


rpaHHUbI MX, MX, eCJIH OHH CymecTByIOT (T. e. ±XEg--X ) , Ha­

3bIBaIOTC5I BepXHIIM II HH2KHHM Cpe,UHHMH 3HaqeHH5IMH caMoii c. B. X; 
.l~1X2, MX2 - 'Cpe,UHeKBa,UpaTHQeCKHMH 3HaQeHH5IMH, HeTIH HH)KHeH: II 

BepXHeH MOmHOCTbIO C. B. X. 
Pa36epeM pa3JIHtIHhle OTHOWeHH5I MeLK,Uy 'C. B. 

BKJIIOtIeHHe Jf(x-:=JJfY 3KBHBaJIeHTHO lwf (X) ~ Nit (Y), VfEfTx , 
H g-Xcf!TY; BKJ1IOtIeHHe 03HatIaeT, tITO rrepBHtIHO cpenHeCraTHCTH­

qeCKIIX ,UaHHhIX B X 3aJI02KeHO MeHhWe, tIeM B Y, HJIH npOCTO OHH 

MeHee TOQHble. ,UJI51 KpaTKOCTH HHOrn3 33nHCbIB3eM X~ Y H rOBOpHM, 

qrO C. B. X WHpe (B Cpe,UHeCTaTHCTHtIeCK01\'1 CMbICJIe), tIeM. Y, HJIH 

)Ke X BKJIIOqaeT Y. C3MOlI IllHpOKOH Cpe,UH BCeX 5IB.H5IeTC5I rOJIa51 C. B. 

(OHa 2Ke rO.rIbIH napalVlerp), 0 KOTOpOI1 HeT HHKaKHX ,UaUHbIX. 3TO 

BbIXO,IJ, «qepHOrO 51IlI,HKa» rrOJIHOCThlO HeH3BeCTHOH crpyKTypbI. 11Hor­

,IJ,a BblrOnHO TaK 'CQHTaTb BueJI5IX yrrpOllJ,eHH5I, ,UaX{e eCJIH KOe-KaKHe 

,ll,aHHble06 X HMeIOTC5L 

BKJIIOTIeHHe Hy2KHO OTJIHtIaTb OT HepaBeHCTBa X~ Y, 03HaqaIOIlI,e­

ro, lITO X BCerna 6y,IJ,eT rrpHHI1MaTb 3HaQeHIIe, He MeHbwee Y: 
p (X~ Y) = 1. Hep3BeHcTBo, B tIaCTHOCTH, 6y)l.eT HMeTb MeCTO ,nJI5I 

iByx npH3H3KOB X=fl(~), Y=f2'(S) O,nHOlI H '1'011 )Ke £, eCJIH O,nHH 

H3 HHX Ma)KOpHpyeT ,IJ,pyrOH: fl ~f2*X~ Y. 113 X~ Y CJIe)l.yeT 

Mf (Y) ~Mf (X), HO TOJIbKO ,LIJI5I MOHOTOHHO Hey6bIBaIOIUHx epyHKUHH f 
(B OTJIHqne OT BKJIIOtIeUH5I). 

.llJI5I nOJIHOTbI KapTHHbI YK3)Kel\1 eme Ha OTHorneHHe X 60JIbille Y 
B Bep05lTHOCTHOM CMbICJIe KaK TO:IK,IJ,eCTBeHHoe nepaBeHcTBo: 

p (X> x) ~ P (y> x), V xEf1t, 03Ha tIalOIll,ee, tI1'O Bep05ITHOCTH npeBbI­

-rneHHH JIlo6bIX ypoBHej:'I x ,IJ,JI5I c. B. X 60JIbWe, tIeM ,lI,JI5IY. 3TO ca­

Moe cJIa60e OTHOlIIeHHe yrrop51JI,OQeHHOCTH c. B. CpeJI,H BBe..ueHHbIX Ha­

MH, Ha3bIBaeMoe B tiTJHTepaType TaK: X CTOXaCTHtIeCKH 60JIbJl1e Y. 
Eme rrOH3,lLo6HTC5I ,U3J1ee nOH51THe cI1MMeTpuH. CJIYQai1Ha51 BeJIH­

l-IHHa X Ha3bIBaeTC5I cUJHA1eTpUtiHOU, eCJII1 cpe,nHee .lII060l1 HeQeTHOI1: 

¢YHKl(HH eCTh TOtIHbII~I HOJIh: Mf(X} =0 rrpH f(-x)==-f(x), fEf!Tx. 
B qaCTHOCTH, eCJIH .LY CI1MMeTpIIQHa, TO }A sin uX = 0, 'lUE'!1l, 
M.lYZh+l=O )l.JI5I Tex k, ,LI,Jl51 KOTOpbIX X 2h+1EfTx . 

AeTepMHHHpoBaHHble npeo6pa30BaHHSI. Pe3IOl\1HpyeM npHlVleHH-

TeJIbHO K c. B. pe3YJIbT3TbI § 2.1, r):I.e H3YQaJIHCb ,neTepMHHHpoBaHHble 

npeo6pa30BaHH51 HBJIeHHA. 

flyCTb X 3aiI,aHa CBOH~1H cpeJLHHMH Nit (X), fEg-x. TIpeo6pa30­

BaRIle Y=5 (X) O)J,HOH C. B. B ,IJ,pyrylo (a npH SEfTX C. B. }1 6y,rr,eT 

O,UHJ1M 113 rrp H3HaKOBC. B. X) Be,rr,eT K Mo,UeJIH ,,;j(Y, cpe)J.HHe KOTOpOH, 

KaK 3TO CJIe,rr,yeT Il3 3anlICH: M<p (Y) =Mcp (s (X)), COCTaB.lI5IIOT qaCTb 

cpe;:O-IHX l\10jI,eJIH vf(X". A HMeHHO, H3 Bcero MHoro06pa3H5I ~x BbI­

6HpaIOTC5I TOJIbKO cpe,nHHe s-upejJ,CTaBHlVlbIX rrpH3HaKOB: f (x) = 
= cp (5 (x) ). 11x COfJlaCOB8HHOCTb MeLK·ny co6011 04eBH,ITHa 11 fTY == 

== {cp : cpsESlX } - 06JIaCTb cymecTBOB3HII5I tJf{Y. 

ECJIH X 3a):I.aeTC)l Ha60pOM ~ nepBHtIIIbIX npH3HaKOB, TO I10CJIe ee 

npeo6pa30BaHH5I B Y 3TOT Ha6op, B 06me!\1, pacna,rr,aeTC5I Ha Bee 

CP (Y) EfTY - Bce OHH IIOTeHUHaJlbHO 6ynyT nepBHtIHbIMH ,UJI5I JltY, 
qTO paBHOCHJIbHO pOCTy pa3MepHOCTH JJ{Y no cpaBHeHHIO C Jf{x. 
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KpoMe O,UHoro 'CJIyQa5I, KOr,lLa Bce npH3HaKH Ha60pa ~ s-rrpe,nCTaBH'" 

MbI, T. e. g(X)=='¢g{S(X», VgE~, H TOfna npH3H3KII '¢g(y), gEC§ 
6ynyT nepByJl-IHbIMH ,lLJI51 ,uf{Y, pa3MepHOCTH JltX H AY 6ynyT O,lI,HHa­

KOIBbI, a )( H Y 6ynyT no,Uo6HbIMIHMeLKny 'C060H (5 (x) - 'rrpeo6pa30-o 

B3HHe nOnOOH5I). B 3TOM ClTIYlJae no cpe,UHHNI s-npe,UcT3BHMbIX npH3-o 

HaKOiB Jf{~1( IBOOCTaHaBJIHB3IOTC5I OCTa.JlbHble. 

fIpe06pa30BaHHe S 6y,neT OrpaHHtIeHHbIM, eCJIH OOJI3CTb sEE 3Ha ... 

tIeHHII S (x) - OrpaHHtIeHHOe 11HOMeCTBO Ha PJt. K HIllYI OTHOC5ITC5I: 

rapMOHHtIeCKHe rrpeo6pa30B3HH5I Su(x)=cos(UX) H sin(ux) (r,z:r,e u­
HH,rr,eKc rrpH3HaKa) C 06JIaCTblO 3H3tIeHHH s&l? =![-1, 1], HHnHKaTop~ 
Hble s(x)==A(x) co 3HatIeHH5IMH 0 If 1 II T. n. MHorHe HY2KHble npe.. 

06p 230BaHH5I He 51BJI5IIOTC5I OrpaHHtIeHHbIMH. HaH60JIee pacnpocTpa­

HeHHbIMH H3 HHX CtIHTaIOTC5I: TO)K,necTBeHHoe npeo6pa30BaHHe x, ',UJI5I 

KOToporo sf}] == fJt; I{B3,UP aTIItIeCKOe x2, s!!lJ == PJt+; Jl0rapHepMHtIeCKOe 

In x, XEY't+, sf!E = f!Jl; nOKa3aTeJIbHOe exp x, sBe == PJt+; rI1nep60JIHLIeC­

Koe Ijx, sf!E==PJt B nOCJIe,nHeM CJIytIae B TOtIKe x==o npe06pa30BaHHe 

He orrpe,lLeJIeHO, 11 eCJIH 3Ta TOtIKa He 51BJI51eTC5I rrepBHLIHbINI C06bITHeM 

,nJI51 X, TO ee IIOJIe3HO HCKJIIOT.IHTb H3 HCXO,lLOB 3TOH C. B., lITO He npH­

Be,IJ,eT K BH,rr,OH3MeHeHHIO Mo,neJIH X, HO 3aTO n03BOJIHT MaTeMaTHQeC­

KH CTporo IIO.Hb30BaTbC5I 3THM PIpe06pa30BaHHeM. 

HOpMaJlbHaSl CJlY4aHHaSl BeJIH4MHa. I-IopMa.nbHa5I C. B. 33HHMaeT 

oco6oe nOJIO:tKeHMe, 065I3aHHOe rrpe,ll,eJIbHbIM TeopeMaM . .lVlbI paCCMOT­

pHM ee C IHalllHX 06mHX ,KOHuenUHH:, ,naB pa3JIUQHYIO HHTepnpeTalI,HlO, 

a CB5I3aHHble C HeI1 npe,neAbHble TeopeMhI 6y,nyT paCCMOTpeHbI Qepe3 

naparpa¢ yx{e nOCJIe BBeneHH5I ;ITOH5ITHH CXO,lLHMOCTli. 

lfopJHaJlbHOU co cpeaHUM.,m u Gucnepcueii 0'2 Ha3bIBaeTC5I C. B. Y, 
OIIpe,LLeJIeHHa51 npO,UOJI:lKeHIIeM (nocpei,n,CTiBOM iHHTerpHpOBaHH5I If (1.4) 
HOPM3JIbHOH inJIGTHOCTH 'Bep05ITHOCTeH (ino iOTHoweHHIOKMepe-,UJIIIHe) : 

p (x) = /_1 
exp [ - (x - m)2j(2a2

)]. (3.1)
1, 2rt (J 

Ile p BIIIIHbI M ,UJI 51 HOp M a JIb H0 H C. B. 51 BJI 51 e rc 5I CJIe,UYIOIll. HI1 H a 60 P 
BepOHTHOCTeH OTpe3KOB: 

b - m ' ( a - m \ 2)
P(a, b)=cD ( -a-J- cD -a~)' a<b, (3. 

1 z 
rLI,e cD (z) = ----==S exp (-x2/2) dx - epyHKUH5I JIaI1JI3Ca (OHa Ta6yJIlI­

1!2n o 
pyeTC51 B yQe6HHKax H 33,UatIHHKaX no TeopHH Bep05ITHOCTe~I). Be­
p051THOCTH oTpe3KoB IIOJIytIaIOTC5I HHTerpIfpoB3HHeM nJIOTHOCTII B npe­

,neJIax aT a no b, Tor,n3 KaK nJIOTHOCTb nonYQaerC5I H3 Bep05lTHOCTe~ 
KaK npe,UeJIW HX OTHoweHHH K ,nJIHHaM OTpe3KOB npIf yCTpeMJIeHHH 

rrOCJIe,lLHllX K O. 
CdOTBeTCTBYlOm3H HOpMaJIbHOH C. B. MO):LeJIb 0603HatIaeTC5I jr"~1,a~ 

ECJI;H CBeCTH ee K HyJIeBoMycpe,UHeMy If e,UHHYFIHOH ,LT)1CrrepCHH Y== 
= (Y-m)/a, TO nOJIyLIIiM cTaHoapTHyfo flOpJJ!laAbHylO C.B., COOTBeT­

CTBYlOmylO JPO,l. ,UOCTaTOtIHO ee If paCCMaTpHBaTb, TaK KaK JIlo6a5I 
o 

JI.pyra51 K HeM rrpHBO,lLHTC51 COfJIaCHO epopMyJIe Y=m +aY. 
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06JIaCTb PTura cymecTBOBaHH5I T04HbIX Cpe,UHHX )I.JI5I K o,l COCTaB­

)I5IIOT BCe HHTerpHpyeMble C BeCOM exp (-y2/2) epyHKUHH, ,LI.TI5I HHX 

o 001 
M t (Y) == -==- Jf (y) eXlJ ( - y2/2) dy, 

y2n 

:rJ,e HHTerpaJI TIOHHMaeTC5I B CMbICJIe PHMaHa. B 4aCTHOCTH, ,[1)151 rap­

MOHH4eCKHX cpe)I.HHX 

M COS uY == exp ( - u2/2), M sin uY =: 0, Vu, (3.3) 

il )I.JIH MOMeHTOB 

o 2k+l 2k k0M (Y) = 0, 1\1 (Y) === (2k)!/(k!2), k == 1, 2,... (3.4) 

Teo p e M a 3.1 x a p a K T:e p H 3 a U H 11 HOp 1\;1 a .TI b H 0 rr c. B. 

.3K8UBa/leNTHblAtU fl8Jlfll0TCfl c.IleoylOU{ue cnOCOObl saoaHUfl K 0,1: 

1°. n.llOTHOCTblD (3.1) npu m=O, (J==I; 

2°. nepBUtiHbUUU BepOflTHOCTflAlU (3.2) UHTep8aA08; 

3°. 2apMOHUtieCKUAiU cpeoHuMu (3.3), npUHRTblAtU sa nep8UtiHble u 
° 

oonoAHeHHblJ11,U nep8UtiHblMU 8epoflTlioCTfl/vLU P ( IYI> H), saOaliHblJl;lU 

,oOCTaTOtlHO npOU380AbliOJ HO 8 pa/I,1,KaX C/leOYIOU{e20 Tpe608aliUfl He­

npOTU80petiUBOCTU: 1-2(1) (H) ~ P(IYI> H) ~ 0; 
H-?oo 

4°. MOJl;leHTaAiU (3.4), 8SflTblJl;lU 8 KaifeCT8e nepBUifH020 Ha6opa. 

,lleHcTBHTeJIbHO, nepBH4HbIM JI,JI5I K o,l MO)KHO 6bIJIO 6bI C4HTaTb 

JII060H nJIOTHbIH B MH02KeCTBe fF J1;n HHTerpHpyeMblx C BeCOM 

exp (-y2/2) epyHKUHH KJIaCC, MJIH ero 6a3HC. TaKHMH 5IBJI5IIOTC5I MH­

JJ.MKaTopbI HHTepBaJIOB B 2°, CTerreHHble epyHKUHH B 4° II rapMoHM4ec­

KHe B 3°. He06xo,lI)IMOCTb BBeJJ.eHH5I )I.OnOJIHHTeJIbHbIX nepBH4HbIX Be­

P05ITHOCTeH B 3° BbI3BaHa TeM, 4TO rapMoHH4ecKHe epyHKUHH o6pa­

3YIOT 6a3Hc JIHllib npM orpaHH4eHHoH 06JIaCTH 3Ha4eHHH aprYMeHTa. 

CJIY4aHHa5I BeJIH4HHa, onHCbIBaeMa5I B BH)I.e cuTIe)I.yIOmero ceMeH­

-eTBa HOpMaJIbHbIX MO,lI,eJIeH: 

~ -K - ­V _ V _ m,cr - m,m,a,a'
 
m~m~m a=::::;a=::::;a - ­

'Ha3bIBaeTC5I HopMa./lbIiOU C uHTep8aAbliblMU cpeoliuM m, iii u oucnep­
_ -;; ° 

cueu (J2, (J2. 06be)I.HHeHHe 3KBHBaJIeHTHO 3anHCH Y==(JY+m, r,rr,e Y­
,cTaH,napTHa5I HOpMaJIbHa5I c. E., 'CBo6o,ll.Ha51 OTm H (J, a m H (J npH­

HHMaIOT npOH3BOJIbHble 3Ha4eHH5I B OTBe,lI,eHHbIX HM IIHTepBaJIaX, 4TO 

~Be.neT K Cpe,ll.HHM 

Mf == max Mf (0 Y+m), vt E ,qJoff· 
m~m~m 

~~a=::::;a 

TIPH 6eOKOHe4HbIX 3Ha4eHH5IX '!!.==-oo, m=oo 06n3Ha4aeM JlQo,G H 

;ua3blBaeM HOpMaJIbHOH npH HeH3BeCTHOM m H HHTepBaJIbHOM D". - ,UJI51 
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Bee, Ka K 3TO HaxO)I.HTC5I H3 rrOCJIe)I.HeH epop ~1YJIbI, HMee1\;1 

- (b-a\P(a. b)=2<D 2~)' P(a, b)=O. 

TeMH )Ke OYJI.yT Bep05ITHOCTH, eCJIH (J He H3BeCTHa, TOr;:La 0603Ha­

qaeM K ~ a eCJIH K TOMy )Ke H I~ He II3BeCTHa, T. e. ~== 0, TO HOp­

MaJIbHa51 C. B. Bblp0)K,lI,aeTC5I B rOuTJYIO. 
CJIyqaHHble nOCJIe,Il.OBaTeJIbHOCTH. Cnoco6bI onHCaHH5I C. B. Heno-

cpe,nCTBeHHO nepeHOC5ITC5I Ha CJIY4aHHble BeKTopbI X== (X 1, ... , ~\ n) , 
cOCTaBJIeHHble H3 nOCJIe,ll,OBaTeJIbHOCTH 'c. B. He CTOJIb no epopMe, CKOJIb 

no cO)J,ep)KaHHIO OTIHC3HH5I \fIipn 3TONl yc.nO)KH5IIOTC5I. Hac 6YJI.YT J1iH­

repecoBaTb 3)J,eCb pa3Hble ynpomeHH51: TaKHe cnoco6bI, KOTopble n03­

BOJIHJIH 6bI no 4aCTHbIM Mo,Ue.H5IM u;f{ xi C. B. Xi COCTaBHTb COBMeCT­

HyIO J{x . ,UJI5I 3TorO-TO H HY)KHbI rrOH5ITHH He3aBHCHMOCTH, CB060,lI,bI, 

HeKOBapHHpOBaHHOCTH rrpe)I.bI,ll.ymeH r JIaBbI. 
TIoCJIe,ll.OBaTeJIbHOCTb Xl, LY'2, ... , Xn Ha3bIBaeTC5I nOCAe008are./lb­

HOCTbl0 He3a8UcuhtblX C.8., eC.TIH OHa rrOJIHOCTbIO onpe)J,eJIeHa rrep­

BH4HbIMH cpe,UHHMH BH,Ua 

n n n (i) , 
MIIfi(Xi)==IIMfi(Xi)= max rr M fi(X i ), (3.5) 

./\1 (i) =M HJIH M 1 

rAe crrpaBa CTOHT lVlaKcHMyM ITO BceB03MO)KHbIM C04eTaHH5IlV1 rrpoH3­

Be,ll.eHHH Mfi (.;~ i) II Mf i (Xi), npH4eM Bee COMHO)KHTeJIH ,nOJI)KHbI 

6bITb KOHe4'HbI (T. e-:-±fiEPTXi) , 4T06bI rrpaBaH 4aCTb 6bIJIa KOHe4­

HOH. 3TO eCTb 33'KOH HHTepBaJIbHOH MyJIbTHrrJIHKaTHBHOCTH ,ope,,ll.HHX, 

nOJIOLKeHHbIJ1: B OCHOBy He3aBHCHMOCTI1 II He3aBHCHMoro rrpOH3BeJJ,e­

HH5I IC. B. 
,UJI5I nOCJIe,lI,OBaTeJIbHOCTH He3aBHOHMbIX C. B. CrrpaBe)I.nHBbI CJIe­

.nYIOIUHe COOTHOlIIeHH5I': 
_n n_ 

1. M L.fi(Xi )== ~Mfi(XJ. 
1 1 

_n n_ n n + 
2. M rrft(Xi )== I1Mft(Xi), M rrfi (Xi) === IlMfi (Xi)' 

1 1 - 1 1­

_ k _ n 

'3. M IT (Xi-MXi ) I1(X i -MXi )== 
1 k+l-­

( 0, eCJIH k HelJeTHO, 

= t~ (MX i - MX i ), eCJUI k qeTHO. 

k n 

M II(Xi-MXJ II (Xi-MXJ== 
- 1 k+l­

(0, eCJIH k qeTHO, 

~ {l- n(MX i - MX i ), eCJIH k He4eTHO. 
1 ­
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4. He3aBH'cHMOCTb COXpaH5IeTCH npH npe06pa30BaHHHx YI = fl (XI) ~ 
Y2=-~h(X2), ... , Yn=fn(Xn). 

5. He3aBHcHMblMH 6ynyT q)yHKUHH OT JIl06blX HenepeceKalOmHXC5I 

nonHa60poB nOCJIe,Ll.OBaTeJIbHOCTH Y1=fl (Xl, ... , Xli), Y2=f2(XH1 , ... 

... , Xn ). 

6 TlpH i~j 

M (Xi --MXJ (Xj-MX j)= M (Xi -MXi) (X j - MX j ) = 

=M (Xi -MXJ (Xj-MXj)= M (Xi - MX;) (X j - MXj) = 0. (3.6)· 

TloCJIe,Ll.OBaTeJIbHOCTb, y,Ll.OBJIeTBOpHlOmaH CBOlkTBy 6, Ha3bIBaeTC51 

HeKo8apuupo8aHHou. 
TloCJIe,Ll.OBaTeJIbHOCTb Ha3bIBaeTCH HeKOppeJlUp08aHl-lQU, eCJ1H 

MXiXj=O, i~j. TlpH HyJIeBblX Cpe,Ll.HHX MXi=O rrOHHTHH Hel<OB3­

pHHpoBaHHocTH H HeKOppeJIHpOBaHHocTH COBrra,Ll.aIOT. OTMeTHM, tITO 

eCJIH Xi =m+Gi H Gi HeKOppeJIHpOBaHbI H HMelOT HyJleBble cpe,UHJre 

MGi = 0, TO rrpH HeH3BeCTHOM napaMeTpe mc. B. Xi He 6ynyT HeKO­

BapHHpOBaHHbIMH, a 6ynyT rrOnlJHHeHHO (rrpH Ka)KnOM 33)J.aHfIOM m) 
HeKOBapHHpOBaHHbIMH. 

TloCJIe,Ll.OBaTeJIbHOCTb Ha3bIBaerC51 c806o0HOU, eum OHa onpc.Je­
JIeH3 rrpOH3BeneHHeM lJaCTHbIX .J!fx,..I{x, ... .J!fxn, 'ITO COOTBeTcTBycr 

CJIenYIOru.eMY nopHnKy BbIlJHCJIeHHl'j: Cpe,Ll.HHx: Mf (X), ... , Xn ) = 
=Mx, (MX,( ... (NJXnf(X1, ... , Xn) ) ... )). 

.LlJIH CB060,Ll.HbIX nOCJIenOBaTeJIbHOCTeHKa)K,Ll.Oe nOCJle,Ll.YIOru.ee 3Ha­

lJeHHe Xi npenCTaBJIHeTCH KaK CJIylJaHHOe npe06pa30BaHHe rrpe,Ll.W.ll.Y­

mHX XI, X2 , ... , Xi-I, ,npHlJeM CTpyKTypa .:noro npeo6pa30BaHHH He 

H3BeCTHa, a H3BeCTHa JIHillb lJaCTHaH.J!{X i . .LlJIH CB060,LLHbIX nOCJIc),o­

BaTeJIbHO'CTeH OCTalOTCH ,cnlpaBe,Ll.JIHBbI,MH 'CBoH,cTBa 1 H 2. 
CBOH'CTBO CB060,LLbI TepHeTcH npH nepecTaHoBKax nOCJIe,LLOB3Te.:lb­

HOCTH, B OTJIHtIHe aT CBOHCTB He3aBHCHMOCTH H HeKOBapHHpOB3HHOC­

TH. TlO,LLlJepK'HeM eme pa3, 'ITO 'Bce YKa3aHHble HaMH cnoc06bI 3ana­

HH51 n'OCJIe)]OBaTeJIl;HOCTH o.6be'1!.HHeHbI TeM, 'ITO Tpe6YlOT JIHillb 3Ha­

HH51 lJaCTHbIX HM 3JIeMeHTOB Xi 'C YKa3aHHeM xapaKTepa B3aHMOneil­

CTBH51 Xi. 
Eru.e OnHHM cnoc060M 6yneT, KOfna 3TO B3aHMO,Ll.eHCTBHe He p:a­

3aHO, a 3a,LLaHbI JIHillb lJaCTHble .J!{Xi (CM. npHMep 2.9). Torna cpe),­

HHe pa3neJIeHI-IbIX no nepeMeHHbIM npH3HaKoB Nfg (Xi), gE~i, nep­

BHlJHble ,Ll.JIH OT,Ll.eJIbHbIX c. B., 06pa3yloT nepBHlJHbIH Ha60p COBMecr­

HOH MOneJIH (OTCIO,Ll.a 'CJIe,LLyeT 'COOTBeTCTBYIOru.HH ¢opMyJIe npO.ll.O.l­

)KeHHH CIIoc06 BbIlJHCJIeHHH COBMeCTHbIX Cpe,Ll.HHX). Ha cyMMax pa3­

,Ll.eJIeHHWX npH3HaKOB B~nOJIHHeTCH CBOHCTBO 1 an,LLHTHBHOCTH. 

llpH 'O)J.HHaKOBbIX lJaCTHblX MO)J.eJI51X He3aBHCHMOCTb Xi npHBOJ,!IT 

K HaHOOJIee y31<Ol1 'Cpe)]H OCTaJlbHblX ,COB'MecnIOH MO)l.eJIH, a ,nOCJle.LI­

HHl1 CJIylJaH nOJIHOCTblO HeH3BeCTHbIX CB513eH Melliny Xi - K C3~!O(j 
IllHpOKOI1. 

O,Ll.HOP0,Ll.HOCTb Ii CTaQliOHapHOCTb nOCJIe,lI,OBaTeJIbHOCTIi. TloCJICllO­

BaTeJIbHOCTb Ha3bIBaeTC51 O,Ll. HOp 0,Ll. H 0 H, eCJIH ee COBMeCTHaH 11M 
He MeHHCTCH npH UHKJIHlJeCKHXC)J.BHrax 3JIeMeHTOB, T. e. ,Ll.JIH onHOpO,Ll.­

HOH nOCJIe,Ll.OBaTeJIbHOCTH BeKTopa X=(X), ... , Xn) H SliX= (Xli, ... , Xno 
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XI, X2, ... , Xk.-I) , OTJIHY310ru.HeCH UHKJIl1yeCKOH nepeCTaHOBKOH 3JIe­

MeHTOB, HMelOT O,LLHHaKOBble COBMeCTHble VIM: ..I{X =.J!{S"'X.. TeM 60­

JIee 'O'.!I,'HHaKQiBbIMH ,1I:OJIlliHbl 6bITb ·ya'CTHble MOneJIH Jf{X'= ... =.!ffXn . 

O,Ll.HOP0,Ll.HOCTb 3KBHBaJIeHTHa paBeHcTBy cpe)J.HHX npH C,LLBHrax: 

Mf (X) = Mt (Sii X), 'If E f. 
O,LLHOpO)J.HOH 6y,Ll.eT He3aBHCHMa51 IIOCJIe)J.OBaTeJIbHOCTb, 3JIeMeHTW 

KOTOpOH 3a,Ll.aHbI O)J.HHaKOBbIMH lJaCTHblMH HM. HJIH HeKOBapHHpo­

BaHH3H, eCJIH TOJlbKO ,OIIpe,lI,eJI511Oru.He ee ,paBeHCTBa (3.6) 51BJI51lOTCH 

nepBHYHbIMH Cpe,Ll.HHMH COBMCCTHOH HM. CB060)J.HaH nOCJIe)]OBaTeJlb­

HOCTb .uallie npH COBna,LLeHHH lJaCTHblX MOJ\-eJIeH He MO)KeT 6blTb 0)1.­

HOpO,Ll.HOH, TaK KaK CBO~ICTBO CB060AbI He HBJI51eTCH paBHonpaBHbIM 

K nepeCTaHOBKaM. 
O,Ll.HOP0,Ll.HOCTb OTpalliaeT BHeIllHlO1O CHMMeTpHIO CTaTHCTHtIeCKHX 

)J.aHHbIX K UHKJIHlJeCKHM C)J.BHraM, HaJ\-eJIH51 elO HM. EOJIee TOHKHM 

HBJIHeTCH nOH51THe CTaUHOHapHOCTH. TlpH3HaK f(X) Ha3WBaeTC51 cra­
u,uoHapHblAot K UHI<JIHlJeCKHM C,Ll.BHraM S" nOCJIe.uOB3TeJIbHOCTI1 X, eCJIH 

M [f (X) - f (Sh X)) = 0, 'IS". 

flOCJle008areJlbHOCrb X Ha3blBaeTC51 crau,uoHapHou, eCJIH CTaUHOHap­

HbI .1106ble npW;1l3 1,,! fc"T- H3 06JIaCTH cyru.ecTBoBaHlHI Cpe.uHHx. 

BamHo, 'tITO B onpe,LLeJIeHHH CTaUHO'HapHOCTH M - TOlJHOe Icpe)l.Hee. 

C JI e )J. C T B H HC Tau H 0 Hap HOC T H n 0 C .1 e ,Ll. 0 BaT e JI b H 0 C­

T H. 1. nJIH Bcex 4aCTHbIX npH3HaKOB 113 06JIaCTH cymecTBoBaHHH 

M[f(X;)-f(X j)] =00, Vi, j (OtIeBI1)J.Ho, TaK KaK lJaCTHble npH3HaKH 

:npHHaJI)le}KaT g:-X). 2. H3 'CTaUI10HapHOcTH CJIe)J.yeT .oJ,'HOpO,Ll.HOCTb. 

B caMOM )J.eJIe Mf(S"X)=M[f(S"X)-f(X)+f(X)]=M[f(Sh X)­
-.f (X)] +Mf(X) = Mf (X). 3. ECJIH 6bI cpe,Ll.Hee Mf (X) KaKorO-TO 

npH3HCiKa CTaJIO 6bl B)J.pyr TOlJHO H3BeCTHbIM, TO TaKHM me OHO OKa­

3aJIOCb 6bl npH JIl06bIX UHKJIHlfeCKHX C)J.BHr3X nOCJIe,Ll.OBaTeJIbHOCTH: 

MMf( x)f (SkX) = Mf (X), r)J.e CJIeBa - Cpe,LLHee no CelJeHHIO MOlI,eJIH. 

CTaUHOHapHOCTb nOCJIelI..OB3TeJIbHOCTlI K3K pOll, ,CTaTHCTHlJeClwi! 

ee yCToIi4HBoCTH (oTclO)J.a H TOlfHble M) BKJIa,LLbIBaeTCR BO BHyTpeH­

HIOIO cHMMeTpHlo 11M H rrp051B.TI51eTC51 B a6COJIlOTHOH B3aHMHoII no,Ll.­

lJHHeHHOCTH cpe)J.HHx (cJle,Ll.CTBl1e 3). CTaUHoHapHocTb 06R3aHa Ha 

npaKTHKe HeH3MeHHOCTif BO BpeMeHH yCJIOBHrl reHepaUIIH 3JleMCHTOB 

Xi. TlPH CTaUHOHapHOCTH ,Ll.a)l<e rOJIble lJ3CTHble MO,LLeJ1H He )J.CJI310T 

COBMecTHylo rOJIOH. Hanpl1Mep, nYCTb nOCJIe1I,OBaTeJIbHOCTb He:~aBilCH­

Ma, T. e. onpeJ\-eJIReTOI p3BeHCTBaMH (3.5), llCT3UHOHapH3. C I<JI3C­

CHlJeCKHX n03HUHH lIMeeM He3aBHCHMYlO 01I,HaKOBO pacnpe,Ll.eJIeHHylO 

BbI60pr<y C HeH3BeCTHblMH pacnpe,LLeJIeHH5IMH BepoRTHocTeH 3JieMeH­

TOB. 3TO OTHID)J.b He rona51 MO)J.eJIb, TaK l\aK CTaU,IiOHapHOCTb CCTb 

yme BeCbM3 CyW,CCTBCI-lHble 3HaHH51. Mbl YBHll.IIM B IIOCJIe)]HeI1 r.12Be, 

KaK CTaUHOH3pHOCTb 06JIerlJaeT OUeHKY Cpe)]HHX lJaCTHWX IIpH3HaKoB 

no )J.JIHHHOMy pH)J.y H36.11O,Ll.eHIII1. 

060 6m e H H 51. 1. ECJIH CT3UHOH3PHblMH 5IBJI51IOTCH He Bce npH3­

HaKH, a TOJIbJW Ha60pa Q" TO nOCJIe)]OBaTCJIbHOCTb H33blBaeTCrl (l­
CTaUHOHapHO~I. CTaUHOHapHbIMH 6y)J.eM Ha3bIBaTb H cooTBeTcTBylO­
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llIJIe ,npU3HaKaM qEQ napaMeTpbI Mq (3TO He rCpe,UHIIe Mol,Ue.JIB, a 

HanpaBJIeHH5I HX CeqeHH5I). 'TaK MOMHO rOBopHTh '0 CTaUHOHapHOCTH 

Cpe)l-HerO j\1X (COOTBeTcTByeT CTaUHOH3pHOMy npH3HaKY X), Cpe,LLHe .. 

KBa,UpaTHqeCKOrO MX2, Ha60pa Bep05ITHOCTeH II T. ,lJ.. 

2. 0606meHHeM 6Y,lJ.eT orrpe,UeJIeHHe CTaUHOHapHOCTII He K C,UBlI­

raM, a K KaKOH-TO ',lJ.pyroi1: rpynne onepaTopOB Sh, HanpllMep rpynne 

'Bcex nepeCT3HOBOK. 06a o606meHlI5I OTHOC5ITC5I H K O,lJ.HOpO,UHOCTH. 

3. CHoHeTBo 'CTaUHoHapHocTH Mo,UeJIH 3KBHBaJIeHTHO B HeKOTOpO\;£ 

CMbICJIe CBOHCTBy rJIaBHOH ,UHarOHaJIII: CeqeHHe ee rro O,UHOll KOOp­

AHHaTe orrpe,lJ.eJIHT TOqHO TaKHe Me 3HaqeHH5I Bcex ,UpyrIIX. 

3aBMCHMbIe nOCJIe,lJ.OBaTeJIbHOCTU. BbIIlle YlKe 06CY)Kfta.naCb E03~ 
MO)l{IHOCTb 3a,UaHH5I nOCJIe,lLOBaTeJIbHOCTH qaCTHbUvlH MO,IIe.TI5IMH ee 
3JIeMeHTOB. Ha TOM' }Ke npHHunne 6a3HpyeTC5I 3a,UaHHe nOCJIe,ZlOBa­

TeJIbHOCTH ynpomeHHbIMH COBMeCTHbIMH Mo,UeJ15IMH (HarrpHMep, TO~-Ib" 

KO coceJJ.HllX 3JIeMeHTOB), 'OTp aM a IOIll,HiMiH ,HX CB5I3b MeM,,Uy co6o~I. 'T(1'1\, 

3a,naBa5I KOppeJI5IUHH coce,UHHX 3.JleMeHTOB NIXiXi+1 = b, MX i Xi+1 = 5) 
i == 1, 2, ... , nOJIyqaeM, eCJIH 60JIbille HIIQerO He H3BeCTHo, :vIOJlenb 

O,UHOpO,nHOI1 nOCJIe,lLOB3TeJIbHOCTH, ,Il)I5I KOTOpOH KOppeJI51IJ}IlI H 

,lI.yT eenep:BHlJ'HbIMH 3HaqeHHH:MH. A iB 06me:M, 33;L3HHbIMI1 NloryT 6blTb 

Cpe,lJ.HHe Nit (Xi, X i+l , •.. , Xi +h ) ¢YHKl~Hi1 He O,UHoro H ,UByX, a JIIOOOrO 

llIICJIa 3JIeMeHTOB, xapaKTepH3Y5I TeM C3MbIM 33BHCHMOCTh He TO"lbKO 

COCe,lLHllX 3JIerMeHT'OB, HO II qepe3 Ol1I.UH, qepe3 ,UiB3 H T. n. a.neMeHTOB. 

Onpe,rr,eJIeHHble yrrpOI.UeHIl5I ,lI.aeT 3JJ.eCb ,lJ.OnymeHHe 06 O,UHOpO,ll ­

HOCTH, n03BOJI5IIOI.Uee Cpe}I,'HHe ,UJI5I KaKOrO-JIH60 O,UHoro cpp arMeHTa 

nOCJIeJI.0BaTeJIbHOCTH cpa3Y nepeHocHTh Ha JII06hIe HX UHEJIHqeCKHe 

C,UBHrH. 

nJI5I 3aJI.aHH5I 3aBHC11MbIX nOCJIeJI.OBaTe,IIbHocTeii O,UHa H3 ynpo­

maIOIll,HX B03MOlKHOCTeH COCT011T B BbIpa)KeHHH ee Qepe3 60,nee npoc­

TyIO, B QaCTHOCTH, He3aBHcHMYIO nOCJIe,lJ.OBaTeJIbHOCTb ~. ,3TO 6Yr1eT 

epYHKUHOHaJIbHbIM npeJI.cTaBJIeHHeM BHJI.a X= v (~), O,UHOlI H3 epOp!vI 
KOTOpOI1 5IBJI5IeTC5I peKyppeHTHoe npeaCTaBAeHue JI!06oro 113 ,UByX 

BHJI.OB: 

Xi=Vi (~i' ~i-l'···' ~l)' Xi=W i (£i' Xi-I'···' Xl)' 
rJl.e Vi H Wi - JLeTepMHHHpOBaHHbIe npeo6pa30BaHlI5I. BTopoe npe;L­

CTaBJIeHHe 5IBJI5IeTC5I qaCThIO nepnoro, qTO 6y,UeT 5iCHO, eC.TIH noc.ne-­

,lI.OBaTeJIbHO Bblpa3HTb 113 Xf= VI' (£j) 3HaqeHHe £1 == VI-1 (Xl), rrOJI.CTa­

BI1Th ero B X2 == V2 (£2, £1), H3 KOToporo CHOBa Bblpa3HTb £2 qepe3 

X2 H Xl H T. JI.. 

PeKyppeHTHoe npeJI.CTaB~eHHe: 

Xi=Wi (~i' Xi-I'···' Xi-h), i== 1,2, ... , 

f,ne £i ,He3aBHCHMhI, Ha3bIBaeTC5I k-CB5l3HblM MapKOBCKU/vl. 0JJ,HOCB5I3­

Hoe MapKOBCKoe rrpe,nCTaBJIeHHe Xi=Wi(£i, Xi-I) eCTb cnoco6 oTpa­

2KeHH5I HHepu.HoHHOCTH 3HaqeHHH IIIOc.JIenOBaTeJIbHOCTH H l\10lKeT 110­

pOM,lI.aThC5I KaK Cal\10H epIf311qeCKOH npHpOJI.OH, TaK If ,UHKTOBaTbCH 

y,U06CTBOM, 3KOHOMHOCThIO, IIO,lJ.qaC npHBblqHOCTbIO. IlpH HHTepBa~~b" 

HhIX MO,lJ.eJI5IX Si MapKoBciKoe npeJI.CTaBJIeHHe (BIIpOqeM KaK H ,llPY­

rHe) JI.eJIaeTC5I YHHBepCaJIbHbIM: OHO ,nOCTH)KHMO paCll1HpeHHeM 11M 

£i KaK cpe,ncTBoM ,n06HThC5I a,lI.eKBaTHOCTII BbI6pauHoro HaMII onH­

caHH5I J{MapK peaJIhHoMy Jt, IIOHHMa5I no,lI. a,lI.eKBaTBOCTbIO BKJIlOtIe-

RIfe: J{MaPK-:::JJt. 

1 3.2. CXOAMMOCTM 

I 
i HepaBeHCTBa ,lI,JISI CJIYlJaHHbIX BeJIUlJHH. TIYCTh X H Y - ,nBe CJIy· 

qaHHble Be~HqllHbI. HeBaMHO, KaK OHH CB5I3bIBaIOTC5I Me)KAY COOOH; 

HaIIpHMep, 3TO MoryT6hITh ,nBa IIpH3HaKa X ='11 (s), y== f2 (~) HeKO­

TOPOH O,lJ.HOI1C. B. £, IIJIH )Ke COBepweHHO pa3HhIe C. B. nOCJIe,LLOBa .. 

TeJIb'HOCTH. CnpaBeJI.JIHBhI CJIe,lJ.YIOI.Ulle aHaJIOrH KJIaCCHqeCKlIX Hepa-

BeHCTB:
 

1) r e JI b JI. epa. Ilp Hr> 1 H 1/r + 1/s == 1:
 

MXY ~ (MIXI,)I/, (MIYls)l/S, MXY~ (MIXI,)I/, (MIYI )1 /5. 

2) MHHKoBcKoro. I1pH r~l:
 

(M/X+YI,)I/, ~ (MIXI,)l/, +(MIYI,)l/"
 

a npII O<r< 1 

MIX+ ¥I' ~ MIXI'+MIYI', MIX +YI' ~ M(XI'+ MIYI'· 

3) ill B a p U a - 5 y H 5I K 0 B C K 0 r 0: 

(M IX +Y/2)1/2 ~ (MX2)1/2 + (MY2)1/2.
 

4) MapKoBa. llpH r>O, a>O:
 

~ (IXI> a) ~ MIXlr/ar, p (IXI> a) ~ M/Xlr/ar.
 

5) q ,e 6 hI ill e B a: 

I!.. (IXI> a) ~ MX2ja2
, P (IXI> a) ~ MX 2/a2

• 

6) VI e H C e H a. ECJIH '¢ (x) BhlIIyKJIa II IIMeeT IIPOH3BO~HYlO, TO 

M 11' (X) > 'llJ (MX), M'llJ (X) > 'P (MX). 

7) 3,,1] eM e H Tap H hI e H epa B e H 'c T B a 

A11X +YI' ~cr MIXl'-t-cr MIYI',
 
MIX +YI' ~ Cr M IXlr + Cr MIYlr,
 

1r,ll.e Cr~ 1 npH r~ 1 H cr =2r- npH r~ 1. 
TIPH TOllHbIX cpeJI,H11X 3TH HepaBeHCTBa nepeXO,LL5IT B KJIaCCIItIec .. 

KHe. 

,1J, 0 K a 3 aTe JI b C T B 0 H epa B e H C T B. 1. TIepBaH epopMyJIa CJIe.rr.yeT 83 

9JIeMeHTapHoro HepaBeHCTBa ab~ Ialr/r+ Ibl 8/S, eCJIH 3aMeHHTb B HeM CHaqaJIa a 
Ha X/{MIXlr)l/r, a b - Ha Y' = Y/(M\ YI 8)1 / 8 H B3HTh BepXHee cpe.rr.Hee OT 06eHX 

qaCTeH, HCrrOJIb3yH CBOHCTBO rrOJIya.rr.,lJ,HTHBHOCTH. BTopaH epopMyJIa nOJIYlIaeTCSI B 

OTJIHqHe OT rrepBoiI 3aMeHoH a Ha X' = XI (M 1X Ir) llr, rrOCJIe qero HCrrOJIb3yeTcSI 
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HepaBeHCTBO: ~(iX'lr+ IY'I ') ~MIX'lr+MI Y'J '. CJly'laH MIXlr=o, MI Yj'=o 
HCKJlIO'IaIOTCH, TaK KaK npH 3TOM HepaBeHCTBa CTaHOBHTCH TpHBHaJlbHbIMH. 

2. ITepBoe H3 HepaBeHcTB MHHKoBcKoro .QOKa3blBaeTCH no KJlaCCH'IeOKOii cxeMe 

[20, c. 50] H3 HepaBeHcTBa feJlb.Qepa, a BTopble .QBa HBJlHIOTCH CJle.QCTBHHMH 

,9J1eMeHTapHoro HepaBeHcTBa: la+blr~ lal r + Ibl /, O~r~l, npH a=X, b=Y. 
3. ECTb '1acTHblii cJly'laii nepBoro HepaBeHCTBa MHHKoBcKoro npH r=2. 
4. CJleJlyeT Il3 Toro, 'ITO HH.QHK3TOpbI nOJlyoTpe3KOB (-00, -a], [a, 00) CYTb 

ABa e.QHHIl'lHbIX yCTyn3, npOCTilpalOLUHeCH OT TO'leK -a H a B npOTHBOnOJlO)l{Hble 

CTOpOHbI, MeHbWile <pyHKUHH IX Irlar. 
5. ECTb '1aCTHbIl1 cJly'laii HepaBeHcTBa l'vtapKoB3 npH r = 2. 
6. )loKa3aTeJlbCTBO cTaH.Q3pTHO [20]. 
7. CJle.'lyeT H3 HepaBeHcTB3 ia+blr~crlalr+crlblr. 

CXOtJ,MMOCTb MOtJ,eJIeH. 3tJ,CCb P3CCM3TpIIB3eTCH CXOtJ,IlMOCTb 43CT­

'HbIX YIM .Jf{x" nOCJle.u,OB3Te.'lb'HOC1'H X n npH n-+oo ,K l.J3CTHOH 11M 

J/(X C.B. X, B CMbICJle CXOlI.HMOCTH CpelI.HHX iVff (X n ) K iVff (X). 060­
3H3l.JHM:[lTxn H [lTX - 06Jl3CTH cymeCTBoB3HHH lI.Jl51 .;J(Xn H .Jf{X. 

DocJlenoB3TeJlbHOCTb c. B. Xn H33bIB3eTCH: 

a) HM-cxOOflU{eii.Cfl K X 6 rWnpa6JleHUU KJlacca d& 12pU3HaK06, 
l.JTO 0603H3l.J3eTCH iVfd& (X,,)-+iVfd& (X) , eC,7II1 limiVfh(Xn ) =iVfh(X), 

rz~oo 

VhEd&; 
6) HM-cxOOflU{eUCfl K X: lim.Jf{x,,=..,1'(X, eCJIH [lTxn=[lTx H YIM-

n....:,.oo 

CXOlI.HMOCTb HMeeT ,MeCTO B H3np3BJleHHH Bcex npll3H3KOB H3 BfX; 
B) HM-cxOOflU{eaCfl B X: lim .;J(Xnc.Jf{x, eCJlH lim iVff (X n ) ~ 

~iVff(X), VfE[lTx. 
ECJlH npelI.eJlbI Cpe.uHHX He cymeCTBylOT, TO B onpelI.eJleHHHX OHH 

33MeHTlIOTC51 H3 lim= lim sup. 

Teo p e M 3 3.2. J:JlfI HM-cxOOUAtOCTU X n B X OOCTaTO'i.HO 11M­
CXOOUMOCTU 6 Hanpa6JleHUU Ha60pa 3'x 12ep6UI.f.HbiX 12pu3HaKo6 C.6. X: 

Mg (X n) -+ Mg (X), V g E GX => lim J1t Xn C J!tx . 

)l 0 K 3 3 aTe JI b C T B O. ITYCTb fEBrx. Cor.~aCHO CJle.n.CTBHIO TeopeMbI 1.1 Ka)l{­

t\OMY 3a.Q3HHoMY e>O MO)l{HO YKa3aTb TaKylO KOHe'lHylO JlHHeHHylO KOM6HHallHIO 

ge=C+~C+igi, 'ITO ge(x)~f(x) H Mge-Mf~e/2,rJJ,eMge=c+ ~c+iMgi, giE~z. 

B CHJlY CXOJJ,HMOCTH nepBH'IHbIX 3Ha'leHHfI OYAyT CXOJJ,HTbCH Mge(X,,)-+Mge(X), 
OTKy.Q3 MO)l{HO YKa3aTb T3Koe ne, 'ITO \Mge(Xn) -Mge(X) I~e/2 npH n>ne. B pe­

~YJlbTaTe OObeAHHeHHH ABYX Hep3BeHCTB H ge~ f HMeeM Mf (Xn) ~Mge (Xn) ~ 

~ /Mge(Xn)-Mge(X) I+Mge(X) ~Mf+e npH n>ne· OTCIOJJ,3 lim Mf(Xn) ~ 

~ J\lij +e, ITPOIl:JBOJlbHOCTb e JJ,OKa3bIBaeT TpeoyeMoe HepaBeHCTBO onpeAeJleHHH B). 

ITPH tfii-BrX pe3y.~bTaT TpHBH3J1tH, 'ITO H TpeOOB3JIOCb ,lOKa33Tb. 

C JI e.u C T B H e. ECJlU .;Jfx 
n -:::J.Jf{xO,,1fl 6cex 12, TO O~lfl HM-cxoou­

AtOCTU X n J( X ( T. e. lim..,1{Xn =..,1{X) OOCTaTOI.f.HO HM-cxOOUMOCTU 6 
Ha12pa6JleHUU Ha60pa 3'x 12ep6UI.f.HbiX 12pU3HaK06 C.6. X. 

CJlYl.Ja~IH3H BeJlHl.JHH3 X H33bIB3eTCH oeCKpU12TU6HOU, eCJlH cyme­

crByeT nOCJlelI.OB3TeJlbHOCTb X(Il.J, k = 1, 2, ... , CJlYl.f.aUHblX 6eJlUI.f.UH, 
onHCbIB3eMblX KOHetIHbIM l.JHCJlOMk nepBHtIHbIX 3H3l.JeHHH, npH k-+oo 
YIM-cxolI.Hm3HcH K X. .IT.ecKpHnTHBHocTb 3KBHB3JleHTH3 cymecTBoB3­

HIlIO nOCJlelI.OB3TeJlbHOCTIl 3'X(h) = {gl, ... , gh} H360pOB, T3KHX tITO 

lim (iVfr:!fx(Il.»=.Jf{X, r.ue (Mr:!fx(h» eCTb 3'X(WP3cllIHpeHHe .Jf{X (noJlY­

k-+oo
tI3eMOe, eCJlII nepBII4HbIMH OCT3BIITb Mgi=Mgi (X), giEW(Il.»)' 

LlecKplinTIIBHoCTb - 31'0 B03MOlKHOCTb 3nnpOKCliMllPOB3Tb Mo.ueJlb 

C. B. X CKOJIb yrOlI.HO TOl.JHO KOHetIHbIM l.JIICJlOM tJ,3HHbIX 0 HeH B BIl.u.e 

Ha60pa cpe.u.HIIX ee npll3H3KOB IIJlH nepBlltIHHX cpe.u.HIlX, 3TO r3p3H­

TIIH Taro, 4TO npH YBeJllltIeHHH k .u.Jl51 m060ro npll3H3K3 f (H3 06Jl3C­

Til cymecTBOB3HH51 [lTX) cpe.u.Hee 3nnpOKCHMllpYlOmei1 Mo.u.eJlII 1<0­

HetIHOrO nOp51.u.K3 k 6y.u.eT CXO.u.IITbC51 K 3nnpOKcliMllpyeMoMy: 

lim iVff(X(lt») =Mf(X), VfEfT
x 

. 
k-+ooB 43CTHOCTII, .u.ecKpHnTHBHoH 6y.u.eT c. B., onpe.u.eJleHH351 T04HbD-lll 

nepBIIl.JHbIMH Bep05lTHOCTHMil OTpe3KOB P (x, x+~x), eCJlH nJIOTHOCTb 

p (x) cymecTByeT II Orp3HHQeH3. ,UJl51 T3KOHC. B. r:!f(k) 06pa3ylOT .ne­

JIeHIl51 orp3HH4eHHoro OTpe3K3[-H, H] H3 k tI3CTeH 

HHeM.u.JIHHbI K3lK.u.oro tJ,eJleIiH51 K 0, 3 H ,- K 00. 
DocJle.u.oB3TeJIbHocTb X H33bIB3eTC51 aeCKpU12TU6rLOU,n 

CTBylOT KO'He4Hble H360Pbl 3'(k), T3Klle tITO p3BHOMepHO 

lim (A1r:!f~) = (MfT 
Xn 

). 

C yCTpeMJIe­

eCJlII cyme-

no 12: 

Teo p e M a 3.3. t..CJlU nOCJle006aTeJlbHOCTb X" X2, .. · U C.6. X. 
oeCKpU12TU6Hbl, TO OJlfl HM-cXOOUMOCTU Xn K X OOCTaTOI.f.HO 11M­
CXOOUMOCTU 6 Ha12pa6JleHUU 06~eOUHeHUfl Ha6opOB nep6UI.f.HbiX cped-

HUX C.6. Xn , n= 1, 2, ... , U X. 
)l 0 K 3 3 aTe JI b C T B O. B CHJlY AecKpHnTHBHocTH, KalKAoH fEBrx H 33AaH­

HOMy 8>0 MO)l{HO YKa3aTb T3Koe k H T3KYlO ge. ItE2+g'(h), 'ITO gel h(x)~f(x) Ife 
Mg . h(X)-I\1if(X) ~8, Mg . h(Xn)-Mf(Xn) ~e nplf Vk>ke· OTclO.I\a \Mf(X

n
)­ee_Mf(X)I~IMf(Xn)-Mge.h(Xn)I+IMge.h(X,,)-Mge.h(X)1 + \Mge.h(X) ­

_Mf(X)I~28+IMge.h(Xn)-Mge.h(X)I. IToAHaoopbI S(h) BcerA3 MO)l{HO C'IH­

TaTb nOAMHomecTB3MH 06beAIlHeHHH g' = U~ Xn nepBH'IHhIX HaoopoB. CXOAHMOCTb 

n 
cpeAHHx H3 ~ (It) 6YAeT Bbl3bIBaTb CXOAHMOCTb Ha 2+g' (h l> n03ToMY nOCJle.I\Hee 

cJlarae~we npaBofl 'IaCTH HepaBeHcTBa cTpeMHTcH npH n-+oo K O. ITPOll3BOJlbHOCTb 

8 AOKa3b1BaeT CXOAHMOCTb lim Mf (Xn) =1\1f (X), 'ITO H Tpe60BaJlOCb. 

Y CJlOBIiH TeopeMbI 3.3 6y.u.yT BbITIOJlHeHbI, eCJlH BbITIOJlR51eTC51 JIIO­

60e 113 CJle.u.YlOmHX YC/IOBI-lii: 3) Xn 33.u3Hbl Orp3HHl.JeHHbIMH nJlOT­

HOCT51MH PH (X), HeHyJJeBbIMH :IHWb H3 I<OHe4HOM OTpe3Ke II CXO.u.H­

mIlMHC51 K nJlOTHOCTII P(x) C. B. X; 6) Xn onpe.u.eJleHbI HHTepB3.JIb­

/' 
HbIMH nJlOTHOCT51MH en (x), pn (x) (onpe.u.eJlHlOmIlMIl Bep051THOCTIl 01'­

pe3KoB P (x, y), p (x, y), x~ y),CXo.u.HmIlMIIC51 .CooTBeTcTBeHHo K- 'p(x), p(x); B) Xn onpe.u.eJleHbI epyHKUIl51MH p3Cnpe.u.eJleHII51 Fn(z) = 
~ ­
=P(Xn<Z), Fn(Z)=P(Xn<Z), CXO.u.51mIlMHC51 K F(z)=P(X<Z), 
F(Z)=P(X<Z). - -

CXOtJ,MMOCTb CJJY4a»HbIX BeJnt4MH M CXOtJ,HMOCTb HX MotJ,eJIeii. By­

.ueM rOBOpIlTb, 4TO X CXO.uIlTC5I K X 6 CpeOHeK6aOpaTUI.f.eCKOM (CK6­n 
2 

CXO.u.IITCH) II nHC3Tb Xn-+X, eCJIH lim M{Xn-XP=O. CMbICJI CKB-CXO­

5* 131 
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~HMOCTH B TOM, 4TO npH YBenH4eHHH n 3Ha4eHHH 3neMeHTOB nocne­

.n:OBaTenbHOCTH Xn BCe 6mDKe nOBTOpHIOT 3Ha4eHHH C. B. X, B npe­

.n:ene paBHHHCb HM. CKB-CXO.n:HMOCTb: 1) onpe.a.eneHa OTHOCHTenbHO 
COBMeCTHbIX HM Jfxn"y:' 2) Tpe6yeT, 4T06bI npH3HaKH (x,,-xF npH­

Ha~neManH 06nacTHM cyll.(eCTBOBaHHH cpe~HHx cOBMecT'HbIX 11M (B 

3TOM He~ocTaToK CKB-CXO~HMOCTH), OTKyLJ:a cnenyeT ;.:2" E.f!TXn, X2E. 
E.f!Tx; 3) BbIHyMnaeT onpeneneHHyJO 'CXOnHMOCTb 4aCTHbIX ./JUl.,. K 
.I{X (I1M-cxonHMocTb). 

3aoCTpHM BHHMaHHe Ha nocnenHeM cj:>aKTe. 0603Ha41-1\1 df3 _ 
m 

Knacc HenpepblBHbIX B T041,e in cj:>yHKum1, TaKHX, ..'!.n5I KOTOpbIX 

sup f (x)/x2 < 00, 
XEff(, (3.7) 

T. e. HMelOll.(HX CKOpOCTb pOCTa npH YBem'I4eHHH Ix I He 6bICTpee x2. 
ITYCTb de=nd'&m -IKna,cc HenpepbIBHblX Ha Bcel1 fll cj:>y'HKI./J1I1 CO oCBOI1'Vm 
CTBaMH (3.7). 

Teo p e I'll a 3.4. H3 CK8-CXOOUMOCTU X" K X CJleoyeT HM-cxoou­
MOCTb Ita Kllacce d'& npU3Ha/i.08: 

2 _ _ 

X n ~ X=}- M f (Xn ) ~ M f (X), V f E df. 

CMbICn TeOpeMbI COBepWeHHO np03pa4eH 11 6e3 cj:>OpManbHOrO nO­
Ka3aTenbCTBa (nOCTaT04HO rpOM03LJ:KOrO). ECnH 3Ha4eHHH X" npH­

6nHMaI011C5I K X, TO no HenpepbIBHOCTH H f (X ) 6ynyT npH6mol(aTbCHn 
K f (X), 4TO BbIHYiKnaeT CXO,lI.HMOCTb cpe,:!,HHX. EcnH X npHHHMaeT 

3Ha4eHH5I miWb B orpaHH4eHHOH 06naCTH Q, TO nOCTaT04HO Henpe­

pblBHOCTH f nHWb B n, n03TOMY CXOnHMOCTb CpenHHX COXpaH5IeTC5I 

Ha paCWHpeHHOM I<naCCe den = n dem . B HCKnlO4HTenbHOM cnY4ae, 
mEQ 

Korna Q=m - 4Hcno, HMeeM Cne,lI.yIOll.(ee yTBepMneHHe. 

Teo p e I'll a 3.5. CXOOUAtOCTb 8 cpeOHeK8aopaTUtiecKOAt K nOCTOflH­
2 

HOAty 'iuclly X,,~m BK8U8alleHTHa HM-cxOOUMOCTU X" 1, X =m B 
Hanpa81leHUU Kllacca dem. 

TaKHM 06pa30M, CKB-CXOnHMocTb K nOCT05IHHOMY 4Hcny 5IBnHeTC5I
 

60nee cna60H cj:>OpMOIf no cpaBHeHHIO C I1M-CXO.a.HMOCTblO (Ha Bcef!
 

f!TX), TaK KaK rapaHTHpyeT CXO,lI.HMOCTb Cpe,lI.HHx nHWb Ha nOnKnac­


ce demcf!TX. I1HTepecHO OTMeTHTb, 4TO CKB-CXO.n:HMOCTb K nOCTOHH­


HOMy 4Hcny 3KBHBaneHTHa CXOnHMOCTH CpenHHX BCero Ha TpeX (BXO­


.n:5Ill.(HX B dem ) npH3HaKaX H paBHOCHnbHa I1M-CXOJI,HMOCTH Ha (J(Jm: 

2 - 2 
Xn~m ~ {MXn ~m2, MX ~m,n 

MXn ~ m} ~ {M f (Xn ) ~M f (m), Vf E. :Je }.m 

CXOJJ.HMOCTb CpeJJ.Hero apHQ>MeTH4eCKOrO, 3aKOH 60nbIDHX lJHCen. 

B: TeOpHH Bep05ITHOcTef! H pa3BHBaeMOH HaMH HHTepBanbHOH TeOpHH 

MO.n:eJIeH CnY4aHHbIX 5IBneHHf! 3TOT 3aKOH HOCHT KnlOlJeBOH XapaKTep. 
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I Do cBoeMy BHyTpeHHeMy Co.n:epiKaHHIO cpe.n:Hee cornaCHO 06b5ICIHe­

HHIO § 1.1 eCTb <pH3,H4eCKa5I Bem14HHa, .n:OCTHMHMa5I KaK ,npe.n:en 

cpe.n:HeapH<pMeTH4eCKoro pe3ynbTaToB Ha6nlO.n:eHHH 3a npH3HaKOM r 
B cepHH He3aBHCHMbiX O.'.l,HHaKOBbIX nOBTopeHHH. ,UmI YCTOH4HBbiX 

HBneHHH npeLJ:enOM 6y,a,eT 4Hcno Mi, npH4eM CKO.1JbKO 6bI pa3 Mbl HH 

B03Bpall.(anHCb K HOBOH 'cepHH IICnblTaHHI1 - OnHO H TO iKe. A nn5I 

HeYCTOHlJHBblX - 3TO 6y,a,YT B KailULQI1 cepHH pa3Hbie 4Hcna, HO pac­

nOnaralOll.(HeCH Ha HeKOTopOM OnHOM H TOM iKe OTpe3Ke ,[Mf, Mf), 
TeM 60nee WHpOIWM, lJeM rny6Me «nopa)KeHbl» HecTa6HnbHocTblO 

BHyTpeHHHe 3aKOHbI reHepaUHH 5IBneHHH. 

Tenepb 3ana4a 'COCTOHT B npoBepKe, nOnTBepiKnaeT nH caMa no­

cTpoeHH8H HaMH TeopHH TOT 1i3Ha4anbHbIH CMbIcn, -KOTOpbIH BKnanbI­

BanC5I B ee KOHCTpy[,UHIO? 3TO H 6yneT OCHOBHbIM KprITepHeM CO­

CTOHTenbHOCTH TeopHH (ecm1 OTHOCHTb K cnenylOll.(HM KpHTepH5IM 

nocTynHocTb TeopHH, HHTepnpeTHpyeMocTb napaMeTpoB H npocToTy 

npHMeHeHHH). Bce naHHbIe ,l!,J15I YKa3aHHoH npoBepKH yMe IIMeIOTC5I: 

onpe.n:eneHa He3aBrWHMOCTb H, KaK <popMa ee np05IBneHHH, - HeKO­

63'p~lHpOBa'HHocTb, BBeneHbI nOH5ITH5I CXO,l!,H~lOCTH. npHcTynHM IK HC­

cnenOBaHHIO cpe,J,Hero apH<pMeTH4eCKoro. 

ITyCTb Xi, i= 1, 2, ... , - nOCne,lI.OBaTenhHOCTh c. B. Ee 3.TIeMeHTbl 

MOMHO nOHHMaTb J<aK pe3ynbTaTbl Ha6nlOneHHH 3a ca~wJ.i c. B. I1JIH 

iKe 3a HeKOTopbIM npH3HaKOM X = f (s) cny4aHHoro 5IBneHH5I 1;. by­

,n:eM CHa4ana C4HTaTb, 4TO CpenHHe MXi=mi T04HO H3BeCTHbI H 

M(Xi-mi) (Xj-mj) =0 npH i=i=j - 3TO eCTb cnenCTBHe He3aBHCH­

MOCTH (CM. 3aMe4aHue K (2.10», Ha3BaHHoe HaMH HeKoBaprlHpoBaH­

HOCTblO C.IB. OHa 31\iBHBaneHTHa (npH TOlJHbIX cpenHHX) HeIwppenHp'O­
o 

BaHHOCTH UeHTpllpOBaHHbIXC. B. Xj=Xi-MXi , OTpa)I(aeMOH paBeH-

CTBaMH: M,YiXj=MXiXj=O, i=i=j. .Lln5I TaJ(HX ,Y i BepHbI HepaBeHCTBa: 

(3.8)- ('" 0)2 "., - 0 2 ('" 0 ) ~ 02M ~ Xi :::;;; ~ MX i, M ..w Xi 2> -' MXz. 

.LloKa3bIBaIOTC5I OHII 3neMeHTapHO cnenyIOll.(HM 06pa30M: 

M ( ~ xy = M L ~ Xi Xj :::;;; ~ ~ M"Y i Xj = L M (Xi )2. 
iii i 

Teo p e I'll a 3.G. Y C TO H'I H B hI fl B a p H a H T 3 a K 0 H a 6 0 n b­

III H X 4 HC e n. nyCTb Xi, i = I, 2, ... , - nocIleoo8aTellbHocTb HeK08a· 
puupo8aHHblx C.8. C TO'lHblMU cpeOHUMU mi=MXi, TaKUMU, 'lTO cy­

1 11 

U{eCT8yeT U KOHe'ieH npeoell m = lim - ~ mi , U 02paHU'ieHHblMU 
n~oo n 1 

oucnepCUflMU M(Xi-mi)2='a2i~a2. T020a npu n~oo cpeoHee apu¢­
1" 2 

MeTU'ieCKoe 5n = - ~ Xi BTUX C.8.: (1) 6yoeT CK8-CXOOUTbCfl Sn--+m 
n i=1 

K nOCTOflHHOMY 'I.UClllj m; (II) HM-cXOOUTbCfl K 'iUCIlY m 8 Hanpa8­
lleHUU KllaCCa d&m Henpepbl8HblX 8 TO'iKe m npU3HaK08, UMeIOU{UX 
CKOpOCTb pOCTa He 6blCTpee x2 (ycllo8ue (3.7)). 
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o 
,U 0 K a 3 aTe JI b C T B O. 0603Ha tIHM Xi = Xi-mi - ueHTpHpOBaHHble C. B. ,L.I,JllJ 

o _ 0 0 

HHX M(Xij2~a2, MXiXj=O. i+j, oTKy.na 

_ . 1 n )2 _(1 0 yn
 
M ( Sn - -;; f mi = M -;; f Xi) <
 

1 _00 1 _ 020 

&- ~ ~MX·X·= - ~M(X·)2";::-
~ 2~~ l} 2L.J 1-....:::: 

n : inn 

2 
p. Sn-m. y!3 nOCJle.nHero COrJlaCHO TeopeMe 3.5 cJle.nyeT CXO,lHMOCTb B HanpaBJle-

HHH dGm , 'ITO .nOKa3bIBaeT BTOpyIO qaCTb. 

3 a Me 4 a H H 51. 1. B YCJIOBH5IX TeopeMbI 3.6 OrpaHI14eHHOCTb ,nI1C­

rrepCI1I1MO)l{eT 6bITb 3aMeHeHa OrpaHI14eHHOCTbIO iiJX2i~b, i= 1, 2, ... 
(TaK KaK M (Xi-md2~MX2d. 

n 
2. ECJIH MS n = 'i,m;/n rrpu 12--+00 He CXO,nHTC5I HI1 K KaJWMy 4HC­, 

JIy, TO Ha OCHOBaHI1H HepaBeHC'I'Ba 

M f (Sn) = M f (Sn -MSn+MSn) ~ sup M f (Sn +MSn) 
MS n 

o 
C Y4eTOM BbITeKalOw.eH H3 TeopeMbI 3.6 CXOAI1MOCTH Sn--+O ,nOJ(a3bI­

BaeTC5I HepaBeHCTBO 

lim M f (Sn) ~ sup f (m), (3.9p 
n~oo m~m~m 

r,ne m=lim MS n , m=lim MS n , crrpaBe,nJlI1BOe ,nJl51 Bcex f, HerrpepbIB­

HbIX Ha KOHuax OTpe3Ka [-m, m]. 
CaMbIH HarJl5l,nHbIl1 H caMbIH pacnpOCTpaHeHHbI~I Bapl1aHT 3aIWHa 

60JlbIllHX 411CeJl rrOJlY4aeTC5I, Iwr,na Bce m;=m, i= I, 2, ... , T. e. O,nH­

HaKOBbI. TorJJ.a, 04eBI1,nHO, MS n = m 11 CpeD,Hee apIH!n1eTH4eclwe 0 n 
6y,neT YKa3aHHbIM B TeopeMe 3.6 06pa30M CXO,nHTbC5I K 3TOMy m. 
D03TOMY ,na)l(e eCJII1 m 6bIJlO nepBOHa4aJibHO HeH3BeCTHO, B npeJJ.eJle, 

B351B cpe,nHee apl1epMenI4eclwe Ha6J11oD,eHHrl Xi, nOJlY411M ero T04Hoe 

3Ha4eHHe. 2ho H eCTb I(JlaCCH4eCl<H~I 3aKOH 60JlbIllHX 4HCeJI, a npa­

BHJIbHee, MHOrl1X 4HCeJl, Heo,nHoKpaTHo no,nTBep)KJJ.eHHbIH 3KcnepH­

MeHTaJIbHO, B 4aCTHOCTI1, CepH51MH nOJJ.6pacbIB3HI151 MOHeTbI. 

DYCTb Terrepb cpe,nHee m=MXi eCTb cTaUHoHapHbII1 HeI13BeCTHblf1 

rrapaMeTp, onHCblBaeMblH 4acTHoH 11M .;Ifm, T. e. m no i O,nHO H TO· 

)l{e, HO He H3BeCTHO K3Koe, a COBMeCTHa51 11M p3BHa vf{x m=.;Itmx 
X.;l{ x m • Ol'HOCHTeJlbHO nepexoJJ.HoH .;Ifxm rrpH K3)KJJ.OM m c. B. 

Xi C4HTaIOTC51 HeKOBapHHpOBaHHblMH H MmXi = m, i = 1, 2, ... Tor,na 

Sn 6y,neT CKB-CXO,nHTbC5I K C. B. m, onpe,neJIeHHOH 11M .;Ifm. COrJIaCHO 

TeQlpeMe 3.4 OT'CIOJJ.a 6y,neT CJle)!;OBaTb CXO,nHMOCTb Mf (Sn)--+Mmf (m) > 

VfE~. 
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B 4aCTHOCTI1, rrYCTb .;I{m - I1H,nHKaTOpHa51 Ha OTpe3Ke[m, m]r 11M, T. e. H3BeCTHO JlHIllb, 4TO m~m~m H .Jf(X = V .Jf(Xm. Tor,na 
- m~m~m 

m1 11M
Sn 6y,neT CKB-CXO,nHTbC5I K C. B. m C HH,nHKaTopiHofi Ha [m, , 

oTKy,na 6y,neT CJle,nOBaTb YIM-cxo,nHMOCTb Mf (5 n )--+ SU~ f(m) B 
m~m~m 

HMH 
HanpaBJleHH H KJlaCCa d8 - npH3HaKOB, onpe,neJleHHOrOCJle,nYIOw.

m. m 
JJ.ByM5I YCJlOBH5IMH: 1) ,nJl51 I(a)l{,noro npH3HaKa .113 3TOrO KJlaCCa BbI­

ax 
nOJlH5IeTC5I (3.7), 2) Ka)K,nbIH ,npH3HaK HenpepbIBeH Ha rpaHHu 

OTpe3Ka {m, m] H B TOQKe ,nOCTH)I{eHH5I HM MaKcHMyMa. 3,neCb l1M­

.CXOJJ.HMCCTb 5lBJl51eTC5I CJle,nCTBHeM CXO,nHMOCTH 3HaQemIH. 
3aKOH 60JIbUJI1X 4HCeJI iJ,JISI HeyCToM4HBb'X nOCJIeiJ,OBaTeJIbHOCTeM. 

OTKa)l{eMC5I B npeiJ,bliJ,yW.HX P accy)l(,neHH 51 X OT npe,nnOJlO)l{eHH5I, 'ljTO
 

MX 51BJl5lIOTC5I JlH60 T04HbIMH, JlH60 3TO HeH3BeCTHbIH CTauHO
Ha

PHbII1
 
i

napaMeTp. I3yiJ,eM C4HTaTb, 4TO npH Ka)KiJ,OM i c. B. Xi He3aBHCHMbI H 

UX Cpe,nHeeMO)l{eT 6bITb Jl106bIM BHyTpH HHTepBaJla .[MXi, MX i], H B 

3TOM CMbICJle Xi CTaTHCTH4eCKH HeYCTOH4HBbI. Tor~ Sn He 6yiJ,eT 

CKB-CXOiJ,HThC51 HH K KaKOH C. B. MO)l(HO rOBopHTb JlHIllb 06 YIM-cxo­

,nHMOCTH, T. e. CXO,nHMOCTH .Jf(sn. 
TeopeMa 3.7. nYCTb Xi, ,i=l, 2, ..., liesa8UCuMbt U sadalibt 

MX , MX U MX2i~b. Tocoa npu 12--+00 cpeoliee apufjJMeTU'f,eCKOe
i i 

3TUX C. 8. Sn 11M-CXoOUTCf/. 8 lianpa8AeliUU ~ m. -m npusliaK08 K UlieJU-

KaTOpliOU lia [m, m] 11M, coe 

1 n - -- 1 n_ 
m=lim - ~ MX i , m=1im - ~ MX i • _ -n,- n, 
Jl 0 K a 3 a l' e JI b C T B O. Hyil<HO nOKa3aTb, 'ITO Mf (Sn)- max f (m). npe,ll, ­

~~m~m 

v .Jtx i • 3anHCbIBaeM 
CTaBJl5I5I .Jtx i - MX· 

~Xi~MXi~MXi ' 

.Jtx = V V ... (.Jt~'x X.Jt~'x X ... ) = V .Jt~x,_ _ 1 ,. MX 

~XI~MXI~MXl ~X,~MX2~MX2 

rne MX= (MX\, ... , MX ) - BCinop cpe.nHHx. nYCTb npH3HaK fed6 - H nycTbm,m
n 

Tor.na Mf (Sn) = supMMXf (Sn).
X eCTb TO'lKa ero MaKcHMyMa BHyTpH [m, m]. MXmax 

1 n 
'ITO - ~MXi-Xmax, nOJly'lHM

B35IB B Ka'leCTBe MX TaKyIO nOC,1e.nOBaTeJlbHOCTb. n 1 

a~OrJlaCHO TeopeMe 3.6 MMX f(Sn)-f(xmax), OTKy.n

lim Mf (S,,) > f (XmQx) = max_ f (m). 
~~m~m 

OCTaJlOCb .noKa3aTb npOTllBOnOJlO)KIIOe HepaBeHcTBo. ,UJl5I JIl060ro 

e > 0: M f (Sn) 0;;;; M f (Sn) {~- e < Sn ~ iii + e} +
 
+ M f (Sn) {Sn <!!!:-e} + Mf (Sn) {Sn > iii + fl·
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Xn2. P a 3 HOB II A HOC TlH ex 0 AM Moe Tell. IToCJleAOBaTeJlbHOCTb , npH 

Mf (Sn) {Sn < m - Il} = SUp MMX f (Sn) {Sn < m- Il}. 
- MX -

TaK 'KaK ,n:JllI Ka)l{,n:oro MX cpe,n:Hee apHlpMeTHtleCKOe ero KOMIIOHeHT y,n:OBJleTBO­

pHeT HepaBeHcTBy m~lim MSn~MSn~limMSn~m, TO, lIpHMeHHH HepaBCHCTBO 

(3.9), 1I0JlY'laeM - -

limMMXf(Sn){Sn<m-Il}~ sup f(m){m<m-Il}=O,
 
n-+-oo - m~m~m ­

1
 

oTKy,n:a Nif(Sn) {Sn<m-e}-+O. AHaJlOrH'IHO Nif(Sn) {Sn>m+Il}-+O. B pe3YJlLT3Te 

Jim Mf(Sn)~limM/(Sn){m-e~Sn~m+e}~ max f(m). 
n->oo n->O - ~-e~m~m+e 

B CHJlY "POH3BOJlbHOCTH e>O H HellpepbIBHoCTH f(x) B TO'lKaX m H m HMeeM 

lim Nif (Sn) ~ max 1(m), 'ITO H Tpe6oBaJlOCb ,n:OKa3aTb. 
n....oo m~m~m 

3 aM e tI ali 11 e. He3aBI1CI1MOCTb B <POpMyJIMpOBKe TeopeMbI 0.7 
MO)J{eT 6bITb 3aMeHeHa Ha HeKOBapl1l1pOBaHHOCTb Xi ,ll.JI5I Ka)J{,ll.OrO 

CeQeHI15I .;J{MX eOHMecTHoil M0lll.eJII1 IBeKTopoM 'Cpe,ll.HI1X MX. I' 
CMbICJI TeopeMbI 3.7 Hal160JIee JIerKO paoKpblBaeTC5I, KOr,ll.a Bce 

MXi=lm, MXi=m, i= 1, 2, ... , O,ll.I1HaKOBbI, B tIaCTHOCTI1, KOr,ll.a Bbl­

60pKa O,ll.HOpO,ll.Ha, T. e. cpe,ll.Hl1e 3JIeMeHTOB MoryT «rrpbIraTb» He­

KOHTpOJIl1pyeMblM 06pa30M BHYTpl1 O,ll.HOrO H Toro )Ke OTpe3Ka 

'{m, in]. TOtIHO TaK )Ke 6Y,ll.eT «rrpbIraTb» 11 Cpe,ll.Hee MS n . Dpl1tIeM 

CaMI1 no ce6e 3HatIeHI151 Sn MoryT OTKJIOH5ITbC5I 3a, OTpe30K lm, mJ, 
HO B rrp'e)l,eJIe rrpl1 n--+oo 31'11 OTKJIOHeHI15I CTaHOB5ITC5I Bee MeHee H 

MeHee B03MmKHbIMI1. 

C rrJIaT<popMW 3KCrrepl1MeHTa eepl15I HeOrpaHl1tIeHHWX nOBTopeHHR 

OrrbITa Be,ll.eT B rrpe,ll.eJIe K HeKoTopoMy tIl1CJIY m = lim Sn. TaK BOT, 

eCJII1 B YCTOlltIl1BOM CJIytIae COrJIaCHO TeopeMe 3.6 31'0 ,ll.OJ1)J{HO '6bITb 

B JII060ll cepl1l1 O,ll.HO 11 TO )Ke tIHCJIO, TO B HeycTOllLJHBOM MbI Ka)l{ ­

,ll.bIll pa3 6y,ll.eM rrOJIytIaTb HOBbIe tIHCJIa, H TeopeMa 3.7 yTBep)J{.n.aeT, 

tITO OHH ,ll.OJI)l<Hbl JIe)J{aTb B OTpe3Ke [,~, in]. 31'0 H 6Y,ll.eT HaH60JIee 

TOtIHblll HX ,ll.Harra30H npH KpaHHe HeTOLJHblX ,ll.aHHbIX, Jwr,ll.a 0 Bbl­

60pKe 113BeCTHO JIHWb, tITO ee Cpe,ll.HeCTaTHCTHLJeCKa5I MOlUHOCTb or­

paHHtIeHa: MX2i~b, H ,ll.aHbl ,ll.l1ana30HbI 'Cpe,ll.HHX MXi, MXi. 

)I,onOJlHeHHlI. I. C x 0 ,n: HMO C T b C P e ,n: Her 0 a p H ¢ MeT H 'I e C K 0 rOB 

c e 'I e H H 1I x. nYCTb Xi He3a8UCUMbt U UMe/OT Oi!paHU'leHHYIO cpeOHIOIO MOU{HOCTb: 
1I1.X2i~b, i=l, 2, ... TOi!ua npu n-+oo ux cpeoHee apuepMeTu~eClwe Sn=2:,Xdn 
OAfl Ka:JICOOi!O saOaHHOi!O m=MSn (T. e. 8 Ka:JICOOM C80eM m=MSn-cetteHUU) CK8­

nOKa)l{eM, 'ITO lIpH n-+oo lIOCJle,n:HHe ,n:Ba CJlaraeMble CTpeMlITClI K 0. I1MeeM 
n_ , Ha3blBaeTCH CXOAHIlleHClI (1I0 CBOHM 3Ha'leHH51M) K C. B. X: 

OO 
r 

a) 8 cpeOHe.A1 (Xn-+X), eCJlH Ni\X-Xn\T-+O, r,n:e r>O; 
B ­

6) no 8epOflTHOCTU (Xn-+X ) , eCJlH p(\X-Xnl >e)-+O, Ve>O; 
nB n 

B) nottTll 8CIOOY (Xn-+X) , eCJlH p(n{IX-Xn\>e})-+O, Ve>O. 
I 

BepHbl yTBep)l{AeHHlI, 6J1H3KHe 1I0 CBoeH CyTH H 1I0 clIoc06y AOKa3aTeJlbCTBa 

K KJlaCCH'IeCKHM [ 1]: 
r B OB 

1) Xn_X=;.-Xn-X~Xn -TX. 
r r'. 

2) Xn-X =;.- Xn-+X, Vr' ~ r. B r 

3) X paBHoMepHo orpaHH'IeHbl (3:h: p(Xn>h) =0, Vn) H Xn-+X=;,-Xn-+X, 
n4) ECJlH X CXOAlITC51 (r, B., liB) K X H Xn paBHoMepHO orpaHH'IeHbI, TO 

n 
MXn-M'X, MXn-+MX.

5) ITPH-YCJlOBi!H KOHe'lHOCTH MOMeHTOB Ni\xn\r<h, M'\X\T<h BepHo: 

B r' 1 ~ ­
Xn-X=;.-Xn-X, Vr'~r=;'-Xn-X=;'-MXn-MX, MXn-~X, 
6) ECJlH f (x) a6COJlIOTHO HellpepbIBHa, TO CXO,!lHMOCTb Xn-+X B., r HJlH liB. 

BJle'leT TOlJHO TaKyIO )l{e CXO,n:HMOCTb f (Xn)-+f (X), lIpH'IeM eCJlH f (x) orpaHH'IeHa. 

TO Mf (Xn)-+Mf (X), M'f(Xn)-+.Mf(X).7) ITYCTJ~-MOMeHTbI NiIX\' H Ni\Xnl r , Vn, KOHe'lHbI. TorAa H3 CXO,n:HMOCTH B 

cpe,n:HeM 6y,n:eT CJle,!lOBaTb CXOAHMOCTb MOMeHTOB: 

Xn.!..."..X=;'- M IXnl" _M lXI' , M \Xnl' _M lXI' 

3.3. ll.OnPE,LI,EJ1bHA5I H nPEll.EJ1bHA5I np05J1EMbl 

ArrnpoKCHMau. MOJl,eJlH CYMMbl He3aBHCHMbIX C. B. PaccMOTPIlMIHI 
CyMMy ~Xi (.n. l<paTKOcTH npe.n.eJIbl CyMMHpOBaHH5I, r,ll.e OHI1 HeJI5I 
0651.3aTeJIbHbl, 6y.n.eM onycKaTb). CJIaraeMble ClIHTaIOI'C5I. He3aBIlCI1­

MblMIl H no rrpaBy He3aBHCHMoro npOH3Be,'l.eH1I5I COBMeCTHa5I 11MX 

BeKTopa X= (XI, ... , X ) nOJIHOCTblO onpe,J,eJI5IeTC5I lIaCTHbIMH: ,;Ji = n
 

=JI(X,X ... X.J!{X n .
 
OepBl1tIHblMIl ,ll.JIH COBMeCTHOHMOneJIH .J!{X 6YAyT BCeB03MO)KHble 

npOlI3Be.n.eHlIH lIaCTHblX rrpH3HaKOB TIgi(X;) C nepeHeCeHIleM Ha ,HI1X 

Cpe,lHlIX no 3aKoHY I1HTepBaJIbHOll My.JIbTH nJlllKaTHBHOCTI1 (3.5). Pac­

tIeI' MO;:LeJIH CyMMbl npOH3BO;lHTC5I no <P OpMyJ1e np0,lOJI)]{eHH5I 

:\1 f (~ Xi) = inf {~TIMgu (X;): ~ n gu (Xi) ~ f (~ x;)), 
iii i 

f,ll.e HmKH5I5I rpaHb I1lUeTC5I BbI60pOM gij (Xi) 113 06JIacTlI cylUecTBO­

CXOOUTCfl K m. .p BaH1I5I .fTiXi LJaCI'HblX MOAeJIel~L 
BblLJHCJIeHIl5I no 3TOli <pOpMyJle BeCbMa rpOM03,lKH. l1cKJIIOLJeHIle 

YTBep)l{,n:eHHe CJle)l.yeT Hellocpe,n:CTBeHHO H3 3aKOHa 60JlbWHX '1HCeJl 3.6, lIpH­
COCTaB.15IIOT Te npH3HaKH f, KOTopble rrpll nO,lCTaHoBKe B HHX Ha 

MeHeHHor,o K IIl-Ce'leHHlIM. J'TBep)l{,n:aeTClI, 'ITO eCJlH 6bI cpe;lHHe emi 3J1eMeHTOE· 
MeCTO apryMeHTa Cy;'-1Mbl ~Xi caMH pa3J1araIOTC5I Ha CyMMbl np0l13­

CTaJill TO'lHO H3BeCTHbI, TO K llX IIpe,n:eJlbHOMY cpe,n:HeMy apH¢MeTH'IeCKoMy m= 
Be,ll.eHHH ~IIgij(xi)' TOf,ll.a cpeAHee Ha npoH3BeAeHH5IX Haxo.n.HTC5I no1 137 

= lim-2:,mi CKB-CXO,n:llJlOCb 6bI Sn. 
n->oo n 1 
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1 MOIll.HOCTb H T. ,il.. A npyroe Sa)l{HOenOCTOHHCTBO 06513aHO TOMy, 'ITO 
CBoifcTBy MyJIbTHrrJIHKaTHBHOCTH, a lI,JI5I Cpell,HHX CYMM rrpH6JIH)l{eH­

corJIaCHO rrepBoii TeopeMe Bei1epllITpaCCa r23, CTp. 39) JII06ylO He­
HbIe 3Ha 4eHH5I rrOJIY4aIOTC5I rro cBoilcTBy rrOJIyall,lI,HTHBHOCTH. .I-' ac­

'I1pepbIBHylO (H KYCoIIHo-HerrpepbIBHYIO) ¢YHKUHIO H3 orpaHHlIeHHoM
CMOTpHM rrpHMepbI KOHKpeTHbIX f, IHX pa3JIO)KeHHH H 'Cpell,HHX OT CYMM. 

OTpe3Ke M'O)l{HO CKOJIb yronHo TOIIHO B p3BHoMepHoH MeTpHKe arr­
Jl H H e ii H bI ii rr p H 3 H a K: 

npOKCHMHpoBaTb rrOJ1HHOMaMH, lITO neJIaeT KJIaCC CTerreHHbIX npH3Ha­

f (x) = x; f (~ Xi) = ~ Xi; M ~ Xi = L M Xi' 
311,eCb C4HTaeTC5I xEfTiXi, Vi, a paBeHcTBo B rrpaBoH 4aCTH (BMec­

TO rrOJIyall,lI,HTHBHOCTH) ~MeeT MeCTO Ha OCHOBaHHH CBOHCTBa a1l,1I,H­

THBHOCTH Cpe1l,HHX 'CyMM He3aBHCHMbIX C. B. 

K Ban paT H II H bI H 11 P H 3 H a K: 

t (x) = x2 
; f (~ Xi) = ~ X~ + ~ ~ Xi Xj; 

i,,=j 

M (~X;)2 ~ ~ MX~+ ~ ~ MXiMXJ,
i,,=j 

rll,e HepaBeHCTBO 06513aHO CBOHCTBy rrOJIyall,lI,HTHBHOCTH 11 C4HT3eTCH 

X, X 2EfTiXi, Vi, (HH)l{e 3TO MOJI4a npell,rrOJIaraeTC5I). TIpaB351 4aCTb 

nOJIy4eHHoro HepaBeHcTBa H 51BJI5IeTC5I oueHKoH BepxHero Cpe.lHerO 

KBall,p3T3 'CyMMbI. 

HeCKOJIbKO 60JIee TOIIHYIO OUeHKy MO)l<HO n0J1Y4HTb, eCJIH B351Tb 

MX= (MX" ... , MXn ) -celIeHHe MOll,eJJH; TOrll,a lI,JI5I BepXHero cpen­

Hero B 'CHJIy Toro, 4TO B Ce4eHH5IX CJ1Y43HHble BeJ1HIIHHbI Xi OCTa­

IOTC5I He3aBH'CHMbIMH, BepHO paBeHCTBO 

MMX (~xy= ~ MMXXz+ ~ L MXi MX j. 
i,,= j 

Tenepb eCJ1H B351Tb MaKcHIMyM IIiP3BOI~! 1.J3'CWI 'no MXiE,[MXi, MXi], 
i= 1, ... , n, TO C Y4eToM Toro, 4TO MMX X2i~MX2i H M3KCHMyM 1I,0C­

THraeTC5I rrpH MXi, paBHOM MXi HJIH MXi, n0J1Y4HM oKOH4aTe.TJbHYIO 

oueHKy B BHlI,e npaBOH 43CTH HepaBeHcTBa 

M (~ xy ~ ~ MX~+ max ~ M(i) Xi MU) Xj'
 
M(i)=M HJlH M
 

TI01l,06HOe Bbrp3)1{eHIie BepHO Ii lI,JI5I HH)I<HerO Cpell,HerO, TO,1bKO 

B 31'OMCJIy4ae Hep3BeHCTBO MeH5IeT 3H3K, BepXHee Cpell,Hee 33Me­

H5IeTC5I Ha HH)KHee, a M3KCHMyM Ha MHHHMyM. TaKOH )l{e nYTb B03­

MO)l{eH lI,JI5I oueHKII HJ1)KHHX H BepxHHX Cpell,HHX M (~Xi)r, 

M (~Xi) r ,CTcneHHbIX nipH3H3KO'B rrOp5l,II,IKa r> 2, 'H33bIB3eMbIX:-H343JIb­

HbIMH MOMeHT3MIi, a T310Ke 1I,J151 oueHKH Cpell,HHX HX J1ImeH'HbIX I,OM­

6HHaUHH - nOJIHHOMOB: M(al~Xi+ ... +ad~X;)h), T3K K3K OHH 

TO)l{e pa3JI3r31OTC5I Ha CYMMbI npOH3Bell,eHllIl Xi. 
OueHKH B BH,II,e rrpaBblX 43CTeH Hep3BCHCTB 11,.'151 Cpell,HHX 3Ha'~e­

HHii CTeneHH~X ¢YHKUHH (OTCI01I,a H rrOJ1HHOMOB) 06p33ylOT HaDop, 

annpOKcHMHpylOIlI.H11 cBepxy MOJJ.eJ1b CYMMbI, T. e. n03B0J151IOIlI.HH 

C¢OpMHpOBaTb paClllHpeHHylO MOneJ1b CYMMbI, nOJ1b3Y5lCb J1Hlllb 3Ha­

HH5IMH MOMeH1'OB CJ13r3eMbIX. OnHO H3 nOCTOHHCTB HMeHHO T3!<oro 

paClllHpeHH5I 3aK.11043eTC5I B HerrocpenCTBeHHoii ¢H3H4eCIWll IlHTep­

rrpeTHpyeM,ocTH xap 3KTe,p HCTHK, H3KOTOPbIX OHOOCHOBbI'B3e1'C5I: nep­

BbIii MOMeHT eCTb ,cpenHee C. B., BTOpoii - CpenH5I5I CT3THCTH'leCKag 

KOBBeCbMa pacrrpOCTp3HeHHbIM. CTeneHHbIe npH3HaKH Xli, k= 1,2, ... , 
o6pa3ylOT nepBblu YH.UBepCallbH.bIU Kllacc npU3H.alwB. 

HeKoTopoe CTecHeHHe rrpH pa60Te B 3TOM KJ13CCe BbI3bIBaeT He­

o6xonHMOCTb rrOJ1araTb, lITO xliiEfTixi, Vi, rne k - nop5ln
OK 

cTap­

wero MOMeHTa. A T3K KaK Xli - HeorpaHH4eHHa51 ¢YHKUH5I H OHa 

He 06513aHa npHHanJIe)l{3Tb 06J1aCTH ,cymecTBOB3HH5I MO,II,eJ1H, TO CTa­

HOBHTC5I BbIHy)l(lI,eHHOH ¢OPM3JIbH351 ¢p 333: «TIYCTb cymecTBylOT 
'0 MOMeHTbI k-ro rrOp5l,UK3 CJIYlI3HHbIX BeJ1HIIHH Xi»· [0J10CJ10BHOCTb 

3Toi'r <pp33bI orrp3BnbIB3eTC5I, B03MO)l<H0, TeM, lITO ,UJI5I npaKTHKH 

npe06JI n IlI.ee 60JIbllIHHCTBO C. B. 51BJI5IIOTC5I orp3HHlIeHHbIMH H MO­
3 31O

MeHTbI cymecTBylOT.
B nOrrOJIHeHHe K CTerreHHbIM H rrOJIHHOMH3J1bHbIM npH3H3K3M yK3­

)ReM eme Ha 3KcrrOHeHUH3J1bHbIe npH3H3KH KaK B03MO)l{HOe HarrpaB­

JIeHIle 1I,J151 annpOKCHMaUHH MOneJ1eH cyMMbI: 

f3 (Ux) = exp (UX),
 
Mexp(~ uxi)=IIMexp(uXi), Mexp(~ uXi)"",
 

= II M exp (u Xi)' 
f,Ue B nOCJ1e,UHHX ¢opMYJ1aX Hcrr0J1b30BaHO CBOHCT'BO MyJIbTHrrJIHKa­

THBHOCTH BepXHero H 'HH)l{HerO cpe,UHHX Ha rrpOIl3Be,UeHH5IX lIaCTHbIX 

lleOTpHU3TeJIbHbIX rrpH3HaKOB He3aBIlCIlMbIX C. B. He3HalIHTeJIbHOCTb 

B rrpHMeHeHH5IX 3KCIlOHeHUllaJ1bHbIX rrpH3HaKOB 06yCJIOBJIeHa He 

,CTO.lbKO HX HeOrp3IHIl'4eHHOCTblO, XOT5I 11 3TO TO)Ke IBJ1H5IeT, ,CKOJIWO 

Heyno6cTBOM P33J10)l{eHH5I rrpOH3BOJIbHbIX ¢YHI(UHH B p5l,UbI no HIlM, 

B351Tb~M ,B Ka4e,CTBe ,6a'3Ii'Ca. 
fapMOHIl4eCKaSl arrnpoKCHMau.IiSl. BTOpol1 YH.UBepCallbH.bU1 Kllacc 

npU3H.aKOB ,lJ,JI5I paC4eTa cpe}l;HHxcyMM o6pa3yeTc5I Ha6opOM rapMO­

HH4eCKHX ¢YHKUHH fs(ux) =sin UX, fC(ux) =cos UX, rne u - napa­

MeTp, -oo<u<oo - CBoero po,lJ,a HHneKC rapMoHIlKH. [apMoIIIlKIl 

orpaHlllIeHbI H ¢OPMIlPYIOT rrJIOTHbIH KJIaCC B TOM CMbICJIe, lITO (cor­

JIaCHO BTOpOH TeopeMe BeilepllITpaCCa ,[23, c. 41)) HX JIHHeii'HbIMIl 

KOM6HHaUH5IMIl MoryT 6bITb CKOJIb yronHO rrpH6JIH)l{eHbI JII06bIe or­

.' 
HIl

paHH4,eHHbIe HenpepbIBHbIe Ha KOHelIHOM oTpe3Ke ¢YHKU (arrnpOK­
IlH 

CHM311HIO naeT pa3JIO)l{eHHe ¢ypbe). [apMoHll4ecKlle ¢YHKU npll 

rrOJ;CT3HOBiKe 'Ha "'CCTO apryMeHT3 CyMM pa3J13raIOTC5I Ha 'CyMMbl 

npoH3BeneHHH, 4TO rr03BOJI5IeT npoH3BecTH nO,II,ClIeT HX cpe,lI.HHX, KO-

TOPbIM ceH4ac H 3aHMeMC5I. 
Ha30BeM jMlf=m3x{\Mfl, IMf\} - a6coIlIOTH.bLM. cpeoH.uM. npu­

31ial\a if. 0603Ha4HM ­

!; (u) = M cos U Xi' ~ (u) = M sin u Xi'
 

V; (u) = M cos U Xi' I; (u) = M sin uXi 
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H	 Ha3'OBeM 2apMOliUttecKUMU cpeChtUJvlU C.8. Xi. BBe;J:eM a6CO/lIOTlible cpe,llHee M v , A 6Y,lleT TO'lHbIM H npoHOCHTC5I 3a 3HaK CYMMbI H npOH3Be,lleHHfl, no­

eapMOliUttecKue cpeoliue: IVi I (U) = IM ICOS uXi , Ai (U) = IM Isin uX , JIy'laeM
i I


( ~i (u) npH ~i (u) > 0,
IVd (U) = min IV i (u)1 = 

~i~vi~V; { ° npH Vi (u) ~ °~Vi (u),

l -Vi (u) npH ~ (u) < 0, 
I 
i

o4eBH,lI.HO, 51BJIHIOI.I.I.HecH HeOTpHuareJIbHblMH H IVi 1(0) = /-:V 1(0) = 1, 
iA;(O) =0. Do cYI.I.I.ecTBy, '-~d (u) eCTb MHHHMaJIbHOe no M~M~M 

a6COJIIOTHOe cpe.n:Hee KOcHHyca /Mcos uXi/ c. B. Xi, Ivd (u) _ I 
Iee 'MaKCHMaJIbHOe no MO,ll.YJIIO 3Ha4eHHe, a A;(u) = ,-Xi I (u) _ TO )Ke 
~Jl.JI5I 'CHIHyca	 M sin uX

i 
. 

Teo p e M a 3.8. 0 C HOB H bl e H epa B e H C T B a .n: JI H rap M 0­
HH4eC'KHX Cpe,ll.HHX CyMM. [JyCTb XI, ... , X lieSa8UCU,Hbl. r020aO/lft 8CeX U U <p:	 n 

(I) 1M/cos (u i~1 Xi+lp) ~A2: (u)= 

I 
= IT Vi Vi /2 (u) +A1 (u) . 

i=1 

A	 O/lft Tex u, O/lft KOTOpblX min Vi (u) > 0, 
a raKJlCei ­

n 

lp}; (u) = ~	 aretg (Ai (u)/Vi (U) ~ n/2, 
i=1 ­

cnpa8eO/lU8bl C/leoYloUl,ue rpu liepa8eliCT8a: 

- Ii tl _ 

(II)	 M cos u L: X i ~ IT Vi (u) ;
 
1 1
 

n 11 2 2V 
(III) M cos u L: Xi ~ IT ~i (U) + Ai (U) cos <Pc:. (u) ; 

I I 

(IV) 1M I sin u *X, ~ A" (u) sin [ *aretg (A, (ull;;, (u» ] 

)], 0 K a 3 aTe JI b C T B O. I1cnOJIb3yeM npH Ka)K.aOM <jJHKCHpOBaHHo:vr
npe.aCTaBJIeHae llEiYl 

-;, 

(MS'X) = V... V(Mv ,S'f')x ... X(M '	 S':n) = V (M ,SX), 
1'1\..1 

v n' /\,n \'. A. v• I\, 

rae (Mv l'. /l.z'. S'{i) eCTb vi=M cos uXi , )'i=M sin UXi -Ce'leHH5I (MS'{i) , a \'=
 
n
 

= (Vj, ... , v ), f..= 0'1, ... , 10")' 0603Ha'la51 Re - .aeiicTBHTeJIbHYIO '1aCTb l'O~Hl.leKC-
Horo llHCJIa, a 1m - MHHMylO, HCnOJIb3Y51 paBeHcTBO cos(uL;x,+(r) = 

n j(ux+QJ) . 

= Relle ' , rJ.e J - KO.l1n,leKCHal1 eD;HHIHW, C
I y'leTOM Toro, 'ITO rrpaB~HI ero 

'la'CTb eCTb cyMMa 
rrpOH3BeJ.eHHII cos UXr If sin UXr, a fJOTOMy rrpH TO'lHblX 1"; If "Ai 
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J 

n ) 11

M cos 
( 

U ~ Xi + cP = max Re II (Vi (u) + j Ai (u» ei QJ = 
I . v, A 1 

11	 [ 11 ]=	 max IIV v~ (u) + 1..7 (u) X cos ~ arctg (Ai (U)/vi (u» + cP • (3.10) 
v, A I . 1 

TaK KaK KOCHHyC MeHbwe 1, TO HepaBeHCTBa .(1) TeopeMbI OTCIO.aa CTaHOB5ITC5I O'le­

BH,IlHbIMH. J],OKa)KeM OCTaJIbHble. 

BbI,IleJIHM KaKoe-Hlf6y,llb O,llHO 3Ha'leHHe HH,IleKca i=k H npe06pa3yeM <jJparMeHT 

npaBOll qaCTH	 (3.10), 3aBHC5IIUHH OT k (onycHIB ,IlJI5I KpaTKOCTH apryMeHT u If no­

JIO)KHB cP=O) 

V vk + Ak cos [CPk + arctg (Ak/Vk») = vk cos CPk +Ak sin CPk' 

r,lle CPI, 0603HaqeHa cyMMa B apryMeHTe KocHHyca (3.l0)-6e3 k-ro CJIaraeMoro. Te· 

nepb BH,IlHO, 'ITO npH Irp" I~ n/2 MaKcHMyM ,IlOCTHraeTC5I npH Vi =V; If Ai=O (3TO 

6YAeT eUle 5ICHee, eCJIIf M3KCHMH3HpOBaTb He no Ka)K,IloMy Ai, a no B-:eMy BeKTopy 

J.), a MHHlfMyM - npH Vi=Vi H Ai=I~I, 'ITO AOKa3bIBaeT (II) H (III). 
Hep3BeHcTBo (IV) CJIeAyeT 1f3 CooTHOWeHH11 

Iv v1 + Af sin (CPi + arctg Ai/viJl = IAi cos CPi +Vi sin CPi I ~ 

< I~ I cos Icpil +Vi sin ICPi I ' 

lJ:TOH Tpe6oB3JIOCb. "-r:':' 

TeopeMa n03BOJIHeT no rapMoHH4ecKHM Cpe.n:HHM CJIaraeMbIX nOJIy­
4aTb oueHKH rapMOHHllecKHx Cpe.uHHx CYMM, 3TH oueHKH .uaIOTC5I 
npaBblMH 4aCTHMH HepaBeHCTB (I)-(IV). DepeH.n:eM K O.n:HOMy ee 
ynpomeHHoMy rCJIylJaIO. 

)l,onpeAeJIbHaH np06JleMa, OAHOpOAHbIH CJlY4aH. PaCCMOTpHM o.u­
HOpO.uHyIO nOCJIe.n:OBaTeJIbHOCTb. ,UJIH Hee no onpe.n:eJIeHHIO rapMO­
HH4eClme cpe.uHHe .uJIH K3)1{.uOH H3C. B. Xi 6y.n:yT O.n:HH H Te Me nprr 
i= I, ... , n.: 

M cos U Xi =	 'V (u), M cos U Xi = V (u), 1M I sin u Xi = A (u). 

nlO63H nOCJIe.uOB3TeJIbHOCTb MOfKeT 6bITb c.ueJIaHa ,aKoBoH, eCJIH 
paclilHpHTb ee Mo.ueJIb, .n:OBO.uH HHTepBaJIbl rapMoHH4ecKHx cpeAHHx 

06be.uHHeHHeM ,Il,0 caMoro IllllpOKoro:	 'V (u) =min M cos UXi; v(u) = 
- i­

=max Ali cos uX i , 11 TO )Ke caMoe .uJIH CHHvca, H OCTaBJIHH HX B Ka­
i	 • 

4eCTBe nepBJ14HbIX. 113 TeopeMbl 3.8 BblTeKaeT: 
Y T B e P)l{.u e H He 3.9. /l,/lfl CYMM OOliOPOOliOU nOC/leOOBaTe/lb­

fiOCTU lie3a8UCllMbiX C.8. XI, ... , X n npll 8cex u u <p BepfiO fiepaBeli­
CTBO 

(I) !MI cos (u ~ Xi +<p) ~ (~2 (u)+A 2 (u»n/2, 
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a npu A (u) Iv (u) ::::;;;tg(n:/2n) cnpaeeoAuebl YTOtlHeH.<tble ltepaeeHCTea 
a npu u, TaKUx, tiTO nA(u)/~(u) ~Jt/2, cnpaBeaAUBbl YTOtlHeHHble 

(II) M cos (u f Xi ) ~ vn (u) ; HepaBeHCTBa: 

2 

(III) M cos (' ui Xi) ~ (v2 (u) + i\.2 (u»)n/2 cos (n arctg A (u) ) (Ira) MCOS(U f Xi) :::;;exp {- (1---; v )n -6n ( (1- v)2 n 
)};

2
- 1 - ~(u) 

(IV) IMI sin (u i Xi) ~ (V2 (U)+A2 (u»n/2 sin (narctgA(U)). 
1 ~ (u) , 

CYTb ~orrpe~e~bHOH npo6~eMM npHMeHHTe~bHO K rapMOHH4eCKHM 

npH3HaKaM 3aK~IOqaeTcH B ynpo~eHHH, yHH4>HKaIJ;HH ,npaBbIX 4aCTeii 
BBe~eHH~X TO~bKO qTO HepaBeHCTB npH ~OcTaTOqHO 60~bmOM 4Hc~e 
n c~araeMbIX. Hama IJ;e~b - npOCJIe~HTb, KaK no Mepe pOCTa n H 

YBeJIHqeHHH ~aHHbIX 0 CJIaraeMbIX ICyMaIOTcH B HaIIpaB~eHHH rapMO­
HliLleCKHX, a 3aTeM H CTeIIeHHbIX npH3HaKOB Mo)].e~H CYMM. •

JJ.~H IIpaKTHKIi, 3TO OTBeT Ha BOIIpOC, qTO o6~ero H qTO KOHKpeT­

Horo MOlKHO CKa3aTb 0 Mo)].eJIIi CYMMbI, cKalKeM, II5ITH, ~eC5ITH, CTa
 
He3aBIiCHMbIX C. B., eCJIH HMeIOTC5I KaKue-TO )].aHHble 0 CJIaraeMbIX H
 

BapHaHT npHMoro paCqeTa Mo)].eJII:I CYMMbI HCK~IOqaeTcH H3-3a J13­

JIHlIlHeI1 Tpy,noeMKOCTH. 

BepHeMcH K npaBbIM qaCT5IM HepaBeHCTB yTBeplK)].eHH5I 3.9. Bo­


nepBbIX, YIIpo~eHHH B HHX B03MOlKHbI JJ;JI5I 6HHOMOB, 3anHcbIBaeMblx

()]'~H IIpOCTOTbI apryMeHTbI y v(u) H A(u) )].a~ee onycKaIOTC5I):
 

(v2 +A2)n/2 = II - (1- v2 - A2)Jn/2, 

r~e v paBH5IeTCH COoTBeTcTBeHHo BepxHeMY ~Ii60 HIilKHeMY 3Ha4e­

HHHM. I1PIi Tex YC~OBHHX, KOf)].a Ma~bI I-v2 (HaIIoMHHM, qTO Ivl ~1) 
if 

H A, T.e. B pe3YJIbTaTe MaJIO F(v, A) = I-v2-A2 (IIpH4eM F~O), 
6HHOM InpaBoH qaCTH annpoKcIiMIipyeTcH 3KCIIOHeHTOH 

fl-F (v, A)jn/2 = exp { - F (~' A) _ 6 ( F (V; A) n)} IIpH IF (v,A) I:::;;n 

~l, fl, 

r,ne fJn (y) = - y - -n In ( 1- - = 1+ Y _ \ + _Y (2Y \ 2 

2 n 2 nj 3 n

(no~yqaeTCH, eC~H IIO~CTaBHTb y=Fn/2, B3HTb JIOrapU4>M Ii pa3JIO­

lKHTb B pH)]. MaK~OpeHa). I10IIpaBKa On (y) B03paCTaeT IIpIi YBe~H­

qeHHIi y>O (paB'Ha 00 npli y=n/2) H y6bIBaeT rrpli pOCTe n.
 

H BO_IBTOPbIX, IIPIi Ma~~x I-v2 Ii .1.2 YIIpO~aIOTCH apryMeHTbI 
npli KOcIiHyce HCHHyce B (III)- (IV). A HMeHHO, TaK KaK arctg x~ of> 

~x IIpH X>O H KOCHHyc Ha nepBOH qeTBepTU nepHo)].a y6bIBaeT npH 
YBeJIUqeHHH apryMeHTa, a CHHyC - B03paCTaeT, TO HMeeM: 

2 Y ) _ (2Y \ _) + ... 

YT B e p lK)]. e H H e 3.10. PAR cyJvtJvt OOHOPOOHOii nOCAeOOeQTeJlb­
HOCTU HesaeUCUJvtbtx C. e. XI, ... , Xn npu ecex u u qJ eepHo HepaaeH­
CT80: 

(1°) IM I COs (U i Xi + q» :::;; exp 1_ F(V', J..) n_6 (F tv, A) n) l 
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n) {F (v, A) n
(IW) M cOs (U 7Xi >exp - -; 

F (v, A) n )}-0 - cos 
n ( 2 

- . (n)(IVO) IMI SIn U ~ Xi 
. 1 

~ ( F (v, A) n )} .-u SIn 
n 2 '­

( ,A )n· - . 
v ' 

f F (v A) n 
~exp i - ., 

t 2 

( A \ n· - I 
\ v)' 

3,ll,eCb }-- (v, .L\.) == 1-v2-j\2. He"paBeHCTBa HMeIOT CO,ll,eplKaTeJIbHbIH 

CMbICJI, KOr,LLa F HaCTOJIbKO MaJIO, qTO Fnl2 - 'He6oJIbllIa5I BeJIH4HHa. 

4T06bI npOCJIe)I,HTb 3aBHCHMOCTb cpeAHHX 3HaQeHIIH, )I,aBaeMbIX 

npaBbIIMII 'y:aCT5IMII HepaBeHcT,B (1°) - (IVO), OT n YJX06HO HOphtUpO-
BaTb \CyM,My 2: Xii Vii. B HOBOI1 cyMMe npII pOCTe n ,II)lana30H 'CJIY­

qallHoro pa36poca KalKAoro CJIaraeMOfO X in = Xii in CT5IfIIBaeTCH 

K 0, OTCIOna K HyJIIO yCTpeMJI5IeTCH A(n) (u) == IM Isin uXin , TaK IKaK 

apryMeHT cIIHyca H IC3M IC'HHYC 'CTaHOB5IT'C5I IHH4TtOlKHO ,MaJIbI:MH, a K 

e,UHHHue yCTpeMJIHeT'CH ~(n) (u) ==M cos uXin (TeM 6oJIee" ~n) (u) ), 
TaK KaK KOCHHyC B npeAeJIaX MaJIWX H3MeHeHHH apryMeHTa 6YJLeT 

6JIlI30KK 1. OTclOJLa F(1l) = I--v2(n)-J\2(n) yMeHbwaeTIC5l,np'Hy:eM npH 

orrpeAeJIeHHbIX YCJIOBH5IX nponopUI1OHaJIbHO fl, II TOfAa npoH3Be)I,e­

HHe F(n)fl 6y,neT cTa6HJIlI3HpOBaHo no n. CooTBeTcTBeHHo cTa6HJIH­

3HPYlOTC51 H npaBble 4aCTH HepaBeHcTB yTBeplK)I,eHH5I 3.10, )I,alOllJJle 

,nonpe,LLeJIb'Hble oueHKH rapMOHHQeCK'HX cpe,llHHX JJ,JIH CYMM (eM. )I,O­

nOJIHeHHe 1). 
LLorrpe)I,eJIbHaH np06JIeMa 6bIJIa 6bI He nOJIHOH, eCJIH He paCCMa T­

pHBaTb CTeneHHwe npH3H3KH H CBH3aHHwe C HHMH oueHKH H ynpo­
meHHH. 3TO MOiKHO CneJIaTb JIHillb ,LLJIH orrpeneJIeHHOrO TErra CJIarae­

MbIXCyMM. i\ HMeHHO, )1,.Jl51 CII M MeT p H Q H hI X Xi C orpaH1PleHHhI­

MI1 MOMeHT31tlH (orrpene,TIeHHe CM. B HaqaJIe § 3.1), a OOJIee IllHpO­

KO, ,CtIHTa5l HyJIeBbIMHBce HeLIeTHble MOMeHTbI BTIJIOTb ;1,0 nop51;:u\:a 

2k : J\1)( i 2r--1 = 0, r = 1, ... , k. Torna lVlOMeHTbI HetIeTHbIX nOpHJl,KOB CylYl-

MbI BIl.TIOTb;IO 2k-1 6ynYT HyJIeBbIMH: M(~X1jVn)2r-l=0, TaK KaK 

rrpa pa3JIO)KeHHH (22XdVn) 21'-1 Ha CJIaraeMble B K8iK;:LOM II3 HHX 

6Y,lLeT 065I3aTeJIbHO npHcyTcTBoBaTb XOT5I 6bI 0,lLH3C. B. X1~ B HetreT­

BOH CTerreHH, CpeJI.Hee KOTOpOll - HOJIb. 

llJI5I 4eTHbIX MOMeHTOB CYMM CHMMeTpH4HbIX C. B. rrp5IlvIoe pa3.rIO­

/KeaIIe Ha CJIaraeMble C 'nOCJIe,lLYIOllLHM B35ITHeM cpeJJ,Hero 11 HCrrOJlb­
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30BaHHeM CBOHCTB nOJIya.zUI.HTHBHOCTH H He3aBHCHMOCTH Be)I.eT KHe­

paBeHcTBy 

_ ( n _ )2k 1 [ _
M f X;/Vn :::;; -;;;; n f.t2k + n (n­

+ - - 2' 
- I)	 ~ f.t2(k-j) f.t2i C2k/2! + n (n - I) (n­


j
 

-2)+ ~ - - ­
j + I < ,f2(k-J-l) f.t21 f.t21 (2 k)! + ... +n(n­

-1) ... (n-k+I)+~~ (2k)!]	 (3.11)
2k kl	 • 

r)I.e ,j.,t2j=MX i 2i. DpOTHBOnOJI02KHOe HepaBeHcTBO C 3aMeHOH BepxHHX 

MOMeHTOB Ha HH2KHHe ,j.,t2j BepRo )I.JI5I HH2KHHX Cpe)I.HHx M(~Xd Vn) 2k. 

B tIaCTHOCTH, npH k= 1 B CHJIy He3aBHCHMOCTH X2-;: a KaK cJIe)I. ­

cTBHe,	 a)I.)I.HTHBHOCTH Cpe)l.HHX OT CYMMbI, HMeeT MeCTO paBeHcTBo: 

M ( ~ X;/Vn)2 =02, M ( fX;/V!i) 2=!!.2, (3.12) 
\ 1 

f)I.e ;]2 = i!2 = MXf, 0 2 = Il.~ = MXf . 
BMeCTe C (3.12) --:npaBbIe qaCTH (3.11) H eCTb )I.onpe)I.eJIbHbIe 

ou.eHKH MOMeHTOB CYMM cHMMeTp'HtIHbIX c. B. CaMbIM 3aMeyaTeJIbHbIM 

B (3.11) 51BJJ5IeTC5I TO, tITO 3HalJHMbiM npH YBeJIHlJeHHH n CTaHOBHT­

C5I JIHWb rrOCJIe)I.HeeCJIaraeMoe. 3TOT epaKT 3aHHMaeT KJIIOlJeBOe no­

JIO)l{eHHe B rrpe,ll.eJIbHOH np06JIeMe, K rrpe,ll.BapHTeJIbHoMy oCBew.eHHIO 

KOTOpOH )I.JI5I O)I.HOpO,ll.HWX rrOCJIe)I.OBaTeJIbHOCTeH H nepeXO,ll.HM, OCTa­

BHB Ha § 3.4 pa3BHTHe )I.orrpe)I.eJIbHOH iII rrpe)I.eJIbHOH np06JIeM Ha 

CY:\1MbI o6mero BH)I.a. 

BBe,ll.eHHe B npe,ll.eJIbHylO np06JIeMy. CYTb ee COCTaBJI5IIOT Te npe­

)I.e,lbHbIe rrpH n-+oo yrrpow.eHH5I, KOTopbIe rrOJIYlJaIOTC5I C TOYHblMH 

3HayeHH5IMH HJIH C rrpH6JIH)l{eHHbIMH B BH,ll.e rrpaBbIX lJacTefI Hepa­

BeHCTB )I.JI5I cpe)I.HHX 3HalJeHHH KJIIOtIeBbIX rrpH3HaKoB HOpMHpOBaH­

HbIX CYMM. Dpe,ll.eJIbHbIe TeopeMbI, Bo-rrepBbIX, ,ll.aIOT OTBeT Ha ,Borrpoc, 

)I.JI5I KaKHX KOHKpeTHo rrpH3HaKOB H npH KaKHX YCJIOBH5IX Cpe,ll.HHe 

,ll.OnycKaIOT HeTpHBHaJIbHbIe rrpH6JIlUKeHH5I. 11 BO-BTOpbIX, YKa3bIB3IOT 

Ha rrpe,ll.eJIbHble rrpH n-+oo 3HalJeHH5I npH6JIH)l{eHHH, epOpMHpyIOI.l.I.He 

paCWHpetlHyIO npe,ll.eJIbHyIO M0.lI.eJIb CyMM. 

Hawa ]{OHeYH351 u.eJIb - rrpOCJIe)I.HTb, KaK no Mepe HaKOITJIeHH5I 

II YTOYHeHH5I .lI.aHHbIX 0 CJIaraeMbIX (cy)l{eHtI5I IIX MO.lI.eJIeH) cy2KaeT­

C5I rrpe.lI.eJIbH35I M0.lI.eJIb HOpMHpoBaHHoH CYMMbI H, B KOHetIHOM ClJeTe, 

CXO~HTC5I K HOpMaJIbHoH. CXO.lI.HMOCTb K HOpMaJIbHoMy 3aKoHy npo­

C.TIe'KHB3eTC5I B .lI.BYX yHHBepCaJIbHbIX HanpaBJICHH5IX: Ha I{JIaCCC cre­

nCHHblX nptI3HalWB H 'Ha !\JJacce rapMOHHYCCKHXCor JIaCHO Teope­

Me 3.1 xa:pa!\TepH33u.HIf Hop:-'1a.TIbHoII iC. B. 

,LlJI5I CTerreHHblX npH3Hal<OB CXO,UHMOCTb 03HayaeT CX0.lI.HMOCTb 

MO:VleHTOB K HOpMaJIb'HbIM 3H3yeHH5I:-'1 MY2h-l= 0, MY2I' ={J2!l (2k) 1/ 
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I (k!2 k ) (CM. 3.4», YTO B CJIyYae CHMMeTpHlJHWX C. B. Xi BbITeKaeT 

HenOCpe.lI.CTBeHHO H3 (3.11) H ,(3.12) H rrpHBO)I.HT K cJIe)I.yIOw.eMy: 

Y T B e p 2K)I. e H H e 3.11. nyCTb nOCIle008aTellbHOCTb Xi He3a8U­

CUJ,fa, OOHopOOHa, OZpaHU'leHa (cyU{eCT8yloT 8ce .MO.MeHTbL), CU.M.MeT­

pUt.frta (cpeOHue MX i U .MO.MertTbL He'leTHbLX nopflOlW8 8ce pa8HbL 0) 
U nycTb MX2i =02, MX2i =cr2. Tozoa npu k= 1, 2, ... , cnpa8eollu8bL 

TaKue COOTHOLueHUfl OIlR MOJHeHT08 HOp.MUp08aHHbLx cy.M.M: 

n )2k-l
10. M 

( 
f X;/Yn = 0 ; 

20. lim M ( ~ X;/Vn- )2k :::;; a2k (2 k)!/(k! 2k); 
n400 1 

n _) 21< 
3°. lim M ~ Xi/V n > ~k (2 k) !/(k ! 2k 

).
(

n400 1 

B caMOM AeJle, B BblpaLKeH'1111 (3.1 I) Bce CJlaraeMble, KpOMe nOCJleAHerO, I1C1Je­
U 

3alOT np~ YBeJlIl1JeHIlI1 n, a nOCJleAHee 11 AaeT npaBylO 1JaCTb HepaBeHcTBa 2 .llJlll• 

HI1)lmerO cpeAHero HepaBeHcTBo (3.1 I) 3aMeHlIeTClI Ha npOTI1BOnOJlOLKHOe, oTKyAa 

cJlellyeT 3°. 

DpaBble lJaCTH HepaaeHcTB yTBep2K.lI.eHH5I 3.11 B KalJeCTBe rrep­

BH4HbIX onpe.lI.eJI5IIOT rrpC)I.eJIbHyIO 11M, cY2KaIOw.yIOC5I rro Mepe yTOtI­

HeHH5I IIHTepBaJI3 '02, 0 2 )I.I1'CnepCHI1 'K HOpMaJIbHOH MO.lI.eJIH. 

C JI e)I.C T B H e~ ECllu 8 YCIl08UflX YT8epateoeHufl 3.11 oucnepcufl 

Jl8JlfleTCfl TO'lHOii 0 2 = 0 2 = 0 2, TO UMeeT MecTO HM-CXOOU.MOCTb CyM­

.MbL K HopMallbHOll C. 8. 
3 a Me tI a H He. l{eM CTapwe 'nop5l.lI.OK k, TeM, B 06w.eM-TO, Me.lI.-

JIeHHee HMeeT MeCTO CXO.lI.HMOCTb MOMeHToB K HX HOpMaJIbHbIM 3Ha­

lJeHH5IM. CKa33HHoe BepHO XOT5I 6bI rroToMy, lJTO rrpH 3TOM B rrpaBOH 

lJaCTll	 (3.11) 6Y.lI.eT 60JIbWee 4HCJIO 'CJIaraeMblX nOMllMOrrOCJIe.lI.HerO, 

HeHClJe3aIOw.ero. 
B Hanp3BJIeHHH rapMoHH4ecKHx rrpH3HaKoB COrJIaCHO TeopeMaM 

3.1, 3.8 H epopMyJIe (3.3) HOpMaJIbHof! rC4HTaeTC5I CXO.lI.llMOCTb K HyJIIO 

CHHYCOH.lI.aJIbHbIX cpe)I.HHX CYMM M sin(ul;X;/Vti) (.lI.JI5I cllMMeTplltI ­

HblX CJ1araeMblX OHH T04HO paBHbI Hymo) H K exp (-02U2/2) - KOCH­

HycOllll.aJIbHbIX M cos (LL~X;/Vti) rrpH IWHTpOJIC yCJIOBH5I, tITO 

lim J5 (l;X;j lin> H) -+ O. DOCJIC.lI.Hee yCJIOBHe BCCr.lI.a BbInOJIH5IeTC5I 
n~oo	 H400 

.lI.JI51 He3aBHcHMo~1 ITOCJIe.lI.OBaTeJIbHOCTH C HyJIeBbIMH Cpe.lI.HHMH 

MX;=O H orpaHH4eHHoH .lI.HCnep'CHH MX2;~(J2 CJIaraeMbIX, TaK KaK 1:13 

aHB.TIOra HepaBCHCTBa l{e6blweBa (§ 3.2)c ytIeTOM paBeHcTBa (3.12) 

nO.1Y4aeTC5I: 

p (2: XJyn> H) ~ a2/H2 -+ O. 
H400 

DPH YCjIOBH5IX CJJe.lI.CTllH5I cOBepweHHo pe30HHo rrOJIaraTb, 'ITO rap­

MOHH4ecKHe Cpe.lI.HHe T3K2Ke .lI.OJI)l{HbI CXOll.HTbC5I K HOpMaJIbHbIM HX 
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3HalleHH5IM. B CaMOM .neJIe, paBeHCTBO HyJIIO CHHYCOH.naJIbHbIX Cpe.n­

H'HX CJIe.nyeT H3 'CHMMeTpHH CJIaraeMblX. A CX0D.HMOCTb K HOpMaJIb­

HbIM 3HalleHH5IM KOCHHycoH.naJIbHbIX .cpe.nHHX 6yD.eT CJIe.nCTBHeM rrpe­

.neJIbHbIX TeopeM .nJI5I CYMM 06w.ero BHD.a, a KOTOpbIX 6y.neT rOBopHTb­

C5I 0 rrOCJl'e.nyIOI.I.I,HX pa3.neJlax. 

TaKHM 06pa30M, HMeIOTC5I .nBa HarrpaBJIeHH5I .nOKa3aTeJlbCTBa rrpe­

.neJIbHbiX 3aKOHOB HOpMaJIbHOl1 CXO.nHMOCT,H: CTeneHHoe H rapMoHH­

lIeCKoe. B npe.nBepHH HOpMaJIbHOrO 3aKOHa, Kor.na JIH60 n KOHeliHO 

(.nonpe.neJIbHbIH CJIyllaH), Jl'H60 yCJIOBH5I Ha CJlaraeMble He.nOCTaTOll­

Hbl .nJI5I HOpMaJIbHOH CXO.nHMOCTH, 06a HanpaBJIeHH5I He no.nMeH5IIOT, 

a .nonOJIH5IIOT .npyr .npyra; Ka)j{.noe H3 HHX D.aeT CBOH rp a HH .nonpe­

.neJlbHOH Mo.neJIH, Ka)j{.noe no-cBoeMy xapaKTepH3yeT rrpH6JlH)j{eHHe 

K HOpMaJIbHOH 'C. B. 

HaMH CcrOpMyJlHpOBaH npOCTeHWHH BapHaHT npe.neJIbHOrO 3aKO­

Ha, .neMOHcTpHpylOW.HH OCHOBHylO 'H.nelO, reHepaJIbHylO MblCJIb. UpH' 

3TOM Tpe60BaHH5I K CJIaraeMblM rrpe.nb5IBJI5IJfHCb OlleHb )j{eCTKHe: Bce 

HMelOT HyJIeBble cpe.nHHe H HyJIeBble HelieTHble MOMeHTbl, a TaK)j{e 

TOllHbie o.nHHaKOBble .nHcnepCHH, liTO caMO C060H rro.npa3yMeBaeT 

cTaUHOHapHocTb STHX napaMeTpOB H He06xo.nHMylO .nJI5I 3Toro CTaTH­

cTHliecKYIO YCTOHlIHBOCTb BbI60pKH, a BKOHeliHOMClIeTe - a6COJlIOT­

Hoe 3HaHHe. 

llonycTH,M XOTb 'Ha MHr, liTO nOCJIelj,IQJBdTeJIbHOCTb «'lIYTb-lIYTb» 

CTaTHCTHlieCKHHeYCToH·lIHBa . .3TO BbIHY)j{.naeT paCCMaTpHBaIb BMeCTO 

TOllHblX cpe.nHHX HHTepBaJIbHbie MX i , NIXi. DpHlieM KaK 6bl HH 6bIJIH 

OHH 6JIH3KH K HyJIIO, 'cKa)j{eM, [MXi, NIX;] ={-e, +e], e>O, T. e. 

CKOJlb 6bI MaJIbIM Mbl He B35IJlH e, Bce paBHO rpaHHUbl HHTepBaJIa 

Cpe.nHHX HOpMHpOBaHHOH CYMMbl, paBHble 

M (}2 XdVn) = - Yne, M ( }2 XdVn) = +Yn e, 
rrpH n--'>-oo 6y.nYT HeorpaHHlIeHHO «pa36eraTbC5I» B pa3Hble CTOpOHbI, 

.neJIa5I 6eCCMbICJIeHHOH HOpMaJIbHylO CXO.nHMOCTb. .3TO eCIb .neMOH­

CTpaUH5I KpaHHeH KpHTHliHOCTH I\JlaCCHlIeCl<HX npeD.eJIbHblX pe3yJIb­

TaTOB K BapHaUH5IM yCJIOBHH. 

MbI H36e)I(HM ynOM5IHyToH Kp'HTHliHOCTH, eCJIH He 6y.neM HO:J1l{)­

lIaTbCX0D.HMOC11YI 33I<OHOB CY:vlM 1\ ;J,pyrHM, 60JIee WHpO'l,lIM, Qe'.1 

HOpM3J1bH35I, Mo.ne,15IM. .3TO H 6y,LleT npe..'lCJIbH35I np06J1CM3 13 ee 

pacwHpeHHoM nOHHMaHHH. B cJIe.nylOI.I.I,eM n3parp3qJe Mb! H H3l!HCM 

rrOCTenCHHoe npo.nBH)j{eHHe no HCH war 33 warOM OT C3MbiX CJla6blX 

.nonyw.CHHH Ha CJlaraCMbIC, HMe5I B BI1.ny HtyCTOHlI'HBOCTb 11 HeOiJ.HO­

P0iJ.HOCTb nOCJle.nOB3TCJlbHOCTH, 1\ 60JIce CHJlbHbIM, npHXO,ll.5I B KOrIClI ­

HOM C4eTe 1\ KJlaCCH4eCI\HM YCJlOBH5IM, rrpH KOTOpblX HMeeT MeCTO 

'HOpM3J1bH35I CXO.nHMOCTb. 

)],OnOJlHeHHe. ,II, a n p e ;:( e JI b H a 51 Teo p e Man JI 51 OJ], Hap a JJ. H 0 f! n a C JI e· 

nOBaTeJIbHQCTl1, flYCTb X" "" X n , n~3, He3QOUCUMbl, IwelOT HYJlCOble cped­

Hue MX;=o U lWHe'lHY,o ducnepculO MX2 j =02, Tozaa ux HOPMUpOOQHHafl CyMMQ 
- s5n="2,Xd V n OKJlIO'WeTCfl 8 C. fl, Y (8 OlblCile .;/{ nc.;/{Y), 3aoaoaeMyIO nepI3U'I-

HblMU cpeaHUMU MY=O, MY2=cr2 U 
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Z
(j2 U ( (J2 UZ )' C*OZ UZM cos U Y = exp - -- -15 -2- } cos __--'- _{ n 

- 2 \ 1 _ OZ uZ/(2n) 

flpU U TaKUX, 'ITO 0 npaooiJ. '1aCTU paoeHCToa apzyMeHT lwcuHyca MeHblUe 1[/'1., 
II c.=0,3184. 

,II, a K a 3 aTe JI b C T B O. Bo-nepBbIX, B CHJIy HyJIeBbiX Cpejl,HHX CJIaraeMbiX Ta­

KIIM lKe 6yJ],eT Msn=O, a BCJIeJ],CTBl1e (3.12) MS2n =G2. OHH J],alOT Cpejl,HHe CTe­

neHHbIX npl13HaKOB HOpMHpoBaHHoii CyMMbI B HanpaBJIemlH JIl1HeflHOii H KBajl,pa­

TII'IJWf! cjJyHKUIIH. ,II,JIlI rapMoIIH1JeCKHX «HanpaBJIeHHI1» HepaBeHcTBa (3.13) H (3.14) 
cJIeJJ.YlOlI..\ero pa3neJIa Bejl,yT K TaKHM jl,ByM HepaBeHcTBaM: F(~ J\) = 1-~-A2~ 

~ 1-'V2~a2u2/n, nA/v~c.,au2/[1,-cr2u2/(2n)] _ H HX nOjl,CTaHOBKa B (Ill") 
yTBep>KneHlIlI 3.10 jl,OKa3bIBaeT TeopeMY. 

3.4. nPE)],EJIbHblE MO,IJ.EJIH CYMM 06ll1,ErO BH)],A 

UeHTpaJIbHble ,lJ,onpe.neJIbHble HepaBeHcTBa. PaCCMOTpHM CYMMbI 

o6w.ero BH.na }2Xin , nOHHMa51 X in , i= 1, ... , n, l\aK rrOCJIe.nOB3TeJIb­
HOCTH cepHH He3aBHCHMbIX c. B. 

BH.noH3MeHHM HepaneHcTBa yTBep2K.neHH5I 3.10 rrpHMeHHTeJIbHO K 

cyMMe 06I.I.1,ero BH.n3, KaK H p3Hee 0603Halla51 F(v, A) = 1-v2-A2, 
:!.;n =@;cos uXin , IV.in I= INI Icos uXin , A in = INI Isin uXin , rrepeMeHHylO 

U ,lI.JI5I KpaTKocTH onYCI\351, r.ne MO)j{HO. 

TeopeMa 3.12. ,Uorrpe.neJlbHble HepaBeHcTBa .nJl51 

rapMOHHlIeCI\HX Cpe.nHHX. flYCTb Xin, i=l, ... , n, - noCAe­
o08aTeAbH.OCTb H.e3a8UCUMbIX C. 8 .. T020a OAR 8cex cp u u 8epH.O H.e­
pa8eH.CT80 

1. IM I cos (u i~1 X in + cp) ~ 
In _ }

~exp --}2 F OVinl, A in ) , \fcp, U;{ 
2 i=l 

n J\. 1[
 
a npu min v in (u) > 0 H 1J!l: (u) = }2 .....!.!!:.. ~ - eepH.bl H.epaeeH.Cm8a
 

i - i=1 ~in 2
 

X in )II. M COs (u i~l ~exp { - i~l (I-vin )} ; 

III. M COs (u ~ > exp { __I ~ F (~in'X in ) 
(=I 2 ,=1 

A in ) [- In(l-Fn )]} COs "I'l: (u),
Fn . 

r)J,e Fn = max F (~n, A;n) ; 
i=I. '" .n 

IV. IMI sin (u i~1 X in ) ~ 

In _ }
~ exp - - }2 F (V;n' A;n){ sin (~ Ainiv;n) .2 i=1 i=1 
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nO K 3 3 aTe JI b C T B O. CJle;lyeT 113 HepaBeHCTBa (I) TeopeMbI 3.9, eCJlII npo­ ·')I{OpllpyeT pacno.1aralOwYlOc5I nOll Herl n3pa60Jly, nO;J.cTaHoBKot"1 y = uX in H B351" 
n _ 

THeM cpe;lHero nOJly'l3eM113BelleHlle	 IT (V 2;"+1\2,,,)1/2, KOTopoe B Hawe~l c,1ylJae 6Y.J.CT CT05lTb B npaBoil 

i=l r
I ~in = M~cos (UXin) > 1- UZ MXTI1/ 2 .	 (3.13)

lJaCTJI :3Toro HepaBeHcTBa, 1aMeHIITb Ha 

Ill 
exp -~ In[l-F(IVlnl, Ain)l}{ 2 i=1 

II BocnO,lb30BaTbC5I HepaBeHcTBoM In(l+z)~z. TaK)j(e BbITeKalOT II H3 (II) yT­

Bepm.J.cHH5I 3.9, a IV - H3 (IV); B nOCJle.J.HeM c.1YlJ3e apKT3HreHc 33MeH5IeTCli 

H3 3pryMeHT, Ta'K KaK 3retg1x I~ Ix I, a sin 1JJ npH !1JJ I~ n/2 eCTb Hey6bIBalOwali 

q,yHKUH5I aprYMeHTa. HaKoHeu, III nOJlYlJaeTC5I 113 (III) C nOMOWblO np ellWlywero 

Hep3BeHcTB3 llJl51 apKTaHreHca II cJlellYlOwero HeTpy;lHo npOBep5leMOrO Hep3DeHcTBa: 

In(l-e)
 
In(l-z»z npH O~z~e, 'tje>O,
 

e 

(; YlJeTOM TOro, 'ITO KOOHHyC Ha nepBOM nOJlyneplIOlle eCTb y6blBalOw3Sl <jJYHKUIl51 

aprYMeHTa.	 nOKa33TeJlbCTBO 33KOHlJCHO. 

nepBaSl OCJlaOJleHHaSl npe.ll.eJlbHaSl TeOpeMa. Pa3Hble npe.unOJIO­
:>KeHH5I OTHOCHTeJIbHO CJlaraeMblX X in npHBO.u5IT K ou.eHKaM B BH.ue 
HepaBeHCTB .uJI5I HX rapMOHHYeCKHX HJlH CTeneHHblX Cpe.uHHX H K 
«'Cpa6aTbIBaHIiIO» TeX IiJIH HHbIX .uonpe.ueJlbHbIX HepaBeHCTB npe.ubI ­
.uymero pa3.ueJla, npaBble 'IaCTH KOTOpblX npli yCTpeMJleHHIi 11-00 

If .ua.uyT npe.ueJlbHblH 3aKOH HOpMHpOBaHHbIX CyMM. 
Teo p e M a 3.13. n yCTb X in, i = I, ... , n, He3a8UCUMbi 8 KaJf(dou, 

cepuu U 8blnOAHftlOTCft TpU 'YCA08Uft 

AO. lim	 max MXEI1 = °;
n--il>oo i=l •...• n ­

11 - 2 ­EO. lim ~ MXil1 =02
; 

I1~OO i=l 
tl _ 

BO. lim ~ IMj Xin=m. 
11-+00 i=1 

T020a npu n-+oo ux cyMMa ~Xin HM-cXOOUTCfl 8 C.8. S, OnPCae­
AeHHylO nep8U'lHb1MU CpeOHUMU: 

2IMI~=m, M£2= m +0\ 
M cos U £ = exp ( - U2(;2/2) cOs 'lJ!l; (U), 

20e \Vl;(Il) = lulmtc*u2a\ c,=0,3184, a nepOLeHHaJl U npo6ec'aeT ,31W'leHUfl, 3aKAIOv.eHHble Hepa8eHCT80M 'IfL (u) ::::;; n/2. 

no K 3 3 3 T e JI b C'I' B O. CTenCHHble Cpe.lHHe Iiii/ I£ II 1\1£2 nOJlYlJaIOTC5I .1erI'O 

113 COOTBeTcTByJOWHX 1l0npe.leJlbHbIX HepaBCHCTB, J\OK333HHbIX Bblwe. 061':1 raM' 

C5I K KOCHHyCOH1l3J1bHOMy HanpaBJleHHIO, OmpaBJl5I5ICb OT OCHOBOnOJIaralOwe(1 Teo' " 
peMbI 3.12. y!3 Hep3BeHcTBa cos y ~ l-y2/2, COrJlaCHO KOTOpOMy KocHHycOlI.la Ma' 
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113 Hero cJle;lyeT: F(Vin, Ain)=I-V2in-A2i,,~I-v2i,,~u2;fjX2i" H 1",,~ 

~U2 max j\1X2 in . - ­
i 

113 1l,pyroro Hep3BeHCTB3 Isin y-yl ~C.y2, r,J.e c.=0,3184 Ii paBeHCTBO .lOC­

THraeTC5I npll y = 3, 124 (nOJ<a3bIBaeTC5I npoBepKofi), nO.lCTaHOBKofi y = uX i" II B351­

TlleM ·cpe1lHero, HaXOllllM 

Ain ~ luI IMI Xin + C* U
2 MXYll'	 (3.14) 

I1cnoJlb3y51	 06a nO.1YlJeHHbIX Hep3BeHCTBa, BbIB01lllM 

- - 2
A· lul·IMI Xin+ C*u2 MX il1__111_,,;:::	 ...::.:.... 

Vil1 ~ l-uzMX? /2 
-	 III 

TIOllCTaHOBKa Hafi1leHllbiX HepaBeHCTB B q,OpMyJly 

(Ha OCHOB3HIIII AO) II npeHe6peme~IHe tJJleH3MII 

3bIBaeT pe3YJlbT3T. 

)lJl5I O.uHOpO.uHbIX BHyTpIf CepHrlC. B. 

III TeopeMbI 3.12 C YlJeTOM 1",,-+0
 
BToporo nOp5l1lK3 MaJlOCTII 1l0Ka­


YCJlOBH5I TeOpeMbI 6y.ueT Bbl­

IIOJlHeHbI, ecmI IMIXin=mjn H MX2in =a2/n. KaK BIi.uHO, eCJIH Xin= 
=XdVn, 1'0 YCJJOIBIi5I TeOpeYlbI I,ll:OCTH}KIiMbI JIHWb TIpli MXi=O (HHa­
'Ie'm='oo). 

CJle.uCTBHe l. nYCTb MXi=O, MX2i ::::;;a2. T020a HOpMup08aH~' 
Haft cyMMa ~X;/ Vn npu n-+oo HM-cxOOUTCfl 8 C.8. S, OnpeaeAeH­
ftylO nep8U'lHblMU cpeOHUMU: Ms=O, M\?=;O:2, Mcos u'S= 

=exp (-u2U/2),ws (0,3184u2a2) npu U TaKUX, 'lTO ap2yMeHT KOCUHY~ 
ca MeHbUle n/2. 

3T01 pe3yJlbTaT, KCTaTH, MO}KeT 6bITb nOJlyyeH H H3 TeopeMbl .uo­
IIOJlHe>HlI5I ,nlpe.ubIJJ.yw.ero 'naparpa¢a. 

E_CJlH YCIiJlIiTb ¢OpMlipOBKY, B35IB Xin=Xdn, TO npH MX2i <00 61'­
neT 0'2=0 H TOr.ua nOJIy'I'HYl: 

CJIe.ucTBlie 2. nYCTb IMIXi=m, MX2i <00. T020a cpeoHee 
apuepMeTU'leCKOe ~X;/n 3TUX C.8. CXOOUTCJl 8 C.8. S, onpeoeAeHHylo 
IJ.ep8U'lHbtMU cpeOHUMU: M S2=m2, Mcosu£=cosiulm npu lulm::::;; 

~n/2.	 ~ 
OTMeTIiM, 'ITO cpe.uHee IMI£ = m, BPO.ue 6bI 065I3aHHOe «nepeKO­

'IeBaTb» 1i3 TeopeMbI 3.13 B ee CJIe.uCTBlie, Ha CaMOYl .ueJIe norJIow.a­

eTC5I Cpe.uHHM M s2=m2 6JIaro.uap5I HepaBeHcTBy IMIX::::;; V MX2 (cJIe­
.lI.YIOw,eMY H3 HepaBeHcTBa feJlb.uepa npH Y= I). 

YCJlOBH5I TeopeMbI 3.13 TaK 'CJIa6bI, 'ITO n03BOJIIIJIIi «cpa60TaTb» 
JIHWb O.uHOMy HepaBeHcTBy III .uonpe.ueJIbHOI1 TeopeMbl 3.12. Doi1,iJ.eM 
JI,aJIbwe, BOBJIeKa5I .upyrHe HepaBeHcTBa. 

BTopaSl oCJlaOJleHHaSl npe.ll.eJlbHaH TeopeMa. OnpeJJ.eJIIiM Te yCJIO­
BH5I,np'H KOTOpbIX cpa6aTbiBaeT HepaBeH,cT'BO I TeopeYlbI 3.12. 3TO He­
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·r 
" 

paBeHCTB'O HHBapHaHTHO K C,lI.BHraM KaK -cYMMbI ~Xin +C Ha nOCT051H­

HylO C, TaK H OT,lI.eJIbHbIX CJIaraeMbIX, n03TOMY CJIe,lI.yeT O)KH,lI.aTb, tITO 

B YCJIOBH51X He Tpe6yeTC51 'OrpaHHtIeHHOCTH CYMMbI cpe,lI.HHX ~ IM IXin , 
HO B03HHKalOT ,lI.OnOJIHHTeJIbHble Tpe60BaHH51. 

TeopeMa 3.14. llYCTb Xin lie3a8ucuMbt U nycTb 8btnOAliRIOTCJl 
./JC,;W8UR: aO. 

6°. lim ~ 
Il~OO 

8°. lim ~ 
n~oo 

TOcaa 

lim max MX2in=O; 
n~oo £=I ... .,n 

(MXtn)3/2 = 0; 

MXtn{IXinl~<5}=~2, V<5>O. 

2IM I cos (u l; X in + lp) ~ exp { - <!!.2 - a ) u2//2}, V u, lp, 

zoe a2 =lim ~ IMI 2 X in 
n-.+oo 

.u 0 K a 3 aTe JI b C T B O. 

min Vin(U) >0 6Y.D-eT BepHo 

i ­
tl2~2/max MX2 in , a TaK KaK 

i 
II: 0 npH n-+oo, TO B npe.D-eJle 

(,0603Ha4eHO IMI2X=I(IMIX)2). 

Bo-nepBbIX, H3 (3.13) BH.D-HO, 'ITO HepaBeHCTBO 
2

.D-Jl51 Tex U, npll KOTOpblX u max MX2in~2, T. e. 

[ 
3HaMeHaTeJlb nepBoH '1aCTH no YCJlOBIiIO aO cTpeMHTclI 

OHO 6Y.D-eT BepHO .D-JllI Bcex 

:scex U BepHO paBeHCTBO IVinl (U)=Vin(U). 
1'1:3 HepaBeHCTBa COS y~ 1-( l-e2/12)y2{1 y I~ e} /2, 

,60M ,e>O, nO.D-CTaBJIlI1I y=uXin , nOJlY'IaeM 

_ . u2 
( e

2 
\ 2 { e '}1- V in(U);;;;'-- 1---)MXin IXin/~-'

2 12 - U 

U, H CJle.D-OBaTeJlbHO, .D-JllI 

CnpaBe.D-JlHBoro npll JlIO­

(3.15) 

Tenepb nO.D-CTaHOBKa nOJly'leHHoro HepaBeHcTBa .D-JllI 1-V;n(u), a TaK}I{e liepa­

BeHCTBa (3.14) .D-JllI A in B npaBylO '1aCTb I TeopeMbi 3.12 II 3aMeHa o=,e/u C HC-

IlO.%30BaHHeM IXI IX ~ -V MX2 J\aeT nocJle He60JIbIllHX ynpOIJleHHH 

_ 2 (U2fJ2 ) 2
~F (/"inl, Ain);;;;' u \ 1- -1-2- ~MX in { /Xinl ~ fJ}­

_ u: ~(~xtn)2-U2~ IMI2Xin-2c. IUI3~(MXrn)3/2
 

_ c2u4 ~ (MX~ )2

* ~ tn· 

B CHJIy YCJlOBHlI BO BTOPOH H .D-Ba nOC,1e.D-HHX '1J1eHa npaBoH '1aCTH nOCJIe.D-HerO 

HepaBeHCTBa CTpeMlITClI K O. B pe3YJIbTaTe npOH~BO.%HOCTH 15 IIMeeM 

lim ~ F (lV";nl, Ain ) ;;;;. u2«J2 - a2) 
n~oo ­

H yTBep}l{.D-eHHe TeopcMbI Tenepb CJIe.D-yeT H3 I TeopeMbi 3.12, 'lTO H Tpe60BaJlOcb. 

CJIe,lI.CTBHe 1. llpu YCA08URX TeopeMbt 3.14 cyMMa ~Xin HM­
CXOOUTCR 8 C.8. Tj, OnpeaeAeliliylO nep8ULf.libtMU CpealiUMU 8Uaa 

2 2IMI COS (u Tj + lp) = exp { - (0 - a ) u2/2}, Vu, lp. 
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CJIe.J.CTBHe 2. llyCTb Xi, i=l, 2, ... , He3a8UCUMbt, nycTb'r IMIXi~m U MX2i=~2<oo, MX2i=~2. Tocaa npu n-+oo HOpMUpO­

8aHHaR cyMMa ~X;/lfn HM-cxoauTCR 8 C.8. Tj, OnpeaeAeliliylO 8r 
CAeaCT8UU 1 npu a=m. 

B caMOM ,lI.eJIe, ,lI.JI5I HeTpy,lI.HO y6e,lI.HTbC5I, Bbl­Xin =X;/ Vn,KaK 
nOJIH5IIOTC5I nOCbIJIKH aO H 6° TeopeMbI 3.14, a nOCbIJIKa 8° CJIe,ll.yeT 

}!3 onpe,lI.eJIeHH5I Cpe,lI.HerO ,lI.JI5I KBa,lI.paTH4HbIX (HeorpaHH4eHHbIX) 

npH3HaKOB KaK npe,lI.eJIa: (J2= lim MX2d IX;j ~H} npH H=<5 ~/n. 
- H~oo-

nOCJIe,lI.Hee CJIe,lI.CTBHe HaH60JIee nOJIHO pacKpbIBaeT CMbICJI BTOpOI1 

npe,lI.eJIbHOI1 TeopeMbI 3.14. Bo-rrepBblx, He Tpe6yeTC51, B 06meM, YC­

JIOBH51 orpaHH4eHHOCTH 3JIeMeHTOBrrOCJIe,lI.OBaTeJIbHOCTH HJIH aHaJIOra 

3Toro yCJIOBH5I - HerrpeMeHHoro ,cnyTHH'Ka KJIaCCHtIeCKHX rrpe,ll.eJIb­

HbIX pe3YJIbTaTOB. KCTaTH 3aMe~HM, tITO Cpe,lI.HeKBa,lI.paTHtIeCKa51 or­

paHHtIeHHOCTb MomHOCTH MX2i =a2- He 3KBHBaJIeHT OrpaHHtIeHHOCTH 

caMHX C. B., rrpHMep TOMy - HOpMaJIbHa51 C. B. 11 BO-BTOpbIX, HeTpH­

BHaJIbH~e oueHKH rapMOHHtIeCKHX xapaKTepHCTHK CYMM MoryT 6~T~ 

nOJIytIeHbl H B TOM CJIy4ae, KOr,lI.a Cpe,lI.HHe C. B.51BJI5IIOTC5I HHTepBaJIb­

HbIMH, tITO HMeeT MeCTO ,lI.JI51CTaTHCTHtIeCKH HeYCT0I14'HBbIX nOCJIe.Qo­

BaTeJIb'HOCTeI1 H HHTeprrpeTHpyeTC51 KaK COBepweHHO HeKOHTpOJIHpye­

Mble H .He CB513a'HHble ,lI.pyr C ,lI.pyroM CKa'lKH Cpe,lI.HHX MX i BHyTpH 

HHTepBaJIa -m, m. 
HeTpHBHaJIbHblMH pe3YJIbTaTaMH CJIe,lI.CTBH51 6y,lI.yT JIHWb npH 

(J>m (yCJIOBHe OTpHuaTeJIbHOCTH nOKa3aTeJI5I 3KcnOHeHTbl B Teope-

Me 3.14), a HMeHHO, rpy60 rOBOp5l, KOr,lI.a CJIy'laHHbII1 pa36po'C CJIa­

raeMblX, T. e. }IX He3aBHCHMble KOJIe6aHH5I rrpeBblwalOT HeKOHTpOJIH­

pyeMble I (HeycTOI1tIHBble) <pJIyKTyaUHH Cpe,lI.HHx. C06cTBeHHo, B 3TOM 

H B oTcyrcTBHH OrpaHH'leHHI1 Ha CyMMapHoe BepxHee Cpe,lI.Hee H ,lI.HC­

rrepCHIO COCTOHT OCHOBHoe OTJIHtIHe BTOpoR npe,ll.eJIbHOI1 TeopeM~ OT 

nepBOI1. 

3 a M e 'l a H H 51. 1. YCJIOBH5I TeopeMbI 3.14 He HCKJII04 alOT Heor­

paHHlleHHOCTH l<aK a6COJIIOTHOrO Cpe,lI.HerO IM I~Xin CYMMbI, TaK H 

ee «MOI1.l,HOCTH» Ai' (~Xin)2. 

2. YCJIOBH5I aO H 6° TeopeMbl 6y,lI.yT BbIIlOJIHeHbI, eCJIH 06 Xin 
H3BeCTHO TOJIbKO, 'ITO OHH He3aBWCHMbI H orpaHH4eHbI 'IHCJIaMH en, 
T. e. P (I Xin I<en) = 1, npHtIeM en-+O rrpH n-+oo. 

3. ECJIH C'lHTaTb <pHI<cHpoBaHHbIMH lim M2;X in , lim Ml;X in , 

lim M (~Xin)2, lim M (~Xin)2 H T. ,lI.., TO 2::Xin "6Y,lI.eT l1iVl-CXO,lI.HTbC5I 

B C. B. 'Ill, Onpe,lI.eJleHHylO nOMHMO rapMOHH4eCI<HX flepBH4HblX Cpe.J.­

HHX TeopeMbI 3.14 eI1.l,e K nepBH'IHbIMH 3Ha4eHH5IMH M'Ill, MTjl, M11 21, 

MTj2, H T. ,lI.., COOTBeTCTBeHHO paBHblMH YKa3aHHbIM ~pe,lI.eJIaM. ~ 
4. OpH m=O, MX2i~a2, Xin=X;/Vn pe3YJlbTaT COBfla.J,eT co 

CJIe,lI.CTBHeM 1 TeopeMbI 3.13. 
I1cCJIe,ll.yeM c. B. 11, orrpe,lI.eJIeHHylO CJIe,lI.CTBHeM 1 TeopeMbI 3.14. 

ECJlH f(y) =~A(u)<cos(uy+<pu} eCTb pa3JIO)I<eHHe epyHKUHH f(y) B 
u 

PH,lI. <Pypbe, TO 
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IMff(T))~ L JA(u)lexp{-a2 u2/2} 
u ­

-(rrpII ,lJ}ICKpeTaX U, rrJIOTHO 3anOJIH5UOmHX QIlCJIOBylO OCh, cyMMa 3a­

"MeHHeTCH Ha IIHTerpaJI). TIpaBaH qaCTh rrOCJIe,UHerO HepaBeHCTBa 

,lJ.aeT OueHKH Cpe,UHHX ,UJIH rrpOIl3BOJIhHhIX rrpH3HaKOB C. 'B. fJ. 
TpeThSl OCJIa6JIeHHaSl npelJ,eJIhHaH TeOpeMa. IlOChIJIKH rrepBOH II 

BTOPOH rrpe,UeJIhHbIX TeOpeM BO MHorOM He rrepeKpbIBalOTC5I: HeJIb3H 

CKa3aTb, KaKHe H3 HIlX 60JIee CHJIbHble, a KaKHe 60JIee CJIa6ble. 

06be,lJ.HHeHHe HX BeAeT K CJIe'uylOmeH TeopeMe (IlcrrOJIh3YlOTCH npe)K­

RIle 0603HaQeHHH). 

·TeopeMa 3.15. flYCTb BblnOAHfllOTCfl YCA08Ufl AO, EO u BOnep.. 
Boil npeOe./lbHOU TeopeMbl 3.13 U yCAoBue 8° 8TOpoil - 3.14. T02aa 
cy.lltMa ~Xin HM-cXOOUTCfl 8 C.8. Y, OtlpeOeAeHHylO nep8UttHblMU 
cpeOHUMU Ha CTeneHHblX npU3HaKax 

1. IMI Y = m, 2. MY2 = m2+a2
; 

.U Ha 2apMOHUttecKUX 

2I. 1M I cos (u Y +q» = exp { - ([!2 - a ) u2/2}, Vu, q>; 

II. M cos U Y = exp ( - 0 2 u2 /2); 

III. ~ cos u Y = exp ( - 02 u2 j2) cos 'I'~ (u) ; 

2IV. 1M I sin u Y = exp { - (~2 - a ) u2 j2} sin 'I'~ (u) ; 

cae nocAeoHue TpU COOTHOUleHU51 oalOTcfl npu UJ saKAlOtteHHOM 

HepaBeHCTBOM: 'If2: (u) == Iu 1m+c*u2 <J2::::;;n/2. 
,lJ. 0 K a 3 aTe .1 b C T B O. T:pe6yeTcH yCTaHoBHTb JIHlllb II H IV, TaK KalK Bce 

ocra.1bHble CJIe,J,yloT H3 npe,LI,bI,LI,ymHx LLBYX npeJI-eJIbHbIX TeopeM 3.13 III 3.14 (npH 

9TO:\1 yC.TJOBHe 6° B 3.14 eCTb CJIe,LI,CTBHe AO II EO TeopeMbI 3.13, rro9ToMY BbIrrOJI­

H5I!0TC5I Bee rrOCbI.;lKH ~BYX TeopeM). 'uOKa33TeJIbCTBO COOTHOllleHll5I I I rrOJIyqaeTCH 

B(,TaB.~IeHHeM HepaBencTBa (3.15) B HepaBeHcTBo II TeopeMbI 3.12 II yqeTa yCJIO­

BH5I BO. )l.oKa33Te.lbcTBO )I{e IV B nepBoM MHO)KHTeJIe rrpaBoH qaCTll eCTb IlOBTO­

peHHe ,LI,OKa3aTeJIbCTBa I, a BO BTOpOM - TOli qaCTll III, KOTopaH OTHOCHJIaCb K 

aprY:\ieHTY no], 3H3KOM KocHHyca, qTO H Tpe6oBa.TIOCb. 

33MeTHI\f, qTO He Bce epHrypHpylOlliJle B TeopeMe 3.15 cpe,UHHe 

5IBv15UOTC5I cor .TI3COBaHHbIMH MelK,Uy C060~I, H HX COrJIaCOBaHHe 

BeCb~a TpY;:IOe:YII\Oe 3aH5ITHe. XOT5I 3Toro B HacTOHmHH MOMeHT II He 

Tp e6yeTC5I. 

UeHTpaJIbHaH TeopCMa HOpMaJIhHOH C.XO,Ll.Ml\10CTM. I{.IIIOqCBbIMH 

JI,Jl5I onpe;:LeJIeHH5I CXO,UHMOCTH CYMIvl K Hap MaJIbHot'i MO,LLeJIH 5!B.H5IIOT­

C5I Teope11a 3.1 xapaKTepH3aUHH HOPM3JIbHOH c. B. H TeopeMa 0.2 
I11\'1-CXO,U)fMOCTIL CJIe,LLY5I HM, Hy)KHO ,UOKa3aTb, QTO: 1) rrpaBble qac­

TH COOTHoweHH(I I I H I II TeopeMbI 3.15 CXO,LL5ITC5I K O,UHOi1 II TOH me 
¢YHKUHH exp (--a2u2j2) (,UJI5I 3Toro ,UOJIlKHO 6bITb 0'2= (J2 = 0'2); 2) rrpa­

BaH QaCTb IV J],O.IIlKHa paBH5ITbC5I 0 nplI Bcex u. Eme OJJ.HO Tpe6oBa­

HIre: (J)(H/a) :;;;;;;j5(~Xin>H)-+O npH H-+oo aBTOManlqeCKH BepHO' 
Ha OCHOBaHHlI HepaBeHcTBa 4e6bIllleBa 'M yCJIOBHH .60. 

Teo p e M a 3.-16. flYCTb X in He3aBucuMbl, UMelOT HY.lleBble cped­
flue MXin ==0, TOttHble iJucnepcuu MX2in ==O'2in, npUtteM ~O'2in=IO'2<oo;. 
nycTb oucnepcuu y6bl8afOT lim max O'2in = 0, u nYCTb 8blnOJlHfleTCfl 

n-700 i=l, ... ,n 

yCAoBue J!ufioe6ep2a - c]JeAAepa (JIcfJ) [l,c. 397] 

JIep : lim ~ MXfn {IXinl > 6} = 0, V {) > 0. 
n-.700 

T020a ~Xin HM-cxOOUTCfl B flopMaAbHyfO C. B. Ko,a. 

,U OIK a 3 a Te J1 beT B O. TIPOBO,lJ,iJITC5I Ha OCHOBaHHH TeopeMbI 3.15. B,o-nepBblx,. 

nOKaMeM, qTO W~ (u) == 0. B caMOM ,lJ.eJ1e, H3 ,l{ByX HepaBeHCTB, BepHbIX npH JIlO~ 
GOM B OT °,lJ.0 1: 

8 - sin e 
I y - sin y J ~ y2 npH IYI ~ 8,

8 2 

IY -sin yJ ~c* y2 , 'f:/y, 

BbIBO,lJ.'HM 

e - sin 8
 
Jy-sinyJ ~y2 

8 2 {Jyl ~8}+C*y2{IYI >8}.
 

PacKpbIBa5I COOTBeTcTByIOmHM 06pa30M MO,lJ.yJIb, rrO,lJ.CTaBJI5IH y=uXin H 6ep5I cpe~­
Bee, rrOJIyqaeM c yqeTOM MXin=O: 

- . [ 8 - sin 8 - 2 {2 8 }Ain= IMI SlnUXin:O;:;;;u2 e2 MXin /Xinl:O;:;;; -;; + 

+C*MX~n{ jXinl >~}r 
Tenepb, npHHHMaH BO BHHMaHHe, qTO max v2in-+1 (BbITeKaeT H3 (3.13) H YCJ10BlIH 

i ­
y6bIBaHllH ,lJ.HcrrepcHH), HMeeM J{J1H '¥~ (u) =~Ain/Vin B npe,lJ,eJIe rrpH n-+oo; 

2 8 - sin e . - 2 { 8 }]qr~ (u) ~ u [ 2 0 
2 + c* lIm ~MXin JXinJ> - ,'f:/ 8>0. 

8 n~oo U 

I1PH JII060M e>O B CliJIY yCJIOBlill JI<t> nOCJIe.n;HlIlI CYMMa CTpeMHTClI K O. A nep­

Boe CJ1araeMoe rrpaBOl! qaCTli cTpeMliTcH K ° rrpll 8-+0, Il03TOMY H BCH rrpaBaH 
tIaCTb 6Y,lJ,eT paBHa 0. 

C yqeTOM ,lJ,OKa3aHHoro H3 HepaBeHcTB II, III H IV TeopeMbI 3.15 rrOJIyqaeM 

HOpMaJ1bHYIO CXO,LI,llMOCTb rapMOHHqeCKHX Cpe,lJ.HHX, tITO H Tpe6oBaJIOCb. 

C JI e.u. C T B Ii e. flyCTb Xi, i = 1, ... , n, He3aBUCUMbl, UMelOT Hy.lle­
8ble cpeOHue MX i = 0 U TOttfible oucnepcuu MX2 i =0'2 (rrOHHMaeMble 

KaK npe,neJIbI (1.4) u nYCTb BblnOJlHfleTCfl YCA08ue Yl: 

Yl\ lim H2j5.(/X i J>H)==OpaBHoMepHo no i. 
H~oo 

TOciJa HOpMupoBaHHafl cy/ytMa ~Xi/vn npu n-+oo HM-cxOiJUTCfl B
.IY-'0,0-, 
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- -

B CaMOM neJIe, CpenHee HeOrpaHHqeHHOrO npH3HaKa OnpeneJI5IerC5I KaK npeneJI 

.:pe..'J,Hero OT yceqeHHOrO BapHa'HTa 3Toro npII3HaKa, orKyna ,UJI5I X2 IIMeeM: 

u2 = Mxi === lim M(Xi)(-H, H). 
- H~oo-

)J.a.nee, HCrrOJIb3Y5I yC.JIOBHe Yl, rrOJIyqaeM 

- 2 -[ 2 2 -2 2MXi{IXtI >H}===M Xi-Xi{IXil ~H}] ~A1Xi-AIXi{IXil~H}~ 

~u2-M [(X~)(-H, H) -H2{IXi l >H}] ~ 

~ 0 2 - ~ (X~)(-H, H) -f- H2 P( IXii > H) 

H rrpH yCTpeMJIeHHH H K 00 npaBa5I qaCTb crpeMHTC5I K O. A Torna BblnOJ1H5IerC5I 

YC.7IOBHe JIep: 

~ M (.,YdVn)2 {IXiI/Vn> <5}~max MXZ {IXi I> 0 Vn}~ ° 
i n~oo 

11 HOpM aJIbHaH CXOJUIMOCTb HMeeT MeCTO corJIaCHO TeopeMe 3.16. 

CMbI!CJI yCJIOBH5I Y1 B TOM, qTO Bep05ITHOCTb rrpeBbIweHlII1 rrpH 

YBeJIHlJeHHH ypOBH5I H )I.OJI:lKHa YMeHblllaTbC5I 6bICTpee 3HalIeHH5I 

1/H2, npeJI.IlHCaHHOrO HepaBeHCTBOM 4e6blweBa, lITO, KOHelIHO iKe, 

BbInOJIHHeTC5I, eCJIH Xi OrpaHHlJeHbI O,UHHM lIHCJIOM. 

B CJIeJI.CTBHH Tpe6yeTC5I 065I3aTeJIbHa5I iCTaUHOHapHOCTb nap alVleT­

POB m == 0 H G. K CJIylJaIO, Kor,Ua 3TO Tpe60BaHHe He BblnOJIH5IeTCH, 

ce~lJac H TIepe~,UeM. 

MHTepBaJIhHaSl HOpMaJIbHaSI CXOlI.HMOCTb. OCHOBHoe npen5ITCTBHe 

B npHMeHeHH5IX TeopelVlbI HOpMaJIbHOl1 CXOJI.HMOCTH COCTOHT B Tpe­

60BaHHH TOlJHOrO iHyJIeBOrO cpe,UHero CJIaraeMbIX H TOlIHO~ ,UHcnep­

CHH. flocTapaeMC5I OTKa3aTbC5I OT 310ro Tpe60BaHH5I, ClIHTa5I 3TH na­

paMeTpbI HeH3BecTHblrvIH II MeH5IlOlUHMHC5I. )lJI5I 3Toro nYCTb C. B. Xin 

paCKpbIBaIOTC5I qepe3 HeKOTOpble ;«CTaH)I.apTHble» He3aBHCHMble C. B. 

£i C HyJIeBbIMH Cpe,UHHMH H e,UHHHlIHbIMH ,U.l1CnepCH5IMH 

2.
Xin==Oi£ilV-

n+miln, M£i==O, M£i=l, t=l, ... ,n. 

3neCb £i ClJHTaIOTC5I CB060,UHbIMH OT napaMeTpOB tni, ai, Tor,Ua H Xin 

6y)I.yT He3aBHCHMbIMH. )le.neHHeM Ha yn H n Y:IKe YlJTeHa nOTpe6HaH 

nJI5I HOpMaJIbHO~ CXOnHMOCTH CKOpOCTb y6WB3HH5I Cpe,UHerO M ,UHC­

nepCHH Xin npH n~OO. 

I1cnOJIb30B3HHOe H3:Y1:H rrpenCT3BJIeHHe H33bIBaeTIC5I adduTUBHO­

MYAbTUnAU1CaTU8HbUI1. XOT5I, B o6rueM, OHO 5IBJI5IeTCH BeCbMaCrreUH­

¢HlJHbIM, HO ,U.TI5I npe,UeJIbHbIX TeOpeM OHO K3K pa3 OK33bIBaeTC5I 

YHHBepCa.lIbHbIM. ,Ue.TIO B TOM, qTO ,UJI5I HOpMaJIbHO~ CXOllHMOCT11 OC­

HOBHbIl\1 5IBJI5IeTC5I BbIIlO.TIHeHlIe yC.TIOBHH JleD, 6a3HpYIOlUerOC5I Ha c.ne­

,UYIOmeM Ha60pe npH3HaI{OB X2in{IXinl >O}, V6>O. A 3TOT-TO Ha60p 

npH3HaKOB B aCHMIlTOTHKe C YlJeTOM Ma.7IOCTII n1i/n nepeCIIHTbIBaeTC51 

B T aK 0 r 0 :II{e THila H a60 p, H0 YiKe c. B. Gi : £2i { I£i I>If) Vii/0'}. TI 0 3TO­

MY, ClIHTa5I ,U.n5I £i rrepBHlJHbIMH MMeHHO cpe,UHHe OT 3THX rrpII3HaKOB, 

j(onO.TIHeHHbIe M£i=O, M£2 i = 1, nO~1YlJaeM pacIIIHpeHHe: Xin~ 

c::::.Gi£i/ Vn-f-trli/n. IlpHMeHHM K npaBo~ lIaCTM npe,Ue.TIbHble pe3yJIbTa­

TbI, H MbI rrpH,UeM K TeopeMe. 
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TeopeMa 3.17. flYCTb Xinc:ai£il.,r-n-tmiln, i==l, ... , n, 2de Si" 

HesaBUCUMbl C HyAeBblMu cpedfluMu M£i == 0 U eOUflUtlHblMU ducnep­

CUflMU M£2i == 1 U cBo600Hbl OT napaMeTpoBmi U ai, MeHflfOU{UXCfl 8 

oTpeSKax .[mi, mi] U {~i, ~i]. IlYCTb Bce £i yooBAeTBopflfOT YCAOBUIO 

Yl cAeOCTBUJl, u nYCTb ai 02paHUtleHbl cBepxy:. ~i~b<oo. T020a 

~Xin HM-cxOOUTCfl B HopMaAbHyfO MOOe/lb K - - C UfiTepBaAb-'
m, m, a, (J 

HblA1U cpeOflUJHm, m U oucnepcueu 0'2, GZ, paBliblMll CpeOliUM apu¢­

MeTUt{eCKUM OT TeX JlCe napaMeTpOB CJla2aeMblX. 

,U 0 K a 3 aTe JI beT B O. I1oKa:JKeM, qro rrpII epHKCHpOBaHHhIX BeKTopax m = 
2 2 2= (m1, ..., mn ) H 0 = (0 1, ... , a n ), KOMrrOHeHThI KOTOpbIX JIe:JKaT B CBOliX HHTepe 

BaJIaX, yCJIOBHe JI<D BblrrOJIH5IeTC5I. HCrrOJlb3Y5I 3.neMeHTapHoe HepaBeHCTBO (a+c)2~ 
:::;;2a2 +2c2 , IliMeeM 

vu·l m· \ 2 rio, m· I }
lim ~ Mm (J ( - ~i + _l ) l 1/~ ~i + _l > <5 ~ 
n~oo ' n n n n 

l) { ,/- l)a~ 8 V n m: 
~ lim n m,ax 2 _t M~; 1~i1 > --.-} + 2 _1._) ~ 
n~oo t 

( n al n2 

~ 2 b lim M ~~ {1~t1>H} == 0, 
H~oo 

r.rr.e MbI 3qMeHliJIH H=8lf nib H rrpeHe6perJ1H QJIeHaMrH, CTpeM5IIIUIMHC5I K HY.rUO. 

HH.rr.e'KCbI m li a y M cooTBeTcTByIOT rrOCJIeL(OBaTeJIbHO CHaqaJIa m, a 3aTeM a-ce­

qeHHIO Mo,neJIli Jt X Be'KTOpa X= (Xi, X2, ... , Xn ), n03ToMY COrJIaCHO TeopeMe 0 

rrpe,l1.cTaBJIeHHli IIMeeM Jltxc. VVMX , H TaK.llie JJ;JIH CYMMhI J('L == VV.J!;t2:. 
m (J m, (J m a m, a 

r.rr.e m="22tni/n, a2 ="22a2dn. YCTaHoBHB BbIIlle YCJIOBlie JI<D, MbI ,l(OKa3aJIH 

lim.At; aC$m (J, rro3ToMY If lim JltL.c..;V'm ;;; (J a' qro H Tpe6oBaJIOCb.
n~oo" n~oo _' '_' 

B YC.TIOBH5IX TeopeMbI HHqerO He Ha,no 6bIJIO 3HaTb 0 CB5I3H 3.TIe­

MeHTOB n1i, ai, i == 1, 2, ... , Me:IK,Uyco6oH. 3TO MoryT 6bITb CTaUHO­

HapHble rrapalVleTpbI, TOf,Uami =:m, Gi =='0', Vi, lITO COOTBeTcTByeT 

O,lI.HHaKOBbI!vl cpe,J,HHM H ,lI.HcnepCH5IM )I.JI5I X in rrpM i == 1, ... , n, Ho He 

1I3BeCTHbIM If rrpHH3,LL.TIe:IK3mHM CBOHM HHTepBa.n:aM. 3TO !vloryT 6bITb 

H TIO.lIHOCTbIO HecTaU'HoHapHble napaMeTpbI, Kor,na mi 11 O'i HeCB5I3aHHO 

.npyr OT )I.pyra H HeKOHTpOJIHpyeMbIM 06pa30M «cKaqyT» BHyTpH 

CBOHX HHTepBa.TIOB. C~1YlJaH, cOOTBeTCTBYIOLUH~ HeYC1'oi1qHBO~ BbI­
6opKe. 

HaH60.TIee :lKeCTKHM 51BJI5IeTC5I Tpe6oB3HHe TeopeMbI 3.17, lJTo6bI 

cpe)I.HlIe mi/n C.TIaraeMblX CKOpO CTpeMHJIHCb K 0 rrpH pocTe n, npII­

lIeM B Vn pa3 6bIcTpee, qeM CXO)l.HTC5I K 0 rrapaMeTp pa36poca 

ail vn. HeTpy,UHO y6e,UHTbC5I, lITO 3TO yC.TIOBHe MO:IKeT 6bITb oCJIa6­

JI~o, H TeopeM3 OCTaHeTC5I BepHoH, eC.TIH a6COJlIOTHble CpeJI.HHe

IM IXin CJIaraeMbIX y6bIBalOT He co CKOpOCTblO lin, a rOpa3)l.O Me)l.­

JIeHHee, a MMeHHO, IAi IX in -...-l/nu, fne a - .TII06oe QHCJIO H3 

1/2<a~1. Tor)l.a rrpH a< 1 Cpe)l.HHe apH<pMeTHqeCKHe m= 2:. MXin/n, 
iii =2JiJXin/n, O)l.Ha, )l.pyra5I HJIH o6e BMeCTe MoryT Bblp02K)l.aTbC5I B 
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6eCKOHelfHOCTb. 3TO He ,UOJDI,HO cMyl.l..l,aTb, TaK KaK, HanpHMep, npH 

m = -00, iii = 00 npe,UeJIbHOH 6y,UeT HopMa.llbHa51 Mo,UeJIb .;ra--.Ca, COOT­

seTcTsylOl.l..I,a51 nO.JIHOCTblO HeH3seCTHOMY cpe,UHeMy II paCCMOTpeHHa51 

S § 3.1, a OHa el.l..l,e ,,[LaJIeKO He ro.1a51 Mo,UeJIb. B03Y10iKHbl TaKlKe 

BapH3HTbi m=iii=oo, m=in=-oo II mo6ble npOYlei!,yrOlf<Hble CJlY­

lfaH, Kor,Ua O,UHa 113 rpaHI1U l\QHeLIHCl. 

11 Bce paSHO, HeCMOTp51 H3 Ch33aHHoe, TaK hal' HepClBeHCTSO 

a> 1/2 ,UOJI)KHO 6bITb crporHM, ,[L.'I51 HOpMClJ1bHM, CXO,[LII\lOCTH He06­

XO,UHMbIM 51SJI5IerC5I Tpe60saHHe MaJIOCTH Cpe.uHllx: cpe.uHlle .uOJDKHbI 

CTpeMI1TbC5I K 0 6bICTpee, tjeM cpe,UHlle I\B3.upaTlIlfecKHe OTKJIOHeHlI5l. 

l1Halfe HOpMaJIbHOHCXO,UHMOCTI1 He 6y.ueT II ,UonYCTIIMbI JIIIWb CJIa­

6ble npe,UeJIbHble pe3YJIbraTbI,Ha CB5I3b C 1\0TOPbIMH MbI II YKClil<eM. 

B CJIylfae I1HTepSaJIbHOH HOpMaJIbHOii :YlOJJ,eJIH Y WvleeM: 

-	 00 I 
M f (Y) = sup sup S f (y) ----=- exp { - (y - m)2/(2 (J2)} dy 

m a -00 V2na 

)J.JI5I BCeX I1HTerpl1pyeMblx (no PHMaHy) cj)yHI,UHI"r, rJ,e mH (J npo­

6eralOT CBOH I1HTepBaJIbHbie 3Ha4eHII5I. 0603H3lfHB m" =mClX{ Im I, 
l,n J}, HMeeM 

- - 2 ­
1M' Y=m*, MY2=n2.+(J2 

M cos u Y = exp ( - 02 u2/2) cos (Un2*) npH Illl:::( n/(2m*). 
3TH 3HalfeHH5I Hyil<HO cpaBHHTb C nepBoH npe,Ue.'lbHoH Teope~lOH 3.13, 
r,Ue nOJIYlfeHbI nOlfTH Tamle )Ke nepSHlfHble nplI3HaI\H npe,UeJIbHOH 

c. B. S. rIOlfTH, HO He COBceM, TaK KaK yCJIOBH5I TeopeMbI 3.13 cJIa6ee: 

B HHX HeT Tpe60BaHH5I J1<P 11, CJIe;I,OB3TeJIbHO, He 6y,UeT HHTepBaJIb­

Horo HOPM3JIbHOrO 3al<OH3. 11 KaK BH,UHO, H11)/(Hee cpe,UHee ,J.JI5I KO­

oIHyca TaMnOJIYlfaeTC5I MeHee TOlfHbIM. 

AHaJIOrHlfHOe 3aMelJaHI1e MOiKHO c,UeJIaTb no OTHOllIeHHIO K ,Upy­

rHM CJIa6bIM npe,UeJlbHbIM reopeMa:.1. TaKHM 06pa30M, OCHOBHoe yCH­

JleHHe reopeMbI HHTepBaJIbHOl1 HopMaJIbHOH CXO,UHMOCTH B OTJIHlfHe 

OT 'CJIa6bIX npeJ,eJIbHblX TeOpeYi 06513aHO 1I\1eHHO YCJIOBHIO J1<P H rpe­

60Ba'HHIO Y13J10CTI1 cpe,UHHX. 

,!l.onOJlHeHHSI. 

1. ITpe.n.eJlbHa51 MO,J,eJlb npH OrpaHHqeHHOCTH Cpe.n.HHx 

M -o.n. y JI e II 'C JI a rae M bI X. Be3.'1.e B npe;re,lbHbIX pe3y.%TaTaX Tpe60BaJlaCb or­

paHHqeHHOCTb MX2 in . A 'ITO, eCJIH 3TH 3HaqeHH5I He .n.aHbI? TeOpeTHqeCKH OHIl Bnpa-

Be 6bITb 6eCKOHe'lHbIMH, eCJIIl x2r:;i=fT Xi. HaCKOJIbKO npe.n.eJIbHble Mo.ue,lH CYMM oy­

}(yT 3aBHceTb OT cymecTBOBaHH5I MX2 in? A eCJIH BMeCTO HHX 3a.n.aHbI ,\1IXil1 \. TO 

'ITO 6y.n.eT? Ha 3TH BonpOCbI npOJIHBaIOT CBeT CJIe,J,YIOIJJ.He .n.Be TeOpeMbl. 

TeopeMa. flYCTb X in Hesa8UCU.MbL U npu n-+oo: A) maxAlIXin !-+O, 
i 

0) ~M 1X in I-+a. Toeoa npu U~ rtf (2a) cnpa8eoAu8bL 08a HepaBeHCT8a: 

lim M cos (u~Xin);;;;;: exp { - Co lui a} cos (ua); 
n~oo-

lim IMI sin (u ~ Xin) ~sin (Iula); 
n~oo 

zoe co=0,725. 
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AOKa3aTeJIbCTBO. 1/13 HepaBeHCTB l-cosx~Colxl (rAe co=O,725 eCTb 

nOCT05lHHa5l, KOTOpa51 HaXOiJ.HTcH, KaK peweHIIe OTHOCHTeJIbHO Co H Xo CIICTeMbl 

ypaBHeHHH: sin Xo=Co. CoXo= I-cos xo) H Isin xl ~ lxi, nO,J,CTaB,~HH X=/I:\in H 
6ep51 cpe.n.Hee, nOJIyqaeM 

1- vin (u) ~ Co lui ,ill Xin I, '\in (u) ~ lui M IXinl.
 

Tenepb Ha OCHOBaHliH HepaBeHcTB
 

lui . a lui
1fl:(u)~. ~MI.\ill[= •
 

IDmvin (u) I-lui Co max M IAinl
 
i -	 i 

~ F (~n.	 A in ) ~ 2~ (I - ~n (u») ~ 2co lui ~ M IXild; 

Fn = max F (Vin' Ain) ~ c J lui max M IXinl,
i -	 i 

nO;lCTaBJl5I5I KOTopbIe B HepaBeHcTBo I II ;J:onpe.ue,lbHoii TeopeMbI 3.12, no.~)'qaeM 

npH nepeXO~le K npe,J,eJIy IL--+OO nepBblii pe3YJIbTaT TeOpeMbT. STOPOlt pe3y.%TaT 

no·~yqaeTC5I H3 HepaBeHCTBJ I\' TeopeMbI 3.12, eC.1H yqeCTb B npe.ueJIe 

~Ainl:::;in-+J:.Ain~ lulJ:.XIIX in I-+[ula H MOHOTOHHOCTb cliHyca npH [1lIa~n/2, 
'ITO H Tpe60Ba,10Cb. 

CJIe.n.CTBHe. flYCTb Xi HeSa8UCUAtbL u M\X;j=a. Toeoa ~Xdn npu n-+oo 

J1M-CXOOUTCfl 8 C.8. Z, onpeOe.1eHHylO nep81l'iHbL,IUL cpeOHUMu: I,VII Z = a, 
M exp(uZ) =exp(-II/Ia), M ~as uZ=exp(-colula)cos ua, IMI sinuZ=sinlula npu
lUI ~rt/(2a). ­

3TOT pe3YJIbTaT .n.omKeH paccMaTpnBaTbcH B~1eCTe C TeopeMOI"I 3.7 0 CXO.n.H­

MOCTH Cpe,llHero apn<pMeTHqeCKoro. O,HOBHa51 oc06eHHocTb B TOM, 'ITO npH CTOJlb 

CJIa6blX yCJIOBH5IX, KaK orpaHHqeHHOCTb Cpe,'l,mlX a6COJIIOTHbIX 3HalJeHHH cnaraeMbIX, 

,llJJlJ nOJIyqeHHH CXO;IHmeikH CYMMbI HOpMHpOBaTb Xi HY)]{HO He MHO)]{HTeJIeM 

1/Vn, K8K B rrpe,J,eJIbHblX TeOpeMQX, a MHO)]{HTe.~eM 1IlL, H npH 3TOM CXO;lHMOCTb 

6y.n.eT He K nOCToHHHOMy qHC.1Y, KaK B 3aKOHe 60,lbwnx qHCe,l, a 11l',l-cxo.uHMoCTb 
B c. B. Z. 

2. C JI a 6 e i't w H II n p e.n. e JI b H hi II P e 3 y.1 b TaT. ITYCTb He TO.%I(o 

MX2 in , ,HO n XI I Xin 1 He 51BJI5IIOTCH OrpaHHtIeHHb!MlI. OKa3bIBaeTC5I, H B 3TOM CJIy­

'1ae npeAeJIbHaH MOAeJIb BCe eme He 6y,J,eT TpIlBHanbHO rOJIoiL 

Teo p e M a. flYCTb XI, X~, ... , eCTb noc,1eoo8aTe;lbHocTb He3a8UCLI.llbiX C.8. U 
nycTb MXi=m, MXi=;n. Toeda npu IL--+OO cpeoHec apuepJ.leTU'leCKOe ~XdlL JlM­
CXOOUTCfl 8 C~8. ~ (T. e. lim.f(c.J/(;), ollpeoe.7eHHylO llef}811'IHbl,\IU CpeiJHllJ1Ill: 

~~=~, M~=m, 

M exp (u~) = exp (u'!!) , M exp (- u~) == exp (- um). 'i/u;;;;;: O. 

,[(OKa3aTeJIbCTBO. 113 HepaBeHCTB3 cxpx;?-I+x nOJIyqaeM Mexp(I/X);?­
;;a, 1+ Mux. ,UaJIee Ha OCHOBaHHH He3aBHCHy.OCTH Xi HMeeM ­

~ exp (u	 2: Xi/n) = M II exp (uXi/n) ;;;;;: II~ exp (UXi/Il) ~ (I + MuXi/ n)". 
iii 

nepexo.n.51 K npe.n.eJIY n--+oo H HCnOJIb3Y51 KJIaCCH'lecKyIO <pOplolyJIy 3iiJIepa, no.nYlJaeM 

.	 {exp (um). u > 0, 
lIm M exp (u 2: Xi/n);;;;;: exp (MUXi);;;;;: = 
n~oo- - exp (um), u< 0, 

qTO 'H Tpe60BaJIOCb. 
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3. Ha rrp5lMOe pa3JIO:IKeHHe MOMeHTOB CYMM onHpaeTC5I CJIe'uyIOruee YTBep*,UeHHe~ 

llYCTb Xin He3aBUCUMbl, CUJvlMeTpUttHbl, OcpaHUtteHbl U nYCTb CYl1{eCTByIOT e u tf 

TaKue, ttTO e~fli\iJ.X2in~H, Vine Tor,Ua 

lim M C~~X~)2k ~ lim (~MX;n)k (2k)!/(k!2k ). 
n~oo n~oo 

3.5. 3AKJ11OlJEHME 

ECJIH B rrpe,UbI'uYlll.HX ,UByX fJIaBaX paccMaTpHBaJIHCb oOIUHe rrpocTpaHcTBa He­

XO,lI,OB, TO 3,LI,eCb H ,lI,aJIee' - lJHCJIOBble rrpOCTpaHCTBa. Pe3YJIbT3TaMH CJIYlJafiH:bIX 

51BJIeHHI1 Oy,lI,yT CJIylJa HHble BeJIHTIHHbI (C. B.), rrOCJIe)J,OBaTeJIbHOCTH, 33 TeM rrpouecc bI. 

I/IcXO,lI,bI Terrepb y)Ke oy,llyT CB5I3bIBaThC5I He TOJIbKO MHO:IKeCTBeHHbIMH OTHOll1eHH5I~ 

MH, EO H lJHCJIOBbIMH: FIX MO)KHO ynOp5I,lI,OlJHBaTb, CKJIa,UbIBaTb Me:IK,Uy C060H, yMHO­

:tKaTb Ha CKaJI5Ip, rrpeoop330BbIBaTb rro rrpaBHJIaM ,lI,et'ICTBHH C lJHCJIaMH, BeKTopaMH, 

epyHKUHHMH. TaKHe B03MO:tKHOCTH peaJIH3YIOTCH KaK B HOBbIX crrocooax 3a,LI.aH'H5I C. B. 

H rrOCJIe,UOBaTeJIbHOCTeH: (CM. § 3.1), TaK H HOBbIX epopMax rrpe,rr.cT3BJIeHHt'r. 

CJIYlJaHHble BeJIHlJHHbI (n rrOCJIe,UoBaTeJlbHocTH) B oorueii KOHcTpyKUHn 33,U3IOT­

C5I Cpe,lI,HHMH npH3HaKOB, 3 npH3H3K3MH 5IBJUIIOTC5I BceB03MO:tKHble rrpeo6p330BaHHH 

H3 T.IHCJIOBOH rrpHMOH: - cPYHKl~HH O,LI.HOlI (MHOrJIX) nepeMeHHbIX. B TOM lJHC.ne 

Te HeOrpaHHlJeHHble, KOTopble M3:tKOpHPYIOTCH rrepBHlJHbIMH. BOT nOlJeMY He BcerAa 

cyIIl,eCTByeT K3K cpe,UHee CaMOH: C. B., HOO npH3HaKH B BH,il.e TO:IK,UeCTBeUHoro rrpeoa­

pa30B3HH5I rrp5IMOlI He 5IBJIHIOTCH OrpaHlIlJeHHbIMH, TaK H MOMeHTbI, B lJaCTHOCTH~ 

cpe,UHeKBa,lI,paTHlJeCKOe 3HalJeHHe (rrpn TOlJHOM cpe,UHeM - ,lI,HcrrepCHH). 

CaMbIM pacrrpOCTp3HeHHbIM rrpe,UCTaBHTeJIeM C. B. HBJI5IeTCH HOpMaJIbHa5l, B Ha­

melr KOHCTpyKIIHH 3a,U3BaeMaH TpeMH 3KBHBaJIeHTHhIMH crrocooaMH, TpeM5I P33HbI­

MH Ha60paMH cpe,UHHx: 1) C rrOMOIUbIO rrJIOTHOCTH, CJIe,lJ.OBaTeJIbHO, Bep05ITHOCTHMll 

oTpe3KoB; 2) MOMeHTaMH; 3) rapMOHHlJeCKHMH cpe,UHHMH B BH,lJ.e xapaKTeprrCTHtIeC­

KOH: cPyHKUHH. B HarrpaBJIeHHH 3THX HaoopOB H y'uOOHO CY,lJ.HTb 0 CTeneHH npHO­

.J1H:lKeHH5I K HOpMaJIbHOH: C. B. 

HY:IK,ll.a npeJI,eJIbHbIX pe3yJIbTaTOB, COCTaBJI5IIOIUHX HaHOo.nee BecoMylO lJaCTb 

rJIaBbI, nOTpe60BaJIa onpe,UeJIHTb rrOH5ITH5I CXO,UHMOCTH MOJI,e.;rlei:'1 (l'IM-cxo,UHMOC­

TH), COCT05IIUelf B npHOJIH:lKeHHH cpe,UHHX o,UHofr Mo,UeJIH K ,Upyrot1. r JIaBHa5I npg­
lJHH3 BBe,lI,eHH5I l11Vl-cXO,lI,JIMOCTH COCTOHT B ee HaueJleHHOCTH Ha npe,il.eJIbHbIe pe­

3YJIbTaTbI ,lI,JI5I CYMM He3aBHCHMbIX C. B. B lJaCTHOCTH, C ee nOMOIlLbIO epOpMyJIII­

pyeTC5I 3aKOH OOJIbllI IIX lJHCeJI npHMeHHTeJIbHO K CTaTHCTHlJeCKH HeycTOfIlJIIBbIM 

rrOCJle,lI,OBaTe.HbHOCT5IM (TeopeMa 3.7). 

Bee ,U3BHO npHBbIKJ1JI, lJTO npII CJIO:IKeHHlf He3aBHClfMbIX C. B. BnpaBe O:IKH2I,3Tb 

HOpMaJIbHOrO npe,lI,eJIbHOrO 33KOHa, no.rlara5I npn 3TOM BblnOJIHeHHbIMH H3BeCTHble 

yCJIOBH5I JIHHneoepr3 ~ cDeJIJIepa. A eCJIH 3TH yCJIOBH5I He BblnOJIH5IIOTC5I, lJTO BnOJIHe 

eCTeCTBeHHO rrpH HX HCXO,lI,HOH :lKeCTKOCTH, COCT05ImeH: B TOIIHOM 3uaHHH cpenHHX 

CJIaraeMbIX H HX ,UHcnepCHH:, a TaK:lKe HeOrp3HUlJeHHOM pOCTe HX qHCJIa? f!pe.1­

CTaBbTe Ha MHr, lITO cpe,UHHe CJIaraeMbIX He COBceM TOlJHble, T. e. XOTb ,lI,a lJyTb­

qyTb, 3 lIHTepBaJIbHble, H TyT :IKe OKa:IKeTeCb B TynHKOBOH: cHTyaUHH, TaR KaK 

cpe,u,HHM HOpMHpOBaHHbIX CYMM ,CTaHeT pa30eralOIIl,HHC5I no llIHpHHe HHTepBaJ'I, 

H npe,lI.eJI npOCTO Tep5IeTC5I. I1oTep5IeTC5I B paMKax KJIaCCHqeCKOrO rrO,lI,XO,lI,a, HO He 

HHTepBaJIbHOrO, cnOCOOHoro OXBaTHTb JIIOObIe npOMe*YTOqHhIe CJIyT.IaH, rrpnlJeM 

.n.aJKe ,lJ.JHI IKOHeqHhIX CYMM, T. e. ,lJ.onpe,lJ.eJIbHOrO CJIyqa5l. 
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r, Booome ,Uonpe,UeJIbHble H rrpeneJIbHble pe3YJIbTaTbI Ba:IKHbI rroToMy, lJTO one­

paUH5I CyMMHpOBaHH5I caMonpOH3BOJIbHO yqaCTByeT B npaKTHKe p0:IK,lI,eHH5I MHorHX 

c. B. TaK, norpeIIlHOCTh H3rOTOBJIeHHlI )leTaJIH eCTb pe3YJIbTaT HaJIOJKeHHlI )lpyr HII 

,lI,pyra pa3HbIX epaKTopOB. CJIO.IKeHHe JIe:tKHT B KOpH5IX rrp0lI,e,UypbI <pH~TJbTpaUJIH 
H T. )l. 11 rrOJIe3HO 3HaTh, 'ITO He TOJ1bKO .naHHble 0 npH3HaKax CJIaraeMbIX (B qaCT­

HoeTH, Bep05ITHOCT5IX, Cpe,lI,HeM C. B.) nepeHOCHTC5I no COOTBeTCTBYIOIlI,HM epOPMY­

}laM Ha ,cyMMbI, HO H caMO CyMMHpoBaHHe ITOJIaraeT BHyTpH ce05I yTOtIHeHUe cpe,U­

HHX no xapaKTepHbIM HanpaBJIeHHHM, ,UaBaeMoe CTeneHHbIMH n rapMOHHlJeCKHMH 

npH3HaKaMH. TaKHe HarrpaBJIeHH5I YHHBepCaJIbHbI B eHJIy cyryoo apn<pMeTHlJeCKHX 

CBOHCTB, rrpOllBJIlieMblX rrpH rrO.J;CTaHOBKe Ha MeCTO apryMeHTa CYMM. 11x cpe.zr;­

HHMH Oy,lI,yT rpaHHUbI MOMeHTOB, rapMOHHqeCKHe Cpe,lI,HHe, npH TOlJHbIX pacnpe,Ue­

JIeHH5IX Bep05ITHOCTeii OObe,UHH5IeMble B xapaKTepHCTHqecKyIO cPYHKUHIO (:L&i15I Hac 
He Hy:tKHylO). • 

B 3aBHCHMOCTH aT qHC~TJa CJIaraeMbIX H ;:r.aHHbIX 0 HHX ,lI.~TJ5I CYMM rrO~TJyqaIOTCH 
TO 60JIee, TO MeHee illHpOKHe HHTepBaJIbHble Mo,UeJ1H, onpe,n,eJI5IeMble 'CBOHMH cpe,U­

HHMH rro YHHBepCaJIbHbIM HanpaBJIeHH5IM KaK CTerreHHbIM, TaK H rapMOHHlJeCKHM. 

11HTepecHO rrpOCJIe)lHTh. KaK xapaKTep .naHHbIX 0 CJIaraeMbIX BJIHlIeT Ha IIlHpHHy 

,lJ.onpe,LI.eJIbHOfr H rrpe,lI,eJIbHOH Mo,UeJIeH. 11 KaK B iKpaHHeM C~TJYlJae TOlJHbIX jI,aHHblx, 

Y,UOBJIeTBOp5IIOIIl,HX KJIaCCHQeCKHM yc.nOBH5IM, npe,lI,eJIbHOlf CTaHeT HOpMaJIbHa5I MO­
,l1;eJIb (CM. TeopeMy 3.17). 

113JIOJKeHHe pe3YJIbTaTOB rrocTpoeHo TaK, 'ITO CHaqaJIa B § 3.3 paccMaTpHBaeT­

C5I CJIylJatI o1I.HOPO;l)fbL\{ c.J13rae:"IuIx, rr03BOJI5IlOruHH: BHHKHyTb B CYTb, a 33TeM B 

§ 3.4 nepeHocHTCli Ha HeoJ(Hopo.nHbIe cyMMbl oow:ero Blma, r,'l,e 3aKoHoMepHocTH 

60JIee oow:n:e, HO H oOJIee CJIOJKHble. HOBbIe JJ:orrpe){eJIbHbIe H npe)leJIhHbIe yTBepJK­

~eHH5I n03BOJI5IIOT B nO.7IHOM OObeMe B TepMHHax 11M BbI5IBHTb BbITeKalOmHe H3 

cyMMHpoBaHHH AaHHbIe eme 33,UOJIro ,lI,D Taro, KaK CYMMbI CTa/IH npe,lI,eJIbHO HOp­

MaJIbHbIMH, II a,a:tKe eCJI'll TaKOBbIMH B npe;:I,ene HecMoryT CTaTb. 

r _ 




