
r JI aB a 2. 
COBMECTHbII1 AHAJII13 

2.1. ,L(ETEPMHHHPOBAHHhIE nPEOIiPA30BAHH)l HCXO~OB 

OTo6pa1KeHWH. OnpCJLC.'IHB IfHTcpBa.'IhHbre MOJLCJIH If HX CBOHCTBa, 
nOH)leM ,lI.aJIbIIle. IloCMOTpHM, K3K OHH BH,UoH3l\1eH5HOTC5I B CMbICJIe 

.u.e¢opMau.mI npH3HaKOB H IfX CpeJLHIIX rrpH npeo6pa30BaHH51X rrpoCT
paHCTBa $. ,L(JI51 3Toro KJIaCCH¢Hu.HpyeM cnaqaJra caMIf rrpeo6pa
30B3HH5I. 

I1peo6pa30BaHHe s rrpOCTpanCTBa ge B 6lj l1, 

fC~GJf 

eCTb M3TeMaTH4eCKaH 33rrHCh pea,IIbHbIX OTHOIlleHHH Me)K,l{Y HcxO,ua

;) 

MH Ha ge 11 Ha 6lj. ECJI11 y=SX - epYHKUH5I, OnH03HaQHO oTo6pa1KalO

ma5I KaM,UbIH HCXO,n XEfE B HCXO,n yE:::=/;'1, TO npeo6pa30BaHHe Ha

3 bIB a eTC 51 aeTepMUliUpoBaliliblM. 
"j;"-Ka3aB, KaK ,neTepMHHHpOBaHHoe s npeo6pa3yeT HCXOnbI, pac

C~IOTp:HM, KaK rrp11 3TOM rrpeo6pa3YIOTC5I rrp113HaKH, HO He Bce, a 

nOKa TOJIbKO HX qaCT'HhIH KJIaCC - C06bITH5L 3neCb HeT Tpy,nHocTeH: 

A eEe rrpeo6pa3yeTcH B B = {y : y = SX, XEA} - 3TO MHOlKeCTBO 

3HaQeHHI1, KOTopble rrpUHHl'vlaeT y=SX, KOf,na x rrpo6eraeT 3HaqeHHH 

113 A. IIHIIleM epopMaJIbHO B = sA H 6Y,lI.eM Ha3bIBaTb B o6pasoM co

6bITHH A. I-(a2K,noe Co6bITHe A Ha ge HMeeT CBoit 06pa3 B Ha Ulj. 
C B 0 HC T B a 0 6 P a 3 0 B. 06pa3 06'be,nHHeHH5! ,nByX 11 60JIee 

C06bITHrI 113 !f8 paBeH COOTBeTCTBeHHO 06'be,U11HeHHIO 11X 06pa30B Ha 

6lj: s(A 1UA 2 ) ==s..4 1UsA2• 

06pa30M rrycToro M'HO)KeCTBa 6y,UeT rrycToe MHO)KeCTBO: s0 = 0. 
06pJ.30M Be 6y,neT, B o6mervr, qaCTb U}j, TOfJJ,a fOBOpHM, qTO S eCTb 

oTo6pa)KeHHe fEBflyTpb, UAU 8 U}j. ECJIH Me 06pa30M !f8 5IBJI51eTC5I 

Bce 6Jj (3TO HeTpy,UHO CneJlaTb, HCKJIIOqHB H3 6lj Te 3.neMeHTbI, KOTO

pble He BXO,Ll)IT B 06JIaCTb 3HaqeHHH SX), TO S eCTb oTo6pa)I{eHIIe 

ge Ha 6lj, qTO HH)Ke HCQHTaeTC5I. 

BKJIIOqeHIIIO C06bITHH COOTBeTcTByeT BKJIIOQeHHe 11X 06pa30B: 

A 1cA2 =?-sA 1csA2• TO:IKe BepHo nJI5I ,UonOJIHeHH5I (ec.TIH S eCTb 

oTo6paMeHHe ge Ha uy): sAc= (sA) c. 11 qero HeJIb351 CKa3aTb ,UJIH 

nepeCeQeHII5I: ,UBa rHerrepeCeKaIOIll,HXC5I C06bITI1H, CKa)I{eM Xl II X2, MO

rYTOT06pa)KaTbC5I B O,UHO, KaK 3TO BIIAHO H3 pHC. 2.1. 
0603Ha4HlVl Bce 3.n.eIVleHTbI x, oTo6paiK3IoLUHecH B T04KY y, lIepe3 

A y == s-ly= {x : sx== y} H Ha30BeI\1 npoo6pa30rvl HJIH us06paJICeliUeM 
TOtiKU y. Hso6paJICeflueJvL s-lB C06blTUfl BEUlj 6yJ,eT 06'be,UHHeHHe 

H306paiKeHHH TOlleK, BXOlJ,5UlJ)IX B B: A B = U A y == {x: s'xcB}. Herre-

YEB 
pecer<aIOlllHMrC5I BIll B 2 cooTBeT'cTByloT HenepeceKaIOIll,lIeC5I H306iPa

.lKeHHH s-1B 1 11 s-lB2, a 3JIre6paHQeCKIIM orrepaUH5IM Han HHMH 

TaKHe )Ke onepalUIH Han EX H306pa)KeHH5IMH. 2\1.HO)KeCTBa s-lycW 
B pe3YJIbTaTe He rrepeceKaIOTC5I H S MOiKHO paCCMaTpHBaTb KaK 

B33IIl\IHO-O,UH03Ha4Hoe COOTBeTCTBHe TOqeK y npOCTpaHCTBa UJj H no,LI.

MHO)KeCTB Ay npOCTpaHCTBa fJe: Ay+--+y, HJ1H COOTBeTCTBHe UAy+-+B, 
yEB 

npHBO,ZI,5Imee K H,2leHTHQHOCTH (H30MOpepI13l\tlY) ,UByX aJlre6p C06bITHll: 

yx !ljJeolfpo,]otfoIf11f1 

rX'~ _ ~y,
A j X z ~ i (sA 
l' ~ I. ~, / 

I : 

! 0 IT70oil{l/J!Ce1111f1 i 
~\S:r: .• Bx IJ 

H300P0.Jl(fl/IJf! OOfJaJbl 

PRe. 2.1. ITpeo6pa30BaHluI 11 oTo6pa:IKeHJUI 
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'1'\ 
aJIre6pbI d Ha flJ, nOpO.IK,lJ,eHHOH C06bITII5IMH Ay , Ii aJIre6pbI BCeX 

C06hITUH Ha UIj, 0603HaqaeMOH 2~. 3TU aJIre6phI d+-+2"!f U30MOp<!J

HbI 'B T'nM C~bIICJIe, 'qTO aJIre6:paIIqeCKHeOTHOllieHII5I 1M :,lJ,ellCTHIIH
 

Ha)J, ;MHO.IKeCTBaMH O;,lJ,HOll H3 HHX 3epIKaJIbHO oTo6pa.IKaIOTC5I 'Ha OT

IHOllleHH5I H TaK'IIe .IKe )J.eillcTIBII5I ~Ha!,lJ, Jl.pyroi1.
 

0606u.I.U!M IrrOH5ITUerrpeo6pa30BaHH5I, !JIO,lJ,BO,lJ,51 ero IK ,U30MOP<!JU3MY
 
,l(Byx npOH3BOJIbHbIX aJIre6p C06bITHi1. ,UJI5I 3Toro 6Y,lJ,eM nOHHMaTb S
 
(o6oI3HaQaeTC5I B OTJIUQue OT rrpe06pa3Q1BaHU5I 3arJIa:BHoH 6YKBOH) Ka'K
 
oT06pafReHHe, rrpM KOTOpOM Ka)K.l(a5I TOqKa x nepexo,nHT, B 06meM,
 

B IIO,UMHO}KeCTBO Sx== Ex npocTpaHcTBa Ulj, npnqeM: a) ,lJ,JI5I paSJIHq


HbIX Xl *X2 M HO}KeCTBa SXl'== B 1 H SX2 == B2, B KOTopble oT06pa.lKa


IOT'C5I 3TH TOqKJI, JIH60 ICOBna,lJ,aIOT Me}K,lJ,Y co60i1, JIH60 He nepece


KalOTC5I; 6) SW = USx == oy. P aBeHCTBO Sx == B nOHHMaeTC5I KaK He
x
 
nC/HocTh, IcoMHeHHe, Ky,lJ,a H3 MHO}KeCTBa Bx nOna,lJ,eT TOqKa X, II B 3TOM
 
CMblCJIeS paCnJIbIBqaTo.
 

OT06pa}KeHHe S JII06bIe C06bITH5I H3 t8 rrepeBo,nHT B",~o6bITH5I H3
 

oy: SA= U Sx, U o6paTHo: S-IB= {x: SxcB}. B HarneM-iuupolWM

XEA 

IlOHHMaHHII ,lJ,JI5I JII060ro S 'o6paTHoe S-l Bcer,na onpe,neJIeHo. flPH rrOB


TOpHbIX IIp5IMOM II o6paTHoM oTo:6pa)KeHII5IX S-1SA C06bITH5I, B 06


meM, ICMa3bIBaIOTC.H, CTaHOB5ITC5I lllHpe A, KpoMe HeKoTopbIX ill3 C06bI


THH, npe,lI:cTaBJI5IIO~HX HaII60JIblllHH 11HTepec, TaK KaK HMeHHO OHH
 

nOJIHOCTblO xapaKTepM3YIOT S. 3TO K.nacc ;ds Bcex Tex C06bITHH H3 ge
 
(u ero 0'61pa3 gjsHa UIj), 'KoTopoe DP'lI np5lMOiM U 3aTC:\I 06paT

HOM oT06pa)KeHHH '«OCTaIOTC5I qeTKo Ha MeCTe»: 

tAs == {A: S-1 SA == A}~~s === {B: B ==: SS-1 B}. 

XapaKTepHa O,lJ,H03HaQHa51 CB5I3h: A+-+SA=B, S-IB=A+-+B, F1H,lJ,Y

nHpYIOI1J,a5I ,nBe H30MopepHble aJIre6pbI d s +-+ !JJ s , r,Ue PlJ s eCTb 06pa3
 

.9ts• AToMaMH aJIre6p 5IBJI5IIOTC5I Bx==Sx, XE[g, ,nJI5I !lJ H Ax =
 s
 
=,S-lSX ,nJI5I d s . ECJIH nepe0603HaqHTb HX Bz, A z, 06'be,LlHHHB COB


rra,nalOI1J,He Melli,Lly C060H Bx (H Ax) no,ll. O,nHILM MH,neKCOM Z, TO S 
MO}KHO HHTeprrpeTIIpOBaTb KaK B3aHMHO-0,lJ,H03HaqHOe 'COOTBeTCTBHe 
Az++Bz• 

I1TaK, JIlO6oe oTo6pa.IKeHUe S liH,lJ,YU)1pyeT U30Mop<!JHhle 3JIre6phl
 
st s 1M !JJ s H rrOJIHOCTblO onpe,ll.e,}J5IeTC5IHlY1H. B TO )Ke BpeM5I .nI06oMy
 
HSOMOpepH3My MOfRHO no,nbICKaTh COOTBeTcTByIOmee oT06pa)KeHHe S,
 
rrOHHMa5I ero KalK oTo6pallieHHe C06bITHH li3 Z (aTOYIOB A ) B rC06bI
z 
TlI5I lIS GIl (aTOMbI B z ). 

AJIre6pbI d s H !JJs OXBaTbIBaIOT Te C06bITH5I, KOTopble OCTaIOTC5I 

qeTKHMH rrpII rrpe06pa30BaHH5IX. 4epe3 HHX MoryT 6~Tb orrpene~eHW 
06pa3M (H u306pa.IKeHU5I) Bcex OCTaJIhHMX C06~TUH no <!JopMyJIaM: 

SA == n SA'; S-1 B === n S-1 B'.
 
A'EAs B'E/Ji s

A':::>A
 B'=:JB 

npeo6pa30BaHHSI npH3HaKOB. MbI paccMoTpeJ1H, KaK oTo6pa*e-

HHHMH rrpe06pa3yIOTC5I C06WTH5I. Tenepb 06paTHMC5I K npeo6pa30Ba

HIIlO rrpH3HaKoB; yCT3'HOBIIM, KaK 'O,nHII H3 HHX nplI oTo6pa)KeUHH 

nepexo,n5lT B ,npyrHe. 

l.JHCJIOBaH epYHKUII5I f (X), H3MepHMa5I OTHOCHTe.nhHO HH,nYUHpO

BaHHoH oT06pallieHHeM S aJIre6pbI Ids C06bITHI1:, Ha3bIBaeTC5IS-npeo
·CTa8UMblM npu3HaKoM. ECJIH nOHHMaTb epyHKUHIO f lllHpoKoKaK OTO

6pa)KeUHe C06bITHH A B nO,ll.MHO)KeCTBa f(A) == {t(x): xEA} qUCJIO

BOll npHMofI, TO ,nJI5I S-npe,nCTaBHMbIX npH3HaKOB t (A) == f (S-1SA), 
VA, qTO 3KBHBaJIeHTHO MOllieT 6bITb B351TO sa HX orrpe,neJIelHHe; 3TH 

npH3H3KH rrpUHHMaIOT nOCT05IHHble 3HaqeHH5I Ha ,«aTOMax» A z aJIre6

pbI d s. !\JIa,CC Beex S-TIlpe,nCTaBHMhIX npH3'HaKOB 0603HaqIlM f!T s . 
B Hero, OQeBlli,UHO, BXO~5IT ,Bce 'HH,lI.HKaTOpHbIe epyHKIl,HH 'C06bITHM ds. 

!\JIaCC fT s JIHHeeH II 3aMKrHyT OTHOCHTeJIbHO JII06bIX apIIepMeTH

qeCKIIX ,nellcTBHH, T. e. ,npe06paSOBaHHe F (tI, t2, ... ) npHSHaKOB H3 

9Toro KJIaCCa npHBo,nHT 'K rrpH3HaKaM HS Hero )Ke (MO)KHO ,nonycKaTh 

-oeCKOHeQ:Hble 3HaQeHH5I npH3HaKOB). 

!\a)K,nbIH S-npe,UCTaBHMbI}I rrpH3HaK HMeeT qeTKO CBOM 06pa3 

:ep (y) =t (S-ly ) (IIJIH cp (B) = t (S-1B», KOTOpbIH 5IBJI5IeTC5I B CBOID OQe

peJI,b ~s-H3MepHMoH epyHKUHeH, IfJII! }Ke, tITO TO )Ke :caMoe, ,S-Lrrpe,n

CTaBHMbIM rrpH3HaKOM cp (B) == <p (SS-1B). KJIacc Bcex TaKHX npH3Ha

KOB 0603HaqH1vI (J)S-l. 

I\JIacc fT s Hero 06pa3 (1)S-l BsauMHo-0,UHo3HaQHO CB5I3bIBaIOTC5I 

MeM,Lly c06011: fTs ~(DS-l COXpaH5IH ynop5I,UOqeHHOCTh <pyHKUHH: 

/1 ~ t2~qJl ~ Cf!2, r,Ue f1 +-+'qJI, f2++qJ2; H H,UeHTHQHOCTh apHepMeTHQeC

KHX ,lI.eHCTBHH: F(fl' /2, ... )+-+F(CPl, <j)2, ••• ). HarrpHMep, 06pa30M JIM

HeHHOHKoM6HHaUHH C+'l2 Citi (X), fiEfTs, 6y,neT JIHHeHHa5I KOM6IIHa

IJ,II5I 06pa30B C + ~CiCPi (y), (Pi E (!)S-1 J fi~CPi. 

3aMeTHM, qTO eCJIII ,Y = sx eCTh ,L(eTep'MH'HIIpOBaHHble <npeo6pa

.30BaHHe, TO (1)S-l - 3TO Boo6me <JII06hle <pyHKUHH nepe'MeHHOM y, a 

IF s - 3TO M1HO)KeCTBO epYHKIJ,HH BH.na f{x) ==cp (sx). 
Bce S-npe,nCTaBIIMble npH3HaKH II HX 06pa3bI ,na,nyT Te, rpy60 

rOBopH, I«HanpaBJIeHH5I», no KOTOpbIM 6y,LLeT rrpOH3BO,ll.HTbCH paCqeT 

ICpe,ll.HIIX 11M npH oT06pa)KeHII5IX S. 
PaCl.feT Cpe,II,HHX. IlycTb Ha ge sa,naHa 11M J{X C 06~TJaCTbIO PF 

cymeCTBOBaHII5I BepXHHX ICpe,ll.HHX NIf, fEfT, H S eCTh oT06pa*eHMe 

2C Ha6lj. Tpe6yeTC5I paCCQHTaTb cooTBeTcTBYIO~YlO 11M .;f{Y Ha uy, 
KOTOpyIO 3anHCbIBaeM J{Y = SJ{x. KaKIIe ,naHHbIe 0 Cpe,lJ.HIIX M<p Ha 

oy 6y,nyT HMeTbC5I? qTO npH 3TOM Tep5IeTC5I? 

,UJI5I S-npe,ncTaBHMblx npH3HaKOB t pOBHO HHQero: 

1\1cp==Mf, cp~~tEffsn~, (2.1) 

H cpe,nHIIe O,UH03HaQHO nepeHOC5ITC5I Ha HX 06pa3w. 3TO OQeBH,UH~ 

Tal{ KaK ~o (y) nOJIHOCTbIO nOBTOp5lIOT 3HaQeHH5I f (x) 1== cP (Sx). 
flep8UtiNblJHU OAR npeo6pa30BaHHOU HM J{Y=SJ[x 6yiJYT cpea

Hue (2.1). OHII corJI3COBaHbI Ha !!lJ s B CHJIy 11X corJIaCOBaHHOCTH Ha 

Stt s 11 H30MopepH3Ma 3THX aJIre6p. 

IlocJIe,nOB a TeJIb HOCTb 3T a nOB JL JI 51 0 I1Pe,ne ,ne H 11 51 uf{Y CJIe,nyIOIna 51 : 
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-j
1) CHa'laJIa 06 .Jf{x OCT3BJI5IIOTC5I TOJIbKO CBe,J.eHH5I 0 cpe,J,Hllx nOk 

KJIaCCa S-'npe.iI,CTaBHMblx npH3Hal\OB fFs, 'lTO COOTBeTCTByeT fFS-pac

llmpeHHIO .Jf{x; 

2) Cpe.iI,HHe C fFs nepeHOC5ITC5I Ha I1X 06pa3bI rro ¢opMyJIe (2.1), 
06pa3y51 nepBH'lHble 3HaLJeHH5I .iI,JI5I ./f{Y; 

3) HaKOHeU, rrepBHLJ:Hble 3HaLJeHH51 rrp0,iI,OJlfKaIOTC5I Ha npoH3BoJ1b

Hble npH3HaKH. 

v!3 CKa3aHHoro CJIe,iI,yeT, 'lTO 6y;I,b Ha f!l} 3aJI.aHa v!{\ HJIH ee 

fFs-panIJHpeHHe (MXfFs), HTOrOBa51 uf{Y=S.Jf{x 6YJI.eT OJj.HOI1 H 

TOH )Ke. Cpe.iI,HHe TOJIbKO S-npe,iI,CTaBHMbIX npH3HaKOB y'laCTByIOT B 

paC'leTe .Jf{Y; OCTaJIbHble )Ke «CMa3bIBaIOTC5I», Tep5llOT CBOH c06CTBeH

Hble Cpe,iI,'HHe H nepeXO,iI,51T B «nO.iI,'lRHeHHe» K Ha60py MfF s = 
= {Mfs: fsEfFs}. 

DOTepb, O'leBH.iI,HO, He 6y,iI,eT B TOM CJIyLJae, eCJIH MfFs onpc,a,e

JI5IIOT O.iI,H03Ha'lHO Mo,a,eJIb uf{\ T. e. ee nepBIILJHble np1l3H31<H gE'S 
Bce S-npe.iI,CTaBHMbI: gjcfFs. Tor,iI,8 fFs-pacwHpeHHe uf{X COBna,J.eT c 

.Jf{x, a rrepBH'lHbIMH .iI,JI5I uf[Y 6y.iI,YT 06pa3bI gEe:!! C TeMH n(e, ]\aK y 

.Jf{x, 'Cpe.iI,HHMH, TaK LJTO Mem,iI,Y nepBllLJHblMH rrpH3HaKa,,1H H cpeJI.

HHMH .Jf{x H uf{Y YCTaHaBJIHBaeTC5I TOil(JI.eCTBeHHa51 CB5I3b. P8CLJeT 

Cpe.iI,HHX :npOH3BO.iI,HTC5I y)Ke He B Tpll 3Tana, J<aK BbIwe ,yKa3blBa

JIOCb, a B .iI,B8, T3K KaK 3JI.eCb fFs MOih:HO 38MeHHTb H8 e:!! II nepBbIH 

:Han Bblp0)KJI.aeTC5I. 
o p II M e p 2.1. OYCTb f}J=f!l - lfHC.lOB01l OCb, H nYCTb y=XZ - npe06pa30

BaHlle. Tor,Qa VIj =f!l+ - nOJlYOCb II cpe.J.HlIC J1Cp (Y) (,QJl1I YAOOCTBa c.~Ylfaihjble 

BeJllllfl-foHbI 0003HalfalOTC1I 3arJlaBHblMH 0YKB3MIH), onpe,Qemllou,lIe J{Y, BblpafI\a

101'C5I lfepe3 cpe;J.~lIIe .1(" no cjJopMyJle (2.1): ,\Ilcp(y)=A1Cf(X"). I-IanpHMep. ,\I}'= 

=MXz, Myz=MX4, M cos Y=M cos xz II T . .J., OpaBble 'WCTII pacclfllTbIBalOTC5I Ha 

OCHOBaHHII nepBlIlfHbIX .uaHHbJX 0 .It". OOTepb npll npeoopa30B3HHH He Oy;lCT. eC.ll1 

TOJlbI\O nepBlIlfHble npH3HaI\II J(.< 3anIlCbIBaIOTC5I caMII 'Jepe3 X Z. CKa)KeM, ,;/(, on

pe,QeJleHa 3HalfeHII5IMH MXz, A1X". Tor,Qa J{Y OY,QeT onpe.ue_~eHa nepSlIlfHbDl;r 3Ha· 

;	 lIeHII5IMII MY=MXZ II MYZ=MX~: a Bce OCTaJlbHble Mcp(Y), nanplIMep, .\1 cos Y, 
paCClfIlTblBaIOTC5I no HIIM 1IJ111 HenocpeJ\CTBeHHO nepeHOC5ITC5I ](aK cpe.J.Hlle H300pa

)KeH1I11 Mcp(X2), HanpllMep JilIcosXZ. 
o p II M e p 2.2. ,LI, e T e p M II H II P 0 BaH H bI e n p eo 0 p a 3 0 BaH H 51 '. :1 y

1I a 11 H 0 ron p 0 U e C C a. OYCTb Xt - npouecc, onpe;le,leHHbIi'l CSOllMH Cp2:\HII"1II 

iilI,f{Xt}, rAe f{Xt} - cjJyHKUJIOHaJlbI OT XI, .H nycTb S - ero npeOOpaJOB:;;i!le B 

Yt=SX,. 3TO MO)KeY ObITb He_~IIHeIIHoe npeoopa30BaHHe Y, =v(Xti, HanplDIep 

B03Be,Qe1IHe B I\Ba,QpaT Yt = X2,; orpaHHlfeHlle; JlIIHelllWe npeoopa30BallHe; II!.: "OM-

OIlHaUIIII, HanpHMep Y I = Su (Xr ) ht, rdt - HemulellHOCTb v C nOc.le,WIOIl.\lnl cjJ;I.lbT

pOM. COOCTBeHHO, BII,Q npeoopa30BaHH5I He npJIHUJInlla.leH J.l5! paClfeTa ·\frd YI}, 
K'OTOPbIII !<paIIHe npOCT: 3TH cpe,QHHe B TOLIHOCTH COBna,lalOT co Cj)e.J:HHMli 

Mcp {SX I} 01' f {Xd = cp {SX t } - S-npe.uCTaBHMbIX cjJyHKlIHOHaJl0B: "I'i {l',} = 
=Mcp{SXt }. TaK, npll npeoopa30BaHHII Tllna «HeJlIIHeIIHOCTb - cjJH,lbTp», BBeJeH

Horo lfyTb BhIwe, IIMeeM: 

MYt = MSv (X't) ht, 't d T, li.1Y; = M[fv (X ) hl .,;d't]2;r 

MSY t dt = MS Sv (X,;) ht.'t dtd't, 

H T. ,Q. 00 HIIM Be,QeTC5I 

HaKOB npouecca Yt KaK no 

nO,ll.06He MOJI.eJIeH. 

npI1BO,iI,51T K rrOTepe 

51CHO, 'lTO nOTepb He 

oT06pa)J(aeT f!l} Ha !Jlj, 

paclfeT cOOTBeTCl'BYIOIl.\HX cpe,QHHx OT OCTaJlbHblX npll3' 

nepBII'IHbiM 3HalfeHII5IM CorJlaCHO TeopeMe np0,QOJl)KeHH5I. 

PeLJb nOJ1JI.eT 06 oT06pa)KeHH5IX, KOTopble He 

,ll.aHHbIX OTHOCHTeJIbHO MO,iI,eJIH. COBepweHHO 

.iI,OJI)KHO 6bITb, eCJIn S 'B3aHMHO 0,ll.H03Ha'lHO 

TaK Kal< 06paTHbIM oT06pa)l(eHHeM S-1 BCerJI.a 

MOiJ<HO ycrreTb 'BepHyTbc5I Ha3a,iI, IK HCXO,lI:HOMy rrpOCTpaHcTBy H 'HC

XOJI.HOI1 MOJI.eJIH, KaI(OH 6bI OHa HI1 6bIJI8. Borrpoc CTaHOBHTC5I He 

TaKHM TpHBHaJIbHbIM, eCJIH S 51BJIHeTC5I peJI.YKl..l,HeJ1 npOCTpaHCTBa, rre

peBo.n 5l I..l..l,el1 f!l} IB npOCTpaHCT'BO !Jlj MeHbweHpa3MepHOCTH. 

OT06palKeHHe S Ha3bIBaeTC5I npeo6pa30Bal-lUeM nooo6uR. (HJIH 

rrpoCTO rrO,ll.06I1eM) ,ll.JI5I uf{X, eCJIH .Jf{X = S-IS.Jf{X, T. e., OT06pa)Ka51 

rrpOCTpaHCTBO f!l} c nOMOJ..UblO S 'B !Jlj, a 3aTeM 06paTHO c nOMOJ..UblO 

S-I, npI1XO,J.HM K TOft )Ke caMOH OTHIO,ll.b He 60JIee WHpOKOH MO,iI,eJIH. 

DPH 3TOM S-1 6Y.iI,eT TaK)J(e rrpe06pa30BaHHeM nOJI.o6'H5I JI.JI5I .Jf{Y,= 
= S.Jf{·\ TaK KaK SS-I,,${Y = .Jf{Y. 

MOJI.eJIH ..J{X H ..J{Y, CB5I33HHble Me)KJI.Y c06011 rrO.iI,06H5IMH, Ha3bI

BaIOTC5I n0006I-lbU1.U H 0603Ha'laIOTC5I .JI{X ,....".Jf{Y. 
OTo6paJICeHUe S 6yoer 1l0006UeM OAR. .Jf{X = (Mxe:!!), eCAU S-npeo

CTaBUMbl Bce nepBU'tHbte npu3HaKu: g(X)=\jJg(Sx), VgEe:!!. flpu 
aTOM .Jf{X npeo6pa3yeTCR. B nooo6liyfO eii ..J{Y = (Mx\jJ), onpeoeJleI-l
l-lylO nepBUiiliblMU cpeoHuMu: MY\jJg=Mxg, U qr,= {\jJg: gEe:!!}. 

LL3HHoe yTBep)J(JI.eHHe eCTb nOBTopeHHe paccy)K,a,eHHI1 I<OHua npe

,iI,bI,iI,ymero p 83,iI,eJI 3. 

Ha060pOT, eCJIH S - nOJI.06He JI.JI5I ..J{X = (MXe:!!), TO, OCT8B.15151 

BMeCTO e:!! nO,ll.Ha60p e:!!s Bcex S-npC,iI,CTaBI1MbIX nepBH'lHbIX npH3H3

KOI3 gjsc;?l, ~lbI He 1I3IMCHiI1:vl HCXO:J,HyIO '~1'0,ll.ejlb: ..J{x=(M"e:!!s). Tor,'1.a 

KJIaCC ,P+e:!! s BTOpHLJHbIX npH3Hal<OB 6YJI.eT S-npeJI.CTaBHM H B3aH?IHO 

0JI.H03Ha'lHO C coXpaHeHl1eM oTHOWeHHI1 nOp51JI.Ka H 3Ha'leHHH cpeJI.

HHX 6Y,'I,eT oT06pa1K3TbC51 B ](JIacc p+-q.rs, "¥s = {\jJg : gEe:!! s}, BTOpH'l 

HbIX npH3HaKoB nO,J.06HofI ..J[u=S..J{\ a P+e:!!s H P+"¥s, B CBOIO otIe

pC,ll.b, 6y,'l,yT nO,ll.iK.TI3CCaMH fFs H COOTBeT,CTBeHHO cD S_l Bcex 

npe,J,cT8BHMb1X ¢yHI<UHI1, Jj.oCTaTOLJHbIMI1 ,ll.JI5I p8CLJeTOB MO.rr.CJIH .JI{Y 
rro J(o,; OpH rrpe06pa30B8HI1!1 S. OTCIOJI.3, CCJIn ,,${x H .JI{U no,a,06HbI, 

TO FJ18CCbI fFs H (1)S-l (KaK H P+e:!!s, P+,,¥s) B33HMHO 0,a,H03H3tIHO 

OT06p 8IK310TC5I Jjpyr B ,ll.pyr 3 C 3ep KaJIbHOCTblO a pIIcl)M~TH'lec:!.\IIX 
nel1CTBI1I\ coxp8HeHIICM nOp51,iI,Ka H cpe,ll.HI1X: t-.-~cp, M"1=MUcp, 
fEfFs , cpEC[)S-l. 

OnlQWCHlle nOJ.06H5I Mo,a,eJIefl pe¢JICKCHBHO: ..J{x,...." ,,${\ CHMl\leT

P\oIlIIW: Ji."'::'- ..J{u=,?-J1Y ,...." .JItx II TpaH3IHI1BHO: ..J{x,...." ..J{U, ..J{Y ~ vlIz=,?
='?-..J{x::-.,) J{z. DOJI.06Hble MO,ll.eJIII 'FMeJOT 0Jj.HH3KOBble p83MepHOCTH, 

CTporo COOTBeTcTByIOW,He ,ll.pyr JI.P)'rY rpaHH H H306p3il<a1OTC5I O,lH

HahOBbl"lH rCOMCTpl1LJeCl\llMH TeJI3MH (HO B pa3HbIX npOCTpaHCTBax). 

o p H M e p 2.3, OYCTb lla pa30lleHlill f}J Ha HenepeceKalOLUHeC5I COObITH5I: f}J= 

= A I +A + ... +A k, 3a,cI,aHO HHTepBaJlbHOe pacnpeAe.ijeHHe Bep05lTHOCTelI 11PBz
rpaH!lll3-MII Bep05lTHOCTeil E.i=~(A;), Pi=P(A;). 3Ta MO,le,lb nO;looHa 

MrS Ha !I-To'.JelflIoM npocTpaHcTBe V1j/<= {Yl, .. , yd C TeMII IKe Sep05lTHOCT5IMII 
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s 
~ (yi) -= PJ.' J5 (yd =Pi. OT06pa:>KeHHeM, HaBO,lJ,SIII]JIM rrO,lJ.06He, 6Y,lJ,eT Ai-+Yi, 8 06

S-I 
paTHbIM 'K HeMY 6Y,lJ,eT H30MOP<PH3M Yi -i--A i • KJIacc fTs o6pa3ylOT <PYHKUHH BH,lJ.a 

c+ ~ciAi (x), 8 cDS-l - B'H,lJ,a c+ ~ci811 I (y). 

Do,nooue COXpaHHIOT aJIreOpaHqeCKHe ,nenCTBH5I HaJ{ MO,neJI5IMH: 

ECJIH f?j'"'x H f?j'"'Yx eCTb COOTBeTCTBeHHO OOJIaCTH cymecTBOBaHH5I 

cpe,nHHx )])I5I J{x H Jf{Yx , TO ,nJI5I vf{Y 3TY 06JIaCTb COCTaBJI5IIOT TaKHe 

epyHKIJ:HH 'qJ (Y) E:~J!TYx, IqTO MYxqJ (y) Ef!Tx . CIO,na, KOHeqHO Me, BXOa5IT 

.,1I06bIe OrpaHHqeHHble epyHKIJ:HH. 

Jte/"V Jt~, 'rJ 8=> /\ Jlte~ /\ .jt~, v.;as "-/ VJt9. 
e e e e 

2.2. CJlYlJAAHbIE nPEOBPA30BAHH5I 

nepeXO,ll.HbIe MO,ll.eJIH. B npe,UbI,LLymeM naparpaepe P3CCMOTpeHbI 

oTo6pa)KeHH5I ge B 6Jj H HX oOJIee OOmHe epOPMbI - H30MOpepH3MbI, 

npH KOTOpbIX KaLK,na5I TOqKa X C ,LLocToBepHocTbIO 1 nepexo,nHT B 

MHOLKeCTBO BxcUlj, npHqeM Bx npH pa3Hblx X COBna,naIOT MeLK)J.y 
C060H HJIH !He :rrepeceKaIOTC5I. 

PaccMoTpHM 06~HH: CJIyqaH, Kor,na X B npHHUHne MO)KeT nepeI1:TH 

B ~TII06yIO TOqKY yEUlj, a ISHaIHH5I 00 aTOM ,cpe,nHeCTaTHCTHqeCiKHe. Ta-
Q 

KIle npeoopa30BaHH5I Ha3bIBaIOTC5I CJIyqaHHbIMH: fE~CJJj. ,UJI5I CJIy

lJ3IIHhIX npeo6:paSOrBa'HrHH Q Ka)KJI,OH TOlfKe X YKa3bIIBaeTC5I HeROTO

pa5I 11M eJf{Yx Ha (J}j, Ha3bIBaeMa5I nepeXOaHOU H3 f1J Ha 6Jj H onpe

AeJI5IeMa5I CBOHMH cpe,nHHMH 3HaqeHH5IMH MYxqJ (y). CrrocoobI ee 3a

,LLaHH5I TOqHO TaKHe )Ke, KaK JII060H 11M, a HMeHHO, rrepBHqHbIMH 

cpe,nHHMH MYx ,¢, tP E '¥, r,ne tV -- llepBHqHbIe rrpH3HaKII Ha Ulj, cpe,n
HHe (KOTOpbIX, !,na II BII,l( HX caMHX, B 06meM, SaBHC5IT OT x. 

B qaCTHOM cJIyqae, Kor,na J{Yx eCTb HHTepBaJIbHOe pacrrpe,neJIe

HHeBep05ITHOCTeH, TO rrepBHqHbIMH rrpU3HaKaMH Oy,nYT C06bITH5I Ha 

6Jj H rrepexo,nHa5I 11M oy,neT nOJIHOCTbIO onpe,neJI5ITbC5I BepxHHMH 
nepeXO,LLHbIMH Bep05ITHOCT5IMH 

q(x, B) == 15% (B), 

YKa3bIBaIOmHMH, C 

peH,LLeT B CoobITHe 

= I-PYx (Be), T. e. 

Bc6)j, 

KaKOH HaHOOJIhIlleH Bep05ITHOCTbIO TOqKa x ne

B 'npH npeoopa30BaHH'H Q. OqeBH,nHO, 9 (x, B)= 
HH)KHHe nepeXO,ll,Hble Bep051THOCTH cpa3Y BblqHC

JI5IIOTC5I no BepxHHM. 

npeo6pa30BaHHSI MOJI-eJIeH. flYCTh Tcrrepb 33,lJ,aHbI v1{X Ha te H 

rrepexo,nHa5I MO,LLeJIb Jf{Yx Ha Ulj, orrHCbIBaIOma5I CJIyqaHHOe npeo6pa

30BaHHe Q li3 Pe Ha Glj. Tor,na cooTBeTcTBYIO~a5I HM ~Y Ha Ulj oy
,lJ,eT orrpe,LLeJI51TbC5I cpe,nHHMH: 

MY q> (y) = MX 
(M~ q> (y». (2.2) 

3,J,ecb NiYxfI) (y) eCTb cpe,nHHe no nepeXO)1,HoH MO,LLeJIH eJf{Y , a KaK 
x 

epYHKIl.HH x - 3TO B CBOIO Oqepe,LLb npH3HaKll Ha 88, cpe,nHHe KOTO

pblX no J{x, 0603HaqaeMble Nix, H ,LLanyT COrJIaCOBaHHble 3HaqeHli5I 

MY (j), 0 np e,LLeJI 51 10 I..U He J{Y. P e3y JIb TaT rr p eo0p a 30BaHH 51 3 anHCbIB a eT
C5I: eJf{Y = QJf{x. 

PaCCMOTpHlVi Ha np'lIMepe nOCJIe,l1,OBaTeJIbHOCTh BblqHCJIeHHH no 

epopMyJIe (2.2). 
TI p R M e p 2.5. ITYCTb KaK J(x= (Mxg) 3ajLaHa e,lJ,lIHCTBeHHbIM nepBlfl-lHbIM 

Cpe,llHHM jijxg, TaK II nepeXO,lJ,Ha51 MO,lJ.eJIb .;/{Yx= (MYx"P) - O,lJ,HHM Cpe,lJ,HHM 

J\lYx1P (y) = h (x). Tor,lJ,a COrJIaCHO epopMyJIe (2.2) ,lJ,JIH npH3HaKa cP (y) HMeeM 

MY cp == Nix Al~ cp = min _ [c+ cT M X g] , 
c+cTg (x) ;::M~ cp 

r~e M~cp== min [d+dth(x)]. 
d-t-dt¢(y)~CP(y) 

Cpe,lJ,Hee MYcp 6YJI.eT onpeJI.eJIeHO, eCJIII onpeJI.eJIeHO MYxcp H Ma)KOpRpyeMo 

JIIIHeHHbIMH KOM6IIHaUHHMR c + c+ 19 (x). ITpRQeM ,lJ,JIH JII06bIX cp rrepeXO,lJ,Hoe cpeJI.

Hee MY xrcp ,KaIK epYHKUHH nepeMeHHoH x 6Y,lleT nponopUlHOH8JIb(HO h (x). TOr,lJ,8 H OT 

J{X Tpe6yeTcH TOJIbKO 3HaHH5I M·':fi (x), T. e. h (x) - ero paClI1HpeHH5I. 3TOT ¢aKT 

He pacnpOCTpaH5IeTC51 Ha HeCKO.J1bKO nepBHQHbIX 3HaqeHHH MYx"Pi =llj (x), TaK KaK 

TOf,lJ,a MYxcp He 

06bHCHlIM, 

O,lJ,HH, a ,lJ,Ba, 

fi i (x) H h2 (X), 

M~ cp == 

6y.uyT, B 06meM, JIHHelIHbIMH KOM6IIH8J-LH>IMII hj (x). 
nOqeMY TaK. DYCTb I1epBIIQHbIX npH3HaKOB nepexoJI.HofI MO,lJ,eJIH He 

CKa2KeM 'Pi II ~)~ C COOTBeTcTBylOmHMH HM BepXHHMH cpe,lJ,HHMH 

Tor,lJ,8 

min [d + dt ~ (x) +dt ~ (x)] 
d+dT 1Vl (Y)+dtqJ2(Y)~CP(Y) 

~ . 
H rrpaBa5I qaCTb He 6Y,lJ,eT Bblpa2KaTbC5I B BR,lJ,e JIHHeI1HOH KOM6HHaUliH hi (x) H 

h 2 (x), TaK KaK 3HatreHH5I K03epepHUHeHTOB d II d+ j, rrpHKOTOpbIX ,lJ,OCTHraeTC5I 

MHHHMyM, MoryT 3aBHceTb OT x. 

Bnp'HMepe 6bIJ1 BBe)l,eH TOT cJIyqafI, KOf,Ua MYxqJ npH JII06bIX <p 
o6pa3ylOT 'BeCb'Ma OrpaHf-II-IeHHbIti KJIaOC f!Tx* npH3Ha1KOiB, npIHl.JeM 3TO 

BCer,LL3 3aMbIKaHHe [2+d{g] rrOJIyJIHHeHHOfI 060JIOQKH p+df5 HeKOTO

poro Ha60pa df3. Tor,Ua ,LL.TI5I paCqeTa uf{Y=QJ{x H OT vf{x nOTpe6yeTC5I 

TO.JIhKO 3H3HH5I MXf, feg- x .).., a f!Tx*-paClllHpeHHe JJ{x He rrpHBe.ueT K 

H3MeHeHHIO JI{Y: QJf{X = Q<l\1xf!Tx*). 

OCTaHOBHMC5I iH3 3TOM II paccMoTpHM ,nJI5I HaqaJIa caMbIH KpafI

HH}r cJIyqal'r. TIyCTb nepeXOnHbIe 11M O,lJ,HH H Te Me, ne3aBlfiCHMO 
,. OT x: J!{Y x =v1fo. TOI"',LL3 J\1Y x (P 6y,lJ,YT KOHCTaHT3'M'H, He 33BIIC5I1IJ:HMH 

OT X, H KJlacc BTx:~ BbIpO)K,UaeTC5I B nO'CTOHHHY1O C. TloJIYQaeTlc5I, LITO 

o uf{x Boo6me HHlJerO He HanO 3HoTb, qTo6bI paCCqHTa'I'b ,Jf{Y: J!{Y:== 

=vf{o. 3TO TOT CJIyqaH, KOrJLa )1.3HHhle 0 ,CTaTHCT'Hy:eCKI1X ICBOHCTBax 

H3 Ufj He IVleH5IIOTC5I, eCJIH CTaHOBHTC5I H3BeCTIHbIM «BXOn,~> x. 
PaCCMOTpYIM i,lJ,pyroH c.nyqaH. TIYCTb rrepeXO)l,Ha5I MOAeJIb t!f{Yx OA

Ha II Ta .IKe Ha HerrepeCeKalOllI,HXC5I C06bITI15IX A j jp236HeHll51 sIt'J:. == 
= {AI, ... , .l4 k } rrpo'CTpaHcTBa gee ,UOCTaTOqHO, QTo6bI rrepBHqHble 

CpeJl;HHe, Orrpe,LLeJI5IlOmHe nepeXOAHble 111\1, 6bIJIH rrOCT05IHHbI Ha A j , 

H T'orJJ,a MYxff! .oY,l.rYT TIOCT05IHHblMHnpH XEA j , T. e. d'J:.-H3MepIL\1bI

MIT) - LITO H aaCT IKJIaCC f!TX*. MO,lleJ1b Jf{x 6e3 ymep6a )lJI5I J!{Y== 
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('lr 

= QJtx MO)KeT ObITb paCI11HpeHa AO 11M, rrepBUl.JHbIMH KOTOpOH ,5IB

JI5IIOT'C5I Icpe,UHHe M~CiAi (x) Bcex d~-HsMepHMblx epyHKUHH (HO HR

K3K He ,UO :YIPB C nepBlil.J!HbIMH 'COObITH5IMH liS s4~ HJIH HX OO'be,UH

HeHH5IMH) • 

,UeTepMHHHpOBaHHble rrpeo6paSOBaHH5I eCTb l.JaCTHbIH: CJIyl.JaH: CJIy

qaHHbIX, KOf:,Ua IrrepeXO,UHble Mo.ueJIH tlftYx==<P(Bx) = 1) HBJI5IIOTC5I rOJIbI

MH Ha BsaHMHO 'HerrepeceKaIOIUHecH B x , T. e. ,UocToBepHo x-+-Bx • 3TH 

npeo6pa30BaHH5I OTHOC5IT'C5I K rrpe,UbI'uymel\IY Tllrry, l.JTO 6y,UeT BH,UHO, 

eC~lH ,UJI5I HeKOToporo B z 0003Hal.JHTb A z= {x: x-+-Bz} , H Tor,Ua 

A:~Bz. 
CBOMCTBa npeo6pa30BaHMH MO,lJ,eJIH. PaCCMOTpHM, KaKHMH cnot'I" 

CTBaMH OOJIa,UaeT orrepaUH5I npeo6pa30BaHH5I CBoero po,Ua 'CTa'TIIc.TH

lIeCKoro rrepeCl.JeTa Mo,UeJIei1: .;f{Y == QJ{x. I1yCTb Ha ge ,UaHHbIX BeT

rOJla5I .11M .;YX. TOf,Ua J{Y = Q:Yx 6y,UeT orrpe,UeJI5ITbC5I cpe,UHHMH: 

MY q> (y) == sup MX q> (y) 
x 

11 pe3YJIbTaT sanHCbIBaeTC5I: 

Q.Jx == V Jll~. 
XE!!lJ 

3HaqHT, rrpeoopa30BaHHe rOJIOH 11M .9KBHBaJIeHTHO OO'be,UHHeHHIO 

rrepexo,UHbIX 11M no BXO,Uy x, paccMaTpHBaeMoMy KaK rrapaM€'Tp. 

3aepHKCl1pyeM .9TOT pesyJIbTaT, ,UaBeMy paclIlHpeHHylO epOpMyJIH

pOBKy: 067JeOUHeHue HAl e/lte no napaMerpy SEE> JvlOafCeT 3KBUBa .. 
.I1eH.THO paCCJltaTpuaaTbCJl KaK pesyJlbTaT CJlyttaufl020 npeo6paS08a
litlJlMHOafCecT8aE>, anpuopliblX oaliliblX 0 KOTOpOM neT, 8 npOCTpaH
CT80 UCX0006, a ~e - KaK nepexodliaJl MOOeJlb BTOcO npeo6paso
eQ.fiUJl. 

OTcyTcTBHe arrprHopHbIX ,lla'HHblx 0 x ,naCT caMyIO lIlHpOKyIO 1\10

,ne"lb Ha BbIXO,lle, n03TOMY B 06meM CJIy4ae QJ{xcQ:J'x. 
...\ qTO, eCJlH rrepeXO,llHa5I J(Yx rrp H Bcex x 5iBJI}leTC5I rOJ1olLi, T. e. 

HIIKaKHX ,lI,aHHbIX 0 rrpeo6pa30BaHHH HeT? Tor,lI,a npeo6pa30BaHue 

~11060}i uf{x BeAeT eAHHO K rOJIOI1 Mo,UeJIH, He Hecymeli HHKaKHX CTa

TJICTHqeCKHX J-LaHHbIX OTHOCHTeJIbHO HCXOnOB Ha Ulj-: 

~f,{~ -::=; :lJ Y * Qu1t X == :J Y 
, V~;f{x. 

,U a HHbI i1 ep a KT CJIe,llyeT IH3 cpop MyJIbI ( 2.2): MY cp (y) =.Ntx sup 'ep (y) = 
==supep(y). 

PaccMorpHM Tenepb, KaK TpaHepopMHPYIOTC5I OTHOrneHH5I BKJIlO

qeHH5I H onepaUH'H o6be,UHHeHH51, nepeCeqeHHH ,Ivl0,LLeJIeI1 Ha ge nOCJIe 

CJIyqaHHWX npeoopa30BaHHH Q. 
1. OTHorneHHe BKJIIOqeHH5I COXpaH5IeTC5I rrpI1 npeoopa30BaHH5Ix: 

~Jtf cJH~ => QJJtf c Q Jt~. 

2. TIpeo6pa30BaHHe o6'beAHHeHH5I Mone.neil Ha ge paBHo 06'benH

HeHHlO HX npeo6pa30BHHH: 

Q(V .At~) ~ VQJJt~. 
v v 

80 

B l.JaCTHOCTH, ,eCJIH ~x = VgJv rrpe,UcTaBJIHeTC5IKaK OO'be'u11HeHHe 
v 

BeprnUH, TO npeo6pa30BaHHe ~x - KaK OO'be,UHHeHHe rrpeo6pa30BaH

HbIX BepllIHH: 

Q.Jft X 
== VQ!?Pv·
 

v
 

3. TIpeo6pa30BaHHe nepeCel.JeHHH Mo,UeJIeH: BKJIIOQaeTC5I B rrepece

qeHlIe EX rrpeo6pa30BaHHH: 

Q (1\ v1l~)c 1\ Qu1t~ . 
v v 

I1pHQHHa TOMy, lITO B rrOCJIe,UHeH ,qaCTH CTOHT BKJIIOl.JeHHe, a He 

paBeHCTBO, COCTOHT B OClITIa6JIeHHH nOp5I,UKa Me)Kny rrpH3HaKa~MH npH 

C.:1YQaHHbIX npeoOpa30BaHH5IX. B lIaCTHOCTH (Kor,Ua v - .HH,UeKC, 

0603HaQaIOmHl1 HOMep nepBHqHOrO \rrpH3HaKa), nOJIyqaeM 
r 
t 

Q (M~)= Q 1\ (lW X g)c 1\ Q (M X g).t 
f gE.;§ gE.;§ 

4., CrrpaBenJIllBO BK~rrIOqeHHe 

(V Qo) v1l x 
-:::J 'VQe ~1:!X, 

e e 

f,.le Q = VQe - npeoopa30Ba'Hlle, cooTBeTcTByIOLUee OO'be,lI.HHeHHIO 
e 

nepexOnHbIX 11M: J{Yx = V J!{Yx , e· 
e 

B :caMO:.\1 ,LLeJIe, j\1Ycp=Mx sup MUx, ecp~Sup .lWJ.}Vfu~:, ecp=sup MY(jcp. 
e e e 

lla,UHivl Ha npHNlepe reO:vIeTpHqecKylO HJIJllOCTpaUHIO CKa3aHHoro. 

IT p Ii M e p 2.6. DyCTb TpOeTOqHe aJ = {Xi, X2, X3} CJIyqaHHbIM npe06pa30Ba· 

HIlt\1 Q oTo6pa)I{aeTCH Ha ce6H. ITepexo,UHa5I Mo,UeJIb tJ!{Yx IIpR Ka:IK,lJ.OM SHaqeHHH Xi 
npe.J,CTaBJI5IeTC5I KaK BblnyKJIOe MHO:IKeCTBO Qi BeKTopOB Bep05ITHOcTei"'i qT= 
= (q{Xi, yt), q(Xi, yz), q(Xi, Ys)), TaK tITO v!{Yx , cp= max qT<p, f;I,e <PYHK1U151 qJ 

. 1 qEQi 

eellJ BeKTOp. l'vlHo)KccTBa Qi, !KaK rrpenCr3BJIeHO Ha pRC. 2.2,a, - 910 pesyJIbTaT 

npec!6pa30B3HHrI RH,UHKaTopHbIX Mo,UeJIeH: <P (xI) = 1), i= 1, 2, 3, 5IBJ15IlOmRXC51 

P(x3 }=/ 

F{xz}=! V '~P(.xI):=1 

a) t5) 

Puc. 2.2. 06pa3bI 1\lo;:r,eJ1cff rrpR c.nyqaHHbIX rrpeoopa30BaHH51x 
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BepllIHHaMH :Y. I1pe06pa30BaHIIe Bep051THOCTen P = (P (xd, P (X2), P (X3)) Be,1l.eT 

K ceMeficTBy BeKTOpOB: 

QP == { pY : pY (Yj) = ,~p (Xi) q (Xi> Yj), qEQi}. 
L=l 

KaK 3TO BH)lHO H3 pHC. 2.2,6, QJ(x COCTaB.TI5IeTC51 II3 npe06pa30BaHHblx BeKTopoB 

Bep05ITHOCTe~I, .Tle.IKaUUIX B BepwHHax Jltx, II «3arHaHHblX» BHYTPb npe06pa30BaHHH 

Q.:Jx rO.;loILi YIN\.. CYTb TpeTbero CBo{IcTBa pacKpbIBaeTC51 BKJIlO4eHueM: (Q P2 V 
VQP 3 ) 1\ CQP3'VQ Pd ~QP3. 

I1H,lI.HKaTOpHbIe npe06pa30BaHHSI, I1HTepSaJlhHaSi apHcPMeTHKa. 

PaCCMOTpHM OC06bIH KJIaCC Jf{x H Jf{Yx• TIYCTb JI{X 33,lI.3H3 e,lI.HHCTBeH

HbIM !npe,lI.JI02KeHHeM: «C06bITHe A M3 ge ,lI.OCTOBepHo». 3TO ,lI.aCT MH

,lI.HK3T0P'HYlO MO,lI.eJIb: Jf{X == <Px (A) = 1), onpe,lI.eJIJIeMYlO corJIaCOBaH

HbIMH cpeAHHMH MXf(x)=suPf(x)=f(A), VfEfTo. TIyCTb 'CJIyqaH-
XEA 

HhIH: onep3Top ocymeCTBJI5IeT ,lI.OCTOBepHo nepeBO,lI. Ka2K,UoI:r TOqKH x 
B Co6hITHe Ex Ha uy, qTO onHChIBaeTCH UI-lJuKaTOpl-lblMU nepexodHbt
MU MOaeAflMu J{Yx == <pY (Bx), == 1), onpe,lI.eJI5IeMhIMH cpe,lI.HHMH: 

MYxcp (y) =:(P(Bx) , VcpEtfo (3,lI.eCh He Tpe6yeTC5I, KaK ,lI.JIH ~eTepMH

HHpOBaHHhIX M30MOpepHbIX oTo6pa2KeHHH, 4T06hI Bx B3aHMHO He ne

peCeKaJIIHCh). Tor,lI.a COrJI3CHO (2.2) 

MY cp (y) == sup (sup cp (y)) = q; ( U Bx ), 
XEA YEB XEAx 

T. e. pe3YJIhTHpYlOm3H tJf{Y 6Y,lI.eT TaK2Ke B-HH,rr,HKaTOpHOH: C Co6hI

THeM B= U Bx:JftY=<PY(B) =1). 
XEA 

TaK:HM 06pa30M, npH HH,lI.HKaTOpHbIX npe06pa30BaHHHx iHH,LIJ1Ka

TopHhle MO,lI.eJl'M nepexO,lLHT caMH B ice65I, OCTaBa5ICb B paMKax 3Toro 

OqeHh rrpocToro KJIaCca. J.~ ,no ICyTH neJIa, np0I13BO,LI,HTC51 npHl\1ble 

npeo6pa30Ba J Hll5I O,lI.HI1X C06bITHH B ,lLpYfHe. B qaCTHblX C•.ilyqa5IX, I(Or

)la m= GIl == fJl - qnCJIOBaH OCb, A H B x - HHTepBa.TlbI Ha Hen, a 

nepeXO,lI.Hble onepaTopbI OTpalli!alOT npOCTen:WHe 3pHepMeTHQeCKHe nell

CTBHH, nOJIyqaeM rrp3BHJIa npeo6pa30BaHH5I HHTepBaJIOB -- H H T e p-

B a JI h H Y 10 a p H ep MeT II K y. 
C JI 0 2K e H H e. TIYCTb Jf{X HH,lI.HK3TOpHa5IH3 oTpe3Ke A =l'[Q, b] 

MO,lI.eJIh, a rrepeXO,lI.HO~I onep3Top npH6aBJIHeT K qHCJIy x oTpe30K 

[c, d], T. e. u1{Y - ,HH;:r,HKaTopHhIe ?v10.leJIH I-I a OTpe31Kax Bx == x 
== x + [c, d] == [x -t- c, x + d]. Tor,lI. a \H H,lU/I 1\ aT0 pHbI M ,lI.JI H Jf{Y 6y Ae T OT

pe30K B==[a, b] + [c, d] ={a+c, b+d], qTO II ,UaeT HaM npaBILJ10 

HHTepBaJIbHOrO CJI02KeHH5I. 
B hI q H T a H H e. AHaJIOfHqHO rrpe,lI.hI,UyJ.II.eMy [a, b] -[c, d] == 

== [a-d, b-c]. OpH CJI02KeHHH H BhlqHT3HHH lIlHpHH3 pe3YJIbTIIPYlO

mero OTpe3Ka paBHa cyMMe COCTaBJIHlOllJ,HX. 
Y M iH O)K e H H e. lVloneJIh /Jltx Ta 2Ke, a nepeXO,UHhIH onepaTOp yM

HO)KaeT Ka2K,lI.Oe qHCJIO x Ha OTpe30K, qTO Be,lI.eT K OTpe3KaM, paBHbIM 

Bx==x[c, d}== [xc, xd] npH x~o n Bx==\[xd, ,tc] ,npH x<O. 06benH

HHH B no xE[a, b], nOJIyq3eM pe3YJIhTaT YMHOllieHI1H OTpe3KOB Bx 
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f3H,ue O,lI.HOrO OTpe3Ka B==I[a, b] X\[e,d] ='[min{ae, ad, be, bd}, 
wax{ac, ad, bc, bd}], 3a,rr,alOI.JJ.epO HH,UHKaTopHylO M10jLeJIb Jl{Y. 

,U e JI e H II e. lv\'O,lI.eJIh J{x 'Ta .IKe, a onepaTop ocymeCTBJIHeT ,lI.e

"J!eHHe: 'npH x~O HMeeM 

([~ ~] npH c~d<O, 
1 d' c
 

Bx=x/[c, d]=~ (-00, 7]U[f'00)
 npH e~O~d, 

I[ x npH O<e~d,l d'-cX ] 

a fIpH x<o B npaBOH qaCTH paBenCTB nepeCTaBJI5IlOTCH d 'C c, 

06be,lI.lflHeHHe no XE [a, b] naeT (pe3YJIbTaT IHHTepBaJIbHOrO ,rr,e

JIeHH5I: 

[a b]/[e d] === {[a) b] X [lid, lie], 0 ¢: [e, d], 
, , (-00, max {a/c, bid}] U[min {ajd,b/e}, 00), c ~ 0 ~ d. 

B nepBOM CJIyqae 0Et[ c, d] pe3YJIhTaT Bhlpa2KaeTCH qepe3 HHTep

BaJlbHOe yMHO)KeHHe, a BO BTOpOM nOJIyqaeTC5I B BH,lI.e 06be,lI.HHeHH5I 

OTpe3KOB, H TOr,lI.a npH ,lI.eJIeHMH pe3YJIhT3T Y2Ke He 6Y,lI.eT O,lI.HHM 

OTpe3KOM, 3 ,lLp06HTCH Ha ,lI.Ba cnOJIYOTpe3Ka. 

KaK npM CJI02KeHHH, TaK M :llpH BhlqHTaHHH OTpe30K paClIlHpHeTCH. 

3TO HCHO, TaK KaK pa3MhIThle rrpe06pa30BaHH5I MoryT BHeCT'll TOJIbKO 

,lI.OrrOJI'HHTeJIhHYlO HeOrrpe,lI.eJIeHHOCTb, n03TOMY onepaUHH HHTepBaJIh

Horo CJIO)KeHHH H BblqHTaHHH He HBJIHIOTCH B3aHMHO 06paTHl\1bIMH, 

HanpHlv1ep [a, b] ·t\[c,d]-[c, d] =={a+c-d, b+d-c] (K:poMe c==d), 
paBHo, cKaK onepaUHM yMHO:tKeHH5I H ,lI.eJIeHHH. 

TIoBTopHhle ,lI.el'IcTBHH np<HBO,lI.HT K ,lI.aJIhHe~IlIleMY paclIlHpeHHlO pe.. 

3YJIhTHpylOllJ,HX oTpe3KoB, npHqeM npH ,lI.p06JIeHHH oTpe3Ka, 'BhI3B3H

Horo onepaUHeH ,lI.eJIeHHH,nOCJIe,lI.yIOmHe ,lI.efICTBHH IHY2KHO cOBeplIlaTb 

C Ka2K,lI.OH qaCTbIO B OTneJIhHOCTH, 06be,lI.H'HHH HX nOTOM Me2K,lI.y C060H. 

npOCTble npeo6pa30BaHHsI. TIPH paCCMOTpeHHH B npe,UbILlymeM na~ 

parpaepe (,lI.eTepM'JIHHpOBa:HHhIX oT06pa2KeHHH S OCHOBOH HaXO:tK)leHHH 

J(Y == SAx iCJIY2KHJIa B3aHMHO-0,lI.H03IHaqH35I CBH3b Me:tK,rr,y KJIaCCaMH S 
II S-1 npe,lI.CTaBHMblx npH3HaKoB: ,fTs ++eDS_l , O)l,HH KJIaeC IH3 ge, ,lI.py

rOM -Ha 6lj, IH Cpe,lI.HHe nepeHOCHJIHCh C fT s Ha <D S-1 , onpe,lI.eJIHH J[Y. 

TIoKa2KeM, qTO aHaJIOrHqH3H CBH3b cymecTByeT H ,lI.JI5I HeKoToporo TH

na CJIyqaHHbIX npe06pa30BaHHH (o606llJ,alOI.JJ.HXH30MOpepH3MbI). On

pe,neJI,HM IIX. 

TIYCTh CD - Ha60p npH3HaKoB Ha Ulj. Ha30BeM <D-npocTblM TaKoe 

CJIY4aI1Hoe npe06pa30BaHHe H3 ge Ha Ulj, nepeXO,lI.Ha5I Mo,rr,eJIh J(Yx 
KOToporo 33,lI.aeTC5I TOqHhIMM Ha <D Cpe,lI.HHMH: MYxcp==MYxcp==MyxCP, 
VcpEeD; OHH 2Ke nepBHqHhle, TaK qTO Jf{Yx==(MYx<D). 

BBH,lI.y Toro, qTO TOqHLle cpe,rr,'HHe pacnpocTpaHHlOTC5I Ha JIHHeil

HylO 060JIOLIKy, OCTaBa5ICb Ha HeH TOqHhIMH, cD-npocThle H PcD-npoc.. 

Tble npe06pa30BaHHH CYTh O,lI.HO M TO 2Ke, n03TOMY cpa3Y YJI.06HO 

C4lITaTh cD JIHHeHHhIM nO,lLKJIaCCOMUpH3HaKoB na 6lj. 
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TIpH (J) - IIPOCTbI X IIP eo6p a 3 0 BaH Ii 5I X n p II 3H a KY (lJ E (J) H a uy. eTa·· IlPU3H[J/((j 110 X Ill' tI3/1[JIf'll II0 .YlllHpeHlIe Jill. TOiKllecTBeHHoe 
BliTCH B cOOTBeTCTBHe 'IIpH3HaK ,f qJ Ha ge BH,.la )Ke paBeHcTBo 6y,J,eT HMeTb 

fcp (x) == MX cp (Y), 
Ha3bIBaeMbIH u306paJICeI-Ule.,ll <p, TaK lITO cp-+fct. Cpe;I,HHe y npH3Ha

KOB '<pE(1) H 11X If306paLKeHHHfqJ OAHH II Te Me: 

~t\1Ycp (y) == M X Mi cp (y) == M X 
tCfJ (x). (2.3) 

0603HalIHM JIHHeHHbIHK.TIaCC 

f Cl> == {fCfJ (x), cpeeD} 
H Ha30BeM era u306paJICeHue/rt cD. TaKII:vl o6pa30:YI, <D-npocToe rrpeo6 .. 

pa30B3'HHe Q nopoLK,naeT oTo6pa*eHlIe <D-+£FcD npH3HaKOB Ha OIl 
B HX H306paLKeHHH Ha £e. Ha060poT, KaLKAoMy rrpH3HaKY fEfTcJ) 

6YAeT COOTBeTCTBOBaTb rrOAMHO)KeCTBO cDf IIpH3HaKoB <pE<D, TaKHXt 

lITO 11X H306pa)KeH11e :eCTb f: 
f -+ <Dj == {cp : cp E (1), M~ cp (y) == f (x)}. 

MHO)KeCTBO cDf Ha3bIBaeTC5I HetteTKU.ll 06pa30M npu3HCtKa ,f OTHOCH" 

TeJIbHO Q. I\a.IK,noMY IlpH3HaKy f H3 fF <I> COOTBeTcTByeT CBOI~I \o6pa3. 

If ,06beAHHeHHe Bcex 06pa30B ,naeT CD. CKa3aHHoe ILTIJIlOCTpHpyeTC5I 

pHC. 2.3. 
ECJIH <PI ~ CP2, TO fqJt ==MYx<PI ~ MYx<P2 == f(r ~. CJIe,nOBaTeJIbHO, COOT" 

HOIlleHHe ynOp5I,nOlIeHHOCTH Me)K,ny npII3HaKaMI1 cpEeD B.n:eKyT 3a co
6011 TaKIIe LKe OTHOllieHII5I Me)KAY IH306pa)KeHH5IMlI. ,lJ,.lI5I 06pa30B .3TO 

He ,Bcer,na BepHO: MOiKeT 6bITb II ~f2, fI' f2 E fT <1>, HO OTHIO,J,b He 
CPI ~CP2 ,nJIH <pIEeDit , <P2 E <Df2. BbIBO,n TOT, lITO OTHOlIIeHH5I 60 ..1bwe
MeHblIIe BHyTpH <D 6e,nHee, lIeM BHyTpH £F<D,H CJIe,nOBaTeJIbHO, CAY" 

ttaUHble npeo6pa30BaHUfl, oaJICe npOCTble, HapymalOT nopflOOK JteJICoy 

npU3HaKaA1U. 

PaCCMOTpHM, KaKIIM no.TIYQaeTCS1 Jf{.U == QJ/tx npI1 npOCTbIX npeo6
pa30BaHH5IX. Bo-nepBbIX, eCJIH Jf{x JIBJl5IeTC5I ~ -TOQHOM MO.1C.

r
lblO 

(Mxg==Mxg, gE~) II ~Eg-<1>, TO elf{Y 6YAeT CD S7 == U CDj-T04HOrL 
- fE~ 

IlYCTb Tenepb J/{X == <.L~lX~) :He 5IBJI5IeTC5I TOqHOi~I Ii 3a,naHa H3 nep

BII4HOM Ha60pe ;Y npH3HaKoB, Ii nycTb ~cfT<D. TaK KaK f!T cD CCTb 

JIHHeiJIHbIll Knacc, TO p~ efTcD. !\aKoil 3neCb 6y,neT t/;f{Y == Qu1t;(? Cor

JIa'CHO qJOpMy.TIe (2.3) NIYcp Ha ,npH3HaKax H3 cD I10.nY4aIOTC5I nepeHe

ceHHeM cpenHHXC H306palKeHIII1.3THX npH3HaKoB, T. e. C npH3HJKOB 

H3 KJIaCCa f!T(Ih LLa.TIbHeI1Wee rrpo,UOJI)KeHlIe Ha npOH3BOJIbHble fI p H3" 

Ha 1\ 11 Ha uy 6y,UeT CJIeJl,OB3 Tb 113 epOprvlYJIbI (2.2) 

MYh(y)==Mxr inf M~cpl=Mx[ inf fcp(x)], 
h~~EW h~CPE~ 

r,Ue IIHepH:Yly.vI 6epeT'C51: ,no cpEeD. B:a,UHo, 4T'O B u6meM IC.TIY4ae 

MYh(y)~ inf MXfcp== inf MYcp. 
h~~E~ h~CPE~ 

TIpHcTporOM HepaBeHCTBe KJIaCC cD He 6y,neT nepBH4HbIM ,nJI5I rul{Y, 
a iHMeHHO, BepHo BKJII04eHHe J{Yc(MY<D), r,Ue (MY<D) eCTb CD-pac
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@)
/fY'~ \~rn' 

MeCTO Tor,Ja, Kor,Ua HHeplIMylVl
 

npoHOCIITC5I 3a CIIMBOJI j\1X.
 

3TO KaK pa3 TOT CJlylIafI, Kor


113 MUxhEf!T <p npH Bcex h,
 
}l.TI5I KOTOp bIX JleBa5I l1aCTb on

pe}le JI e H a. ()TC10na CJI e:lyeT :
~ 

ECAU cAyttaUHoe npeo6pa


30BaHue Q; a) 3aoaHo TOilHbl
J!30op[JJI{'e111171 OOpaJb/ 
.IHU Ha KJlaCCe cD nepexOaHbl

~vlU ~HOaeJl5l)HU J{V x = (MU x {1), PEC. 2.3. 06pa3bI H H306pa)KeHIUI 

6) eCAU MYxh, VhEfFV , OKa

3blBafOTCfl u306paJICeHufl/v/,U epEcD, TO J!{Y = QJf{x 6yoeT nO/IHOCTbfO on-


peoeAflTbCfl CpeOHUJ1U (2.3) Ha K/laCCe cD npU3HaKOB.
 

P aCC:\fOTPH;\:! npHMep, Kor,Ua yCJIOBH5I 3Toro yTBep)KneHlI5I BbIDO.T!

HHIOTC5I. 

n p H M e p 2.7. TI p e 0 6 P a 3 0 BaH H e 3 a ,II, a H 0 rr e p e x 0 ,II, H 0 (1 rr J1 0 Td 

HOC T b 10. 

TlYCTb fE =:J2 n, 6lj =:J2m - BeKTopHbIe rrpOCTpaHCTBa, H nYCTb rrpeoopa30BaI-IIle 

Q 
PJln-+I1lm 3a,rr,aeTC5I TOlIHOii nepeXO,J,HOli TIJIOTHOCTbIO Bep05lTHOCTeii px(y) Ha fJlm 
rrpH iKa.IK;LOM 3aJ,aHHOM BeKTope XE.!lln. ECJIH 3TO rrJIOTHOCTb rro Mepe-,J}IllHe, TO 

KJIaCC (D -- 3TO BceB03MOMHble HHTerpHpyeMble q)Y.HKUHH cp (y) JIHX H306pa.IKeHH5I:YIl1 

6y,rr,yT ' 

tcp (x) == S (fJ (y) Px (y) dy, {f1E.cD. 

y~:Jt,m 

Kal01M :IKe oy,IT,eT KJIaCC BT cD H306pa)KeHH~I? LITOObI OTBeTJITb Ha 3TOT Bonpoc; 

B I1JIOTHOCTH Px (y) «OKpeCTHM» y KaK rrapaMeTp co 3HaqeHH5IMH H3 6lj H B3f.,15IHeM 

Ha I1epeXO,J,HylO I1JIOTHOCTb KaK Ha Haoop epYHKUH(r rrepeMeHHoit x, HH;I,eKCHpOBaH

HbIH rrapaMeTpOM y, }.l,.TI5I lIero rrepeoo03HalIlIM ee: q(x, y) =Px(y). ECJ1H HHTerp(lJI 

HHTeprrpeTHpOBaTb KaK JIHHe(IHYlO KOMOHHaUHIO epyHKUHH q (x, y) C BeCa~1I1 C[ (y),. 
TO 6y,neT BH,J,HO, qTO KJlaCC f!F' <1) eCTb 3aMbIKaHHe JIHHetIHor't ooovcrOrUGI I C it} (x, Yd. 
3TOT KJlacc .7IHHeeH. Ero pa3MepHOCTb orrpeJI,eJI5IeTC5I lIHCJIOM .7IHHerIHO-HeJ3Bn::lE1bIX 

epyUKUHii q (x, Yd, T. e. pa3:Y1epHOCTblO HX Oa3Hca. OH MOMeT ObITb HeBe.J1HE, ec.1H 

q(x, y) rrpl1 BceB03MOlliHbIX yE.6lj rrpHHHMaeT KaK cpyHKUH5I x .rIHilib HeKOI0pbIe 

KOHKpeTHbIe OQepTaHH5I. 

ITPH paC4eTe .;/{1J MOlliHO oT6poCHTb Bce 3HaHH5I 0 Jf[", OCTaBHB .1HJllb XI\"j(j (x),' 
fqJEY<D' TaK KaK TOJIbKO OHH ,naJ.LyT CpeJI,HHe ..WYcp (y) ))151 .lI06bIX IIHTe[pHpye~ 
MbIX cpo 

AOnOJIHeHHSI. 1. C B 51 3 h M e )K ,IT, y rr p e 0 a p a 3 0 BaH II 51 :'vI H. K}IaCC IIH,.lH-

KaTopHbIX rrpe06pa30BaHHrI lllHpe K.lacca li30~IOpepHbIX oT06pa)KCHHrI § ~,1, B KO· 

TOpbIX TOllie x-~Bx, HO Ex ,IT,O.7IlliHbI .HHOO COBrra,naTb, JIlI60 He nepeC~KaTbC5I r.le;'K,.lY 

C060H. 

I1H,IT,HKaTopHble rrpe06pa30BaHH5I x-+B xJ XOT5I .f{x Jl)I5I HIIX Orrpe,II,elI5IIOTC5I T04

HbIMH rrepBHqHbIMH CpeJI,HHMH MlIxB x= 1, He BXOJI.5IT B KJIaCC rrpOCTbIX rrpe06pa· 
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30BaHHH. ,[LeHcTBHTe.nhHO, noc.ne,lI.HHe 3a,lI.aIOTC5I TOqHbIMH 3HaqeHH5IMH MYxCP (y), 
{~E<D, B KOTOphIX nepBHtIHhle npH3HaKH,cp (y) rrepeXO,lI.HbIX MO,lI.e.neH He 3aBHC5IT 

OT x (3aBHC5IT JIIUllb caMH nepBHqHble 3HatIeHH5I), a Bx cooTBeTcTByeT HH,lI.HKaTop

HOMy npH3HaKY Bx (y), 3aBHC5ImeMY OT x. 
1130MOPcPH3MbI § 2.1 eCTb tIaCTHbII~i c.nyqaH rrpocTbIX rrpeo6pa30BaHHi1, KOr,lI.a 

nepBHqHbIMH rrepexo,UHoH MO,lI.eJIH 5IBJI5IIOTC5I HH,lI.HKaTOpbI cp (y) =B j (Y), rAe B j 
eCTb 3.neMeHTbI pa36HeHH5I Clj, a HX Bep05ITHOCTH Myxcp (y) = PYx (B j) paBHbI I, ec.nH 

x~Bj, HHatIe - O. 
2. C.n y tI a H Hoe rr 0 ,lI. 0 6 H e. ,Ua,lI.HM oOoomeHHe rrOH5ITH5I no,lI.O 6H5I , nOKa

3aB, qTO rrO,lI.o6HbIMH MoryT 6bITb MO,lJ,eJIH, CBH3aHHble npOCTbIMH c.nyqaHHbIMH npe

oopa30BaHHHMH, H3,UeJIeHHbIMH CBOHCTBaMH nO,lI.06HhIX oTo6pa:IKeHHM § 2.1. 
Mo,neJIH l/I{x If t/l{Y Ha3bIBaIOTC5I noo06Hbl,MU Me:IK,lJ.Y C060M, tITO nIUlleTCH 

vf{X N v/{Y, eCJIH, Bo-nepBbIX, J{Y= QJf{x ,lJ,.nH HeKoToporo npeo6pa30BaHHH Q (B 06 .. 

meM, c.nyqal!HOro) H3 f!1J Ha Ulj, H BO-BTOpbIX, ,lI..nH Q cymecTByeT «B03BpaTHoe» 

(He Bcer;:r,a oopaTHoe) rrpeo6pa30BaHHe Q- lI3 CJj Ha f!1J (TaK:lKe, B 06meM, c.nytIaH

Hoe) TaKoe, tITO ,;/{x= Q-v1{Y, T. e. B03BpamalOmee K HCXO,lJ,HOl! MOne.nH Ha 2C. 
Nlo)KHO ,nOK33aTb, l.JTO c.nyl.JaHHOe rrpeo6pa30BaHHe Q 6yoeT npe06pa30BaflueM no

iJ06Ufl} eCAU BbltlOflHflfOTC.fl TpU YC./ZOBUfl: a) Q saoaflo TOtiflblMU ,fla KAacce <D 
llc'pexouHblAill J11o()e.;ZJlMU vf{Yx= <MYx(D); 6) npU3flaKU U3 <D B3aUJVlflo-odfl03flaliflO 

c coxpaHeHueAi nOpJlOKa C8.fl3blBafOTCfl 'CP ++[qJ C ux u306paateefluflMu fcp = MYxcp, 
t(f EBT<1> (HaBOO.fl U30.l11,OP¢U3M cD U fT <1»; B) KAacc fT <I> flBAfleTCfl onpeiJeAflfOU{UM. 

dAR, .;f{x (a <D - onpeOeJlfllOUfUM OAfl .;/{Y). 

PaCCMOTpHM npHMep, KOr,lJ,a YC.nOBH5I yTBep:IK,lJ,eHH5I BblnOJIH5IIOTC5I. 

ITYCTb Ka:IK,J..bIl! nepBHl.JHbIH npH3HaK g MO,lJ,e.nH J{x ,lI.OnycKaeT pa3.nO:IKeHHe 

k+l k+l 
g(x)= 2: giq~(X)	 no 633HCy ql, ... , qk+l, TaKoMy, tITO: a) qi(X)~O; 6) ~ qi(x)=I; 

1	 I 
B) g(x) ;::::=O~gi~O, i= 1, ... , k+ 1. Tor,lI.a rrpeo6pa30BaHHe Q H3 Be Ha 0Jj= 
= {Yl, .. ·,Yk+l}, 3a,naBaeMble Bep05ITHOCT5IMH rrepexo,lJ.a Px(yd = qi (x), HBJI5IeT'C51 no.. 

,;J;ooHeM ,lI..n5I v1{x H Be,lJ,eT K nO,lJ.06HOH eM eJ!{Y, orrpe,lJ.eJIeHHOM cpe,lJ.HHMH 

k+l k+l 

MY cp (y) == MY ~ CPi 8y . (y) = MX ~ CPi qi (x), CPi == cP (Yi), Vcpi· 
1 l 1 

CK33aHHoe lIJIJIIOCTpHpyeTC5I pHC. 2.4. 

qr (x) 91 (.r) fl.) (x), ..... f/N+! (l')
 
- !lx+"!
!If 

\ 
\\j'2 ·!l.7/1
(~ /\tM_-----1.. ___ 

\ 

//\'./>-"1 " ...j~ :.s 

:£: x2 x J ,'I'I/ :£,5 ,7 XI Xz xJ x'i x5 X 

[~) 15) 

Puc. 2.4. CJIYl.J31':lHoe rrO,lJ.o6He: a) 6a3Hc; 6) BH,lJ. rrepBHl.JHbIX rrpH3HaKoB J{x 
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2.3. HElJETKHE	 C06bITM5I Ii PA3MblTblE BEP05lTHOCTM 

Ha6JIIO,ll,eHHSI H MX H306pa*eHHSI. Ha6J1IO,UeHH5I eCTb pe3YcJTJbTaTbI 

5IBJIeHH5I, ~HKcHpyeMoro qepe3 KaHaJI, H3MepHTeJIbHbIe yCTpoHcTBa r 

,	 OpraHw qyBCTB H np. Y~06HO llpe~CTaBJIHTb ce6e ~Ba npocTpaHCTBa: 

fC -- HCXO~OB 5IBJIeHH5I, Ha3bIBaeMoe npeOMeTHblM (HHor~a, yHHBep'" 

CaJIbHbIM [18]) npOCTpaHcTBoM, H Ulj -npOC'TpaHcTBo ~JI5I OUHCaHH5I 

pe3YJIbTaTOB Ha6AIOoeHuu (B BH~e qHCeJI, cY)K~eHHH, CJIOBeCHblX BbIC

Ka3bIBaiHIIH II T. ~.) KaK 'C06bITIIH B Ha Ulj. TlpocTpaHcTBa a; II 6lj 
CB5I3bIBaIOTC5I Me)K~y C06011 ,CJIyqaHHbIM onepaTopoM, onHCbIBaeMbIM 

rrepeXO~\HOH MO~eJIbIO J[Yx • 4epe3 npII3MY .9TOrO onepaTopa, no CYTH, 

MbI II iCJIe~HMCO iCTOpOHbI Ulj 3a TeM, qTO npoHcxo~HT Ha f!)J. I-<a)K~oe 

Ha6JIIO~eHIIe BcUJj 6y~eT HMeTb B npe~MeTHoM npocTpaHcTBe W 
CBoe HHTepBaJIbHOe H306pa)KeHIIe: 

[1 (x, B), q(x,	 B)]=== [~~ (B), ]5~ (B)], BcU;;

t· 3TO eCTb rpaHHl1,bI BepoHTHoCTH n05IBJIeHH5I .c06bITH5I B npH IICXOAe' 

xEfC, BbrQUCJIeHHbIe OTHOCHTeJIbHO :TIepeXO,lLHO~I MO~eJI(H J/{yx. Pa3':Y1bI

TOCTb KpHBOH 'H306pa:IKeHH5I KaK epYHKIl,HH nepeMeHHoH x xapaKTe.. 

pH3yeT HeqeTKOCTb Ha6JIIO~eHH5I B. 
I1306pa)KeHH5I pa3HbIx C06bITHH BicUlj eCTb COCTaBHa5I qaCTb 

Cpe,lJ,iHHX nepexo~HoH Mo,UeJIH H nOToMY o6H3aiHbI COrJIaCOBbIBaTbCH 

Me)K'uY C060H. OT'CIO~a JIOrHqeCKHM CB5I35IM Ha Ulj Me)K~y C06bITHH" 

MH CTaB5ITC5I B eOOTBeTCTBHe OTHOIIIeHLHH Ha f!)J Me)K'uY H306pa)I(e.. 

HH5IMH: 

q (x, B 1 ) ~ q (x, 8 2), 

1.	 B1 c8 2 ¢::} ~= {q (x, B 1 ) ~ q (x, B 2); 

i(X, Bl+B2»!L(X, B1)-+-q(x, B 2),
2. B1 B 2 ==0 ~ _ _ _

{q(x, Bl+B2)~q(X, B1)+q(x, 8 2); 

C {~(x, B 1 ) ==l-q(x, B2), 

3.	 B1 == B2 ¢::} 
q (x, B 1 ) == 1-3. (x, 8 2);
 

4. Bee Ulj H nycToe 0 eCTb Ha6JIIO~eHH5I C TpHBIIaJIbHbIMH (TO)I{ .. 

n.eCTBeHHaH ,e~HHHua H HOJIb) 11306pa.IKeHHHMH: 

q (x, u;}) == 1,	 q (x, 0) == o. 
llJI5I onpe~eJIeHH5I H306pa)KeHHH Px (B), J5x (B) Bcex BcUlj AGC" 

TaTOqHO 3a,UaTb nepeXO~'Hble BepoHTHoCTH Ha nepBHQHbIX C06bITHHX 

BiE.!JJ B BlI,Ue ~x (B i ), f5 x (B i ), BiE:JJ, II 3aTeM nepeHecTH Ha J1I06bIe 

C06bITH5I no H3BecTHoH epopMyJIe npO~OJI)KeHH5I H cor.TIaCOB3HH5I: 

Px(B)== inf [c+ "22 (c-rPx(Bi)-(-cJ+Px(B i ))],
c+1: Ci B i (y)~B(y)	 '" 

~x (B) = 1 - Px (B
C
), 
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fLT,e C+i=Ci npH Ci~O It C+i=O nprr Ci<O. 3TO II nplIBe.n.eT K COrJIa

COBaHHbIM H306p a}KeHH5IM JII06bIX B cUlj. 
Ha6JIIO,UeHH5I KaK C06bITH5I Ha 6lj pa3,UeJI5IIOTC5I Ha nepBUtiHble Bi' 

,lLJI5I KOTOpbIX HCXO,UHO H3BeCTHbI H306paLKeHH5I q (X, B i ) = Px (B i ), 

q(X, B i ) = J5x (B i ) H iECe O'CTaJIbHble, Bcut.j, KOTOpbIe .110rIllleCKH ICJIe

tLYIOT (JIOrHKa OTHOWeHH}I cy)I{.n.eHHH II HCrrOJIb3yeTC5I, no CYIILecTBy, 

B HepaBeHCTBe rro,U 3HaKOM HHepHMyMa npH HaX02K,UeHHH J5x (B)). 
113 'Ha6JIIO:I-eHHH B C nOMOIILhIO «npe,UnOJI02KHTeJlbHbIX BbICKa3bI

BaHHH» epOpMHpylOTC5I netteTKue cyOICoeHuR, corJIaCHO KOTOpbIM C Be

P05ITHOCT5IlVIH )'£, i = 1, 2, ... , npoH3Bo,UHTC5I CJIyqaHHbIH BbI60p O,LL

Horo H3 HeCKOJIbI\HX BicUlj. I1Haqe rOBOp5I, no CMbICJIY He51CHO, Ka

Koe H3 I-Ia6JIIO:I-eHHH B i HMeJIO lVleCTO II 'Vi eCTb CTerreHb yBepeHHOCTH 

(Bep05ITHOCTb) Taro, qTO npOH30IIl.J10 HMeHHO B i . 11306pa2KeHHeM Ta-

Koro cy.IK,neHH5I Ha npe,LLMeTHOM npocTpaHcTBe 6y,neT [~1'iq (x, B i ), 

LViq (x, B i ) J. TalK, eC.l1H B 5IIBJI5IeTC5I IUp31BHJlbHbIIM ,C Bep051THOCTblO p 
II J10)KHbIM (npOTHBOnOJIO.IKHbIlVI B, T. e. Be) C Bep05ITHOCTbIO I-p, 
TO H306pa)I{eHHeM Ha ge 6y,LI,eT 

[p~(x, B)+-(l-p)(l-=-q(x, B», pq(x, B)+(l-p)(l-~(x, B))]. 

!\a}K,Uoe cy)K,UeHHe, qeTKOe B BH,LI,e C06bITH5I B HJlH HeqeTKOe, 

06beKTHBHO onpe,Ue.n:5IeTC5I CBORM H306pa.IKeHHeM. ,UBa cy2K,UeHH5I, 

IEvTeIOIILHe O,ll}IHaKOBble H306paLKeHH5I, 6y,LI,yr T02K,UeCTBeHHbIMH, TaK 

I\:3K OHH OTIHCbIBcl!OT O,UHy H Ty )I(e cHTyaIl,HlO, TOJIbKO no-pa3HOMY. 

Boo6me JIlo6a5I napa rpaHHLL [q(x), q(x)], O~q(x)~q(x)~l, Ha 

n:pe~:Y1eTHo:.vI npOCTpanCTBe f1j eCTb !ICttCTKoe Co6blTue. Pa3yMeer:C51, 

3 TO E e 06 5I3 aTecTi b H 0 H306P 3)KeH I15I Ka KHX- HH 6Y,Ub H a OJIIO,UeHHH. 11306

P3:tKCHH5I KaK nepBIPIHbIX Ha6.TIIO,UeHHH, ,Ua H Bcex OCTaJIbHbIX Ha6

.THo;r,eI-Hllf, Tal\: II 'CV)K~eHI1J~I ICOCTaIBJI5IIOT .TIHllIb qaCTHblti IKJIareC He

lIeTEIIX C06bITBiL TaKHM 06pa30M, HeqeTKHX COObITHH OOblqHO cyme

CTBveT 3Ha lIIITev1bHO OOJIbWe, qeM Ha6.HlO,neHHH. JIorHKa nelJeTKHX 

C06LITII}I 11 JIet'ICTBHH MeLK,Uy HIIMH orrpe,neJI5IIOTC5I Qepe3 OTHoweHH51 

H ;LeliCTBH5I Me)K;lY rpaHHual\1I1 no aHa.TIOrHH C OTHOIIleHHHMH 1-4 
Me:l!{,.ly H300P a)I{eHH5IMH. 

Pa3MbITbIe BeponTHOCTH H cpe,ll.HMe. (:aMo no ce6e yTBeplK,UeHHe, 

LITO cpe;J,Hee kIf npHHHMaeT TaKoe-TO KOHKpeTHoe 3HaQeHHe, eCTb 

epopl\1anpe,ZI,CTaBJIeHH51 Harnero 3HaHH5I 0 Cpe,LLHeM, TaK CKa3aTb, Ha6

JIlO;:I,eHH5I 3a HElV!. IlpH TOIIHOM cpe,UHeM HMeeM qeTKOe Ha6JIIO,UeHHe 

33HITM. l1HTepBaJIbHOe cpe,UHee [Mf, j\lf] eCTb O,LLHa H3 epOpM He

qeTEOrO HaOJIlo;r,eHH5I 3a cpeLLHHM HJIH lKe pa3MbITbIX 3H3HHH. TIpa

BH.TJ:bHee - .310 H306palKeHHe HaWHX 3HaH11H, HMeIOllI.HXC5I ,naHHbIX 

o cpe,UHeM Ha npe;J,MeTHOM npOCTpaHCTBe ero 3HaqeHHI1 - qHCJIOBOH 

OCII. I1pH HHTepBaJIbHOM cpe,UHeM H306pa.IKeHUe 11H,UlIKaTopRoe, KaK 

3TO ;:I.eMOHcTplipyeTC5I Ha pI1C. 2.5. Ho Be,Ub cymecTByIOT 11 HaMH 

H3YQeHbI ,npyrIIe, 60JIee 06llI.lIe epOPMbI H306pa.IKeHHH, B BHAe HeKHX 

OqepTaHlIH, ORH H 6y,UyT 3,LLeCb npuMeHeHbI K cpeAHHM, B 3TOM Hawa 

ueJlb. 

TIpe)K,Ue Hy)KHO c,Ue.naTb O,LLHy oroBopKY. Do CBoeH BHyTpeHHeH 

CYTH cpe;J,HHe, 'K3K H Bep05ITHOCTH, BbrIlYK.TIbI B TO:MC:\1bIIC~1e, qTO 
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PIfC. 2.5. Pa3MbITble Bepo
lJepoflmlfocmll I CpeiJlIlle

STHOCTH H cpe~HHe I 
fjp(A) (r) I fJ (r)l1f 

I 
I 

[(A) 

06.naCTlI HX 3Ha LJeHlIl1 - BbInYKJIble MHOlKeCTB3. HeJIb35I Hl\leTb HH~' 

TepBaJIbHOe cpe,UHee B BH,LL~_ 06'be,UHHeHH5I ,UByx HenepeCeKaIOllI.HXC5i 

OTpe3KOB[j~L iwtJ, [Mf, Aif], .Nit<::1f, OH 06513a re.J1bHO CO.TIbeTC5I B 

O,LLHH: "[Mf, MfJ. 3TO HaKJIa,UbIBaeT BnOJlHe KOHKpeTHbIH OTrreqaTOK 

Ha 06mHH BH',U KpHBbIX H306pa)KeHHH cpe,UHHx, BBO,lLHJ\lbIX CJIe,UylO" 

mHM orrpe,UeJIeHHeM. 

cIJYHKIl,H5I qMj (r) Ha qHCJIOBOH np51MoH rEf?ll Ha3bIBaeTC5I H306

pa)K'eHHeM Cpe,lI,HerO .1\1f, HJIH pa3MblTblM cpeoHuMnpU3HaKa f, ec.nH 

OHa: 

1) HeOTpHIl,aTeJIbHa H He 60JIbWe 1 : O~ qMj (,r) ~ 1; 
2) paRHa 0 BHe ,LLHarra30Ha {inf f, sup f] B03MOlKHbIX 3HaqeHHH 

Mf; 
3) YHHMo,rr;aJIbHa (He ilIMeeT JIOKaJIbHbIX MaKcwMyMOB); 

4) nonyHenpepwBHa CH1l3Y; 

5) XOT51 6bI npll O,UHOM rnpHHHMaeT 3HaqeHHe 1. 
BH,LLbI pa3MbITbIX Cpe,LLHHX H306pa2KeHbI Ha pHC. 2.5. TIPH f=A 

3TO 6y,LLyT pa3MbITble Bep05ITHOCTH. 

HaM rroHa,Uo6HTc51 rrOH51THe ropH30HTaJIbHOrO cpe3a OT pa3MbITo

ro Cpe,LLHerO Ha BbICOTe 1', O~1'~ 1; 3TO HHTepBaJI, BHyTpH KOToporo 

iH306palKe'HHe cpe,,UHero 60.nbwe HJIH P3IBHOy: 

[M(I') f, M(V) f] = {r: qMf (r) >y}. 

YKa3aHHble yCJlOBH51, orp'aHHQHBaIOllI.He BH,rr. pa3MblTbIX cpe,UHHx, no 

cymecTBy, Tpe6yIOT, qT06bI cpe30M rrpH nI060M O~'Y~ 1 6bIJI HHTep

B3n H TO~1bKO OH. 3TOT HHTepBa.n H C03AaeT TOT ¢yH,UaMeHT, KOTO

PbIH CB5I3bIBaeT pa3MbITble cpe.n.HHe C HHTepBaJIbHbIMH II ,LI,a.nee C 

HHTepBaJIbHbIMH Mo,UeJl5IlViH. BeJIUqHHa l' eCTb CTeneHb ,UOBeplI5I, H~1H 

CBoero po,Ua npe,UnOqTeHH5I, OTBO,LLHMOro ,UaHHoMy HHTepBaJIy. 

JII060e pa3MbIToe cpe,UHee 3KBHBaJIeHTHO onpe,UeJI51eTC5I 3aBHCH

MOCTbIO OT 1', np06eralOllI.eH 3HaqeHH5I OT 0 ,UO 1, cooTBeTcTBylOmIIx 

cpe3aM HHTepBaJ10B ,[M(v)f, M(l')f] , cY2KaIOIILHXC51 npH YBeJIHQeHHH 1'. 
,UonycKalOTC5IOeCKOHe4HbIe ,JiHaQeHHH :rpaHHIl, 3THX HRTepBaJIOB. 

TIepeH,UeM K inOH5ITHIO pa3MbIToH Mo,UeJIH cpe,UHHx. TIpe,UcTaBHM 

Ha MIIf, lITO pa3MbITble cpe,UHHe qMj (r) npH,UaHbI BceM npU3HaKaM 

Vf, 'OrpaHUQeHHbIM H HeOrpaHHLJeHHbIM. Cpe3bI ,[M(l')f, M(l')f] Ha 0;1,

HOH ,BblCOTe l' eCTb HHTepBaJIbHble !Cpe,LLHHe. ECJIH OHM ,cornaCOBaHbI 

VI, TO onpe,rr.e.n51IOT HHTepBa.nhHylO MO,lI.eJIb J({V) C 06JIaCThIO cymecT

BOBaHH5I fT(l') = {f: M(l')f<oo}. DPlll y, np06eraIOlI(eM 3HaqeHH5I or 0 
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,no 1, o6pa3yeTcH cY:IKalOma5IC5I rrOCJIeJI.OBaTeJIhHOCTb MO,lleJIefI: 

J{(V)cJ{('v')' 1'~1", 'KoTopble, KaK 6bI JIeMa~He ,llpyr H3 ,llpyre Ha 

pa3Hblx ypOBHHX "(, C03,naIOT CBoero po,na rrHpa~flI,Uy, T. e. pa3MbITYlO 

Mo.rr.eJIb. 
PaSJI;lblTOU MOOeJlbfO Ha3bIBaeTCH cY:IKalOma5IC5I rrpH YBeJIHqeHHH 

l' OT 0 JI.O 1 rrOCJIe.nOBaTeJIbHOCTb J{(y) He BblpO)K,LI,aIOIlIJIXCH B nycTyIO 

(rrpH l' == 1) HHTepBaJIbHbIX Mo,neJIeI1. Orrpe,neJI5IeTC51 OHa cOBoKyrrHo

CTblO qM!(r), Vf, pa3MbITbIX CpeJI.HHX, COrJIaCOBaHHblX Me)K,ny C060H 

B KaM,UOM cpe3e. 
I1CXO,nH H3 YKa3aHHOH HHTeprrpeTaUHH pa3MbITOI1 rvlo,UeJIH BbITe-

KaeT H OCHOBHOH crroco6 ee 3aJI.aHHH: CHaqaJIa 3aJI.aIOTC5I pa3MbITble 

cpe,nHHe qAlg (r) Ha Ha60pe gcfJ} nepBHqHbIX npH3HaKOB. BepyTcH 

1'-'cpe3bI ~(y)g, Jl1 ev )g, KOTopble KaK nepBHqHble cpe,nHHe iLa,UyT npH 

YBeJIHqCHHH l' cyMaIOIllJleCHMo.rr.eJIH tJf{ey) == (~(y)~, i\lev)~)· npn )'= 1 

nepBHqHble cpe,UHlIe ,nOJI)KHbI 6bITb HerrpoTHBOpeqHBbIMH, qTo6bI ca

MbIH BepxHHH cpe3 6bLTI He nycTbIM: J{(1)=I=0 (Tor,na TeM60JIee OHM 

6y.rr.YT HerrpOTHBope4HBbIMH npH Beex 0~ l'~ 1). TIo J!{ev) HaXOJI.HTCH 

HHTepBaJIbI Mev)f, M(v)f ,LLJIH Vp, OHH H JI.aJI.yT 1'-Cpe3bI; onpeJI.eJI5IIO

I.lI,He pa3MbITble cpe,lJ,HHe qM! (r), ,Vf. HeTpy.rr.HO y6e,lJJ1TbC5I B TOM, qTO 

AJIHHHX BbIIIOJIH5IIOTC5I Bce Tpe6yel\1ble yCJIOBHH 1) -5), BXO,lJ,5IIlIJie 

B orrpe,UeJIeHHe pa3MbITbIX epe,lJ,HHx. KaK qaCTHbIH cJIylIai1, nOJlyqa

IOTC5I ,pa3MbITble BepoHTHoCTH qP(B) (r) , VB, oco6eHHocTb KOTOpbIX B 

TOM, lITO OHM pacnOJIaraIOTC5I, KaK 3TO BHJI.HO H3 pHC. 2.5, Ha HHTep

BaJIe 0-1 3HalIeulII'1 r. 
B ,npouecce npO~OJI:tKeHH5I :C,pe.,LLHHX Ha Bee npH3'Ha\KH TI3'paJ1.neJIb

HO npOHcxo,nHT -cOrJIaCOBaHHe IIepBHqHbIX 3HaQeHHI'1 qJ1fg (r); no.ny
qalOIlIJieCH B pe3YJIbTaTe HOBbIe KpHBble qJ\;Ig (r), B o6meM, .ue.TJ:aIOTcH 

60JIee Y3KHMll: qllfg (r) ~ qMg (r), II cJle.noBaTe.J1bHO, 60JIee TOtIHbIMH. 

~ KatIeCTBe He6oJIblllOrO oTcTyIIJIeHH51 pa3rpaHHtIHM ypOBHH OI1II

caHH~. TIepBw~ ypoBeHb 3aHHMaeT rpa,lJ,aUHH C06WTH~ Ha 3JIeMeH

Ta pHble xEfe, CJIO}KHble.t4 c:8t', ;r,a.JIee, onpe,lJ,eJIHel\lble TOqHbIlVIH 

1I306paMeHH51MH q (x, B), HaKOHeu, HHTepBaJ1bHbIMH [q (x, B), 
q(x, B)]. CJIe,UYIOIll,IH1 ypoBeHb COCTaB.II5IlOT cTaTHCTHtIeCKlfe OIIIIca

HH51: 3TO TOqHOe cpe,UHee lvIt, HHTepBa.JIbHOe [lvIf, Mt], pa3MbIToe 

q!'.Ij(r). -
HaKoHeu, MO)KHO 6bIJIO 6bI rOBopHTb eme 0 60LTIee BblCllleM ypOB

He, a HMeHHO, paCrrJIbIBqaTOCTH CaM:I1X orrHCaHH}I, BBO,U5I BM:eCTO 

qMj (r) HHTepBaJI qMj (r), qMj (r) H .n3JIee, o6061~aH era ,UO HeKOTO-

POH KpHBOH npHHaJLJIeMHOCTH. Bonpoc TOJ1bKO B TOM, OnpaB,LLaHO JIH 

6Y,lJ,eT TaKoe YCJIO:lKHeHHe. ,llJIH OTBeTa paCCM:OTpHM KpaI~IHHI1 CJIytIaH, 

Korna HMeeT MeCTO fIOJIHOe He3HaHHe cpe,UHero, lITO 3KBHBa.J1eHTHO 

HHTepBaJIaM rOJIOH MO,lJ,eJIH [i\1f, Aif] ==\ [inf f, sup f], 11 aHa :IKe 3KBH

BaLTIeHTHO TpHBHaJIbHbIl\1 H306pa:tKe'HIl5I:'fI BILla q.:"Hj (r) == 0, qMj (r) == 1. 
A TaKKaK rrOCJIe,nHee, HeCOMHeHHO, MeHee YM6HaH ¢Opl\1a, rrepexo,lT. 

K MeTaOTIllCaHllHl\1 (OIIHC3HH5IM orrnc3HHM) H eru.e ,naJIbIlle Bp5I)J, JIM 

MlVIeeT IKaKOii-JIH60 CO,lJ,ClpMaTeJIhHbIH \CMbICJI. 

Pa3MbiTbie ,neHCTBHSI. HHTepBaJIbHaH a pllepMeTllKa § 2.2 npHro,U", 

Ha ,UJI51 paCqeTa OlUH60K rrpH BblqllCJIeHH5IX, BbI3BaHHblX oKpyrJIeHHe1'! 

qneeJI. Ho B HeKoTopbIX 3a.naqaX B03HllKaeT Heo6xo,lJ,H:\10CTb H .na}Ke 

IIMeeTCH B03MO)KHOCTb YK33bIBaTb rrOJIO)KeHH51 HeH3BeCTHblX qHCeJI He 

B BJI,lJ,e IHHTepBaJIOB, T. e. KaTeroplilIeCKlI: ,lJ,a - 3HatIHT, nplIHa,nJIe)I\J1T 

HHTepBaJIy, HeT - He rrpHHanJIeMHT, a 60JIee rrJIaBHO B BHJI.e KpHBblX 

npe,lJ,IIOqTeHHH, OTBO,lJ,HMbIX TeM HJIH HHbIM qHCJIOBbIM 3H3lIeHHHM (Ha

3bIBaeMbIM TaKMe KpHBbIMH npHHaJI,JIeMHOCTH {I5]). 1"1 C HHMH HY)K~ 
HO rrpoH3Bo,nHTb ,lJ,eHCTBHH apHepMeTHKH HJIH aHaJIH3a. 

0603HaQHM a(r) - pa3MbIToe H306paMeHHe QHCJIa; 3TO eCTb 

¢YHKUHH Ha Pll, y,lJ,OBJIeTBOpHIOIUaH CBOHCTBaM pa3MbITbIX cpe,UHHx 

(HJIJIIOCTpHpOB3'HHbIX pHC. 2.5). I1306pa)KeHHe a (r) HyMHO HHTep~ 

npeTHpoBaTb KaK Ha60p lIHTepBaJIOB A (1') == {r: a (r) ~1'}, rrOJIyqae~ 
MbIX ropH30HTaJIhHbIMH 1'-'cpe3a!\1H a (r), npHqeM Ka:tK,UblrI epe3 onpe

,neJI5IeT HHTepBaJIbHOe lIHC&lTJO B BH,lJ,e HH,lJ,HK3TOPHOH ero MO,lJ,e~lH 

J{ev)==(P(A(1')) =1), a Bce BMeCTe :npH O~1'~l - pa3MbITYIO MO

,lJ,eJIb lIHCJIa B TOM nJIaHe, KaK 3TO rOBOpHJIOCb B npe.nbI,lJ,ymeM pa3-

,ne.ne. 

JIl06ble ,UeHCTBHH Ha,U qHCJIa11H paCCQHTbIBaIOTC5I no rrpaBHJIajI 

HHTepBaJIbHOH apHepMeTHKH (T. e. no npaBHJIaM npeo6pa30BaHHIr 

HH,nHKaTopHbIX MOJI.eJIeH) ,LIJI5I KaM,lJ,OrO 1'-cpe3a OTJI,eJIbHO II o6'beiLII~ 

H5IIOTC5I 3aTeM no l' B H306pa)KeHHe pe3YJIbTaTa. B 60JIee ,lJ,eTaJIbHO:L\! 

H3JIO:IKeHHII, eCJIH aj (r) eCTb H306paMeHH5I QI1ceJI, TO A j (1') 6YiLYT 

¢HfypaMH,3epKa,lIhHO K aj (r) paCnOJIOMeHHbIMII OTHOCHTeJlbHO fJIaB

HOH ,UHarOHaJIH, T. e. 3TO Te Me" caMble aj (r), HO OCHOB3HII5IMH no

JIOMeHHble Ha OCb op,UHHaT. TIPH Ka:lK,nOM l' 3HalIeHH5IlVIH Aj (1') 
6Y,lJ,yT IHHTepBaJIbI, rr03TOMY npe06pa30BaHlIe t (al (r), ... , aJ (r)) pac

CtIHTbIBaeTC5I no npaBHJIaM TaKHX Me ,lJ,eHCTBHH na,lJ, HHTepBaJIbHbIMH 

qac.naMH, HTorOM 'KOTOpbIX cTaHyT HHTepBaJIbI F (1'), O~1'::S; 1, H lIX 

OCTaJIOCb nepeJIOMHTb OCHOBaHHHMH ·c OCH op,UHHaT Ha OCb a6cUHCc, 

nOJIYQa5I pa3MbITbIH pe3YJIbTaT f (r). 
MbI HMeel\1, TaKHlVI 06pa30M,MO,lJ,eJIbHYIO HHTepIIpeT3ll.HIO pa3MbI

TbIX qHce.TI H apHepMeTHlIeCKHx ,neHcTBHif, 3a nO,lJ,p06HOCT5I11HKOTO

pbIX OTCblJIaeM K 0630pHOH KHHre {18]. K YKa3aHHoH B HeM TeopHH 

Be,UeT H CJIe,lJ,YIOIUHH war. OHeocToHT B oIIpe,neJIeHHH pa3MblTbIX 

<pyHKIJ,HH KaK oTo6pa:tKeHHH z-+-a z (r), a HHTepBaJIOB aT HHX r- KaK 

HHTerpaJIOB OT rpaHHU HHTepBaJIbHbIX epyHKUHI1 A z (1') (1'-Cpe30B), 

,naIOmHX HHTepBa.JloHbIH pe3YJIbTaT C nepeBo,UoM 3aTeM ero K H306 .. 

pa)KeHHIO. XOT51 H IIPHlliJIH K H3BeCTHOMY pe3yJIbTaTy, HO YKa3aHHaH 

HaMH apryMeHTaUH5I, nO-BH,lJ,HMOMy, rrOJIe3Ha B pa3BHTHe KOHuerrUHH 

HeQeTKHx onHcaHHH H JI.e~'CTBHH,rroToMY qTO BOBJIeKaeT ,lJ,JI5I 3TlIX 

ueJIeH CO,lJ,epiKamHHCH B HaCT05IIUei1: KHHre 06mHfI annapaT H ,lJ,e

JIaeT KOHuenIJ,HIO HeqeTKOCTH MaTeMaTHqeCKH CTporOH C TOllKH 3pe

HUH 3Toro anrrapaTa. 

2.4. COBMECTHbIE MHTEPBAJlbHbIE MO)J,EJlH 

COBMeCTHbIe H lJaCTHble HHTepBaJlbHbie MO)I.eJlU. PaCCMaTpHBaIOT

CH ,coBMeCTHble MO,lJ,eJIH, orrHCbIBaIOIIJ)Ie 'pe3YJIbTaTbI ,lJ,ByX npOH3BOJIb

HhIX 'CJIyqaHHbIX HBJIeHHH C Hcxo,naMR ge H .6lj. 

9f 
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TIYCTb Fe X UJj - rrp5IMOe rrpOII3BeneHHe ,UByX rrpOCTpaHCTB HCXO

nOB, KalK,UbIl1 3JIeMeHT KOToporo eCTb napa (x, y), XEge, yEUJj. 
Mo,UeJIb Jf{xy Ha 3TOM rrpOH3Be,lleHHHHa3bIBaeTC5I C08AteCTHol'i. aHa 

orrpe,UeJI5IeTC5I corJIaCOBaHHbIMH cpe,LLHHMH Mxyf (x, y), Y fE/Txy, r ne 

g:-xy _ 06JIaCTb cymecTBOB8HII5I BepXHHX 'Cpe)l.HHX (BKJIIOQaIOIUa5I, 

no KpaHHeH Mepe, Bee OrpaHHQeHHbIe cBepxy epYHKUIIII ,UByX rrepe

l\1eHHblx). A 3a,UaeTC5I - nepBHqHbIMH cpe,lJ,HHi\IH i\lg (x, y), gECS, 
H Tor,Ua Jf{xy = <M~>. 

TIpH3HaKH f (x, y) ,ll.BYX nepeMeHHbIX Ha3bISaIOTC5I C08.1teCTHblMU, 

a OT,ll.eJIbHO KaM,UOH rrepeMeHHOI1 f (x), (() (y) - tlaCTHblMU; 'qaCTHble 

o6p a3YIOT rrO,llKJIaCCbI fT'X H COOTBeTCTBeHHO frY COBMeCTHblX fT'xy. 
Cpe,UHHe Ha rrO,ll.KJIaCCaX IIaCTHblX npH3HaKOB lvif (x), f (x) E[TX, 

M<p (y), '<pEfT'Y, OqeBH,UHO, 'COrJIaCOBaHbI H orrpe):Le.J15IIOT ttaCTHble AtO

oeAU J{X U Jf{Y. 11TaK, tiaCTHble MooeAU IlO/lytiafOTCR KaK ttaCTb cpeo· 

NUX COB.kteCT1ioiL 
CJIe,UYIOIUa5I TeopeMa n03BO.JI5IeT HaXOJI,IITb nepBlIqHble cpe,UHHe 

qaCTHWX Mo,UeJIeH rro COBMeCTHoH. 

Teo p e 1\'1 a 2.1. a rr e p B H II H bI X rr p H 3 H a K a x q aCT H bI X 

MO,lLeJIeH. flYCTb Jf{xY==<M~> - COB.tlteCTHaR ./l100eJlb U l\1g(X, y), 
gE~, CYTb ee nepBUtiHble cpeOfiue. T020a COOTBeTcTBylOlL{a5l ell ttaCT

fiaR u1tx fia Fe 6yoeT onpeOe./lRTbCR CBOUMU npU3fiaKaMU 8uda 
inf ~C+ilgi (x, y) c nepBUtiHbl.MU cpeOfiU/J;LU Ha fiUX) pa8HbLMU: 

y i 

NIx [inf ~ ct gi (x, y)] == ~ Ct1\1gi (x, Y), giE ~, 
Y i 

npu BCeB03J1;lOJICfiO}vl Bbl60pe HeOTpUl{aTeAbHblx K03¢¢Ul{UeHTOB C+i' 

i== 1, ... , k<oo. 

B caMOM )l,eJIe, Ha OCHOBaHlUI 06m;eII epOPMY.'IbI rrp0jJ.O.iliKeHHH, ueHTpHpy5I rrpH3

HaKH, llMeeM: 

MXY t (x) == inf [c + 2: ct Mgt] ==
 
c+ 2: ct gi (x, Y)~f(x)
 

= inf {c:c+ ~ ct[gi(X, y)-MgiJ>t(x)},c, ct 
npllT.IeM B YCJIOBllH Ha c, c+ i HepaBeHCTBO ,u.O~TJ)KHO C06~TJIOjJ.aTbC5I rrpll B2ex yEUIj, 
qTO paBHOCllJIbHO rro,u.CTaHOBKe B ero ~eBYro T.IaCTb ~YHKUHH 

c+inf[L C/(gi(X, y)-Mgi)]==c+he(x), C==(Cl" .. ' c~). 
Y 

<PyUKUllIO he (x) MO)KHO paCCMaTpHBaTb KaK nepBHT.IHbIH: rrpH3HaK ,z:r.JI5I J{X C 

Hy~eBbIM rrepBllT.IHbIM cpejJ.HllM. ,UJI5I ~llHerIHOII KOM6HHaUIIH TaKHX rrpH3HaKOB 

~d+ihe. (x) llMeeTC5I Ma)f~OpllpYIOIUllH: rrpH3HaK he* (x), C*=~d+iCi, C Hy~eBbIM 
l 

cpe,z:r.HllM, rr03TOMY 

M
X t (x) == inf {c: c + ~ dt hc. (x) > t (x)}== 

I c, c li 

== inf {c: c + h * (x) > t (x) } , 
c h e 
-",1 e* 

oTKy,z:r.a H CJIe.n.yeT ,z:r.OKa3aTeJIbCTBO TeopeMbI. 
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TaKHNI 06pa30M, rrepBHqHbIMH J-lvTJH qaCTHOH 11M 6ynyT HHLKHHe 

rpaHH inf g" (x, y), gE2+C;§ (MIIHHMyrvl 6epeTC5I no IiCKJHOIIaeMOH 
y 

rrepeMeHHOrr) BTOPHqHbIX rrpH3HaKoB COBMeCTHOH Mo,UeJIH C coxpaHe
HHeM cpe,UHHx. 

K npHlvrepy, eCJIH ..JftxY:=(iVIg> orrpeneJI5IeTC5I Bcero OaHH~r nep .. 

BHIIHbI:M Cpe;I,HHM -"lgo (x, y), TO rrepBHIIHbLM ,II)I5I JlfX 6y,UeT 

M[infg(x, y)]=Mg. EC.JIII nepSIIqHbIX 'CpeaHliX ,UBa JffxY~<if1g"l>/\ 
Y 

/\<M,g2) , TO ,ll.JI5I qaCTHOH I'L~\1. nepBHqHbIe cpe,UHHe BblrJIH;lHT TaK: 

Mhe (X) == M inf [gl (x, y) + c+ g2 (x, y)] = Mg1+ c+ Mg2. 
Y 

I1x yMe He :LBa, a MHoro Irro rrpHqHHe rrpOH3BOJIbHOCTH c+. B o6rn.eM, 

.na2Ke rrpu KOHeIIHOl\1 Ha60pe nepBHIIHbIX cpe,UHHX Mgi(X, y), i== 
= 1, ... , :k, 3a,llaIOIUHX ~${xy, IHeT rapaHTHH, qTO IIaC'DHa5I c/f{X 6y,UeT 

onpeJLeJIHTbC5I K:QHeqHbIM:qHC,TIOI~1 neplBHqlHbIX 3Ha qeHHH, IKpoMe p5I,Ua 

HCKJIIOIIeHHH, 0 KOTOpbIX JI noi1,UeT ,ceI1IIac peqb. 

IT p II M e p 2.8. f1YCTb &l' = {Xi, ... , Xli}, Of! = {Yi, ... , Yl} 11 Ha rrpOII3BejJ.eHI1H 

STllX rrpOCTpaHCTB 3a!J,aHbI rrepBHT.IHble Bep05ITHOCTH, Ha3bIBaeMbIe COBMeCTHbIMH: 

O~P(Xi' Yj)~ 1, ~ ~P(Xi' Yj»I. 
j 

3TH Bep05ITHOCTll cor.TJaCOBaHbI II 3a!J,aIOT .;{{xy. TIepBHT.IHbIMH )l.J15I T.IaCTHOH J{x 

Oy,z:r.YT Bep05ITHOCTll P(xd =min{l, 2:P(Xi, Yd}. J1I06bIe me .upyrHe rrpH3HaKH, 
j 

COfJIaCHO TeopeMe 2.1 llMeIOIUHe BlljJ. 

hc (x) == inf ~ ~ ct ()Xi (x) ()Yi (y) == 2: ~t ()Xi (x),
 
Y i j
 

r.zr.e E+i=min C+ij BC.neJI.CTBlle HepaBeHCTBa l\1h (x) =Ll~C+ijP(Xi, Yj) ~ e 

~~~C+iP(Xi, Yj) =2:C+i~P(Xi, Yj) ~~c+ij5(xd rror~'IOm;alOTC5I BepoHTHOCT5IMH
i j- i- j 

P(xi). B CJIytIae TOT.IHhIX Bepo5ITHocTelr P (Xi, Y j), o6pa3yIOm;Hx COBMeCTHoe pac

npe.zr.e~eHlle: ~2:P(Xi, YJ) = 1, T.IaCTHOe pacrrpejJ.e.neHlIe TaKme 6YjJ.eT TOT.IHbIM, paB

HhIM cyMMe P (xd = 22P (Xi, Yj), T.ITO 3~TIeMeHTapHO ,LLOKa3bIBaeTCH. 

j 

CJIe,UCTBue. l.f.acTfible npU3fiaKU gi(X)J U/Heft C02AQC08aflHble 

cpeaHue u 6yoyttu nep8U ttfibUl1U O.llR COBA1ecTfiol'i vl{xy, OCTQIOTCR TOti

liO TaKUMU JlCe C TeMU OICe cpeOfiUMU OAR ttaCTHot'i J{x. 

B caMOM ,UeJle, rrpH HaXOM,UeHHH rro TeopeMe 2.1 rrepBHQHbIX np H3

HaKOB ,llJI5I J{x Te II3 rrpH3HaKoB giE~ COBMeCTHOH Jf{xy, KOTopbIe 

-3aBHC5IT TOJIbKO OT rrepel\1eHHOH x, BbIHOC5ITC5I 3a 3HaK HHepHMyMa 

inf [ ~ dt gi (x) + L CT gj (x, y)] == }: dt gi (x) + inf 2: ctg j (x, Y), 
Y i j J i Y j J 

'OTKy,ll.a BH,ll.HO, QTO caMH 3TH gi (X) (a He HX JIHHeHHble KOM6HHaUHH) 

6y.n.yT rrepBHIIHbIMH ,ll.JI5I J{x. aqeBH,Il'HO, cOrJIaCOBaHHOCTb IlX cpe,U.. 

HHX OT ~xy rrepe,u aeTC5I \K J{x. 

n p l:I M e p 2.9. 3 a ,z:r. a H H e COB M e C THO H: M 0 ,z:r. e ~ H q aCT H bI M 11 rr e p

cB H lJ H hI M H II P 11 3 H a K a M H. 3,z:r.ecb 6y,z:r.eT paccMoTpeH CJIyqaH, KOf,z:r.a nepBllT.IHbIe 
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npH3HaKH gEr;} COBMeCTHOH MO,neJIH vIlxy pa3,neJI5IIOTC5I Ha 3aBHCSIIlIJle TOJIbKO 01" 

nepeMeHHOH X JIH60 TOJIbKO OT nepeMeHHOH y: 

{h (X), hE.:Jt,
)

_ 
g(x, y - '!'(y), tpEW, 

TaK tITO ~ =OIeUW. 11 nYCTb HX Cpe,l1;HHe Mh (X), Xhp (y) 5IB.TI5IIDTC5I cor.naCOBtiH· 

HbIMH. OHH )Ke 6y,nyT nepBHtIHbIMII ,nJI5I tIaCTHbIX MO,neJIeH (COrJIaCHO TeopeMe 2.1) p 

npHtIeM, KaK HeTpy)l.HO yCTaHoBHTb, Ha HHX pacrrpOCTpaH5IeTCSI CBOHCTBO a,lI.,lI,HTHBo 

HoeTH cpe,lI.HHx: 

MXY [f (x) + <p (y)] == iVI f (x) + M <p (y). 

P a3,neJIeHHe nepBHtIHbIX npH3HaKoB Ha cPYHKUIIH TOJIbKO OT X H TOJIbKO OT Y 
3KBRBaJIeHTHO 3a)l.aHIIID OT,rr,eJIbHO vIlX = <MOle) II J{Y= (i\il'¥) npH nOJIHOM OTCYT~ 

CTBHH ,UaHHbIX 0 npIItIHHHOH CBSI3II (3aBHcHMoCTII) Me)K,ny IIcxo,UaMH 5IBJIeHHR 

XEf!lJ II yEUlj. COBMeCTHa51 Mo,rr,eJIb paBHa nepeCeqeHHIO <Mde)1\<M"'¥) qaCTHbIX, 

HO 3a,naHHbIX Ka)K)l.a51 y)Ke Ha f)J X Ulj Ha60paMH npH3HaKoB TOJIbKO OAHOll nepe~ 

MeHHoH. 

OTHOlIleHH51 Me:>KAY COBMecTHbIMH H qaCTHbIMH 

M 0 ,lI. e J1 51 M H. 
1. ,UJI51 rOJIoH COBMeCTHofI 11M qaCTHa51 Mo,neJIb 6y,neT rOJIoH: 

Jlt xy = :Jxy *.Jfil x = :Jx. 

3TO HC'HO, nOOKOJIbIKY, eCJIH 'HHIIero IHe H3BeCTHO '06 ge XUlj, TO T31\

)Ke He 6y,neT HHKaKHX ,lI.aHHbIX OT ge. 
2. TIpH rrepexo,ne OT COBMeCTHbIX MO,ILeJIeH K qaCTHbIM coxp aHHer

C51 HepapXH5IB ;CMbICJIe OTHOlIleHHH BKJIIOqeHlI51: 

t//ftfYc.Jf!t~Y =>.Jf!t1 cu!ft~ 

TaK KaK Mf f (x) = MfY f (x) ~ M~Y f (x) = M~ f (x)). 
B03HHKaeT Borrpoc,coxp aH51IOTC51 JIH aJIre6p anqeCKHe onep aU.IIil 

06be,nHHeHH5I H nepeCeqeHH51 Mo,neJIefI? ,UJI51 orrepaUHH 06ne,nHHe

HH51 - coxpaHHIOTc51: 

3. tlf;t xy = V .J/IZey *J/!lx = V ~Jte
 

(TaK KaK M Xf (x) = M XY f (x) = sup MaY f (x) = sup 1'.118 t (x)).

e 6 

A orrepaUH51UepeCeqeHHH, 'B 06mel\l, He coxpaHHeTcH: 

4. .Jf!txY = /\ J!J(/eY=i==>~Ux= 1\ Jf1~. 

B caMOM ,neJIe, rrpH J(xYe= <M~ e) rrepBHqHbIM ,llJI5I IlX rrepeCeqeHHfI 

6Y,lI.eT 'Ha6op f§=Vf§e co Cpe,lI.HHMH Mg(x,y)=infMeg(x, y), gE::$.
6 

Tenepb COrJIaCHO TeopeMe 2.1 rrepBHqHbIMH ,nJIH J{x 6y,nyT 

M X [inf ~ ctgi (x, y)] = ~ ct M XY gi (x, y) = 
II 

~ cT inf Me gi (x, y) ~ inf [ ~ c+Megi (x, y)], 
~ eeL
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r,ne KBa,lI.paTHble CKo6KH H eCTb rrepBH4Hble Cpe,llHHe MO;reJIeH J{xe, 
a HHepHl\1YM COOTBeTcTByeT IIX nepeCeqeHHIO. 

npe)l.CTaBJIeHHe COBMeCTHbIX MO)l.eJIeH C.JIyqaHHbIMH npeo6pa30
B aM JiSt M H. B Ha 4 a JI e HacTO 51 Il1,eif r.II a BbI H3Y4a JI HCb rr p eo6p a 3 0 BaH H51 

flJ-+-6lj. 3TO HeKoTopble orrepaTopbI, rrpe06pa3yIOIl1,He «BXO,lI.» X B 

«BbIXO,U» y. 1~aM Hac 60JIblile ,HHTepeCOBaJIH, Bo-rrepBbIX, crroco6bI OllH

caHH51 caMHX rrpeo6pa30BaHHif: ,neTepMHHHpOBaHHbIX y = sx (eM. 

§ 2.1) H CJIyIIaHHbIx (CM. § 2.2), 3a,lI.aBaeMbIX nepeXO,ILHbIMH MO,ll.eJIH

MH ,;/{Yx , a BO-Bropblx, paCqeT «BbIXO,LLHOH» lVI0,ll.eJIH .Jf{Y no BHny rrpe

o6pa30BaHH51 H «BXO,UHOll» J{X. 3,LLecb Hac HHTepecyeT ,UpyrorI Bonpoc: 

KaK C rrOMOIl1,bIO c.nY4ailHbIX npeo6pa30BaHHH (n oco6oro IlX CJIy

qaH - nerepMHHHpOBaHHbIX) MOLKHO 3a)J.aBaTb COBl\leCTHble HHTep

BaJIbHble MO,ll.eJIH J(xy Ha fl} X 6lj? 
flYCTb Hl\leeTCH Mo,UeJUt ..4{x BXO,LL3, T. e. H3BeCTHbHvl nyTeM onpe

,neJIeHbI COfJIaCOBaHHble MXf (x), fEg-x. 11 rrYCTb HMeeTCH CJIy4aH

Hoe rrpeo6pa30BaHHe H3 ge Ha Olj, 3a,lI.aBaeMOe nepeXO,UHbIMH J!{Yx , 

VxEfJe, T. e. TIpH KaLK,UOM x orrpeneJIeHbI nepeXO,UHble cpe,nHHe 

MYxC[J (y), C[J (y) E[!fYx , r,LLe KJIaCC [TY x rrpH KaLK,UoM x MOLKeT 6bITb, 

B 06meM, pa3HbIM:. 

npOU38eOeflUeJJll t!f{x Ha Jf{Yx Ha30Bel\1 COBMecTHyIO Mo,Ue.nb Ha 

Jf{xy, 0603HaqaeMYIO: 

t/!f;t 
xy = t/l{'x J!;t~, 

KOTopaH orrpe,neJI5IeTCH cpe,nHHMH: 

M XY f (x, y) == lv!x M~ f (x, y). (2.4) 

TIp aBa5I qaCTb (2.4) eCTb rrOCJIe,nOBare.TIbHOe BbI4HCJIeHHe Ha nep

BOM lIlare IIpII K3LK,llOl\1 xEEe nepeXO,LLHbIX Cpe,lI.HHX MYxf (x, y) rro 

.;f(Yx OT f (x, y) KaK epyHKUHH nepeMeHHoI1 y, a nOCKOJIbKY rrepexo,n

Hble Cpe,lI.HHe 6y,nYT epYHKUH5IMH X, T. e. rrpH3HaK3MII Ha fJe, TO Ha 

BTOpOM lIlare yLKe OT HHX 6epeTCH Cpe,ll.Hee Nix. 06JIaCTb cymecTBo

BaHH5I fFxy npOH3'Be,neHH51 ~,10,ll.eJIetI ICOCT3BJI5IlOT npH3HaKH f (x, y), Ilipn 

Ka)K,nOM x npHHa,ll..JleiKamHe f!TY x , rrpHIIeM TOJIbKO Ta iHX 4aCTb, ,UJIH 

KOTOpOt'r MYx[Ef!Tx. 3TO, no KpaI~IHel~I l\lepe, Bce OrpaHHqeHHbIe epyHK

~HH lLBYX nepeMeHHblx. 

<DopMyJIa (2.4) ,LLJIH HHLKHero 'CpeJI,HerO (HyiKHO 3aMeHHTb f Ha 

-f) 3aI1I1CbIBaeTC51 MxYf = lV!xMvxf· 
TIpOKOMMeHTHpyeM nOH5ITHe rrpOH3BeLleHH5L Ilo CYTH ,neJIa, eCJIH 

liHTe,p'npeTHpOB3Tb K8E '/!{Y x , TaR Ht/I{X B Blf:.re ,ce:Vlell:CTB T04'HbIX ~10

,neJIeii (c TOqHbIMH cpe,UHHMH), TO H Ha rrepBOM IJlare, COCTOHmer,/I B 

BhlqnCJIeHHH nepeXOLlHbIX Cpe,lI.HHX MYxf, MYxf,H Ha BTOpOM, Kor,Ua 

no HEM OKOHqaTeJIbHOHaXO,ll5ITCH Mf, .L\1f, paCCI\13TpHBaIOTC5I K3)K

,nbIH pa3 H3nXY,UlliHe B03l\10iKHble BapH3HTbI BHyTpH Ce?vleI1c.TB, npHIIeM 

pa3,neJIbHO ,ll.J15I J{X y H JffX II pa3,neJlbHO LlJIH HHlKHero H BepxHero 

cpe,UHero. 3TO TO, KClKHe )L3HHble I1I\1eJIHCb 6bI 0 Cpe)LHel\1 Mf B HaH

MeHee 6JIarOnpHHTHOM CJIyqae rrpM HaJIH4HH naHHWX (B HHTepB3JIb

HOM BHne HJIH B BHLle ceMefIcTB)0 MOnenH Bxo,na II 0 CJIyqaHHOM 
npeo6p330BaHliH. 
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HIL£Ke HaM nOHa,no65ITC5I CJIe,nyIOIU.Ue jLOCTaTOQHO OqeBH~Hble 

CBOHCTBa npOHoca epyHKll)IH nepeMeHHOH: x 3a 3HaK cpe,nHero i\1Yx 
rrepexo,nHOH Mo,neJIH: 

M XY c+ (x) t (x, y) = M X 
[ c+ (x) MX f (x, y)], 

MXY[d(x)+f(x, y)]=Mx[d(x)+Mi'/(x, y)], 

r,ne c+(x) -- npOH3BOJIbHa5I HeOTpHuaTeJIbHa5I epyHKUH5I, a d(x) - 
JIlo6a5I epYHKQH5I nepeMeHHOI1: x (He IBblBO,n5Ima5I H3 KJIaCCa g-xy ). 

BOCCTaHOBJIeHHe COMHO}KHTeJIeH pa3JIO)KHMOH MO,!l.eJIH. COBlvlE.:CT

Ha5I Mo,UeJIb Jf{xy, 3anHCbIBaelVla5I B BEne npOH3Be)].eHH5I vf{xJI{Yx . ~1 a ~ 

3bIBaeTC5I paSAOOlCUMOiL I1oKa)KeM, KaK no COBMeCTHOM pa3JIO)J:\:L:;,~OH 

BOCCTaHaB.lIHBaIOTC5I MO,lI.eJIH-COMHO)KHTeJIH. OTHOCfITeJIbHO nepBGfO 

H3 HHX Jf{x rrp06JIeM He B03HHKaeT: 3TO eCTb QaCTHa5I Mo,neJIb, cpe;I.
HHe KOTOpOI1: MXf (x) COICTaBJI5IlOT QaCTb ,ope;LHIIx MXyt (x, y) CO'Bi\'lecr

HOM Mo,neJIH. 

Op06JIel\1a BOCCTaHOBJIeHllH BToporo COMHO}I{HTe.II5I ~Yx HeCKOJlbhO 

CJIO)KHee. ,UJI5-1 3Toro HY)KHO 'BbI,lI.eJIllTb ,«xapaKTepHble» ,nJI5I rrepexoA

HbIX Mo,neJIeM t.lf{Yx KJIaCChI npH3HaKoB t (x, y), cpe,nHHe Mxyf Ha KOTO

phIX ee H onpe,neJI5IT. XapaKTepHOCTb HX JI,OJI)KHa np05IBJI5ITbC5I B10M, 

qTO npH pa3HbIx x 3TO cOBeprneHHO pa3Hble, HerrepeceKaIOIU.HecH Kcllac

CbI, «OCTpO OTKJIHKaIOIU.lleC5I» Ha fI3MeHeHH5I X. OTCIO,lI.a ,lI.ora,lI.Ka , ,QTO 

3TO ,nOJI)KHbI 6bITb ,neJIbTa-06pa3Hble no x epyHKUHH. 

KaK H paHee, 6y,lI.'eM 0603HaqaTb 6X1 (X)llH,Il,HKaTopHyIO epYHKll)ffO 

3JIeMeHTapHoro C06bl'PH5I XIEfiJ. CHMBOJI MXY ,n.J151 KpaTKOCTH 38-11e

H5IeM Ha M. BBe,lI.eM <PYHKUHIO f(x, y) =6xt (x) .cp(y), r,ne (pE£Txy ,. 

COrJIaCHO (2.4) 

M fJx 1 (x) ep (y) = A1 x
M~ 6x (x) ep (y) = M X fJx (x) ivff <P (y) = 1 1 1 

= {P(X1) M~l ep (y), Mil q> (y) > 0,
 

P(x1)Mflep(y), Mi't cp(y) <0,
 

r,lI.e P (Xl), P (Xl) - rpaHHUbI Bep05lTHOCTeH 3.n.eMeHTapHoro C06bI

TH5I Xl. TIYCTb j5 (Xl) >0 u M6x1 (x) cp (y) ~O. 113 BToporo HepaBeH

CTBa CJIe,2lyeT MYX1 <p (y) ~O, B pe3YJIbTaTe qero 

-Y (x) cp (y) - 'C)M 8X1M Xl q> (y) == npH M 6x
1 

(x) cp (y) > o. (_.5)
P (Xl) 

3Ta epopMYJIa H onpe,neJI5IeT Cpe,2lHHe nepeXO,2lHOH Jf{Yx ,lI.JIH Tex' 
1 

XIEflJ, ,2lJI5IKOTOPbIX j5 (xt} >0. 
3,neCb Tpe60BaHHe M6 x1 (x) cp (y) ~ 0 He 5IBJI5IeTC5I H3JIlllIlHe o6pe

MeHHTeJIbHbIM. ,UeH:CTBHTeJIbHO, eCJIH 3TO HepaBeHCTBO He BbITIO.TlH5I

eTC5I H (P (y) OrpaHHqeHa, TO OHO 6y,neT BbInOJIHeHO 2l,JI5I epYHKllHH 

(Pc(y)==:cp(Y)+C npH c~-infcp(y) B 'CHJIy Toro, qTO CPc(y)~O. Orr" 
pe,neJI5I5I MYX1 <pc (y) no (2.5), TeM IcaMbHvf Haxo,niHM 

-y - ,
M XJ q> (y) == M~l [ep (y) + c] - c, c> - inf cpo 

TaK'HM o6pa30M, ,lJ.OCTaTOQHO, qTo6bI (2.5) BbIIIOJIH5IJIOCb ,2lJI5I Hew

p'HuaTeJIbHbIX OrpaHHQeHHbIX cPYHKUHH: ,qJ(Y) , TaK KaK ,lJ.JIH HeorpaHH

qeHHbIX OHO nO.lIYQaeTC5I npe,UeJIbHbIM n·epeXO,lI.OM OT fIX yceQeHHit 

3TO CBoero po,lJ.a epopMyJIa npo,LLOJI)l{~HH5I rpaHHIJ.. I1TaK, HMeeM. 

ECAU ,Jf{xy pa3AoOlCuMa, nputteJlt tiaCTflaR ~x TaKoBa, tf,TO J5 (Xl) >0 
OAR Bcex Xl Em, TO ¢opMyAa (2.5) n03BOAReT BOCCTaHOBUTb nepe

XOOfible HAi no cOBMecTfiotl. IIpu aTOM nepeXOOHble U YC/lOBHble 

HM (npu C./lyttU8lUUXCRX) COBnaoafOT Me:JICoY co6ou. 

OOCJIeJLH5I5I QaCTb c.rIe,lI.yeT 'H3 ,nOTIOJIHeHH5I 1 K rraparpaepy II 

CMbIC.II ee B TO~I, qTO nepeXO,UHyIO MO,lJ,eJIb fv10MHO BOCCTa'HOBHTb, ,OIl

peJl,eJI5I5I YCJiOBHble COrJIaCHO § 1.6 npH HCTeKlllllX 3JIeMeHTapHbIx co
6bITI15IX XIE&e. 

Pa3JIO)KI1MOCTb cOBMecTHoH MO,lJ,eJIM. A BC5IKYIO JIll COB1\1ecTHyro 

MOne.lIb Jf{XY MO}I{HO pa3JIO}I{HTb Ha rrpOH3Be,neHHe qaCTHOI1 H nepe.. 

X0l-L H011: (YCJIOBHOtI), T. e. HHTepnpe'rHpOB3Tb 'CB5I3b Me2K,lJ.Y HCXO)J.a

MH XEfC H yEUlj )I.eilcTBHeM CJIyqaH:HOrO orrepaTopa? YBbI, ,2la.TIeI{O 

BeT! 11 TOfna nO,UCTaHOBKa YCJIOBHbIX Mo,neJIeI1: B (2.4) npHBe,lI.eT K 
paclllHpeHHOrI no cpaBHeHHIO C Jf{xy MO,lI.eJIU: MXMYxf (x, y) ~ 
;:;: Mf (x, y). 

IlycTb 3anaHa iCOBMeCTHa5I Mo,neJIb J!{xy. KaKHM CBOH:CTBaM nOJI)K

RbI Y,21,OBJIeTBOp5ITb ee corJIaCOB3HHbIe Cpe,LLHHe, 4T06bI OHa 6blc.i1a 

pa3JIO)KHMa? LLJIH pellleHllH 3Toro Borrpoca llocTynaeM TaK, KaE: eCJIH 

6bI vf(xy 6bI.TIa pa3JIOMHMa, T. e. BbIqUCJI5IeM nepexo,nHble Cpe,LL\HHe no 
(2.5), 3aMeHHB cP (y) Ha f (x, y): 

-y ,M8x (x)t(x, y) - _
 
M Xl 1(x, y) ==~ npH l\;[ fJx f> 0, P (Xl) > o.
 

P (Xl) l 

A r,lJ.3JIee 'CMOTpHM, nOJIYQHTC5I JIll npll nO,lI.CTaHOBKe 3Toro BblpalKe

HH5I B npaBylo qaCTb (2.4) 3HaqeHHe NIt (x, y), H eCJIH 3TO TaK ,lI.J151 

H,cex fEfT'XY, TO aTO ,UaeT COBeplIleHHO BeCKHe OCHOBa'HHH CQfITaTb, 
qTO vf(xy pa3JIO)KHMa. 

Teo p e M a 2.2. 0 P a 3 .II 0 )K HMO 'C THe 0 B M e 'C T H bI X M 0

,lI. e JI e H. Ec./lU P (x) >0, VXEm, TO OAR pa3AO~UMOCTU C08MeCTH,OU 
MOOe./lU JffXY fia npou38eiJefiue vf(xJf{Yx fieo6xoouMO U oOCTaTOtf,HO Bbl

nOAHeHUR npu Bcex Xl Efe U A106blX HeOTpUl{aTeAbH,blX .f+ (X, y) U3 
fTxy TOJICaeCT8a: 

- Xl [Ai Ox, ~)f+ (x. ~l ==== /\1/+ (x, y),
M P (Xl) 

cae MX' eCTb CpeaHee no If.aCTHOU J[x. [Jpu aTOM nepeXOaHafl MO
oeAb C08naoaeT C YCAOBfiOU. 

lloKa3aTeJIhCTBo BhIHeceHo B ,n:orrOJIHe'Hue 2 K naparpaq,y. 

- I1poKoMMeHTl1pyeM Tpe6oBaHI1e HeHyJIe'BbIX BepXHI1X Bep05lTHOcTeii: 

P (x) >0 TeOpeMbI. B 60JIhllII1HCTBe peaJIhHbIX 3a,n:alJ lJHCJIO ;n:aHHbIX 

o 5iBJIeHHH KOHeQHO, QTO cooTBeTcTByeT Mo,neJIHM J{XY KOHeqHOH: 

pa3MepHoCTH. ,UJI5I HHX (eC.IIH cpa3Y HCKJIIOqHTb HeB03MO)KHble He

XO,lI,bI) 065I3aTeJIbHO BepxHHe BepoHTHoCTIH OT,lI,eJIbHbIXUCXO,lJ.OB He

HyJIeBbIe. HYJIeBble 2Ke Bep05lTHOCTH 15 (x) =0 eCTh rrpe,n:eJIhHbIii: CoJIY

'Jail: ITIiPI1 HeOrpaHI1lJeHHOM YIBeJII1'lJeHHI1 TOlJHOCTI1 Mo,n:eJII1. I1cxo,n:51 PI3 
4-13 

Y7 
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3Toro ,lJ.OJItKHa HHTeprrpeTHpOBaThC5I TeopeMa 2.2 H ee OCHOBHoe TOM
.neCTBO. 

TIOCbIJIKH TeopeMbI 2.2 BeCbMa Cepb'e3HbI H Tpy,lLHOrrpOBep5IeMbI. 

OTMeTHM O)1,HO rrpocToe C'BOHCTBO, Heo6xo,lLHMOe ,U.1I5I pa3JIOLKHMOCTH 

cOBMecTHoH MO,lleJIH. OHO COCTOHT B TOM, IfTO ,Z1}I5I Bcexcp (y) E[Fxy 
H e ,nOJI)KHO 6bITb lcrrp aBe,llJIllBO p aBeHCTBO 

- {M 8x 1 (X) cP (y) - eP (Xl) fIpH> 0, 
M6x, (X)[1p (y) - c] = M 6x, (X) Ip (y) - c ~ (Xl) npH < 0, 

rAe yCJIOBHe ;::::0 H <0 OTHOCHTC5I K 3HaQeHHIO Cpe,lJ.HerO CJIeBa. Pac

cMaTpnBaeMoe ICBoflcTIBo pa3JIO)KHMbIX MOtJ,eJIetI 'BbI,BO;I.HT,C5I TOIIHO TaK 

LKe, KaK 3TO 'C,lJ,eJIaHO rrpH e == 0 npH BblBOne (2.5). OHO fLJIJIIOCTPH

pyeTC5I pac. 2.6, r):Le rrpe):LCT3BJIeH rpaepHK 3HaQeHHt'r cpe,UHero :KaK 

epyHKUHH napaMeTpa C,lJ,BHra c. B 06JIaCTH nOJIOLKHTeJIbHbIX 3HaqeHHH 

cpe,nHero, a KOHKpeTHee, rrpH e TaKHX, qTO Ivl vx1 CP (y) ~c, 3TO eCTb 

JIHHefIHa5I epYHKI.I.H5I c. TaK .IKe, KaK npH OTpHuaTeJIbHbIX, ,COOTBeTCT

ByIOmHx MYxqJ (y) <c. MeLK,lLY HHMH epyHKQII5I TepnHT H3JIOM. 

Paccy)K,lLeHHe OCTaHeTC5I BepHbIl\1, eCJIH cp (y) 3aMeHHTb Ha f (x, y). 
Tor,lJ,a bx 1 (x) [f (x, y) -c ]ecTb, no CYTH, BepTHKaJlbHbIH: ,lLeJIbTa-BbI

pe3 epYHKQHH f (x, y)-c no KOOp,lLHHaTe X= Xl, a paCCMaTpHBaeMoe 

HaMH 'CBOHCTBO Ha cpe3e - KaK JIHHerIHOCTb onepaTopa M K rrapn

MerpyC,UBHra C, IlpeJIOMJIeHHa5I COrJIaCHO puc. 2.6 npH nepece1leHHH 
OCM. 

nepBM4Hbie Cpe,ll.HHe pa3JIO)KMMbIX HHTepBaJIbHhlX MO,lI,eJIeit IlycTh 

..Jf{xy = Jf{xJf{Yx eCTb pa3JIO.lKHMaH :COBMeCTHaH MO,Zl,eJIh H nYCTb 

~x == <Ald6) , Jf{Yx == <MYx1J') 3a,llaHbI BepXHJfMH nepBH4HbIMH 3Ha4e

HH5IMH MXh(x), hEdt3; MYx,¢(x, y), 'PEW, f,lle h(x) - qaCTHble 

npU3HaKH, a ¢ (x, y) - nepBHIf:Hble npH3HaKH Ha uy llpn 3a):LaHHbIX x, 
Ha3bIBaeMble nepeXO,ILHbIMH. 

3,UeCb H3YQaeTCH CB5I3b Me)K,lJ,y rrepBHqHbIMM Cpe,lLHHMH COBMeCT

HOM MOneJIH H MOneJI5IMH-COMHO)KHTeJI5IMH. 

T e op elM a 2.3. !1HTep6aJlbHaJl ~ttoaeAb 8 Buoe npOU3BeOeHUJl 

Jftxy = <l\1x;Y'6) <MYxW) onpeOe.'2JleTCfl qeHTpupoeaflHblMU npU3HQKaMU 

.; == {h (X) - Mh, h=3i} U 

U{c+ (x) [1J' (X, y) - NIX 'P)''lJ='P, Vc+ (x)} 
o a 0 

Bee C HYJle8blMU nepBUtlHblALU cpeOflUAtU: iWg == 0, VgE~, npUtteM 

-"7~ 
v. cP 

'S'~
 
~~,
 

c:'....-0' 

~./ 
fi;'r ~ 

~r;;)--c~(.z)/ / - f 
PHC. 2.6. CBoiIcTBO pa3" 

/IO)KHNIOCTH MO,LLeJUI 

t 

6>/
 

C02AaCOBaHHblM cpeOHUJvt MYxtP == MYxtP COOT8eTCTBYfOT e02AaC08afl
000 

flble 3flatteHUfl Mg==Nig, g==c+(x),['!J-MYx,¢]. 
TIpe)I(,Ue IfeM ,Zl,OKa3aTb TeOpeMY, na,UI1M ee TOJIKOBaHHe. 0603Ha

o 0 

qHM h(x)=h(x)-l\1h, '1J(x, y)==tlJ(X, y)-MYx '¢ - UeHTpHpOBaHHble, 

T. e. rrpUBe,lJ,eHHbIe K HyJIeBbIM BepXHHM Cpe,lLHHM M};==MYx~=O, nep

BH4Hble rrpH3HaKH KaK qaCTHOi:f, TaK H rrepexOnHOM MO,lLeJIIi. OqeBlI,IT.
o 0 

HO, <MxdG> == <Mxd8), <MYxW) == <MYxW). TOf,LLa TeOpeMa yTBep)K)l.aeT, 

qTO ll.eHTpHpOBaHHbIMH (c HyJIeBbIMH Cpe,lJ.HHMH) nepBH4HbIMlI npI13
a 0 

HaKaMH npOH3BeneHlI5I oCTaHyTC5I qaCTHble h (X) Ede rrpH3HaKH, )l0
o 0 

rrOJIHeHHble COBMeCTHbIMH BH,lLa 1P (X, y) C+ (X), tpEW, paBHbIMH ~eHT-

pHpOBaHHbIM nepeXO,nHbIM rrpH3HaKaM, YMHO.lKeHHbIM Ha rrpOH3BO,,1b

Hble HeOTpHuaTeJIbHble epyHKUHH C+ (X) rrepeMeHHOH X. 

.nJUI ,LLOKaSaTeJIbCTBa BbII1HWeM o6mee BblpalKeHlle cpenHero Mf (x, y) pa3c7IO

lKlIMOI! MO,lLeJIlI qepe3 ueHTpHpOBaHHble nepBHT.JHble 3HaT.JeHH5I COMHOlliHTeJIefI, pea.:1H

3ylouLee COfJIaCHO (2.4) ,LLByxwaroBylO npoue,LLypy BhIIIHCJIeHllH: 

Mf (x, y) == M X Mf f (x, y) == 

==MXC(x)==inf{d:d+ ~ dthj(x)~C(X)}, 

rne C(x)=inf{c(x) :c(X)+2:c+j(X),¢j(X, Y)~f(x, y)}. CBO,lUI BMeCTe ,lLBa orpa

HHtIeHH5I: OJLHO Ha BbI60p d, 3 JLpyroe -- H8 BbI60p C(X), 3arnUUeM HX BMeCTe, 

TOf,LL8 OKa)l{eTCH B HalllHX PYK8X 38MeHHTb C(x) H8 C(X), CBe,lLH BhIT.JllCJIeHlle cpe;I.
o 

Hero K HaX02K,lI.eHHIO Mf(x, y) =inf{d: d+ ~d+jhj(x) ~c(x), c(x) +~c+j(x) X 
XtPj(x, Y)~f(x, y)}. B CllJIY IlPOHSBOJIbHOCTlI c(x) nepBoe OrpaHHT.JeHHe BnOJ1He 

M02KeT 6NTb saMeHeHO paBeHCTBOM, IlO,lLCTaBJIHH liS KOToporo c(x) BO BTopoe orpa
a 0 

HHQeHHe, rrOJIytIaeM d+Ld+jhj(x)+~c+j(x)tP(x,y)~f(x, y), lITO COOTBeTC'fByeT 

YTBep)K,rr,aeMbIM TeopeMofI rrpHSHaK3M, Onpe,LLeJI5IIOLUHM MO,lLeJIb. 

3 a M e If a H'H e. B TeopeMe 2.3 UeHTpHpoBaHHhle npH3HaKH 
o 

c+(x)'\jJ (x, y) ,He rrpH Bcex c+ (X) 6y,nyT 065I3aTeJIhHO COfJIaCOBaHHbI-

Mil H He Bce 06513aTeJIbHO Hy.lKHO CqHTaTb rrepB114HbIMH. HanpHMep, 

JIlo6a5I epyHKUl15I C+I (x) eCTb rrepBHqHbIll rrpH3HaK COBNfeCTHOH MO

,lI.eJIH, a epopMa b+C+I (x) + c ,UaeT XOT5I BHelllHe ,UpyroH, HO epaKTH

qeCKH TOT .IKe caMbltr npH3HaK. CKa3aHHoe OTHOCHTC5I M K 
o 0 

C+j (X) '4Jj (x, Y), b+C+j (x) 'Pi (x, y), Il03TOMY K03epepHUHeHTbI c+ (x) 
MO)KHO KaKlIM-JIH60 o6pa30M HOpMHpoBaTb, Harrpl1Mep, nOJIara5I HX 

npHHHMaIOmI1MH 3HaqeHH5I 01' 0 ):LO 1. 
113 TeopeMbI 2.3 CJIe,lLyeT, qTO 3a CqeT rrpOH3BOJIbHOCTH K03epeplI

UHeHTOrB c+ (x) KaK epyHKUJli1 nepeMeHHoH x npoH3Be,neHHe iMo;:I.eJIeI:r 

6y,neT onpe,neJIHThCH 3HaQHTeJIbHO 60JIblllHM qHCJIOM nepBHIfHwX 3Ha

qeHIIH, HMeTb 60JIbWylO pa3MepHocTb, He.lKeJIH COCTaBJI5IIOlUHe Mo,ne

JIH BMeCTe B3HThle. B 4aCTHOCTH, pa3MepHocTb npoH3Be,neHH5I 11M 
HecpaBHeHHo Bblwe pa3MepHocTeH COMHO.lKHTeJIeH If MO.lKeT, B rrpHH

UHrre, 6bITb 6eCKOHeQHoM. 
4,j: 99 
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IT pH M e p 2.10. I1YCTh P(At}, P(At), Atca;' - nBe rrepBHtIHhle BepoHTHoCT'H, 

orrpe,ll,eJIH IOliLHe .;/{x, H rrycTh-Px (B d, Px (B d, B i coy, ~ TaK)Ke nBe BepoHTHoCTH, 

3a~aIOIl1,He rrepeXoJl.HyIO 11M j)a3MepHocTH ,n:Ba vf{Yx . HeTpyJl.HO BIH)l.eTb, tITO H J(x, 
o 

H J(Yx eCTb I1PB. ITepBHtIHbIMH npH3HaKaMH g rrpOH3Be)l.eHHH vltx.;/{Yx , lLeHTpHpO-

BaHHbIMH K HyJIeBhIM CpeJl.HHM, 6YJlYT Ai (x)-P (Ad, -At (x) +P (At), 
_0 

c+(x) [Bi(Y)-Px(Bt}], c+(x)'[-Bt(y) +Px(Bd] HlJ.JI5I Ka)K)l.oro H3 HIlX Mg=O. 
Ey,n,eM CIHITaTb O~c+(x) ~ 1. KaK BH)l.HM, XOTH COMHO)KIlTeJIHMH HB.7IHIOTCH I1PB, 
IlX rrpOH3Be,ll,eHHe eCTh 11M Ha aJ XUlj C YBeJIHtIeHHhIM tIHCJIOM lI,eHTpHpoBaHHblx 

rrepBHtIHbIX rrpH3HaKOB, K KOTOphIM, B tIaCTHOCTH, OTHOC5ITCH 

MA (x) [B1 (y) - Px (B1)] == 0, MA (x) [ - B1 (y) + Px (81)] == 0 

npH JII060M C06hITHH AcaJ. l.JeM WHpe npocTpaHcTBo aJ, T. e. tIeM 60/IblIle 3JIe. 

MeHTapHbIX HCXO,ll,OB OHO CO)l.ep)KHT, TeM 60ratIe .ueJIaeTCH COCTaB Ha60pa rrepBHtI

HhIX rrpH3H3KOB, 60JIbwei1 CTaHOBHTCH pa3MepHOCTh COBMecTHof:'1 11M. N1HHHMaJIh

Hoi:'! 6y)l.eT pa3MepHocTb IIpH )l,ByX HCXO)l.aX aJ = {Xi, X2}. Tor,n,a Ai =Xl 1'1 rrepBHtI

HbIX cpe,J,HHX COBMeCTHOll 11Nl Bcero weCTb: tIeTblpe YKa3aHbI BbIIlle JlByMH paBeH

CTBaMH C IlO)l,CTaHOBKOll Ty)l,a A (x) =6x (x) II A (x) =8x (x), It JlBe IICXO,D.HhIe 

P (Xi) II j5 (XI). I1pH 3TOM Px(Bt} II Px(BI) , B 06meM, MO~YT 6bITh pa3HbIMH rrpH 

X=Xl II X=X2. ITPH B03paCTaHHH lJHCJIa 3JIeMeHTapHbIX HCXO.uOB rrpOCTpaHCTBa f!£ 
pa3MepH02Tb rrpOH3Be)l,eHHH HeOrpaHHlJeHHO yBeJIHtIHBaeTCH, HeCMOTpH Ha TO, tITO 

pa3MepHOCTH COMHOJKHTeJIei1 OCTaIOTCH paBHbIMH Jl.ByM. 

TeopeMa 2.3 ,lI,aeT OTBeT Ha Borrpoc, KaKHMH rpyrrnoBbIMH CBOt'I

CTBaMH ,nOJIlKHbI 06JIa,lI,aTh nepBHQHbIe npH3HaKH COBMeCTHOH 11M 
,nJI5I ee pa3JIOLKHMOCTH. 113 3TOH TeopeMbI BbITeKaeT. 

C JI e,U C T BiH e. Heo6xoouMblM U oOCraTOtiflblM YCAo8ueM pasAo
O/CU;HOCTU vf{xy Jl8JlJleTCfl npeocTa8uMocTb ee l{eflTpUp08aHH020 fla
60pa nep8UtiflblX npU3flaK08 8 8uOe (2.6). 

Ho Tpy,UHOCTH KaK pa3 COCT051T B npe,ncTaBJIeHHH Ha60pa rrep

BH4HbIX npH3HaKoB B BH,Ue (2.6). 04eBH,UHo, Ha60p ~ ,UOJIlKeH 6bITb 

,ll.OCTaTOQHO 60raT. O,lI,HOH H3 Heo6xo,UHMbIX rrpe,lI,nOCbIJIOK pa3JIOLKH

MOCTH 5IBJI5IeTC51 TO, liTO Hap51,lI,y C nepBiH4HbIM npH3HaKOM g Ha60py 

f9 ,UOJILKHO rrp HHa,lI,JIeLKaTb npOH3Be,UeHlle c+ (x) ,[g (X, y) -MYxg] , 
Vc+(x)~O, r,Ue rrpH P(Xl»O: MYxtg=Mg(x, y)fJ X1 (X)/P(Xl) cor
JIaCHO (2.5). 

O,UHaKo eCJIH J{xy He pa3JIOLKHMa, TO Bcer,Ua MOLKHO rrO,lJ.bICKaTb 

60JIee lIlHpOKyIO pa3JIOLKHMyIO MO,lJ.eJIb: .Jf{x.Jf{Yx = vflxY*-:::J,/f{xy. B xy,n

1l1eM CJIy4ae 3TO 6Y,lI,eT rOJIa5I COBMeCTHa51 Mo,UeJIb ;yxY, KOTopa51 Bcer

,Aa pa3JIO)KHMa: ;)'xy =;)'x!YYx ,4TO JIerKO rrpOBep51eTC51. 

TaK KaK nepece4eHHe ,UByX pa3JIOLKHMbIX MO,ll.eJIeH He 6y,neT, B 

06meM, pa3JIOLKHMOH Mo,UeJIbIO, TO HeJIb35I rOBopHTb 0 MHHHMaJIbHOH 

co,Uep)Kamet'I J{xy pa3JIOLKHMOH Mo,UeJIH. BbI60p pa3JIOLK~Hl\10rO pac

IIIHpeHH51 OKa3bIBaeTC51 HeO,lI,H03HaQHbIM. 

Boo6me, HarrpalIlHBaeTC51 BbIBO,lI" 4TO pa3 pa3JIOLKliMbIMH 51BJI51

IOTC'51 COBMeCTHbIe Mo,UeJIH 04eHh orpaHHlIeHHoro KJIaCCa, TO npOH3

Be,UeHlle He eCTb e,UHHbIH cnoco6 rrpe,ncTaBJIeHH5I, a Bcero JIH1l1b y,no6

HbIH npHeM 3a,lJ,aHH51 MO,lJ.eJIeH ,COBMeCTHbIX 51BJIeHHH, oTpaLKalomHw 

¢'H3'H4ecKyIO rrpHpo,ny nepexoj(a O,l(HOrO B ,lJ,pyroe. 
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3 a ,M e q a H iH 51. 1. CKa3aHHoe HCT)llnaeT B ,nHCCOHaHC C 06meH3

aeCTHbIMH 'CBoHcTBaMH T04HbIX pacnpe,lI,eJIeHHt'I Bep051THOCTe~I, BCer,ll.a 

pa3JIO:tKHMbIX, rrOCKOJIbKY ,lJ,JI51 HHX orrpeneJIeHbI T04HbIe YCJIOBHbIe 

(OHH LKe rrepeXO,lJ,HbIe) p acnpe,neJIeHH51 Bepo51THocTefI. TaK, ,nJI51 T04

HbIX Bepo51THocTeH P (Xi, Yi) Ha ,lJ.HCKpeTHbIX rrpOCTpaHCTBax ge H 6lJ 
yC.TlOBHOe pacnpe,ll,eJIeHlIe nO,TlyQaeTC5I no XOp0ll10 H3BeCTHOH <popMyJIe 

p x· (y j) ==~ p (Xi' Yj)IP (Xi)'
l 

B 3HaM,eHaTeJIe KOTOpOH CTOHT 4aCTHoe pacrrpe,neJIeHHe (TO me H 

,Il.H5I rrJIOTHOCTefr Bep051THOCTeH Ha HerrpepbIIBHbIX np'OCTpa'HCTBax). 

BHyTpH 3Toro '(y3Koro) KJIaCCa MO,lJ,eJIei1 rrepexo,n K YCJIOBHbIM (ano

~C'TeplIOpHbI M ) Pa crrPe,neJIe HH51 M n p OCT H yHHBepc a JIe H. 

2. OrrHCaHH5I MO,lJ.eJIeH ceMeHcTBaMH pacnpe,neJIeHHi1 Bepo51THoC

1'eHpaCll1Hp51eT B03MO}KHOCTHKaK caMHX pacnpe,neJIeHHlf, TaK II lIX 

pa3JIOLKeHHH, HO II 3,LI.eCb HMeeTC5I Gapbep B BH,ne rpoMo3,nKOCTH Ta

K'or,o Tuna 'OIlHica'HHH. B ,caMOM neJIe, IB 'OIlHCa,HH5IX 111\1 6Y,UyT 0651

3aTeJIbHO rrpHcyTcTBoBaTb <ppa3bI THna: ·«Bce Te pacnpe,UeJIeHH51 Be

p051THocTeH, ,nJI51 KOTOphIX MgE{Mg, Mg], gE~, HJIH me ,UJI51 KOTO

pbIX P (B) E[~ (B), P(B)], BEPIJ, ...», H CJIOBO «Bce» BO MHorOM 

..neJIaeT HeKOHKlpeTHbI~1, HeKOHC'TlPYKTHiBHbIMU03JIeMeHTHbIH COCTaB 

MOneJIH. B qalCTHbIX c.l1YTl-Ia51X 06JIerQeHHe J,Uo,cTHraeT,c51coIKpameHHeM 

ceMeHrCTB ,,U00603PHMbIX pa3'Me;poB, no rBi031MOLKHO:CTH TaKora yapo

meHH5I OXBaTbIBaIOT, 'B OC'HOBHOM, Y3KHH KJIaCC Mo,neJIei1 \B BH,Ue na

pa~eTpHQeOKHX ceMeHICT'B pac'upe,neJIeHHH \Bep051T'HocTeH. 

nO,LJ.IIHHeHHble npOH3Be,U,eHHSI. I1pe,nbI'uyIUHMH ,UByM51 3aMe4aHH51MH 

no,nrOTOBL71eHa rr04Ba ,LI.JI51 60JIee lIlHpOKoro HCnOJIb30BaHH51 npoH3Be

.n.eHHH 'Mo,UeJIeH B cOBoKynHocTIH C MHOLKeCTBeHHbIM HX orrHcaHHeM 

KaK 06be,nHHeHHH ceMeHCTB. IlycTb COBMeCTHa51 Mo,UeJIb 3a)I.aHa B 

cJIe,II,yIOmeM BHlI,e: 

~;1ilxy = VutleY = VJieJltg, x, 
e e 

t',ne npaBa51 qaCTb Ha3bIBaeTC5I n08ttUHeHHblM napaMeTPY 8 npou3
ee8eflueM .i1-to8eJleiL 3,necb 3aBe,nOMO ceMeHcTBo J[xye, 8Ee, BbI6H

paeTC5I II3 pa3JIO)KHMOrO E.n3cca. 

Ilo,n4HHeHHoe npoH3Be,neHHe eCTb cOKpameHHa51 3arrHCb CJIe,UyIO

rnero npe,lI.CTaBJIeHH51 Cpe,lJ,H'Hx: 

Mf(x, y)=supMeM8 xf(x, y).e t 

3 a M e q a H H e. TIpoH3Be,neHHe Mo,UeJIefI t!f{xJ[Yx , eCJIHKam,ll,a5I 

eCTb Jo6be,lI,HHeHIIe: J{~= VJ{xe, J{Yx=Vf/${Ytt ,x, MOLKer paccMaTpH
e tt 

BaTbC51KaK ;J.noHHoe o6be;I1IHeHHe ,VVJ{xeJ[Y tt x, B KOTOpOM 8 H {} 
e t} 

np06eraIOT 'CBOH 3Ha4eHH51 (B03MO)KHO, H3 O).lHOrO H T,or,o LKe MHO)Ke

~TiBa e) IHeOBH3aHHO llLpyr IC !,UpyrO:M. B '3TO'M COCTOHT O'TJIH4He 01' no)].

tIUHeHHoro npOH3rBe,neHH51, ,,nJI51 \KOTOpOro 8 =={} H, ICJIe,UOBaTeJIhHO, na

paMeTpbI e II {} COMHOLKH TeJIeH B 3HaQeHH51X CHHXpOHHbI ,npyr ,lI,pyry. 
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BBe,UeHHe rrO,UqHH5IIOmerO rrapaMeTpa 8 o6peTaeT HarJI5I,UHOCTb. 

II ,Ua:IKe eCTeCTBeHHOCTb, eCJIH OH HMeeT epH3HQecKYlo HHTeprrpeTay,HIO 

KaK rrapaMeTp :CB5I3H cpe,UHHx qaCTHOH H nepexo,UHbIX Mo,UeJIeH, KaK ~ 
napaMeTp BJIHHHH5I Ha 06a 5IBJIeHH5I ge II Clj KaKOrO-JIH60 O,UHoro 

nocTopoHHero epaKTopa, orrHCbIBaeMoro HeH3BeCTHbIM 3Ha4eHHeM tL 

HarrpHMep, rrYCTb !!C. orrHCbIBaeT KOJIHqeCTBO rreperHOSl B rrOqBe, a q;. - ypo

)KaMHOCTb, CKa.IKeM, TpaBbI. 3TH ,lJ.Ba cPaKTopa 6y,lJ.yT 3aBHceTb OT rrorO,lJ.Hblx yCJIO

BHH, HarrpHMep OT KOJIHqeCTBa Oca,lJ.KOB. 3TO KOJIHqeCTBO H MO}KeT CJIYlliHTh rro,lJ. G 

tIHHSlIOI.I.LUM rrapaMeTpOM 8. 

I136aBHThC5I OT BJIH5IHII5I rro,UqIIH5IIOmerO rrapaMeTpa lVI0)KHO, rre

pexo,U5I K 60JIee IllHpOKOH Mo,UeJIH Ha OCHOBaHHH CJIC~l,YI0mero BKJIIOoo

qeHH5I: 

VJtieJJtg, xC( VJJte)(V ~;f!i~, x). 
e e e 

TOqHO TaK :IKe paclII\HpeHHeM MO:lKHO \H36aBHTbC5I OT BJIII5IHH5I X 
B rrepexo,UHoH ,Mo,UeJIH rrpoH3Be,UeHH5I J!{xJ!{Yx , 3aMeHHB Jf{.IJ;x 06be,nH

HeHHeM rro x. K qeMY MbI TaKHM o6pa30M rrpH,Uel\tI, BH)J,HO H3 CJIe

.uYIOmero 3arOJIOBKa. 

CBo6o,II.HbIe np0I13Be,II.eHHSI. I1YCTh ge II 6lj ,UaIOT HCXO,UbI ,UByX 

pa3JIHqHbIX 5IBJIeHHH 11 Ha f!E X UJj 3a,UaHa COBMeCTHa5I v/{xy. OTHOCH

TeJIhHO Hee BBO,UHTC5I orrpe,UeJIeHHe. 

flBAeHue Ulj Ha3blBaeTCJl cB0608HblM OT f!C, eCJIH COBMeCTHa5I vf{xy' 

pa3JIaraeTC5I Ha npoH3Be,neHHe 

/f;!XY !f;fX /f;fY Mt( .. MXMYt( \ Wf--~XY== , x, YJ === x, Y), v t=.f , (2.7)·ell/v ell/v elJ/v 

B KOTOpOM rrepexo,UHa5I J{Yx=AY He 3aBHCHT OT x. TaKoe npou3Be.., 

aeHue M08eAeu Ha3blBaeTCJl cB0608HblM. 4acTHbIMH JI,JI5I .!J{XAY, oqe-

BHnHO, 6ynYT Ax HAy. , 
I1pH UJj cBo60,UHOM OT ge COBMeCTHoe cpe,UHee MXY o6JIa,UaeT ~. 

CBoHcTBaMH: 

M 1+ (x) cp+ (y) = MI+ (x) M cp+ (y);
 

M [g (x) + t+ (x) cp (y)] = M [g (x) + t+ (x) M cp (y)];
 

M [I (x) + cp (y)] == M 1(x) +'1\1 cp (y).
 

CBo6o,Ua Ulj OT ge HMeeT TOT ICMbICJI, qTO, 3Ha51 HCXOn x 5IBJIeHHlI 1\ 

Ha f!E, HHqerO HOBoro HeJIb35I CKa3aTb OTHOCHTe.TlbHO cT3THcTHqecKolf 

MOneJIH Ha HCXOnax nOCJIenYIOmero 3a HHM 5lBJleHH5I q;. TeM He Me

Hee H3 caMOH CTpyKTypbI epOPMYJIbI (2.7) CJIenyeT, LITO Ka:IK,UbIH 

ncxo,U x MO}KeT BJIH5ITb Ha npoue,Uypy BbI60pa HCXO,UOB 5IB.JleHH5I 6lj 
B paMKax AY. 4eM WHpe J/{Y, TeM 60JIblIIa5I CTeneHb TaKoro BJIH5I- . 

HH5I MO:IKeT'HMeTb MeCTO. TIPH T04HbIX Jf{Y Ha ,UHCKpeTHbIX Ulj CBO

Dona, KaK HeTpy,UHo BH,UeTb, 3KBHBaJIeHTHa He3aBHCMNIOCTH B KJIaC

CHqeCKOlVi nOHHMaHHH. 

1'aKHM o6pa3o:'vl, fiQlH5ITHe cB06oJ,bI 06peTaelcBo~I CMbIC.TI JIHWb 

)J)I5I IHeT04HbIX MOlI,eJIei1, T. e. eCJIH eCTb BbI6op, Heonpene.TreHHocTb. 
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PaCCMOTpHM, KaK 6y,UyT «3BYQaTb ¢pa3W 0 cBo6one» B paKypce 

nepBHqHbIX npH3HaKOB. 113 TeopeMbI 2.3 H ee CJIe,UCTBH5I HMeeM. 

YT B e p )K ,U e H H e 2.4. J], Aft TOZO tf.,T06bl JlBAeHUe Ha uy 6blAO C80

608fiblM OT Ee, He06x08uMO U 80CTaTOtiHOJ tlT06bL Ha60p nepBUtlHblX 

npU3HaKOB COBMeeTHOU ,,;f{xy htOZ 6blTb npuBe8efi K 8u8y 

~ =={h(x)-Mh, h=~tf}U{C+(X)['P(y)-M1P], tpE'I' ,
 

Vc+ (x) ~ O},
 
o 0 0 

Bee C HyAe8blJHU cpe8HUMU: Mg==O, gECS. Toz8a 

~ttxy = (M j) == (M X 2ft) (MY W). 
TIOH HTHe CB06o,UbI He cHMMeTpnqHo. A HMeHHO, rrpoH3Be,UeHHe 

..;/{xJf{Y eCTb He TO .IKe carvfoe, qTO ~1/{YJf{x. HanpHMep, nYCTh J{x = (NIh>, 
J{Y = (M'¢>- nBe qaCTHble MO)l,eJIH, orrpeneJIeHHble Ka:IKna7l O,UHHM 

CBOHM nepBHqHbIM cpe,UHHM Nih H M'¢. Tor,na nepBHqHbIMH rrpH3HaKa

MH cB06o,UHoro npoH3Be,UeHH5I eJ1(xJf{Y, rrpHBe,UeHHbIMH K Hy.TIeBbIM Bepx-

HUM icpe~HHM, i6y,UyT 

~ 1 == {h (x) - Mh} U{c+ (x) [1{J (y) - Mtp], Vc+ (x) > O}, 
a nepeBepHyToro rrpOH3Be,ll.eHH7I AYJf{x - 6ynYT Y:IKe .upyrHe rrpH3

HaKM 

; 2 == {d+ (y) [h (x) - MhJ, Vd+ (y) ~ O} U{'\jJ (y) - M'l'}. 
DepBa5I Mo.ueJIb cooTBeTcTByeT cB06o,ll.e uy OT Ee, a BTOpa5I - W 
or Ulj. Pa3HHuy Me:IK,Uy HHMH n07ICHHM npHMepoM. 

TI p H M ep 2.11. ITYCTh ge = {Xl, X2}, Olj = {Yl, Yz}, rrpH 3TOM J{x onpe,lJ.eJISleTCH 

nepBI1QHOll Bep051THOCTbIO J5 (xt), a iRa Ulj 11Nl rO.na.H vf{Y=;]Y. TOf,lJ.a )J.JISI rrpoH3Be

.neHH51 v1ty:!Yy, OTHOCUTellbHO KOToporo UljcBo60JI,eH OT ge, rrepBHQHbIM rrpU31IaK 6y

.neT Bcero D~HH 0Xl(X) U )l,~51 KOHKpeTHoro npOH3Be,lJ.eHH51 rrpH3HaKOB HMeeM 

M X MY [8 (x) - a] 8y (y) == max [8 x (x) - a] By (y) == 1 - a. x 1 1 x, Y 1 1 

TIPH BblqHCJIeHHHX 3,lJ.eCb, K3K BllAHO, rrepBUQHaSl BepO.HTHOCTh P (xt) He ytIaCTBO

BaJIa. ,U.nSl npOH3Be,lJ.eHUH !YYJ!{X c nepeCTaB.neHHhIMH COMHOlKHTeJI.HMH YiKe flJ 

6y,J,eT cBo6o,UeH OT 6lJ, a nepBH'LIHbIMH 6y)];yT [d 1 +Bu1 (y) + dz{)u 2 (y) ] [ox 1 (x) -15 (xI)]. 
Il03TOMY MYMX[Ox (x)-P(x 1 )]Oy (Y) =l\1YO (y)Mx[Ox (X)-J5(Xl)] =0. 3IO OTJIU" 

1 j Yl 1 

QaeTC51 OT rrpe;I..bI,UYIlLero rrpII a = j5 ('\; 1) . 

TaKHM 06pa30iYl, cB060,Ua 6lj OT aJ He TO:IK)l,eCTBeHHa cBo60,Ue 

Be OT uy. XOT51 Y cB060,UHbIX npOH3Be)].eHHH 060HX BE,UOB o,UHHaKo

BbIMH 6y,nyT cpejI,HHe Ha rrpH3HaKax BH,Ua f+ (x) cp+ (y) : 
M X MY t+ (x) cp+ (y) = MY M X f+ (x) cp.+ (y), 

HO, B o6meM, OHH 6ynyT pa3HbIMH Ha COBMeCTHblX rrpH3HaKax f (x, y). 
EC.TIII 3KcnepHMeHT uy CB5133Tb C nOBe.ueHHeM 4eJIOBeKa, TO BKJIa

lLbIBaeMbIH B CJIOBO «cB060.rr.a» (j)t.j '«:lKHTeHCKHH» Cl\tIbIC.Tl non06eH eppa

33M: «K3K X04eT, TaK II nocTynaeT», «q1'O BO.TleH, TO 

31'0 BHJLHO 1I3 CJIe,Uylomero rrpHl\t!epa. 

11 p H M e p 2.12. PaccMoTpUM TaKyIO peaJIbHyIO cHTyauHIO. 

MOHeTa nO,IT.6paCbIBaeTcH TaK, qTO BepoHTHoCTb Hcxo,rra paBHa 

II ,UeJIaeT», KaK 

nYCTh nepBbIH pa3 

1/2, 06pa3y51 3Kcne
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pllM-€HT f1J C ,lJ.ByMH HCXO,lJ.aMli. ,Upyroii pa3 MOHeTa He nO,lJ.6paCbIBaeTCH, a nOKa

3bIBaeTCH TaK lIJIll lIHatIe HeKOTopbIM JIIIUOM. TIoKa3 npOII3Bo,nllTCH OCMbICJIeHHbIM 

06pa30M, n03TOMY BepOHTHOCTb rep6a MOllieT 6bITb JII06011 OT 0 ,lJ.0 1, B pe3y.:lb

TaTe J(Y=:J'Y. ,HCHO, tITO 3KcneplIMeHT uy cB060,neH OT [8', TaK tITO MOlliHO sanR

caTb ../{xy=.;/{x;JY. TeM He MeHee CBO 60,lJ. a 3,neCb He 03HatIaeT He3aBllClIMOCTU: 

pellleHne OTHOClITeJIbHO Toro, KaKyIO MOHeTy nOKa3aTb, MO)l{eT C03peTb Ha OCHO

BaHHII pe3YJIbTaTa no,n6paCbIBaHH5I. CBo6o,lJ.a JIHlIlb 03HatIaeT, tITO 0 HaMepeHII5IX 

JIIIl.l.a, nOKa3bIBalomero MOHeTy, HlitIerO He II3BeCTHO: OHII MoryT 6bITb JII06bIMIL 

ECJIII nOMeH5ITb B 3TOM npIIMepe nOCJIe,UoB3Te.rIbHOCTb ,nelfCTBH(I: CHatIaJIa npOH3

BO,lJ.HTb 3KcnepHMeHT oy (nOKa3 MOHeTbI), a 3aTeM a; (CJIyqallHOe I10JI,6paCbIBaHHe), 

TO	 nOJIyqHM COBepweHHO ,Upyroe npOiII3Be,J,eHHe !YYJtx, OTHOCHTeJIbHO KOToporo ZC 
He	 TOJIhKO 'cBo60,ll.eH OT (J}j, HO II 60JIee Toro, He 3aBHCHT OT uy B TO:\1 CMbICJle~ 

KOTOpbIH 6y,UeT jl,aH B c.rre,UYlOmeM naparpa¢e. 

JII060H COBMeCTHOI1 MO,lle.nH, pa3JIO)KHMOfI Ha npOM3BeJLeHHe 

tlftxJf{Yx , BCer,ILa MO:lKHO nO,ILhICKaTh 1'IHHHMaJIhHYIO 60oi1ee IllHpOKylO 

Jf{xy*, IOTHOCHTeJIhHO EOTOiPOI~I uy 6hLJl 6bI ,cBo6o,rr,eH OT PE. nJl51 3Toro 

HanOB351Th 06beJl!H:HeHHe nepeXOj;J.'HhIX 111\Ji Jf{u,;: = V Jf{7J x H "o6pa30

't/x 
BaTh IIIpOH3BeJI.eHHe Jf{XV* =uftXuf{Y~I:. HaKoHeu, ,nJl51 rOJIot't COBMeCTHOH 

MO,ILeJnl IHMeeT MeCTO paBeHcTBo :!XY=:!x:J'Y = :)'Y:!x, TaK qTO uy Bcer.. 

,na	 6yneT cBo6o,ILeH OT f)J III Hao6opOT. 

~OnOJIHeHlul. 

1. TeopeMa. ECAll P(x»O, VXE£e, TO a.,1JI paSAO:JICeH1UI COBjHeCTHOU tI!fXY' 

fla npou38eaeflue J(x..,f{Yx He06xoau.Mo U aOCTaTOtl/iO BblnO.llfleHUJl TOaJICeCTBa 

MMxl(X, y)==MI(x, y), VjEJ7 xy, 

zoe	 ~ eCTb YCAOBHble cpeoflue npu 3aoaHHblx XE[8. 

'uoKallieM 3TO. 'uocTaTOqHOCTh OqeBH,nHa II3 paBeHcTBa (2.4). )],.n5I ,UOKa3aTe.;lb-

Cl'Ba Heo6xo,UIIMOCTII Tpe6yeTC5I ,UOKa3a Tb, qTO YCJIOBHbIe cpe,J,HI1e NIx COBna,UaJOT 

C nepeXo)I.HbIMII X::i'Yx , onpe)I.eJIeHHbIMII <popMy.TIoli (2.5), T. e. Tpe6yeTC5I ,l1.0Ka3aTb 

paBeHcTBo 

Mp(Xd 0X cp A10 X1 cp 
max 1 =---- (*)

E.. (xd~P(xt>~P(xt> P (xl) P (Xl) 

f.ue j5 (xt) >0 II A18x <p ~ O. B JIeBOM qaCTlI CTOHT yC.TIOBHOe cpe,UHee Mxcp, pacnll 

caHHoe no ¢opMyJIe \1.15), II Mp(x ) eCTb cpe,UHee no CetIeHHlO J(xYI\(P(Xl».
1 

COfJIaOHO ¢opMYJIe (1.9) paBHoe 

Mp(X) 8x cp==min{M[cp(y)-c]ox (x)+cP(xl )}.	 (** )
1	 1 C 1 

Ha OCHOBaHIIII· ,3aI1IICH (2.4) 'II CBrQMCTB cpe,UHHx I1epexo,UHoii 11M HMeeT MeCTGr. 

paBeHcTBo 

A1 [ep (y) - c] 8 (x) == M X Mf [ep (y) - c] 0X (x) == 
X1 1 

Y== Ii (Xl) i\J1 [ep (y) - c] == P(x1) M if: ep (y) - cP (Xl) == x 1	 1 

= M 8 (X) ep (y) - c P (Xl)'	 (***)Xl 

npH c~M8X1 (x)cp(y)/P(Xl)' 
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r,ne nOCJIe,UHee HepaBeHcTBo rapaHTHpyeT M[cp(y)-c]6 x (x) ~O, MYx[cp(y)-c] ~O. 
DO)1CTaHoBKa paBeHcTBa 1(***) B (**) AaeT 

M	 (xt>6 , (x) <p (y) = _ min _ [M 6X1 <p - CP (Xl) +- cP (Xl)] = p x

c~l\.f6X1 qJ/P (xt>
 

= lVl 8 cp [P (Xl)!].)(Xl)] . 
X1 

OrClO,Ua OtIeBH)I.HO CTaHOBIITCR (*), tITO H Tpe6oBaJIOcb. 

2. ,U 0 K a 3 aTe JI h C T BOT e 0 p e M bI 2.2. Heo6xo,:I.HMOCTb cJle)I.yeT 1I3 ¢op-

MYJIbI (2.5), KOTOpa5I He H3MeHIITC5I, ec.HH 3aMeHUTb B HeM cp (y) Ha f (x, y). ,UJl5I 

,nOKa3aTeJlbCTBa )I.OCTaTOqHOCTII Hy.lKHO cPopMaJlbHO OnpeAeJIHTb nepexo,UHble cpe,lI. 

HHe llJI5I f+ (x, y) no YKa3aHH01I nepeA TeopeMOH MO,lJ,HcPIIKaUHH cPOpMyJIbI (2.5) Ii 

npo,J,OJDKMTb no CBOIICTBY nepeHoca Ha Bee OrpaHHQeHHbIe cPyHKUHH H AaJIee yCTpeM

JIeHlleM ypoBHeii yceqeHUII K 6eCKOHetIHOCTH - Ha HeOrpaHHqeHHbIe H3 g-xy. TIoc

JIe,UH5I5I tIaCTb TeopeMhI 2.2 0 COBna,UeHHII nepexoAHoii MOAeJIII c yCJIOBHOli BbITe-

KaeT H3 TeopeMhI ,UoIlOJIHeHHH 1.	 \j
3. KaK 3TO BH,UHO II3 pHC. 2.6, npH P_ (xt} >0 rpaHHubI nepexo,UHoli MYx 

1 cp (y) 

flBJI5I!OTCR peWeHH5IMH OTHOeHTe.rIbHO In ypaBHeHH5I 

1\1 [cp (y) - m] <5 Xl (x) == 0 . 

Ec.nn LKe 15 (xd >0, HO He HCKJIlOqaeTCH ~(xt) = 0, TorAa 

M~1 ep (y) == inf {c: M [ev (y) - c] 0X (x) ~ O}.
1 

HaKOHeu, ytI:HTbIBa5I, qTO Ai [(p (y) -c] 8x 1 (X)B 06.naCTH nO.J10.lKHTeJIbHbIX ee 3Haqe

HHII eCTb np5IM35I 110 C, H3XO;I,HM i\1YX 1 <p 'K3'K nepeCeqeHHe 31'011 np5IMOll (011pe,ne

JI5IeMOlI ee 3HaqeH:II5IMM npH .:1106bIX AByx Cl H C2) C OCblO, TaK tITO ,UJI5I V C2 > Cl 

_ cl+M(ep-c2)Ox -c2 M(cp- CI)Ox 
iv.1 Y	 <p = 1	 1 • 

Xl M (cp - c2 ) <5 - M (cp - c1) 0X 
1X1 

4. ITPII j5 (x) > 0, V X, ,UJI5I pa3.JI02KeHHH cOBMecTHoH Mo,UeJIIl Ha npoH3Be)I.eHHe 

Heo6xo;:I.IIMbIM HBJI5IerC5I BbI110JIHeHIIe cJle,UYlOmero T02K)1.eCTBa:
~ 

MI (~ y) °X t (x) .J c+ (x) == 0, Vc+ (x).M[f(X, y)
P (Xl) 

B caMOM ,lI.e.ne, HcnO.JIb3Y5I epOpMyJIy, I1pe,UIlleCTBYIOmYID TeopeMe 2.2, IIMeeM 

:W [I - M 1<5x l P(x)] c+ (x) == A1 x M~ (f - .M~ t) c+ (x) == 

= A1x c+ (x) [M~/- M~ f] ==0.\ 

2.5.	 HE3ABMCMMOCTb 

Onpe.n-eJIeHHe He3aBHCHMOCTH. He3aBHCHMOCTb - .3TO OTCYTcTBl1e 

KaK H He3HaHHeB3aHMHhIX CB513eH l1CXO,UOB pa3HhIX 5lBJIeHH~I, OTpa

LKeHHoe B OrrpeneJIeHHhIX CBOHCTBaX COBMeCTHbIX Mo,neJIeH. MhI na
1 

AHM epopMa.TlhHoe orrpe,neJIeHHe He3aBHCHMOCTH KaK CBOHCTB cpe,nH11X, 

a o6cy:tK,II,aTh era a,II,eKBaTHOCTh HaIllHM rrpeJI.CTaBJIeHH51M 6YAeM B 

rrpou.ecce H3JIO:tKeHH51. 3aM'eqaTe.nbHO TO, qTO BBO',ILHMoe HaMH no
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I 

I 

: u u 1)
IH5ITHe He33BHCHMOCTH ,neHcTByeT H ,l1)I5I HeYCTOHqHBbIX B CT3THCTH
:qeCKOM CMhICJIe 5IBJIeHHH. 

I 1l.8a fl8AeHUfl~ OOHO c ucxooaMU ge U opY20e - 6?J Ha3bl8a1OTCJl
 

:HesaSUCUMblMU (11JI11 COKpameHHO, f)J 11 iJJj - He3aB11CHMhI), eCJIII
 

IHHTepB3JIbHOe Cpe,lI.Hee npOH3Be,lI.eHHH qaCTHblX (p33,1J.eJIeHHbIX no ne


:peMeHHbIM) np113HaKOB paBHO rrpOH3Be.n.eHH5IM IIHTepBaJIbHbIX cpe.n.


:HHX, T. e. BepHa ep 0 P M Y JI 3 11 H T e p B a JI h H 0 H M Y JI b T II II JI E

lK a T H B HOC T H C P e JI. H H x:
 
I 

: Mf (x) <p (y) = Mf (x) M <p (Y), Vt (x), cP (Y)EjXY. (2.8) 
:3.n.eCb rrpOII3Be.n.eHHe Cpe.n.HHX crrpaBa paCKpbIBaeTC5I COfJIaCHO rrpa


IBHJI3M HHTepBaJIbHOH apH4JM'eTHKH (§ 2.2), 3 HMeHHO:
 
I 

: MfMcp =max{MfMcp, MfMcp, MfMcp, MfMcp}- (2.9)
I - _ __ 

1- 3TO MaKCHMaJIhHOe qaCJIO, KOTopoe MO)KeT 6hITb ,nOJIyqeHO yMHO


:)KeHHeM q11CeJI .n.Byx HHTepBaJIOB Mf, Mf 11 Mcp, Mcp, rrpUqeM .n.orryc

:KaIOTC5I 6eCKOHeQHble3HaqeH1151 (eCJIH f rrpHHa.n.JIe)KHT, a =--/ He rrpH


:H3,lLJIe)KHT 06JI3CTll cymecTBOB3HI15I fTxy). AHaJIOr11qHO HI1MHee cpe,lL


IHee Mt (x)<fJ) (y) 6Y,1J.eT p3BHO M'HHHMY'MY B npaBOH qaCTH (2.9), 0603


:HaqaeMOMY MfMcp.
 

: TIp'H HeKOTopbIX rrOJIO)KeHH5IX HHTepBaJIOB Ha QHCJIOBOH OCII rrpo

:H3Be,lLeHH5I CpeJI.HHx ynp o rn3IOTC5I (apryMeHThI ,1J.JI5I KpaTKocTH onyc

K3IOTC5I HHHMe ,BClOJI.Y f - IIpH3HaK Ha f!8, cp - H3 Ulj):
 

Mf>O, M<p>O =>-MfMcp==MfMcp,
- ~----

Mf>o, M cp> O=>-MfMcp=== MfMcp, 

Mf>O, Mcp ~ °=>- Mt Mcp === MtMq>, 
~ 

Mf>O, M<p~O=>-MtMq>== JTIfMcp. t-

ITaK, JI.JI5I HeoTpHuaTeJIhHhIX epyHKUHH f+ H <p+ BcerjI,a HlVIeeT MeCTO
 

I C3MbII1 nepBbII1 CJIylJaH H Mf+l~L+ = Mf+Mcp+, Mf+cp+ = Mf+jucp+. B 43CT
I _-'-_~ 

IHOCTH, ,lJ,JI5I C06bITHH AcW, Bc6lj, nO,lLCT3B.J15I5I HX HH,lIJII<:aTopHbIe 

:<PYHKIJ,HH A(x), B(y) B (2.9), rrOJIyQaeM P(A, B)=P(A)P(B), 
:P(A, B) ===J5(A)J5(B). - - 
I TIo.n.QepKHeM, QTO caMH rro ce6e 3TH rrporropumI Me)K.n.y Bep05lT- ll, 
I 

IHOCT5IMH He MoryT CJIyMHTb orrpe):(e.neHHeM He3aBHCHMOCTH (l~pOMe 
:CJIyqa5I TOqHbIX BepOHT'HOCTeH Ha ,LLHCKpeTHbIX npOCTp3HCTB3X), TaK 

IKaK C06bITH5I - 3TO Bcero .nHWb Y3KHI1 rrO,llK.nacc H3 orpOMHoro pa3

:Hoo6pa3H5I npH3HaKOB. A He33BHCHMOCTb - eMKoe nOH5ITHe, OXBaTbI-
IBaIOmee Bce BMeCTe IIpH3H3KH. 

: ECJIII :yxy - fOJIaHCOBMeCTHaH 11M Ha f)J X iJJj, TO .n.JIH Bcex 

II IIipH3HaKOB: Mf === inf f, Ai[ === sup f, H 3AeCb HeTpY,llH10 y6e;U1TbCH B fJIe:"_ 

:.nYIOmeM : 

: Mfcp=inffcp=MfMcp, Mfcp=supfcp=MfMcp, 
I 

1106 
I 

I 

rAe HHep11MYM 11 cynpeMYM 6epyTC5I no nepeMeHHbIM x 11 y. T3KHM 

'06pa30M, eCAU HUKaKUX CTaTUCTuttecKUX oaHHblx 06 ucxooax W u 

6lj HeT~ TO fl8JleHUJl HesaBUCUMbl. Ha rrepBbIH B3fJI5I,n HeCKOJIhKO 

CTP3HHbIH, IHOCOBepweHHO eCTeCTBeHHbIH, EaK BbIHCHHTC5I n3.nhl11~, 

13bIBO)l" BbITeKalOmHll 113 o6mero npaBHJIa: qeM MeHbwe MbI 3HaeM 

·0 5IB.neHHH, qeM 6o.nee p a3MhITbIMH 5IBJI5IIOTCH cpe,nHHe, TeM MeHbllle 

ueHHOCTH HeceT B ce6e nOHH~He He3aBHCHMOCTH. 

ECJI11 Mf 11 Mcp HBJI5IIOTCH TOQHbIMI1, TO HHTepBaJIbI cpe,UHHX npeB

pamaIOTC5I B TOqKH, a HHTepB3JIbHOe rrpOH3Be,lleHHe (2.8) B 06bIQHoe: 

Mfcp,==MfMcp. 
CBoHcTBa He3aBI1CHMOCTH. BbIBCneM CBoHcTBa, n03BOJI5IlOmHe 

pa3Hblx CTOpOH B3fJI5IHYTb H3 rrOHHTHe He33BHCHMOCTH. 

C B 0 HC T BOp 3 B H 0 II P a B Ii H. f/BAeHUJl W u Ulj pa8Honpa8Hbl 

,no OTliOUleHU10 K fle3aBUCUJvtOCTU: eCAU ge He 3a8UCUT OT 6Jj, TO U 

Olj fie 6yoeT 3a8uceTb OT a;. 
C B 0 HC T B 0 M Y JI h T H IT JI II KaT If B HOC T II Hac e q e H H 5I X. 

ECAU W U uy He3a8uCUJvtbl} TO OAfl Mt, JV1cp-CetteHUJl JtJ!rM<p COBMeCT

ROll MOaeAU tJf{xy cpeOHee npOU38eoeHUfl fcp tiaCTHblX npusHaK08 fiB

AfleTCfl TOlifiblht U pa8HfleTCfi npOU36eoefiUfO cpeofiUx: 

iW}Jft Mcp f cp === MfMq>. 
B caMOM ,rr.eJIe, corJIaCHO epopMyJIe (1.10) ,rr.JI5I CeqeHHM HMeeM 

~Mf,Mcpfcp= m}n [M(fcp- Clf-c2 CP)+ct Mf+c 2 Mcp]. 
C1t .C2 

neperpyrrnHpyeM Bblpa2KeHHe B KBa,rr.paTHblx cKo6Kax, 3anHcaB ero 

riVl (f - C1 ) (q> - c2 ) - (Ail - C1) (M cp - c2 ) + MfMcp] == 
== [M (f - C1) M (cp - C2 ) - (Mf - C1) (Mcp - c2 )] + MI Mcp, 

r,LI.e HCnOJIb30BaHO (2.8) H ooma51 qepTa PU0KpbIBaeTcH CorJIaCHO (2.9). HeTpY,lI.HO 

Tenepb y6enHTbcH, qTO MHHHMyM KBa,lI.paTHbIX CKOOOK nOCJIe,LI.Hero Bblpa2KeHIUI no 

oC1, Cz paBeH O. 

CMhICJI ,nOKa3aHHoro CBOHcTBa B TOM, qTO eCJIH 6bI MbI B.rr.pyr 

Y3H3.rIH TOlJHO Cpe,LLHHe Mt, Mcp II ,lJ,06aBH.nll 6bI HX IB Mo,neJIh Jf[xy He

3aBHCHMbIX W H Olj, TO rrOJIYQHJIll 6bI npHBblq'HOe CBOHCTBO He3aBH

CHl\1bIX 5IBJIeHHH: cpe,UHee npOH3Be,neHlIH fcp p aBHO rrpOH3Be,neHHIO 

iCpe,LLHHX. 

C B 0 H C T B 0 H e 11 3 M e H HOC T II Y C JI 0 B H bI X M 0 ,n e JI e H. 
JJA.q He3a8UCUJvtblX ge U uy YCA08Hafl JvtOOeAb Jf{Y A Ha Ulj npu YCJlO

BUll, tlTO CAytiUAOCb Co6blTue AcW, He saBUCUT OT A U pa8Ha ttaCT
flOU: 

"-H~~JfilY, V'Ac~. 

3,lLecb Jf{Y A - Q3CTH3R K yCJIOBHOI1 COBMeCTHOH Mo,neJI11 vf{xyA. 

B caMOM .ne.ne, TaK )Ke KaK .nJIH rrpenbI,LI.ymero CBOMCTBa (nOJIaraH C2 =0) 
.nOKa3bIBaeTCH nJUl P (A) =MA (x) -CeqeHHH COBMeCTHOH 

Mp(A_)A(x)(p(y) =P(A)A1cp(y) H JlaJIee HylKHO npHMeHHTb 

yCJIOBHoro Cpe,lI.Hero, yoelK,lI,aHcb B MACP (y) =Mcp (y). 

Mo.neJIH 

epOpMyJIy 

paBeHCTBO 

(1.15) ,lI.JUI 
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TaKHM 06pa30M, eCJIH flJ H Ulj He3aBHOHMbI, TO KaKHe 6bI Ha6

JIIO,lI.eHlI51 HH BeJIHCb 3a flJ (B BHJI.e CBeplllHBWIIXC5I KOHKpeTHbIX X IIJIR 

HeqeTKIfX IC06bITHH) 0 QaCTHOI1: MOne.TIH Ha Ulj, BCe palBHO 'HlIqerO HO

Bora He 6Y,lleT H3BeCTHO. AHaJIOrH4HO 6y,UeT, eC.IIH npOCTpaHCTBa 2e 
H Ulj rrepeCTaBHTb MeCTaMH (B CH.ny CBOI1:CTBa paBHOrrpaBH5I). 

3 a M e q a H H e. CaMo rro ce6e CBOlfCTBO 

Mo,UeJIet'I Jf{Y A (KaK }IX 0)J)1HaKOBOCTb no 

,1l.JI5I CJIyqa5I, Kor,na 6lj cB06oJI.eH aT fe, T. 

HeJIb3H rrOJIO)KHTh 3TD CBOHCTBO B OCHOBy 

JIeHH5I He3aBHCliMOCTH. 

HeH3MeHHOCTH YCJIOBHbIX 

i4 em) BblnOJIH5IeTC5I H 

e. Jf[xy ==t/j(xJf{Y, n03TOMY 

3KBHB3JIeHTHOro onpe,ne

CJIeJI.YIOllI.HM 5IBJI5IeTC5I C B 0 11: C T Boa ,l ,.l H T H B HOC Till. Cpeo
flee CYMMbl pasoeAeHHblX no nepeMeHHblJvL tlacTHblX npU3HaK08 paBHO 
cyJvlMe cpeoHUX: M [f (x) +cp (y) ]:==Mt (x) +Mcp (y). 

B caMOM ,lI.eJIe, TaK KaK npH6aBJIeHHe nOCT05IHHhIX paBeHCTBa 

CtIHTaH Mf>O, _~cp >0 H IICrrOJIb3Y5I ,UBaM)J,bI (2.8), nOJIyqaeM 

He MeH5Ier, TO", 

M t M <p + M f + M cp + 1 == M (f + 1) (tp + 1) == 
== M (ffP+I+cp+l) ~M fcp+ M (/+ cp) + 1 == M f Mcp+ M (f + cp) -1- 1, 

OTKy,lI.a Mf+Mcp::::;;;M(f+cp) , a TaK KaK o6paTHoe HepaBeHcTBo eCTb CBO}ICTBO cpe;:r.

HHX, TO 3TO JJ.OKa3bIBaeT paBeHCTBO. 

XapaKTepH3aIJ,HOHHbIM ,nJI51 He33BHCHMOCTII, KaK BbIHCHHTCH H3, 

,ll.aJIbHeHlliero, HBJIHeTC5I C B 0 HC T BOB 3 a H MHO H H e K 0 B a p II
H P a BaH 'H 0 C T H q aCT H bI X n p If 3 H a K 0 B: eCAU ge U UJj He3a
8UCUMblJ TO flYAe8blMU Bce2iJa 6yiJyT BepXHue cpeOHue cAe8yf()ui.u.x:: 
npous8eoeHUU ttacTHblX npU3HaK08 t (X), cP (y) EfTxy: 

M (f - Mf) (cp - iWcp) == M (t - Mf) (cp - Mcp) =::: 

= M (Mf  t) (cp - Mcp) == M (Mf  f) (cp - Mcp) == 0, Vt, cpo (2.10)-

PaBeHCTBa (2.10) npOBep5IIOTC5I HenOcpeJI.CTB€HHbIM HCnOJIb30BaHHeM \2.8). 4 ' 

HanpHMep, 

M (I - Mf) ((p- At <p):::::: M (f - Mt) M (cp- Mep) == 
== max {(Mt - Mf) (M <p - M cp), (Mf  l'v1f) (1W <p - iVl ({)), 

(Mf-MI) (Mcp-MqJ), (Mf- Mf) (Mtp- Mcp)} :;::::0. 

3 a lVI e q a H 'H e. B JIeBbIX qaCTHX p aBeHCTB (2.10) yqaCTBYlOT 

npoH3Be;QeHH51 B H3BeCTHOM CMbICJIe ~eHTpHpoBaHHblx npH3HJI\OB., 

Cpe,lJ.HHe 3THX npOH3Be,LLeHHI1 Ha3bIBaIOTC5I K08apua4u5lMU t H (p. VIx 
qeTblpe, 'no3ToMy (2.10) eCTb 0606meHHe H3BeCTHoro ,UJI5I TOtIHbIX 

cpe,nHHx CBoHcTBa paBeHcTBa HyJIlO KOBapnaIlJIH He3aBHCHMbIX CJIy

qaHHbIX BeJIHLIlIH: M (f-iV1t) (cp-Mcp) ==0. 
He3aBHcHMoe npOH3BeAeHHe. B TO)K,neCTBe (2.8), COCTaBJIHIDilleM 

cBoHcTBD He3aBHCHMOCTH, cnpaBa CTOHT npoH3BeneHHe cpe,UHHx, orr

pe,lI.e.J151eMbIX no 4aCTHbIM MO,lI.eJIHM J{X H Jf{Y. O,UH3KO 3TO OTHlO,llb, 

He 03HaQaeT, LITO qaCTHble MOAeJIH Jf{x H Jlty rrOJIHOCTblO ,lI,O.TI)KHbl 

orrpe,lI,eJIHTb COBMecTHyIO J{xy. HeT, OHM 06H33'HbI COrJIaCHO (2.8) 

~ 
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onpe,neJI5ITh TOJIbKO 4aCTb ee icpe,nHHx, a HMeHHO, Ha npoH3Be;J,eHH5IX 

pa3,lleJIeHHbIX no nepeMeHHbIM npH3HaKoB. HHqTO 'fIpH 3TOM He Me

rnaeT eru.e 3HaTb cpenHHe i\1g (x, y) Ha Hepa3AeJIHeMbIX npH3H3K3X 

60JIee TOqHO, qeM 3TO MO)KHO 6bI.TIO '6bI CneJIaTb np0,llOJI}KeHHeM Pa3

j('eJIeHHbIx. 
TeKYLUHH pa3AeJI nOCBHllI,aeTC5I TOMy CJIyqalO, KOr,lla COBMeCTH351 

MOne.TIb Jf{xy 0,UH03Ha4HO onpeneJI5IeTC5I qaCTHbIMH Mo,UeJIHMH He3a

BIICHMbIX fie H Ulj, qTO naCT Han60JIee 'W!HPOKylO COBMecTHylO, MO)leJlb 

He38BHCHMbIX flJ H Ulj npH epHKCHpOBaHHbIX qaCTHbIX. Ee :v10)KHO IIH

repnpeTHpOBaTb KaK OTCyTcTBl1e KaKHX-JIH60 «nOCTopOHHHX» B3aHM

HbIX !Cpe):LHHX: HCCJIenYIOTC5I OT,lleJIbHO ge, Ulj, H rrpH yCJlOBHB, qTO OHR 

He3aBHCHMbI, CTaBHTC5I Bonpoc, KaKa5I COBMeCTHa5I M0JI.eJIb nOJIytIHT

C5I? OnpeneJIHM ee. 
COBMeCTHa51 MO,IleJIb J{xy, nepBHqHbIMH nJIH KOTOpOH 5IBJI5IlOTC5I 

cpe,lI.HHe (2.8) BCe B03 M O)KHbI X n p 0 H 3Bene HHH q aCTHbI X ( Pa 3,Ue JIeHHbI X 

no nepeMeHHbIM) npH3HaKOB, Ha3bIBaeTC51 fle3aBucUhtbLJvt npou38eiJe
HUeAt J!{x H Jf{Y, 'H 0603HaQaeTC51 

Jfit xy == JJi x X J1;t y, 

MXYg(x, y)=(M x XA1 Y)g(x, y), g(x, y)e!fXY. 

I1YCTb 4aCTHble Mo,UeJIII 3anaHbI CBOHMH nepBHqHbIMHcpe,UHHMH: 

vf(x= (JV!Xde) , J{Y= (MVW), cue dG - Ha60p 4aCTHbIX npH3HaKOB 

h (x) Ha flJ, 3 W - npH3H3KOB ¢ (y) Ha UJj. TIpouenypa BbI4HCJleHH5I 

COB1tleCTHbIX cpe,lI,HHX Mg" AJIH He33BIICHMoro npOH3Be,lleHH5I (MX~) X 
X (A1 Y1f)pa36HBaeTc51 Ha TpH 3T3na. IlepBbltI - 3TO npOAOJIJKeHHe 

nepBHQHbIX cpeJI,HI1X Ha Bee qaCTHble npH3HaKH, Ma}KOpHpyeMbIe IKO

HetIHbIMH JIHHefIHhIMH KOM6HHaUH51MH nepBHqHbIX, LITO AaeT MXf (x), 
f(X)EP+~, H MlJcp(y), cp(y) EP+W. BTOpOH - 3TO BblqHCJIeHHe 

no epOipMyJle (2.8) cpe;LHHx Mtcp HX IIIpOH3Be)J,eHHH C YlleToM epop
MyJIbI 06p3IUeHH5I 1\1xf== --Mx (-f) (eCJIH -ffjEP+:/6, TO CqHTaeTC51 

MXf=-oo). Cpe;:r.HHe IWfcp 6yJI,yT KOHe4HbIMH IIpH ±fEP+:JG H 

±CPEP+'¥. HaKOHeu, TpeTHfI war - 3TO no Ha60py It3 Bcex Mfcp, 
nepBHqHoMy AJI51 COBMeCTHOH MOneJIH, BblqHCJIeHHe Mg (x, y) Y~Ke 
,U.TI 51 .II 10 6bI X go II 0 cP 0 P1tI YJIe 

Mg(x, y) == inf [c L:ctMfiMcpz]. 
c+Lcif i(x)Q)i(y));g(x, y) 

BbITeK31OULHI1: 113 yKa3aHHotI MHorOlllarOBOH npoue,UypbI BbIBO).l. 

COCTOItT B TOM, 4TO pa3lVlepHOCTb :Mo,UeJIH, T. e. MHHHMaJ1bHOe qHC.TIO 

onpeJI,eJIHIOIUHX ee nepBHLIHbIX IIpH3HaKOB, AJI5I He3aBlICHMoro npOII3

BeneHH5I Ax X AY orrp en eJI 5!eTC5I He CTOJIbKO COMHO}KHTeJIlIMH, CKOJlb

KO pa3~1ep aMB - rrpOCTpaHCTB ge H UJj. ECJIH qHCJIO 3JIeMeHTOB 3THX 

npocTpaHcTB 6eCKOHe4HO, TO He3aBHCHMO aT pa3MepHOCTelI Jlt x 
H Jf{Y 

pa3MepHOCTb HX He3aBHCHMoro npOH3Be,neHH5I 6y,neT, B o6meM, 6ec

KOHe4HOI1: (3a HeKOTOpbIlYl :ncKLTI104eHHeM, HanpH}Jep, :!xX:JY 
). 

n p H M e p 2.13. ITyCTb Aca? II BcUll eCTb iLEa C06bITH5I II j5 (A), P (B) ~ 
BepOHTHOCTH, 5IBJIHIOIll.HeCH rrepBHqHblMII ,lI.JIH CBOHX qaCTHbIX MO,IleJIelI pa3MepHoc
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TIl 1 COOTBeTCTBeHHO ,Kx=(P(A» If ,Ku=(J5(B». TIoKa)l{eM, 'ITO He3aBHCHMOe 

npOH3Be,neHlfe vf{xXvf{u 6y,neT HMeTb, B 06~eM, 6eCKoHe'lHylO pa3MepHOCTb (HCKJlIO

'laeM CJJy'laH, ,KOr,na peA) HJJIf PCB) paBHbI 0 IfJJIf 1, H Kor,na npOCTpaHCTBa ,nHC

KpeTHbr) . .uJJlI OrpaHH'leHHbIX f H ep (COCTaBJJlIlO~HX 06J1aCTH cy~ecTBoBaHHlI 'laCT

llblX Mo,neJJeH), BBO,nll 0603Ha'leHHlI rcA) =sup {(x), f(A) =inf f(x) H TaKHe )l{e ,nJIli 

XEA - xEA
(j)(B),..5£ (B), HMeeM 

At f = [f(A) - f(A
C
)]+ peA) +{(AC

). Nt <p = [fii(B) - fii (BC)]+ IS (B) + 
+qJ (Bc) 

Il ~f=-M(-f), TO )l{e ~<p. B qaCTHOCTll, npll rcA);:~"(AC), cp(B)~;P(BC): 
Mf = lJA). ~ ep = 2.(B). Mf ep = max {M i M <p, IJ!. (B) Mf, 

{(A)Mep, L(A).!£(B)}. 

TIPH rcA) >f (A) Il ep (B) > ep(B) STIl nepBllqHbIe cpe,nHlle COBMeCTHOH Mo,neJlH, KaK 

MO)l{HO y6e,nIlTbClI, He nOrJlO~aIOT ,npyr ,npyra, 4HCJIO HX 6eCKOHe'lHO. 3,neCb MbI 

BH,lJ,IlM, 'ITO npe,nnOJJO)l{eHHe He3aBHCHMOCTH ffIJ H 'Jlj ,naeT ,nonOJJHHTeJIbHYIO nHlUY 

OTHOCHTeJlbHO Cpe,lJ,HlIX npOH3Be,lJ,eHHlI fep JlI06bIX OrpaHIl'leHHbIX npH3HaKOB f (x). 
ep (Y), a He TOJJbKO CKJJa,lJ,blBaeMblX H3 IlH,lJ,IlKaTOpHbIX npll3HaKOB C06bITIlH A, B H 

HK .L\onOJJHeHIlH, T. e. npllHIlMalO~IlX Ha HIlX nOCTOllHHbIe 3HaqeHll1i. 

KaK YKa3hIBaJIOCh B HalIaJIe pa3.neJIa, HyMHO OTJIHlIaTh He3aBHCH

MOCTh 'KaK CBOHCTBO cOBMeCTHhlx Mo.neJIeH, OT He3aBHCHMOro npOH3

Be.neHH5I lIacTHhlxMo.neJIeH KaK KOHKpeTHoro BH.na COBMeCTHOH MO

.neJIH. LI.JI5I nOCJIe.nHerO cnpaBe.nJIHBbI .nonOJIHHTeJIhHble CBoHCTBa. 

CBOHCTBa He3aBHCHMoro npOH3Be.neHH5I: 
1. Pa8fiOnpaaue: J(xX.!I{Y= J(YXJ(x. 
2. Coxpafleflue nopflcJ/w: 

.$Zf c.$Z~. .$Zi cJ'{~ =>.$Zf X .$Zrc.$Z~ X J1t£~. 

3. JJ.uCTpu6YTU8flOCTb OTflOCUTe/lbflO 067JeOUfleflufl:
 

(VJ/lt: ) X ( VJ1t~) = VV.$Z;' X J1t~ .
 
v w v w 

B caMOM .u-eJJe, nepBoe CBOi'ICTBO CJJe,lJ,yeT H3 OIlpe,lJ,eJJeHllli He3aBIlCIlMOCTIl. 

BTopoe - 113 OqeBIl,lJ,Horo COOTHOlIleHllll: 

M1 f<:;;;"M 2 f, !:ilf~~f. M1ep<:;;;..M2 CP, 

MICP>M2CP~M1fM1CP<:;;;" M2 fM2cp. 

HalwHeu, TpeTbe CBOHCTBO paCIlIlCblBaeTCli B BIl,lJ,e SJJeMeHTapHoro paBeHCTBa 

max {max Mv f max Mw <p, max M f min M <p,v w v w v w 

minMv f max Mw cp, min Mv f min Mw } = max M f M cp.v wu - w v - w - v, w 

ECJIH B TpeTbeM CBOHCTBe B KalIeCTBe v H W B35ITh cpe.nHHe 

Mt (X), Mcp (y) H HCnOJIh30BaTh npe.ncTaBJIeHHe lIaCTHbIX Mo.neJIeH B 
BH;re 06be,UHHeHHH 'CeljeHHH, TO nOJIylIaM 

Y 
.Jft 

X 

&ft = ( V .Jf£M.f) X ( V J1ltM.rp) = V V .J1!£!.t. f X JPtM.rp.
M.f M.rp M.f M.rp 
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A TaK KaK .J1!.t.fX.$ZM.qJ=(JfltxX.$ZY)M.f,M.qJ. TO 01'CIO.na BhIBO.n: 

fle3a8UCUMOCTb COXpaflfleTCfl npu nepexooe K (M.f(x), M.cp(y))-ce'le
flUflM MOOe/lU, U flao6opOT, U3 fle3a8UCUMOCTU 8 Ce'leflUflX (no pa3

.neJIeHHbIM npH3HaKaM) C/leoyeT fle3a8UCUMOCTb ge U 61/. 
4. He3a8UCUMbie npou38eoeflufl 3K8U8a/leflTflblM o6pa30M 3aoafOT

Cfl C80UCT80M (2.10) fleKo8apuupoBaflflocTu 'laCTflbiX npU3flaK08. 
'uoKa3aTeJIbCTBO co.nepMHTcH B .nonOJIHeHHH 1. I1TaK, HeKOBa

pHHpoBaHHocTb (2.10) He TOJIbKO eCTh CJIe.nCTBHe He3aBHCHMOCTH, HO 

Hca Ma, eCJIH HeKOBa pHHpOBaHHbIMH 5IBJIHIOTCH JII06ble napbI t(X), 
cp (y) npH3HaKOB, CJIyMHT xapaKTepH3au.HeH He3aBHCHMoro npOH3Be

.neHH5I, 'nOJIHOCThIO ero onpe.neJIHH. 

He3aBHCHMbie npOH3Be.neHHSI Ha .nHCKpeTHbIX npOCTpaHCTBax HC

XO.nOB. ,UJIH .nHCKpeTHbIX 5IBJIeHHH 3.neCb 6y.neT .naHa HHTepnpeTau.H5I 

BBe.neHHoH HaMH He3aBHCHMOCTH C n03Hu.HH npe.nCTaBJIeHHH l\lO.neJIeH 

B BH.ne ceMeHCTBa pacnpe.neJIeHHH Bep05ITHOCTeH. 

nYCTb ge = {Xl, X2, ... } H UJj = {y!, Y2, ... } .nUCKpeTHbI H H€3aBHCH

MhI. ECJIH Hep05lTHOCTH 3JIeMeHTapHhlx HCXO.nOB 5IBJI5IIOTCH TOlIHbIMH, 

TO nOH5ITHe He3aBHCHMOCTH HCXO.nOB ge H 61/ npeBpaIJ..I.aeTC5I IB TOM

.neCTBeHHoe p aBeHCTBO COBMeCTHOH Bep05ITHOCTH (TaK)Ke TOlIHOH) 

npOH3Be.neHHIO lIaCTHbIX: 

P(Xi, Yj) =P(x;)P(Yj)' Vi, j, 

r.ae P(Xi)=2:,P(Xi, lJi), P(Yj)='LP(Xi Yj). 3Tio xOp1owo 'H3,BecTHo, 
j i 

H MbI HM He pa3 yme nOJIb30BaJ1HCb, B BeKTopHOM BH.ne 3anHCbJ:BaH: 

pxY= pxX pY. A eCJIH Bep05lTHOCTH He TOlIHble, a HHTepBaJIbHb!e-~ 

Tor.aa 'cooTBeTcTBYIOIJ..I.He Mo.neJIH J(xy H306pa:tKaIOTC5I BbII1YKJIbIMH ce

MeHCTBaMH BeKTopoB COBMeCTHblX Bep05lTHOCTel1 pXY, HJIH, liTO 60JIee 

3KOHOMHljHO, KpaHHHMH T04KaMH, a elll,e JIylJwe He BceMH, a TOJIbKO 

HBJI5IIOIJ..I.HMHCH BepWHHaMH pXYe Mo.neJIH: .Jf{xY=VPxye, r.ne 8 - HH
a 

.ne:"c M,j-fO:tKeCTBa 3TH X Be>pW'lIH, CBoero P'OlUa 06IJ..I.HH .aJI5I ge H 61/ 
¢>aKTOp. 

OPHH5ITO ClIl1TaTb, lITO He3aBHCHMOCTb ge H 61/ 6y.neT .nOCTHrHy

Ta, l\or.na Ha rrpOH3Be.neHH5I pa36HBaIOTC5I eCJIH He Bee BeKTopbI 

PXYcJ(XII, TO XOT5I 6bI BepWHHbI pxye, T. e . .;f{xy = VPXe X pYe. Ho 31'0 
1) 

He Tal<, H BOT npHMep, nOKa3bIBaIOIJ..I.HH, K KaKoMy 3a6JIy)K.aeHHIO 31'0 

MO)KeT npHBeCTH! 

IT p H M e]J 2.14. ITYCTb i!E=Gj H BepOl1THOCTH pXY , r,lJ,e ¢aKTop l:l IlpHHHe
MaeT 3Ha'leHHlI 81, 82 , ... , TaKOBbl, 'lTO P i (Xi, y;) = 6ij (0 IlpH i '* j H 1 IlpH i= j),e 

T. e. IlpH 3anaHHOM 8i C BepoHTHoCTblO 1 nOllBJJlIeTCli HCXO,n Xi H 06113aTeJJbHO 

TOT )!(e CaMbllJ H(XOJ- Yi=Xi Ha 'Jlj . .uJll1 Ka)l{,lJ,oro pXY i' KaK HeTpy,lJ,HO BH,lJ,eTb,e 

i!E H Uij He3aBHCIlMbl: p.'Ye.= P'\·e. >< pYe., IlOTOMy 'ITO neTepMmnl pOBaHHble HCXO,lJ,bl, , , 
¢OpMaJIbHO He3aBHCHMb1. 06be;I,HHeHHe .J![\·Y= VPx . X pYe COOTBeTcTByeT COBMeCT

e.'e 
I 

l 

HOMy lIBJleHHIO, B KOTOpOM C HeH3BeCTHor"l BepOl1THOCTblO BblOHpaeTCl1 KaKO(I-TO 

IlC;;O.1 XiEi!E H 3aTeM ,lJ,eTepMHHHpOBaHHO -- COBHa,lJ,alOll\HH C HHM HCXO,lJ, Yi = Xi 
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Ha 6/j. HeCOMHeHHO, paa y BcerJJ.a COBnaJJ.aeT C x, 0 He3aBHCHMOCTH HCXO)l.OB He ,!1.pyroiI CJIytIaH, Kor)J.a K8:tK,nbIH pa3 COBeprneHHO HeH3BeCTHO, KaKaH MOHeTa,
 

MOLKeT 6bITb H petIll. f~ fHy,;'a5I If.TIII HeT, nO,lI.6paCbIBaeTCH. 3TO yLKe HeycTOfrQHBbIH 3KcnepHMeHT C COBep


LITO-TO nOXOLKee Ha npUBe,neHHbIII 'npIIMep 6y,neT IIMeTh MeCTo, 

eC~H HeMHoro OTKROHIIThCH OT TOqHO sy~eBo~ II e,nHHHqHO~ qaCTHWX 

Bep05ITHOCTeH, TaK Ka'K II Tor,na npe,lJ,CTaBJIHeTC5I B03MO)KHOCTh no 

HCXO,lJ,y x 60JIee HJIli MeHee TOqHO npe)J.CKa3aTb epaKTop 8, a Qepe3 

Hero yLKe HCXO,n y. TaKIIM 06pa30M, npIIqHHa )I.eepl1I.I,HTa He3aBHCH

MOCTH ,L(JI5I Mo,neJIII B BH,lI.e 06be,nHHeHH5I VpXaX pYa KpOeTC5I B Ha-
e 

JIHlIHH o6mero ,nJI5I x II y IlO)I.qHH5IIOllJ,erO IIX CBOHCTBa epaKTopa 8. 
,ilJIH He3aBijCHMOCTH HyLKHO pa3B5I3aTb epaKTopbI B COOTBeTCTBllH co 
cne,lI.YIOIUHM yTBepLK,UeHlleM. 

lfa oucKpeTHblx ge U q; COBMeCTHafl Jftxy o6pasyeT He3aBUCU.lJttOe 
npousBeoeHue Tozoa U TOAbKO T020~ Kozoa OHa npeOCTaBAReTCR 8 

Buoe 067JeOUHeHUJl ,npOUSBeoeHUU TOttHblX BeKTopOB BepORTflOCTeii 

Jlt xy 
= VVP~ X p~ (2.11) 

v w 

C uHoeKcaMu v UW, HeCBJl3afl1-l0 OPY2 OT opY2a npo6ezafoU?uMu CBOU 
Atl-iOOlCeCTBa V U W 3HatteHUiL ' 

YCJIOBll5IMH yTBepLK,L(eHl15I rapaHTHpyeTcH t!f{xy ==J{xXJity, r)I.e 

Jlfx == V pXv , e/ffY = V pYw, a .COBMeCTHble cpe,nHHe BblqHC.lIHIOTCH H3 

BbIpaMeHIi51 : 

Mg(x, y)=sup sup ~ ~g(Xi' Yj)Pv(xJPw(Yj), VgEff~Y. 
VEV WEW i j 

He06xo,IUiMOCTb 'CJIe)l.yeT 1I3 YKa3aHHoro npe,rr.CTaBJIeHIUI lJaCTHblX MO,lI.eJIen B 

oo,J,e ceMeHCTB H CBollcTBa ,lI.HCTP1I6YTlIBHOCTli He3aBHCliMoro yMHoLKeHH5I OTHOCH

TeJlbHO o6be,nHHeHlIfI; a ,Z:(JIfl ,lI.OKa3aTeJIbCTBa AOCTaTOtIHOCTH Hy)KHO TIO)l.CT8BHTb 

B ,BblpaLKeHHe .iwg(x, y) npOH3Be,neHHe g(x, y) =f(x)cp(y) H y6e,LLHTbcH B cnpaBe,rr. 

JIHBOCTH TO)K,lI.eCTBa (2.11). 

<PopMyJIa (2.14) MOLKeT 6bITb B3HTa 3a 3KBHBa.lIeHTHOe onpeLle

JIeHHe He3aBHCIIMoro npoII3Be,UeHHn, ,HO TOJIb!KO )J..lIH ,lLHCKpeTHblx npo 4 
cTpaHcTB ge II Ulj. Ee HeB03MO)KHO pacrrpocTpaHHTb Ha HenpepbIB

Hble :npocTpaHcTBa B CB5I3H C oTcyTcTBHeM Tal\1 no,no6HbIX BeKTopaM 

Bep051THOCTeH aTOMOB MO~eJIH. 

rIpenCTaBJIeHHe (2.11) nOJIe3HO nOTOM,Y, qTO ;npUnaeT HeKoTopyIO 

uarJI5I)I.HOCTb ,lJ,OKa3aTeJIbCTBaM YKa3aHHbIX BbIllle CBOHCTB He3aBHCH

MbIX npOH3Be)J.eHHH, KaK 3TO neIvl0HcTpHpyeTC5I :B ,UonOJIHeHHH 2 K 

naparpa¢y. 1\ Tenepb - HarJI5InHbI}I npHMep K }I,aHHoMy pa3,UeJIy. 

IT p II M e p 2.15. ECJIli He3aBllCllMO ABa pa3a no,n6paCbIBaeTCfl o)l.Ha H T3 :lI\:e 
rHyT3H MOHeTa, TO HMeeM ,rr.Ba He3aBHCHMbIX 3Kcnep'HMeHTa C O,ZIJIHaKOBbIMH Bep05IT

iHOCT51MH rep6a P (rd ,= P (r2) = P npli 060HX nO;:I.6paCbIB3HH5IX. I13-3a Heli3BeCTHOCTH 

p: P~P~.ij, liMeeM COBMecTHyIO HHTepBaJIbHyIO MO,J,e.J1b B BIIAe o6'be,J,llHeHH5I 

J{YY; = V pxX pY, r;Le Bep05ITHOCTH P = (p, I-p) 0),IIH3KOBbI Ha fl} H CY. 3TO 

!?~p~P 
eCTb CTaUHOHapHbIH 3KcnepHMeHT. 3,lJ,eCb Bep05ITHOCTH cyruecTByIOT (XOT5I He H3

BeCTHbI) H nO;:I.tIliHeHbI )l.pyr .rr.pyry, tITO TaK HJIH HHatIe CB5I3bIBaeT HCXO;:I.bI MelK;J.y 

co6otr, nOToMy ,He3aBHCHMOCTU, ,KaK MbI ee onpe,leJIHJIH, Her. 
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UleERO He3aBHCHMbIMH Hcxo.rr.aMH B HarneM orrpe)J.eJIeHHH, a TaK:lKe H rrOHliMaHHll 

He3aBliCHMOrO npOH3Be,neHH5I, TaK KaK no pe3yJIbTaTy nepBoro nO)J.6paCbIBaHII51 Y:lKe 

COBeprneHHO HHqerO HOBoro He CKa:tKellib 0 BTOpOM II 

j/ll;Y == 'V V pxXPY~ _ _ I 2, 
}}_~P1~ £~P2~P 

rAe pf == (Pi' 1 - PI)' P~ == (P2' 1 - P2). !=nlin iE' 1i2}' p==max {P, 1/2}· 

feOMeTpM4eCKaSl HJlJlIOCTpau.HSl He3aBHCHMOCTH. ,UJl5I CJ1YQa5I ,UByX

TOyetIHbIX 3KcnepHMeHTOB fE == {Xl, X2}, 6lj= {Yl, Y2} COBMeCTHa51 MO

.neei] b OIlHCbIBaeTC5l ceMeHCTBaMH BeKTopOB Bep051THOcTel'I P == 
:= ~P(Xl, Yl), P(Xl, Y2), P(X2,Yl)) B TpeXMepHOM .npOCTpaHCTBe (KOM

IlOHeHTa P (X2, Y2) orrymeHa, 'TaK KaK ,lLOnOJIHHeT ,UO 1 CyMMY oc

Ta~1bHbIX). 06paTHMC5I K pHC. 2.7, r,lLe noBepxHocTb Jt eCTb MHO)Ke

CTBO BeKTopOB P == px X Py He3aBHCHMoro rrpoH3BeneHH5I, T. e. c 
P(Xi, Yj)=P(xdP(Yj). 4epe3 3TH paBeHCTBa no rpaHHuaM HHTep

B3JlbHbIX 'Bep05ITHOCTeI1 P (Xl), j5 (Xl) H P (YI), j5 (YI) (nepBaH napa 

3a;raeT f/f{x, BTOpa51 - Jity) OnpeLleJI51IOTC5I tIeTblpe TOqKH Pij, i, j == 
:= ]. 2, Ha n; OHH II 6ynYT QeTblpbM51 BepWI1HaMH TeTp a3npa He3aBI1

CHMoro npOH3Be,lleHH5I t/f{xXJf{Y. 
TeTp a3np 3KBHBaJIeHTHO rrpe.ncTaBJI51eTC5I: 1) o6benHHeHHeM Bep

llllIH Pi}, 2) KaK qH1rypa C QeTblpbM51 pacrrOJIaraIOIJJ.HMHC5I Ha 'n pe6

paMH, cooTBeTcTByIOIlI,IHvITI rpaHHuaM Bep05ITHOCTeH, 3) KaK MHO)Ke

CTBO, OKaHMJIeHHOe rpaH5IMH, cooTBeTcTByIOllJ.HMH qeTblpeM ypaBHe

HH5IiYl : 

i\1 [8x
1 
(x) - P (Xl)] [BY1 (y) -p (YI)] == 0; 

)\1 [8x
1 
(x) - P (Xl)] [8Y1 (y) - P (Yl)] ==: 0; 

M [P(x
l 

) - 6x, (x)) [69 , (y) - P (YI)l = 0; (2.12) 

j\1 [P (Xl) -ljx
1 
(x)] [BY1 (y) - ~ (Yl)] =::: O. 

9TO eCTb ypaBHeHH51 (2.10) nJI5I f(x) =ox 1 (x), cp(y) =='6Y1 (y). TaK 

KaK npH fE = {Xl, X2} JI106a5I epyHKUH51 f (X) JIHHei1HbIM 06pa30M npH

BOLllITC5I K b x(X) (HHnpUMep, npH f(X2) >f(xI), 8X1 (X) =f(x)
-f(XI))!(f(X2)-f(Xl)), TO OTCIOna CJIenyeT: CUCTeMa (2.12) HyJle
BblX cpeoHux

J 
cooT8eTcT8YloU{afl l-ieKOBapuupoBaflflocTu 3.1leMeHTap

HblX UCXOOOB 
J 

oaeT Heo6xo8u/J4ble U oOCTaTOtfHble YCJlOBUR HesaBUCU
MQCTU OByxTOtfettHblx 3KcnepuMeHTo8 fJ8 == {Xl, X2} U 6lj = {Yh Y2}. 

:\·CJIOBH51 HeKoBapHHpoBaHHocTH (2.12) ,UOCTaTOtIHbI .D.JI5I He3aBHCHMOCTH, HO 

He.1.151 He3aBHCHMoro npo1I3Be,neHIUl. BcaMOM ,u,eJIe, eCJIII Ha puc. 2.7 BBe,neHlieM 

n,onO.-:HHTeJlbHorO nepBHQHOrO 3HaQeHliH, CKa)KCM f5 (Xi, yt) «OTpe3aTb» yrOJI TeTpa

a,np 3, He HCKa3HB llepBHlJHbIX rpaHe~I, TO XOTH paBeHcTBa (2.12) BblnOJIH5IIOTC5I, HO 

IIe33BHCHMoro npoH3BeneHlifl yLKe He 6y,neT. 

C,neJIaeM B hI B O,U bI. TIepBhIl'I: JII06ble «ype3aHH5I» TeTpa3JI.pa He

3aBHCHMoro npOH3Be,UeHHH tIfl'xy Ha p'HC. 2.7, npn KOTOphIX OCTalOTC5I 
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PHe. 2.7. MO)l,eJIb He3aBlI· 

CHMora npOH3Be)l,eHHH 

~ 
/~~' 
// / 

~~/ 
~ / 

'/-:;" (j) 
<Y r:cE../

f(J:~ ../ 

P(X/,!/t) 

\ 
\---)0:::1
p(:tl 

1 
/ 

"P(.x/,!/z) . 

:XOT5I 6bI KaKHe-HH6y,nb lJa,CTH xaM.,noii H3 ero fip aHeM, cOXipaH5IIOT 

,HesaBHcHMocTbfE H U}j, HO HapywaIOT He33BIlCHMoe npOH3Be,neHHe. 

ITaKHM ,«ype3aHHeM» MOMHO Y4HTbIBaTb ,Uorro,rIHHTeJIbHbIe CBOI1CTBa 

'3KcrrepHMeHToB. HanpHMep, IlX CTaUHOHapHocTb KaK pe3YJIbTaT OLlH

'HaKoBocTH yCJIOBHH npoHcTeKa'HH5I (CM. nepBylO qaCTb npHMepa 2.15), 
:KOTOpa5I B caMOM o6rueM CJIyqae OTpa:IKaeTC5I ,nOITOJIHHTeJIbHbIMIl or
,paHHqHBalOIUHMH Mo,neJIb paBeHcTBaMH M [f (x) -f (y)] == 0, VfEr 
I (06 9TOM rrOH,lI,eT peqb .,B CJIe,nyIOIl1JIX ,nByX r JIaBax). 

BTOPO~: He3aBHCHMOCTh eCTh HeKoTopaH rrponopUHOHaJIbHOCTb 

Ipa3MepoB H oco6eHHOCTb nOJIO:IKeHHH TeJIa COBMeCTHOH MOjleJIIl no 
: OTHOilleHHlO K 'Koop,nHHaTHbIM OC5IM, a He3aBHeHMoe npOH3Be,neHlIe

I BMeCTe C 3THM nOJIaraeTHMHHHMaJIb'HOe lIIfCJIO rpaHet1: Mo,neJIII. 

TpeTHH: JI106yIO COBMecTHyIO MO,lLeJIb Jf{XY MO)KHO paCWHpHTb ~o 

I TaKoll, npHKoTopOH m H Ulj CT3HOB5ITC5I He33BHCHMbIMH, HJIH Me pac-

I lllHpHTb ,UO co,UepMaIUero ee He3aBHCHMoro npOH3Be,neHH5I: .;/{xYc 
I cJf{*X X vft*y. OTMeTHM, qTO crrpaBa J{*x If Jf{-}..Y OK33bIBaIOTC5I, B 06
: meM, wHpe lJaCTHbIX Jflx H J{.Y ,UJI5I ..J!{xy, H paCWHpeHHe He O~HO

I 3Ha4HO. 

11, ;HaKOHeu, qeTBepTbIH: HaJII1lJHe oomero ,nJIH fie H uy nOll.4H

I H5IIOruero rrapaMeTpa	 8 yrpo:IKaeT nOTepeH He3aBHCI1MOCTH H COOTBeT

I cTByeT Mo,UeJIH V pXoX pYe, Bee BepillHHbI KOTOpOH JIe)KaT Ha no
I • 8
 

BepXHOCTI1 Jt (pHC. 2.7).
 
I HeKoBapHHpoBaHHocTb CJIyLJaHHblX BeJIH1-1HH. CJIe,ncTBHclVl He3aBH

I CHMOCTH 6bIJIO BbIIIOJIHeHHe ,nJI5I BCeXlJaCTHbIX, pa3,lLeJIeHHbIX no ne

peMeHHbIMIIpH3HaKoB f (x) H cP (y) paBeHcTB (2.10), orrpe,neJI5IIOllLHX 

HeKOB3pJIJIpOBaHHocTb f H cpo H3Y4HM 3TO nOHHTHe no,np06Hee, CLJH

Ta5I f H cP rrpOH3BOJIbHbIMH COBMeCTHbIMH npJI3HaKaMH, lLJIH lJero B 
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(2.10) rro,nCTaBJIHIOTCH: f=fl(X, y), CP=f2(X, y)- Ha BeXUY 3TO 

tC~lYLJaHHbIe BeJI'HLIHHbI. CJIYlJaHHble BeJIHqHHbI fl H f2 HeKoBapilHpo

BaHHbI, eCJIH ilX KOBapHallJIH, orrpe,neJI5IeMble JIeBbIMH qaCT5IMH pa

BeHCTB (2.10), paBHbI O. I-IeKoBapHHpoBaHHocTb - 3TO CBOHCTBO COB

MecTHoH MO~eJIH. ,UJIH Hero BepHO CJIe,nyIOmee. 

1. DOH5ITJIe HeKoBapHHpoBaHHocTH paBHonpaBHo OTHOCllTeJIbHO 
CJIvqaHHbIX BeJIIIqHH. 

.. 2. ECJIll fl II f2 HeKOBapHHpOBaHbI, TO TaKIIMH 2Ke oCTaHyTcH BTO

pHLI HbI e n 03JIeM e HTHbIe n pH3H a K II I' 1==.b 1I I +CI H I'2 == b212 +C2, V bI , 

b2) CI, C2 E PIl, (o603HaqaeM iHX MHO.IKeCTBa qepe3 .Pfl H .P12)' 
.3. I1pH3HaKiH 11 II 12 6y,nYT HeKOBapIIIipOBaHHbIMII, eCJIH H TOJIb

KO eCJIH BbIITOJIHHeTCH JII060e H3 CJIe,nylOIIJ.Hx ,nByX YCJIOBHI1: 
YCJIOBHe A 

iV1(t1 ~C)(f2-Mt2) =0 } 'rI ---Mf' 
-	 npH vC~ l'
1\1 (c - f1) (f2 - Mf2) == a	 
}v1 (f1 - Mt1) (t2 - d) = 0 } 'rid --- M 1 
-	 rrpll v ~ 2
~M (11 - M f1) (d - f2) == 0	 --

YCJIOBHe :5 

./\1f' (f' - MI') = 0 npII Bcex f; E~f2 Ii f;E:tfl
 
1 2 2 TaKHX qTO Mf ~ O.
 

, _1;;:::::;-' 

M(f; - Mt;) t; = 0	 npI1 Bcex t; E ~ tt 11 t; E 2t2
 
TaKBX, qTO Mf > o.


2 

4. ,[LJI5I rOJIOH COBMeCTHOH 11M JII06ble OrpaHHqeHHble IIpll3HaKH 
norrapHo HeKoBapHHpaBaH~. 

5. IlpH TOlJ'HbIX Cpe,lJ.HHx Mil H Mf2 nOH5ITlle HeKoBapHIIpoBaH

HOC'TH TpaHcepopMJIpyeTcH B paBeHcTBo M (fI-Mil) (f2-Mf2) == 0, a 
eC,,1JH 'K TOMy )I(e 1\;1tI = °HJIH Mt2 = 0, TO COBrra,naeT C rrOHHTHeM He
KOppe.JlUpOaaflNOCTU:	 Mflt2=O. 

K.JlaCCbl :l6H W rrpH3HaKoB Ha3bIBalOTCH fleKoBapuupoBaflliblMu, 

eCJ!II JII06oI1 rrpH3HaK hEd6 HeKoBapHHpoBaH C JII06bIM 'PEW. 113 
CBOllcTBa 2 cOBepilleHHo HCHO, qTO HeKoBapIiHpoBaHHbIMH 6y,nYT H 
JII06ble h' Eg:h C '¢'E2¢. 

He3aBHcHMoCTh, cBo6o,ll.a, HeKoBapHHpoBaHHocTb. rIYCTb ge H 

ViI - ,lLB3 5IBJIeHH5I. ECJIH ClJHTaTb lJaCTHble MO,lJ.eJIH Jf{x= (Mx~>, 
J{Y=. (MY1¥) sa,naHHbIMH HX COrJIaCOBaHHbIMH cpe,nHHMH Ha nepBIIq

HhIX rrpH3HaKax h (x) Ede, ¢ (y) EW, TO Ka:IK,lJ.Oe H3 COCT3BJI5IIOIUHX 

3arO~OBOK rrOHHTH~ COOTBeTcTByeT onpe,neJIeHHO~ CTaTHCTHQeCKOA 

CB5I3H KaK Me)K,ny rrepBHqHbIMH h (x) 11 1P (y), TaK H Me.IK,ny rrpOHs

BO.;lbHbIMH BceMH OCTaJIbHbIMH npH3HaKaMH BH,na f (x) H cp (y). 3Ta 

CB513b nJIlOC qaCTHble Mo,neJIH BMeCTe epOPMHPYIOT COBMecTHylO MO
.neJIb. 

CHcreMaT113IIPY5I II3JIO:IKe HHbI e B bI ill e p e3y JI b T aTbI, y K a:IKeM, K a _ 

KHe B HTore COBMeCTHble Mo,neJIJI nOJIyqaIOTC5I II KaKHMH Ha60paMH 
nepBHQHhIX Cpe,lI.HHX OHH onpe,lJ,eJI5IIOTC5I. 
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Pa3JIaraH f=f+-f-, cp=cp+-cp- II CtIHTaH {f~O}Edxo, {cp~'O}Egg!lo, rrOJIylfnM 

He3aBUCUJltOCTb fe 11 6Jj: J( :f=u1{'\'xJ!{V, 

1\1H3 f (X) cp (y) === M fM cp, Vf, cpo
 

C806oiJa UlI OT !!e: J[~~ = Jf{.l:J{Y, McBt (X, y) =JVlx (MY! (x, y)) ~
 

iYf:Jt U{Mc+ (x) [14J (y) - M 1J']' 1P='l'}.
 

HeK08apuupOBaHHOCTb d6 11 W: J[XV HK , 

MHH (h - M 11) (tp - M1!') == M HR (h - .Mh) (lp -/\1 tV) == 

== M u« (Mh - h) ('4' - M '4') = MHH (Mh - h) ('I' - M 'tjJ) === 0, 

Vh=Jf • 't!J E "tf. 

OTClO,LLa 'BH,LLHO, qTO TlpH O,LLHl1X 11 Tex )Ke qaCTHblX l\10,J,e.H5IX ,n.HH 

He33BHCUMoro npOH3Be,rr,eHl15I KO.HHqeCTBO rrepBHqHbIX npH3H3KOB cy.. 
meCTBeHHO 60raqe, qeM ;I..H5I cBo6o,rr,Horo 11 qeM npn ~eKoBapHHpo" 

B3HHOCT11, 3 T3K K3K Cpe,rr,HHe Ha BCeX Te Me C3Ylble, TO 

J!;{,H3 C ~l;t CB' .ill{H3 C v1tHR· 

PaBeHCTiBO 6y,neT J1Hlllb npH TOqHbIX BeKTOp ax Bep05ITHOCTeii B ,UHC" 

KpeTHbIX 'rrpOCTp3HCTB3X. 

tlTO xaCaeTC5I nOH5ITIiH CB060JlbI ,Ii HeKOBapMIipOBaHHOCTH, )TO OHH, 

B 06meM, He Cp3BHII:MbI no BK.HlOqeHHIO NI€MJ],y co6oi1, T3K X3K t/ffCB 

Ii Jf( HK 3a,n31OTIC5I p33HbIMH nepBHqHbIMH npH3HaKaM11. B onpe,neJIeH

HbIX K.HaCCaX MOJleJIet'I TaKa5I 'CB5I3b Bee Me o6HapyMI1BaeTC5I, K3K 

BCJIe,nylOmeM IItpHMepe TOll.lHbIX ('Ha a.nre6pax) pacnpe,LLeJleHH{r Be

pOHTHOCTeH, Ba)K'HOM TaKMe ,n.n5I OCMbICJIHBaHH5I cTaTyca npHH5ITOrO 

B COBpeMeHHot'I JIHTepaType nOH5ITH5I He3aBHCHMOCTH, KOTopoe B Ha.. 

weM TepMHHOJIOrHH OK33bIBaeTC5I HHqeM HHbIM, KaK HeKOBapHHpOB3H" 

HOCTblO a.nre6p. 

f1 p 11 M e p 2.16. AJIre6pbI d Xo Ha ::;gyo II f!)J Ha q; Ha3blBalOTCH HeKoBap:ulpo

~aHHbIMH OTHOCIITeJIbHO TOlJHOl1 Ha HX rrpOH3Be,l1,eHHH COBMeCTHOH Mo,UeJIH .;f{·\·Y= 

=[JJxxgJy, eCJIH P(AB) =P(A)P(B) ,UJIH JIIOObIX AEdxo H BE!JjYo. COBMecTHyIO 

MO,l1,eJIb, ,nJIH KOTOpOH 3TH Bep05ITHOCTH 5IB.TIHIOTC5I rrepBHlJHbIMH, 0003HalJl1M ,;IfHI,· 

,UJIH Hee HeKoBapHHpoBaHHbIMH oy,l1,yT lIIOoble HHTerpHpyeMble (no gJx n 9 11 ) 

qaCTHble rrpH3HaKH h (x) H 'lJ (y): M m}l'lJ =MhM¢, K KOTOpbIM OTHOC5ITCH JIIOObf2 H3

MepHMble orpaHiHlJeHHble epyHKU,HH, H 3TH 3HalIeHHH MO)KHO ClJHTaTb nepBIP-IHbIMH 

(lJTO He MeH5IeT J{Hid. 
,LJ,.rIH npOH3Be,l1,eHHH HeH3MepHMblX npH3HaKOB f (x) (p (y) npO,II,OJIiKeHHeM C TOq

HbIX cpenHHX 3HalJeHHH H3MepHMblX rrpH3HaKOB Nlh'1J=jHhM'lJ HaXOJI.IIM: 

MHI\ f (x) {p (y) == inf 2: lvthi (x) Mtpi (y), 
2:.h i (X)lPi(Y)~f(x)qJ(Y) 

rjI,e HHcP,JIMyM oeperCH no BceM H3MepHMbIM hi H 'Pi. 
ITyCTb Terrepb rrpH Tex iKe lJaCTHbIX [jJx H [jJY, onpe,neJIeHHbIX TOlIHbIMH Ha 

CBORX aJIreopax Bep05ITHOCT5IMH, 5IBJIeHHH CqHTaIOTCH He3aBHCHMbIMIL TOf,.J,a ,J.Jl51 

J( H3 =gJxXgJy IIMeeM JI}IH HeH3MepHMbIX rrpH3HaKOB 

MU3 f (x) ~ (y) == iV1f (x) M ~ (y).' 

M 
HH 

f (P = M f+ .A1 {p+ - 1'vlf- ~\1cp+ - Mf+ i\1<p- + M f- Ai (P-,
 

M f cp = max {(hi 1+ - i'v1 t-) (.1\1 cp+ - M cp-), (1\1 t+ - M t-)<

H3 

X (M<p+--M cp-), (lvlf+-.iHf-) (lI1cp+ - NI<p-) , (~f+ -- 1\I1f-) (lvhp+ - iVlcp-)}. 

HeTpy,UHO BH!I.eTb, tITO .\1H3fq: ~ Ki mJcp. 3TO Hep aBeHCTBO cnp aBe;L,,1HBO )])151 npOH3
rl 

Be,UeHHH JIIOObIX tIaCTHbIX OrpaHIIqeHHbIX rrpII3HaKOB f (X), cp (y). PaBeHCTBO oYJI.er 

B TOM CJIyqae, eC.1l! ooa npH3HaKa HeOTpIIuaTeJIbHbI (B TOM l.lHC.Tle, ,U.1H COObITHII): 

~1I3 f+ cp+ == i\-1UH f+ cp+ == /\1f+ lV1cp+ , 

fLLe paBeHCTBa CrrpaBe;r,.J1HBbI OT;l,eJIbHO ,l1,JIH BepXHHX H JI.JIH HHlKHHX Cpe.lHHX,. 

TalKIIM 06pa30M, II npn TOqHbIX Bep05ITHOCT5IX He3aBHCHMOCTb BHalileM orrpe,LLe

JIeHiHH 5IBJI5IeTC5I oo.Jee CTpOfllM nOH5ITHeM, lleM HeKOBapHHpOBaHHOCTb aJIre6p. 

PaeCMOTpllM npH Tex :IKe tIaCTHbIX gJx II gJu nOH5ITHeCBOOO,UbI 6Ij OT ge. 
0603HalIHM .JftCB=gJxgJY. )l.nH np01l3Be,ZI.eHH11 II3MepHMbIX (CyMMHpyeMbIX) qaCTHbIX 

rrplI3HaKOB HMeeJl.1 Te :IKe TOqHble cpe,UHHe, tITO npH HeKOBapHHpOBaHHOCTH II He~ 

3aBHCHMOCTH: Mcnh(x)tP(y) =Mh(x)MtP(y). ITPII HeH3MepHMbIX epYHK UH5IX H TOM, 

:>Ke yCJIOBHH {f ~ O} Edxo, {cp;:;:: O} E$Yo nOJIylJIIM 

M CB t cp == ~'Ut+ (Mtp+ - iVI ~-) - Mt- (M cp+ - Mcp-) == 
== Mf+ A1cp+ - lHf+ Mcp- - /"'11- A1cp+ +~!t- A1cp+. 

CpaBHeHHe C rrpe;:LbI,UymHMH epopMyJIaMH BC;I,eT K HepaBeHCTBaM 

MU3 f cp ~AJCB 1cp ~ MHJ:\ f cpo 

TaK tITO B ,rr,aHHOM npHMepe .Jf{H'J c.,${c BC.;f{HK' TaKHM oopa30M, npli HeKOBapHHpo·' 

BaHHblX aJIre6pax II TOqHbIX Bep05ITHOCTHX Ha HHX KaTeropHH CBo6oLLbI 3aHHMae1: 

npoMeiKyTOqHOe nOJIOlKeHHe Me):K,.lY He3aBllCHMOCTbIO II HeKOBapHI1pOBaHHOCTbIO. 

,[LonOJIHeHIUI. 1. Teo p e M a. JJ.Jlfl TOcO liT06bl MOOeJlb ,;/{xy llpec)cTaBJlflJla co ..· 

60ii fle3aBUCUMoe npou38eoeHue, Heo6xoouMO U oocTaTotiHO, liT06bl nepBuliHblMU 

O/lIl flee 6blJZU COBMeCTHbLe npou3BedeHufl BceB03MOJJCliblX ttacTHblX HeKoBapuupo

8aHHblX MeJICoy co6ou npu3HaKoB [(x) U cp(y). 
Heooxo,U,IIMOCTb 3KBHBa,neHTHa CBOHCTBy (2.10). 
·n 0 eTa TO q HOC T b. 0003HaqHM J{' 11M c rrepBfllIHbIM Ha6opoM (2.10) H 

3aLLaHHbIMH qaCTHbIMH .;/{x II .,${Y. IloKa:IKeM, LITO .;/(' =.JI(xx,;/{y. COrJIaCHO epopMyJIe 

(1.3 ) 

M' f cp == inf sup [I (x) CP (y) - L c+ gi (x, y)],ct x, y 

o 
rAe g i (x, y) eCTb BceB03MO}KHble nepBI1tIHble npH3HaKH BHJ.l,a 

(f-Mf) (cp-A1cp), (f-Mf) (cp-MyJ), (Mf-f) (cp-iVhp), 

(IvIf - f) (cp - ~(p). 

TaK KaK 3TOT Haoop eCTb qaCTb Haoopa (2.8), TO JI{'=:J.;/(xX.Jfu H nOTO:\'1"Y Xl'fcp~ 

:S;MfA1cp. OCTaJIOCh AOKa3aTb npoTHBOrrOJIOiKHOe HepaBeHcTBo. B03bMeM ;IBa qaCT-' 

HbIX npII3HaKa f (x) II cp (y) C KOHelfHbIMH 1= inf f, 1= sup f H TO )Ke ~ ~;. Hop
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MHpyeM HX, nOJI02KHB fo= (:f-f)/(f-f) , <po = (cp-cp)/(cp-cp). 0603HaqaeM J(" _ 

11M pa3MepHocTH qeTbIpe, onpe)ieJI51eMYIO HeKoBapHHpoBaHHbiMH fo H cpo, T. e. nep

BIIqHbIMH Cpe,lJ,HHMII (2.10) C nO,lJ,CTaBJIeHHbIMH f=to II cp = cpo. TaK KaK J[11~vf{', TO 

1\'1' f cp ~ Mil t cp == inf max [f cp - ct (to - Mfo) (CPo - M(po) 
c:t- x, y 

t 

+ - + - 
- c2 (to - A1to) (CPo - Mcpo) + c3 (fo - Mfo) (CPo - Mcpo) + 
+ct (/0 - Mfo) (CPo - ~tpo)]. 

HeTpY,lJ.HO y6e,nHTbC51 B TOM, tITO B npaBofI qaCTII 3Toro HepaBeHCTBa M3KCllMYM 

no x H y KBa,npaTHbIX cK060K 6Y,lJ.eT ,nOCTIIraTbCH npH Tex x* II y*. npll KOTOpbIX 

t II cp (to H cpo) npHHHMalOT 3KCTpeMaJIbHble 3HaqeHH51. IlycTb fo, cpo MaKCllMaJIbHhI 

(H paBHbI 1) npH X=X*1, Y=Y*1 H MHHHMaJIbHbI (paBHbI 0) npll X=X*2' Y=Y*2. 

3aMeH5JH f)J H Clj Ha ,lJ.ByxTolIelIHble npocTpaHcTBa ge* = {x* 1, X*2}, UJj* = {y* 1'Y*2} 
DpH Tex iKe rpaHlluax MX:€;fo=Mfo, MX*fo=Mfo, A1Y*CPo=Mcpo, MY*cpo=Mcpo, MbI He 

H3~\reHHM Xf)cp =/fJx*Y*frp. A ,nJlH ,nBYXTolIelIHbIx npocTpaHcTB COrJIaCHO CJre,lJ.YIOw.eMY 

3d (2.12) Bb1neJleHHoMY KypCllBOM yTBep2K,UeHllIO HMeeM Mx*y*tcp =Mx*fMY*cp = 
= iHrA1 cp, n03ToMY Xl'lcp ~MfMcp, lITO H Tpe6oBaJIOCb ,lJ,OKa3aTb. 

2. 11 p H M e p II C n 0 JI b 3 0 B 3 H H 51 n p e)J. C TaB JI e H II 51 (2.11) B cJIyqae 

)J,HCKpeTHbIx npocTpaHcTB ge >II Olj )J.JI51 nOK33aTeJIbCTBa CBOHCTB a,lU1,HTHBHOCTH H 

HeKoBapIIHpoBaHHocTH tIaCTHblX rrpH3HaKoB t (x), <p (y): 

M (f + cp) = sup sup (Mv 1+ M w cp) == sup M v t + sup M w cp == Mf +Mcp; 
v w v w 

M (I - Mf) (cp -lYJcp) = sup sup (M v t - Mf) (M w cp - M cp) == 
- v w 

== (lVil - Mt) (Mcp - Mep) == O. 

3. TI P H M e p coo THO III e H H 51 rr 0 H 51 T H H H e 3 a B H C HMO C T H H C B 0

6 O,J. bI. BepHeMC5I K npHMepy 2.12. CHaqaJIa nO,U6pacbIBaeTC5I cHMMeTprrlIHa5J MO

HeTa (3KcnepI:IMeHT fJe), 3aTeM «HeRTO», 3HaH pe3YJIbTaT no,n6pacbIBaHllH, nOKa3bl

BaeT O,nHY H3 CTOpOH cBoeH MOHeTbI, ,neJIaH 3TO, KaK OH XOqeT (3KcnepllMeHT UJj). 
l'lrpa 'u;::r,eT ,Ha ,lJ.eHbrH, npulIeM «HeKTO» HHlIero ,e 3Toro He nOJIylIaeT. ECJIH «HeKTO» 

HeI:1TpavTJeH, T. e. OH MOiKeT II He YlIUTbIBaTb pe3YJIbTaT nepBoro 6pOCaHH5J, TO 

3KcnepHMeHTbI a; II 6lj 6ynyT He3aBHCllMbIMII. ECJIH )Ke 0 HaMepeHll5IX 3Toro 

«HeKTO» HHlIero He H3BeCTHo, TO 3KcnepHMeHT 6lj cBo6o,neH OT ge. HanpHMep, 

«HeRTO» M02KeT 3axOTeTb 06eCnetIHTh BbUlrpbIlil O,l1.HOMY H3 HrpOKOB HJIll )Ke Bbl

paBHHTb BbIllrpbIlilII. 0603HaQHM A - Bblna,neHlle nepBoro rep6a II B - rrOKa3 

BToporo. TIo yCJIOBlllO 3a,lJ,aQH P (A) = P (A) = 1/2, a TaK KaK «HeKTO» MOlKeT ll36p3Tb 

.mo6yIO CTpaTerI:IlO, HanpHMep,-nOKa3bIB3H TOJIbKO rep6bI llJIII TOJIbKO pelllKll, TO 

P (B) = 0, P (B) = 1. ,I:LJI51 cB060,lJ.HOrO npOH3Be,lJ.eHH5I nepBHqHbIMll COBMeCTHOH 11M 
'6)';r,YT P(A) =F (A) = 1/2 (cpe,nHHe M (c+tA +c+A C) (B-p (B) =0 H36bITOQHbI, TaK l\.::lK 

B-J5 (B) =B-l ~O), a ,n.H51 He3aBlICllMoro npOll3Be,lJ,eHHH-

M (1/2-A):B == M (1/2 - A) Be == ~ (1/2 - A) B == 1\1 (1/2- A) Be == O. 

PaBeHCTBa Be,lJ.yT K TOtIHbIM 3HaqeHH5JM cpe)J,HHx M(I/2-A)B=M(I/2-A)Bc=O 
R.Hlf paBeHcTBaM P(AB) =P(ABC), P(ABC) =P(ACBC), KOTopble BMeCTe c nepBHq. 

HbIMll P(AB) +P(ABC) = 1/2=P(ACB) +P(ACBC) orrpe,neJI51lOT Bce BKJIIOtIeHHbIe B 
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GHe3aBHCHMoe npOH3Be,lJ,eHHe BeKTopbI Bep051THOCTeI1. OTMeTHM, tITO tL3HHblrI 3Kcrre 

pHMeHT OT.lIHQaeTC5I OT ,lJ,ByX1KpaTHoro He3aBHCHMoro nOJI,6paCbIBaHIUI MOHeTbI, npl!

J{OTOpOM Bce qeTblpe KOMnOHeHTbI BeKTopa Bep05JTHOCTeif paBHbI 1/4. 

2.6. 3AKJIIOqEHHE 

B § 2.1 H3yqaeTC5J B03,lJ,euCTBHe npe06pa30BaHHu npOCTpaHCTB HCXOAOB OAHoro 

B )1.Pyroe Ha BHA HHTepBa.;lbHoI1 MO,lJ,eJIH. BceM H3BeCTHbI ¢OPMYJIbI npe06pa30BaHHit 

nJIOTHOCTeH H HaCKO.71bKO C.;102KHbIMH OHH CTaHOB5JTC5J ,lJ,JI5J HeJIHHeHHbIX II HHepUlIoH

HbIX npeo6pa30BaHHrI (JI,OCTaTOQHO BcnOMHllTb paCqeTbI CllCTeMbI epllJIbTp-OrpaHll

tIllTeJIb-¢llJIbTp). ,UJI5I llHTepBa.;lbHbIX MO,lJ,eJIeH npllHUllfIbI paclIeTa ropa3,Uo npome 

H YHHBepCaJIbHee. Cpe,lI.M orpoMHoro pa3Ho06pa3H5J npll3HaKOB Bcer,Ua HalI,lJ,YTC5I 

COrJIaCOBaHHble c npeo6pa30BaHHeM, Ha3bIBaeMble rrpe,UCTaBHMbIMII rrpH3HaKaMH, KO

TopbIe, Bo-rrepBblx, cOBeprneHHo 3JIeMeHTapHo rrpeo6pa3YlOTcH caMH, H BO-BTOpbIX, 

,lJ,JI51 HllX npOH3BO,lJ,HTC5I HerrOCpe,lJ,CTBeHHbIlI rrepeHOC cpe,lJ,HIIX co BXO,lJ,a Ha BbI XO)J" 

onpe,neJI5J5I, TaKliM o6pa30M, nepBHqHble ,naHHbIe BbIXO,lJ,HOI1: Mo,rr,e.JUI. HY2KHO TOJIbKO 

paCCtHITaTb cpe,lJ,Hlle npe,lJ,cTaBIIMbIx nplI3HaKoB Ha BXO,lJ,e. 

npoue,lJ.ypa paCtIeTa ynpocTHTC5J, eCJIM nepBlllIHble npH3HaKH Ha BXO,lJ,e Bce 

npe,lI.CTaBHMbI II COrJIaCOBaHbI, Tor,na ,lI.eHcTBH51MH 6Y,lI.eT rrp5JMOH rrepeHoc Cpe,lJ,HHX co 

Bxo,na Ha BbIXO,lJ. , a MO,lJ.eJIH OKa3bIBaIOTCH rro,lJ.06HbIMll. ITO,lI,06lle 03HalIaeT CXOiKeCTb 

CTpyKTyp 11 OTCyTcTBlIeHeB03BpaTHMoro ymep6a npH npe06pa30BaHHH. B lIaCTHOCTH" 

no,n06HbI MeiK,lJ.y C060H Bce nJIOTHOCTH pacnpe,lJ,eJIeHllH BepoHTHocTeH, TaK KaK 

nepexo,n5JT O,lJ,Ha ,B ,lJ.pyrylO npI1 npeo6pa30BaHI15JX CJIyqaHHbIX BeJIHQII1H. 

CJIYlIaHHbIe npe06pa30BaHH5J § 2.2 KaK MaTeMaTHlIeCKaH 3anHCb paCnJIbIBlIaTblx, 

HeOrrpe)1.eJIeHHbIX ,lLei:icTBHH: ,U3lOTCH HHTepBaJIbHbIMH MO,lJ,eJI5JMH BblXO)l.HOrO HBJIeHHH 

llpll iKaiK,nOM 3HalIeHHH BXOAa II Ha3blBaIOTC5J nepexo)J,HbIMll MO,lI,e.I1HMH. CJIyqaiiHOCTb 

npe06pa30BaHHH ,Uo6aBJI5IeT Heonpe,neJIeHHOCTH Ha BbIxo,ne, rrpHBo;J,H K paCCJIOeHIIIO 

rrpH3HaKoB H paclllHpeHHlO Cpe,lJ.HHx. I1x qaCTHbII'I c.Tryqaii BeAeT K HHTepBan:bHbIM 

,zr.eiicTBHHM ap11~MeTHKH, 3aJIO:tKeHHbIM B IIHTepBav1bHOM aHaJIll3e. 

CJIylIaHHoe rrpeo6pa30BaHHe HarJIH)l.HO cpaBHHSaeTC5J C B3BOJ1HOBaHHbIM aKBa

pHyMOM nOJIynp03paqHOI1 HeOJI,HOpOJI.HOH: 2K1I;I.KOCTH, CKBO.3b KOTOpylO MbI CMOTpHM 

H3 KOMHaTbI Ha yJIHUY. f1pe,lJ,MeTbI CTaHOBHTC5I HClK3iKeHHbIMH, HeqeTKHMH, TpY;LHO~ 

pa3JIlllIllMbIMH.YiKe BH)l.llM He ,lI,epeBO H MaWIIHY, a HX CMyTHble cvrryqa(IHble oqep

TaHll5J, no KOTOpblM PIICYIOTC5I ycpe,l1.HeHHble 1I306palKeHH5I. 3TO II 6ynyT HeL£eTKHe 

Ha6JIIO)J,eHHH § 2.3 KaK pe3YJIbTaT paCn.JIbIBQaTbIX cJIyqaiiHbIX 1 rrpe06pa30BafHI(I, 

r)J,e BXO,lJ, COCTaB~rr5IeT He,lJ.OcTynH35J HaM HeKOTOp35J npe,lJ,MeTHaH 06JIaCTb (yJIHua) t 

a BbIXOJI. - Ha6.;lIO,l1.eHH5J, CB5J3bIBaeMble B cyiK,lLeHHH 0 TO.\1, qTO npOHcXO;LHT. 

KCTaTH, B lIeJIOBeQeCKOM 5J3bIKe CJIOBa H cPpa3bI TaIOKe IIMeIOT npe;LMeTHblI'r CMbIC.i1 

11 OTHOC5ITCH K npe,lJ,MeTI-I 011 06JIaCTH no IIpHHUHny: MbI TaK npHBbIK.JlH nOHH~1aTb, 

T. e. Cpe,lJ.HecTaTI1CTlIqeCKI1. B 3TOM paKypce qeJIOBeK HBJI5ICT COOOrI pa3HOBJI,lHOCTb 

CJIylIaI1HOrO npe06pa30BaHH5J BXOAa (0 qeM MbI rOBopHM) B BbIXO,J, ('-ITO MbI ro

BOpUM) . 

Ha HHTepBaJIbHble 'cpe,nHHe MOiKHO c;vloTpeTb KaK Ha npeo6pa30BaHH5J LIHce.i1 

B llHTepBaJI~I, T. e. RaK cBoeo6pa3HbII1: HTor «BHJJ,eHH5J» TOqHbIX Cpe;U-IHX (ec.1H 

TaKOBble CYW.CCTByIOT) lIepe3 npll3MY orpaHHlIeHHoro 3KcnepH:YlcHTa, BblHYiK,J,aIO

lIJ,ero npH6eraTb K OCTOpOMHbIM oueHKaM B Bll)l.e HHTepB3.;10B. EC~1H rrocMoTpeTb 

1 I1MeHHo CJIyqai1HbIX C 3aJIOiKeHHbIMII B HIIX CTaTHCTHlJeCKHM 3aKOHOMepHOCT5IMH 

B OTJIH4He OT TeoplfH HeQeTKI1X MHO)KeCTB 3a,ne [15]. 
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