHTeHCHBHOCTb BbI6poCOB rrpouecca Bblwe ypOB-

H 51 a rr 0 M 0 raID T nep BHqHhI e 3 Ha q eH 11 51 15 ( IXl I>a ), TOr,Ua Ka K r 3 pa H

THpOBaHHaH AOJIH BepOfiTHOCTefi 3THX Bw6poCOB 3KBHBa~eHTHa HeHy

JleBOH HH:tKHe1'I rpaHHue P ( IXt I>a). I1pHqeM Ha OCHOBaHHH Hepa-

BeHCTBa LIe6blweBa BepXH5I5I Bep05ITHOCTh rrpeBblweHIIl1 JI,JI5I ee cor

JIaCOBaHHOCTH CO 3HaqeHHHMM MX2 He MO.IKeT 6bITb BbIlile MX2t!a2,t 
·HHatIe npH COfJIaCOBaHHH OHa ,UOJI)l{H3 3aMeHHTbC5I Ha 91'0 60.TIee TOq

Hoe 3HaqeHlle. HH)KH5IH )Ke Bep05ITHOCTb rrpSBbIIIleHH5I aBTOHOMHa, 

TaK qTO eCJIH B,Upyr oPia OKa.IKeTC5I 60JIblile MX2t/a2, TO 9TO HHKaK 

Ha calVlY Hee He nOBJIH5IeT, 3aTO npH CO'rJI3COB~HH rrpHBe,neT K YTOq
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HeHIHO MX2t, a II:MeHHo, K pOCTy ~o 3HaqeHH5I MX2t===a2P(/Xt/>a)", 
PaCCMOTpIIM, KaK MOLKHO 3anaTb iKOHKpeTHbIH rrpouecc. 

IT p II M e p 4.2. 3 a JJ. a H II e II M II Y JI b C H 0 H II 0 M e x H. Oc06eHHocTb pac

cMaTplIB3eMoro npouecca - HaJIIIqIIe Ha OClI BpeMeHII XaOTJIqeCKIIX IIMIIyJIbCOB 

pa3Ho(I, B o6meM, aMIIJIIITYJJ.bI, epOPMbI II np0,Z.LOJI2KIITeJIbHOcTH. OTcIO,J,a OCHOBHa5I 

qepTa - 3TO peJJ.KocTb HeHYJIeBbIX 3HaIIeHIIJI npouecca. I103TOMY nepBliqHbIMH 

Hy2KHO 'CJJ.eJIaTb Bep05ITHOCTli P(Xt=FO) =q, j5(Xt =FO) =q. OTpe30K [q, 21] yKa3bI

BaeT Ha Bep05ITHOCTH npHcYTcTBli5I B MOMeHT t HMIIyJIbCa (HeHyJIeBoro 3HaIIeHli5I) 

npouecca, a KOHeIIHa5I ero llIIIpHHa - Ha He3HaHlIe 3T011 Bep05ITHOCTli IIJIli 2Ke Ha 

HeycTOH"lIHBOCTb npouecca. ITPH £=0 He HCKJIIOQaeTC5J, "lITO HMOyJIbCOB BOBce He 

6y,lleT, a q>O rapaHTlIpyeT 065I3aTeJIbHYIO JJ.OJIIQ Bep05ITHOCTH IIX IIpncyTcTBII5I. 

3HaqeHHe )Ke ij 33;r..3eT MaKCUM3JIbHOJJ.OIIYCTIIMYIO HX KOHueHTpaulIIO. 

,UonOJIHIITeJIbHO K q, 21 60JIee JI.eTaJIbHbIH xapaKTep npeBbIlIleHIIt'r Mor 6bI 6bITb. 

OTp3.IKeH Bep05JTHOCT5IMH ~( IXt I> a) n j5 ( IXt I> a). 

)J,p06JIeHHe npou.ecca Ha COCTaBJIHIOll(l1e. I1cCJIejlyeM OjlHY no

JIe3HYlO IIHTeprrpeTaUHlO npoueCCOB, BbITeKalOmylO H3 TeopeMbI 1.3 0 
rrpe)J.cTaBJIeHHH. 

Ha30BeM npouecc ;§/-npoCTblht, eCJIII MOneJIb ero eCTb (M;§'> II 

3anaeTCH TOqHWMH Ha Ha60pe ;§/ ¢YHKUIIOHaJIOB nepBHQHWMH cpe~

HIIMII Mg, gE.;§/. COrJIaCHO TeopeMe 1.3 0 npe,ncTaB ..n:eHHH MOneJIh 

JII06oro npouecca C nepBHqHbIM Ha60poM ;§ rrpH3HaKoB 3arrIICbIBaeT

C5I KaK 06benHHeHHe ;§/-npOCTblX cocTa8Aflf0U{UX lvIOneJIeH npH ;§r 
60JIee rrOnp06HoM, qeM ;§: 

(M j) = Jt = V (M 1 '), 2+ ~ '=:J5 . 
<M.~')cJ!t 

lJeM wHpe ;§/, TeM H3 60JIee «MeJIKIIX qaCTHU» CKJIanbIBaeTC5I l\10)J.eJIb
npouecca. HaH60JIee 3KOHOMHO CqHTaTb ~/ ===~. 

I1Horna yJI,06Hee BMeCTO «MOneJIb» rOBopHTb«npoI~ecc», a 06be


,lU1HeHHe HHTeprrpeTIipoBaTb KaK ceMeHCTBO rrpOCTbIX npoueCCOB. '1'or


~a paccMaTpIiBaeMoe rrpe)J.CTaBneHHe rr03BOJIHeT Boo6pa3IiTb ce6e X
 
t 

TaK, KaK 6ynTo 6bI BMeCTO Hero nei:icTByeT JII060~I Ii3 3THX W/-npoc

TbIX COCTaBJl5IIOLUHX npoueCCOB, HO HeH3BeCTHO KaKoH.
 

B 60JIee 06rueM rrpenCTaBJIeHIIH MOneJIIi IIMeeM: ,Jft = VeJf{e , r,Ue
 

8 - HeH3BeCTHbIH (3a,naIOmI1H) napaMeTp. 
e 

<l>YHKIJ.HoHaJIbHbIe npe,IJ.CTaBJIeHMSI. LIaIOTC5I 3anHCblO X === 
t 

=== Ve{~t}, onp enen5IIorueI:i Xt rrOCpe,lI.cTBoM npeo6pa30BaHH5I «CTaH

,UapTHoro» npouecca ~t H HeH3BeCTHoro npOH3BonbHoro napaMeTpa 8. 
OnepaTop Ve BKJIIOlJaeT Te jleHcTBH5I, l\aKHe Hy)KHO npojleJIaTb C Si 
,lJ;JI5I nOJIyqeHII5I Xl, a B 8 BKna,lI..bIBaeTC5I HeH3BeCTHa5I qaCTb 3TIIX 
,UeticTBHH. 

.lJ.JIH nOCJIe)J.OBaTeJIhHOCTH (jlHCKpeTHoro BpeMeHH t) rrpHMephI 

<PYHKll,HOHaJIhHOH 3anHCH 6hIJIH p accMoTpeHhI B 1\0Hll,e § 3.1. OHR 

o606malOTC5I Ha npOueCCbI. O,lJ,HHM II3 HHX 5IBJI5IeTC5I n Ii H e H Hoe 
n p e Jl. eTa B JI e H H e: 

X t = fh(t,L)~ldT. 
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npH rro,Up06HOM orrHcaHHH Gt HMrrYJIbCHbIH O1'KJIHK h (t, -r) epIiJIb1'pa 

MOLKeT HrpaTb POJIb HOCHTeJI5I arrpHopHoro )J.e¢HUIiTa 8, pa3pYlIlHTe

JI5I IIo,lJ,po6HOCTH. K rrpHMepal\i JIHHeHHbIX rrpen'CTaBJIeHHH npouecca 

OTHOCHT'C5I 3arrHCb B BHne peWeHH5I ,rr,Hep¢epeHUHaJIbHOrO ypaBHeHII5I 

ckdkXt/dlk+ ... +c1dXt/dt+coXt+c==St. 
,IlJI5I rrpouecca Ha BbIXOne KaHaJIa CB5I3H C 3aMIIpaHIi5IMIi xapaK-

TepHo M y JI b T Ii rr JI Ii KaT H B Hoe II p e )J. C l' a B JI e H II e: X t == 
=H+tSt, r,rr,e ~t - rrpouecc C YCTaHOBJIeHHbIMH CBoHcTBaMIi Ii, rJIaB

Hoe, C TOqHbIM 3HaqeHHeM M s2t === 1, vt, a 8+t~O - napaM:eTp 3aMH

paHHfr. B 3aBHCHMOCTb OT Toro, 6bICTPbIMH HJIII Me,rr,JIeHHbIMIi 5IBJI5IIOT

C5I 3aMHp aHH5I, CTaB5ITC5I KOppeJI5IUHOHHbIe CBOHCTBa 8+t . P a3Max 

Me)Kny 11aKCHMaJIbHbIM H MHHI1ManbHbIM 3HaqeHIt5IMH 8+t xapaKT'e

pH3yeT r.ny6HHy 3a:Y1HpaHHH, a pa3HocTb M{8+ t )2_j\1(18+t )2== 
= MX2 

t -MX2 - HeTOqHOe 3HaHHe MOIUHOCTH rrpoueeca Xt~4TO Kat 

CaeTC5I CBH3I1 npoueecoB 8+t C £t, TO qaCTO OHM He3aBUCHMbI. Ho MO

)KeT 18+ t 6bITb cBo6o;J,:HbIM OT£t, nOCJIe,nHee OnpaBJI,aHO epIi3'UqeCKOH 

B03MO)KiHOCTbIO BJIHHHM5I 3HaqeHHfI St Ha 8+t , 'KOnna £t eCTb rrepe,Ua

BaeMbIH no KaHaJIy CIIrHaJI, a X t - TO, qTO IIOJIyqHJIOCb B KaHaJIe c 
yqeTOM 3aMHpaHHH. B 3TOM 'BapHaHTe 8t MO)KeT 3aBHceTb OT :£t, a 

TOq'Hee, rrO,LLCT;paWBaTbC5I no;'}, Hero Henpe,UCKa3yeMbIM o6pa30M. 06

paTHoe irrpo6JIe'MaTHqno. 

A,rr,,rr, H1' II B H oe II p e,lL C TaB JI e H H e: Xt===Ht+s t, M£t===O, rr03

BOJI5IeT pa3B5I3aTb MenJIeHHO MeH5IIOmYIOC5I COCTaBJI5IIOmyIO 8t OT 

6bICTpO epJIyKTyHpylOllleH ~t,H ,rrJIIOC K 3TOMy - 5IBHO BhI,lLeJIHTb B 

BH,ne £t Ty qaCTb rrpouecca, 0 KOTOpOi1 CTaTHCTHqeCKHe naHHbIe HMe

lOTC5I, 01' TOli 8t , 0 KOTOpOI1 KpOMe MHOLKeCTBa e B03MO)KHbIX peaJIH

3aUHH HHqerO He ,rr,aHO. 

Pa3nHQHWe a~A"THBHWe npeACTaBneHHD. ¢yHKUHoHanbHwe 

npenCTaBJIeHH5I, B 06mel'vI, OrpaHHqeHbI no CBOHM B03MOLKHOCT5IM BBH

ll.y n eTepMIIHH3Ma IIX CB5I3eli. He Bcerna y)J.aeTC5I rrO,lL06paTb TaKHe 

V, e 11 ~, qT06hI nonyqHTb Tpe6ye:MbIe CBoI1cTBa ..Xt , na It HTor MOllieT 

OKa3aTbC5I HaCTOJlbKO CJIOMHbIM, qTO CTaHeT HeHY)l(HbIM. 06JIerQeHHH 

MOLKHO )J.OCTHQb 3aMeHOH paBeHcTBa Ha BKJIIOqeHHe: XtcVe{~t}, 03

HaqaIOmee, qTO 11M rrpaBoH qaCTH BKJIIOqaeT 11M JIeBO}I, 1'. e. rrpa

BaH qaCTh BOCC03,lLaeT pacwHpeHHylO MOneJIb IICKJIIOqeHIIeM HeKOTO

pbIX CTOpOH npouecca )( t ()I\e.n:aTeJIbHO HaHMeHee B3)KHbIX). 5y,lLeM 

3TO BKJIlOqeHMe p(_1CCl\l3TpHBaTb rrpHMeHHTeJIbHO K aJInHTHBHOMy npe,U

CTaBJIeHHlO. 

I10cTaBHM Bonpoc, BC5IKI1H JIH rrpouecc ..Xt MOlliHO 3aIllicaTb KaK 

annHTHBHyIO CMeCb nlt + £t cpe,UHero ero 3HaqeHII5Imt Ii ,rr,06aBKH ;t 
C Hy.nCBbIM cpe,UHI1l\:f M~t == O? OKa3bIBaeTC5I, H MbI cei:iqac 3TO nOKa

)I(eM, qTO HeT, eCJIII HMeTb B BI1JlY paBeHCTBO, H ,rr,a - eCJIH BKJIIO

qeHHe, 1'. ·e. paCWHpeHHoe npenCTaBJIeHHe. 

PaCCMOTpIIM npOH3BOJIbHbII1 rrpouecc Xt, 3a,naHHbIH MOneJIbIO tJIt . 
JII060e <rnt === MXt)-CeqeHHe Mo,rr,eJIH 

J[;tmt=Jl/\ (MX =mt )
t .. 

'COOTBeTcTByeT nonymeHIIIO, qTO Cpe,ilHee npouecca H3BeCTHO TOqHO. 
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l(a)K,UOMY mt-CeqeHIIIO COOTBeTcTByeT TO )Ke ,nOCTOBepHOe l\IHO)KeCTBO
 

peaJIII3aUIIH, qTO H caMoMy npoueccy. ECJIH ..;f{mt HerrycTo, TO peaJIH-
 HeKOTopbIM ney,lI.06CTBOM nO,llQHHeHHo-an,UIITHBHoro rrpe,ncTaBJIe
3aUH5I Jmt Cpe,UHerO IHa3bIBaeTC5I C06CT8eHHOU. MHO)KeCTBO HH.H .HBJI5IeTCH TO, lITO oCTaTOK ~t, m, B 06meM, 6yneT 3aBHceTb OT 

3HalIeH11.H tnt. 4T06bI oCBo6o,UHTbC5I OT 3TOI1 3aBlicHMoCTH, 3aMeHllMm = {m t: v1t -=/= 0}mt ~t, m Ha 60JIee IllHpOKIIH (B CMbICJIe MoneJIH ) npouecc Gt::JSt,m, orrpe

Ha3bIBaeTC5I co6CT8eHHblM ceMeUCT80M cpeiJHUX. ~e~eHHWH 06ne,UHHeHHeM: 

TIOCKOJIbKY MO,lI.eJIb JII06oro rrpolI,ecca rrpe,UCTaBJI5IeTC5I 06'be,UHHe JlZs = V JflJt,m.
 
HHeM ee CeqeHHH, HMeeM:
 mEm 

Jt = V Jtmt , CiKa3aHHoe HaBQlLI,HT 'Ha ICJ1eJl.YIOmee p a IC III n p e H Hoe a JL,U II T H B
mtE 9)l Hoe IT p e,lI, C TaB J1 e H He npOH3'B0J1bHOrO np'ouecca: 

Mf{Xt }= SUp Mmtf{Xt,m}, X t c= mt+st , mt E W, Ms t = 0, (4.2) 
mtE 9J1 

rn.e nlt npHHHMaeT rrpOH3B0J1bHble 3HaqeHH51 II3 ceMeHcTBa ~J1, a rrpo

uecc Gt cBo6oneH OT imt. CHMBOJI c:= 03HaQaeT, TiTO paCIlll1peHHe,r,ne HHLKH5I5I epopMyJIa - CYTb paClliHeppOBKa 06'be,nHHeHH5I B BepXHeH, 
CTOnmee B npaBot'I qaCTH (4.2), 0,lJ,H03Ha4HO onpe,ne.neHo II 5lBJI5IeTC5I a npouecc Xt,m COOTBeTcTByeT ,CeqeHHIO Jtm t" C06CTBeHHOe ceMei1:-
MHHIIMaJIbHbIM pacIllHpeHHeM rro,no6Horo po,Ua, BKJIIOTialOllI,HM Xt. 

CTBO Cpe,UHHX 3a,UaeT Tal{ Ha3bIBaeMble C80UCT8a nep8020 nopfldKa 
ClVlbICJI rrepexona OT (4.1) K (4.2) COCTOHT B TOM, lITO «3a6bIBa

npouecca. Ha OCHOBaHHII 3Toro ceMeHCTBa MorYT 6bITh paCCQHTaHbI 
IOTC)!» CB5I3H MeM,ny OCTaTKOM Gt,m == Xt , m-mt Ii Cpe)J.HHM mt, npH

BepXHHe (II HHLKH.He) CpenHHe KOHeqHbIX JIIIHeitHbIX KOM6HHaUIIH OT
BO,U5I K paClllHpeHHlO £t no cpaBHeHIIIO C £f,m, KaK 3TO 3arrlIcaHO BCqeTOB npouecca: 
(4.2). OnacHo TOJIhKO, He CTaHeT JIH 3TO paCIIlHpeHHe qpe3MepHbIM. 

M L Ci X t .= sup 2: cim t .• I-IanpHMep, eCJIH £t B pe3YJIbTaTe paCIllHpeHHH OKaLKeTC5I rOJIbIM 
l mt E 9)1 l npOu.eCCOM, TO BKJIlOlIeHHe (4.2) CTaHOBHTCH TpHBIiaJIbHbIM. TaKa.H 

onaCHOCTb HJIJIIOCTpHpyeTC51 rrpIiMepoM. 
PaCCMOTpHM Tenepb B03l\10)KHOCTb npe,UcTaBJIeHII5I rrpouecca Xi B 

II pill M e p 4.3. C y r y 6 0 0 r p a H H q e H H bIll n p 0 U e C C. TIyCTb npouecc
BH,Ue CYMMhI cpe,UHeI'O H OCTaTKa. ECJIII cpe,UHee mt 5IBJI5IeTC5I TOq

Xt onpe,neJIeH nepBHqHbIMII BepOHTHOCTHMH 15 (I X t I~ a) =0, Vt. 3TO eCTb npouecc,
HbIM, TO co6CTBeHHoe ceMeHCTBO ml== {mt} COCTOHT Bcero II3 O,UHOH 

o EOTOpOM 1I3BeCTHO TOJIbKO, qTO B JII06011 MOMeHT OH OrpaHlIqeH no MO,u,yJIlO 3Ha
peaJIH3aUHII 111t II OqeBH,UHoH CTaHOBHTC5I 33rrHCh: X t =mt + ~t, M~t = 0, 

qeHlIeM a. ,lJ.JI5I TaKoro rrpouecca ~Xt =-a, NiX t=a H co6cTBeHHoe ceMeHcTBo W1 
r,Ue Gt =Xt-tnt eCTb rrpouecc, orrpe,UeJIeHHbIH qepe3 X t 3HaqeHH5IMH 

cpe)I.HHx o6pa3yIOT BceB03MO)KHble peaJIII3aUllH, 3aKJIIOqeHHble MeLKJJ.Y 3HaqeHH5IMH
Mf{~t} =Mf{Xt-mt}, VtEfF. ECJIII ):t 3a,UaH CBOHMII rrepBIIqHbIMIJ: -a, a. B rrpe,u,cTaBJIeHIIH (4.2) 3,neCb 6y,u,eT St:=::: 0, TaK KaK HeJIb351 1I3 TaKoro 
cpel,UIHIIMH Mg{Xt }, gECZl, TO nepiBHqHblMH cpe,UHHMH )J}I5I Gt 6YJI.YT 

npou,ecca ~BbI,D,eJIIITb CJIyQai1HyIO COCTaBJIHIOmyIO C i'1~ t = 0.

Mg{~t+mt}, g'EW, 11 OHH rrOJIyqaIOTC5I Cl\lemeHHeM Ha mt epYHKUHO


".HaJIOB g. CHMBOJIbHO 3TO 3anHCbIBaeTC5I ~b+m=J{X HJIH J{~=t$(x-m., fIpM 3aMeHe BKJIlOlIeHHH (4.2) Ha paBeHCTBO, lITO 6yneT, KOr,na 
m= {mt, lET}. BCe ~t, m OT nIt IHe 3aBHCHT, T. e.St,m =~t, Vnl, npMXO;JJIM K C B 0 6 O,n

TIYCTh Terrepb .i\I/Xt = mt He 5IBJI5IeTC5I TOqHbIM. AHaJIOrOM npe,nbI H o-a;r.,U Ii T Ii B HOM Y n P e ,.IT, C TaB .II e H 11 IO npouecca C HeH3BeCT
,nymero 6y,UeT TaK Ha3bIBaeMoe n o,n 1I H 'H e H H o-a ,U n H T II B Hoe HbI;v1Cpe,lJ,HHM: 
IT p e,n C TaB JI e H He, corJIaCHO KOTOpOMy a)J,Jl)1THBHa5I 3aITHCb BepHa 

.QJIH IK3)K,Uoro MXr :ceTieHH5I Atm IICX{)t_l,Hoil 1\10JLeJIH ~1t: X t = mt+£t, mt E W, l\1 £t = 0, 

r,ne £t C4HTaeTC5I CBo60,lJ,HbIM OT I,rrlt. Era 4aIlI,e 6yneM npocTo Ha3bIXi, m = mt·+£t,m, 
BaTb a~,UHTHBHWM. He BC51KHH rrpou.ecc nonycKaeT TaKoe npenCTaB

M m £t,m = 0, mt E: m, (4.1) JIeHHe, a JIHllIb TOT, JJ,JI5I KOToporo nlt-CelJeHII5I MOneJIH O;I,HHaKOBbI 

MeLEllY C060H 3a BblqeTOlVl I1lt. 
r,lI.e npouecc ~,t m onpe,neJIHeTCH Mo,neJIbIO J(~,m ~,u1t~-m H HMeeT npId: 

KaLK,UOM mt HyJIeBOe cpe,nHee. B 3TOM npe,nCTaBJIeHHH nepBoe CJIa JlOnOJIHeHIUI. 1. T 0 tI Hoe pac n p e ,u, e ,n e H II e B e p 0 51 THO C T e H n p 0

raeMoe mt npH HeTOqHOM ero 3HalIeHHI1«B611paeT» B ce6H CTaTH l.L e c C 3. A6C10JIIOTHO TOQHbIM paCIlpeJ,e~TleHMe npouecca XI, fET, MOLKer 6bITb JIHlllb 

CTHlIeCKIi HeyCToiilIHByIO COCTaBJIHIOmylO cpe,nHero npouecca, a Bee B C.1YQae, eCJIH T ,J,HCKpeTHO H X t npll Ka.lK)I,OM tET npI1HHMaeT ,D,IICKpeTHble 3Ha

HMeIOIll,HeC5I CTaTHCTHTieCKlie naHHble 0 Xt rrepeHOCHTC5I B OCTaTOK. qeHIl5L ECJIll 3TO He TaK, TO HyLKeH ,OCTOB B BMJ,e a.lre6pbI SlIt, Ha C06bITIl5IX 

npo~eec Xt Me caM CKJIa,nbIBaeTCH If3 ceMeHCTBa ICOCTaBJIHIOIII.IfX ero KOTOpbIX 3a,u,aIOTC51 TOQHble COBMeCTHble Bep051THOCTII P(A A 
t21 

••• , A ), AtlE
t1 

, tn
Xi, m npH Imt, np06eraIOIII.HM MHOLKecTBO IDl. Edt i r,u,e t1 , t 2, ... , in - rrpOH3BOJIbHble BbI60PKH OTCQeTOB H3 T. KoppeKTHOCTb 

168 Bep05ITHOCTeif II BMeCTe C TeM llX corJIaCOBaHHOCTb 3KBIIBa.TIeHTHa KOHeQHot'I a,u,,u,H
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THBHOCTH. Tor.ua BepOHTHOCTH, B3HTble B KalJeCTBe nepBHlJHbIX, H onpe.ueJIHT npo

uecc C TOlJHbIM Ha rrepeCelJeHIUI d = ndt a.nre6p pacrrpe.ueJIeHHeM BepOHTHocTeii:. 

t 
ECJIU d t eCTb ClJeTHbIe aJIre6pbI, npUHUHn rrOCTpOeHHH MO.ueJIH rrpouecca COX

paHHeTC5I, rropolK.ua51 KOHelJHO-a.u.uHTHBHyIO Mepy Ha .s4 (.uJIH KOTOpOI1, OJI.HaKO, 

Bep05lTHOCTH P (At, At , ... ) He 6y.uyT, B 06meM, TOlIHbIMH npH ClJeTHbIX MHOlKeCT
1 2 

Bax OTClJeTOB) . KOHelJHO-aLL.uHTHBHOH Mepe COOTBeTcTByeT e..uHHCTBeHHaH ClJeTHO-

a..u..uJlTHBHaH Mepa COrJIaCHO H3BeCTH0I1 TeopeMe KOJIMOrOpOBa 0 cor.naCOBaHHbIX 

pacnpe..ueJIeHH5IX 1. MepbI MOLKeT H He cylll.eCTBOBaTb, a 3a.uaBaTbCH Ha corrpHlKeH

HOM npOCTpaHCTBe, Tor.ua npouecc B KJIaCCHlJeCKOM onpe.ueJIeHHH Ha3bIBaeTCH 0606

meHHbI,M 2. Ha,rrpHMep, 3TO npouecc, y KOToporo Yi = f -,YtCPi (t)dt, i= 1, 2, ... , eCTb 

HOpMaJIbHbIe c. B. C HyJIeBhIMU cpe.uHHMH H j\;IY i Yj = SCPi (t)cpj (t)d1t. TIPH HallieM 

no..uXO)I.e B HeBbIrrOJIHeHHH ClJeTHOH a.uJlHTHBHOCTH HeT «KpuMHHaJIa», a 0606r.ueHHbIH 

npouecc eCTeCTBeH KaK 3a.uaHHe ICpe.uHH\MH Ha JIHHeI1HbIX rrpeo6pa30BaHHHx. 

2. 3 a.rr. a Hue n p 0 U e C c a II e p e x O)I. H hI M HMO..u e JI 51 M H. 3TOT cnocoo 

x Xt 
COCTOHT B rrOCJIe.u'OBaTeJIbHOM 3a.uaHHH nepexo.uHhIX Mo..ueJIefI J!t t, .J;t Xl, 

X t 
# t 2 

e.lJll/ X X··· , npH IIPOH3BOJIbHOM BbI60pe OTClJeTOB t < t 1 < t2 <... ECJIH Bee IIO-t, i 1 , 
CJIe..uYIOlll.He nepexo.uHble Mo.ueJIH 33BHCHT TO.TIbKO OT nOCJIe)I.Hero iMOMeHTa: 

X X
.Jtxtn X === JItt in, TO cnoco6 3a..uaHHH Ha3bIBaeTC5I MapK08CKUAt. Ua 

it ,.'., tn-l Xtn-l 

xapaKTepeH ..uJIH TOtIHbIX ~epOHTHOCTefI H OKa3bIBaeTCH MaJI03¢¢eKTHBHbIM rrplJ 

HeTOlJHbIX. TIpHlJHHa Hey.u06cTBa JIeLKHT, BO-IlepBbIX, B Tpy.uHOCTHX corJIaCOBaHH5t~ 

nepeXOJI.HbIX Mo.ueJIefI, eCJIH t HerrpepbIBHO, 1I BO-BTOpbIX, B «paCIlOJI3aHHH» Mon.eJIIt 

.it
X 

tn rrpu YBeJIHlJeHHH tnB CHJIy 0601OJI.Horo BJIUHHHH Ha Hee K3K rnnpHHbI MO

X X 
.n.eJIH Jt tn-l , TaK H paCIIJIbIBlJaTOCTH rrepexo.uHOH: Mo.ueJIU .J!tx tn . flpH TOtl

tn-I 
HhIX H Tex, iH .upyrHx, 33113HHbIX BepOHTHOCTH:MH, HHlJerO IIlo;:r,06Horo He HaOJIIO

.rr.aeTCH, lJTO H ..uaeT lKH3Hh T3KHM rrpe.uCTaBJIeHHHM. 

4.2. KOPPEJI5IQHOHHbIE CBOACTBA 

npou.eCCbI BToporo nOpSI,Il.Ka. KoppeAfll{UOfifiblMU CBOUCTBaJl1U rrpo

uecca X t 6YjJ,eM Ha3hIBaTb COrJIaCOBaHHoe MHO)KeCTBO cpeLLHHX 

M (~eiXt. + ~~dijXt. Xt . ), HJIH B BeKTOpHOH: epopMe
l ~ J 

M (eTX +XT DX), eT = (e1 , e2 , ..• ),
 

O={du}, XT=(X t1 , X t2 , ••• ) (4.3)
 

rrpH BceB03MO)KHbIX BhI60pax OTClIeTOB tiET H K03epepHUHeHTOB Ci 

II ,dij KOHelIHhIX CyMM. HH)KHHe M TaKlKe orrpejJ,e.n:eHbI, HO He 3anH

caHhI, TaK KaK cpa3Y Bhlpa1KalOTC5I lIepe3 BepXHHe. YjJ,06HO CY:IfTaTb 

MaTpHUy D CHMMeTpHlIHOH: dij=,d ji , lITO, KaK MOlKHO BHjJ,eTh, He CKa

:>KeTC5I Ha KOppeJI5IUHOHHhIX CBoHCTBax. 

1 EOpOBKOB A. A. Kypc TeopHH Bep05ITHOcTeH. -M.: HayKa, 1972. - C. 261. 
2 fe.TJbepaH.u H. M., BHJIeHKHH H. 51. HeKoTopbIe IlpHMeHeHHH rapMOHliLIeCKoro 

aHaJIH3a. - M.: cI>MJI, 1974. - BbrIl. 4. ---, C. 302. 
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OTMeTHM, qTO KOppeJI5IllJIOHHble CBOHCTBa eCTb 60JIee lllHpoKoe 

nOH5ITHe, qeM npocTo rpaHHUbI rt,T:=MXtXl; KOppeJI5IUHOHHOH <pyHK-
UHH (eCJIH TOJIbKO He ClIHTaTb KOppeJI 5IUHH TOlIHhIMH). llpouecc, 3a

JI-aHHhIH CBOHMH KOppeJI5IUHOHHbIMH CBoHcTBaMH, Ha3hIBaeTC5I npo l1ec 

.CO.lt BTOpOcO nopflaKa. B era nepBHqHOH: OCHOBe 065I3aTeJIbHO JIeLKHT 

.KaKofI-TO HerrpoTHBOpeqHBhIH: Ha60p cpe,ll,HHX H3 (4.3), CKaLKe:M, 

M (e(k) X(k) +X(k) O(k) X(Il») = m(k)' k = 1, 2, ... , 
r)l.e COCTaBJI5IlOTC5I, B 06meM, H3 pa3Hblx nOCJIe,II.OBaTeJIhHOCTefIXCk ) 

JUlcKpeTHhlx OTCqeTOB X(h)= (Xti ..• , Xtk ), a mCh) - rrepBHqHhle 3Ha

lIeHH5I. B lIaCTHOCTH, 3TO MoryT 6hITb rpaHHUbI 'cpeAHHx MXt II KOp

peJI5I UHH !....t,T: rrpH Bcex HJIH HeKoTophIX t H 'to J11060H rrpouecc pac

lI1UpeHHeM npHBO,II.HTCH K rrpoueccy BToporo rrOp5IJJ,Ka, ,ll,JI5I qero 3a 

rrepBHqHhle 6epyTC5I Cpe,II.HHe BH,na (4.3). 
IlepBH4HhII1 Ha60p rrpo,II.OJIlKaeTC5I Ha OCTaJIhHhle KOppeJI 5IU HOH 

:Hhle 'CBoHcTBa B COOTBeTCTBHH C 06meH 

HhIM corJIaCOBaHHeM m(l~), eCJIH HCXO,II.HO 

':RhI 1'I1H) : 

- . f { ~ + M (eT X + XT DX) = In [c + LJ Ck tn(k)] 

+X('k) D(k) X(k») > eT X + XT OX}, 

;r,ne ,nBoeT04HeM OTjJ,eJIeHO yCv1oBHe, rrpll 

epOpMyJIOH: (c O,II.HOBpeMeH

OHH 3ajJ,aHbI HecarJIaCOBaH

,., + XT 
: C+ LJ Ck (e(k) (k) + 

(4.4) 

KOTOpOM HmeTC5I llHepllMyM 

"B (4.4) BhI60pOM C, C+h. 1'13 3Toro yCJIOBH5I CTaHOBHTC5I 5ICHbIM, qTO 

HeTpHBHaJIhHhIMH MoryT 6hITh cpe.rr..HHe TOJIhKO ,nJI5I KBa,npaTllqHbIX 

¢OPM OT TaKHX BeKTopOB XT= (Xt1 , X t2 , ... ), KOMrrOHeHThI KOTOphIX 

lBCTpe4alOTC5I XOT5I 6bI B O.rr..HOM X(h). 
CKa3aHHoe nopO:tK,naeT Hey,II.06cTBa, rr03TOMY nO,II.qac pa3YMHbIM 

11 HarJI5IjJ,HhIM ,c.TIejJ,yeT rrpH3HaTh cymecTBoBaHHe orrpejJ,eJIeHHOH: r JIa,rr.

KOCTH KOppeJI5Ill,HOHHhIX CBOHCTB no BpeMeHH t, qTO .rr..aeT OCHOBaHHe 

nepexo,ny K epHKCHpOBaHHoMy Ha60py OTCqeTOB t1, 

.~3Y"TJhTaTe - K ejJ,HHOMY BeKTopy X, C4HTa5I, qTO 

·6y.neT HMeTb IvIeCTO HeqTO npOMe:tKyTOqHoe. TOfJl,a 

nepenHWeTC5I : 

c+ 2: ct (e(k) X+XT D(k) X) > e TX+XT DX. 

t2, ••• , tn, a B pe

Me:tK,ny OTCqeTaMli 

YCJIOBlie B (4.4) 

ECJIH rrplIH5ITh eme O,nHO ,II.OrrymeHHe, 4TO rrpouecc HMeeT HyJIeBOe 

clpe:Jl,Hee J\;lXt ==O, Vt, II 4TO 3ajJ,aHHhIMH 5IIBJI5IIOTC5I mCh)'=.l\1XTD(k)X, 
1'0 B03HHKalOT ,ILOnOJIHHTeJIbHhle yrrpomeHll5I: 

- -. +- +M (eT X + XT DX) = M XT OX = Inf {~ Ck m(k) : ~ Ck XT O(k) X> 

~ XT DX}. (4.5) 

3.uech B OTJIH4l1e OT o6mefI epOPMYJIbI (4.4) cB06o,UHhI~I K03epepHUHeHT 

,C nOlIO)KeH paBHhIM 0, H60 TaKHM OH 6y.rr..eT nOJIY4aThC5I rrpH HaXO)l{

~eHHH HHepHMyMa B (4.4) H npHH5ITbIX ,norrymeHH5Ix. 

l-Iep 3BeHCTBO B YCJIOBllH epOPMYJIbI (4.5) 3KBHBaJIeHTHO HeoTpH

naTeJIbHOH: onpejJ,eJIeHHOCTH MaTpIIU ~C+kO(h)-O, qTO CHMBOJIllqeCKH 
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- -

BhlrJI5J,l.I,HT CJIe,nyIOmHM 06pa30M: LC+kD(k)-D~O. EY,2J,e~/l rOBOpHTh,
 

tITO 2:C+k D (h) MaJICopupyeT D. I1T3K, npOJI,OJI)KeHHe CpeJI,HHX Ha KBan


paTHllHhle epOPMbI 'npH CHMMeTpHlJHbIX l\larpHuax D 3KBlIBaJIeHTHO
 t) 

fIOIHCKy :Cpe,;J,H 'M3TpHLIHbIX IKOHeLI'HbIX J1HHeI1HbIX 'CyMYI LC+kD(l{), rYI3


)KOpHpyIOmHx D, TaKOH, KOTOpOH COOTBeTcTByeT MHHHM3JIbHOe 3HaLIe

HHe 2: C+km(h)'
 

ITpHMep 4.4. ITYCTb 3a,ll,aHHbIMH 5IB.n5lIOTC5I MXt.=O, MX2t.=~, MX:2 t .== 
l l _ l
 

==~2 = -Jill (-X2 t i), i = 1, ... , fl. OHH BcerJ,a 6y,J.YT HenpoTHBopelHiBbIMH, eC.na
 

~2 ~ ~ H corJIaCOBaHHbIMH. 3,J.ecb nepBHQHbIMH 6Y,.lYT eJI,HHHqHble Ma TpHllbI ± I 

co cpe,UHHMH COOTBeTCTBeHHO 02, -cr2 (rrpHBe,rr,eHHbIMH K BepxHeMy). HepaBeHcTBo
 

noc.ne,ll,BoeT04H5I B (4.5) 3anHllIeTC5I-T3K: cI-D ~ 0, Tor,J.a HH<PHMY~I B (4.5) ,.10C


THraeTC5I apn c, paBHoM MaKcHMa.nbHoMY Amax c06cTBeHHo:\1Y qHCJly :.vIa TpHUbI 0, 11
 

B 3aBlfiCHMOCTH OT ero 3H3Ka MXTDX = max {A maxcr 2 , Amaxcr-Z}. 

npeACTaB~eHMe npOueCCOB BTOporo nop~AKa ceMeHCTBaMH CpeA

HHX H KOBapHaUHoHHbIX <lJyHKUHH. f1 pou,ecc Ha3bIBaeTC5I npOCTblJrt
 

BTOp020 nOpJlOKa, eCJIH OH 33JI,3erC51 TOlJHbIl\1 cpe,UHHM j\1Xt-= 111,t 11
 

TOlJHOH KOB3pHaUHeH b (l, L), orrpene.n5IeMoli epOpMyJIOI1
 

b (t, 't) = M (X t - m t ) (XL - m
L
). I 

0603Ha4HM Mo,UeJIb npOCToro rrpouecca BToporo nop 5In Ka K3K <m, b),
 
rJI,e ,CQlKp3Tll,eHHO m={mt}, b={b(i, T)}.
 

06beJI,HHeHHe rrpocTbIX rrpoueccoB 3anHCbIBaeTC5I:
 

Jft = V V (m, b), (4.6) 
mE9J1 bE~m 

r,ne MHOMeCTBO ffi1 Ha3bIBaeTC5I co6cTBeHHbIM CeMeI1CTBOM cpeJJ,HIIX, a
 

MHOMeCTBa ~m - co6cTBeflflblMU ceJvteucTBaMu KOBapual{tll£ (B 06

meM, BH,U KOTOpbIX MO)f{eT 6bITb p33HbIM ,11)151 pa3HbIX cpe,UHIIX m).
 
06'be,UIIHeHIIe (4.6) Be,UeT K rrpoueccy BToporo rrOp5JJI,K3, 33JI,aBae~10

My cpe,nHHMH 

M (~ Ci Xt. + ~ 2: do Xt. X t .) = sup [~Ci mt. + 
l l J mEm l 

+ ~ ~ dij mt· m t ·+ sup 2: ~ dijb (t i , t j )]. (4.7) 
l J bE~m 

npHlJeM Bce KOB3PH3UHH ceMeH,cTB ~m ,UOJI)f(HbI 6bITb HeoTp HU 3Tet/lb

HO orrpe,aeJIeHHbIMH B TOM CMbICJIe, lJTO 22 ~ cicjb (t i , t.i) ~ 0 rrp II "llO

GOM BbI60pe OTCLIerOB t i H K03<p<PHUHeHTOB Ci KOHe4HbIX CYM:\I. 110

KaLKeM, 410 TaKOH crroc06 3a,UaHII5I rrpOl1,eccoB BToporo rrOp5I,JEd HB
JI5IeTC5I YHIIBepcacIIbHbIM. 

Teo p e M a 4.1. KaJICObll1 npol{ecc BTOp020 nOpJlOKa 3KBUBa.leHT

HblM o6pa30M MO{)fCeT 6blTb saoafl B Buoe (4.6) co6cTBeflflblMll Bbl-
nYKAblMU celvleucT8aMu 9n cpeoflux U ~ m, mEill1, KOBapual{uu. 

JJ. 0 K a 3 aTe JI b C T B O. 3anIIlueM.;/{ = V .JI( m' rJI,e.;/{ m=Jft /\ <rn) eCTb m-ceqe

mE9)1 

lfHe. 0603HaQlHM J( m. b =J( m /\ <b) MO,ll,e,IIb ~poueccac TOqHbIM CpeJI,HHM tnt If TOq

HOM KOBapHaUHeH b (t, 't), KOTOpa51 6YJJ.eT co6cTBeHHOH, ec.nH rrepeCetIeHHe HenycTo. 

3aMeTHM, tITO (b) npe).I.I10JIaraeT TOtIHOe 3HatIeHHe mt H HMeeT CMhICJI JIHlIIh ,lVISI 

mt-CelleHIUI J{m' TaK KaK Xl eCTb npouecc BToporo nop5IJJ.K a , TO ero mt, a 38

TeM b (t, 't) -CeqeHHeM 6YJI,eT JI(m. b = (.;/{i\ (m») 1\ (b)= (rn)1\(b) = (m, b)J liTO co

OTBeTcTByeT npocToMy npoueccy BToporo rrOp5IJI,Ka. 0603HatIa51 91 m = {b : J(m, b* 
==0} H Bblpa:IKa5I .;/{ G6be,.l,HHeHHeM CeqeHHtI, no.ny4aeM rrpeJI,cTaB.neHHe (4.6), qTO 

H ,ZI.OKa3bIBaeT TeopeMY· 

. CKpbIToe co,Uep)l{aHHe .9TOH TeopeMbI, 3aCJIY)l{HBalOmee rrpHCTaJIb

Horo BHIIM3HII5I, 3aKJIlOqaeTC5I B TOM, 4TO CTaTIICTIIQeCKII HeYCTOffqH

BbIt'I npouecc, y KOToporo TOlJHbIX cpe,U'HHX H KOBapIIaUHit BOBce He 

cymecTByeT, npeJI"CT3BJI5IeTC5I ceMeHCTBOM COCTaBJI5IIOmHX ero rrpo

ueCCOB C TOLIHbIMH 3Ha4eHH5JMHmt H b (t, L), T. e. CTaTHCTHqeCKH 

YCTOHlJHBbIX. 3TO o6mee rrpenCTaB.n:eHHe yn06Ho, KOfna OHO He qe

pecqyp rpOM03nKO. 

cI>OpMyJIbI (4.7) nJI5I paCqeTa cpe,UHHx 4epe3 CeMeI1CTBeHHoe rrpeJI,

CTaBJIeHHe MOlliHO p3ccMaTpHBaTb K3K pe3YJIbTaT npHMeHeHH5I K npo

ueeC3M BToporo rrOp5IJIKa rrOn4HHeHHo-annHTIIBHoro npe,UcTaBJIeJHH5I 

(4.1): Xt,m = 1n t+St,m, rne St,m HMeIOT HyJIeBbIe cpe,UHHe Mm£t,m-O 
H onHCbIB31OTC5I celVlelicTBaMH ~m KOBapHaU11H. PaClllHpeHHbIM 6y)J.eT 

rrpe,II.CT3BJIeHHe BH,LLa (4.2): X t ,m c::: mt +St, rfJI,e «JI,06aBKa» St HMeeT 

HyJIeBOe CpeJI,Hee MGt = 0, cB06ojI,Ha OT mt H onpeneJI5IeTC5I 06'be;LH

HHeM U ~m ceMelicTB. CBH3b x3paKTepHcTHK paclllHpeHHoro rrpejI. 
mEm 

CT3BJIeHII5I C HCXO,UHbIMH Ha O)lHOM lJaCTHOM CJIy4ae 6yJI,eT IICCJIe

)J.OB3Ha HH)l{e. 

HHTepBanhHwe KOBapHaUH" H KOppe~QUMH. KOppeJIHU110HHwe 

CBoHcTBa B HaWeI1 HHTepnpeT3UHH 04eHb P33Ho06p33HbI. A HeJIb351 

JIH ynpOll1,eHHO OTIUCaTb CB5l3b Melli,Uy Xt II XL C yqeTOM HeOnpeneJIeH

HOCTH 3TOH CB5I3H, BbI3BaHHOH KaK H3WHM He3HaHHeM, HeB03MO)KHO

CTblO ee TOlJHO rrpOaHaJIH3HpOBaTb, TaK II 'CT3THCTHqeCKOI1 HeycToH

qHBOCTblO npouecca? 

Y)I{e rOBOpHJIOCb, LITO 3T3 CB5J3b X3paKTepII3yeTC5I rpaHHuaMH KOp

peJIHIJ,HI1: f(t, L) ==MXtXt . I-Io 3Toro MaJIO, 11 BOT rroLIeMy. K3LKJI,Oe Xt 

corJIaCHO 3'unHTHBHOMy rrpe,UCTaBJIeHHlO CKJIa,UbIBaeTCH II3 JI,ByX CO

CT3BJI5IIOll1,HX: rrO.TIHOCTbIO HeH3BeCTHOI1, CTaTHCTHqeCKH HeycTOHlJIIBOH 

,mt - 3TO .nlO635I epyHKUH5I 113 c06CTBeHHoro ceMelicTBa ill1, H c.nyqaH

Hotr ,.looaBKH H £t,m ('B03~IO)KHO,nO;p-I11H5I1Oll1,eI1C5Imt). 11 'qallJ,e OEa

3bIB3eTC5I, LITO cBoeMy pa3Maxy rp3HHUbI ~ (t, 't) 065I3aHbI 11MeHHO 

BJIH5IHHlO tnt, a 3Toro He X01eJIOCb 6bI. BbIJI,eJIHM KOppeJI5IUHOHHble 

CBOHCTBa, KOTopble 6bIJIH ObI OTJI,eJIeHb1 OT mt H xap3KTepH

3Y10T 'OCT3TOI\. IlpII TOY:HLIX cpeJ,HHX rrlt 11 Koppe.TI51IJ,H5IX 1"(t, 17) 

TaKHe CBo~rCTBa naeT KOBapUat{UONHa5l ¢YHKl{UJl b (t, 't) = r (t, 'T)
-tllimy, a rrpII HeTOlJHbIX mt - 2paN1ll{bl KOBapual{Uu: 

bi (t, 't) == M (X t - ~t) (XL -. '!!lJ, b2 (t, 't) == M (Xt -- ,'fl t ) (XL - mL), 

b3 (t, L) == J\t1 (X t - mt ) (XL - mL), b4 (t, 17) == M (X t - mt) (XL - '!2L)· 

fpaHHIJ, qeTbIpe: bi 11 b2 - HH)I{HHe, a b3 H b4 - BepXHHe. 
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Ka)K,lI.YIO H3 KOBapIIaUHH MO)KHO pacnIIcaTb KaK HeKoTopyIO CTO

pOHy co6CTBeHHbIX ceMellcTB Wl II ~ m ,HCI10JIb3Y5I ,nJI5I 9Toro (4.7). 
HanpHMep, 

bI (i, T) = inf inf [b (i, T) + (m - ) (mT;t m tmEIDl bE!8 m 

-m't)] = inf [bm(i, T)+(mt-m t ) (mT;-m't)J, 
- mE9Jl - - 

f,J,e b met, 't) - HII)KH5I5I rpaHb KOBapllaUHH B ~m, II TaK JJ,JI5I 'OCTaJIb

HblX-(HeTpy,ll)-IO BbIBeCTH IIX B KaqeCTBe ynpa)KHeHH5I). 

PaccMoTpIIM npHMep, II3 KOToporo MO.lKHO H3BJIe4b cO,lLep)KaHHe 
KaM,lLOH II3 KOBapIIaUHit 

TI p iii M e p 4.5. IlYCTb rrpouecc X t J3TOpOrO rropH.rr.Ka HMeeT rrOCTOHHHoe cpe):(

Hee :H MO:tKeT Haxo,nHTbCR B O,nHOM H3 ,nByX COCTOHHHH, B KOTOpbIX cpe,nHee 11 

KOBapHaQHR paBHhI cooTBeTcTBeHHo JIH60 Imt, Xi (f, 1'), JIH60 m2, K2 (f, 't), r,ne 

nIl H m2' - ,nBa qHCJIa, npHqeM ,nJI5I onpe,neJIeHHOCTH CqHTaeM mi > m2. aTO ,naeT 

orulcaHHR JI.BYX rrpOCTbIX rrpoueCCOB, COCTaBJI5IlOmHX Xt, a BMeCTe 3a,naeT Mo.ueJIb X t 
B BHlLe 061>e,lI;HHeHH5I: J(=J(1VJl2, r,ne .;/{i= (nIi, Ki), J(2=(m2, K 2). Tor,na 

bi (f, T) == min {K1 (t, T); (m2 - mt )2 + K 2 (f, T) },
 

b2 (f, T) == min {K I (t, 1') + (ln2 - m1)2; K2 (f, T)},
 

b3 (f, T) == b4 (f, T) === max {K/(f, T); K2 (f, T)}.
 

3;I,eCh bi (f, T) H b2 (f, 't) MorYT OKCl3aThC5I qyTh 3aBhIllIeHHhIMH no cpaBHeHHlO C 

MHHHMaJIbHbIM H3 ABYX 3,HaqeHHH Ki (i, 1') H K2 (t, T), TeM He MeHee min {b i (f, 1'), 
b2 (t, 't)} = min {Ki (f, 1'), X2 ( f, 't)}. 

ECJIIi Bce qeTbIpe KOBapIIaUHH paBHbI 0, TO Xt H X Ha3bIBaIOTC5I
T 

HeKOBapHHpOBaHHbIMH (CM. (2.10)), qTO MO.lKeT 6bITb CJIe,lLCTBHe:M 

He TOJIbKO Toro, 4TO B no,nqHHeHHo-a,n,nHTHBHOM npe.u.CTaBJIeHHH (4.1) 
cJlyqaHHble COCTaBJI5IIOIIJ.He 6t, m rrpH Ka.lK,lLOM mt HeKOppeJIHpOBaHbI 

MeM,lLy C060H, T. e. M m St, m ~T, In == 0 (TOr,l(a b1 (t, 't) == inf (mt-mt) X 
m -


X (mT-m t) == 0 H aHaJIOrHQHO ,lI.JI5I OCTaJIbHbIX KOBapHaUHH), HO H TO

ra, I.JTa· rrpaCTO CJIyI.JaHHa5I CaCTaBJI5IIO/..Ua5I OTCyTcTByeT, T. e. Xt=mt,
 
KaJ{ 'B npHMepe 4.3 cyry60-orpaHH4eHHoro npouecca, 0 KOTOpOM H3


BeCTHO TOJIbKO, lITO ero peaJIH3aUHH He MoryT no MO,lLYJIIO npeBblwaTb
 
HeKOTopbIH ypoBeHb.
 

I1cnOJIb3yeM paCWHpeHHoe a,lL,UHTHBHoe npeJI.CTaBJIeHHe (4.2): 
Xt r= ,nt+£i. TaK KaK 6t OTIHCbIBaeTC5I 06be,UHHeHHbIM no im ,ceMeH
CTBOM U~m, TO rpaHHuaMH KOBapHaUHH 6y,lLyT 

b (i, 't) == inf inf b (i, 't), 
- mEW'l bE~m 

Ii (t, T) == sup sup b (i, 't). 
mE9)1 bE~m 

3TO 6Y,UyT paClliHpeHHbIe rpaHHUbI, TaK KaK, B 06meM, 

~ (t, 't) ~ min fbI (t, 't), b2 (t, 't)}, Ii (t, 't) > max {b3 (t, 't), b4 (t, 't)}. 

PaBeHCTBa HMeIOT MecTo, OlIeBH,lLHO, npH 2.'m==2.', y,m, HO He TOJIbKO 

(CM. npHMep 4.5).~ 

PaccMoTpHM CB5I3b KOBapHa~HH C KOppeJI5I~HOHH~MH epYHKUHHMH: 

HH)KHeH !.(t, 17) =MXtXT H BepxHefI f(t, 't) == MXtXT • Ha OCHOBaHHH 

paclllHpeHHoro a,IJ)J,HTHBHoro npe,lLCTaBJIeHH5I HMeeM: 

r (i, 't) :!:= inf [m t m't +bm (t, 't)] > inf mt mT; +b (i, T) ; 
- mtEW'l - mtE9Jl 

r(t,'t)= sup [mtmT;+bm(t,'t)]~ sup mtm't+b(i,T). 
mtE9Jl mtE9Jl 

npH t='t nOJIyqaeM COOTBeTCTBeHHO 

MXl > (I M f X t )2 +~ (i, t), Mxl ~ (1M I X t )2 +b (t, i). 

Bce 3TH HepaBeHCTBa 3aMeH5IIOTC5I Ha paBeHCTBa npH cB060,UHo-a,lJ,

,lJ,HTHBHOM npeACTaBJIeHHH. B 3TOM CJIylIae TOqH~e 3HaqeHH5I Koppe

JIHUHH r (t, 17) 3KBHBaJIeHTHbI TOIIHbIM Cpe,lLHHM MX t =Imt H TOqHOH 

KOBapHaUHH b (t, '1'). Bo06me npH T04HbIX Cpe,lJ,HHX Imt rpaHHUbI KOp

peJI5IUHH 'C nonpaBKoH Ha CJIaraeMOe mt,ml: COBTIa,lLaIOT C rpaHH~a

MH KOBapHaUHH: 

r (t, 't) = m t m't +~ (i, 't), ,-:(t, 1') = mt mT; + b (i, 't). 

Pa3JIOLKeHHe npOl.(ecca no 6a3Hcy. CMbICJI JII06bIX pa3JIO.lKeHHH 

npouecca CBO,lLHTC5I K yrrp0IlJ,alOIlJ,ei1 ero 3aMeHe ,lLHCKpeTHbIM na6o

pOM K03epepJ1~J1eHTOB. 

<. IlYCTb ej(t), j= 1, 2, ... , eCTb CHCTeMa OpTOHOpMHpoBaHHblx 'epyHK

UHH, 3a.u.aHHbIX Ha oTpe3Ke [0, T]: 

Se i (t) ej (t) dt = 8i j = {OI' ~ =::!' 
, l - J. 

3,Uecb Ii l)I.aJIee HHTenpaJI OT 0 ,lL0 T - no Mepe-,,lLJIyrHe. <PrYHKLLHtH 

e j (t) 5IBJI5IlOTC5I KOOp,lLHHaTHbIMH«OC5IMH» fHJIb6epTOBa rrpocTpaHcTBa 

2 2 Bcex HHTerpHpyeMblx C KBa,UpaToM epYHKLLH~I: 2 2 == {Ct:f c2 
t dt< 

< oo}. CKaJI5IpHbIM np0J13Be,lLeHHeM B 3TOM rrpocTpaHcTBe 6Y,lLeT (Ct; 
at) == f Cta-tdt. B 3THX 0603Ha4eHJ15IX OpTOHOpMHpoBaHIHocTb 3anHCbI

BaeTC5I: (ei(t); ej(t»==Oij. 
CHcTeMa ej (t), j == 1, 2, ... , OpTOHOpMHpoBaHHblx epyHKUHH Ha3bI

.\ BaerC5I nOJIIIOI1, eCJIH ;LJI5I JlI06oI1 epYHKl~HH ctE22 lIiMeeT MeCTO 

paBeHCTBO 

k~~ f [C t - j~I (f Ct ej (t) dt) ej (t) rdt= o. 

B 3TOH epopMyJIe cyMMa BHyrpH KBa,llpaTHblX CK060K eCTb pa3JIOlKe

HHe epYHI~LLHH Ct IE p5I,lLrro e j (t) . 
DOJIHa5I OpTOHOpMHpOBaHHa5I CHCTeMa epyHKUHH ej (t) Ha3bIBaeTCH 

6a3UCO./J;t B 2 2. HarrpHMep, 6a3HcbI B ::£2 H3 \[0, T] o6pa3ylOT: 1) HOp

MHpoBaHHbIe rrOJIHHOMbI JIelKaH,Upa, 2) rapMoHH4ecKHe epyHKUHM 
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lr 2/T sin (2njt/T) , j == 1, 2, ... , ,norrOJIHeHHble nOCT05IHHOM eo (t) = 6aJlaac». B .3TOM ICJI,yqae rKOlppeJI5IUIIOHHbIe CiBOHCT!Ba IKO.3ep,epHUIIeHTOBcos 
} pa3.lIO)KeHH5I He 6ynyT onpe,neJI5ITb nOJIHbIX KOppeJI5IUHOHHhIX CBOHCTB== 1/ Vr. 

HCXO,UHoro npouecca II nepexo,n OT rrpouecca K ero paSJI02KeHHIO BhlPaccMoTpHM paSJIOLKeHHe npol(ecca no 6asHcy 
30BeT nOTepH. 

X t = ~ X (j) eJ (t), x (j) = f X t ej (t) dt, t E [0, T]. .(4.8) 
j=I 

CQHTaeTC5I, LITO MH02Ke:CTBO ge ==22 ,lI.OcTOBepHhlx peaJIHSaUHH npo

uecca X t ,nOJI2KHO COCT05ITh HS HHTerpHpyeMhlx C KBa,npaToM epyHK
lI,IIlf. 

CBoHcTBa KO.3epepHIJ)IeHTOB paSJI02KeHH5I 6y,nyT nOJIHOCThIO onpe

.ue ..l5ITbC5I CBoHcTBaMH HCXO,lI.HOrO npouecca. B qaCTHOCTH, KOppeJI5I

llllOHHwe CBoHcTBa rrpouecca o,nHoSHaqHO orrpe,neJI5IIOT KOppen5Il(HOH

Hble CBoHcTBa KO.3epepHl(HeHTOB pa3JIOMeHH5I, qTO BH,nHO HS uenOqKll 

paBeHcTB, C'rrpaBe,lI,JIIIBhIX ,lI,Jl5I KOHeqHhIX CyMM: 

M [ ~ ci X (i) + ): L do X (i) X (i)] = 

=M[~cjS Xtej(t)dt+~LdiJS Xtei(t)dtx 

X SX t ej (t) dt] = M [S X t g (t) dt+ Sf X t X-r; h (t, 1:) dtdT] == 

== lim M [~Xt g (tm) (tm+1 -tm ) + 
lt1t I~O m m 

+ ~ L X tm X tn h (tm, tn) (tm+1 - tm) (tn+1 - in)], 
m n 

r ;Je :g (t) == 22 Ci ei ( t), h (t, T) == 2:~ d i j ei (t) ej ( t) . 
'uJI5I Ka2K,lI,OH peaJIII3aUHH HS Ie 2 CrrpaBe,UJIIIBO HepaBeHCTBO 

k

S,;\2tdt~ 'J.2X (j) 2, ,UOKaSbIBaeMOe CJIe'uyIOlIJ,HM 06paSOJYI: 
1 

k '2 [ k 
0::;;; J [ X t - f X (j) ej (t) J dt= J Xl-2Xt 7X (j) ej (t)+ 

+ (*X (j) ej (t) rJdt = J Xi dt - *X (j)2. 

OTCIO,na, eCJIII npouecc HMeeT KOHeqHYIO cpe,nHlOIO .3HeprHlO, T. e. 

J Mxl dt <00, TO M .±X (j)2 ::;;;AifJ Xl dt ::;;; J MXl dt; 
I 

M ~ 
k 

X (j)2 ~ M SX; dt. 
I 

TlepeXOn5I K rrpe,neJIy k-+-oo, rrOJIyqaeM 

00 00 

M ~ X (j)2 ~ M S Xl dt, M ~ X (j)2~M S Xl dt. (4.9) 
I I 

HepaBeHCTBa HaBOn5IT Ha MhICJIb, LITO JY1eM.uy rrpOueCCOM X t HerO 

pa3JIO)KeHHeM (4.8) MO:tKeT HMeTb MeCTO «3HepreTHqeCKHH nHc6a
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1 PaCCMOTpliM TOT CJIyqaH, KOr,lI.a rrepeXQ,n K paSJI02KeHHIO He CB5I

3aH c nOTep5IMH B CBot'ICTBax BToporo rrOp5I,lI.Ka. BY,lI.eM nOHHMaTh 

pa3.ll0JICeHUe (4.8) B cpeoHeK8aOpaTUtieCKOM CKB-CMblCAe, COOTBeT

cTBylOlIJ,eM paBeHcTBy 

lim MS [Xt - ±X (j) ej (t) J2 dt = 0. 
,!?....:;oo I 

HIDKe CLIHTaeM, qTO npouecc HMeeT KOHeqHYlO Cpe)lHlOIO .3HeprHIO. 

B CHJIy HepaBeHCTB (4.9) HMeeM 

0::;;; M JXi dt-M ~ X (i)2::;;;M [J Xl dt

- ~ X (j)2] ==lim M J [xt - ±X(j) ej (t)]2 dt =o. 
I k~oo I 

OTCIO,lI.a BUnHO, qTO HepaBeHCTBa B (4.9) SaMeH5IlOTC5I Ha paBeHcTBa 

00 

.\1 L X (j)2 = M J Xi dt, M ~ X (j)2 = M Sxi dt. 
I 

)
1 

I
B 3TOM cnyqae KOppen5IUHOHHWe CBOHCTBa npouecca 6y.uyT 3KBIIBa

JI eHT HhI K0 PPeJI 51 UH0 HHhI M CBOHCTB a M K0.3 ep ep II I.I.He HT0 B Pa 3nO)Ke HH5I. 

CK33aHHoe BKJIanhIBaeTC5I B TeopeMY. 

~ Teo p e M a 4.2. nyCTb np0l{ecc HenpepblBefl 8 CKB-CMblCAe lia 

1[0, T] : limM(X1:-Xt)2=O. T020a e20 pa3AOJICeflUe (4.8) 8 pRO 
't~t 

cnpaBeOilUBO B CK8-CMblCAe. nPU 3 TOJli KoppeAfll{UOfiHble CBOU

CT8a npol{ecca ..:X i U e20 K03¢rjJUl{UefiTOB pa3AO;)fCeflUfl X (j) 3KBU8a

AeHTlibl. 

l1. 0 K a 3 aTe JI b C T B O. 'uOKa3aTeJIbCTBO BTOP01I LIaCTII TeopeMbI, no CYTH, CO

.n.epThIITC5I B paccy)K,UeHH5IX, npeJJ,wecTByIOmHX TeopeMe, nO.3TOMY OCTaJIOCb AOKa

3aTb nepBylO. I1pH TOLIHbIX cpe;J,HeM H KOBapHaUHH b (t, 1') .3Ta TeopeMa 5IBJI5IeTC5I 

H3BCCTHOH [1, c. 500]. B o6meM CJIyLIae ,CBOrICTBa BToporo nOp5I;J,Ka .9KBHB3,,1eHT

iHbI 3a;:r,aHHIO c06CTBeHHbiX ceMeHCTB ill1 H ~ ill' mEill1. 113 HenpepbIBHOCTli npo

uecca BbITeKaeT paBHOMepHa5I HerrpepbIBHOCTb Bcex epYHKQHlI 113 ill1 H Bcex npo

ueCCOB St. ill B nO,UtIHHeHHo-a,U,UHTHBHOM npe,lI.CTaBJIeHHll Xt = mt + St. ill. OTCIO,lI.a 

Ka:tKJ.a5I peaJIH3aUHH mt cpe,UHero H Ka:IK)J.bIH npouecc St, m MO)KeT 6bITb pa3JIO· 

MeH B p5I,lI. no 6a.3Hcy, a B CHJ'Iy paBHOMepHOH HenpepbIBHOCTH CKB-CXOJI,HMOCTb 

.9TOro p5I.l:r.a 6Y,Ll.eT paBHOMepHOrr OTHOCHTeJIbHO ill( H ~m' IT03TOMY, 0603HaQa51 

m (j) 11 Sm (j) - KO.3cPcPHUHeHTbI pa3JIO)KeHH5I m(t) H Sf, m B p5I;LbI no 6a3HCY 

e j (l) II IICrrOJIb3Y5I Cr-HepaBeHCTBO § 3.1, nO"TJyqaeM 

177 



MS [Xt-fXU)Cj(t)r dt = 

== sup 2M~f [mt- ~ m(j)Cj(t)+GI. m 
mEm 1 

k k]2 {[ ]2
- L ~m(j)ej(t) dt~ SUp 2S mt- 22m(j)ej(t) dt+
 
1 mEm 1
 

+M~2S [ Gt,m - f Gm(j)Cj(t)r dt } = 

== 2 sup {J[mt - ~ m(j) Cj (t)]2 dt +
 
mEm 1
 

2 

+ SUp jVil bS[ GI m b- ±;mb U)Cj(t)J dt} ~ 
bE~m' ,. 1 • 

~ 2 sup s[mt - ~ mU) Cj (t l]2dt + 
mEm 1 

+ SUp [b(t, T)- ±±SSb(t, Tle;(t)ej(T)dtdT].
 
bE~ 1 1
 

06a cJIaraeMhIX npaBofI qaCTJf CTpeM5ITC5I K 0 npH k-+oo B CHJIy paBHoMepHoI1 

HenpephIBHOCTHCeMefIc'TB me H ~ = IU ~m' ,qTO }I,OK33hIBaeT TeopeMY· 

mEm 

OTMeT'HM, qTO ,C:K(B-nenpepbIiBHbIH Inpouecc BTOpOif'O nOp5I,J,'Ka np'lI 

ero pa3JIO:tKeHHH rrpe06pa3yeTC51 B nOC.ne,llOBaTeJIbHOCTb TaK)Ke BTO

poro nOpH,llKa. 

4.3. O,lI,HOPO,lI,HbIE H CTAUJfOHAPHbIE npOUECCbI 

OAHopOAHwe npoueccw. OOHHTHe O,UHOpO,UHOCTH npIIMeHIITenbHO 

K nOCJIe,llOBaTeJIbHOCTHM BBO,UHJIOCb B § 3.1. 3,lleCb OHO npHKJIaLI,bI-

BaeTCH K npoueccaM.
 
TIpouecc X t cqHTaeTCH OOHOpOOHbl;li, eC.TIH ero Mo,UeJIb C1I11MeT

x x

pHqHa K C,UBHraM BO BpeMeHl'I: J1{ t =:::::.Jf{ t+-c, qTO 3:<BHIBa.TIeHTHO TO)K

,lleCTBy cpe,UHHx Mf{X t } =:::::.Mf{X t+T } , ViEg-, V't. COBepweHHo 5lCHO, ~ 

qTO nOH5ITHe O,UHOpO,UHOCTH HMeeT TOqHbII1 CMbICJI JIHWb ,ll.TI5I npouec 

COB, onpe,ILeJIeHHbIX Ha BceH ,UJIIIHe BpeMeHHotI OCH (-00, (0). Ho 
MO)KHO paccMaTpHBaTb yqaCTOK O,llHopo,UHoro npouecca .TII06ofI KO

HeQHOH npOT5I:tKeHHOCTH [0, T]. O,UHOP0,UHOCTb n03BO.TI5IeT C3KOHO

MHTb Ha 3a,UaHHH npouecca, c,UeJIaB 3TO pa3 ,UJI5I O,UHoro nOJIO)KeHH5I 

rrpH3HaKoB Ha BpeMeHHoH OCll H nepeHeC5I Te )Ke 3HaqeHH5I Ha JII060a 

C,UBHr no BpeMeHH, cymecTBeHHo npeyMHOllia5I TeM caMbIM nepBHq-

HbIH Ha60p.
 
TIpouecc 6y,UeT O,UHOpO,UHbIM, eCJIH BblnOJIH5IlOTC5I ,UBa YCJIOBH5I:
 

1) Ha60p nepBllqHbIX epyHKUHOHaJIOB, onpe,UeJI5IIOIUHX npouecc, npll
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C,UBMre BO BpeMeHH rrpe06pa3yeTC5I caM B ce6H; 2) nepBHqH~e cpe,ll 

RMe rrpH C,llBHre BO BpeMeHH He MeH5IlOTCH. CKa3aHHoe ICHMBOJIbHO 

3 a IIIICbIB aeTC 51 : 

1) g{Xt}E §*g{Xt+t}:::J::gt{Xt} Ef], 'IT:; 

2) Xi g {Xt}= Xi g {Xt+-c}, V g E fJ, 'IT:. 

Dp HM epoM O,UH0 pO):LH0 ro 5IBJI5I eTC5I IIpoUecc, 0 rrp e,lleJIe HHbIH IIOC

105IHHbIMH rpaHHuaMH Cpe,llHerO MXt ==:rn, MXt == fii II TeKymeH MOll1,

HOCTH MX2 t == f, MX2t == f. ITepBH:l.l\HbIH Ha60p 3):LeCb C03):LalOT BceB03

MOlliHbie OTCqeTbI rrpouecca H IIX KBa):Lp aTbI: ~ == { ± Xt, ± X2t, -00 < 
<t<oo}, II BH):LHO QTO 3TOT Ha60p He MeH5IeTC5I rrpH C):LBHraX :EO 

BpeMeHH, KaK II Cpe,llHHe Ha HeM. 

06~eaUHeHue u nepeCeqeHUe (UMeR B Buay MOaeAU) OOHOpOaH~X 
npOl~eCC08 npU80aflT K OaflOpoaHOMy npolfeccy. Cy1KeHHe :IKe MO:tKeT 

npHBeCTH K HapyweHHIO CBOHCTBa O):LHOpO,llHOCTH, rrOCKOJIhKY BHyTpH 

(),UHopO,UHoro rrpouecca cymeCTByIOT HeO,llHOp0,llHble COCTaBJIHlOmHe, 

KOTopbIe MoryT «BbICKOqHTb» rrpI13TOM Hapy*y. 

J1lO6oH rrpouec,c X t paClllHpeHHeM (,«3a6bIBaHHeM» ero HeO):LHO

PO~HWX oco6eHHocTei1) Mo*eT 6WTb rrpHBe~eH K O,llHOpO,UHOMy rrpo

ueccy Yt. ,UJIH3TOrO Hy1KHO TIOJI01KHTb Ml{Yt} == sup Mf{Xt+T } , 

-00 <-c<oo 
VfEfT, H 3TH 3HaqeHHH 3a,ll.a,llYT Yt. 

[OJIbIH rrpouecc, cooTBeTcTByIOIUHH rrOJIHoMy OTCyTCTBHIO KaKHX

JIH60 ,ll.aHHbIX, BCer,ll.a O,llHOpO,ll.eH: C,llBHr BO BpeMeHH He MeHHeT HY

.JIeBbIX CBe,lleHHH 0 TaKOM rrpouecce. 

I1HBapHaHTHbIe BO BpeMeHH npeo6pa30BaHH5I O,llHOP0,llHbIX npo

ueCCOB Be,llyT K O,lI.HOpO)1.HOMy rrpoueecy, HarrpHMep He.TIHHeHHbIe 

,6e3bIHepUHOHHbIe I1Ipeo.6pa3IOBaHH5I BH,Ua Yt=f{Xt},JIHHeHHble npe06

pa30BaHHH BH,Ua Yt == S h (t-T:) XT d1:. CKJIa,llbIBaHHe, BbIlfHTaHHe H rre

peMHOLKeHHe O,llHOP0,llHbIX rrpoueCCOB npHBO,llHT CHOBa K O,llHOP0,llHO

My npoueccy. 

P aCWHp5I5I nOH5ITHe O,llHOpO,llHOCTH, 6yn.eM rOBopHTb He 0 He1I3

MeHHOCTH Bcex 'CBOHCTB rrpouecca no OTHOllleHHIO K c~BHry BO Bpe

MeHII, a 0 HeH3MeHHOCTH TOJIbKO HeKOTopbIX H3 HIiX. TIpouecc Ha3bI

BaeT'C5I Q-O,UHOpO,UHbIM, eCJIHMq{Xt} ==Mq{Xt+T } , VqEQ, V't, T. e. 

rrplI C,ll.BHre BO BpeMeHH He MeHHlOTC5I Cpe)1.HHe npH3HaKOB Ha60pa Q. 
310 tLaCTUtiHO-OaHOpOaHblU npouecc, HO eCJIH Q 51BJI5IeTCH nepBHq

HbIM Ha60poM, OH 6y):LeT O)1.HOP0,llHbIM B 06lUeM CMbICJIe. To :tKe caMoe 

6y,.leT, eCJIll Q-::::>C§, r,lle ~ eCTb nepBlIqHbIH Ha60p. ECJIH :tKe QcCS, 
TO Q-onHop0,UHbIH rrpouecc caM no ce6e MO:tKeT He 6bITb O,llHOpOn

HbIM, TaK KaK HeKOTopbIe ero nepBllqHble )1.aHHble cnoc06HbI, B 06

meM, 3aBHceTb OT C,llBHra BO BpeMeHH. 

HarrpHMep, eCJIH nepBHqHhIMH 5IBJI5IIOTC5I A1Xt =m, NL'<t=m, MX2 
t =r, NlX2 t =r, 

TO npouecc 5IBJI5IeTC5I O,lJ.HOP0,lJ.HhIM. ECJIH :lKe-nOMHMO 3THX HMeIDTC5I )(pyrne nep

BI-ItlHble ,lJ.aHHhle, 3aBHC5IIUHe OT BpeMeHH, HarrpHMep MX3 t =m(3) (t), TO npouecc 

6Y,Ller Y:lKe TOJIhKO qaCTHqHO {±X, ±x2} -O,lJ.HOP0,lJ.HhIM, 3 cpe,UHee H MOIlJ.HOCTh 

ero O~HOpO,lJ.Hwe rrapaMeTpw. 
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TIpouecc, KOppeJI5I11,HOHHbIe cBofICTBa KOToporo He MeH5IlOTC5I BO· Hue Xt B BII!le OObeJ,HHeHH5J mt-rrpOCTbIX npoueCCOB: .ift = V (171 t), tITO HJI.nIO~' 

BpeMeHH, Ha3bIBaeTC5I OOflOPOOflbl/vt B ULUPOKO.l1t C,iHblCAe. n.7I5I TaKoro !!!:.~mt:::::;fn 

rrpouecca TOiK,UeCTBeHHO rro 17 CTpHpyeT H3111Y ~bIC.JIb 0 HeOJ,HopO;I,HbIX COCTaBJI5J1OU~Hx OJI,HopO!lHOro npoueCC3. 

Al (2: Ci X ti + L: ~ dij Xt. X t .)
l J 

== /\1 ( ~ Ci X ti+t + ~ L do X ti+t ~Xtj+t)· 

3TO 4acTH4Ho-0,nHOPO,nHbII1 rrpo11,ecc, HO eCJIH ;:LpyrHx KpOlVle Koppe

JI5!UHOHHbIX ,UaHHbIX HeT (T. e. npo11,ecc BToporo nOp5!,UKa), TO OH o,U

HopO,J,eH B 06meM CMbICJIe. 

PacCMOTpH M O,UHOp o,nHbI e n p 011,ecCbI BTOp 0 ron 0 p 51,U K a . Co6 CTBe H· 

Hoe IceYIeitcTIBO m1 Cpe;I,HHX ;,J,JI5I HHX HeJ,OJIlKHO YleH5ITbC5! IlpH 'C;lBH

rax BO BpeMeHH lntE5JJC*mt+tE5JJC, V't, H TO :IKe caMoe MOlKHO CKa

3aTb 0 Ico6CTBeHHbIX 'CeYlei1CTBax 

*b (t+'t, It' +17) E~nl t+'C. fpaHHUbI 

TOJIbKO OT pa3HOCTH apryMeHTOB: 

== b (t-i'), XOT5I, B 06IJJ,eM, Ka:tK,Ua5I 

ceMeHCTBa, KaK 6yneT BHnHO, TaKHM 

,naTb. 

neTepMHHHpOBaHHa5I cpyHKUH5I Ct, 

KOBapHal11,Hlf: b (t, t') E~ml'=> 

EO:BapHaUIHi~I ,J,OJIlKHbI 3aBHceTb 

b (t, t') = b (t-t l 
), fj (t, t') = 

H3 KOBapHa11,HH c06CTBeHHoro 

CBOHCTBOM He b65I3aHa 06JIa

paccMaTpHBaeMa5I KaK npoI~ecc 
e,UHHcTBeHHoH B03MO:lKHOfI peaJIH3aUIIerI, 6y,UeT O,UHopo,UHa, eCJIH 

TOJIbKO 3Ta peaJIH3aUH5I eCTb TO}Kj],eCTBeHHa5I TIOCT05IHHa5I Ct -me 
IlpoueCC BToporo rrOp5I,UKa, orrpe,neJI5Ie:\1bIfI T04HbIM CpenHHM lilt 11 

KOBa pI1aUHeI1 b (t, t'), 6yneT O)LHOpO,lHbIM, eCJIH TOJIbKO Cpe;I,Hee 

rrOCT05IHHO: mt = m, a KOBapHaUH5I 3aBHCHT OT pa3HOCTH apryMeHTOB: 

b (t, t') = b(l-t'). Ha30BeM TaKylO KOBapua4ufO OOHOpOOflOU. 

PaCCMOTpHM ce4eHHe O,n'HOplo,nHoro npouecca X t T04HbI,M cpeJ,

HHM n2t H KOBapHa11,HeH b (t, t'), 3anHcaB CJIe,UylOIJJ,HM 06pa30l\1: 

~ltm,b == Jft /\ (m, b). 
Ce4eHHe M,OMeT 6bITb 'HenV,CTbI:M, ,UaiKe eCJIH mt 3aBHCHT OT t H 

KOBapHaUH51 HeOnHOpo,nHa. ¥CJIe,nOBaTeJIbHO, OAR OOHOfJOOflblX npo

4eCCOB B co6CTBeflflble ceMellcTBa 5JJC u ~m BXOaRT, B 06U{eM, HeOa

HOpOOflble ¢YflKl{UU mt U b (t, i'). OTClOna OJ],HOP0j],HbII1 npouecc 

CKJIa,nbIBaeTC5I H H3 HeOnHOpO,nHbIX COCT3BJI5IIOIJJ,HX. 

TI P H M e p 4.6. 0 U HOp 0 ,J. H bI f:'r rr p 0 U e c c rr e p B 0 r 0 rr 0 p 51 ;r, K 3. 11 YCTb 

OUHOP0;I,Hblit rrpouecc X t 33U3H rrOCT05JHHbIMH rpaHHU3MH cpeJI,Hero: iVL\ r = m t 

MX t = tll,. I1MeeM npouecc nepBoro rrOp5JUK3. ,ll,TI5J Hero - 

M LCiXt.== 2: Ci 1n + L: cim. 
ci~O ci<O

nO;J. TaKoe Me cpe;J.Hee UJI5J 

rrepBoro rrOpH;I,:K3 X*tt 3aJ,aB ero 

tITO Ci~O, H MX*t ,=nl rrpll t i 
t 

rrOCKOJIbKY cpeUHee ero MeH5JeTC5J 

eXt, 60JIee Toro, BXOUHT JIHlllb 

3aU3HHbIX C i MOlKHO rrO,Z:LOrH3Tb npyroH rrpouecc 

T04HbIM Cpe,Z:LHHM BHJ,3 MX*ti =tn rrpH Ii Ta=~HX, 
.., 

T3KHX, tITO Ci<O. 3TOT HeOUHopOUHbIH npouecc, 

BO BpeMeHH, BKJIlOtI3eTC5J B rrpe,Z:LbIuymHlr: A ~J: t C 

K3K O;J,HH COCT3BJI5JIOIll.,Hf:'r 3.Tl:eMeHT B rrpenCT3.B,le-

TaKHyl 06pa30M, OJ.I.HOpO,.lHOCTb 'CYTb CH}l:\leTlpHH HCX'O,J,HbIX Jla'H~ 

HbIX 0 npouecce K C,UBHry BO BpelVleHIL 

CTal..\HOHapHble npOueCCbI. B § 3.1 6bIJIII BBeneHbI TIOH51TH5I CTa

U110 Hap HbI X n pH3 H a K0 B H CTauH0 Hap H0 I1 noCJIe,n0 BaTeJIb HOC T 11 C. B., 

TIepeJIO:lKHM 3TH TIOH5ITH5I Ha rrpOueCCbI. 

TIpH3HaK g{Xt } (cpyHKUHOHaJI OT Xt) Ha3bIBaeTC5I CTal{UOHapHbl/lt 1 

eCJIH ,UJI5I JIlO60ro 'C;:I,BI1r a 17 

1\1 [g {Xt}-g {Xt+'C}J == 0, "IT. 

3KBHBaJIeHTHbIM HanHcaHHoMy 6y,neT: 

JPZ /\ (Mg{Xt}=a) /\ (A1g {Xt+t } = a') = 0 rrpH a =1= a'. 

CMbICJI B TOM, 4TO eCJIH 6bI Bj1,pyr OKa3aJIOCb T04HO H3BeCTHbIM cpe)l-' 

Hee 3Ha4eHI1e .lWg{Xt } =a npH3HaKa g, TO OHO OCTaJIOCb 6bI TaKHM 

iKe rrpH JII06bIX Cj1,BHrax npouecca BO BpeMeHH. I1Ha 4e rOBOp5I, eCJIH 

0603Ha4HTb Mg-ce4eHH5I Qepe3 J{Mg =,J[;\ (Mg {Xt }), TO ,UJI5! Jf{ Mg 

Bce Cpe,ll.HHe OT epYHKUI10HaJIOB g{Xt+T } ,nOJI)KHbI 6bITb T04HbIMH, paB'" 

HbIMH 8Ha'4eHHIO i\,1g{Xt } 'He3aBHtCHMiQ OT 'C,j],BHra T: MAIg,g-{Xt+t} - i\1g .. 
TIPOUecc Ha3bIBaeTC5I Q-CTal{uoflapflblM (tlaCTUtfflO-CTal{UOflapflbl/lt) , 

eCJIH Ece npH3HaKH Ha60pa Q 5IBJI5IIOTC5I CTaUI10HapHbIMH, H CTal{Uo" 

napHbl.iVt , eCJIH Q - JI106bIe npH3HaKH. TIoCJIe,nHee onpe,neJIeHHe Tpe-

6yeT 'KOM,MeHTapHeB. A_cymecTiByeT JIH iBOo6me B npHpOJ,e ICTaUIIoHap

HbII1 npouecc, T. e. TaKO~I, 4TO KaKOB 6bI npH3HaK f HH 6bIJI B351T, OH 

OKa3bIBaeTC5I CTaUHOHapHbIM? ECJIH ,Ua, TO 3TO nOj],pa3yMeBaeT, BO'" 

rrepBbIX, B03MOMHOCTb T04Horo 3HaHH5I cpe,nHero JII060ro nplf3HaKa, 

H ,BO-iBTOpbIX, IHOJIHylO HiJLeHT'U4HOCTh pa60TbI BHyTpeHHero CTaTIICTH-< 

qeCKH YCTOH4HBoro MexaHH3Ma npo~ecca no BpeMeHH. Ho )LaMe nYCTb 

T3KOBoro rrpouecca H HeT, Bce paBHO a6COJIlOTli3aUHH CTaUHOHapHOC

TH KaK MaTeMaTH4eCKOlf a6CTp3KUHH OKa3bIBaeTCH BeCbMa yJI,06HOH 

KaK yBepeHHOCTb, qTO KaKOI1 6bI Ha60p Q npH3HaKoB HH 6bIJI B351T~ 

npH 'C)l,BHre EO BpeMe'Hl1 HX Icpej1,HHe, eC.HHOHH Bnpyr ,CTaHyT T04HO 

H3BeCTHbIMH, He MeH5IIOTC5I. I1Me5I B BHny, 4TO npaKTH4eCK1111 BbI60p 

6YlLeT Bcer,na orpaHH4eH HalIlHMH B03MO}KHOCTHMH, TaK 4TO epaKTH

qeCKH 06pamaTbC5! 6yj],eM C 4aCTH4H0I1 CTaU,l10HapHOCTbIO. 

I1TaK, CTaUIIOHapHOCTb - 3TO CTaTHCTH4eCKaH yCToii4IIBOCTb npo

u.ecca B ;:I,ByX Hanp aBJleHH5IX. Bo- rrepBbIX, rro aHca ~16JIlO, Korna LLJ1H 

npOIl,ecca, eCJIH 6bI y,UaJIOCb ero HeOlLHOKpaTHO «npoKpyTHTb» B O;J,H" 

H a K0 BbI X Y CJI 0 B 11HX, Y CT a H a B JIHB a eTC51 ( a H H a 4 e - ne KJI a p 11 PyeTC51 ) 

cymecTBoBaHHe T04HbIX cpe,nHHX CTaT11CTH4eCKHX JVIq ero nplI3HaKoB 

q. 11 BO-BTOpbIX, no BpeMeHH, Kor,na yTBepMnaeTc51 HeH3lVleHHOCTb 

3THX Cpe,LLHHx CTaTHCTH4eCKHX no Te4eHHlO npo~ecca EO BpeMeHII. 

Q-CTa11,HOHapHbIe rrp011,eCCbI npenCTaBJI5IIOTC5! KaK cel\JleitcTBa 

MQ-T04HbIX CTaUHOHapHbIX npoueCCOB: J{ == V Jft AiQ H (/1{ J\tlQ - 3TO 
MQ 

l 
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CeqeHHe J{, T. e. CKJIaJLbIBaIOTCHKaK aHCaM6JIH COCTaBJIHIOIll)IX 9TH
 

rrP OueCCbI CTaunOH a P'HbIX«IKYCOq'KOIB».
 

Q-CTaUHOHapHbIe rrpoueCCbI, OqeBHJLHO, 6YJLyT Q-O,nHOpO,nHbIMH, a
 

eC"TIH Q=;§ - eCTb rrepBHqHbIH Ha60p, TO Bo06me O,nHOpO,nHbIMH.
 

g'-CTaUHOHapHble C rrepBHqHbIM Ha60pOM ~ rrpoueCCbI MoryT HH


TeprrpeTHpOBaTbCH KaK ceMeHCTBa COCTaBJIHlOmHX HX rrpOCTbIX CTa


~HOHapHbIxrrpoueCCOB,lITO COOTBeT'CTByeT 06be,nHHeHHIO:
 

(M j) = V (M §) (4.10) 
~1~ 

If 3KBHBaJIeHTHO cJIe,nylOmeH epopMyJIe paCqeTa rpaHHU cpe,nHHX OT
 

BTOpHlIHWX rrpH3HaKOB ~~ (KoHeqHWX JIHHeHHWX KOM6HHaUHH rrep


BHqHWX epyHKUHOHaJIOB):
 

-~ ~A1 ~ Ci gi {Xt} = sup LI Ci Mgi , 
M;§ 

f,.le cyrrpeMYM 6e:peTCH no 'UPOCTbI;M npoueccaM HCOOTBeT,CT1BYIOmHM
 

IL'v1 A1g i , C'OCT3BJI5IlOmHM ICTaI1!HOHa(pHhle uPOUeCCbI.
 

[]OHHTHe 'CTaUHOHapHOCTH cymecTBeHHO TOHbllIe rro cpaBHeHHIO C 

,O,IJ,HOPO,nHOCTblO. ECJIH O,nHOpO,nHOCTb - 3TO HeH3MeHHOCTb BO Bpe

MeHH BHellIHHX epOPM, a BHyTpH MO./KeT TBOpHTbCH Bce, qTO yrO,II.HO, TO 

CTaUHOHapHOCTb - 3TO HeH3MeHHOCTb BHyTpeHHeH CTpyKTypbI, Tex 

rrpOCTbIX lIaCTHlIeK, Ha KOTopbIe ,II.eJIHTCH Mo,UeJIb (CM. (4.10)), H, KaK 

CJIe,UCTBHe, - BHellIHHX epOpM. TIPH o,nHHaKOBbIX rrepBHqHbIX ,II.aHHbIX 

11M cTaUHoHapHoro rrpouec'Ca Bcer,Ua Y)Ke ~-O,nHopo,nHoro. TIOH5ITHH 

~ -cTaUHoHapHocTH H ;§ -O,II.HOpO,UHOCTH COBrra,naIOT, JIHllIb KOr,II.a MO

,UeJlb C3Ma eCTb o,nHa ,«rrpocTaH lIaCTHqKa», T. e. ,~-TolIHaH. 

B cJIe,UylOmeM YTBep/K,UeHHH YCTaHaBJIHBaIOTCH aJIre6paHqeCKHe
 

CBOI1CTB3 Mo,UeJIe:t'I cTaUHoHapHblx rrpoueccoB.
 

Teo p e M a 4.3. flepeCettefiue MooeAu QI-CTal{Uofiapfio2o npol{ec


ca c Q2-CTal{UOHapHblM BeoeT K MooeAu QIUQ2-CTal{uofiapHo2o npo


4ecca. A MooeAu ~-cTaltUofiapfiblx npOl{eCCOBJ 3aoafiHble fia OdfiOM
 

U TOM JlCe nepBUttfiOJltl fia60pe ~ ¢YfiKl{UOfiaAOBJ npu 067JeOUfieHuflX
 
coxpafiflfOT cBollcTBo cTal{uofiapfiocTu.
 

LL 0 K a 3 aTe <11 b C T B O. 11YCTb X t II Yt -COOTBeTCTBeHHO (11- II Q2-craUHO

HapHble np0ll.eCCbI. Tor)l,a )1)151 qEQ 1 COrJIaCHO onpeJJ.eJIeHIIIO II Ha OCHOBaHHlI 

KOMMyr a THBHOCTH nepeCeQeHII5I HMeeM npH a=l=a': 

JltX 1\ .Jty /\ (Mq {Xt} == a) /\ (Mq {X +,) == a') == 0 'IT,t

-QTO ,:(OKa3bIBaeT CTaUIIOHapHOCTb napaMeTpa Mq, qEQ 1, JJ.JI5I Jtx !\Jty. 3TO :IKe, 

OlIeBH;J.Ho, BepHO II ,IT,JUI qEQ 2, lITO ,Zl,OKa3bIBaeT rrepBYIO lIaCTb TeOpeMbI. .. 
Bropa5I ,qaCTb BbITeKaeTH3 (4.1 0) 'H KOMMyTaTHBHocTuonepaUHH 06be)I.HHeHH5I: 

<JIX~)V<i\1Y;Y)=(V<MX~») (V<MYg'») =V<M~>, rne B KpyrJIbIX cK06Kax 06'be~ 

)J)IHeHHe rrpOH3BO,IT,HTC5I COOTBeTCTBeHHO no <Mx~>c<MX~) IH <MY~)c<MYg')J a B 

KOHue - no <M~)c<MX~)'V<MY~), tITO II Tpe6oBaJIOCb )I.OKa3aTb. 
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CMbICJI rrepBOH lIaCTH TeopeMbI 4.3 COCTOHT B TOM, qTO eCJIH K 

113BeCTHbIM HMelOmHMCH CBe,neHHHM 0 qaCTH4HO-CTaUHOHapHOM npo-

uecce ,n06aBJI5IlOTC5I ,nOrrOJIHHTeJIbHbIe ,naHHbIe, 06JIa,naIOmHe CBOHCT~ 

BOM CTaUHOHapHOCTH, TO rrpouecc OCTaHeTC5I CTaUHOHapHbIM. HanpH

Mep, eCJIH ,nJI5I CTaUHOHapHoro rrpouecca BToporO rrOp5l~Ka YKa3aHO 

,UorrOJIHHTe"TJbHO, lITO BepOHTHOCTH P (a <Xt < b) cymecTByIOT H He 

3aBHCHT OT t, TO rrpouecc 6y,II.eT TaK)Ke CTaUHOHapHbIM, HO y)Ke Ha 

60JIee llIHpOKOM aHCaM6JIe rrpH3HaKoB. B pa3BHTHe 3TOM MbICJIH a6

COJIIOTHO cTaUHoHapHbIH rrpouecc MO)KeT rrpe,UcTaBJI51ThCH 'K3K nepe

celIeHHe Bcex BKJIIOlIalOmHX ero lIaCTHqHO-CTaUHoHapHbIx npoueccOB. 

PaccMoTpHM rrpHMep lIacTHlIHo-cTaUHoHapHoro rrpouecca. 

IT p H M e p 4.7. IT P 0 U e C C rr e p B 0 r 0 11 0 P 51 )I. K a C 0 C Tau II 0 Hap H bI

M H C B 0 if C T BaM H. Orrpe)I.eJ'IHM 06be)I.HHeHHe V<MX t =m) KaK ceMeHCTBO npo·

m 
ueCCOB, 0 Ka:IK,lI.OM ,U3 ,KOTOPhIX II3BeCTHO TOJIbKO, lITO Cpe,Zl,Hee BO BpeMeHH He Me·

H5IeTC5I II qeMY OHO paBHO. B )I.06aBJIeHHe K 3TOMy 3a)I.aHbI rpaHHUbI m, m epen

Hero m. .llJ'I5I TaKoro rrpouecca (cpaBHH C rrpHMepoM 4.6 O)I.HOpoJJ.Horo-npouecca) 

BepHo: 

M ~CiXti == max_ ~cimi==max {~~Ci' m~cd. 
,!!-~mi~m 

113 3Toro paBeHCTBa CJIe)I.yeT nOJ'Ie3HbIH BbIBO)I.: rrOJIYQaeTC5I O)I.Ha II Ta :IKe MOAe.TIb· 

nepBoro 11 op51)I.Ka , rrpiHHHMaeT JIH ,m 3HalIeHH5I BiHYTPII UHTepBaJ'Ia m, m, HJ'IH TOJ'IbKO 

KpaHHHe m II m, T. e. Ta :IKe MOAeJIb )I.OCTHraeTC5I KaK 06beAIHHeHHe )I.ByX COCTaB

JI5IIOInIIX (/VlX t = m) V <MXt = iii). PaccMaTp'HBaeMbIH HaMH rrpouecc npeACTaBJI5IeT

C5I Xt=m+~t, f)I.e I1l npHHIlMaeT JII060e 3HaqeHHe B oTpe3Ke [.tn, mJ, a Gt CBO

60)I.eH OT m H .NI~ t = 0 - .9TO Bce, qTO 0 ~ t H3BeCTHO. 

OT,MeTHM, lITO I;,UJIH Q-CTaUHOHapHbIX InpoueOC'OB eo ,CTa'UHOHap'HbIM 

cpe~HHM M.lYt (T. ,e. Xt ,Ka'K InpU3HaiKH 'BXO:,U5IT .B Q) xap3KTep~HO Irro,UqH

HeHHo-a,n,LJJiTHBHoe rrpe,nCTaBJIeHHe: Xt=lm+£t,m, r,LI,e In - He3aBHCH

mHH OT t rrapaMeTp, a ,no6aBKa cB060,UHa OT 1m H npH Ka./K,noM ero, 

3HalIeHHH HMeeT HyJIeBOe cpe,nHee. CKa3aHHoe OTHOCHTC51 H K CJIe,LI,YIO

meMy npoueccy. 

TI p 0 U e C C B TOp 0 r 0 rr 0 p 51 ,U K a H a 3bI B 3 eTC 51 C Tau H 0 Hap

H bI M, eCJIH CT3lLHOHa pHbIMH 51BJI5IIOTC5I Bce ero npH3HaKH Koppe.II51

UHH. 3TO eCTb pa3HoBH,UHOCTb lIacTHlIHoH cTaUHoH3pHOCTH, r,ne Q-
JIHHeHHO-KBa,npaTHlIHwe epyHKUHOHaJIW. 

flpol{ecc BTOp020 nOp51iJKa Xt 6y8eT cTal{uoHapHblJHJ eCAU U TOAb

KO eCAU 8blnOAfiflfOTCfl o8a YCAOBUfl: 1) co6cT8eHHoe MHOJICeCT80 

me cpeofiux cOOepJICUT AUlilb KOHCTaHTbl m; 2) coocTBeHHble cehteu

CTBa 23m KOBapual{ull COCTaBAflfOT 08HOpOOHble ¢YHKl{UU b(t-t f 
), 3a

8UCRU{ue TOAbKO OT pa3HOCTU ap2YMeHTOB. 

~o,neJIb CTaUHoHapHoro rrpouecca BToporo nop51,UKa I1pe,UCTaB~51d 
eTCH B BH,Ue 

J/!t = \j V (m, b), 
mEm bE~1fl 

r,ne (m, b> orrpe,neJIHeT rrpocToH cTaUHoHapHbIH rrpouecc, 3a,LI,aHHbIN 

CBOHMH rrOCT05lHHbIM 'cpe,nIHHM m H O~HQiPOAHOH KOBapiHaUHeH b (T). 
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I1HTepecHO OTMeTHTb, qTO rrpouec-c BTOpOrO rrOp5I,lI.Ka MO.lKeT 6hITb 

CTaUHOHapHbIM, XOT5I Cpe,lI.HHe H KOBapHaUHH COBepilleHHO HeH3BeCT

HbI. LLJI5I TaKoro rrpoueeca ill1 COCTaBJI5IlOT JII06ble KOHCTaHThI, a 

[)In == ~ - KJIaCC BceB03M'O)KHbIX HeOTpHuaTeJIbHO orrpe,neJIeHHbIX 

¢yHKUHff b (t-t'), 3aBHC5ImHX JIHlllb OT pa3HOCTH apryMeHTOB. 

3 a M e q a H II e. TIo aHaJIOrHH C rrpe,nbI,UymHM rrpOH3BOJIbHbIH rrpo

uecc (He 065I3aTeJIbHO \BToporo HOIp5I,nKa) COCTall:I10HaPHbIM'lI K0'Ppe

JI5IUHOHHhIMH CBOHCTBaMH 6y,neT Ha3bIBaTbC5I cTa4uOfiapfiblM 8 UlU

pOKOM CAtblCAe. Tlpn 3TOM HeKOTopble ,UpyrHe ero CBOHCTBa (HarrpH

Mep, Bep05ITHOCTH npeBbIllleHHH), BbIXO,n5ImHe 3a paMKH CBO~ICTB BTO

poro ;rrOp5I,UKa, MoryT 3aBHceTb OT BpeMeHH. CTaUHOHapHbIH B lllH

pOKOM CMbICJIe rrpouecc paClI1HpeHHeM (rrpH KOTOpOM -caXpaH5IIOTC5I 

TOJIbKO Koppe.i15IUHOHHble CBOHCTBa) rrpHBO,UHTC51 K CTaUHOHapHoMy 

rrpoueccy BToporo rrOp5I,UKa. 

CneKTpa~hHwe ABOMHMKH npo~eCCOB. ECJIH paCCMaTpHBaTb orpa

HHqeHHbIH HHTepBaJI BpeMeHH 0, T ,UJIHTeJIbHOCTbIO T, TO rapMOHH

,qeCKHe epYHKllIIH (2/T sin (k2nt/T) ,( 2/Tcos (k2ntjT) , k == 1, 2, ..., 
o6pa3ylOT OpTOHOpMHpoBaHHbIH 6a3Hc. LLOrrOJIHHM era rrOCT051HHOll 

eo (t) = 1/ {r. CorJIaCHO TeopeMe 4.2 JI106o~I cKB-HerrpepbIBHbIH rrpa

uecc B CKB-CMbICJIe MOMeT 6bITb pa3JIOMeH B p5I,U no 9TOMy 6a3Hcy 

Xt=Xo+ £ [X~sin (k~i)+X~cos (k 
2n t)J' O~t~T, 

k=l \ T T 

(4.11 ) 
1 T /2 T ( 2rt )

f,ne X o = -= S Xtdt, X~= 11 -. S Xtsin k- t dt,
VT 0 JI ToT 

( 2 T 2:rt)X %= 1 j - S COs k - t dt. 
t' ToT 

P5I,U (4.11) H33bIBaeTC5I pfl80M C/Jypbe, a XSk II XCk - K09epepHUHeH

Ta~H <Pypbe IIJIII cneKTpaAbfiblMU K03¢¢u4uefiTaMu. 

fIo,UqHHeHHo-a;X,UIITHBHOMY rrpe,UcTaBJIeHlIlO .Jr.t = mt +£t, en COOTBeT" 

CTBylOT aHaJIOrHqHble rrpe,UcTaBJIeHH5I K03epepHUHeHToB pa3JIOMeHH5I 

<DYPbe JIeBO~I H npaBoH qaCTeH: XSh==lmsk-t-SS,q,m, XCh==mck+£ck,m. 
CMblCJI pa3.TIO)KeHH5I rrpouecca B p5I,U <Pypbe COCTOHT B TOM, qTO

6bI rrpe,UCT3BHTb npouecc B Y'u06HOM BH,Ue, HCnOJIb3Y5I KOHeqHbI}I Ha

60p cneKTp 3JIbHbIX K03epepHUHeHTOB. ITp 11 3TOM J{ npouecca rrpeo6

p33yeTC5I B 110,lI.eJIb Jt ep K03epepHllHeHTOB ¢ypbe, qTO epOPiVI3JIbHO 

aanHCbIB3eTC5I: t/${ cD = Sep vf{, a S <p H33bIB3eTC51 npe06p330BaHHeM 

¢ypbe. 
lVlo,Ue.;lb t/f{ ep onpe,UeJIeH3 cpe,UHHMH, paCCqHTbIB3eMbIMH no epop

M)\ae: . 

- - {.. /2 . ( 2n \
Mq,qJ{X~,X~,k=I,2, ... }= MqJ V y S X t Slll ,kyi) di, 

.. /2 ( 2n \ } V T S X t cos k T i) di, k = 1,2, ... = M flj) {Xt}, 

r.ue cp - epYHKUHOH3JI B rrpOCTp3HCTBe 3HaqeHHH K09epepHUHeHTOB 

<pypbe, a fep - ero 11306pa)KeHHe B npocTpaHcTBe pe3JIH33UHH(Cl\1. 

§ 2.1). 
ECJIH OrpaHHqHTbC5I paccMoTpeHHeM TOJIbKO KOppeJI51UHOHHWX 

CBOHCTB, TO TOqHbIM cpe,rr.HHM Tnt 11 KOBapHaU115IM b (t, t') rrpouecca 

Xt 6y,rr.yT COOTBerCTBOBaTb TOqHble Cpe,lLHHe nlsk, mCk K09epepHUHeHToB 

cI:>ypbe H TOqHbIe HX KOBapHaUH'H, orrpe,rr.eJI5IeMbIe Bblpa2KeHH5IMH: 

b;i= ~ f", 

S
T 

b(i, t') sin (k ~ t) sin (1 2n t/) dtdt';
Too T T 

b~~= ~ f f b (i, i') sin (k ~ i) cos (1 ~ t') dtdt'; 
Too \ T T
 

2 T ( 2rr) (2rt)
TbZ1= - S S b (t, t') cos k - t cos 1-t' dtdt'. 
Too T T 

0603HaQHM MaTpHUy 9THX K09epepHUHeHTOB qepe3 B<f,>. 
C06cTBeHHhIM ceMeHcTBaM epe,UHHX m1 H ~m KOBapHaUHH npouec.. 

ca Xt 6y,UYT COOTBeTCTBOBaTb c06CTBeHHble ceMeHCTBa cpe,UHHX mep::::= 

= S<t>9J1, f,Ue Sep - 0603HaQeHHe rrpe06pa30BaHH51 et>yphe, II MaTpHU 

~c;I>, m KOBapHaUHH B rrpoCTpaHCTBe K09epepHUHeHTOB <I>ypbe.3TO COOT

BeTCTBue B33HMHO o,UH03HaQHo. 

TlepeH,neM K TOMy CJIyQaJO, Kor,Ua X t eCTb C T 3 U II 0 Hap H bI fI 

B ill 11 P '0 K 0 M C M hI C JI e C K B-;He rr pep bI B H hI H II P 0 U e c c, no

JIara5I ,LI,J15I IIPOCTOTbI MXt = O. TOIl,n3 Bce epYHKU11H oo6CTBeHHoro ce

MeHCTBa ~ 6y,UyT HenpepbIBHbIlVIH, 3aBHC51mHMH OT pa3HOCTH apry

MeHTOB, a KOBapHaUHH K09epepHUHeHTOB <pypbe 6y,lI.yT paBHbI bSCkl= 
,=0 - 3TO ,LI,JI5I IIepeKpecTHblx CHHyC-KOC11Hyc, a ,rr.JI51 cOBrra,naIOmHX,

yMe He 6YAyT 'HYJIeBbIMH 11 ,UJI5l OT,UeJIbHOH b(t-t') E~ 3arrnCbIB3IOTrC51: 

b~gl _ 2 ST b ( ) [1 (k + 1) n-r · (k - 1) rt (T - 't) + 
cc - - 't -- cos stn 

bk1 rt 0 - k - 1 T T
 

+ 1 (k - I) rt't . (k + I) rt'tJd _ -- cos stn 't , k =1= l;
k+ 1 T T 

55 cc ST T - 1: 2 k rt l' ( 1 ')
bkk = bkk = 2 0 b ('t) -T- cos -T- d 't + 0 T · 

113 ,UaHHhIX BblpaMeHHH BH,UHO, QTO IIpH T-+00 H k2njT~ro HMeer 

MeCTO eXO~HMOCTb: 

bSSkl-+()klB (ro), bcckl-+OkZB (co), 

rAe B (co) = 2 S
00 

b ('t) cos co't d 't 
o 

Ha3bIBaeTC51 3fiepZeTUtieCKU}rf, cneKTpOM npot{ecca, a Olll = 1 np11 k = l 
II 0 rrpH k=l= I. l(a)K,noH TOQHOH HeoTpHuaTeJIbHO orrpe,neJI'eHHOH KOp
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peJIHUHOHHOH <pyHKII,HH b (t-t f 
) COOTBeTcTByeT 3HepreTHqeCKHH 

CneKTp B (ffi), 06JI3)J.3IOIll,HH CBOHCTBaMH: 

B ((0) ~ 0 ; B ((J)) = B ( -- (D); B (CD) -~ 0; 2 
00

f B (CD) d u) = b (0). 
[cul~oo 0 

Co6cTBeHHoMy ceMeHcTBy ~ KOBapH3II,HfI, TaKHM 06p330M, CT3BHTCH 

B COOTBeTCTBHe C06CTBe.HHoe ceMeHCTBO 3HepreTHqeCKHXCneKTpoB. 

P 3 CCM 0 Tp HM CJIe,LLyIO Ill, He Cn e KTp a JI b HbI e n p e 0 6 Pa 3 0 BaHIt 51 n PO

II,ecca: 

.. i- T
X~. T = V : { X t sin (() tdt, Xc T = - r X t cOs CD t ·dt. 

cu, T 0I! 2 T 

3neCb W Ha3hIBaeTCH q aCT 0 T 0 H, a XSW,T H XCW,J' - cneKTpaJIbHhIMH 

COCTaBJIHIOIUHMH npouecca. OqeBH,LLHO, ~Y.s2rrkIT, T == Xs k , XC2rrh/T, T = Xc h , 

Ha OCHOBaHHH qero M01KHO C)l,eJIaTb BhIBO,LL, qTO cneKTpaJIbHhIe CO

CT3BJIHIOIUHe XSW,T H XCw,T,'CDEfJl, )l,aIOT onHcaHHe Ha HHTepBaJIe 

(0, T) CKB-HenpephIBHoro Inpouecca. 

3a,naTb MO,LLeJIh Jf{ rrpouecca Xt - Bce paBHO, qTO 3anaTb COOT

BeTcTByIOllI,yIO ,eH Mo,neJIh B 'qaCTOTHoii 06JIaCTH rrpH -00 «U< 00, 

f)J,e rrpouecc Xt, O~t~ T, 3aMeH5IeTCH Ha rrapy rrpoueCCOB XSw,T, 

XCW,T, KOTOpyIO y)J.06HO 3aIIHcaTh B KOMrrJIeKCHOlVI BH,LLe 

. -{2 T 
X cu ,T = X~ T + j X~ T == - S X t exp (j CD t) dt 

, , T 0 

If Ha3hIBaTb cneKTpaAbflbLM OBOUflUKO./vt Xt. 3TO KOMrrJIeKCHaH epyHK

11,H5I CD. TIo <popMyJIe (4.11) MOlliHO, 3HaH cneKTp3JIbHhIH,LLBOHHHK, 

OJl.H03'HaqHOBOC,CTaHOiBHTb .:Yt , n03To,MY X t H Xw,T 3K'BHB3JIeHTHbI. 

CneKTpaJlbHbIe npou.eCCbI. I10HHTHe crreKTpa npouecca HMeeT no)l, 
,C060H TBep)l,yIO <pH3HqecKYIO OCHOBy H 3aIll,HIll,eHO C npaKTHqeCKO~I 

CTOpOHhI 3KorreipHiMe'HT3MH, a ,C HayqrHOH -- TeopeMoH BHHepa

XHHqHHa. MhI ,LLa,LLHM OTJIHqaIOmYIOC5I OT K.naCCHQeCKOll MaTeMaTH

qecKyIO HHTeprrpeTaUHIO cneKTpa - Ty, KOTopaH JIOrHqHO BbITeKaeT 

H3 H a illHX rr OCTpoeH H I1 )l,JI 5I CTauH0 HapH0 [0 IIenpep hIBH 0 [0 rr p 0 U e cc a . 

floHHTHe crreKTpa TaK HJIH HHa~e rrpe,nnOJIaraeT 6eCKOHeqHOe Bpe

MH, n03TOMY nYCTb npouecc 3a,LLaH Ha {O, T] H T-'+00. CqHTaeM 

MXt ==0. CrreKTpaJIbHhIH ,nBOHHHK Xw,T, pacCMaTpHBaeMhIH rrpH Kalli

,lIOM epHKClipOBaHHOM: CD KaK rrOCJIe,nOBaTeJIbHOCTh HHACKCHpOBaHHhIX 

rrapaMeTpOlVI T CJIyqaHHhIX BeJIHqHH, rrpH T-.+00 He HB.TIHeTC51 CKB-CXO

,LL~mHMC51 HH K KaKOll npe,neJIhHOI1 CJIyqa~IHOi1 BeJIHqHHe; CKB-rrpe,LLe.TIa 

He cymecTByeT. Ho 3TO He CTOJIh BalliHO. BalKHO TO, qTO ,LLJIH CTa

UH0 Hap HhIX rr p 0 Uecc0 B «ne p eK p ecT HhI e» K0 PPeJI 51 II,HH !vi e)K,LLy p a 3 HbI 

MIl qaCTOTaMH rrpH T~oo CTpeM~TC5I K 0, a HMeHHo, BepHO CJIe,UyIO

mee: 

lim M (XCD, TXcu ', T) == 2 B (CD) 80 (CD - CD'); 
T~oo- 

-. * 
lim M ()(cu, T X CD ', T) == 2 B (CD) 80 (CD - CD'), 
T~oo 

00 00 

f,Ue B (w) == inf 2 Sb (1') cos 'CD'td't, B (CD) == sup 2S b (1') ICOS CD'td't, a 
- bE~ 0 bE~ 0 

80 (w-w f ) eCTb 1 npn CD=:-:iW f , HHaqe 0. OTcIO,Ua BH,UHO, qTO K HyJlIO 

cTpeMHTIC51 KOppeJIHUH~Me)Ki:LY ,Uel'l'CTBHTeJIhHO~I II 'M:HHY10H 'qa'CTHMH 

crreKTpaJI~HOnO ,UBOI1HHKa. 

0603HaqHM Xw rrpouecc, 06JIa,UaIOIll,Hll rrpe,neJIhHhIlVIH rrpH T-'+00' 

KOppeJI5IUHOHHhIMII CBollcTBaMII rrpouecca Xw,T, H Ha30BeM ero cneK

rpaAbflbLM npOl{eCcoM. CorJIaCHO HarrHcaHHhIM BhIllie COOTHOIlleHI151M 

,UJIH crreKTpaJIhHOrO npouecca HMeeM CJIe,LLyIOIll,He orrpeJl,eJIHIOIll,He ero 

paBeHcTBa: 

MXc Xc = M Xs Xs = MXc XS == MXc Xs = 0 CD --.L w'. (4.12)w cu' CD cu' cu cu' cu cu ,-r-

KOppeJIHII,HOHHhle CBoHcTBa Xw, c yqeTOM (4.12) npHBo,U51TCH K BH,Uy 

M [ ~ Ci (X~.)2 + ~ dJ• (X~ .)2] = 
1- J 

== sup [L ciB (CDJ+ ~ djB (U)j)] , 
B(w) 

r,lIe B (>w) cnoc06cTByIOT c06cTBeHHoMy ceMeHcTBy KOBa pHaUHH. OT

ClO,Ua 

l\1 [(X~)2 - (X~)2] = M [(X~)2 - (X~)2] == O. (4. 13) 

113 rrOJIyqeHHbIX ypaBHeHHH BH,LLHO, qTO )J.JIH 3a,naHHH Mo,UeJIH 

crreKTpaJIbHOrO rrpouecca ,nOCTaTOqHO 3a,naTh JIH60 M~ Ci (Xc w i ) 2, JIH

60 M2:Ci (xsWl )2, JIH60. 

2M ~ Ci IXCUi 1 == sup 2: C'i B (CD i ), V CD i · (4.14) 
B{ro) 

)loKa3aHo TaKoe yTBeplli,LLeHHe. 

CneKTpaAbHbLl1 OBOUflUK XW,T cKB-flenpepblBflo20 cTal{uoflapHo2o
 

B UlUpOKOJvl CMblCAe npol{ecca X t C flYAeBblM cpeofluhl npu 1'-.+00
 

. H}Yl-cxoouTcfl B HanpaBAeflUU KoppeAfll{uoflflblX CBOUCTBK cneKTpaAb


flOMY npol{eccy Xw, 3aoaflfloMY nepBUttflblMU 3flatteflUfl'/vlU (4.12),
 
(4.13)} (4.14). 

KOHcTaTHpyeMaH yTBeplli,lIeHHeM CXO,nIIMOCTb HBJIHeTC51 He06xo

.u II M hI M YC.TI 0 B IieM CT a II,Ii0 Hap HOCT H B IIIHP0 K0 M CM hI CJIe CK B- Herrp e

phIBHoro rrpouecca. Ho He ,lIOCTaTOqHhIM, TaK KaK crreKTpaJIbHhIl'I 

,LLBOHHHK rrpouecca, ~BJI5IlOmerOC51 HeCTaII,HOHapHhIM JIHillb B HeKO

TOPOH JIOK3JIbH0I1 06JIaCTH BpeMeHH (rrpHMep: Xt== mt + £t, r,ne £t CTa

UHOHapeH, a mt - JII060Jl ype3aHHhIH BHe epHKCHpOBaHHoro HHTep

BaJIa rrpouecc: mt == 0 rrpH It I> To) H ,cTaII,HoHapHhIM Ha OCTaJIhHOI1 

BpeMeHHoll OCH, TaK)Ke 6Y,lIeT CXO,LLHThCH K Xw. 

He06xo'uIiMO OTMeTHTh, qTO crreKTpaJIhHhIH rrpouecc Xw, orrpe,lIe

JIe H HhI H rr e p BIiq HhI M Ii 3 H a q e H H5I M II (4. 12) - (4. 14), B 06IlI,eM, He HMeeT 

aHaJIora BO BpeMeHHOH OCH, rr03TOMY ero HyMHO paCCMaTpHBaTh KaK: 

1) cnoco6 3a,llaHH5I npe,lleJIhHhIX (rrpH T-'+00) KOppeJI5IUHOHHbIX 186 
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,LBOHCTB HCXO,nHOrO CTaUHOHapHOrO B WHpOKOM CYlbIC,.Tre npouecca Xt ; 

.2) C3MOCT05ITeJIbHbIH cnoc06 33,n3HH5I He cymeCTByIOLUHX, HO y,n06

HbIX B KaKOM-TO CMbICJIe npoueCCOB (K3K 6e.TIoro WYMa, ,n.JI5I 1\OTO

poro B ((D) == const H ,IJ)I5I KOToporo aH3JIOrOB BO BpeMeHII n3iKe B 

'npe,neJIbHOM CMbICJIe HeT). 

O,nHHM H3 OCHOBHbIX nOCTOIIHCTB nepexOn3 K crreKTpa,J1bHoMy npo

u,eccy 5IB.JI5IeTC5I npocToT3 II H3r.JI5I;J,HOCTb ero nepec4eT3 npn OjLHO

pO;:I,HbIX .1I1IHeI1HbIX rrpeo6pa30B3HII5IX, 0 4e~1 pe4b B c.nenYIOmeM rra

parpaepe. 

4.4. JIMHEAHblE nPE06PA30BAHM5I npOUECCA 

fJIa)l,KOCTb npeo6pa30BaHMH H HenpepbIBHOCTb npou.ecCOB. JIllHeu
JiblJHU Ha3bIB3IOTC5I npe06p 330B3HII5I BIIna 

Y t == 
T

S h (i, T) XL dT, (4.15) 
o 

p;l.e h(t, 't) eCTb HMnYJlbCHbIl~I OTI~.JIln~ epILTIbTP3, T. e. era peaKUH5IHa 

)J,eJIbTa-CK340K Ha Bxo,ne B MOMeHT t; Yt - npouecc Ha BbIxo,ne, eC.TIH 

Ha BXOJI. rrocTynaeT Xt. C4HT3eTC5I, 4TO peaJIH3aUIIH rrpouecca IIHTe

rpHpye11bI C BeCOM h (t, 't). 
MHorHe rrpoueCCbI 06513aHbI CBoe~IY BHny II CBOHCTBaMH JIHHeit

HbI M rr p eo6 p a 30 BaHH 51 1'.1, BbI 3B 3 HHbI M X a p 3 KTepH0 it ,UJI 5I CHCTe M H a 6

JIIO,LLeHHii H H3MepeHHH HHepUHoHHOCTbIO CpenbI, yCTpOHCTB H 3BeHheB. 

11 4eM 60JJbWe HHepUHoHHOCTh epHJIbTpYIOI..U.erI CHCTeMbI, qeM :Yle,LLJIeH

HeH MeH5IeTC5I h (t, 't) no -r, TeM n,naBHee, fJlaiKe 6YJI.YT nponycK3e

MbIe Ha ee BbIX0JI. peaJIH3aUHH Yt B CIIJly crroco6HoCTH TaKoH CHCTe

MhI HHBeJIHpOBaTb CKaqKH H 6blcTpble KOJle6aHHH BXO,llHOrO rrpouecca. 

CK333HHoe rrOJI.TBeplK,J,aeTC5I HepaBeHCTBOl\1 

IYtHt- Ytl = I{ [h (t+Lit, T) -h (t, 't)] X t d'tl ~ 

~ (max /Xlr) S
T 

Ih (i+8i, T)-h (i, 't)/ dT, 
'I 0 

H3 KOToporo BH,llHO, 4TO TIpH orpaHH4eHHoM BXO,llHOM npouecce 

max IXT I~ Ii CKOpOCTh II3MeHeHH5I BbIXO,IJ,HOrO 3a npolvlelKyToK ~t 
onpe,neJIneTC5I Tel\1, HaCKOJlbKO OTKJ1HK eplr.nbTpa II3MeHHTC5I, eCJIH 

neJlbTa-CKalfOK Ha Bxo;r.e C,LLBHHyTb TIO Bpel\1eHII Ha ~t. 

TIo;:r,e.nHB 06e qaCTH Ha I1t II yCTpeMIIB E Hy,TIIO, I10J1Y4HM Hepa

BeHCTBO ,rr,n51 npOH3BO,IJ,HOH 

IdYt/dil ~ (max IXtl) S
T 

Idh (i, 't)/dir d-r. 
o 

TaKoe )Ke HepaBeHcTBo BepHo H ,LLJI5I cTapuIHx npoH3Bo,UHbIX. 

PaCLIeT BbIXO)l,a cPH"TIbTpa. PaCLleT 1\10,Ue.TIH npouecca Yt , orrpe,ne· 

JI5Ie::vroro B (4.15), npoH3Bo,UHTC51 cTporo ,no o6mel1 '~1eTOjLHKe § 2.1. 
,CH a 4 a JI a BbI 51 BJI 51IOTC5I h-n p e,UcTaB HM bI e n p H3 H a K 11 BX0 JI.H0 ro rrpOUec
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~a, T. e. 3anHCbIBaeMble B BHlI,e epyHKUHOHaJIOB g{ f h (t, T) ~X·TdT} == 
= gh{X}. ,Iln5I HHX p aCC4I1TbIB3IOTC5I cpeAHHe Mgh{X} , II OHH iKe 

Harrp5IMyIO nepeHOC5ITC5I Ha aH3JIOrH4Hble CpeJI.HHe Mg"{Y} npouecca 

B cOBoKynHocTHcBoe~I H orrpe,rr,eJl5IIOmHe ero MOJI,eJIb.YtJ 
TIpOCJIeLI)lM 3TOT rrYTb H3 npHMepe BXO;LHoro rrpouecca STOp oro 

nOp5l,llKa. TIepBH4HbL\IH ;L.;151 Hero 5IBJI5IIOTC5I cpe,UHHe .nII Heii HO- KBajL

p a Ta4 HbI X rr p II3 H a K 0 B, 3 a IT He a HHbI e B HHTer p a ,n b H0 YI B 11,1 e 

'" [J (k) Sf (k) , ""' 'M Ct Xtdt+ XtDt,t,~Xt,dtdt]==nlh' k=1,2, ... , 

liJIH 'COKipameHHO ;IJ1H JIeBOH 4aCTH: .S1 (COO, D(h)) == mk, k - 'HOMep 

nepBH4Horo rrpH3H3Ka. DepBHLIHble 3Ha4eHH5I II orrpejLeJI5IT no epop

Myne corJI3COBaHH5I II rrp0r-r:LOJliKeHII5I cpe,nHHe aT .TII06bIX rra p .:W (c, D), 
.cocTaBJI5IIOlll,HX Bee BMecTe KOppeJI5IUIIOHHble 'CBoitcTsa. II3 HHX 

h-npeJI.CTaBHMble rrpH3HaKH, T. e. jLOnYCK3IOmHe 3anHCb 

Ct = Sh (i, 't) e,; dT:, Dt,t' = JSh (i, T) Hrr:,t' h (t', ,;') dT: dT' 

HJlII ,COKpameHHO (no 3HaJIOr'HH c BeKTOpHOI1 epOP~10H) (c, D) == (he, 
hHh), onpeneJI5IT MOjLeJIb BhIXO)l,HOrO rrpouecca CBOI1MH Cpe,LlHHMH 

-y \ -xM (e, H) = M (c, D). 

Hanp aWIlB310TC 51 CJIe,J,yroIlIJle B bI B 0 JL bI. 

1. TIPH JIHHeHHblx rrpe06p330BaHH5IX rrpoueccbI BToporo rrOp5ljLKa 

rrepexO,Ll5lT T3KlKe B npoueccbI BToporo rrOp5I,UKa, T. e. KOppeJI 5IU HOH

HbIe cBofrcTBa B KOppeJI5IIlJloHHble CBoHCTBa. 

2. ECJIH Bee nepBH4Hble 'rrpIi3H3KII BXO)l.HOrO npouecca BToporo 

nOp5l,llKa h-npe,lLCT8BHMbI, T. e. (C(lll, D(k)) == (heCh >, h H(k)h), k == 1, 
2, ... , TO rrepBH4HhL\IH ,UJl5I BbIXO,IT,HOrO npouecca 6y,llyT (e(k), H(k») C 

TeMH LKe Cpe,lLHHMH. TOrJI.3 BXO,IT.HOrI II BbIXOLLHOII npoueCCbI 6y,UyT 

rro,ZJ.06HhIMH. 
3. ECJIH rrpe06pa30BaHI1e o6paTHMo B C~IbIc,n:e cymecTBOB3HlI5I OT-

KJIHKa h-1 (t, T) 06paTHoro epHJIbTpa, onpe;l,eJl5IeMOrO ypaBHeHI1eM 

Sh (i, -r) h- 1 (i', T) d -r == 6 (t - i') , 

TO rrpe06pa30BaHHe H3BOjLl1T nO;:L06He l\le iKny npoueccaMH ..J(t II Yt , 

a nepBIFIHbL\11I AJl5I Y,: 6y,rr,yT I1p II3H a hI! 

e( k) = r h- 1 (t -r) c(1\) d-r 
t J ' 't '
 

H~~), == SSh- 1 (t, T) D~~~, h- 1 (t', T') d Td -r'.
 

J1HHeitHble npe06pa30BaHII5I YIOlKHO II3Y4aTb C nOMoIUbIO nO;l,LIH

HeHHo-a,U,IJ,HTHBHOro npe}J,cTaBJIeHI15I: X t == tnt +Sf ,ro, cue ,J}I5I ITP0Il,CCC 3 

BToporo rrOp5IjLKa CJIaraeMble onpene.nJIIOTC5I c06CTBeHHbI11II CCl'vleI1

CTBaMH Cpe,IJ,HHX me II KOBapHaUH~I ~m (C~1. (4.6)). Torn3 TaKoe jKe 

rrpe,1l.CTaBJIeHHe 6yneT HMeTb BbIXO,nHOI1 npouecc, 3anncbIBaeMbIII 

Yt;:::: Sh (t, -r) m1: d -r + Sh (i, T) £1:, m d,; == n t + 11t, n 

H paccMaTpHBaeMbIl1 KaK OT,lleJIhHOe npOXOlK,lLeHHe LIepe3 ¢HJIbTP 

189 



·f£ r TaKHM oopa30M, npoL{ecc OCTaeTCfl CTal{UOHapHblM, eCAU ezo npo

Cpe~HerO H C~Y4aHHOH ~o6aBKH, 4TO H onpene~HT HaM co6CTBeHHoe .~ nYCTUTb tlepe3 OOHOpOOHblU. ¢UAbTp. 

,ceMeHCTIBO rC,peJI,H1HX m H K'O\BapHaUHH St n Ha BbIXO,ne: 

91 == {n t : nt == Jh (t, T) m-r; dL, m-r; E W}, 

stn== {Kn (t, t') == SSh (t, T) h (t ' , T
/
) b (T, T 

/
) dTd't 

/
, b E ~m}. 

OHH H orrpe,UeJI5IT rrOJIHOCTbIO BbIXO,nHOI1 rrpou.ecc BTOpOrO nOp5I,J,Ka" 

rro HHM MoryT ObITb paCC4HTaHbI KOppeJI5IUHOHHble CBOHCTBa. Ho 
paC4eT JIer4e ,naeTC5I HCnOJIb30BaHHeM COOCTBeHHWX CeMeHCTB BXO~

HOrO npOuecca, lITO H npO,neMOHcTpHpyeM Ha rrpHMepe. 

IT p H M e p 4.8. Pac tI e T r p a H If U K 0 B a p H a U II H. ITyCTb Xt = In t + ~ t ~ 

r;r,e A-1£t=O If £t ICBo6o,UeH or trll, B pe3YJIbTaTe lJero ~m ==~, \Tm. I1YCTb TaK){{e 

OTKJIHK epHJIbTpa HeOTpHuaTeJIeH h (t, 't) ~ O. Tor,Ua rpaHHUbI KOBapIfaurIi1 BbIXO.1,

Horo npouecca paCClJIITbIBaIOTcH KaK MaKcHMyM rro BXO,UHbIM 

K(t, t')==JJh(t, T)h(t ' , T')!Cr, 't')dTd't'. 

l1ycTb O:1I,HOPOJLHbIH rrpouecc BToporo rrOp5I;:I,Ka (;:1,.7151 Hero [5 (f, t') = [5 (i-f')),. 

HMeIOlUHH KOHelJHbIti HHTepBaJI 'tiwp ROppeJI5IUHII (T. e. [5 (t-tf)-==O rrpIf I i-t'l> 

> Ll\Op) , rrponycKaeTC5I lJepe3 HHepUHoHHbIlI epHJIbTP TaKOH, lITO OTKJIHK HeOTpII1Ja

TeJIeH h (t, 't) ~ 0 H KaK epyHKUHH rrepeMeHHOH 't MaJIO MeH5IeTCH 3a 'tHOP: h (t, 1'+ 
+LIWP) ~ h (i, 1'). Tor.rr.a rpaHHUbI KOBapnaUHH BbIXOJLHOro rrpouecca 6YJLyT rro.:1

HOCTbIO rrplio6peTaTb lIepTbI JIHHeHHOro 3BeHa, KaK 3TO BHJLHO li3 CJIe,UYIOIUero 

ynp0lll,eHH5I npe.rr.bI'uylllero BbIpa)KeHH5I: 

K(t, t')==SJh(t, -r)h(t', L+~)l(~)d'td~~ 

~SI(~)d~Sh(t, 't)h(t', 't) d't ==12 Ko(t, i'), 

rJLe Ko (t, if) orrpe.rr.eJI5IeTCH HCKJIIOtIHTeJIbHO OTKJIHKOM ¢HJIbTpa. MO)KHO 6bIJIO ObI 

npe;l,CTaBIfTb Yt =1'Y°t, r,Ue MHO)KHTeJIb Y rrpOH3BO~TJeH B HHTepBaJIe (1', :;;-), a YOt 

HMeeT HyJleBoe CpeJLHee H TOlJHYIO IKOBapHaUHIO Ko (t, i'). O,UHaKo 3TO npeJ.

CTaB.1eHHe BepHO JIHWb ,UJIHpaClJeTa rpaHHUKoBapHauHII If OTHIOJJ,b He 03HaQaeT, 

lITOco6cTBeHHoe ceMet'ICTBO CY.IKaeTC5I ,llO 1'2Ko (t, 'f) (KaK 3TO 6bIJIO 6bI, eCJIH 6bI 

BXOJLHO(I rrpouecc 6bIJI CTaUHOHapeH). 

Ha30BeM cfJUAbTp OOHOpOOHblM, eCJIH h(t, T) == h(t-.:), T. e. era 

peaKUH5I C TOlIHOCTbIO ,no c,nBHra OJI,HHaKOBa BHe 3aBHCHMOCTH OT 

MOMeHTa rrocTyrrJIeHH5I Bxo,na. HeTpyJI,HO BH,UeTb, lITO ¢UAbTpal{Ufl 

OOHOpOOHOZO np0t{ecca BTOPOZO nopflOKa OOHOpOOHblM ¢UAbTPO/\;t 

CHOBa BeGeT K OOHOpOGHO./vty npoL{eccy. 

RHHeMHoe npeo6pa30BaHHe H npe~CTaB~eHHe CTa~HOHapHoro npo
Qecca. 3,neCb CQHTaeM,QTO BXO,UHO}I npouecc CTaUHOHapHbIH BToporo 

nOp5I,UKa H MX t = O. Tor,Ua COOCTBeHHble ceMeHCTBa COCTaBJI5IIOT KO

BapHaUHH, 3aBHC5IlIl,He TOJIbKO OT pa3HOCTH apryMeHTOB: b (t-t f 
). 

04eBH,lJ,aO, LITO eCJIH epHJIbTP O,UHOPO~HbII1 h (t, T) == h (t-r;) , TO 1'1 

BbIXO,UHoe MHO)ReCTBO KOBapHau.HH 6y,neT TaKHM )Re, 3aBHC5IIllJIM 

JIHllib OT pa3HOCTH apryMeHTOB: 

K (t - t') = Sh (t - 1:) h (t' - 1:') b (T - 't') d t d 1:'. 
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PaCCMOTpliM 'rro oopa3Y II rro,UooHIO npHMepa 4.8 npOXO)R,lI,eHHe 

CTaUHoHapHoro IlIHpOKOnOJIOCHOrO npou.ecca lIepe3 Y3KOrrOJIOCHbIlI 

¢HJIbTp. IlocJIe,nHee rro,Upa3yMeBaeT, lITO 3a HHTepBaJI, Ha KOTOpOM 

b ('t-T'), rrrpHHHMaIOT HeHyJIeBble 3Ha4eHH5I, h (t) MeH5IeTC5I ,cJIa60, 

oTKy,lI,a rrOJIyqaeM: 

K (t-f) ~ Sb (L1) d~ Sh (t-T) h (t'-T) d't=-y2 Ko (t-t'). (4.16) 

HanHcaHHoe rr03BOJI5IeT cJIenyIOlIl,HM oopa30M npe,UCTaBHTb BbIXO,UHOH 

npouecc: Yt ==l'YO t , 'r,n,e MYOt==O, MYOtYOt,==Ko(t-t') onpe,neJIHeTCH 

HCKJIIOlInTeJIbHO epHJIbTPOM, a BXO,UHOH npouecc BJIH5IeT JIHlIlb Ha MHO

JKHTeJIb 'Y. B HTore BbIXO,UHOH npouecc HMeeT TOlIHYIO KOBapHau.HIO, 

onpe,neJI5IeMyIO epHJILTpOM. 
CKa3aHHoe ocooeHHo CTaHeT HarJI5I,I.I,HbIM, eCJIH nepeHTH OT X t K 

eronpeJI:eJIbHoMy cneKTp aJIbHOMY ,UBOHHHKy XCD, CMbICJI BBe,UeHH5I 

KOToporo BO MHorOM If COCT05IJI B ynpolIl,eHHH paCqeTOB cneKTpaJIb

HbIX H, 'CJIe,nOBaTeJIbHO, KOppeJI5IUHOHHbIX :CBOHCTB :BbIXO!AHoro TI:P'<;>
ueoca. B caMOM ,UeJle, npeAeJIbHbIH cneKTpaJIbHbIH ,UBOHHHK Ha BbI

XO)l,e HaXO,U'HT,C5I npOCTbIM YMHolKeHHeM BXO,1J.HOrO Ha 4acToTHYIO xa

paKTepHicTHiKy repHJIbTpa: 

y00 = 11(j) X00' fI (j) = 
co

J h (r;) exp (j U>T) d't. 
-00 

KaK H ,UJI5I BC5IKOrO CTaQHOHapHoro npouecca, BbIXOJI,HOH cneKTpaJIb

HbIH rrpouecc 3a,UaeT'C5I HeKOppeJIHpOBaHHOCTbIO ero ,Ue~IcTBHTeJIbHoi1 
II MHHMOH COCTaBJI5IIOIlI)1X (4.12), P aBeHCTBOM HX MOIUHocTeH (4.13), 
aero ocooeHHocTH (4.14) oTpalliaIOTcH CJIenyIOlIl,HMH KOppeJI5IQHoH

HbIMH CBoHcTBaMH (3anHcaHHbIMH B HHTerpaJIbHOM BHJI,e): 

M S CCil IYCil I2 dffi=M j CCil IHCil l2 IXCil l2 dffi. 
-00 

C rr03HQHH c06cTBeHHwx KOBapHaUHH npaBa5I lIaCTb paBHa 

2 sup j cCilIHCilI2B(ffi)dffi, 
B«(t)) -00 

f;:I.e B (w) - ,npe06pa30'BaHHe <Pypbe OT b (-t) If cynpeMY~ 6epeTC5I 

no cooTBeTcTBYIOIUHJ\l co6cTBeHHoMy cervleHcTBy cneKTpal\1. HarrpHMep, 

eCJIH Xi ObIJIOnpeJI,eJIeH rpaHHuaMH 13 ((I)) 3HepreTH4eCKoro cneKTpa, 

TO Yt 6y;I,eT ,onpe,J,eJIeH rpaHHuaMH \jf-wI 2B (w). 
HeTpy,UHO BH,UeTb, qTO eCJIH B (w) - lIlHpOKOnOJIOCHbIH cneKTp, a 

lH ffi l - y30K, TO IHffiI2B(U))~B(u>o) \fiw I 2 ='\'2\lfw l, rne u>o 
cpe,UH5I5I qaCTOTa «HaCTpOHKH» epHJIbTpa, T. e. BbIXO,UHbleCBOHCTBa 

orrpeJI,eJI5IIOTC5I TOJIbKO BH,UOM epHJIbTpa C T04HOCTbIO no 3HepreTH4e

CKoro MHO)KHTeJI5I. 

JII060H cTau.HOHapHbIH npou.ecc BToporo nOp5I,UKa (c HyJIeBbIM 

cpe,UHHM) MO)KeT 6WTb rrpeJI,CTaBJIeH KaK pe3ynbTaT JIHHeHHOro npe

06pa30BaHH5I neKOToporo «CTaH,UapTHoro» npouecca Z (t), HMeIOlIl,erO 
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3a,ll.aHHbIH HeHyJIeBOH mpH Ka:tK,ll.OM w cneKTp Bo(w) >0, 'C nOMOlll.bIO 

r 4.5. 3AKJIIOQEHHE¢HJIbTpa. B caMOM neJIe, BbIXO,ll.HOH nponecc 6yneT onp eneJI5ITbCH 

CJIenyIOIlJ,HMceMeHCTBOM .3HepreTHqeCKHX cneKTpOB: 
TIpouecc --- 3TO 5IBJIeHHe, HCXOJI.aMH KOToporo 51BJHlIOTC5I peaJIH3aUHH Henpe,


~ ro = {K (w) = IIi00/ 2 Bo (w), ifro E 51}, pbIBHoro BpeMeHH. COBpeMeHHa51 TeOpH5I 3HaeT pa3Hhle nOJI.XOJI.hI K OIIHcaHHlIM 

H BCer,ll.a MO)KHO nOn06paTb TaRoe MHO)KeCTBO f, qaCTOTHbIX xapaK

TepHCTHK ~HJIhTpa, qT06bI nOJIYQHTh 3anaHHoe c06CTBeHHoe ceMeir
CTBO ~. 

CTaHnapTHhIM MO.IKeT 6bITb JII060H epopMaJIbHbIH cneKTpaJIbHbIII 

npOIJ,ecc Zw, 3a,ll.aHHbIH CBOHM 3HepreTH4eCKHM cneKTpOM. BqaCTHOM 

CJIyqae, eCJIH HM 5IBLTI5IeTC5I «6eAblU UlYJJtl»: Bo'(w)=bo, TO IH !:':==w 
= K (w) /boH TOlrna C TOqHiOCTblO ~'O II1'OCT05JIHHoro K03epep HnIIeHTa ce

lYleHCTBO ~w H,ll.eHTHQHO n. OTMeTHM, QTO «6eJIbIH rnyM» KaK 

cneKTpaJIbHWH rrpouecc Zm He TOJIbKO He HMeeT aHaJIOra BO BpeMeH

HOI1 06.n:aCTH, HO He 5IBJI5IeTC5I B rrpeAeJIe crreKTpaJIbHbIM jLBOI1HlI

KOM HIIKaKoro peaJIbHOrO rrpoIl,ecca Xt. OJLHaKO OH onpejLeJIeH ca~l 
no Ice6e B QaCTOTHOH 06JIaCTH II ,ll.aeT YJL06HyIO epOPMY ,lJ.JI5I npe;r.
CTaBJIeHHH ,ll.pyrIIx rrp0Il,eCCOB. 

Y3KOnOJIOCHbie npou,eCCbI. IloJIYQaIOTC5I npII epHJIbTpaIJ,IiH U1HPC'~~O
nOJIOCHOro CTaIJ,HOHapHoro IIpOIl,ecca Y3KOrrOJIOCHbIM epHJIbTPOM, ~~ a

CTpoeHHbIM Ha Cpe,ll.HIOIO QaCToTy WOo I1MnYJIbCHbIH OTKJIHK epIIJIbTP~ C 

Y3KOH IIOJIOCOH QaCTOT rrponYCKaHII5I 3anHCbIBaeTC5I 

h (t-t')=H (t-t') COs (wo (t-t')+cp], 

rne H(-r) - orH6aIOma5I, Me,lJ.JIeHHO MeH5IlOI.I1,a5IC5I no cpaBHeHHfD C 

nepHO,ll.OM 2n/wo qaCTOTbI HacTpoHKII. Ilo,lJ.cTaHoBKa OTKJIHKa B (4.1 {3) 
y6e)KnaeT, qTO Bce co6cTBeHHble BbIXOnHble KOBapHaIl,HH 065!3aTe.TIbHO 

rrpH6JIH.lKalOTC5I IIpII ,c,Y.lKeHHII nOJIiOCbI epHJIbTP a i,K 0i):rHO~1Y 1BHny 

1
K. ('t) ~ 2 1'2 SH (t) H (t + 17) dt cos (UoT = '\'2 K. 0 (T) cOs W 17,o

BKJIIOqalOmeMY IKoJIe6aTeJIbHbII1MHO:tKHTeJIb. A nOCK'OJIbKy TOl.fHO T a .. 

KHMH )Ke IKOBapHaIJ,H5IIMH o6.Jla,lJ,aeT np enCT3BJIeHHe 

Yt = 'Y): sin Wo t + f]J cos (.uo t, 

r,lJ.e r(t H 11 S t, Ha3bIBaeMble KorepeHTHoH H KBanpaTypHoH COCTaBJIHIO

IlLHMH npoIl,ecca, HeKOppeJIHpOBaHbI, CTaIl,HoHapHbI, HMelOT Hy•.TIeBble 

CpejL'HHe II IKOBapHaIl,HlO 1'2KoCr) npHXOniHM K BbIBony, QTO JIIo6011 

Y3KOIIOJIOCHbIH CTaIl,IIOHapHbIH npouecc B KOMnJIeKCHOH epopMe 3ann
CbIBaeTCH 

Yt = ~ t exp ( - j Wot), ~ t == 'Y)~ +j Y)~ , 

r.ll.e ~t - KOMrrJIeKCHaH Orn6aIOI..U.aH npoIJ,ecca, a caM rrpOIJ,ecc Y pat 
BeH ,ll.eHCTBHTeJIbHOH qaCTII Yt : Yt = Re Yt. TaKoe npenCTaBJIeHHe UlH

pOKO HCnOJIb3yeTcH B CTaTHCTHQeCKOH panHOTeXHHKe H IIpH o6pa6oT
Ke Y3KOnOJIOCHbIX 'CHrHaJIOB. 

TIPH nepexone K crreKTPa.JIbHbIM npOIJ,eCcaM YKa3aHHa5I 3anHCb 

3arrHCh npeBp a maeTC5I B Yw = Y)w-w • 
o 

CJIyqaHHblx npoueccoB. CaMhIH 06mHii, ,COCT05ImHH B 3aJI.aHHH npouecca corJIaco

BaHHbIMJi MelKJI.Y C060l
u

i MHoroMepHbIMH pacrrpeJI.eJIeHH5IMH BepoHTHocTeH, OKa3bI

BaeTC5I CJIOlKHhIM, He3epepeKTHBHhIM H TpYJI.HOnpHMeHHMhIM. I1cKJIlOtIeHHe, nOlKa~lyfI, 

COCTaBJI5:llOT HOpMaJIbHble npoueccbI, H TO H3-3a HX 6.TI1I30CTH K ;:r,pyroMy rroJI.xo,II.y

onpe,lI,eJIeHHlO npouecca ero KOppeJIHUHOHHbIMH CBOrICTBaMH. KoppeJI5IUHOHHbII1 rro].

Xc>J.L rrpOCT B rrOHHMaHHI1, nOJIaraeTC5I Ha epn31HtIecKyIO npHpOAY HHepuHOHHOCTH 

npoueCCOB, HHTepnpeTHpyeTC5I tIepe3 crreKTp H HaXOJLHT lIlHpOKoe npHMeHeHHe BO 

Bcex 06JIaCT5:lX. Eme O,ILHH rro,ILXO,IL COCTOHT B HCnOJIb30BaHIUI epYHKUHOHaJIhHbIX 

npeo6pa30BaHHI1 CTaH,II.apTHbIX npoueCCOB, 06bItIHO 6eJIoro lIlyMa (TaK 3a,ILalOTClI 

,nHepepY3HOHHhle rrpoueCCbI), H 3aHHMaeT npoMelKyTOtIHOe nOJIOMeHHe Me:IK,ILy Yl\a

3aHHbIMH ,lI,ByMlI. BceM KJIaCCHtIeCKHM rrO,ILXO,ILaM CBOHCTBeHHbI a6COJIlOTHO 3aBep

llleHHble IT'O ,ILeTaJII13aUHH KOHCTpyKUHH: eCJIH 'lI3BeCTHbI Bep05ITHOCTH, TO BC5I COBO

KyrrHocTb, TO Me C KOppeJI5IUH5IMH. Bce :IKe B caMOM cymecTBoBaHHH KOppeJI5IUHOH

Horo rro,lI,xo,ILa Hero ycrrexax yCMaTpHBaeTC5I TeH):LeHUH5I BbIHyM):LeHHOrO OTXO;ra 

OT a6COJIlOTa B CTOpOHy yrrpomeHHfl, u60 KOppeJI5IUHH CYTb JIHlllb COCTaBHa51 tIaCTb, 

TO~HKa Bcero Heo603pHMoro apCeHaJI3 Bep05ITHOCTHWX CBOHCTB. 

Tpe60BaHMe ,ILaJIbHeHlllHX yrrpomeHHH BbI3bIBaeT Heo6xoJI.HMOCTb OTKpbITb rrpoc

TOp JII06hIM tIaCTntIHbIM, COKpam.eHHbIM OIIHCaHH5IM, 3a,ILaHU5IM npouecca ero OT

,lI,eJIbHbIMH CBOHCTBaMrlI, H He 06H3aTeJIbHO B TOtIHOM, a MOMHO B pa3MhITO~f, 

HHTepBaJIbHOM BH,lJ,e. He3aBepweHHble ,lI,JI5I KJIaCCHtIeCKOH TeopHH, TaKIIe KOHCTpyK

UHH oKa3bIBalOTC5ICOBepWeHHo 3aKOHtIeHHbIMH II cTporHMH, ,ILaMe eCTecTBeHHbD.IH, 

)J,JI5I IIHTepBaJIbHbIX MO,ILeJIeH, r,ILe JIlO6ble Bep05lTHOCTH, IKOppeJI5IUIIH, MOMeHThI (TOtI

HbIe nJIH HHTepBaJIbHble) KaK epparMeHTbI cpeJJ,HHx, eCJIH HX rrpHH5ITb 3a rrepBHtIHbIe, 

Y:lKe KaK-TO orrpe,lJ,eJI5IlOT npouecc, npHlJeM tIeM B MeHblileM tIHCJIe, TeM rrp0lll.e. 

CoxpaHeHHe 065:13aTeJIbHbIX, HaH60JIee BHAHMbIX, xapaKTepHblx tIepT n «3a6bI

BaHHe» Bcex BTopocTeneHHhlx ,lI,OBO,lI,HT CJIO)KHOCTb onHcaHHH npouecca ):Lo ypOBH5I, 

MaJIO OTJIHtIalOmerOCH OT MOne.TIell 5IBJIeHHI1c npocTbIMH Hcxo,UaMH (Tuna ,lI,HCKper

HbIX H HenpepbIBHbIX ,CJIYlJaI1Hblx Be..TIHlJHH, nOCJIejI,oBaTeJIbHOCTeH) II K HHM Hepe;I.Ko 

'CBO,LLIHTC5I. A ,lI,JI5I 3Toro Tpe6yeTcH HanpaBJIeHHblit nOJl.60p npH3HaKOB, KOTOPbI.\lH 

CJIy:lKaT epYHKllHOH3JIbI Ha npOCTpaHCTBe peaJIH3aUHI\ H 3a,lI,aHHe HX cpe,ILHHX. TaI~O" 

BbI:MH JljI5I HMnyJIbCHOH rro:vreXH MoryT 6bITb Bep05ITHOCTH npeBbIllleHHti O,UHoro H.1II 

ceTKH ypoBHelI. ,UJHI rrpoueCC3, p0:iK;:r,eHHoro HHepllHOHHbIM yCTpo11cTBoM, xapaKTep

HbI,MH 5IBJI5IlOTCH lJaCTHtIHO H3BeCTHble 'KOppeJI5IUHH, HHTepBaJI KOppeJI5IUHH, CBOHCTBa 

HenpepbIBHoCTH peaJIH3aUHli n T. n. Jl106bIe :lKeJIaeMbIe lJepTbI rrpn COOTBeTcTByIO

meM H3BbI,Ke nepeBO,LL5ITC5I H3 5I3bIK rrepBJllII-IbIX Cpe}lHHX. 

HOBbIH no,llXOJI. Tpe6yeT rrepecMoTpa HeKOTopbIX nOJIOLKeHHI1 cOBpeMeHHoH Teo

pHH. TaK, He BCHKHH npouecc 3arnICbIBaeTC5I KaKcyMMa ero cpeJI.HerO II OCTaTKa, 

a BepHbI 60JIee Q6m'He a):Ll(HTHBHble rrpe,lI,cTaBJIeHH5I (KoHeu § 4.1). He06hltIHO 

onpe,lJ,eJI5IeTC5I KOBapnaUH5I, eC.TIiIf cpe,lI,Hee HHTepBaJIbHo. I1cnOJIh3YlOTC5I H II3BeCT

Hble npHeMbI. TaK, npouecc, 3a,lI,aHHbIH KOppeJI5IUHOHHhIMH CBoHcTBaMH (BToporo 

nOp5l,UKa), ,npe,lI,cTaBJI5IeTC5I ceMeHcTBaMH TOtIHbIX c06cTBeHHbIx Cpe):LHHX M KOBapna

IUfOHHhIXepYHKUHH. 

Ynpom.eHHe CTpyKTyphI oIlHcaHHH MO:IKeT ,nOCTnraThClI 3a CtIeT Hen3MeHHOCTH 

CBOHCTB npouecca BO BpeMeHH, lITO n03BOJl5IeT, 3a,lJ,aBa51 cpe,lJ,HlIe npM O,lI,HOM Ha

qaJIe 'OTCqeTa, nepeHeCTM HX no C,lJ,BHry Ha Bce OCTaJIbHhle, npeyMHOJKalI TeM caMblM 
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