


MOHeThIMOLK:HO ,lI;OrrOJIHHTeJIbHO 'BKJIIOqIHTh HCX'O,lI" lITO MOHeTa BeTa

HeT Ha pe6po IIJIH qTO BhI'HrphIlli B .J-Irpe 6y.rr.eT paBeH 6eCKOHeqUOCTH: 

ooEfE.MO)KHO Boo6me rOBOpH'Th 0 npOCTpaHCTBe Bcero Taro, tITO 

MO)KeT6bITh H ,He 6bITb, H'O Bp5I,lI. JIH 3TO npU,lJ.aCT onHCaHH5IM 3KO

HOMHOCTb. 

3. 3JIeMeHTapHhle HCXO,lI.hI - He eCTh 065I3aTeJIhHO epH3H'qeCKaH 

peaJIb'HOCTh, TaK KaK rrOHBJI5ITbC5I MoryT, HanpHMep, HeqeTKIIe CO

6hITH5I (OKOTOpbIX nOH,Ue'T peqb tIyTb HHLKe). 11 TeM He MeHee 5IBJIe

RHe B HaweM orrpe,neJIeHHII 6y,neT CJIytIaHHbIM, eCJIII XOTh KaKoe-TO 

npOCTpalHCTBO ge C a6CTpaKTHbIMH 3JIeMeHTaMH y,naeTC5I e ,HHM CB5I

3aTb, tITO, KaK tllp3BHJIO, B03MOLKHO. 

4. ,lJ,eTepMH'HHpOBaHHble 5IBJIeHH5I eCTb qaCTHhII1 rrO,UKJIaCC CJIyqaH

HbIX, Kor,na npocTpaHcTBo 3JIeMeHTapuhlx HCXO,lI.OB CO,lI,epLKHT Bcero 

O,UIIH 3JIeMeHT. 

npH3HaKH SlBJIeHMSI. J1I06ble H3MepeHH5I B cBoeH CYTH eCTb rrepe

BOJJ, 'KaqeCTBeHHblX nOKa3aTeJIeH: B KOJIHtIeCTBeHHblec rrpeJJ,cTaBJIeHHeM 

B qHCJIOBOI1 epopMe. TaKHM 06pa30M, B BEJJ,e qHCJIa HJIH IHa60pa LIHCeJI 

y,n06HO xapaKTepH30B3Tb pe3YJIbTaTbI CJIyqaI1HOrO 5IBJIeHH5I, OTBJIe

Ka5!Cb OT KOHKpeTHoro cOJJ,epMaHH5I 3.TleMeHT3pHbIX HCXO,nOB H C06bI

TIU1 (KOTOpbIC B ODl1CaTCJIbHOM Cl\1bICJIe MoryT 6bITb BeCbMa CJIO)KHbI

MH). ,ILJIn 3Toro nOCT3TOQHO HMeTb qac.JIO t (x) BMeCTO Ka)l{,noro 3JIe

MeHTapHoro HCXOna x, T. c. nOCTaBHTb B COOTBeTCTBHe x--+-f (x), 
xEf!l}. 4Hc.noB3Yl qlyHKIl)l5I f (x) Ha npocTpaHcTBe 3JleMeHTapHblx 

HCXOLLOB H33bIBaeTC51 I\OJIIll-IeCTBeHHbIM npH3H3KOM, HJIH npocTo npu3

HaKO/\;l 'CJIy43}1}l'OrO 5I'B.n:eHH51; o603 1HaLIacTclI cOI<pameHHo t; cTporo r.a
f 

BOp5I, 3TO oTo6pa)KeJHHe fJe B qHCJIOBylOnp5IMyIO f!Il: g(]---)-!?Jt. 
IlpllMepbI rrpH3H3KOB: t - tIl1CJIO rep60B npH ,UByX 6POC8H!l5IX 

MOHeTbI t(PP)=O, t(Pf)=f(fP)==l, t(ff)=2. Eme npHl\lep 

CJIYQaI1HbIH BbIHrpblw B 33a pTHOI1 Hrpe, Hcxo,naMH KOTOpOI1 :rvrorYT 

6bITb ;I,OBOJ1bHO CJ10)l(Hble KOJ\;16HHall}IH yCJIOIBHfI, a t- qUCJIO ,neHer. 

Pa3Hoo6pa3Hblx rrpH3H3KOB CKOJIb yro)J,Ho MEoro: CTOJIbKO, CKOJIb

KO B03MOLKHO npH'uYJ\iI3Tb pa3JIllqrHbIX epyHKUHH f (x). rIPI13H3KH f .' 
BMeCTe C f)J nrpalOT epyH)J,aMeHTaJIbHyIO POJIb )J,JI5I Bcero n8JIbHeI1Wero 

H3JIO)KeHI15I, nOToMy lITO C }IX nOMOIlI,bIO MOLKHO onHC3Tb OqeHb 

MHoroe, eCJIH He CKa33Th Bce. B lIaCTHOCTH, JI106ble C06bITH5I, npe)J,H

KaThI, BbICKa3bIBaHH5I, CB5I3aHHhle C 5IBJIeHH'eM. B caMOM )J,eJIe, 3Jle

MeHTapHbIH: HCXO,II. Xl TOLK):{eCTBeHHO OITHChIBaeTC5I oeAbTa-npU3HaKOM 

~Xl (x), paHHbIM 1 rrpH X=Xl H 0 rrpH X=¥=Xl; a rrO,UMHOLKeCTBO AcEe 
(C06bITHe A) - rrpH3HaKOM B BH,lI.e HH,UHKaTopHoH epyHKll){'H, 0603Ha

l) 

4aelVIoi'I A (y) II paBHoH 1 rrpH xEA 'II 0 npH x~A. BY,lJ.eM Ha3bIBaTb 

A (x) uHouKaTopfiblAi npU3HaKOM C06bITH5I A; ,nBa pa3Hblx 3HaQe

HH5I 1 iHJIli 0 3Toro IIpH3HaKa YKa3hIBaIOT, npHHa,lJ.JIeiK'I1T JIH 3TO x 
K A HJIH HeT, H TOJIbKO (pHC. 1.1). 

EOJIee 06IlI,HM 5IB.H5IeTC5I rrOH5ITHe HelIeTKoro C06bITM5I C !He CTOJIh 

KaTerOpHQHbIM 3a5IBJIeHHeM 0 npHHaJI.JIeLKHOCTH K .HeMy. cI>yHKUHIO 

q (x), 33.KJ1I014eHHYlO MeLKL(y 0 'H 1: O::S;q(x) ~ 1, xEfE, 6y,ueMHa3bI

BaTb npU31iaKOM fietteTK020 C06bLTUfl. TaK KaK CBoero orrHCaHH5I Ha 

.H3b1Ke 'CJIYQaHHOrO 5!'BJIeHH5I HeqeTKOe 'Co6bITHe IMOlKeT 11 He HMeTb, TO 

./lePbma- flpl13HUK lIe'lemlroe IIHiJl1KOmojJllblt1 
npU.JIIOK cotfb/mlJe npllJHUK 

A (x)Ox (x) Ij(X}-/fr.Z'J
------!---- -

'-v---J XXI 
A 

PHC. 1.1. DpH3HaKH, C06bITHH 

q(x), 3aKJIlOQeHHYIO Me)l(AY 0 IH 1: O~q(x)~l, XEEe, 6YjLeM Ha3bI

BaTh npOCTO HeqeTKHM C06bITHeM. 3HalIeUHe q (x),= 1 rOBopHT, lITO x 
)J.ocToBepHo BXO)J,HT B Co6bITHe q,3HaQeHHe q(x) =0 -IHe BXOJI.HT, 

a q (x) = 1/2 paBHOCHJIbHO 6aJIaHcy yBepeHHocTH H 'COMHeHH5I: BXOJI.HT 

HJIH ,He BXOJI.HT. ,llpyrHe npOMelKYTOlIHble Me)K,lI.y 0 H 1 3HatIeHH5I 

q (x) OTjLalOT rrpe,lI,nOQTeHHe JIH60 yBepeHHOCTH, lITO BXO,niHT (rrpM 

q (x) > 1/2), JIH60 COMHeHHlO. 
11TaK, KalK,lI,Oe C06bITHe OTOLKjI,eCTBJI5IeTC5I C 3KBHBaJI€iHTrHbIM npH

3HaKOM, a BceM C06bITH5IM cooTBeTcTByeTno,nKJIaCCnpH3HaKoB - 3TO 

Bce cPyHKUHH co 3H3qeHH5Ii\1H OT 0 ,UO 1. I1HTepecHo II HaMHO TO, tITO 

JIOrHKe BbICKa3bIBaHHH, no npaBHJIaM KOTOpOH H3 O,lI,HHX C06bIT'HH 

JIOrl1tIeCKH 06p a3YIOTC5I ,lJ.pyrHe, IcooTBeTcTBYlOT BnOJIUe onpe,neJIeHHble 

apHepMeTUQeCX'ne neI1~CTBH5I Me)K>,UY npH3HaKaMH: ,«He q»~l-q(x); 
«ql H q2»~ql' (x) q2 (x); «ql HJIH q2»~min{I, ql (x) + q21 (x) }. 

flpH3HaKaMH onHCbIBaIOTC5I He TOJIbKO C06b1T'II5I,HO H MIHorae ,lI.py

rIfe xapaKTepI1CTHKH CJIYQaI1HOrO 5IBJIeHH5I, H3npHMep, MOII.I.HOCTb, 

3epep,eKTHBHoe 3HaLIeHI1C H T. ,U. JI1060e npe06pa30BaHHe rrpH3uaKOB: 

CJIOMeHHe, yMHoMeHHe 111 T. ,n. - BeneT K HOBOMy rrpH3HaKY. TaKHM 

06pa30M, BceB03MOlKHble rrpH3:H3'Kli BMeCTe c rrpHBblq:HhIMli ,lI,eI1CT

BH5IMH MeLK,Uy HHMH KaK jI,eI1CTBHTeJIbHbIMH epYHKUH5IMH rrepeMeHHOH 

x ,lI.aIOT YHHBepCaJIbHbIH arrrrapaT onHCaHH5I 'Bcero Toro, lITO CB5I33'HO 

TaK HJIH HH3Qe C :pe3y.TIbTaTaIMH cJIyqatl,Hofo5l'BJIeHH5I HJ1H :MO)KeT 6bITb 

nOJIyqeHO 113 HHX 'C nOMOII.I.bIO JIOrl1QeCKHX, apHcPMeTHqeCKHX H aiHa

JIHTH4eCKHX neI1CTBHH. 

ECJIH g(x);;;::t(x), VXEfE, TO 6yneM rOBopHTb, lITO rrpH3HaK g 
JltaJICopupyer npH3HaK f H nHcaTb !g~t. 3TO 03'HaqaeT, QTO 'KaKoH 6bI 

HCXOJJ, He CJIyLIHJIC5I, npH3HaK g npn:MeT 3HaqeHHC, He MeHbwee npH3

HaKa f. He 0 .III06bIX ,lI,BYX BbI6pa'HHblx rrpI13HaKaX MOMHO BbIHeCTH 

TaKoe cyLKJI,eHHe, qTO cooTBeTcTByeT QaCTHQHOI1 IIX ynop51,UOQeHHocTH. 

CpeAHMe 3Ha4eHHSJ npH3HaKoB. BbIJleJ1I1M OTnCJIhHbIH npH3HaK f 
II paccMoTpHM, KaKlIe CBe,neHH5I MoryT IIMeTbC5I 0 HeM anpHOpl1 (rro

JIara5I, LITO 5IBJIE:'HHe eme He npOH30111JIO :HJIH pe3YJIbTaT era He H3Bec

TeH). IlepBoe - 31'0 06JIaCTb B03MOMHbIX 3HaqeHHI1, orrpeneJI51eMa5I 

BH,Il.OM f (x). 06JIaCTblO 3'HaQeHHll MOMeT 6bITb ,1I.HCKpeTHhIll Ha60p 

quceJI, HanpHMep jI,JI5I HHJI.HKaTOpHbIX rrpH3H3KOB A (x) 3Tb 0 HJIH 1. 
31'0 MOLKeT 6bITh oTpe30K lII1CJlOBOH rrp5IMOI1[ min f, max f] OT MH

HHMaJIbHOro rnin f (x) ,lI,0 MaKCHMaJIhHOrO max f (x) 3HaqeHI15I f· ,IIJI5I 
x x 
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06mHOCTH, yqHThIBa5I, qTO MHHHMyM H MaKcHMyM IHe BCer)1.a AOCTH

raIOTC5I, 3aMeHHeM HX IHa HUepHMyM H cyrrpeMyM: ,[ inf i, sup f]. 
BTopoe - .9TiO ,naUHble 0 cpe,nHeCTaTHCTHlleCKHX CBOHCTiBax TIp1I3

HaKa f. A HMeHHO, O)KH,naeMoe B Cpe)1.HeM ero 3HaqeHae Mf(3)1.eCb 
M OT CJIOBa l\1.EAN - cpe,nHIHiI), Ha3bIBaeMoe TOtlHblM cpeoHuM npU3

HaKa f. 
KaK OHO rrOJIyqaeTCH? CaMoe rrpOCToe - Ha OCHOBaHIIII CHMMeTpIIII 3KcrrepH· 

MeHTa. HanpIIMep, HrpOKll, CKa)KeM, B «opeJI ~ pewKy» XopOWO nOHIIMaIOT, qTO rrpM 

paBHhIX CTaBKax llIaHCbI Ha BbIIIrphIlli II npOIIrpbIlli OjI,IIHaKOBbI, T. e. B cpe,lJ,HeM 

OHM 6Y.LLyT HMeTb HOJIb. B ,lJ,aJIeKOI1 JI.peBHOCTII 6pOCaJIII aCTparaJIbI - KOCTH KO

HeqHOCTet'! .lKllBOTHbIX - II ,lJ,JIH 06eCneqeHII5I «paBHbIX llIaHCOB» Ka:tK,lJ,bIH pa3 napT

HepbI MeH5IJUICb MeCTaMII. 

TOQHble ,CBe,n€lHH5I MoryT HaXO,nHTbC5I 'H3yqeHHeM BHyTpeHHuX Me

XaH1I3MOB HBJIeHHH, ero npnpOAbI, KaK .9TO ,neJIaeTCH B CTaTHCTHqeC

KO}I epH3HKe. B03MOLKHa oueHKa cpe,nHero no pe3YJIbTaTaM npe,UBa

pIITeJIbHOrO orrpoca, npOBeJI,€lnneM Ha6JIlOJI,eHHH, nCKyccTBeHHO C03

AaHlHoro o6yqalOmero .9KCrrepHMeHTa, IHcrrbITaHHH. ECJIU HcrrbITaHH5I 

He3aBHCHMbI H ;rrpOBO)1HTCH B OJI,HHaKOBbIX yCJIOBHHX, TO Cpe,lI,Hee 

6y)J,eT rrpeJI,eJIOM 'Cpe,lI"HerO apHepMeTIIqeCKOrOHa6JIIOJI,aeMbIX 3HaqeHHH 

npH3HaKa npH HeOrpaHHqeHHOM YBeJIIIlIeHHII qHCJIa HcnWTaHHH. 

I-IaKoHeu, npOCTO rro orrbITY, no,lI, KOTOpbIM rrOHHMaeTCH cOBoKyrr

HOCTb rrpHMbIX 11 IKOCBeHHbIX CBe,lI,eHilH 0 HBJIeHIIII, MOlKHO npHMepHO 

3HaTb, lITO O)l{II,lI.aeTCH B cpe,UHeM. B caMOM JI,eJIe, Ka:IKAbIH II3 Hac 

JI,'Ora,UbIBaeTCH, iOKOJIb'KOB Icpe,U'HeM OH rrOTpaTHT BpeMeHH Ha l,Uopory 

K MecTy pa60TbI HJI'II B ,Upyroe MeCTO, KaKOB cpe,UHHH O:IKHAaeMbIH: 

,nOXO,U OT HaMelIaeMoro ,neJIa IIJIH paCXOJI, OT TypHcTHlIeCKOH rroe3,UKR 

H T. n. 
qacTHbIM CJIylIaeM TaKaro TOlIHoro CpeJI,HerO, 'Korna f(x) =A(x)

HH,lI.HKaTOpIHbIH npH3HaK 'C06bITH5I A, 5IBJIHeTC5I BepOHTHOCTb, 0603Ha

lIaeMa5I P (A) =MA (x) (P OT iCJIOBa PROBABII.. ITY). BepoflTHoCTb ~ 
.9TO cpenHee O:IKII,UaeMoe qnCJIO rrOHBJIeHIIH A rrpH He3aBHCIIMbIX nOB

TOpHbIX HCl1bIT3HH5IX, ,UeJIeHHOe Ha lIHCJIO IIcrrbITaHIIH. 

KJIlOqeBblM IBO Bcex npe\,J,bIJI,'Y1UHX p accylKJI,eHHHX 5IiBJlHeT'C5I TO" 

lITO B ICTporOM CMbIC"TJe TOlIHbIe cpenHue (H BepOHTHOCTH) - .91'0 napa

M,€TpbI CTaTHCTHqeCKH YCToi;jlIHBoro HBJIeHHH 11 ,nOCTHraIOTCH OHH yc

penHeHHeM rrpH HeorpaH11lIeHHOM nOBTopeHHH Toro )l{e caMora 5IBJIe

HlI5I B 'He3aBHCHMbIXH YCTOHlIHBbIX yCJIOBHHX. TaK KaK opraHH30BaTb 

yCTOHlI'UBoe nOBTOpeHH€ rrOnqac 3aTpYAHHTeJIbHO, a HeOrpaHHqeHHOe 

tIUCJIO pa3 rrpOCTOHeB03MO:IKHO, TO lIaCTO nonpa3yMeBaeTCH MbICJIH

MbIH HJIH Yl\103pHTeJIbHbIH rrOBTOp. Ho lIT06bI «rrpoHrpaTb» 5IBJIeHIIe 

CKOJIbKO-TO pa3, npOneJIaB 3TO IB yMe HJIII C nOMOmblO 3B2Vl, Hy)KHO 

60JIee lIJIH MeHee TOlIHO 3HaTh <pH3HQecKYIO Mo,neJIb HBJIeHIIH, ero 

rrpHpo,Uy. TaK, II B CJIyqae cIIMMeTpIIlIHoH MOHeTbI, ee He 06H3aTeJIbHO 

Ilon6paCbIBaTb, rrOCKOJIbKY IITaK HCHO, lITO B cpe,UHeM lIHCJIO OpJIOB, 

,lI.OJI}KHO paBHHTb'C5I qIICJIy peweK. 31'0 KJIaCCHqeCKHH rrpHMep .IT.JI5I 

onpeneJIeHHH TOlIHoro :CpenHero. 

Ho rrpaKTHKa He BCerJI,a BTOpHT TeopHH, a ,neHCTBHTeJIbHOe - Me-, 

JIaeMoMy. PeaJIbHble HBJIeHHH lIaCTO TaKOBbI, lITO HX BHyTp€JHHHe Me

Ji2 

xalHH3MbI AOKOHua He no,U.naIOTCH UCCJI'enOBaHIIHM, orrbITbI yHIIKaJIb

HbI, ,nx nOBTopbI HeYCTOHlIHBbI, a rrpenBapHTeJIbHble Ha6JIIO,lI,eHIIH 

orpaHlilIeHbI. B Ipe3YJIbTaTe TOqHOe cpe,IJ,Hee OCTaeTC5I KaK HneaJIhHOe 

rrOHHTHe, AOCTliraeMoe B rrpe,U,e.ne, InpHMeHeHHe KOToporo conpOBOiK

,naeTC5I MHoriHMH«BOT eCJIII 6bI» HJIH «nycTb...». 

HHTepBaJlbHble cpe)l,HHe H BepOSlTHOCTH. reHepa,l1bHa5I Ballla MbIC.lIb 

TaKOBa, lITO He TOJIbKO HeYCTO}!qHBOCTb 5IBJIeHHH, HO H JII06aH He

a6COJIIO''DHOCTb CTaTHCTlilIeCKHX 3HaHHH (He,UOCTaTOlIHOCTb, HeTOlIHOCTb, 

orpaHIIlIeHHOCTb), CBOHCTBeHHaH nOqTH BceM peaJIbHbIM 3a,lI.arqaM, 

eCTeCTBeHHO BhIHY:IKnaeT nepeXO):L K IIHTepBaJIhHhIM rrOH5ITH5IM. P ac

lllUpHM nOHHTIIecpe,nHero, OTKa3aBlllHCh OT ero orrpe.neJIeHHH KaK 

lIHCJIa. 
HHTep8aAbfiblM CpeOHUJ1, npU3HaKa f Ha3bIBaeTCH OTpe30K lMf, 

Mf] C rpaHHIl,aMH Iv1f - HUJlCHUJI;I cpe8HUM H Mf - 8epXfiUM cped

HUM. B qaCTHOM CJIylIae paBeHCTBa k1f=Mf=Mf HHTepBaJIbHOe cpe.n

Hee rrepeXO,UIIT B TOtlflOe II 0603HaQaeTCH 6e3 lIepTOlIeK. ,IlpyroH 

tIaCTHbIH CJIyqaH, KOrJI,a rpaHHIl,bI HHTepBaJIbHOrO cpe,nHero 'COBna.uaIO'C 

C MHHllMaJIbRbIM H M3KCIIMaJIJ:jHbIM 3HaqeHIIHMH epyHKUHII : Mf = inf f, 
Nif=sup f. 3TO 03HalIaeT, liTO ocpe,UHeM OMHnaeMOM 3HaQeHIIII npH3

HaKa ,f HIIll'erO HeH3BeCTHO. OHO JII060e B npoMe:IKyTKe 3HaqeHHH f· 
3.neCb Y:IKe He Ba)KHO, YCTOHlIHBO HJIII HeycTOHqHBO 5IBJIeHIIe, MOLKHO 

JIll lopraHII30BaTb InOBTopbI IIJIII HeT: HlP-ITO eCTh HUqTO. 

TaKHM 06pa30M, HHTepBaJIbHOe cpe,II.Hee [Mf, Mf] ,UaeT lIIHPOKHH 

OXBaT OHncaHHH cp,en,neCTaTIICTIIlIeCKHX CBOHCTB rrpII3HaKOB OT nOJI

Horo He3HaHHH,Uo TOqHOrO 3HaHH5I \Cpe~'Hero. l1HTepfIlpeTHlp,OBaTb er'Q 

MO)KHO rro-pa3HOMY. 11 KaK ,UHana30H B03MO:IKHhIX 3HalIeHllH cyme.. 

CTIBYlOluero (HO He'H3IBeCTHoro) Toq'HOrO 3HaqeHHH Mf B ,CTaTIfiCTHqeC\KH 

YCli OH;qUBOM 3KIOnepHMeHTe H KalK \13BeJ,eHHe 3amHTHoro ,UOIlYICIKa Ha 

Mf OT HeycToHlIHBOCTII 5IBJIeHIIH. 11 'Boo6me, KaK 60JIee o6mee nOHH

THe, ll'eM ToqHOe cpenHee, KorJI,a rrOCJIe,UHee B CHJIy yrroMHHyTbIX 

paHee 06CTOHTeJIhCTB He onpe,UeJI5IeTCH. Ba:IKHO TO, LITO B 01'JIHlIl1e 

OT TOqHOrO HHTepB3JIbHOe epeJI,Hee Bcerna cymecTByeT XOTH 6bI rro

TOMy, lITO Bcerna HMeeTCH B03MO)l{HOCTb rrepexona K Kpa:HHeMy CJIy

qaIO nOJ1Horo Ha3B3HHH 3Toro cpe,UHero. 

TIPli f (x) =A (x) HHTepBaJIbHOe cpenHee npeBpamaeTC5I B :HHTep .. 

BaJIbHyIO BepOHT'HOCTb [P(A), P(A)]; P(A)=MA, ]5(A)!=MA. Ha 
rrpOCTeHlI1HX npHMepax npOHJIJIlOCTPHPYeM HeKOTophIe ee HHTeprrpe

TaUJ1iH. 

IT P II M e p 1.1. ITYCTb HMeeTCH aCTpara.,1: (KOCTb KOHeqnOCTII )KIIBOTHoro) c 

qeTblphM5I COCT05IHIIHMII npll 6pocaHllH. ITOH5ITHO, tITO TOLJHble Bep05ITHOCTII Rcex 

9TIIX COCT05IHHH cymecTByIOT. Ho qTo6bI HafiTll HX, Tpe6yeTcH 6eCKOHetIHO ,lJ,OJIrHU 

3K~nepHMeHT. ITo orpa'HHQeHHOMY 3KcnepIIMeHTy MO:tKHO oueHIITh Bep05ITHOCTH JIHllIb 

rrpU6JIII2KeHHO B Bll;:Le HeKOTopbIX ,lJ,OBepllTeJIbHbIX IIHTepBaJIOB 3HaQeHHH. 31'0 H 

6y,lJ,YT ,HHTepBaJIbHble BepOHTHOCTH. 

TI p II M e p 1.2. I1MeIOTC5I ,UBa O,UHHaKOBbIX C BH,lJ,Y Ky6HKa C HaneceHHbIMH Ha 

rpaH5IX 01' 1 ,UO 6 OtIKOB. ,UJIH cIIMMeTpIIQHOrO Ky6IIKa BepoHTHoCTh BbIIla,UeHIUI 

O)J,HOH rpaHH, CKa)KeM wecTepKII, paBHa 1/6. Y )J,pyroro )Ke Ky6IIKa u.eHTp T5DKeCTH 
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CMemeH B CTOpOHy, npOTHBOnOJI02KHylO rneCTepKe (B Cpe,lJ,HHe BeKa no BUOJIHe 

nOH5ITHOH: XHTpOCTH B Ky6uKH 3aJIHBaJIH iKyCKH MeTaJIJIa), H Bep05lTHOCTb Bbrna,lJ,e

BH5I rneCTH OqKOB CTaJIa 60JIbrne 1/6: pa> 1/6. HeH3BecTHo, KaKOH: H3 Ky6HKOB H 

B KaKOH: :uOCJIe,lJ,OBaTeJIbHOCTH rrO,lJ,CTaBJI5IeTC5I B Hrpe. Tor,lJ,a Bep05l'f1HOCTb rneCTep'KH 

6Y,lJ,eT HHTepBaJIbHa51 [1/6, P6]. IlpH YBeJIHqeHHH nOBTopOB 3KcnepHMeHTa OTH02H

TeJIbHa51 qaCTOTa rnecTepoK B pa3Hblx CepH5IX MO:tKeT CXO,lJ,HTbC5I K JII060My qHCJIy 

H3 3Toro HHTepBaJIa. 3,lJ,eCb HeycTOH:qUBOCTb BbI3BaHa BMernaTeJIbCTBOM qeJIOBeqeC

Koro epaKTopa B BH,lJ,e cOBeprneHHo HeH3BecTHoll cTpaTerHH rrO,lJ,CTaHOBOK. lipH H3

BeCTHblX cTpaTerH5IX MHTepBaJI cY.lKaeTC5I BnJIOTb ,lJ,0 TOqHbIX 3HaqeHHll (KOr,lJ,a 6e

peTC5I Ky6HK O,lJ,HOrO THrra). 

IT p H M e p 1.3. TIyCTb MOHeTa He 6pocaeTC5I, a O,lJ,Ha HJIH ,lJ,pyra51 ee CTOpOH3 

nOKa3bIBaeTC5I HeKOTopbIM cyO'beKTOM. 3TO 6Y,lJ,eT ,lJ,eMOHcTpaUHeii CTaTHCTHqeCKOH 

HeycTOHqHBOCTH B cBoeH rrpHpO,lJ,e qeJIOBeqeCKOrO epaKTopa ,LI,a:tKe IlpH rrOJIHef'IweM 

.lKeJIaHHH ,lJ,eJIaTb rrOKa3 He3aBHCHMO a paBHOB03MO:tKHO. ECJIH 3)1,eCb H MO:tKHO 

OIlHcaTb Cpe,LI,HeCTaTHCTHqeCKHH: pe3yJIbTaT, TO JIHilib HHTepBaJIbHOI1 Bep05lTHOCTbIO 

(3aBHC5Imeil OT rrCHXHqeCKHX oco6eHHOCTeH cy6'beKTa). 

MaTeMaTH4eCKaSl MO,1l.eJIb SlBJIeHltSl. Ma1'eMa1'HqeCKa5I" Mo,neJIb 

31'0 enHlHioo6pa3H35I YIJI.06HaH LI,JIH pa3pa6oTqWKOB .cUMIBOJIbHaH epopMa 

onacaHHH pe3YJIbTa1'OIB HBJIeHHH C'OBiMeCTHOC npHcymHMH HM 33IKOHO

MepHOC1'HMH. Ilpe,LI..bI,LI..ymHMH paccy2K,UeHHHMH MbI nO,UOIIIJIH K ee 

nOHHMaHHIO. 11MeeTC5I rrpOC1'paHC1'BO ge 3JIeMeH1'apHbIX HCXO,UOB, a 

'Ha HeM onpe,neJIeHO HeHCQHCJI'HMOe MHO:iKeCTBO qUCJIOBbIX np'H3IHaKOB, 

O,UHH IH3 KOTOpbIX MaMopHpyIOT npyrHe, MaMopHpyI01'CH Tpe1'bHMH 

IIJIH HX JIHHe~IHbIMH KOM6HHaUHHMH H T. n. ,llJIH Bcex a6COJIIOTHO 

OrpaHHqeHHbIX npH3HaKOB f, KJIaCC K01'OpbIX 0603HaQHM fFoo = 

= {f : sup If (x) 1< JO}, cymecTByIOT HHTepBaJIbHble Cpe,LI..HHe MY, Mt 
x 

BHy1'pH npoMeMyTKa 3HaqeHHI1 f. Ho 31'oro MOMeT OK33aTbCH eme 

MaJIO. 

Mo,UeJIH 'C1'3HyT 60JIee YHHBepCaJIbHbIM'H, eCJIH H36Hpa1'eJIbHO ,UO

nycKaTb cymecTBoBaHHe cpe,UHHX Ha HeKoTopbIX HeOrpaHHqeHHbIX 

np:H3HaKax. ,ZlJI5I pH,Ua npH3HaKoB 3TO eeTeC1'BeHHO: 1'aK, eCJIH rrpH3

HaK f He OrpaHHqe,H CHH3Y, HO orpaHH4eH cBepxy sup f = H< 00 qHC

JIOM H, TO BepXHee CpeLI,Hee Nif He MOMeT 6bI1'b 60JIbWe H, n03ToMY 

cymecTBye1'. 111'aK, HMeeM 1\11<00 Ha KJIaCCe fF(j= {f: sup f<oo} 
BcexOrpaHHqeHHbIX cBepxy epyHKUHI1. AHaJIOrII4HO, HHMHHe Cpe,LI..HHe 

Mf cymecTByI01' Ha KJIaCCe (-fFo) (nOJIy4ae1'cH H3 fFo rrepeMeHHo~I 

3HaKa epyHKIIHH) Bcex OrpaHHqeHHbIxcHH3Y epyHKUHH. HYMLI,bI npaK

THKH np'll HX c1'poroM oepopM.neHHH Tpe6y101' B ueJIOM p5I,ne 3a,Uaq 

cyll-LecTBOBaHHH cpe,UHHX Ha 60JIee WHpOKHX KJIaCCaX HeOrpaHHqeH

HbIX npH3HaKOB. 

Ha30BeM KJIaCC fF npH3HaKOB, Ha KOTOpOM onpeLI,eJIeHbI Mf< 00, 

o6AacTb1O cyu~ecTBOBaHUJl BepXHUX cpeoHux. MbI yBH,UHM ,LI..aJIee, qTO 

rrepeMeHa 3HaKa y npH3HaKOB npHBene1' K KJIaccy (-fF) , !Ha KOTO

pOM 6y,Uy1' cymec1'BoB3Tb Hlf)KHHe cpe,UHHe: ~f, fE-fF, a Ha HX 

rrepeCeqeHHH 6y,LI..y1' H Te, H ,UpyrHe, T. e. HHTepBaJIbHble cpe,UHHe. He 
HCK,lIIOQae1'C5I PT:=fFo, HO 3TO 6y,ne1' caMbIH Y3KHH B03MOMHbII1 KJIacc. 
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ECJIH 3'T0 60JIee IllHpOKHH KJIaeC, TO PT ,UOJILKeH y~OBJIeTBap5ITb TpeM 

CBOHeTBaM: 
Cl. gEfT, f~g*fE[T; 
C2. fE.[T, c, b+EI1l, b+,?O*b+f+CEg-; 
C3. f, gEPT*f+gEPT. 

(OqeBH,nHo, ,UJI5I PT0 Bce OHH BbIIIOJIH5IIOTC5I.) 113 nepellHCJIeHHbIX 

CBOHC'TB CJIe,Uye1': 1) CEPT, f,Ue C eCTb npH3HaK, npHIHHMaIOmHH noc

T05IHHOe 3HaqeHHe C (nOJIy4ae1'C5I H3 C2 npH b+==O); 2) fT-::::JfFo 
k 

(n3 Cl HI); 3) fiEfF, i=l, ... , ,k*c+ ~ b+ifiEfF, r,Ue nJIIOC 03Ha
i=1 

qaeT HeoTpHuaTeJIbHOCTb qHCeJI b+i ~ o. IlocJIe,UHee CBOHC1'BO Ha3bI

Bae1'C5I nOAyAuHellHocTbfO, a KJIaCC fF co CBoHc1'BaMH Cl, C2, C3
nOJ1YJlUHeUHblM . 

Ma1'eMaTHQeCKa5I Mo,UeJIb HBJIeHH5I BKJII-oqaeT B ce65I: a) npocT

paHcTBo ge 3JIeMeH1'apHblx C06bITHH, 6) nOJIyJIHHeHHbIH KJIaCC g
npH3HaKoB (eCJIH OH IlIHpe fFo), B) cpe,nHHe Ha HeM; a Bce BMeCTe 

91'0 {&l?, fT, M, M} HJIH {ge, M, M} IIpH BT=f?To. ITepe~I,ne11 K OCHOB

HOH qaCTH Mo,UeJIH: Tpe60BaHH5IM K M II 1)1. 

AKCHOl\1aTHKa. Cpe,UHHe Mf, Mf pa3HbIX npH3HaKOB ,LLOJI)KHbI Ha" 

XO,nH1'bC5I B orrpe,rr.e,neHHoH B3aHMHO~I rrponopUHH (ycTaHaBJIHBaeMOH, 

HanpHMep, H3 rrpHMepa 1 :HJIH 2 BBeneHH5I). TIPE npHH5I1'OM HaMH 

IIOj(xo,ne, B hOTOpONI cpenHHe 5IBJ15HOTC51 ca~v10CTOHTeJIbHbIMH cOCTaB

JIHIOIll.H1VIH MO,D,e.TII1, O1'HOllleHH51 Me}Kny cpe,UHHM:I1 ,UO.H)KHbI noc1'yJIH

poBaTb C5! . (~ p e)lHOTH0 ille HH 11 Hy)KHOBbI,II,e.Tl 11 T b 0 CHOB0 IIo.n a r a 10l1JJie, 

Ha3bIBaeMble QKCUO.iHaMU, 1'Ofna ,UpyrlIe CTaHOB51TC51 BbITeKaIOl1JJIMH H3 

aKCHOM CBOI1CTB2MH. BaLKHO, CKOJIbKO 3a,n3Tb 3KCI10l\1. 
ECJIH aKCHO?\1aTIP-IeCKH CBH3aTb cpenHHe cpa3Y CJIHIllKOl\1 )KeCTKH

MH OTHOWeHHrIMH, TO 31'0 ICY3HT K.n3CCbI B03MO)KHbIX MOJ1,eJIeH. Jlyq

we C03,UaTb Ka K MO)KHO 6oJ1ee CBOOO,UHyIO KOHCTpyKUHIO, rIMeH B BH

,ny, qTO yCHJIeHHe BcerJla ,UOC1"IDKHMO BHe,UpeHHeM ,nonO.TIHH1'eJlbHbIX 

CBOI1CTB BHYTPb KOHKpe1'HOH Mo,neJIH HJ1H K.nacca Mo,UeJIei1. TaKHM 

06pa30M, aKCHOM ,UOJ1)KHO 6bI1'b no B03MO)KHOCTH MeHbwe,. HO qTo6bl 

OCTaTbC5I B IpaM'lKax qH13HLIeCKOI1 IIHTepnpeTIIpyeMocTH MO):I-e.HH (HHaLIe 

B03HHKHeT HOBaH TeOpH5I). 

A K C HOM bI Ie p e,n H II X. ,IlJIH Vf, gEf!T: 
AI. g~f==>-Mg~Mf; 
A2. M(b+f+c) =b+Mf+c; Vb+~O, CEfJl; 
A3. M(f+g) ~Mf+Mg; 
A4. M(-f) =-Nif· 

3,Uecb C1'peJIKa ==>- 3aMeH51e1' CJIOBO «cJIenye1'», a nJIIOC B BepxHeM 

HH,UeKce YKa3bIBaeT Ha Heo1'pHua1'eJIbHOC1'b qHCJIa. 06Cy,UIIM aK

CHOMbI. 
Al - a K C HOM a COX P a H e H II 51 n 0 p 51 ,U K a: (eCJIH npn3HaK' 

g MaLKopHpyeT f, TO BepXHee cpe,UHee y Hero He MeHbllIe, qeM V f· 
HHaqe II He MOMeT 6bITb, 1'aK ,KaK 3Ha4eHH5I g Bcer,Ua 6Y,UYT"MeHb

me f. 
A2 - aKCIIO:Lvla TI'epe'Hoca: yMHoMeHHe npH3H3Ka f Ha He

O1'pHuaTeJIhHOe qHCJIO H npn6aBJIeHHe K Heily JII060ro nOCT05IHHOrO 
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'QHCJIa rIpHBO)]HT K TaKHM iKe onepaUll5IM RaJ( Mt. 9TO rrOH5ITHO, n60 
-TaK npeo6pa3yeTC5I Ka:IK,lLOe 3Ha4eHlle npH3HaKa. 

A3 - a K C II 0 Man 0 JI Y a ,lL,lL II T II B HOC T H: BepXHee Cpe,lLHee 

OT .CYMMbI npII3HaKOB He 60JIblIle CYM~MbI iHX BepXHHX cpe,lLHHX. B ca

MOM neJIe, ,lLJI5I CYMMbI O,lLHHaKOBbIX npH3RaKOB t+f Ha OCHOBaHIIH 

A2 npn c=O, b+=2 6yneT CnpaBe)lJI'HBO paBeHCTBO: M(f+f) =Mf+ 
+Mf. 3TO KaK ,pa3 CJIy4aH :«CHHepa3Horo» CJIO:IKeHH5I, KOr,lLa nOJIO

)K'HTeJIbHa5I lIaCTb CKJIa,lLbIBaeTC5I C TaKoff :IKe nOJIO)I{HTeJIbHOH, OTpH

uaTeJIbHa5I - C OTpHuaTe.llbHofr. B 06meM, CJIO.IKeHHe pa3HbIX npII3

HaKOB He 6Y,lLeT Cl1Hepa3HbIM, 4TO II 'Be,rr,eT K YIVleHblIleHHIO M (f -'I g) 
no cpaBHeHHIO C Mf+Mg. 

A4 - a K C HOM a 0 6 P a Ill, e H 11 51: O;:I,H03Ha4HO CB513bIBaeT HH)I{

BHe cpen,HHe C BepxHHMH, ,rr,JI5I 4ero y npH3HaKa MeH5IeTC5I ;3RaK. CJIe

)lyeT H3 Toro, 4TO )J.JI5I JII06oro HHTepBaJIa 1m, in] TIpH nepeMeHe 

3HaKa rpaHHL~bI MeH5IIOTC5I' MeCTaMII: \[-fii, -~]. TIo 3TOM aKCIIOMe, 

KOJIb 'CKOpO Ntf onpeneJIeHbI Ha [7', TO Nlf 6YllYT onpe,rr,eJIeHbI Ha -fT. 
l(oHe4Ho :IKe, ,rr,eJIO «BKyca», Kal{He H3 paBHOCHJIbHbIX CBOI1CTB 

Cpe1J.HHX 6paTb B KalIeCTBe aKCHOM, n03TOMY CJI,eJIaHHbIM BbI60p He 

Hy)K,ZI,aeTCH B 06CY)K,lLeHHH. 

Onpe,ll.eJleHHe HHTepCClJIbHOl1 Mo,n,eJIM Cpe,lJ,HHX, OCHOBHbIe CBoHCTBa. 

HHrepBa.1bHOU JHoOe.llbl0 cpeOHUX (coKpameHHo, 11M.) Ha3bIBaeTCH 

cOBoKynHocTb BepXHHX Cpe)lHHX Nit H3 3a,rr,3HHolr 06.TlaCTH HX cyme

'CTBOBaHH5I fE[F (y.uoBJIeTBOp5IIOmeH C'BOHCTBaM CI, C2, C3) II HH:IK

HHX CpeJlHHX Mf, fE-fT, C02JlaCOBaHHblX M:e.IK,rr,y c0601f B TOM CMhIC-

JIe, lITO y,rr,OB.7IeTBOp51IOTC5I aKCHOMbI Al coxpaHeHH51 nOp5l,lLKa, A2 ne
peHoca, A3 rrOJIyan)J.HTHBHOCTH E A4 o6pa~'eHH5I. I1HTepBaJIb(Ha5I MO

~eJIb cpe.llHHX 0603HalIaeT'C5I JfHJIH <NifF). 
HenocpencTBeHHo H3 aKCHOM BbIBO,lIJITC5I TaKHe CBOHCTBa (noJIa

raeM rrpH3HaKH 113 COOTBeTcTByIOLUHX 06JIaCTeH cymecTBOBaHH5I): 

1. Al (b+f-t-c) =b+Mf+c (CJIenyeT 113 A2 nepeMeHHOH 3Ha'Ka H A4); 
2.	 nJIH JII06bIX KOHCT3HT Mc=c (H3 A2 H 1 TIp11 b+=O); 
3.	 M(t+g)~j"1f+Mg· (II3 A3 H A4);
 

-k k - 

4.	 M~fi~LMfi - BepXHH5I rrOJIy3,rr,)lHTHBHOCTb (H3 A3 no HH,UyK
1 1 

ll.HH) ; 

5. M~fi~~Mfi - HH)KHH5I nOJIy3,rr,,rr,HTHBHOCTb (H3 3 no HH,ll.yK-

I~HH);- 

6.	 Mf~Mt (A3 11 A4*O=MO=M (f-f) ~Mf-Mf); 

7.	 t~g=>-Mf~Mg (113 Al rrepel\1eHHOH 3HaKa .epyHKUHH H A4); 
8.	 inf f~j~lf, Mi~sup f (H3 7, Al II 2, 'TaK KaK inf f~!f~sup f); 
9. IMlf=max{I A1fl, Ij\1fl}~lVIlfl (TaK KaK ±t~lfl*Mf~ 

~Mlfl, -Mf~Mm, 3,UeCb IMI - HOBoe ooo3Ha4eHHe, n33bI

BaeMoe M:aKCH:r-v1aJIbHhIM rro MOLLYJIIO cpe,nHIIM); 

10. M(f+g)~A;Jf-+-A/jg~i\li(f+g) -nCeB)103JIJI:HTHBHOCTb (H3 3 If 

A4 Mf=M[ (t+g) -Ig] ~M (f+g)-Mg; H3 A3 H A4 JWg=iW[ (g+ 
+I)=f] ~M (g+f)·-Mf);
16 

11. Mg T04Hoe =>-M(f+g) =Mf+Mg; M(f+g) =Mf+Mg ('H3 A3, 
3 H 10); 

k k 
12.	 M ~ Ii = ~ Mf,i '- KOHe4Ha5I a,n)J.HTHBHOCTb TOqHbIX cpe,nHHX 

i=l i=l 

MJi' i= 1, ... , k; 
13.	 HenpepbIBHoCTh cpe,nHHx no OTHoweHHIO K paBHoMepRoH TIpH 

n-+-oo	 CXO,rr,HMOCTH ¢YHKuHlt: 

sup Iin (x) -f (x) I-rO*Min-rMf, Mfn-+Mf 
x	 - 

(TaK KaK IMin-Mf I H jMfn-Mfl He npeBbIlIlaIOT SUPlfn-fl). 
11TaK, II3 aKCHOM nOJIYlIeHbI TaKue eCTeCTBeHHble CBOHCTBa, qTO 

HH)E:Hee cpe.uHee iMI He 60JIbille 'BepxHero 6 H He MeHblIle HH)I{HeH rpa-

HE epyHKUIIH 8. ,UJI5I .iVIf TaK:lKe cnpaBe,nJIHB 3aKOH nepeHoca 1. CBoii
CTBa 3, 4, 5, 10 - rrOJJ..MeHa ICBoHcTBa a)J.,nHTHBHOCTI1 12, CnpaBe,lJ.JIH

Boro ,lI,JI5I TOlIHbIX CpeJI.HI1x. 

cDOpMaJlbHO orrpeneJIHBYIM, MbI nOKa He YKa3aJIH KOHKpeTHO, lITO 

rrpe)lCTaBJl5IeT C060H 06JIaCTb cymeCTBOBaHH5I [F BepxHHx Cpe)lHHX H 

HaCKOJlbKO OHa :MO.IKeT 6bITb lIlHpe IT'o. OrpaHHlIHJIHCh TOJIbKO ee CBOI1

CTB3MH nOJIyJIHHeHHOCTH CI, C2, C3. KOHKpeTH3aILH5I f!T 6y,rr,eT npo
1I3Be,rr,eHa TIOCJIe Toro, KaK MbI n03HaKOMIIMC5I C YiHHBepCaJIbHbIM cno

C060M 33,rr,aHH5I I1N1, K KOTOpOMy H 06paTHl\tlC5I. 

1.2.	 npO~OJI)I(EHI1E nEPBl1lfHhlX CPE,nHHX 

BCTynJleHHe. YTHJIHTapHble ,lJ.OCTOHHcTBa TOM HJIH HHOH TeopHH, Tex 

H.J1HHHbIX Mo,rr,e.rlei1 H MeTO,lLOB onpe,rr,eJI5fIOTC5I no TpeM OCHOBHbIM 

Harrp3BJIeHH5IM: 

1) YHHBepC3JIbHOCTh -HaueJIeHHOCTb Ha pa60Ty C lIlHpOKHM 

KJIaCCOM 06'heKToB HJIH 5IBJIeHHH; 

2) y,rr,06CTBO 11 fH6KOCTb anrrapaTa, nO)J.aTJIHBOCTb K yrrpomeHII5IM, 

rpy6bIM npHKH,rr,KaiVI; 

3) npocToTa H eCTeCTBeHHOCTb rrepeBO,lLa «5I3bIKa 5IBJI~eHHH» na 

5I3bIK a,lI,eKBaTHbIX HM MO)J.eJIeI1: <II epH3H4ecK3H HHTepnpeTIIpyeMocTb 

nap3MeTpoB MOneJIH. 

Bo MHorOM HarrpaBJIeHH5I rrepeKJIHKaIOTC5I Me.IK,Uy c06oli, HO CKO

pee 3TO TpH nOXO.IKHX 3aHU3, 6erYIl1,HX B pa3Hble CTOpOHhI. 3a)lep:tKHM 

B3rJI5I,U Ha nOCJIenHeM. 

Y l\fo,rr,eJIH ,UOJIMHbI 6bITb BbI,rr,eJIeHhI npHopHTeTHble, rrepBH4'Hble 

nap3IVleTpbI, CBH3bIBaIOllLHe ee ,C 51BJIeHHeM, B3PbHPY5I qHCJIO 'H 3Ha

qeHH5I KOTOpbIX, MO)KHO ,nOCTHlIh a,rr,eKBaTHOCTH MO)leJIH, rro,no6Ho 

npIl6opy, rro,rr,KpylIHBa5I pYQKH KOToporo ,n06HBaIOTC5I HacTpoHKH. MbI 

TIOK3)KeM, 4TO JII060H Ha60p npII3HaKoB C 3a,rr,3HHbIMH ,rr,JISI HHX cpe,n

HHMH (T04HbIMH HJIH pa3MbITbIMH, 'B BH,lJ.e HHTepBaJIa tIJIH O,UHOH rpa

HHll.bI) l\10)KeT HrpaTh pOJlb rrepBHlIHbIX napaMeTpoB 111\'1. 3THM pe

3YJIhTaTOM y611BaIOTC5I Bce TpH 3aHua: yHHBepCaJIbHOCTb ,rr,OCTHraeTC5I 

3a C4eT pa3Hoo6pa3H5I Bw60pa nepBH4HwX rrpH3HaKoB, a rH6KocTb II 

HHTeprrpeTHpyeMocTh - BbI6opOl\1 HX lIHCJIa II BapbHpyeMocTH rpa

HHl( HHTepB3JIbHhIX cpe,rr,HHx, CMbICJI KOTOpbIX HaM y:tKe IH3BeCTeH. 
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nepBHlJHble npH3HaKH H Cpe,ll,HHe. IlycTb ~* - Ha60p nep8uttflbLX 

npUSHaK08. HeBaLKHO, KaKOR OH, KOHeQHbIR HJIH 6eCKOHeQHbIH, co
CTOHT H3 OrpaHHQeHHbIX rrpU3HaKOB HJlH HeT - 3TO Borrpoc npHJIO

LKeHHH. Ka:tK,UbIH H3 3TIHX npH3HaKOB gEC§* eCTb <PYHKUH5I g (x) rre

peMeHHOH x, npo6eralOmeR MHO)KeCTBO f!)J 3JIeMeHTapHbIX nCXO,UOB, 

rr03TOMY OHH Ha3bIBalOTCH TaK)Ke rrepBHqHbIMH <pyHKUHHMH. ,UJIH 

KaLK,Uoro ,rrepBUqHOrO rrpH3HaKa gE~* 3a,lLaHbI HHTepBaJIbHble rrep

BHqHble cpe,UHHe Mg, Mg HJIH O,lLHO H3 3THX 3HaQeHHH. BOJIHHCTaH 

qepTa nO,U4epK'HBaeT IHe CTOJIbKO TO, qTO .3TO rrepBHqHble cpe,UHHe, 

OKOJIbKO TO, qTO OHH lVloryT 6bITb B 06mel\1 He IcorJIaCOBaHbI Me)K'uY 

C060R B CMbICJIe BblrrOJIHeHHH aKCHOMaTHqeCKHX CBOHCTB AI, A2, A3 
H A4. H ,eo6H3aTeJIbHOCTb KOHTpOJIH COrJIaCOBaHHOCTH ,naeT orrpe,Ue... 

JIeHHYlO.BOJIbHOCTb, yrrpomalOmyIO rrpoue,Uypy 3a,UaHHH rrepB11LIHbIX 

cpe,UHHx, a 3HaqHT, H caMHX Mo,neJIeH. 

,llJIHg MO)KeT 6bITb H3BeCTHO Mg IH (HJIH) Mg, rrO.3ToMY BbI,LI.eJIHM 

113 Ha60pa C§* ,UBa ,fIo,nHa6opa: BepxHlII1 C§B' Ha KOTOpOM onpe,UeJIeHbI 

~Mg, H HH)I(HHH C§H C JVlg. Ha EX nepeceLIeHHH ~BnC§H 3a,Ual1bI H Te,. 

E ,Upyrne, .T. re. nepBHqHble IIHTepBaJIbI Mg, jVfg cpe,UHHX. 

HH)KHHI:i nepBlfl-lHbII':r nO,UHa60p C§ H MOMeHTaJIbHO 06pamaeTCH B 

BepXHHiL ,lJ,JI5I 3Toro, OTIHpa5ICb Ha A4, onpej.LeJIHM Ai (-g) =-Mg, 

H, TaKHl\1 06pa30M, BMeCTO Ig C 33,Q3HHbIl\1 HH)I{HHrvr CpejLHHM Mg 

H:rvleeM epyHKUHlO C npo"THBOrrOJIO)KHbIl\1 3HaKOl\1 gr= -g C 3a,UaHHbIM 

Ha HeM y)Ke BepxHHM Cpe)lHHM, paBHbEvl .li\Jg1 = -Mg. TIo,UBepraH 

yKa3aHHoMy o6parueHHlO Bce gE~H' HCXOjlHbIH Ha60p ~* nepeBo,UHM 

B 3KBHBaJIeHTHbIH BepxHHH nepB11LIHbII1 Ha60p ~ =~BU ('-~H). Tenepb 

3a,LLaHHbIM CLIHTaeTCH iV!g, llErg. TaKoe npHBe,UeHHe, nO)lLIac Hey,Uo6

Hoe C n03HUHH eCTecTBeHHoli HHTepnpeTHpyeMocTH napaMeTpoB MO

,UeJIH, OKa3bIBaeTCH TeM He MeHee BeCb~v1a y,U06HbIM ,U.;151 yH11epHKaUHH 

H ynpOIll,eHH51 3anHCH epOpMyJI. 

HeCMOTp51 Ha OTCyTcTBHe 'Tpe6oBaHIiH corJIaCOBaHHOCTII, nepBUq

Hble BepXH11e cpe,UHHe Mg, gEc;g, HeJIb35I 3ajLaBaTb COBceM npOH3

BO.TIbHO, TaK KaK S:TO MOllieT I1pHBeCT11 K rrpOT11BOpeLIHIO (CKallieM~ 

g (X) ~O, a lUg<O). 
IlepBIILIHble cpe,UHHe jwg, gECS, Ha3bIBalOTCH HenpOTUBOpettU8bL

MU, eCJllI np11 JIIo60M KOHeLIHOM BbI60pe giE.;§, LIHce.TI C+i~O 11 c,. 

TaKOM, qTO C+ ~C+igi (x) ~O, 'HMeeT MeCTO C+ 22C+iMgi~O. IlpH3Ha

KH B JIeBOI1 qaCT11 nepBoro HepaBeHCTBa Ha30BeM BTOPUtlHblMU. 

0603HaLIlIIvI p+rg= {g(x) =c+ l:C+igi(X) , giEC§} - iKJI3'CC Hcex 

B03MOLKHbIX BTOPHQHbIX npH3HaKOB, T. e. KOHeqHbIX JIIIHeHHbIX KOM" 

6HHaUHH nepBHqHbIX epYHKUIiH gi C HeOTplIuaTeJIbHbIMH npH HHX K03ep

<piHUHeHTaMIi C+i H npOH3BOJIbHbIM CBo6o,UHbIM qJIe'HOM c. Ha30BeM 

2+~ nOAYAUlietlflOU 060AOtlKOU ~ (HJIH no.nyJIHHeHHOH KOl\16HHaUHefI 

rrplI3HaKOB ~) H, rrOJIb3YHCb aKCHOMOH A2, epopMaJIbHO nepeHeceM Ha 

Hee 'nepBULIHble cpe,nHHe 

Mg=M (c+ ~ ct gi) == C+ ~ ct MgiJ gE:l+ ]. (1.1) 
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Tenepb Tpe60BaHHe HenpoTHBOpeqHBOCTH epOpMyJIHpyeTcH CJIe,nyIO
lU11M o6pa30M: 

+ '-' 
0~gE2 ; ==>-NIg> 0, 

T. e. ,UJI51 BTOPHqHbIX npH3HaKOB g, npHHHMaIOIIJ.HX TOJIbKO HeoTp,H:u.a 

T~JIbHble 3HaLIeHHH, BepxHee cpe,UHee (3a,naHHoe, npeo6pa30BaHHoe 

H3 HHLKHerOHJIH nepeneceHHoe C ~ IRa 2+~) He ,UOJILKHO 6bITb OTpH

r.r.aTeJIbHbIM. He06xo,UHMOCTb HenpOTHBOpeLIJ1iBOCTH He Tp'e6yeT rr05IiC

HeHHi:LHHlKe IHa npHMepax 6Y,lI.eT ,nOKa3aHO, BO LITO OHO BbIJInBaeTCH. 

TIepeXO,UHM K OCHOBHOMy pe3yJIbTaTy. 0603HaqHM f!T;§ = {f: t:::::;; 
~gEP+rg} - 'KJIaOC iTIp113HaIKOB, TaKHX, qTO ,K3:tK,,Ublt'r IH3 HHXMa:tKO

pupyeTC5I XOTH 6bI O,1J.HHM BTOPHq,HbIM. TaKHM 06pa30M, HMeeM 

fE[T ,~, eC.TIU B 2+;g cymecTlByeT XOTH 6bI O,ll,lI'H np113HalK g, TaKOI1, 

LITO f::::;;;g. OqeBHj.LHO, LITO B fTJI BXO,U51T Bce orpaHHLIeHHble ICBepxy 

IIp113HaKH (Ma)I{OpHpyIOTCH nOCTOHHHbIM11 CEP+~), n03TOMY [ToePl";§, 
npHLIeM fTn=fT.?J' eC.TIa Bee ,gE;g Orp3H11LIeHbI. 

Ha30BeM fT.?! KAaCCOM ;;-/VlaJICopupyeAtblX npUSHaKOB.
 

TeopeMa np0,lI,OJl./KeHHSI H COfJIaCOBaHHSI Cpe,lI,HHX.
 

TeopeM3 1.1. ECAU nepBUliHble cpeoliue Mgi, giE~, HenpoTu
Bope4UBblJ TO no ¢opMyAe 

Mf = inf Mg, fE.r.YJ ; MI = - M (- I), IE - g::g, 
g : f(x)~g(x)E2+;§ 

(1.2) 
OHU npOOOAJlCafOTcR} oeAaflcb c02AacoBaHHblJJIU} lia Bce C§ -MaJICopupye

Mble npU3HaKU jEfT:# } o6pasyfl HM uf{ C o6AacTbfO cYU1ecTBoBaHufl 

BepXHUX cpeoHux IT =fT.~. 

11 Hc:p-Ie, TaK:tKe (1.2) 3annCbIBaelVI: 

Mf==inf{Mg:t(x)~g(X)EcZ+;}. 

11. 0 K a 3 aTe JI b C T B O. AKCHOMbI A 1 II A2 OqeBH,ll.HbI H3 (1.2), aKCHOMa A4
 
BhlnOJIHHeTCH no onpeJl-eJIeHHIO. OCTaeTC5I npoBepHTb aKcHoMy A3. TaK KaK 11 (x) ::::;;
 
~g* (x) E2+~, 12 (x) ~g** (x) E2+~*t1 (x) +f2 (x) ~g* (x) +g-** (x) =g(x) E2+c!]
 
If .\lg::: +JIg** =Jlg, TO 

M (11 + '2) == inf {Mg: '1 + '2 ~ gE2+ .o/} ~
 
'-' '-' + + -

~inf{[Mg*+lWg**]:/l<.g*E$ :§, '2~g**E2 S7}=/Vlfl+ M /2' 
qro H rpe60BaJIOCb AOKa3aTb. 

CorJlaCHO (1.2) ,UJI5I H3XOlli,UeHH51 NIt 113 rrepBHLIHbIX COCT3BJIHlOT

C51 BTOpHLIHble npH3HaKH g (x) =C+ ~C+igi (x) T3K, qTo6bI OHH M3)KO

P11poB 3 JI H f (X), T. e. g (X) ~ f (x) . Ka lK,UbI H H3 .3 THX g (x) 6 y,UeT 

HMeTh B 06meM CBoe 3H3LIeHHe JUg, onpe,lI,eJIHeMOe (1.1). EeperrcH 

«HaHJIyLIIIIee» Cpe,lI,H HHX, T. e. TO, KOTopoe M'HHHMaJIbHO. 

B (1.2) 3aJIOLKeH CJIe,nylOI.IJ.HH rrpHHUHII KOHCTpyKTHBHOH MaTeMa

THKH: nOJIyLIaTb JIHillb pe3YJIbTaTbI, K KOTOpbIM MO)KHO CKOJIb yrO,1J.HO 
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npn6JI\H'3HTb'CH 3a KOHeqHOe qHCJIO OnepalIJlit I1MeHHo n03TOMY ETO

pl1QHble npH3Ha!KH Ha6npalOTC5I KaK K 0 H e q H hI e CYMMbI nepBHqHbIX. 

,lleiicTBHe 3TOrO npHHUHna paCKphIBaeTC51 BbITeKaIOlllHM 111'3 (1.2) 
CJle,UCTBlieM. 

C JI e,IT. C T B H e. KaJICOoMY f, 8epxHee cpeoHee Mf KOTOp020 KOHetl

flO, U 3aoaHHoMy e>O Bce20a MOOICHO YKa3aTb TaKylo MaJICopupylO

U1YIO KOHettflYIO JlUfleuHYIO KOM6uHal{ulO g'(x)=C+~C+igi(X)~f(x) 
nepBUtiHblX npu3HaKoB (T. e. 8TOPUttHblU npu3HaK), tlTO 

Mf+B>c+ L: ct Mg i ==Mg. 
floCKOJIbKY g~f*Mg~Mf, ,ll}I5I 'CJIe,Il.CTBH5I BepHo IMg-Mt I~B. 

npH YMeHbWeHIIH B nOHa,n,06HTC5I BOBJIeKaTb B g 60JIbllIee qUCJIO nep

BH'qHbIX npH3HaKOB I,Il.JI5I IITpH6JIHMeHII5I iK Mf, 'KOJIHqeCTBO ,onep a U1Il1 

B03paC'TaeT. 
OTHOlIleHH5I Me)K,ny orrpe,UeJIeHHbIMH HaMH MHOMeCTBaMH npll3Ha

KOB llJIJIIOCTPIIPYIOTC5IPiUC. 1.2. 3,Uecb IKaM',Ua5I 'lI3 BepxHHx IUoJIy,c¢ep 

BKJIIOqaeT B ce65I Bce Hll)KrHHe. C'OrJIaCHO TeopeMe 1.1 cpe,UHHe C ITep

BHQHOrO Ha60pa ~ np0,UOJI)KalOTC5I Ha JIHHeHHhle KOM6HHaU'HH P+W 
nepBIP-IHhIX rrpH3HaKoB (BTOPHlI\Hble npH3HaKu) H y)Ke Qepe3 HHX pac

npOCTpaH5IlOTC5I Ha KJIaCC fT;§ npH3HaKoB, MaMoplIpyeMhlx BTOP'HQ-

HbIMH. 3TO H 6y,UeT 06JIaCTbIO cymecTBOBaHH5I BepxHux cpe,UHHx; 

5I,UpOM ee 5lBJI51eTC51 KJIaCC fTo Bcex orpaHHlIeHHblx cBepxy npH3HaKoB: 

BTocfT;§. B f!T [§ BOH,UyT 11 ,HeorpaHHlI'eHHble npH3HaKH, eCJIH Heorpa-

HHlIeHHble HMelOTC5I cpe,IT.H nepBHlIHbIX, a HHalIe, fT;§ =.f!To. 

COfJIaCOBaHHbIe nepOHqHble cpeAHHe. 3aMeQaTe.lIbHO TO, qTO (1.2) 
He TOJIbKO ,ll.aeT BepXHHe cpe,ll.HHe NIf ,ll.LlI51 vtEff';§ (BqaeTHOCTH, 

Alt, Nit I,IJ)I5I VfE[Too), HO 111 nonyTHo, nO,ll.'CTa'HOBKoJ:r giEC§ iKaK 'qae
TIl f, YTOqHeHHble H COfJIaCOBaHHble MeM,Uy C060H Mgi- TaK KaK gi 
Ma)KOpHpyer ,caM ce65I IKaK nepiBHQHbIH npH3HaK, TO COf.J1a1CHO (1.2) 
Mgi~Mg"i, giEC§. ECJIH IIOJIYlIaeTC5I Mgi=Mgi, TO nepBHQHOe 3Ha

lIeHHe Mg-i caMO no ce6e y)Ke COrJIaCOBaHO C ,UpyrHMH cpe,UHIIMH Ii 

0603HalIaeTC5I M g ECJIH Me Mgi>Mgi, TO HalI,UYTC51 BTOpHqHbIe npH34 ie 
HaKH, MaMopHpyIOLU,He gi, YTOQH5HOmHe Mgi, a caMO Mgi 6y,IT.eT 

flec02AaCOBaHHbl/vl H 6e3 ymep6a lYI0)KeT 6bITb H3b5ITO H3 nepBH4Horo 

Ha6opa. TaKHM 06pa30M, Al02YT BAUflTb fia BUO HM TOAbKO C02Aa

COBaflHble nepBuiiHble cpeOHue, ,Ua H TO, KaK 6y,UeT BI1,UHO Aa.TIbllle~ 

ozpaHtillellllblB y
o 

PRC. 1.2. 3TarrbI rrpo,UoJI

:tKeHllH cpe.QHllx 

He 06H3aTeJIbHO Bce. I1x M'HHHMaJIbHOe QHCJIO Ha3bIBaeTCH pa3Mep -! 
HOCTbfO 11M. vlHTeptBaJIbHa51 iMO)1.eJIb, irrepIBHlI'HbI',MH ,UJI5I iKOTOPOII 51B,,151

IOTCH Alg, gE~, 0603HaQaeTC5I <M~>, a eCJIH Bce HeCOrJIaCOBaHHble 

nepBHqHble IrrpH3Ha'KHJIrCKJIIOqeHbI 113 Ha6opa, TO <M~/), ;§/ cWo 
PaClIlHpeHHe nepBHqHOrO Ha60p a BKJIIOqeHHeM B Hero cpe,UHHX 

Nit, HatLueHHbIX ,no (1.2), He MeH5IeT 11M, n03ToMY rrOJIyQaeM O,ll.H(} 

H TO Me, eCJlH 6paTb 3a rrepBHqHhIH IHa60p ~, ~' IHJIH Bce fF= 
=f!T:!J:Jf{=<jW~>=<M~'>=<Mff'>.3aMeTHM npH 3TOM O,IT.HY OCO

6eHHOCTb, lITO HecorJIaCOBaHHble nepBHqHble npH3HaKH gi, ,IT.JI5I KO-' 

TOpbIX Mgi>Mg'i, 065I3aTeJIbHO ,nOJI:lKHbI 6bITb Ma:lKOpJIpyeMbI XOTH 

6bI O,IT.HHM H3 BTOPHqHbIX npH3HaKOB gE2+~, KOTOphIH H ,naCT Ha 

OCHOBe (1.2) YToilIHeHHoe 3HaqeHHe Mgi. TaKHM ·o6pa30:M, p+cg/ = 
:= !:£+CfJ II BT;§, =fT ;§ . 

113 cKa3aHHoro TaK)Ke CJIe,UyeT, lITO nepBlIlIHble cpe,UHHe ..;VIgit
giE~, flIBJI5IlOTC51 COrJI3iCOBalHHbIMi!1 B TOM II TOJIbKO TOM CJlyqae, eCJII1 

cnrpaBe,UJIHBO: gi (x) ::::;;g (x) EP+~=:>-Mgi::::;;Mg I,IT.Jl51 iBcex giE'S' 

H gE~+P, y,UOBJIeTBOp5IlOIILHX rrepBoMy HepaBeHcTBy. Tor,na JWgi= 
=Mgi, V\g'iE.~. 

npH3HaKH CJIyqaMHbIX BeJIHql1". B KaqeCTBe npHMepa paccMoT

pHM TOT CJIyqaH, Kor,Ua f1J=I1l - lIHCJIOBa5I rrp5lMa5I. TaKoe 5IBJ1eHHe· 

HMeeT qHCJIOBHe HCXO,nW H Ha3WBaeTC5I cAytiaUHOa BeAUtlUflOU (COK

pameHHo C. B.). TIpH3H3KaMH f C. B. MoryT 6hITb JII06ble l.IHCJIOBble 

(jlyHKUHII f: (X) Ha !!ll (JLaJIee QnCJIOBble <H!CXO,IT.bI XEPIl 0603HaQalOTC5I 

3arJIaBHbIMH 6yKBaM'H). 

CJIyqaHHa5I BeJIHlIHHa Ha3bIBaeTC5I JLHCKpeTHOH, eCJIH B03MO)KHble 

ee 3HaqeHH5I COCTaBJI5IlOT KOHelIHoe iHJIH CqeTHOe MHO)KeCTBO Q T04eK. 

y JL06HO CqiHTaTb ,UJI5I TaKIIX C. B. rrpOCTpaHCTBOM HCXO,nOB HCro np5l~ 

MyIO 92, a TOT epaKT, lITO Qc971, OTpa3HTb n06aBJIe-HHelYl rrepBHlIHoH 

Bep05ITHOCTH P(Q) = 1 (HarroMHHM, qTO P(A) =MA (x», COr~!IaCHO 

KOTOpOHQ eC'fb ,nocToBepHoe Co6bITHe. TaKK3K j5(Q)~P(Q}=l, TO 

MO)K'HO HanHcaTb P (Q) == 1. -
HeKoTopble xapaKTep!Hble npH3HaKHC. B. ynOp5I,UolIeHbI B Ta6.n. 1.1 .. 

lla.1I.lIM ,nBa rrpHMepa paCqeTa HX cpe,UHHx no TeopeMe 1.1. 

I1 P II M e p 1.4. ITyCTb H3BeCTHO, lITO CpeJI,Hee C. B. paBHO m; 3anIICbIBaeM ivIX = 

= In (T. e. J\1 (±.X= ± nL). OHO corJIaCOBaHO II npoJJ,OJIJKaeTC5I Ha OCHOBaHIIlI C'Bofi

CTBa 12 Ha BTOplllIHble rrpII3HaKH I(X) =-=c+ctX: A1(c+CIX) =c+c1MX. 06JIaCTb cy
lIJ,ecTBoBaHHH ET COCTaBJIHIOT cPyHKUHII, Ma)KOpIIpyeMble rrp5IMbIMH C+ CiX. TaK KaK 

c2-·2cX~-_~X2, TO -X2 E Pr If j\1(-X2 ) =ITlin(-2cnz+c2 ) =-nz2 , T. e. MX 2 =trl2 , 

c 
<I>YHKll,lHI X2 He M aJKOpIIpyeTc5I rrp5IMbIMH, rr03TOMY M X2:::= 00 H X2Ej.tT. ,U.J15I .lI06bIX 

HHJJ,HKaTopHbIX npH3HaKOB A (x) C06bITIIII HeB03ivIO:tKHO nO,llbICKaTb Ma)KOpnpyIDIllylO 

np5lMYIO c-!-cuY, KpOMe c=O, C1= 1, rr03TOMY P(A) ===0, P(A) == 1. OTclOna BbIBOJ(, 

lITO nepBIIlIHoe Cpe,lJ.Hee, 6Y'uylIH B e,UHHCTBem:ioM lIHCJle, H€TpIIBIIaJIbHbIX jJ,aHHbIX 

o CO(jbITH5IX He HeceT. 

n P II M e p 1.5. I1yCTb nepBHtIHbIM ,lJ.JI5I c. B. X 51B.H5IeTCH BepxHee cpe,llHeKBa,ll

paTHQeCKOe (MOIUHOCTb C. B.) MX2=b, QTO rropOJKJ1.aeT 111\1 pa3MepHocTH 1. 06
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I 

Ta6Jllu(a 1.1 

XapaKTepHCTHKa cnyqafiHoA
 
BeJlHqHHbI
 <I>opMaJlbHOe 0603HaQeHHe npH3HaKH 

j 2Q - MHOLKeCTBO 3HatIeHlIH L~ (Q) == 1 c. B. X 

MX==mCpe,lLHee C.B. TOtIHO paBHo nI 
JIeLKlIT B IIHTepBaJIe m, m MX=m, MX==m ~ 

-

Cpe,lLHeKBa,lLpaTlItIeCKOe C.B. \:)MX2 == b, MX2 == b ,He MeHbllle b 1I He 60JIbllle 5 

Bep05ITHOCTb rrorra,UaHlI5I B 

OTpe30K A JIeLKlIT B 3 a,rr. aH P (A), P (A) ~ 
HbIX npe,UeJIax 

1 IBep05ITHOCTb «BbI6poca» 3a P(X> h) == Ph
ypoBeHb h He 60JIbllle Ph Iz 

~ 

'Cpe,lLHee MO,rr.YJI5I C.B. JIeiKlIT MIXI, MIXI
B YKa3aHHwx rrpe,UeJIax '\L~ 

o 

M cos uX , M cos uX
Cpe,rr.HHe rap MOHlItIeCKlIe rrplI  45' \ 

'7 \ 
I~ 

3HaKOB M sin uX , M sin uX 

A 
Bep05ITHOCTb rrorra,UaHlIH B
 

{)Tpe30K A 60JIbWe, tIeM B
 fJ~1 ~M [B (x) - A (x)] ~ 0 
-I ~OTP~30K B (§ 1.4) B 

JlaCTb CYlUeCTBOBaHlIH BepXHHX cpe,rr.HHX g:-;§ 

{af<x~a2}COCTaBJI5IIOT Bce rrpH3HaKH f (X), MaiKopHpye· 

Mble napa60JIaMH BH,Ua C+C2+X2, T. e. Te f, 
/ ? " \
 

,lI.JUI KOTOpbIX lim f(X)IX2<00. ITPH al>O, xYa:
 I \ 
/ \IXI~oo /

no,rr.6Hpa5I, KaK 3TO BlI,rr.HO H3 pRC. 1.3, COOT-

BeTcTBylOlUlIM o6pa30M MaiKopllpylOlUYIO na· fat az\ x 
pa6oJIY: c=O, c+2=al-2, {al~X~a2}~X2Ia2h "'- f, _ at+a2_~2 (~)z 
HaXO,lI.lIM: j5 (al <.X~a2) ~MX21a2l = 5/a21 r(npH I ~ x 2 J l a2 - at 

a2= 00 HMeeM aHaJIOr HepaBeHCTBa tIe6bIllle- PHC. 1.3. PaclIeT Bep05ITHOcTef'I rra-

Ba). PaBeHcTBo 6y,rr.eT, Kor,Ua rrpaBa5I tIaCTb MOULHOCTH 

MeHbllle 1, T. e. npH al> ylr (nplI a2<0 
3aMeH5IeTC5I al Ha a2), HHatIe Bep05ITHOCTb j5 TplIBlIaJIbHa H paBHa 1. TaKllM 06· 

pa30M, 3HaHIIe b ,rr.eJIaeT HeTpIIBIIaJIbHbIMII BepXHIIe Bep05ITHOCTII OTpe3'KOB, y~aJIeH-

HbIX OT HatIaJIa ocn no KpallHeH Mepe Ha paCCT05IHHe, npeBbIlllalOlUee "r b. 
HaH,lLeM npIl Tex Th:e HCXO)J.HbIX ,UaHHblX MX. Ma:tKOpHPY5I np5IMYIO X rrapa

60JIo{I: X ~ C + c+ 2 , V X, tITO 3KBHBaJIeHTHO 4coC+ 2 ~ 1, II MHHHMH3HPY5I rrpn rrocX3 

JIe,lLHeM OrpaHlitIeHIUI (3aMeHeHHOM Ha paBeHCTBO) Cpe,lLHee rrapa60JIbI M(C+C+;2X 2 ) = 

= C-+ C+2b, HaXO,TI,HM ee K03cPepHllHeHTbI C+2 = 11 (2 V8), C = 1/4c+~ = lfb/2, rrO~C'Ta-
HOBKoil KOTOpbIX nOJIylIaeM JijX = l/ b. AHa.}10fHtIeH rrYTb HaXO:tK,lLeHII5I .lH (X ==- In) 2, 
JI)l5I tIero (.X"±17l)~ Ma:tKOpnpyeTC5I napa60JIOri C+C+2X2, oTKy;:r,a BbITeKaer Tpe6o

BaHHe ,Ha ee K03cPclH1UHeHTbI: C>.c+2m2j (c+2-1), MHHHMH311PY5I rrpH 3TOM orpa-

HIIlIeHIUI cpe.rLI-ree napa60JIbr, nOJlyQae:vI K03epepHlUleHTbI c+z=-c 1+-1 m ll/b", c= 

= ( 1/ b-t- 1 17 1 1 ) It7? I, OTK YJL a 111 (X ± rn) 2 = ( I tn I + V b) 2. 

llYCTb TenepI:> K Cpe,lLHeKB3,lLpaTHlIecKIIM B KalIeCTBe nepBIIllHbIX /J,ooaB,TI5IeTC5I 

HyJIeBOe cpe;~Hce ALY = 0 (lITO 3KBHB3JIeHTHO 1\1 (j= X) = 0). Tor,n;a 11l'1 Cy.IK2CTC5I, 

ee pa3MepHocTb CTaHOBHTC5I paBHoH 3. BTOpHLIHbIrvIII OYLI.YT y)I{e JII06ble Han:JaB

JIeHHLle BBepx napa60JIbI co CpeJLHIIMH Ha HEX XI[c+c+2(.X-cI)2J =c-:-c 7 ..:5-t
+C+2C2 1, r).I.e IIcnOJlb30BaJIOCb CBO.fICTBO 11 § 1.1. B tIaCTHOCTH, OTCIOJLa if.1(X±nl)'2= 
=MX2 +rn2 = [j + ln2 . 

EY,lLeM IICKaTb Bep05ITHOCTH C06bITIIM, a IIMeHHO OTpe3KOB. CpeJLH napa6oJI, 

Ma)l{OpHpYIOllIjIX HH)J.HK8TOPHbIH np1I3H3K OTpe3Ka: {a1 ~ X ~ az} ~ C+C+2 (X--ed 2, 
a 3TO 6YJLeT npH c~O, Cl~a1, c+c+2(ai-cd2~1, Hy)KHO HaiiTH TaKyIO nO:.lOOpOM 

K03epepH luleHToB C, Ci, c+ 2, y KOTOpOrl MHHIHvIaJIbHO BepXHee CpeJLHee. liecJIO)KHbIMH 

BbItIHCJIeHH5IMM Haxo,UHM: c=O, C1=-bja1, C+2= (a1+b/at}-2, r,lLe CtIMTaJIOCb a1>O 
(npM az < 0 HyiKHO ai 3aMeHHTb Ha a2), B pe3YJIbTaTe Bep05ITHOCTb paBHa MIIHH. 

MaJIbHOMY cpe,UHeMy rrapa60JIbI: f5 (a1 ~ X ~ az) = (1 +a2 d5) -1. Bep05ITHOCTb He

TpIIBHaJlbHa npH 'JII060M a1 >0 (WJIII az < 0). 

HHiKHIOIO Bep05ITHOCTb OTpe3Ka paCCtIHTaeM, «BnHcaB» napa60JIy (HaHeceHa 

llITpHXOBOH JIHHHelI Ha pMC. 1.3), C KOTOpOH nepeHOCMTC5I Ha C06bITHe cpe,UHee 

a +a )2( 2 \2
P (a1 < X < a2 ) ;;;. 1 - M ( X - 1 2 2 _ a ) 
- \ a2 1 / 

4b+ (at + a2)2 
== I - ( " a2 - a1 ) • 

TIpaBa5I tIaCTb 60JIbille ° npH -ata2>5 (oTCIO,lLa al<O H a2>O), H TOf,lLa no

JIyqaeM HH:lKHIOIO Bep05ITHOCTb (HHatIe, OHa 0). I1TaK, 3HaHMe HyJIeBOro cpe,UHero,. 
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YTOQHSHI iBepXHHe Bep05ITHOCTH OTpe3KOB, OTCTOSIllUIX Ha Iail OT HaqaJIa OClI, ,ne.. 

JIaeT HeTpHBHaJIbHbIMH HIDKHHe BepOSI'THOCTH ,nOCTa'TOqHO IllIHpOKHX OTpe3KOB, BKJIIO

qalOI..U.HX HaqaJIO OCH. OTMeTHM, qTO ,nOilOJIHHTeJIhHOe 3HaHHe MX2 =!!-. BepOSITHOCTell 

He MeHHeT. 

npH3HaKH CJIY4aHHbIX npou.eCCOB. CJIyqaHHbIH npouecc Xt eCTh 

HyMepoBaHHaH HH,UeKCOM l (Ha3hIBaeMh1M BpeMeHeM) nOCJIe,nOBaTeJIb

HOCTb C. B. 3!HaqeHHHMH t MoryT 6bITb OTpe30K[O, T] BpeMeHHOH OC{I 

Ill, BCH OCb, HeKOTophle ,UHCKpeTHble TOqKll-OTCqeTbI t1, t2, ••• , tn 

Ha 310M Deli (TOr,LI.a rrpouecc CTa"HOBHTC5I BeKTopOM). 3TO CeHqaC 

HeBaLKHO. 0603HalJllM T - MHOlKeCTBO 3TillX 3HaqeHHH. 

OpOCTpaHCTBO 'HCXO,UOB ge 6y,UyT BceB03MOlKHble peaJIH3aUHH Xl, 

tET KaK epyHKUHII BpeMeHH t. 
QT05bI onncaTh npouecc, HyMHO OTIHCaTb Ka:tK,UylO C. B. Xt B OT

.rr.eJIbHOCTII CBOllMH np1l3HaKaMH, KaK 3TO 6bIJIO npo,UeJIaHO, a TaKlKe 

CB1I3b Me)l~)lY Xt H Xt' npH pa3.nHQHbIX t 11 t'ET. TIpH3HaKH 3TOH 

,CBH3H, BlJaCTHOCTH, COCTaBJI5IIOT JnpOH3Be.rr.eHH5I XtXt" a HX Cp en,H11e 

ldXtXt , = bt , t', IviXt-,Y t , = lit, t' 6y,nyT HHLKHeH 11 BepxHeM KOppe.llJll{uoH

HblMU cjJyHKl{UJlJvf,u. B 60JIee o6meM ICJIYlJae - 3TO KOppeJI5IUHH nOCJIe 

npe06pa30Ba'HI15I Ka)K,UoH c. B. o,UHot'r II TOM Me epyHKUHei1 F (TaK 

Ha3bIBaelVlhle 6e3bIHepUHOHHble npeo6pa30Ba'HHH), TOT,Ua nep-BHlJ,HbI

ME rrapaMeTpaMH npouecca 6y,nyT MF(Xt)F(Xt ,), MF(J-Xt)F(Xt ,). 

'TaK, eC.TIH ,F (~X) = {.Y>h} - IHH'uI1KaTOpHaH epyHKUHH npeBblweHlfI1 

ypOBH5I h, TO 3TO 6y,neT KOppeJI5Ill)IH npeBbIlIleHHH (npH h,= °Koppe

JI5IUH5I nO.JI5IpHOCTefI). 

OTJIHqHbIMH OT YKa3aHHbIX 5IBJI5IIOTCJl npH3HaKH B BH,Ue HHTerpa-

1 - T 2 
JIOB, TaKHe ,KaK SF (Xt ) dl. B qaCTHOCTH, - M SX t dt 6y.neT BepxHeH 

T T 0 

CpeJLHei1 HHTerpa.nbHOI1 lVIOIllj-IOCTbIO npouecca Ha oTpe3Ke T ={O, T]. 
TaKHM 06pa30M, npH3H3KH HHX cpe,U'HHe 5IBJIHIOTC5I yHHBepCaJIb

HOH epOpMOI1 OTIHCaHHH JII06bIX 5IBJIeHHH. CJIO)KHOCTb onHCaHH5I ,UHK

TyeTC5I He \CTOJIbKO npOCTpaHCTBOM ge 'HCXO,UOB, CKOJIbKO pa3MepHO

CTblO IIHTepBaJIbHOI1 Mo,UeJIH, OIIp'e,neJIHeMOH lJHCJIOM rrepHHlJHbIX 

Cpe,lI.HHX. 

fOJIaH MO.n.CJIb. TIYCTb rrepBHQHbIl\1 LI..Jl5I 111\\ 5IBJIHeTC5I enHHCTBeH" 

Hbu'1epaKT: Co6bITHe B 5JiBJIHerC5I ,,nocTolBepHbINI, H 60JIee HHqero. 3TO 

cooTBeTcTByeT nepBHqHOM Bep05ITHOCTH P (B) = 1 (HJIH .IKe P (B) = 1, 
qTO TO .IKe caMoe). TaKaH Mo,UeJIb Ha3bIBaeTCH B-UfU]UKaTopHou n 

0603HaqaeTCH 3 B. Ee onHCbIBaIOT cpe,UHHe Nif (x) = sup f (x), 3 06 .. 
XEB 

JIaCTb cymecTBoBaHHH COCT3'BJI5IeT KJIaCC Bcex npH3H3KOB, orpaHH

qeHHbIX cBepxy npn xEB. 
ECJ1H B = ge, TO MO,lI.eJIb H33bIB3eTCH 20.ll0U n 0603HalJaeTCH 3. 

OHa OIlHCbIB3eTC5I cpe,UHHMH Nif = sup f, H eHCOOTBeTcTByeT nOJIHOe 

OTCyTcTBI1e naHHbIX 0 5IBJ1eHHH, a 06JI3CTb cymecTBoBaHHH COCTaB

JI5IeT KJIaCC ETa Bcex OrpaHHQeHHbIX :CBepxy TIpn3HaKOB. 

MOJJ,I'HPHQwpOBaHHaSI c}JopMyJIa npO,11,OJILKeHHSI. 3aMeHa nepBUQHbIX 

npU3H3KOB giEC§ H HX \Cpe,UHHX Mgi (rrpHBe,neHHbIX K BepXHHM) Ha 

g'i(X) ==C+ig-i(X) +C H Ha l\'1g'i==C+i.Mgi+C, OlJeBH,LLHO, iHOCHT 3KBHBa

'24 

JIeHTHbIH xapaKTep. UeHTpHpyeM nepBH4Hble TIpH3HaKlI, 3aMeH:HB gi 
o 0 

Ha g-i(X) =gi(x)-Mgi, H Tor,Ua Mgi=O. ll,eHTpuposaHHblLl IHa60p 
o 0 

rrpH3HaKOB 0603HaQHM ~ 11 MC§I=O - Bce HyJIeBble nepBlfl-IHble 3Ha

qeHH5I. ,llJI5I 3Toro Ha60pa (1.2) npe06pa3yeTcH: 

JV1f==inf{[c+ ~ ctMgJ: c+ 2: ctgi(x»f(x)} =
 

'"
 . {, + 0 }== Inf c: c> f (x) - ~ Ci gi (x) === 

=inf sup [f (x) - ~ ct gdx)]. (1.3) 
c+ x 

t 

o 0 

OqeBH,l1.HO, JII060H BTOPHQHbIll npH3HaK BH,na g (x) = "22C+igi (x) 
o 

ueHTpHpOB3'H, T. e. era nepBH4Hoe BepxHee 'Cpe,l1.Hee Mg=O II, Hao6o

pOT, JIlO60H ueHTpHpOBaHHbIH npU3HaK npe,UCTaBJIHeTC5I B YKa3aHHOM 

BH,ne. TI03TOMY CMbICJI <POp MyJIbI (1.3) COCTOHT B OTblCKaHHH TaKoro 

'Ii3 BTopn4Hhlx ueHTpnpoBaHHblx npH3HaKoB, KOTOpbIH H3HMeHbIIliHM 

06pa30M OTKJIoIl5IeTC5I BBepx OT <pyHKUHU f (x), T. e. ,HaIIJIylIweH, lITO 

JIH,BepXHeM aIlrrpOKClIMaUHH ¢YHKUHH t (x) n.eHTpupOBaHHbIMH BTO

pHllHbIMIH npH3HaKaMIH. BbIQHICJIeHH5I no (1.3) nOHCHHM npHM'epoM. 

TIp,HMep 1.6. nYCTb CJIytIaHHaSI BeJIHqHHa (T. e. f£=fIl) 3a,naHa O,UHHM nep

BHqHhIM 3HaqeHHeM Me- Ix I= f1. Tpe6yeTcSI HaHTH j5 (0 ~ X ~d). 3 a,rr.aqa no (1.3) 
CBO,lUITC51 K Haxom,neHUlO BeJIHqHHbI P(O::;::;;;X~d)=min max{ {O~X~,d}~ 

c+ X 
-c+ (e -IX I_J,t) J=min max{l-c+ (e-d~J.L), c+J.t} (,nJUI HarJIH,lJ.HOCTH cOBeTyeM Ha.. 

c+ 
pncoBaTb rpa<pHKH epyHKUHH). nYCTb e-d<J.t, Tor,na MHHHMyM .n.OCTHraeTCH npH pa-

BeHCTBe o6e;Hx qacTefI no)I. 3Ha\~OM Ma;~cHMYMa, oTKy,na c+=ed, j5(O~JY ~d) =ed~t. 

I1PH e-d,~ lJ. MHHHMyM ,nOCTHraeTCH IIpH c+ =0, II Tor,na HCKOMaSI Bep05ITHOCTb 

paBHa 1. 

J(onOJIHeHHR. 

1. B o6.nacTh cyIUecTBoBaHHH f!T nOJiaraJI'liCh BXO,nHIUHMH npH3HaKH c M{ = -00. 

I1HTepBaJIbHyIO MO,lJ.eJIh MO:tKHO nOJIaraTb 3a)I.aHHOH Ha Bcex npH3HaKax f, IHa3iH311aH 

,L{JIH Tex f, ,lJ.JIH KOTOpbIX .&If He cymecTByeT, cpe)J.Hee paBHblM 6eOKO

HeQHOCTH: .Nif = 00; aHaJIOrHqHO Mf = -00 ,nJISI f, y KOTOphIX HeT HIDKHero 

Cpe,lJ,Hero. AKCHOMhI 11M B 3TOM cJIyqae B o6meM Y,lJ.OBJIeTBOp5IJOTCSI, eCJIH 

CtIHTaTb O· 00 = 0 H yqeCTb, qTO KJIaCC Bcex epyHKUHH He 3aMKHyT OTHOOHTeJIhHO 

OilepaU'HH CJIO)KeHHH, TaK KaK eCJIH f(xo) =00, g(xo) =-00 IIpH HeKOTopOM Xo, TO 

COBeprneHHO HeSICHO, qeMy 6Y,lJ.eT paBHO f (Xo) +g (Xo) = 00-00. UeJIeC006pa3HO aK

CHOMy A3 CqHTaTh BbIIIOJIHeHHOH TOJIbKO ,lJ.JIH Tex IIpH3HaKOB, )J.JI5I KOTOpbIX CJIO

:iKeHHe OIIpe,lJ.eJIeHo. 

2. ECJIH IIepBHqHhIMH SIBJIHIOTC5I KaK HH:tKHHe cpe,nHHe ~g, gE;§ H, TaK H Bepx

Hue Mg', g' E;§n, TO BTOPHqHhIMH rrpH3HaKaMH 6y,lJ.yT BCeB03MO:iKHhIe KOHeqHble 

JUIHeHHhIe KOM6HHaUJIH BH)J.a 

+ ' + ' g(X)=C+ ~ Ci gj,(X)- ~ di gi(X), giE;§B' giE;§H' 
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c npOH3BOJIbHbIM K03cP<PJIUHeHTOM C H HeOTpHuaTeJIbHbIMH C+ i II d+ i. <I>opMyJIa 

np0,1J.OJIllieHJHI (1.2) TOr,1J.a opHMeT BH,1J. 

Mf==inf {[c+ L ct'Mg; - L dt ~gi]: C + L ct g; (x) 

~ dt g i (x) ~ f (x) } ,
 

:3 (1.3) 3aIIHCbIBaeTC5I B BH,ne
 

Mf== inf SUp [f(x)- 2: ct(g~(x)-Mg;)+ L dt(gi(X)-Mgi)],ct. dt x '" 
rjJ,e giE;!ln, g'iE.?lu. 

3. TIoJIara5I ~ =~ HU~B, Bcer,lI,a MOlKHO C,lI,eJIaTb TaK, trT06bI Ha ~ 6bIJIH 33,1J.aHbI 

HHTepB3JIbI Cpe,lI,HHX Mg, Mg, gE.cg. ,UJI5I .9TOrO He3a,naHHble cpe;r,HHe 3aMeH5IIDTC5I 

Ha cooTBeTcTBYIDIlI,He .9KCTpeMaJIbHble 3HatreHH5I epyHKUHH g. Tor,n3 BTOPHqHbIMH 

6YJI.yT BceB03MOMHble KOHetIHble .TIHHeIIHble KOM6HHaUHH - JIHHei1Ha5I 060JIOtIKa ~, 

0603HatIaeMa5I .P~={g(x)=C+~Cigi(X)}, r,lI,e giE~, 3 C H Ci rrpOH3BOJIbHbI. 

4>opMyJIa rrp0,lI,OJIllieHH5I cpe,1J.HHX 3aIIHllIeTC5I B BH,lI,e 

Mf==inf {[c+ ~ MCigd :C+ ~Cigi(X»f(x)},
 

'Mf == inf SUp [f (X) - ~ (Ci gi (X) - MCi gi)],
 
c i X 

.f,lI,e MCigi=ciMgi rrpH Ci>O H Ai Cigi=Ci~gi OpH Ci<O. 

4. B <popMyJIe np0jJ,OJIllieHH5I 'KJIaCC .P+?l rro CBOlfCTBY 13 BIIOJIHe MOllieT 6bITb 

3aMeHeH H3 ero 3aMbIKaHHe ['p+cg] OTHOCHTeJIbHO paBHoMepHoH CXO,ll.HMOCTH. 

B 3TOT KJIaCC KpoMe KOHetIH~X rrOJIYJIHHeHH~x KOM6HHaUHH <pyHKUHH H3 ~ BXO,n5IT 

xx paBHoMepHo cxo,n5lIlI,ueC5I upeJI.eJIbI. CiKa33HHoe HMeeT, KOHeqHO llie, HeTpHBU3JIb

HbIH CMbICJI JIHllib Tor,na, Kor,na Ha60p ?l 6eCKOHetIHbIH, HHatIe 2+3 Hero 3aMbIK3

HHe COBoa,naIOT. 

5. <I>OpMyJIbI rrpo,nOJIlKeHH5I aHaJIOrHqHbI <popMyJIaM ,nBoflcTBeHHocTH, HCnOJIb

'3yeMbIM B TeopHH 0606meHHblx tre6bIllIeBCKHX HepaBeHcTB [17]. TOJIbKO pa60T3IDT 

OHH 3,ll.eCb B ,npyroH aKCHOMaTHKe. 

6. To qTO BTOpHQHble opH3HaKH 5IBJI5IIDTC5I KOHeqHbIMH cyMMaMH nepBHqHbIX, 

a He 6eCKOHetIHbIMH, - .91'0 npIIHQHUHaJIbHOe B HailieH TeopHH «He.lKeJIaHHe» ,ll.0

6aBJl5lTb «JIHIlIHHX» 3tKCIIOM, H60 He ,ll.OKa3yeMo, qTocyMMa 6eOKOHetIHOrO (CqeTHoro) 

IIIICJIa Hy.Tlelf, paCCMaTpHBaeMa5I B L~e.nOM, a He KaK rrpe,ll.e.n, eCTb HOJIb. 

7. !\a2l(jJ,bIII opH3HaK f (x) caM no ce6e eCTb C. B., rrO.9TOMY HM <M£r> MO)KHO 

paCCMa TpHBa Tb KaK cOBoKynHocTb corJIaCOB3HHbIX cpe,nHRX 3HaqeHHH BceB03MOLK

HbIX C. B., orrpe;~eJIeHHbIX Ha npOCTpaHCTBe f£. Ha60p ll'pH3HaKOB flp 'rET, B COBO

KyrrHocTH ,naeT CJI)TllafrHbIH BeKTOp, eCJIH T ,nHcKpeTHO, HJIH npouecc, eCJIH Henpe

pbIBHO. 

8. TOT epaKT, tITO l1fv1 orrpe,neJI5IeTC5I cpeJU-II1NIli ivlf Heo603pHMoro MH02KeCTBa g:
np113HaKOB, He 5IBJI5IeTC5I rrOMeXOH npHMeHeHH5I. B03MOLKHOCTb BblqHCJIeHH5I Aif no 

(1.2) OTHID,nb He 03HatIaeT, lITO ,nJI5I KaLK,nOrI f .9TH BbItIHC.J1eHH5I .II.OJILKHbI 6bITb
 

rrpo,neJIaHbI. COBceM Hao6opOT, KaK ,naJIee 6y,neT BH,nHO, HeT Hy)K,nbI B rrpHKJIa,nHbIX
 

3a,naQaX BbIXO,lI,HTb 3a paMKH BTOPHlIHbIX npH3H3KOB.
 

9. BBe,ll.eHHe JII06blX CBOHCTB HenpepbIBHoCTH cpe,nHHX, He CJIe,nyIOmHX rrp5IMO 

. H3 aKCHOMaTHKH, BbI,ll.eJI5IeT rrO.II.KJIaCC Mo,neJIerr H3 o6mero HX aHCaM6JI5I, paBHO 

KaK .u.pyrHe .u.onOJIHHTeJIbHbIe cBoficTBa. 
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10. H a q a JI b H bI e MOM e H T bI. 3a,nalOT c. B., eCJIH nepBHtIHhIMH )lJI5I Hee 

5IBJI5IIOTC5I Cpe,lI,HHe CTeneHHbIX <PYHKQIHH: ~Xj, MXi, jEJ, r.u.e J - Ha60p UeJIO

qHCJIeHHbIX HeoTplIuaTeJIbHbIX HH,lI,eKcOB. Cpe,ll.HHe ~Xj Ha3hIBaIOTC5I HH)KHHMH MO

MeHTaMH j-ro nop5I,.J.Ka , a .t\1'Xj - BepxHHMH. I1epBbIH MOMeHT MX, ~WX H33bIBaeTC5I 

HHMHHM H BepxHHM cpe~HHM caMOH C. B., a 1\t1X2, j\1X2 HIILKHeH H BepxHeii Mom

HOCTbID. 

A6cOJIIDTHbIMH HatIaJIbHbIMH MOMeHTaMH Ha3bIBaIDTC5I MOMeHTbI MO;J.yJl5I c. B. 

M Ix Ii, 1\1 I·X I j, j > o. OqeBH,nHO, rrpH ueJIhIX tIeTHbIX HeOTpHuaTeJIbHbIX j .9TO eCTb 

npOCTO HaqaJlbHble MOMeHTbI. B 06meM, j M02KeT He 6bITb ueJIblM. ,U.;15I 36COJIIDT

HbIX MOMeHTOB, eCJIR OHR corJIaCOBaHbI, ,nOJILKHbI BbIrrOJIH5IThC5I HepaBeHCTBa: rrpH 

r~s;;::O 

(M IXlr)I/r> (M /XI S )l/s, (MIX/ r)l/r> (M/X/ S )l/S 

(;J.OKa3bIBaeTC5I no aHaJIOfHlI C [1], CTp. 169). 

1.3. OTHOllIEHH5I ME)I(L(Y HHTEPBAJIhHhIMH MO,nEJI5IMH 

3,neCb IIHTepBaJIbHble Mo,neJIH reOMeTpHtIeCKH H306pa)KaIDTC5I KaK HeKoTopble 

BblrrYKJIble «TeJIa» C xapaKTepHbIM BHellIHHM KOHTypHbIM oIIHcaHHeM, OTHOllIeHH5IMli 

BKJIIDtIeHH5I II onep a Ull5lMll 06be,z:.UIHeHH5I H nepeCetIeHH5I. I1pHtIeM, TaK K3K 11M 
nOJIHOCTbIO orrpe,UeJl5leTC5I CBOHMH cpe,nHIIMH, qepe3 HHX TOJIbKO H 6 y;:I.e lVI BBOJUITb 

HH)Ke epopMaJIbHble OTHOllIeHH5I H onepaUHH MeLK,ny HM. 

reOMeTpH4eCKaSI HJIJIIOCTpau,H5I 11M. TIYCTb B03MO.lKHbIX 3LleMeHTa p_ 

HbIX HCX'OinOB KOHe4Hoe 4UCJIO: ge = {Xl, ... , Xr }, H BBeneM BeKTOp Be

P05ITHOCTeH p= (PI, ... , Pr). TaK kaK ~Pi= 1, TO pa3MepHOCTb P Ha 

1 MeHbwe 4HCJIa HCXO)J,OB r. MHoLKecTBo Bcex P 0603Ha4lIM 

:} =-= {P: Pi ~ 0, .± Pi = I}. 
l=l 

3TO eCTb rrO,UMHO)KeCTBO r-MepHoro 3BKJIH,UOBa rrpocTpaHCTB3 flti'. Ha
 
pHC. 1.4 IIpH r = 3 3THM -eeMel'IcTBoM 5IBJI5IeTC5I TpeyrOJIhHHK.
 

,llJI5I Ka)K,Uoro epHKcHpoBaHHoro PEJ cpe,UHee 3Ha4eHHe IlpH3Ha


Kat (x ), 0 H )l{ e Be K TOP t = (t (x I ), ... , t (x r ) ), p a BHOCK a JI 5IpH0 M Y n P0

1I3Be,UeHHIO t Ha P:
 

r 

Mpt=== 'Lf(Xi)Pi· 
£=1 

DYCTb Jf{a - ceMe~IcTBo BeKTopoB, 

Jftoc:J. Tor,Ua cpe,UHHe He Oy,nYT 

Yllie T04HbIMH, a ;l,JI5I KaLK,Uoro f 
p/ 
~6ynYT onpeneJI5ITbC5I CBOHMH rpa

HIIQaMH 

\ 

Mf== inf Mpt, Mf= sup Mpf. ~J
 

PEv1to PEJto
 
PI1C. 1.4. reOMeTpH5I 11M
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Y6e,1J.HMC5I B 'TOM, lITO TaK onpe,1J.eJIeHHble HH.lKHHe II BepXHiJIe cpe.u

RIle y.uOBJIeTBOp5UOT a'KCHOMaM 11M: 

At :g(xi»f(xi)=>Mpg>Mpf, VP=>Mg>Mf· 

A2:M(b+f+c)=::: sup b+Mpf+c==b+Mf-t-c.
 
PEv1'to
 

A3:M(f+g)= sup (Mpf+Mpg)~ sup Mpf+ sup NIpg== 
PE.Jto PEv1't o PEJIlo 

=Mf+Mg. 

A4: -Mf= - inf Mpt= sup Mp(-t)=M(-f)·
 
- PE.Jto PE.J!to
 

Cpe,1lHIIe He HSMeH5ITC5I, eCJIH ceMeHCTBO tifta saMeHHTb Ha ero 

BblnyKJIyIO 060JIoqKy -«TeLlTJO» IBeKTopoB P. ,3TO IH 6y,rr.eT 11M tift. 
TaK:HM o6pasoM, JII06oeBblrryKJIOe I«TeJIO» Jt ,BeKTopoB Bep05IT

HOCTeH :o6pasyeT 11M Ha ,LI,HCKpeTHoM rrpocTpaHcTBe ge. 11 iHao6opoT, 

.JII06oH 11M cooTBeTcTByeT BblrryKJIOe «TeJIO» a;_ KaK OHO nOJIy

QaeTC5I? 
C Ka.IK,lLbIM cpe,lI.H:HM Nit CBHSbIBae'DCH nOJIynpocTpaHCTBO BeRTO

.POB P, y,UOBJIeTBOpHlOmee yCJIOBHIO Mp f~Mf, T. e. OKaHMJIeHHOe C 

QJI,Holi CTOpOHbI rUnepIIJIOtCKOICTbIO P: M p t=Mf· BH,lJ, f f,UaeT narrpaBJIe

HHe flIrrepnJIOCKOCTH, a 3HaqeHHe Alf - ee nOJI02KeHHe. MO)J.eJIbKaK 

,coBoKyrrHocTh Nit, fEfF, eCTh rrepeCeqeHHe COOTIBeTCTBYlOII.I.UX pas

HbIM Nit rrOJIyrrpocTpaHCTB, o6pasyIOII.I.'HX BblrryKJIOe TeJIO Jt. CaMH 

3HaqeHH5I ,cpe,nHHX Nlt ,lI.alOT rrOJIO.IKeHHH KacaIOIIJ.HXC5I J{ fHrrepnJIOC-

KOCTeH. 
IlepfBHQHble Cpe,LI.HHe Algi, i= 1, ... , k, onpe,lLeJII51IOT HCXQAHble 

rrepBUqHhle fHlrrepnJI,OCKOCTIl P: M' pg i = Mg i, Sa~alOII.I.He IBHernHHH 

B'H,lI. ,elf{. ECJIH HX q,HCJIO KOHeqHO, TO 11M 6y~e'T MHororpaHHHKoM J(h 

'(KaK .9TO~BH,lJ,HO lI3 pHC. 1.4), rpaulI KOToporo COCTaBJIHIOT corJIaco

.aaHHhle SHaqeHH.H Mgil=Mgi- HecOrJIaCOBaHHble iKe, TaKHe Ka'K j\,Jg5, 
npOXO):L5IT BBe tift H HUKalKoro BJIHHHH5I He OKa3bIIBalO'T. EiCTh I'lf!uep

IlJIOiOKOCTIl P: M Pg = Mg, rKOTophle Irrp'OXO):L5IT qepe3 BepWHHbI IM,RO

rorpaHHHKa JIt, no He COBrra,LI.aIOT 'HH C O~HOH 113 era rpaHeli, KaK 

Mg6• XOT51 OHM H COrJIaCOBaHbI, 'RO HX ,HCKJIIOqeHHe TaK.lKe He no

BJIHHeT Ha BH,LI. JIf, HB 3TOM CMbICJIe OHH H36hITOqHbI. Y;IT.aJIeHHe Bcex 

H36WTOqHWX 3~eMeHTOB H3 nepBHQHOrO Ha60pa HarJI5I,lI.HO rrpenCTaB

JIHeTCH JIHllIbnplI KOHeqHOM qHCJIe nepBHqHbIX rrpH3HaKOB, 'H MO.IKeT 

CTaTb HerrpeO,lJ,OJIlIMbIM rrpH 6eCKOHeqHOM. CKasaHHoe OTHOCHTCH He 

TOJIbKO K ):LHCKpeTHbIM, HO H K npOlISBOJIbHbIM f1J. 
4HCJIO 9JIeMeHTOB 6eshI36hITOQHOrO rrepBHqHOrO Ha60pa cOCTaB

JIHeT pa3MepflocTb HM. I1HTepBaJIbHhle Mo,UeJIH 6bIBaIOT KOHeqHOH H 

6eCKOHeqHOH pa3MepHOCTeH. B rrepBoM cJIyqae - 3TO lIHCJIO rpaReH 

MHororpaHHHKa J(, sa HCKJIIOqeHHeM TpHBHaJII>HbIX, COBna,lLalO~nX C 

rpaH5IMII ~. 
Pa3MepHocTb 11M xapaKTepHsyeT TOT MHHHMaJIbHbIH 06'beM )J.aH-

HbIX, KOTOpbIH Hy.IKeH ,lLJI.H ee 3a,lLaHH5I. KOHeQUO .IKe, )l.JIH npaKTH

qeCKOrO rrpHMeHeHH5I ueJIeC006pa3HbIMH HBJI5IlOTC5I IIMeHHO IHa60phI li3 
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KOHeqHOrO qHCJIa ,llaHHhlx. HHTep'BaJIb\Hble MO)J.eJIH 6eCKOHeQHOH pas

MepHoCTH - 3TO BblrrYKJIhle TeJIa, KOiHTypbI KOTOphIX 3a,UaIOTcH !6ec-' 

KOHeqHbIM qnCJIOM ;KaCa'TeJIhlHbIX rHrreprrLTIOCKOcTeH. 

06cy}l{,lI.eHHe. Tenepb CJIe,1lyeT oCTaHoBHTbCH, QTo6bI 06CY,lLHTh 

CMhICJI npHH51TOrO rro,UXO,lJ,a. LITO JIyQrne, orrHChIBaTb 11M «TeJIOM» Jf{ 

KaK MHOJKeCTBOM 'BeKTopOB P Bep05ITHOCTeH, CBoero po,Ua«aToMoB» 

MOLleJIH, HJIH TOJIhKO BHeWHHMH KOHTypaMIH, T. e. Mg, gEcg? ECJIH f)J 
COCTOHT HS He6oJIblilOrO qnCJIa .9JIeMeHTOB, TO, nO-BH,UHMOMy, H TaK, 

H TaK, flpHHUHrrHaJIbHOrO pa3JIHQHH HeT. Ho eCJIH QnCJIO 9JIeMeHTOB 

aJpaC'TeT, TO TaK.lKe paCTeT Ii paSMepHOCTh P, Bce MeJIbQe CTaHOBHTC5I 

aTOMhI MOJI,eJIH. OIIHcaHHe P Hecopa3Mep'HO YCJIO.IKHHeTCH npH rrepe

XO,lLe K 6eCKOHeQHoMy QueJIy HCXO,UOB, B qaCTHOCTH, K HenpepbIBHoMy 

npOCTpaHcTBy !ie, HarrpHMep QUCJIOBOll: npHMOH (II eme 60JIee - K 

npoueocaM Xt ). T,onJI,a l«aTOMbI» If Bonce HiCQe3alOT: ICTa'HOBHT:CH He

)J.OC51raeMbIMH. llJI5I 3a,LL3iHHH P npMXO,llHTCH npH6eraTh KO BceB03M02K

HbI~v1 yXHmpeHHHM, o6CY.IK,llaeMhIM IB 'CJIe,UyIOIIJ.eM naparpa¢e. B TO 

2Ke BpeMH KOHTypHoe onHcaHHe, T. e. OITHC3HHe nepBHqHbIMH rrapa

MeTpaMH, OT«aTOMOB» P HHKaK He saBHCHT, ,Ua H onpe,LI.eJIHeTCH, 

11'HHyH P. 3,lLeCh Bce 3aBHCHT OT QHCJIa rpaHei1 (pa3MepHocTH 11M) u 

HX TIOJIOlKeHHH (BH,LI.a giE~), HO OTHIOLlh He OTnpOCTpaHCTBa 2e . 
TIOqTIf KaK B reOMeTpHlI: HeBalKHo, QeM HaQUHeHO Te.TIO, KaKOH OHO 

MaTepIiH, a BalliHO JIHlIlh BHelilHee ero CTpoeHHe H rrpOnOpU'HH. 

HepapXMSI MOJJ.eJIeM. ,UJIH ;IT.'Byx 11M vitI H J{2 Ha fJe, eCJIH Mlf~ 
~M2f, Vf, TO 6y,UeM rOBopHTb, QTO Jf{l BKAlOttaeTCfl B Jf{2 iH HHcaTb 

.J!llCJf{2. B YKa3aHHOM HepaBeHCTBe, eCJIH f He OrpaHHQeHa cBepxy II 

.<\1f ~JI5I ,Hee IHe cymecTByeT, TO qYOpiMaJIhHO CqHTaeM ero 6eCK!OHeqHbIIM. 

Heo6xo,lLHMbIM yCJIOBHeM BKJIIOqeHHH J( I cJf{2 HBJI5IeTC5I TO, tITO 06

JIaCTb cymecTBOBaHH51 IT} Cpe,lLHHX Mlf ,lLOJI2KHa 6hITh :He Y)Ke 06

JI3'CTH fT2 ,cymecT'BOBaHH.5I M2f: fT 1-::::JPF2. BKJIIOqeHHe HJIJIIOICTlpHpyeT

C5I pac. 1.5 K3K BKJIIOQeHHe «Te.Ila» tift 1 B v1f2. Ey,UeM rOBopHTb TaK

2Ke, QTO Jf(I 60JIee ySKa51, qeM Jf2, a .;f{2 - 60JIee llIHpoKaH. 

,Uo6aBJIeHHe nepBHqHhIX rrapaMeTpoB OTceKaeT HOBhle rpaHH y 
«epI1rYPbI» Jf{ H rrpHBO,LI.HT K ee cy2KeHHIO. K cY.IKeHHIO npHBO,IJ:HT H 

YTOqHeHHe ,cpeLlHHx: ,UJI5I Ntf - 3TO yMeHbweHHe, a JLJI5I Mf - yBe

,JIHQeHHe, rro3ToMY BKJIIOQeHHe vff 1cJf{2 COOTBeTcTByeT TOMy, qTO B 

,J{1 BJIO.IKeHO 60JIhlUe ,LI.aHHhIXHJIH fKe OHH 60JIee TOQHble. B pe3YJIh

'TaTe J{l 60JIee ,rro,npo6Ha5I, qeM v1f2• 

CaMoH IIIHpOKOl1 Cpe,LI.H Bcex 5IBJI5IeTCH 2GAaIl MO,LI.eJIb (Ha PITc. 

1.4 - .9TO MHO)KeCTBO :Y Bcex BeKTopoB BepoHTHocTeH), orrpe,lLeJIHe

MaH cpe,UHHMH NIf = sup f, {EfTa, Ha Bcex OrpaHHqeHHbIX cBepxy 

rrpH3HaKax H 060SiHaqaeMaH :Y. Oua nOJIyqaeTCH, eCJIH HHKaKHX ,lLaH

HhIX - «o,Ue:tK,ll.», OTJIHQaIOIIJ.lIX O,UHy 11M OT ,UpyroH, BeT, OHH OT

cyrcTByIOT: ~ == 0, T. Ie. 0 HBJIeHHH HHQerO HeH3BeCTHO - 'CBoero po,lla 

«qepHbIH: 5IlUHK» e a6COJIIOTHO 3ara,ll.OQHOH CTpyKTypOH, BbIXO,lI. KOTO

poro x Ha6JIIO,lI.aeTC51. ,llJI5I :y IHHTepBaJl Cpe,lI.HHX Mf, Jw1 KaJK,ll.OrO 

-OrpaHHQeHHOrO npH3'HaKa fEf!Too 
:sup f ero B03MO.IKIHbIX 3HaqeHHH. 

COBrra,UaeT C )1.Hana30HOM inf f, 

2~ 
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I1TaK, 'CaMOH HeTOqHOH Cpe,II:H BCeX, BKJIlOqaIOmeH Bee OCTaJIbHble, 

H caMOH npHMHTHBHOH no cnoco6y 3a~aHHH H CBoeH CTpyKType HB

JIHeTCH rOJIaH 11M: :J-=:J~, V~. MbI rOBopHM, qTO KaKoe-TO x H3 

fC npOH30HneT, He 3HaH HHKaKHX 3aKOHOMepHOCTefi. 

TIo Mepe HaKOrrJIeHHH ~aHHbIX 11M .cy:tKaeTCH. A cymecTByIOT JIH 

caMble Y3KHe 11i\1? ,UJIH ,nHCKpe'DHOrO rrpocTpaHcTBa 1£ - ,na, 3TO 

BeKTopbI P BepoHTHocTeH. A B 06meM, OTBeT OTpHuaTeJIhHbIH, 0 4eM 

rOBOpHJIOCb B 06cy:tK~eHHH BbIlIle. 

TloTpe6HocTb JIOflH4eCKOH 3aMKHyToCTH HepapxH4ecKoro KJIaCCa 

Bcex Mo,neJIeH rrpHBo,nHT K He06xo~HMOCTH BBe,neHHH nycToa ModeAU 
0. 3TO 0603Ha4eHHe HerrpaBHJIbHOrO 3a,naHHH 11M, Kor,na rrepBHQHble 

3Ha4eHHH Mg ;rrpoTlIiBope4HBbI, B pe3YJIbTaTe rpaHHUbI Cpe;I,HerO, epop

MaJIbHO ,HaH,,1,eH'Hble rro epop ~lY JIe In pOJI,OJI)KeHH51 (1.2), 6YrlYT He TOJIb'I\O 

«rreperryTaHbI»: HH:tK;HHH 60JIbWe BepXHeH, HO H y6eraIOT B 6eCKOHeq

HOCTH: Mf=oo, Mf=-oo. 3THMH JcpeJI,'HH~H Ha Vf H CLIHTaeM onpe

.neJIeHHyIO 0 -- e,LLHHCTBeHHyIO 11M, CBoeH HecorJIaCOBaHHOCTbIO BbI

XO,lI.HmyIO H~ aHcaM6Jt~_.I.B,C~X, OCTaJIbHblX. TaK KaK ,LLJIH JIlO6oH 11M 
Mf~-oo, Mt~oo, TO 0cuf{, VA. 

- TIYCTb Q - Ha60p npH3HaKoB. Ha30BeM Q-pacUlupefiueM uf{ Ta

KyIOMO,LLeJIb <.N1Q), y KOTOpOH rrepBHqHbIMH HBJI51IOTC51 COOTBeTCT

BylOmHe J/{ 3Ha4eHHH Mq, qEQ (OHH, 04eBH,lI.HO,COT'JlaCOBaHbI). Pac

lIlHpeHHe HJIJIIOCTpHpyeTcH pHC. 1.5. 3TO cIloc06 yrrpomeHHH J{ 3a 

CqeT BKJIIO'qeHH51 ee IB MHororpa'HHl'lK 00 cTopoHaMH Mq, qEQ 
HOBbIMH rrepBu4HbIMH ,naHHbIMH - H rrpeHe6pe:tKeHH5I BceMH OCT3JIb

HbIMH 3HaHH5IM'H 0 A. KOHeqHO, qT06bI He nOTep51Tb rrpH paClllHpe I 
I 

~ HHH CJIHlIlKOM MHoro, Hy:IKHO CrreUHaJIbHO BbI6HpaTb HarrpaBJIeHH5I 

rpaHeH (BHa q), H ueJIa51 np06JIeMa, KaKHe rpaHH 3KOHOMHO 6y,UeT 

BBeCTH, KaKlIe OCTaBHTb H CKOJIbKO !HX. 

Ha60p Q rrpH3HaKOB Ha3bIBaeTCH onpeaeAJlIOU{Ufl;l ,nJI5I MO,LLeJIH 

A, eCJIH ee Q-paclIlIIpeHHe COBrra,naeT C caMOM Mo,neJIbIO: <MQ)=~. 
OnpeneJI51IOmHe - 3TO Te rrpH3HaKH, KOTopble B CBoeM cOBoKyrrHoc

TH rrOJIHOCTblO o6ecne4HBaIOT 111V\ BceM Heo6xo,nuMbIM. 5!CHO, lITO 

onpe,neJI51IOmHM JLJI5I 11M BCer):La 5lBJI5IeTC5I Ha60p ~ nepBH4HbIX rrpH3

rtf! 111.----. 
Ps 

----;/ 
.Alz 

~ ( M/ II utlz PI;Jj <NQ> ~ 

~ 
Mq3 

P, -- P 
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PHC. 1.5. PaCllll1peHHe l1l\tl 6ecKo- PHC. 1.6. TIepeCeqeHHe H 06'beAHHeHue 11M 
HeqHOH: pa3MepHocTH)1.0 11M C qe-

TbIphMH nepBHQHbIMH 3HaqeHHHMH 

HaKOB (HJIH 6e3bI36bITOq;HbII1 BapHaHT 3Toro Ha60pa), a TeM 60JIee 

JII060H BKJII04aIOIII.Hll 3 KJIaCC npH3HaK'OB, Hanp'HMep BTOPIHqHbIX. 

nepeCelJeHHe 11M. OYCTb vf{l 'H J(2 - .nBe 11M Ha O~HOM 11 TOM 

LKe (rrpOlf3BOJIbIHOM) rrpOCTpaHeTBe ge H Ka:tK,na51 H3 HHX nOJIHOCTblO 

onpe,neJI5IeTCH CBOHMH COrJI3iCOBaHHbIMH Cpe,lI..HHMH MIt, {EfT l H 

M2t, fE'£T2, Hao6JIaCTHX £T I H fT'2cooTBeTcTBeHHo. 

flepeCettefiUeAtJ(l 'H v1t2 Ha3bIBaeTC5I 11M uf{ =J{I!\uf{2,orrpe,neJI5Ie

Ma51 cpe,nHHMH Mf=min{MIf, M2f} , VfEff'lUfT2. 3,necb BOJIHHCTaH 

tIepTa 03Ha4aeT,4TO Mt, Bo-nepBblx, MoryT OKa3aTbCH HeCOfJIaCOBaH

HbIMH Me:tK,ny c060i:'I, TaK KaK He BbIIlOJIH5IeTC5I aKCHOMa A3 nOJIy

8,lI.,nHTHBHOCTH, H Tor,na ,nOJI:tKHbI rro,nBeprHyTbc5I corJIaCOBaHHIO. ~TO 

BH,nHO H3 pItc. 1.6, rJI,e IIlTpHXOBOM JIHHUefI 03Ha4eHbI K3CaTeJIbHble, 

eooTBeTcTBy1omHe cpe,UHH'M MI!, M2f H M!, lVit<Mf= min{M 1f, M2f}. 
.i\ BO-BTOpbIX, Mf np0,UOJI:lKaIOTC5I no epopMyJIe (1.3) Ha KJlacc 

2+ (SZ-IUSZ-2) npH3HaKOB, C,OCTaiBJIeHHbIX H3 nOJIyJIHHeHHblx ,KOM6HHa

UHi:'r Yl iBMeCTe c SZ-2 . 
TIepece4eHHe 03Ha 4aeT, 4TO BepHbIMH 51BJI51IOTC5I ,naHHble, co,nep

:lKamHeC5I KaK B ~;/{ 1, TaK H B Jf{2, 'II H3HHX 6epyTC5I HaH60JIee TOqHbIe. 

B pe3YJIbTaTe cYMalOTc5I KaK HHTepBaJIbHble cpe,nHHe, TaK H 11M: 
.Jf{I/\Jf{2C~I, Jf{1!\A2cJf{2 (CM. p'HC. 1.6). 

TIepBH4HbIMH cpe,nHHMH(rpaH5IMH) rrepeCeQeHH5I 6Y~YT nepBHQ

Hble cpe~HHe (rpaHH) J(l H uf{2 'H HHKaKHe Jf.pyrHe, rr03ToMY nepece

qeHHe <M 1~ I)1\<M2~2) = <1\1 (~IU~2) > paBHOCHJIbHO CJIOMeHHIO ,nByX 

nepBHQHbIX Ha6opoB Me:IK.ny C060H B e~HHbIH ~ 1U~ 2 C 'COxp aHeHHeM 

nepBHQHbIX 3HaQeHHM, H3 KOTOpbIX HeKOTopble OKa3bIBaIOTC5I HeCOrJIa

COBaHHbIMH H ,He BJIH5IIOT HaBU,n nepeCeQeHH5I. 06JIaCTbIO cymeCTBO

BaHH5I nepeCe4eHH5I 6y,neT 2+(fT~lU[F~2). 

OnepaUH5I rrepeCeQeHH5I pacrrpOCTpaH5IeTC5I Ha npOH3BOJIbHOe QHC" 

~O cJ1t e = (MofT0), 8E8: 

Jt == I\Jio¢:} Mt=== inf Me f, \f fc~+ (U §='e). 
OEe OEe s 

.l1cnOJIb3yeM 3TOT epaKT. 

TI p II M e p 1.7. 11 peA C TaB JI e H II e 11.L1\1 II e p e ceq e H II eM. JII06yIO 

11M <M~> MOIKHO rrpe)1.CT3BHTb B BR)I.e rrepeCeqeHH5I 

(M~> = 1\ (Mg) 
gE~ 

MO,lJ,eJIeH <Mg) pa3MepHocTH 1, onpe;:r,eJleHHbIe KalK;J,a5I O,l1,HHM rrepBHqHbIM 3H3qe

HlieM jUg npH3HaKa g, 3aMeH5IIOmerO HHAeKC 8. Tor,na ff'g =ff'e COCTaBJIHIOT npII3

H3KR, Ma)I{OpRpyeMble g, 3 9:+ (Uff'g) =fF~ - HX rrOJIyJIHHeHEbIe KOM6HHaUHH. 

06'be,l(HHeHHe Jtfl\'\. TIYCTb A 0 = (MfT e), 8EE> - ceMeHcTBo 11M 
Ha ge, HHJI,eKcHpoBaHHblx rrapaMeTpoB 8, rrpo6eralOmHM MHOMeCTBO 

E>. Orrpe,neJIHM HX 06be,ZI,HHeHHe (0603,HaQaeTC5I ,V)cJIe,nyJOmHM 06
pa30M: 

Jft= V.JUs ~ Mf== sup .A1e t, 'r/ IE nfio. 
BE8~ 8EE> S 
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3,lI.eCh Cpe,lI.HHe Xit, rrOJIyqeHHble MaKcHMH3aUHeH Me f no 8, cor.. 

JIaCOBaHbI, qTO JIerKO npOBep5IeTC5I If l.JTO HJIJIIOCTpHpyeTC5I puc. 1.6, 
r)l.e 061>e,I(HHeHHe o6Be,UeHo ll1TpHXOBKOH H COOTBeTcTByeT 'BblnYKJIOH 

060JIOl.JKe TeJI vf{1 ,M vf{2. KaK BHnHO H3 p HC. 1.6, npH o6ben'HHeHHH 

p0)K,UaIOTC51 HOBbIe rpaHH (rrepBHl.JHhle npH3HaKH), 0603Hal.JeHHhle 

IllTpHXOBbIMH JIHHH51MH, He COBrranalOlIl,I1MH C rpaH7IMH eJf{ 1 H Jf{2, 

H306pa1KeHHhIMIi CfIJIOlllHbIMH. TIPM 3TOM rpaHH 06be,ll,MHeHIUI ,He 6y
nyT BbIXO,UHTh 3a paMKH JIHHeHHOM 060JIOLJKH rpaHeH COCTaBJI5IIOlIl,HX, 

T. e., eCJIH 6bITh 60JIee CTporHlVIH, npH Al =<l\11~1> YI L,f{2=<M2~2> 
nepBHl.JHble npH3HaKH 061>e'u'HHeHH5I 6Y,ll,yT pacnOJIaraTbC51 B KJIaCCe 

.P+(~IU~2). 
OnepaUH51 061>enHHeHH5I Jf{l V J/{2 - CHMBOJIHLJeCKOe O'Tpa:IKeHHe 

eppa3bI: :«BepHa (npaBHJIbHO OTpaLKaeT 5lBJIeHHe) MOJI.eJIb Jr1 'HJlH 

Jf{2». 3TO COMHeHHe, HeyBepeHHOCTh, BeJI.y~a5I K paclllHpeHHIO 11M. 
n p II M e p 1.8. IT p e.lI. C T 3 B JI e H II e I1 M 0 6 'b e.IT, II H e H 11 eM «B e p III II H». 

nYCTb npOCTpaHCTBO HCXO.lI.OB f}J .lI.HCKpeTHO. Ka*.lI.oi1: I1.lVl KOael:JHOII pa3MepHOCTH 

MO)KHO YKa3aTb BeplllHHbI Pi ........... BeKTophI BepOHTHocTei1:. Ha pHC. 1.6 ,U&!15I .;/{1 - 3TO 

P1, P2, P3 , P4 H .;f{1 5IBJI5IeTC5I HX 060JIOl:JKoI1. TIPH 06be.IT,HHeHHH ,UBYX 11M Bep· 

lllHHhI 6Y.lI.YT BbI6HpaTbC5I H3 BeplIlIIH J{1 H J{ 2. HHKaKHe .lI.pyrHe nO.HBHTbCfl He 

MorYT. ,ll.JI5I 11M JII06oI1 pa3MepHocTII, KOr.lI.3 .L1 = V P16 eCTh 060JIOQK3 HeKOToporo 
e 

ceMeHCTBa BeKTopOB P1S' 3a)I.alOmHX TeJIO .;/{1 (HJIH TO~1JhKO ero KOHTypbI), H aHa· 

JIOrHlJHO J(2=VP2'6" BepHO .J'ltV..K2=VP1eVP2'fr' T. e. npoH3Bo.rr.HTC5I 06be.rr.:HHeHHe 

~ e ~ 

3THX CeMeI1CTB B O.lI.HO. IlpHl:JeM .rr.OCTaTOtIHO Orp3HHl:JUTbCH TeMH 3JIeMeHTaMH 

ceMeHCTB,KOTophIe npu I06'be)I.HUeHHH OK33hIBaIOTC5I KpaHHHMH (He rBXO;l51T (B BblllyK· 

JIhle 060JIOtI\KH .rr.pyrHx). 

CBOHCTBa onepaO:HH. 
I. H,11.eMllOTeHTHocTh: vft!\J(=e.I{, JtVJ(=J(. 
2. I\oMMyTaTHBHocTb: J{1!\Jt2=Jt2!\ J{l, ..ff{1V Jf{2= J{2VJ(l. 
3. Accoun3THBHoCTb: (J(1!\Jt2 )!\Jft3,= Jt1!\(Jt2!\Jft3), 

(Jt1V Jf(2) V J{3= Jf{lV (J{2V Jf(3). 
4. Jf{!\3 =Jf{, JtV3\=3. 
5. Jt!\0=0, JtV01=J(. 
3TH CBOHiCTBa j(OK33bIB3IOTC5I 3JIeMeHTapHO II 

Ha JII060e QHCJIO onepaUHiL OqeBHnHO TaK)Ke, tITO 

.1ft} CJl(2*Jft l!\ J(2= Jf{l, vi{1V J('2=.;f{2. 

O'T1CIO,~a 'IIOJIYl.JaeT1C5ICpa3Y 1Ke Ta,KOe H3BeCTHOe B 

6. 3ai~OH IllOrJIOmeHII5I: 

,(J(l!\Jt2) V Jf{l =·Jf{l, (Jf{l VJf{2)!\ Jf{l =vf{l 
(TaK KaK Jf(l!\.L2CJ(1, .LlVJ(2:::JJf{1). 3TO eCTb 

paCilpOCTpaH5IIOTCH 

aJIre6pe C:BOHCTBO. 

3aMeHa rrplIBblq

Horo ,lI,JI5I :6yJIeBCKHX aJIre6p 'CBOHcTBa ,I(HCTpH6yTHBHOCT:JI, KOTopoe 

,lI,JIH HaIIIHX orrepaUHH He BblnOJIH5IeTC5I. TIpHtIIIHa .B TOM, qTO 06'be,lI.H

HeHHe V I1l\l1 ,He 06bltIHOe MH01KeCTBeHHoe, BceM rrpnBbI'qHOe, 3 BbI-' 

nyKJIOe, TaK KaK B pe3YJIbTaTe ,11.0JI)KHbI 06pa30BaTbCH C'HOBa 11M, 
KOTopble no CHoeH IIIpHpoLLe IBhl1IIY1KJIbI. 11, KarKCJIe;XCTBHe, 'HeJB03MO)K

~OnOJIHeH MSI.
 

l 1. )1.JUI J(HcKpeTHblx npocTpancTB fie <poPMyJIa (1.2) BbITElKaeT H3 tj>OPMYJIbi
 

,lI,BOI1CTBeHHocTH JIHHeI1Horo nporpaMMHpoBaHHSI, KOr,lI.a no Orp3HHtIeHH5IM 

r r
 

L Pi == 1, ~gjiPi~M~j, j=l, ... , k,

i=I i=l 

. r 
HaXO,lUITCfl MaKcHMyM JIHHeliHblx epOPM Ml=max ~ fiPi. 

P £=1 
2. Onepal(HH HaJ( MO.J.eJIlIMH MoryT 6b1Tb onpeJ(eJIeHbI. eCJIH 11M 3aJ(aHbI Ha 

pa3HbIX npocTpaHcTBax IICXO,LLOB: ..J(1 - Ha aJ 1, 3 .JI(2 - Ha fe
2. Tor.rr.a COCT3BJHleTCH 

Hx 06be.lLHH e HIIe fie = fie , iJ fie 2 H .I(I ,'wnOJIHlIeTClI n epBHlJHbIM 3HalJeHHeM 
1

Pdfie ) = I, a .1(" - 3Ha'ierlilleM P2(fie 2).= I. B pe3YJIbTaTe .1(, H .1(2 CBO,ll,lITClI K OJI.
HOMy m co BCe.MH BbITeKalOlll,llMH OTClO',LLaBo3.MO.IKHOCT5IMH. 

3. ECJIH rOBopllTClI, 'ITO lIBJIeHHe C HCX0JI.aMll fie onHCbIBaeTClI ceMeikTBOM MO

)l.eJIe if .I(e, 0EO 8, TO 3 TO <p a KTH '1eCKH 03Ha 'I a eT, 'ITO MO)l,eJIb10 1IBJIlIeTC1I 06beJI.HHe
HHe VJf s e 

4. CO)l,ep)Kall~eeclI B npHMepe 1.8 npe)l,CTaBJIeHHe 11M KaK 06be)l,lIHeHHe Bep

I11llH He 1I8JIlIeTClI YHlfBepCaJIbHbIM B CHJIy HeB03MO)KHOCTlI JI.JIlI npOH3BOJIbHbIX npOCT
paHCTB ge OT,J;eJleHH5I «aTOMOB» P MO,LLeJIll. 

1.4. I1HTEPBAJIhHhlE PACnPEJI,EJI EH"51 BEP05lTHOCTEA 

CBOHCTBa HHTepBaJIhHhlX BepOSlTHOCTeH. I1cTOpHtIeCKH CJIO)/(HJIOCb, 
C, ·J'.~ , 'ITO B OCHOBy OnHCaHlUI iCJIyqaHHblx HBJIeHHH 6blJIH nOJIO)I<eHbl Be

p05lTHOCTH, '1eM Mbl o6513aHbl HarJIHJJ.HOCTH HrpOBblX npHMepOB . (MO

HeTa, KapTbl, KOCTb), JJ.aBlllHX Teop Hll BepOHTHOCTeH HaqaJIbHblH TOJI

'10K H nOJJ.1lJLTbIBaIOl1l.HX ee Ha npOT5I)KeHllll pa3BllTll5l. aTa )/(e Har

JI5I)],HOCTb, a B JJ.aJIbHeHllleM oTpa60TaHHOCTb H crpOHHOCTb Teopllll 

rrpllBeJIa II K Q:JaKTHLJeCKoMy HrHopHpOBaHllIO JJ.pyrux nOJJ.XOJJ.OB 1. 

H aliH HHTepBaJIbHble MOJJ.eJIll BCBoeM orrpeJJ.eJleHllH 6a3HpYIOTC5I 
Ha HHTepBaJIbHbIX cpeJJ.HllX, a Bep05ITHOCT5IM - Hll)KHeH P (A) II 

BCpXHCll P (A) OTBe;~eHa POJIb '1a-CTIIOro CJlytIa5l, Kor,':\a npll.maKaMll 
51-BJI5IIOTC5I llH,J)fKa TOpHbIe Q:JYHI!<IJ;llll A (x) C06bITllH: P (A) =MA (x) ; 
P(A) =MA (x), Ac::ge. llJI5I JIJ060H 11M Bep05ITHOCTll P(A), pTA) on-
pe1Le~7IeHbI ,UJl51 V A (TaK K3K A (x) EIT'oo). -

CBoikTBa Bepo5ITHocTeiI HerrocpeJJ.cTBeHHo BbITeKaJOT ll3 corJIaco

BaHHOCTll cpe)],H!fX (CM. § 1.1). 0603Haqa51 3HaKOM nJIJOC A +B H 

CI1MBOJIOM cyMMa 2:A i 06beJJ.llHcHHC HcrrcpeceKaJOl1l.llXC5I C06bITHH (B 
OTJIJItIJIC OT o6mcro 0603Ha qeHll5I 06beJJ.HHeHll5I U), HMeeM: 

1. P(ge) =P(ge) =P(ge) = 1 - npocTpaHcTBo fJe 5IBJI5IeTC5I Bcer. 

JJ.a JJ.OcToBepHbIM C06bITHeM (JJ.oKa3bIBaerC5I M 1= P (ge) = 1). 

2. 06pal1l.eHlle Bep05ITHOCTCif: P (A) = 1-]5 (A C), r JJ.C AC- JJ.onOJI-

HeHHe K C06bITHJO A .(TaK KaK MA(X)'=l-M(l-A(x». , 

HOCTb onpeneJIHTb JI.OnOJIHeHHe K 11M (HJIH npoTHBOnOJI01KHYIO 11M), 
1 B [2) B OCHOBy TeopHH nOJlO)KeHbI TO'lHble CpeJI.HHe, HO OHH HaJI.eJIlIIOTClITalK !KaIK ·K BhITIyKJIOMy TeJIy ,lI,OIIIOJIHeHHe .He 6y,IIeT ·BblnYKJlbI,M. 

CTOJIb .lKeCTKHMH cBoikTBaMH. 'ITO 3TO nOJIHOCTblO CBeJIO nOJIy'laeMbie B pe3YJIbTare
MOAeJIH K Bep05ITHOCTJ:lbIM

I 
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3. BepxHHH IlOJIya,lJ.,lJ.IfTHBHOCTb: AB=0=>-.P(A+B) ~j5(A) + 
+.P(B} (TaK KaK M[A(x)+B(x)]~MA(x)+MB(x). 

4. HHiKHHH IlOJIya,lJ.,lJ.HTHBHOCTb: AB=0=>-P(A+B) ~P(A) + 
+P(B) (TaKKaKM[A(x)+B(x)]~MA(x)+MB(x)). 

-BepoHTHoCTH, Y,lJ.OBJIeTBOpHIOmHe 3THM C'BoHcTB-aM, Ha3hIBaIOTCH 

cocAacoaaHHbl,lltU. CMhICJICJIOBa ,«corJIaCOBaHHOCTb» B TOM, qTO eCJIH 

6bI KaKoe-HH6Y,lJ.b CBOHCTBO He BhlrrOJIHHJIOCh, TO XOTH 6hI O,lJ.Ha Ka

KaH-TO rpaHHua BepOHTHOCTH MOrJIa 6bI 6bITh YTOqHeHa 3a CqeT 

.npyrHx, T. e. ~ (A) YBeJIHqeHa HJIH ,P (A) YMeHblileHa. 

113 CBOHCTB corJIaCOBaHHOCTH BepOHTHOCTeH nerrOCpe,lI,CTBeHHO BbI

TeKaIOT :CJIe,lJ.YIOmHe CBOI{CTBa: 

5. P (0) = 0 - BepOHTHOCTb nycToro C'06hITHH HYJIb. 

6. ~ (A) ~P (A) - :HHMH5IH BepOHTHOCTh BCer,lI,a He 60JIhllle 

BepxneH. 

7. AB=0=>-P(A+B) ~P(A) ·+15(B) ~15(A+B) (qaCTHhIH CJIy

tIaH cooTBeTcTByIOmero cBoffcTBa cpe,lJ.HHX, KOTOphIH M·01KeT 6hITh 

AOKa3aH M Ha 'OCHOBe 1-4). 
8. ,UJIH KOHeqHOrO qUCJIa norrapHo HerrepeceKaIOmHXCH C06bITHH 
k k 

j5(~Ai) ~~j5 (Ai) (CJIe.uyeT no MH,lI.YKUMM 1M3 3). 
1 1 

9. ,UJIH KOHeqHOrO MJIM CqeTHOrO qiMCJIa IlorrapHo HerrepeceKaIO-

UJ:MXCH C06bITMH P (~Ai) ~ 2: P (Ai). ,UJIH KOHeqHOrO qnCJIa Ai 3TO 

CBOHCTBO HerrOCpe,lI,iCTBeHHo CJIe,ll.yeT M3 4, a ,lJ.JIH CqeTHOrO - 'H3 

~(~ Ai)===~(± Ai+ ~ Ai»~(' ±Ai)+~(~ Ai» 
1 1 k+l 1 k+l 

k

> ~P(Ai) 
1

rrpe,lJ.eJIbHbIM rrepeXO,lI,OM B rrpaBOH qaCTH IIp'H k~oo. 
CBOHCTBO 8 pa3BMBaeT 3 M Ha3WBaeTCH KOHe~HOU BepxHeu nOAy

aaaUTUBHOCTb10 iBepoHTHocTeH. CBoHeTBo 2Ke 9 rrpO,LLOJLlKaeT 4 He 

TOJIbKO Ha KOHeqHble,HO H Ha CqeTHhle CYMMhI H Ha3hlBaeTCH HU{)fC
Heu c~eTHOU nOA.yaoouTuBHOCTblO. 3TO 60JIee iCHJIhHOe CBOHCTBO, no

3TOMy HH1KHHH BepOHTHOCTb rro npHpO,LLe «6oJIee HenpephIBHa», rqeM 

BepxHHH. ,UJIH BepxHeH 1Ke CBOHCTBO c~eTHOU BepxHeu nOAyaoauTuB
HOCTU BepHo JIHIIIb IlpH ,lJ.OrrOJIHHTeJIbHOM yCJIOBHH, COCTaBJIHlOmeM 

JIeByIO qaCTh cJIe,lJ.YIOmero yTBepiK,lI,eHHH: 

10. lim p( ~ Ai )=== o=>-p ( ~ Ai) ~ ~ J5 (AJ. 
k--)-oo \k+l 1 1 

,UJIH ,J,iQKa3aTeJIbCTBa HaJI,O nepeHTH 'K npe,lI,eJIy upn k-+-oo \B HepaBeH

'eTBe 

k k_00) (00)P
( 
~Ai+ L Ai );: L:P(Ai)+P ~ Ai . 
1 k+l 1 k+l 

llYCTb Bn , MOHOTOHHO B03paCTaH rrpH n-+oo, CXO,LLHTCH K B. 3TO 

sarrHCbIBaeTIC5I Bn t B H 03HaqaeT, tITO BncBn+b Vn, 11 ,lJ.JIH KaiK,nOR 
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\.,\ 
1'OqKH xEB 'C P10CTOM n HaI11,lI,eT:cH T3Koe Bn,KOTiQ'pOe Bce :IKe x na

KpoeT. 11 TeM ,He MeHee ,lI,aMe CTOJIh :lKeCTKHX Tpe60BaHHH CXO,LLHMOC

TH 'C06bITHH He,lI,OCTaTOqHO, qTo6bI rapaHTHpOBaTb CXO,lJ.HMOCTb HX 

BepOHTHOCTeH, qTO rrpOB03rJIalliaeTC5I 'CJIe,lI,yIOllJ,HM Te3HCOM. 

11. BepoHTHOCTl1 B 06meM He HBJI5IIOTC51 HenpepbIBHbIMH no OTIIfO~ 

llleHHIO K MOHOTOHHoti CXO,UHMOCTHc06bITHiL 3TO HeraTHBHoe CBOt1

CTBO 03HaqaeT, tITO,HMe5I P (B n ) H 15 (B n ) H 3HaH, qTO B n t B, TeM 

He MeHee MOiKHO P(B) H P(B) 6paTb OTJIHqHbIMH OT npe,lI,eJIOB 

lim P(B n ) 11 lim J5(B n ) , ,He 'Hap'YlllHB (rrpH 3TOM ,CBoH.cTIBa IcorJIa,COBaH" 
n~oo - n~oo 

r 
HOCTH mep05ITHOCTeiL Il'Qi~~aMeM 3TO Ha \npUMepe. 

IT p 11 M e p 1.9. TIYCTb B n tB, B n =l=B 11 nepB11lJ'HbIM11 5IBJUIIOTC5I J5 (B n) = PI, 
P (B) = P2 > Pi. TOf,lI,a lim J5 (B n ) = Pi <P2. 3,lJ,eCb COfJIaCOBaHHOCTb Bep05ITHOCTeH 

n~oo 

I
 

I
 

!'Ie MewaeT 3a,lI.aTb pz OTJIHlJHbIM OT Pt. ECJIH :IKe ,lI.OnOJIHHTb YKa3aHHbI}I Ha60p elUe 

O,lJ,HOI1 nepB11lJHOH HHlKHeI1 Bep05ITHOCTbIO P(B) =P, 
O,J,HO H3 B n Co6bITHe B He BKJIa,lI.bIBaeTC5I, TO 

lim P(B n ) =0, TOf,lI.a KaK P(B) =p>O. 
ll~OO - -

npO)l,OJIJKeHHe nepBH4HhIX BepOSlTHOCTeH. 

0<P~P2, TO TaK KaK H11 B 

P(B n ) =0, 11 C.TIe,lI.OBaTeJIbHO, 

-

HHTepBaJlbHblM pacnpe;. 
OeAeHueM aepOflTHocreU (COKpameHHO I1PB) Ha3bIBaeTC5I 11M, nep

Bl'fl-rHbI MH ,UJI5I KOTOpOH 5IBJIHIOTCH BepOHTHOCTH (Toq:Hhle HJIH HHTep

BaJIIYHble) Ha60p a C06bITHI1. TlepBH4HbIMH npH3HaKaMH I1PB HBJI5I

IOTCH HH,nHKaTopHbIe -epyHKUHH A (x) C06bITHt'I A ,nepBHqHOrO Ha60pa 

set, H Ha HHX 3a,naHbI BepOHTHOCTH ,B BH,ne TOqHbIX 3HaqeHHH P (A), 
HHTepBaJIOB P (A), P (A) HJIH O,lI,HOH H3 rpaHHU, qame BepxHetL ECJIH 

HeT HH:lKHeiL TO BCer,lI,a MOMHO rrOJ10.lKlITh ee paBHofI 0, a He 

3a,j!.aHHYIO P(A) ClJHTaTb paBHoH 1. 3ToHH4ero He H3MeHHT, KpOMe 

Toro, 4TO Ha Bcex C06bITHHX H3d 6y,nyT onpe,neJIeHbI HHTepBaJIbHhle 

nepBHlJHble Bep05ITHOCTlI, n03BOJI5I5I 0603HaqeHlIe (P (eSt), 15 (.set) ). 

ECJIH :IKe Bce nepBHqHbleBepoHTHOCTH npHBe,ll.eHbI K BepxHHM, I1PB 
0603HaQaeTIC5I <P (d). 

PaccMoTpHM, KaK npo,nOJI1KHTb BepoHTHoCTH, rrepeHecH HX Ha 

Cpe,ILHI1e JII06hIX rrpH3HaKoB. [lOCKOJIbKY rrepBHqHhIMH rrp113HaKaMlI 

I1PB 5-IBJI5IIOTCH C06bITH51 H3 d, TO BTOPHqHbIMH 6y,nyT BceB03MO.lKHble 

11K KOHe4Hble JIHHeHHble KOM6HHaUHH: 2 d = {g (x) = c+~ciAi (x), 
AiEd}, (BTOpH4Hble, OHH 1Ke Id-H3NlepHMble, epyHKUHH), cue C H 

Ci - rrpOlI3BOJIbHble K03epepHUHeHTbI, H nepBHqHhle 3HaqeHHH rrepeHo

C5ITCH Ha BTOpH4Hble npH3HaKH no (1.1): 

npH Ci>O,Mg==c+ L:MctAi(x), r)I.e MciA i =={CiP(Ai) 
Ci ~ (Ai) npH ci <0. 

3TO nepBbIIf lllar, XOT5I H He O,LLH03HaqHhIH, TaK KaK O.LLHO g !'vIOMeT 

~-pa3HOMY 3aIlHCbIBaTbCH qepe3 Ai (TOr,lI,a 6epeTCH l'vlHHHMaJIbHOe H3 

Mg Cpe,LLH BceB03M01KHhIX 3anHceH). 

CJIe,nYIOmHI1 mar COCTOHT B ,rrpO,lI,OJI)KeHHH 3THX Cpe,lI,HHX C HX 

corJIaCOBaHHeM no (1.2) Ha JII06hIe OrpaHHqeHHhle epYHK~HH f (x). Ho 
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3TO 6Y,lI.eT B03MOlKHO TOJIhKO, eCJIH nepBHQHhle Bep05ITHOCTH IHenpO

THBOpeqHBbI: g~O=>-Mg~O, VgE2d. TOf,lLa epOpMyJIa 

Mf = inf Mg, v fEffo 
f (X)~g(x)E!£A 

Jl.aeT ,C'OrJIaCOBaHHble 3HaqeHMH Ope,lJ,HHX ,Ha JII06bIX OrpaUIIqeHHbIX 

oBepxy nplISHaKaX. KJIacc fTo nOCJIe,lJ,IHHX d-MalKopnpyeM H nOToMy 

6Y,lJ,eT eCTeCTBeHHOH 06JIaCTbIO np0,lJ,OJI2KeHH5I BepXHHX Cpe,lJ,HHX BCeX 

I1PB: fFA=fTO• B qaCT,HOCTH, 6y)1.YT onpe,UeJIeHbI BepXHHe BepOHT-

HOCTH J5 (B) (II Qepe3 HHX HH:tKHHe Ino iC'BOH'CTBY 2) (,UJI5I B;C e x co
6bITHH V BcflC, ,lJ,)pyroe ,neJIO, qTO OHM MloryT OKa3aThC5I ,,nJI5I MIHorHX 

C06bITHH TpHBHaJIbHhIMiH, T. e. paBHbIMH 1. 
)KeJIaHHe pacnpocTpaHHTb cpe,IJ.HHe Ha HeOrpaHHqeHHble IlpH3Ha.. 

:KH (TaKIHe K3iK x, xk , tg X If T. ,n.) no nO,lI.06IIIOMaTeMaTIIqeCKIIX O:tKII

.naHHH ,naeT OrrpaB,lI.aHHe TpeTheMy wary, K KOTOpOMy n nepeH,lI.eM. 

npe,lJ.eJIbHOe npO,lJ.OJIJKeHHe cpe,lJ.HHx. ,UeHcTByeM cTporo no aHa-

JlOrHH C HHTerpHpoBaHHeM, nOMH5I, qTO HHTerpHpoBaHHe no BepoHT

HOCTHOH Mepe ,Be,lJ,eT K MaTeMaTHqeCKHM OlKH,lJ,aHH5IM. B TeopHII nHTe

rpHpOBaHH5I: a) rrepBHqHbIM'H ,lJ,aIOTC5I MepbI M'HOlKeCTB, 6) JIX 3Ha

qeHH5I rrpHcBaHBaIOTC5I HHTerpaJIaM OT UH,lJ,HKaTOpHbIX <pyHKUHH, 

B) ,naJIee 3TH 'HHTerpaJIbI paCilpOCTpaH5IIOTC5I no a,U,UHTHBHOCTH IRa 

HHTerpaJIbI OT Bcex rrpOCThIX epyHKUHH (CyMM HH,llHKa'TOpOB), r) sa

TeM rrp0.LlOJIlKaIOTCH Ha HHTerpaJIbI OT H3MepHMbIx OrpaHHqeHHbIX 

<PYHKlI,HH, ,n)' IIOCJIe,LI:HHe, Ha.KOHe~, rrepeHOC5ITCH Ha ueOrpaHHQeH\HbIe. 

nOCJIe,ll;HHH: IIIaf rrpHMeHHTeJIbHO K 11M JI COCTaBJIHeT npe,nMeT Ha

llIero paccMOTpeHH5I. 
YceqeM HeOrpaHHqeHHYIO <PYHKUHIO f CHH3Y ypoBHeM -HI H cBep

xy ypoBHeM H 2, 0603HaqHB 

f -HI' f(x)<-H1 , 

f<-H t • HI> (x) = ~ f (x), - HI ~ f (x) ~ H2, 

lH2 f(x»H2• 

cI>Y.HKUUH f-HI ) H 2 (x) OrpaHHqeHbI H n03ToMY cpe,UHHe ,UJI5I HHX 

Bcer,na orrpe,LI.eJIeHbI. IlOJIO)l{IJ1M ,LI.JI5I HeOrpaHHqeHHOH cPyHKUHH 

2Mf == lim lim Mf(-H 1 , H ). (1.4) 
H 1 ~oo H 2-+ 00 

Co6cTBeHHO, TaK HHTyHTHBHO H nOH11MaeTC51 Bcer,Ua HeOrpaHHQeH-

BaH <pyHKUHH KaK npe,nen ee yceqeHHOrO BapHaHTa npH yCTpeMneHllH 

K	 6eCKOHe4nOCTH ypoBHeH yceqeHH5I; eCTeCTBeHHO, B 3TOM KJIIOQe 

CJIe,UyeT IIOHHMaTb H cpe)l,HHe. Ba2KHO, qTO CHaqaJIa H 2 yCTpeMJI5I

eTCH K 00, TaK KaK B CHJIy MOHOTOHHOCTH 3TO ,llaeT HaH60JIbllIee 3Ha

qeHHe npaBOI1 'qaCTH, a 3aTeM y)l{e HI. 
,UJI5I npe,UeJIOB (1.4) BblnOJIH51IOTC5I Bce aKCHOMhI. H3 HHX At-A3 

,LLOKa3bIBaIOTC5I C nOMOIUbIO HepaBeHcTB: 

1) f>g*f(-H 1 ,Ha»g<-H t ,H2 ). 

2)	 b+ f(-H 1 , H j ) + c = (b+ t+ C)(-b+H 1+C; b+H:+C); 

3)	 (f + g)(-H 1 , H 2 ) ~ f<-Hd2, Hz+Hd2) + g(-Hd2, H2 +Ht/2) , 
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B ,KOTOpbIX HylKHO B35ITb M H rrepeHTH K npe,LI.eJIaM, CHaqaJIa H2-+00, 

.a 3aTeM HI-:;-oo. AKcHoMa A4 6y,LI.'eT BepHa ,rro OTIpe,lJ,eJIeHHIO. IlpH
''lleM, TaK KaK (-,j) (-HI, H 2 ) =-l(-H2 ) Hl), TO Mf= lim lim Mf(-Hb H 2 ). 

- H2~00 Hl~oo-

B ,naJIhHefIweM 6Y,lI,eM B OC,HOBHOM HMeTh ,UeJIO C BepXHHM'H epe)!, 

HHMH, OCTaBJI515I HH:tKHee «3a KyJIHCaMH» epOPMYJIhI ,o6pameHHH (aK

·CHOMbI A4). ,llJIH 3a,lI,aHHOH J{ 0603HaqHM f!T00 KJIaCC Bcex npn3HaKOB~ 

.JI,JI5I KOTOphIX cymelcTByeT 11 He paBeH 00 rrpe,UeJI (1.4): f!T00 == 
= {t : Xll < 00 }, Ha30BeM 3TOT KJIaCC npeoeAbflou o6AacTb1O cyU{ecT
.80BaflUfl Bepxflux cpeafiUX l1PB, a eooTBeTcTBYlOmyIO cOBoKyrrHocTH 

.cpe,LLHllX <M[T'00> MO,lI.eJIb - npeoeAbflotl J{00- CMblCJI np0,lJ,OJI2KeHH5I 

(1.4) 04eHb eCTeCTBeH: Heorp aHUqeHHble IIpH3HaKH MhICJI5ITC5I KaK 

_HMeIOllI.He HeKoTopbIH TIiOTOJIOK, 'KOTOpbIH 6e3MepHo BbI'OOKO pac

nOJIOlKeH (TOqHO TaK)Ke nOHlfMaeTC5I HaMH KOCMH4eCKa5I 6ecKpafI

HOCTh). 11 B 060SpHMOM JLHarra30He (-HI, H 2 ) BbIqHCJIHeTC5I cpe,lI, 

'Hee, npn YBeJIH4eHHH Hi Bee 60JIee npH6JIH2KaIOmee rrpe,lI,eJIbHOe 3Ha

-qeHHe. 

3TOM Me TOtIKH 3peHHH MOlKHO 6bIJIO npH,lJ.eplKHBaTbC5I ,lJ.JI5I JII06bIX 11M, CtIH

"TaH Bee HeOrpaHHtIeHHble npU3HaKH, BXO,lJ.HIIJ.He B fT, HMelOIIJ.HMH HeKOTopbIH 06IIJ.HH 

nOTOJIOK, CTOJIb He,lJ.OC5IraeMO BhICOKHH, lITO ero B HaIlIHX .n.eHCTBH5IX npOCTO Y,lJ.06HO 

He 3aMeQaTb, onepupY5I «HHlKHHMU» QaCTHMH npH3HaKOB. flpH TaKOH UHTepnpeTau.HH 

npe.n.eJIbHa5I I1N1 J( 00 «ypaBHHBaeTCH B npaBax» C nOCTpoeHHOH no nepBHlIHbIM 

npH3HaKaM corJIaCHO ¢opMyJIe npon.OJIlKeHHH. 

3 a M e q a H IH 51. 

1. TIep'exo,n K rrpeJLeJIy B (1.4) MaTeMaTUqeCKH IIIo,Upa3YMeBaeT 

HenpepbIBHoCTb npaBoH qalCTH rrpH HI, H 2-+-oo, a 3TO eCTh ,lJ;orrOJIHH

TeJIhHOe CBoHeTBD Cpe,LI.HHX, HHo'11KYJLa H3 ,noKa33iHHOrO HaMH paHee 

He CJIe,LI.yIOmee. ECJrH He npnHHMaTb 3'TOrO CBOHCTBa, TO MOLKHO 6b1JIO 

6bI 6paTh Ntt OTJI'HqHblM OT npe,neJIa npaBOH qaCTH (1.4), n03ToMY C 

¢OpMaJIbHhIX n03H~HH IIpe,neJIbHa5I Mo,neJIb Jf(ooeCTb ¢opMa cy*e

HHH '3a:,uaHHoH JIt-::::;;Jf{00 :IItO 'npaBHJIy, iCDoTIBeTiCTBYlOmeMY (1.4). 
2. TIpHHUHn npe,lI.eJIhHOrO pacllIHpeHH5I 06JIaCT1I cymecTBoBaHHH 

npHMeHHM IH K o6meMy KJIaccy 11M <M~). CHaqaJIa epe,UHHe C cg 
pacnpOCTpaH5IIOTCH no epopMyJIe npOJLOJI2KeHH5I (1.2) iRa Ma:tKOpHpye

MylO Ha6opoM ~ 06JIaCTh fT~, B qaCTHOCTII, Ha a6COJIlOTHO orpaHH

tIeHHble npH3HaKH PTOiQc[T'.C§ (eCJIH Bce gt!£.cg OrpaHHQeHbI, TO fT~ = 
== g""'o). 3 aTeM rrpe,neJIbHbIM rrepeXO,lJ,OM I (1.4) PacrrpOCTpaH5IIOTCH C 

froo Ha fT00. JIHHeHHa5I 060JIOQKa 2+(g-'~Ug-00) H CTaHeT paclIlHpeH

, f HOH 06JIaCTbIO eymecTBoBaHHH cpe,nHHx, nepexo,U K KOTOpOH 3KBHBa

A11eHTeH	 cY)KeHHIO I'MO,LI,e_rIH <M~> K 'npe,LLeJIbHOI1 epopMe (.A1~>oo. 

HJI JIIOCTP au,HSI 11 P B. }-! a r JI 5I,LLH0 ,LLJIH ,UHCKPe TH bIX n poCTPa HCTB W 
l1PB rrpe,UcTaB.TIHIOTCH MHororpaHHHKaMH BeKTopoB P Bep05ITHOCTeH, 

rpaHH KOTOpbIX napaJIJleJIbHbI OCHM P (Xi) = 0, KaK 3TO BH,lLHO H3 

pHC. 1.7, f,lLe TpeyrOJIb'HHK :J, cooTBeTcTByIOmHH rOJIofI 11M, CpECO

BaH c pac. 1.4. 3JLeCb TpaneUHH u!{2 onpe,lJ,en5IeTC5I Bcer-o ,UByM5I 

nep'BI1'lJ'HbIMIi BepoHTHoCTRMH: P2(Xl) - JlerBa51 ee rpaHb H 152(X2) 

BepXH5I5I, T. e. IIMeeT ,HOp5I,lJ.OK 2, TOr,lI.a 'KaK uf{1 HMeeT rneCTb ne:pIBH4
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J(X )=/ p(Xl )==0J 

PHe. 1.7. OrrepaUH5I Ha,lJ. I1PB 

HbIX rpaHeil, CJIe,UOBaTeJIbHO, we

CToro rrOp5I,UKa. TIepeCeqeHHe 

,UBYX MPB - CHOBa MPB vlt l !\ 
!\Jlt2 H rrepBHqHbIMH 6YAYT Be

p05ITHOCTH, IIOJIyqeHHble CJIOMe

HHeM Boe,UHHO MeM,Uy co60H: rrep

BHqHbIX Bep05ITHOcTei:i eJ!{1 H JIt 2, 

qaCTb KOTopbIxrrpH corJIaCOBa-

HHH OKaMeTC5I H36bITOq,HOH, 

.Aiz TaK KaK rrpOXO,UHT BHe rpaHeH 

Jlt I !\Jf{2, KaK, HarrpHMep, P2(X2) 
?(Xt )=/ HJIH PI (Xl) Ha pHC. 1.7. 

06be,UHHeHHe ,UBYX MPB, 06

Be,UeHHoe Ha pHC. 1.7 WTpHXOB

KOH, epOp,MHpyeTHOiBbIe K!OHTyp!HbIe npaHH, KOTopbIe He irrapaJIJIeJIbHbI 

cTopoHa,M 3, T. e.YMe He ,COOTIBeT'CTBYIOT BepOHTHOICT5IM, qTO rrepeBO

,UHT B IpaMKH 60JIee '0611L'HX KOHCTpyKUliH 11M. TaK'lIM 'o6pa30M,XJIaCC 

Bcex I1PB He 3aMKHyT OTHOCHTeJIbHO orrepaU'HH 06be,UHHeHH5I. rOJIoe 

I1PB, COOTBeTcTByIOII.Lee IIOJIHOMy OTCyTCTBHIO HeTpHBHaJIbHbIX rrep

BHq>HbIX ,Bep05ITiHOCTeH, eCTb TO Me caMoe, qTO rOJIaH I1M. 

TIepefI,UeM K paCCMOTpeH'lIIO HeKOTopbIX qaCTHbIX CJIyqaeB MPB. 

KOHe4HO-a,lJ,,lJ,MTMBHbIe 11 P B. MHTepBa.JlbHa5I MOneJIb, nJI5I KOTOpOH: 

rrepBHqHO~I 5IBJI5IeTC5I CHCTeMa HerrepeCeKaIOII.LlIX'C5I C06bITHH, Ha3bI

BaeTC5I KOHeiiHo-aOOUTUBHblM UHTepBaAbHblM pacnpeoeAeHueM Be

POflTHOCTeu (KopOqe, 2:-I1PB). 0603HaqHM d z == {AI, A2, •••}, AiA j == 
== 0, i=l= j - Ha60p rrorrapHO HerrepeceKaIOII.LHXC5I C06bITHH H rrYCTb 

sa,UaHbI P(A j ), P(A j ), J==I, 2, ... XOT5I He Tpe6yeTC5I, qT06bI 06be

,UHHeHlIe A j OXBaTbIBaJIO Bce rrpOCTpaHCTBO fe, HO y'u06HO ,3TO CqH

TaTb, ,UorrOJIHlIB rrpH Heo6xo,UlIMOCTH HCXO,UHbIH Ha60p OCTaTOQHbIM 

Co6bITHeM Ao == (L:A j ) C (eCJIH OHO He rrycToe) H rrpH,UaB eMy B Ka

LJeCTBe rrepBHqHOrO TpHBHaJIbHbIH: Bep05ITHOCTHbII1 HHTepBaJI P (A o) == 0; 

P (1-1 0 ) == 1. Tor,Ua Sit 2. CTaHOBHTC5I ,Up06JIeHHeM rrpocTpaHcTBa ge Ha 

HenepeCeKaIOII.L,HeC5I IC06bITH5I, qTO J!..aJIee 'H ,rrpe.n.rroJIalraeTC5I. 

HerrpoTHBOpeqHBOCTb nepBHqHWX Bep05ITHOcTeti 3KBHBaJIeHTHa BW

rrOJIHeHHIO HepaBeHcTB: O~P(Aj)::::;;P(Aj), p(m)==~p(Aj)::::;;I, 

P (fE) == ~J5 (A j ) ~ 1. TIoCJIe,UH~ yCJIOBHe Tpe6yeTC5I TOJI~{O, eCJIH 

)lp06JIeHHe Sit ~ KOHeqHO. B cJIyqae CqeTHOrO ,Up06JIeHH5I B HeM HeT 
k 

Ha,U06HOCTH, TaK KaK HeCMOTp5I Ha paCWHpeHHe ~Aj rrpH yBeJIHQe
I 

HHH k BCer)la 6y,UeT OCTaBaTbC5I MeCTO ,nJI5I OCTaTOqHOrO C06bIT'H5I A o, 
.,UJI5I KOToporo rrOJIaraeM P (A o) == 1, 011CIO;:r,3 J5 (~) ~ 1, r;:r,e THJlb,UOH 

0603HaqeHa epopMaJIbHO rrepeHeCeHHa5I C rrepBHqHbIX Bep05ITHOCTb $. 

BTOPHQHbIMH rrpH3HaKaMH 6y,nyT BceB03MOMHbIe KOHe4Hble JIH

HeHHble KOM6HHaUHH g (x) == c +~ cjA-j (x), o6pa3yIOII.LHe JIHUeHHbIH 

KJIaCC P si'l:. epyHKUHH. B )Hero, B qaCTHOCTH, BXO,n5IT TaK Ha3bIBaeMble 

BTOpUiiHble C06blTUR A J - 3TO Te, KOTopbIe Ha6HpaIOTC5I KaK 06be
k 

..... 
.) 

,nUHeHH5I A j : A J ==~' A j, iflIe J11. -IKOHeqHbIl1 Ha60p HH,neKcoB.,LlJI5I 
k jEJ . 

k 
HHX P(A J ) ==~P(Aj), P(A Jk ) ==~P(Aj) - 3TO nepeHeceHHbIe rro 

'" k iEJk'" jEJ11. . 

aiJLJl:HTHBHOCTH rrep1BHQHbIe ;Bep05ITHOCTH (oTClO)I,a Ha3BaHHe: 3,n,UHTHB

Hble I1PB). 

YMe rOBOpHJIOCb 0 pa3JIUqHH CBOHCTB 8 - BepxHeH H 9 - HHM

Hell Bep05ITHOcTei:i. 3T'O pa3JIHqHe IOTpaMaeT'C5I H 'Ha iIIepeHeceHHbIX 

Bep05lTHOCT5IX, r,ne TaKMe «JIyIIIIl'HIMH» ,CBOHCTBaMH 06JIaAaeT 

HHMH5I5I Bep05ITHOCTb. TIp05IBJI5IeTC5I 3TO B TOM, qTO P (A J ) MoryT 

6bITb rro a,n,nHTHBHOCTH pacnpOCTpaHeHbI Ha CYMMbI eqeTHbIX MHO

)KeeTB HH,neKCOB J H 31'0 He nOBJIH5IeT Ha MPB. B eaMOM ,UeJIe, A J 

rrpH KOHeqHbIX IIO,UHa60p ax J11. cJ 06p a3YlOT BHyTpeHHocTb, «epyH)1,a

MeHT» ,nJI5I AJ , TaK qTO AJkcAJ H ~(AJk)::::;;~(AJ)' Vk, n03ToMY 

B KaqeCTBe ! (A J )'MOMHO B35ITb MaKCHMaJIbHOe 3'HaIIeHHe JIeBOH: qac

TH rrOCJIe,nHero HepaBeHcTBa, ,IIOJIyqaeMOe rrepexo,noM K rrpe,neJIy J11.t J, 
QTO Be,neT K <!JopMyJIe CqeTIHOro cyMM'HpOBaHH5I: P(AJ)==~P(Aj), 

--- jEJ--' 
rAe J cq.eTHO. B qaCTHOCTH, eCJIH qIICJIO C06bITHH: B Ha60pe ~~ CqeT-

HO, TO .uorrOJIHeHHe JC k K KOHeqHOMY Jk 6y,neT CqeTHbIM MHOMeCTBOM 

HH,UeKCQiB 'H 

P (A~ ) == ~ P (A j ).
'" k --. 

jEJ~ 

<PopMyJIa 'CqeTHOrO .cyMMHpOBaHH5I He pacnpOCTpaH5IeTC5I Ha Bepx

HHe Bep05ITHOCTH, rrOCKO~71bKY Ha CqeTHOM J ,nJI5I C06bITH5I A J yMe 

HeB03MO)KHO C03,naTb MaMopHpylOII.LYlO ero «KpbIllIY» H3 KOHeqHOrO 

qnCJIa neplBHQHbIX C06bITHM. 

Teo pie M a 1.2. ECAU nepButtHble uHTepBaAbHble BepoRTHoCTU sa

iJaHbl Ha opo6AeHuu Sit~ npocTpaHcTBa Fe Ha HenepeceKafOU{uecfl 
C06blTUR, TO BblpaJICeHUeM 

P(AJk) =min {P(AJk), l-~(A~k)} (1.5) 

OfiU npooo.l~JlCa!OTCfl, oeAaflCb C02AaCOBaHHblMU, Ha Bce BTOpUttHble 

C06blTUfl. flpOOOAJlCefiUe Ha Bce BTOpUiiHble npUSHaKU ocyU{eCTBAReT
Cft ¢;0pAtYAa,/vlu 

M(~cjAj)===min[c+2: (Cj-c)P(A j)- ~ (c-cj)P(il j )], (1.6) 
C Cj>c Cj<c '" 

npUlie.llt MUHUJVlyM OOCl'U2aeTCfl npu C == c*, yooBAeTBopRfOU{eM ypaB
fleHUfO 

~ P(A j )+ 2: PC1 j )+ 2: [xP(Aj)+(I-x)P(A j )]= 1 
Cj> CIj< Cj < C* --. Cj=C* 

npu oOHo3fialifio cyU{ecTByloU{eM Bbl60pe O~x::::;; 1. 
'uoKasaTe,lIbcTBO BbIHeeeHO B KO'Heu naparpaepa 

TIOHCHHM epOPMYJIy (1.5). Bep05IT'HOCTb P (AJ ) 

HOH CTOpOHbI, KaK cyMMa BepJeHHx Bep05ITHOCTe~I 
TUM, COCTaBJI5IlOII.LHX AJ k' a C .upyroH - ,naHHble 

--. 

B ,norrOJIHeHHe 2. 
rrOJIyqaeTIC5I, C 0)1,

rrepBHqHbIX C06hI

06 3TOH Bep051T
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HOCTH qeprralOTC5I H3 ou.eUKU HHLK'HeH Bep051THOCTH rrpOTHBOnOJIOLK

HorD C'06bITH5I ACJke nepeTC5I TO H3 ,nByX 3HaqeH'HH, KOTopoe 60JIee 

TOqHOe, T. e. MeHhllIee no ,BeJI'HqUHe. 

113 epOPMYJIhI (1.6) cpe,UHee ,UJI5I Bcero KJIaCCa IeSIt}:. BTopn4Hhlx 

rrpH3HaKoB nOJIYQaeTC5I c,nBHrOM: 1\1 (c +~cjAj) = C+1\1 (~c jA j ). TIo

HHTHO TaIKLKe, qTO (1.5) BhIIHO,UHTC5I H3 ,( 1.6), II OT1ClO,Ua 1Ke cyMMa 

rro P (A j ) B KOHue rrpaBoH qaCTH (1.6) ,UorrycKaeTc5I C4eTHoH. 

4>OpMyJIa (1.6) CTaHOBHTC5I BarJI5I,UHee, eCJIH 3arrHcaTh ee B BH,Ue 

M(~CjAj)== L cjP(Aj)+c*P*+ L cjP(Aj ), 

Cj>c·	 Cj<c* '-'"' 

r,ne P*=l- ~fi(Aj)- ~ P(A j). Tor,na M(~cjAj)==maXLCjPj. 
Cj>c* Cj<c*'-'"'	 P 

MaKcHMyM HmeTC5I no BeKTopaM P Bep05lTHOCTeH C KOMrrOiHeHTaM'H 

PjEI[~(Aj), PI(A j )] II ,nOCTHraeTC5I Ha BeKTope P*, KOMHOHeHTbI 

p* j KOToporo npHHHMaIOT MHHHMaJIbHO B03MOMHble 3Ha4eH!H51 p* j == 
=~(Aj) npHMaJIbIX Cj, T. e. Cj<c*, MaKCHMaJIbHble P*j=J5(A j ) npll 

Cj> c*, r,Ue c* no,n6HpaeTC5I TaKHM, 4T06bI P* 6bIJI BeKTopOM Bep05IT

HocTeH, a HMeHHO ~P*j= 1. 3TOH ,ueJIH CJIyMHT H BbI60p p* - KOM

nOHeHTbI BeKoTpa P HH,ILeKca i, cooTBeTcTByIOmero paBeHcTBy Ci = C~. 

,UaJIbHeHWee npo,UOJIMeHHe 'cpe,UHHx Tenepb yMe Ha Bce orpaHH

4eHHble cBepxy np'H3HaKH, KOTopble BcoBoKynHocTH CBoell H COCTa

B5IT eCTecTBeHHyIO 06JIaCTb cymecTBOBaHH5I cpe,UHHX ,UJIH ~ - I1PB, 

npOH3BO,UHTICH no H3!BeCT'HOH ¢opMyJIe 

Mf == inf Mg, fE;fo· 
g: t (x):::;;;g (x)E2A'~ 

C4eTHO-aJl,Jl,HTHBHble H PB. MbI C03HaTeJIbHO ,LLOJIro B03,Uep.IKHBa

JInCh 01' '6e30PoBop04Horo pacnpOCTpaHeHH5I 15(AJ ), AJ = ~ A j , -Ha 
jEJ 

C4eTHhle J no CBOHCTBy CyMMHpyeMocTH p5I,UOB, H60 31'01' war cpa3Y 

BhIBeJI 6bI Hac 113 np11BbIlIHhIX paMOK np'HH51TOH aKCHOMaTHKH. 3TOT 

llIar -- KOMneTeHUH5I nepBH4Horo 'Ha6opa, K 4eMy MhI Tenepb Ii 

06paTHMC5I. 

I1YCTb dx. = {AI, A 2, ••• } - c4eTHbIH Ha60p HenepeCeI<aIOIlJ)1XC51 

C06hITHH, 06pa3yIOlll,HX pa36HeHHe gee MhI BH,UeJIH, 41'0 eC~lH nepBH4

HbIMH HBJIHlOT'C5I 3HaqeHH5I ~(A j ), 15 (A j ), TO HHMH'I1e 6e3 ymep6a 

nepexo,nHT no a,U,UHTHBHOCTH Ha P (A J ) ,UJI5I JII06bIX, B TOM 4HCJIe 

CqeTHhIX J, a BepXHHe f5 (,4 J k) - TOJIhKO ,UJI5I KOHeqHhIX Jh, 06pa3y51 

!KOCT5IK p aCqeTOB Bep05ITHOCTeH (ITO (1.5) ,,UJI5I ~ -I1PB. 

nY'u'eM Tenepb CqHTaTh, l.JTO nepBHqHbIMH 51BJIHIOTC5I He TOJIbKO Aj 
(a O~CIO,Ua H AJ k)' HO H BceB03MOMHhle C4eTHble 06be,nHHeHH5I A J , 

B cOBoKyrrHocTH o6pa3yIOmHe cHcTeMyStta C06hITHH,IlpH4eM nepBHl.J

,Hble Bep05lTHOCTII 3a,lLaIOTC5I icpa3YC4eTHo-a,U,UHTHBHbIMH B TOM CMbIC

JIe, l.JTO J5(AJ)=~P!(Aj), P(AJ)I=~P(Aj), VI, KOHe4HbIX 'II Cqe1'
jEJ '-'"' jEJ'-

HbIX J (HH}Ke, IB ,llOnOJI'HeHHH 3 IIOKa3bIBaeTC5I, l.JTO 31'0 Tpe60BaHHe 

40 

BOBce He 51BJI5I'eTC5I 06513aTeJIbHbIM: nepnHQHOH MOLKeT 6bITb d CJ, a 

Bep05lTHOCTH Ha HeH 3a,UaHbI He ICqeTHo-a,U,lLUTHBHbIMH). 

I1HTepBaJIhHOe p acrrpe,UeJIeHHe Bep05lTHOCTeH, rr,epBUqnOH ,nJI5I KO-

Toporo 5IBJI5IeTC5I CJ1tCTeMa d cr ,C4eTHbIX CYMM Herrep'eeeKalOI.l(HXCH 

C06bITHi1, a nepBU4Hble Bep05ITHOCTH (HHLKH5IH H BepXH5I5I) C4eT'HO

a,U,UHTHBHhI, Ha3hIBaeTCH CtteTHo-aOOUTUBHblM (Kopoq-e, (J-I1PB) H 

0603Ha4aeTiC5I <P (A a ), 15 (A a ). 

Dprr 'OJI.H'llX -; Tex LKe HHTepBaJIaX !:(A j ), P(A j ), j= 1,2, ...• 3a CqeT 

paclIlHpeHH5I nepBH4Horo ,Ha6opa C4'eTHo-a,U,UHTHBHble I1PB OKa3bI

BaIOTC5I 60JIee Y3KHM'H, 4eM ~ -I1PB: 

(~(.Au),	 p (.Au» c (~(.Ax.). p (.AI.»' 

BOJIee Toro, a-I1PB, IB 06meM, He OTHOC5ITC5I K KJIaccy ~-I1PB, IIO

TO'MY 4Toda ICO,ILepMaT C4eTHble CYMMhI C06bITHH, TOf,Ua KaK ~-I1PB 
3a,UaIOTC5I OT,UeJIbHhIMH 3K3eMnJI5IpaMH C'06hITHH H UX Bep05lT'HOCT5IMH. 

TaKHM 06pa30M, CBOl1CTBO CqeTHOH a,U,UHTHBHOCTH 3KB1IBaJIeHTHO 

¢aKTH4eCKOMY ,paCllIIHpeHHIO nepBHl.JHOrO Ha60pa \C06bITHH IH HaJI02Ke

HIHIO ,UOnOJIHHTeJIbHbIX Tpe60BaHHH Ha rrepBH4Hble Bep05lTHOCTH. 

'uJI5I C4eTHO-a,U,UHTHBHbIX I1PB ¢OPMYJIa (1.5) corJIaCOBaHH5I Be

P05lTHOCTeH Ha :da (OHH Bce 6y,UyT Teneph y)Ke nepBHl.JHbIMH) BepH3 

oe3 KaKHX-JIH60 oroBopOK ,UJI5I Bcex AJESitae PaBHo KaK H epopMyJIa 

(1.6) CTaHOBHTC5I cnpaBe,UJIIHBOH ,nJI5I BTOPH4HbIX npH3HaKoB, KaKO
00 

BbIM'II 5IBJIHIOTC5I Tenepb Y)Ke JII06ble CqeTHhle CYMMhI ~cjAj Co6b1THH 
I 

A j 113 ,dae LLJI5I cpaBHeHH5I np5lMOrO H Cl.JeTHo-a,U,LI,IITHBHoro I1PB npu
Be,neM npHMep. 

n p H M e pLIO. TlycTb a; = {a, 1, 2, ...} - HaTypaJIbHblt'I p5IjJ, lIHCeJI II 3ajJ,aHhI 

00 

nepBHQHble Bep05ITHOC'TH Po, Po, Pi, Pi, ... TaK, lITO ~Pj~ 1. I10JIyqaeTC5I ~-I1PB'-'"' '-'"' o~ 

(co6cTBeHHo, jJ,JI5I npOH3BOJIbHbIX npocTpaHcTB a; II jJ,p06JIeHH5I d~ = {Ai, A ... }2 , 

MbI rrpH.2I.eM K TaKoMy 2Ke I1PB, eCJIH oTo6pa3HM Ar+j, j=O, 1, ... ). ,UJI5I KOHeq

Horo MH02KeCTBa Jk TOqeK Bep05ITHOCTII corJIacYIOTC5I no (1.5). PaccMoTplIM CqeT

Hoe CoobITHe A = {a, 2, 4, ...}, COCT05Imee H3 qeTHbIX lIUCeJI, II A c - II3 HelIeTHbIX. 

TorjJ,a ,UJI5I 2:-I1PB 

00 00 

~ (A) =	 L ~2j, ~ (AC
) ==.~ ~2j+l,
 

j=O 1=0
 

OTKY,lI.a nOJIYlIaIOTC5I COrJIaCOBaHHble 3HaqeHH5I ~(A) =-E(A), P(A) = 1-~(AC). OTMe

THM, lITO	 Pj IHe yqaCTBYIOT B onpejJ,eJIeHHH BepxHei'I Bep05IT:HOCTH CqeTHbIX C06bI

THH A no OTCyTCTBHIO KOHelIHblX uaKpbIBaIOIIJ,nx A caCTeM nepBHlIHbIX COObITHH. 

,QJI5ICqeTHo-ajJ,jJ,HTIIBHoro I1PB ,lI.onOJIHHTeJIbHbIM yCJIOBHeM HenpoTIIBOpeqHBOC
00 

TH 6yn:er	 ~P j ~ 1. DPH KOHelIHhlX Jk BepOHTHOCTH Te 2Ke. ,.[(JIH BBejJ,eHHoro BbllI1e 
'1 
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00 00 

',A HMeeM: P (A) = ~ P j, P (A C) = L, P2j +1, H COrJIaCOBaHHbIMH 6Y,lJ.YT yLKe .npyrne2 

, j~O 1=0 
• 3HaqeHIIH ~(A) =max{~(A), I-P(AC)}; P(A) =min{P(A), l-~(AC)}, qTO COOT

',BeTcTByeT 60JIee TOlJHbIMBepOHTHOCTRM. 3TO YBeJIHqeHHe 110qHOCTH ;IT.OCTHraeTC5r 

',3a CtIeT Toro, tITO nepBMqHbIMH MCXO,lJ.HbIMM CqMTalOTCH He TOJIbKO HaTypa.JIbHble 

, ~HCJIa, HO n IIX BceB03MOLKHhleClleTHble CYMMbl. 

TIPH TOqHbIX nepBIIqHbIX BepOHTHOCTHX !...j=Pj=P j , j=O, 1, ... , TaKIIX, tITO 

"~P j = 1 (yCJIOBHe HenpoTHBOpetfHBOcTH), KaK HeTpY,lJ.HO BH,lJ.eTb, Bep051THOCTb JIlO

e
" 60ro C06bITHH A 6Y,lI.eT TOqHOH: P (A) = P(A) = P (A) KaK ,lI.JIH KOHeqHO, Ta'K H ,lI.JI5t 

" ClJeTHo-a,lI.,lJ.UTHBHbIX I1PB, T. e. 06a THna I1PB COBIla,lI.YT Me1K,ny c060fi H BepoHT

'HOCTh JI106oro CqeTHOrO no,nMHOLKeCTBa 6y,neT TOllHOH, paBHoH cyMMe Bep051THO

',cTeH. 9TO eCTb 3aKOH CtIeTHOH a,lI.JJ.HTHBHOCTH TOqHhIX BepoHTHocTeH, BepHbrfi ,lJ.Jur 

',,lJ,HCKpeTHblx (KoHe1JHhIX HJIH CtIeTHhlx) )I,p06JIeHHH st'J:. npOH3BOJIbHOrO npocTpaH

, CTBa gee 

0606meHHSI. 3neCb 6yneT paCCl\tIOTpeH CJIyqaH, KorAaSit'l:, He 5IB

" JI5IeTCH AI1CKpeTHbIM, T. e. KOHeqHbIM HJIll CqeTHbIM. Y,U06HO ,UJI51 Har

'JI5I,U'HOCTH Boo6pa)KaTb B KaqeCTBe ge qHCJIOByIO np5IMYlO fIl. 
, CHcTeMa Sit nOAMHO)KeCTB Ha3bIBaeTcH KOAbl{OM H ,o003HaqaeTC5I 

',:Jt, eCJI'H OHa 3aMKHyTa no OTHOIlleHHIO K onep aUHHM rrepeCeqeHHH Ii 

.. CliMMeTpHqHOll pa3HOCTli (,1): A, BE:Jt'=>-ABE:Jt', A,~B=ABcU 
, UAcBEX. A eCJIHK TOMy )Ke OHa 3aMKHyTa no OTHOIlleHHlO K CqeT

" HbIM 06be,lLHHeHHHM, TO Ha3bIBaeTC5I (J-KOAbl{0M H o003HaqaeTC5I :Jta· 
',Ha qHCJIOBOH npHMOfI fJl KOJIbUO MHO)l{eCTB o6pa3yeTcH BCeB03MOLK

'HbIMH KOHeqHbIMH 06be,UHHeHH5IMH (cyMMaMH) HenepeCeKalOIUHXC5I 

·.OTpe3KOB, 3TO 6y,lI.eT lWAbl{O Orpe3KOB :Jt'J:, (nO,lI.p06Hee CM. 1[20]). 
, Mepot1 Ha KOJIbue X Ha3bIIBaeTCH HeoTpHuaTeJIbHaH KOHe4HO

'I a,U,UHTHBHaH epy HKU H5I MHOlKeCTB, a Ha :Jta ~ CqeTHo-a,n,UHTHBHaH• 

.. 3aMeTHM, qTO CyMMbI AJ = ~ Aj IHenepeceKaIOmllXC5I A j B npe,lI.bI
h 

jEJk 
'I .n.yrueM H3JIOlKeHHH 06pa30BbIBaJIH KOJIbUO (a ,norrOJIHeHHble CqeTHbI

• MH .cyMMaMH - a-KOJIhuO) H ~(AJ), P(AJ) - MepbI Ha HeM (npl){

• qeM P (A.T) 6e3 ymep6a np0,lI.OJIlKaIOTC51 ,lI.O ·cqeTHO-a,lI.,lI.HTHBHOH MepbI). 

BepHeMCH K o6meMy CJIyqalO H 6y,lLeM CqHTaTb, qTO nepBHtIHble 

• Bep051THOCTH npenOLLHOC51TC51 ,lI.ByM51 MepaMH P(A) IH P (A), AE:Jt', 
'I Ha KOJIbue ::It. KOHeqHO-a,U,UHTHBHaH Mepa epopMHpyeT ~-I1PB, a 

II CqeTHO-a,lL,lLHTHBHa5I Ha (J-KOJIbue - cOOTBeTCTBeHHO a-I1PB. 
HanpHMep, Ha flJl onpe,neJIeHbI Bep05ITHOCTH P,[a, b), Pl[a, b) JIlO

• 6bIX oTpe3KoB H MbI llX nepeHocHM TIO a,lI.,lI.HTH;HoCTH Ha CYMMbI OT

II pe3KoB. flpH 9TOM BepoHTHoCTH :P MoryT 6bITb HJIH OKa3aTbCH 60JIb

II rue 1, qTO He BHOClIT 3aTpy,lLHeHHH, TaK KaK OTKoppeKTHpyeTC5I npII 

• COfJIaCOBaHHH. B 06meM, P (A), 3a,lI.aBaeMble KaK nepBHqHble Bep05IT

I HOCTH Ha MeJIKHX MHO)KeCTBaX, OKa'3bIBalOTC5I Y:IKe He Bep05I'~HOCTH-

II MH, a MepaMH Ha IIIHpOKHX MHO)KeCTBax. 
Tpe60BaHHe HenpOTHBOpeqHBOCTH 3aAaHHH nepBHtI'HbIX Mep co-

I CTOHT B CJIe,nyIOmeM : 
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a) O~E(A)~P(A), VdE::It; 

6)P(A) ~1, VAE%; 

B) P(&e)~l. 
TIoCJ1e,lI.Hee yCJIOBHe HMeeT CMbICJI, KOr,lI.a fe BXO,lI.HT B cnCTeM 

nepBHqHbIX C06bITHH. I1Haqe OHO He Hy)KHO, TaK KaK no aKCHOMe At 
Bce paBHO 6Y,lI.eT P(f!E) == 1. 

cDop MyJI a npO,UOJIlKeHHH If 'corJIaCOB3'HH5I Bep05ITHOCTen TO)K.ueCT-, 

BeHHa (1.5). 'uJIHrrpOH3BOJIbHbIX C06bITHH OHa 3arrHilieTCH: 

P(B)=min{ inf P(A),1- sup P(A)}. 
BcAE/Jf BC ~AEJ{'-' 

OTMeTHM, LITO eCJIH BepXHHe Bep051THOCTH IHe 3a,UaHbI, T. e. MO)K

HO CqHTaTb P(A)=l, VAE%, TO ~(A)==P(A), P(A)==l:-P(Ac), 

AEX. Tor)la HH)KHH5I Bep05ITHOCTb an,UHTHBHa Ha cyMMax: 

P (LA i ) = "'22P (Ai), a BepxHHH - B o6w.eM, HeT. 

- TIpH3HaK-l (x) Ha3bIBaeTC5I :!t-U3MepUJHblM, ,eCJIH OH npe.rr.cTaBJIH

eTC5I KaK paBHoMepHo :CXO,lI.Hll(HHC5I npe,UeJI KOHeqHbIX JIHHeH'HbIX KOM

6HHaUHH C06bITl1H 113 X. CTporo rOBOp5I, KJIaCC Bcex Jt-H3MepHMbIX 

npH3H3KOB COCT3BJI5IeTC5I 3aMbIKaHHeM KJIaCCa P X OTHOCIHTeJIbHOI 

paBHOMepHOH CXO,lI.HMOCTH. CJIOBO r«H3MepHMbIH f» 03HaQaeT, qTO, 

yMeH H3MepHTb MepbI C06bITHH AEJt, MO)KHO CKOJIb yrO,LLHO TOqHO 

BblqHCJIHTb 3a KOHeqHOe 4HCJIO marOB HHTerpaJI OT f. 
ECJIH lEg::Jt, T. e. ,f eCTbKOHeqHaH JIHHeUHa5I 'KoM6HHaUI15I C06bI

THH II3 X, TO Nit Haxo.rr.HTC51 no (1.6). flpH f1J ==fJl ,LLJI5I H3MepIIMbIx 

OTHOCHTeJIbHO KOJIbua oTpe3KoB J I (3TO Bce HenpepbIBHble epyHKUHH x 
II ci 'pa3pbIIBaMH nepiBoPo pO:Aa) ICYIM'MbI IB (1.6) npeBparuaIOTIC5I B HH

TerpaJIbI: 

Mf==min[c+ J(f(x)-c)+dP- S(c-f(x))+dP], (1.7) 
c .-. 

r.ue IIJIIOC 03HaQaeT, qTO 6epeTcH HeOTpHuaTeJIbHa5I qaCTb epYHKUlJ1H. 

)lJI5I .~ - I1PB (nepBHqHbIM HBJIHeTCH KOJIbUO Jt): oTpe3KoB) 3,UeCb 

II'HTerpaJI nOHHMaeTCH B CMbICJIe PHMaHa - CTHJITbeCa, a ,lI.J1H 

(J'-I1PB - B CMbICJIe J1e6era - CTHJITbeCa II ,LLJIH nOCJIe,UHero KJIaCC 

TIpH3HaKOB paCllIHp51eTC5I ,no H3MepHMbIX no JIe6ery. 

T04Hwe pacnpeAeneHMD BepoDTHocTeA. TIYCTb Ha npOH3BOJIbHOn 

CHCTeMe ,set nepBlIqtHbIX C06bITHll ,UalOTC5I TOqHble Bep05ITHOCTH: 

~(A) ==P(A) =P(A), AEd. I1x COrJIaCOBaHHOCTb 3KBHBaJIeHTHa He

npOTHBopeLIHBocTH H COCTOHT B TOM, qTO: 1) A, BEd, AcB* 
==>-P(A)~P(B); 2) eCJIH ,AjEd - nonapHo \HenepeceKaIOmHeC5I co

ObITH51 H HX cyMMa TaK)Ke BXO,UHT B cHcTeMy d, TO BblnOJIH5IeTCH 

33KOH a,LL)J,HTHBHbIX Bep05ITHOCTeH: 

L Aj Eu4 ==> P (L: Aj ) = L: P (A j ). 

Bep05ITHOCTb CYMMbI HerrepeCeKaIOllJ,HXC5I AjEd 6yneT Bcer,Ua 

TOLIHOH, eCJIH cyMMa KOHeqHa (LITO 'cp a3Y CJIe,lI.yeT H3 'CBOHCTB 8, 9), 
nO~ToMY Tpe60BaHHe KOHeqHOH a,U,UHTHBHOCTH T04HWX Bep05ITHOCTe~ 
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OOH3aTeJIbHO Y:IKe npH HX 3a,UarHHH II paBHOCHJIbHO HX HenpOTH'BO

peqHBOCTH. Ho He Tpe60BaHHe CqeTHOH a,U,UIITHBHOCTH, TeM He MeHee 

KOTopoe ,UOJI:lKHO BblnOJIH51TbCH, Kor,Ua no 3a,UaHHlO 3aBe,UOMO H3BeCT
00 

HO, tITO ~AjEd, T. e. tITOCqeTHa51 cyMMa 11MeeT TOqHYIO BepOSlT

1 

!HOCTh. 
06m11e CBOHCT'Ba TOqHbIX Bep05lTHOCTeH Henocpe,UCTBeHHOBbITe-

KalOT 113 CBOM'CTB II'HTepBaJIbHbIX BepOHTHOCTeH '(iCM. HaqaJIO H3CT05l

mero naparpaepa). I1PO,nOJI:lKHM HaqaTYlO TaM HyMepaUHIO CBOMCTB,. 

CqHTa51 AiEd. 
12.	 P(W)=I, P(0)'=O. 
13.	 P(A)=I-P(AC). 

14. p( *Ai )= ~P(Ai). 
00) /(0) 00

15. limP ~ Ai ==o*pl ~ Ai = ~P(Ai)·(k~oo k+l \ 1 1 
0603HaQHM d* - Ha60p C06bITHH, Ha KOTOpOM npH npO',ll.OJILKe-


HHH C d Bep051THOCTH OCTalOTCH TOqHbIMH. OqeBH,UHO, d*-::::Jd. 113
 
CBOHCTB 12 II. 13 CJIe,nyeT, qTO W, 0cd* H qTO AEd**AcEd*.
 
CBoHcTBo 14 03HaQaeT 3aMKHyTOcTb d* OTHOCHTeJIbHO KOHeQHbIX
 

CJIO:>KeHHM HenepeCeKalOIlIJIXC51 C06bITHH. 4eM llInpe d B CMbICJIe KO


JIHqeCTBa C06bIT'HH H 3aMKHyTocTH orrepaUHH, TeM 6oraq'e 6y,neT ,d*~
 
oTKy,na MoryT rr051BHTbC5I ,UorrOJIHHTeJIhHble CBOMcTBa TOqHbIX BepoHT-


HocTefI.
 
DepeH,UeM K CJIyqalO, KOf,Ua HCXO,mHbIH Ha60p d 3aMKHyT OTHO-


CHTeJIbHO nepeCeqeHHH H pa3HocTH, T. e. o6pa3yeT C060H KOJIbUO
 

MHOlKeCTB ,d=.:!t (MO:IKHO H rrOJIyKOJIbUO, CKa:IKeM, Bce oTpe3KH qIHC


JIOBOH np51MoH). 'for,Ua COrJIaeHOCBoHcTBaM 12, 13, 14 Ha60p d*
 
C06bITHM,Ha KOTopble np0,UOJI:lKalOTC5I TOqHble BepoHTHoCTH, o6pa3yeT
 

aA2e6py MHOJKeCTB (aJIre6pa eCTb KOJIbUO C BKJIlOqeHHblM B. nero ge,.
 
T.	 e. 3aMK'HyToe OTHOCHTeJIbHO ,UonOJIHeHHH).
 

KOHetlHO-aaaUTU8HblAtU pacnpeaeAeHuflM~ 8epoflTHocrell (0603Ha

qalOTC5I 9':1:) Ha'3bIBalOTC51 I1PB, 3a,UaHHble rrepBHQHbIMH TJqHbIMH Be


pOHTHOCT5IM!H IHa aJIre6pe (rrOJIyKOJIbue, KOJIbue) C06bITHH. 3TO qaCT


HblH CJIyqaM ~ -I1PB, Kor,Ua rrepBHtIiHble HHTepBaJIbI Bep051THOCTeii
 

npeBpamalOTC51 B TOqHble 3Haqe'HH51. ,llJIH 3Toro CJIyqaH, nO,ll.CTaBJIH5I
 

P (Ai) = P (Ad, AiEd*, HMeeM [10 CBoHicTSy 9: P ( ~ Ai) = ~ P(Ai). 

T. e. TOqHble HCxo,UHble Bep051THOCTH nepexo,U51T no a,U,UHTHBHOCTH B
 

HH)KIHHe Bep051THOCTH eqeTHbIX CyMM. A BOT BepXHHe Bep05lTHOCTH
00 

B 06meM, HeT. 3a HCKJIlOqeHHeMCJIyqa5l, Kor,na OCTaTKH ~ Ai CYMM 
k+l
 

MoryT 6bITb nOKpbITbI C06bITH51MH B k , Bep05ITHOCTH KOTOpbIX nplI
 
k--+oo ,lI.eJIalOTCH CKOJIb yrO,UHO MaJIbIMH. Tor,na .ueH~TByeT cBoiicTBO
 

15. B ueJI51X HJIJIlOlCTpaUHH HH:lKe npHBo,UHTC51 npHMep 1.11. 
C:BOHCTBO CqeTHOM a,n,lI.HTHBHOCTH, MeXaHHqeCKH nepeHeceHHoe Ha
 

JIIOt)bIe CtI'eTHble CYMMbI, 3KBHBaJIeHTHO pacIlIHpeHHlO nepBHqHoro 'Ha
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1, 

·i 

--.j 

60pa ,UO cU2Ma-a.ll2e6pbl d a, BKJIlOqaIOmei'i p\1eCTe C C06bI'f1H51MlI JIlO

6ble HX CqeT,HhIe eYM,MhI H "lI.OnOJIHeHH51 K Hl1M, H 3a,UaHHIO Ha .9ta 
ctteTHo-aaaUTUBH020 pacnpeaeAeHufl Bep051THOCTeH fIJa \( qaCTHbIM CJIy

qaH (J-I1PB): 

00AiEcAa* ~AiEt.Aa, 
1 

(nelpBUqHOH MO)KeT 6bITb 

( 00 ) 00Pa L Ai = ~P(J(Ai) 
1 1 

d a, a Bep051THOCTH 'Ha HeM TO'qHbIe, HO He 

CqeTHO-a,lI.,llHTHBHble, KaK 3TO nOKa3bIBaeTC5I B ,UonOJIHeHHH 2). 
,UJI" fIJ (J BbIIIOJIH.HeTC51 CBOHCTBO MOHOTOHHOH CXO,ll.UMOCTH: 

BntB*Pa(Bn)-+Pa(B), B orrpe,neJIeHHOM CMblCJIe 3KBUBaJIe'HTHoe 

c4eTHoH a,n,llHTHBHOCTH [19] TOqHhIX 'Bep051THOcTeH. 

Cpe,llHHe OT d*-H3MepHMhlx npH31HaKoB 6y,nYT TOqHbI~H, nOJIy

qaeMbIMH COrJIaCHO (1.7) HHTerpHpoBaHHeM Mf= Sf(x)dP, npHqeM 

)I}IH flJ}:. 3TO 6y,UyT HHTerpaJIbI PHMaHa-CTHJITbeCa, a ,lI.JI5I gJa - JIe
6era-CTHJITbeCa (Tor,na KJIaeC f C TOq-HbIM'H Cpe,ll.HHMH pa'CllIHp51eTC5I 

,ll0 JI3MepHMblx no JIe6ery). Tlp0,ll.oJI)KeHue Cpe,llHHX Ha HeorpaHH

qeUHble npH3HaKH npoH3Bo,UHTC5I COrJIaCHO (1.4): 

Mf == lim lim Mf<-H2 , H~) , Mf == lim lim Mf(-H" HI.} •
 
fl2~oo Hl~oo H 1 -oo H2~oo
 

DPH 3TOM Bce yceqeHHble npH3HaKH f(-Ht, RiJ ,UOJI)KHbI 6bITb H3MepH

MbIMH. OqeBH,ll.HO, cpe,UHee 6y,neT T04HhIM Ml,=Mf, eCJIH npe,UeJIbI 

crrpaBa He 3aBHC51T OT nOp5I,nKa yCTpeMJIeHHH HI H H 2 K 6eCKOHeq

HOCTH - 3TO 6Y,ll,eT HHTerpaJI OT HeorpaHH4eHHOM epyHKUHH. 

,UJI51 T04HhIX Cpe,ll.HHX ,crrpaBe,UJIHBO CBOHCTBO M12li = ~Mfi, cor

JI3CHO IKOTOpOMy CHMBOJI Nl MO:IKHO npoHocHTb 3a 3HaK'H KOHeqHhIX 

CyMM. 3TO o6mee CBoHCTBO. A B KaKHX CBoHcTBax flJ1:, 6y,ll,eT OTJIH

llaThC51 OT 9 a? OTBeT Ha rrOCTaBJIeHHbIH Borrpoc ,UaeTC51 npHMepOM. 

n p H M e p 1.11. P a B HOM e p Hoe pac n peA e JI e H H e (Mepa-OAUHa). IlycTb 

Ha f)J = [0; 1) nepBHqHhIMH 5IBJIHIOTC5I BepoHTHoCTH P [a, b) = b-a, 0 ~ a <'b ~ 1, 
paBiHbJe )1.JIHHaM oTpe3lKoB. flpH npOAOJI.lKeHHH OHH onpejJ.eJIHIOT ~ -MPB fIJ1:, C TOll 

HhIMH Bep05ITHOCTHMH Ha aJIre6pe oTpe3KoB d:1: (Ky.n.a BXO.n.HT CYMMhI KOHeqHorO 

llHCJI3 oTpe3'KoB H .n.onOJIHeHHH K HHM). TOqHhIMH HyJIeBhIMH 6y.n.yT BepoHTHoCTH 

OT.n.eJIbHhIX TOqeK P (xd = 0 (nOJIyqaeTCH npM a-+b =xd M HX KOHeqHbIX Ha6opoB: 

k k	 k 
P(Uxd = ~P(xd =0, n03ToMY CqHTaeTCH UXiEd:1:. ,LLJIH ClleTHoro tIHCJIa TOtIeK 

1 1 1 
Bce 3aBHCHT OT HX pacrrOJI02KeHMH B CMhICJIe npUeMJIeMOCTH CBoHcTBa 15. HanpH-

Mep, Co6hITHe A = {I, 1/2, 1/3, 1/4, ...} 6y.n.eT HMeTh HyJIeBylO Bep05ITHOCTh, TaK 

KaK OCTaTOK {11k, 1/(k+l), ...} nOKphIBaeTC5I oTpe3KoM [0; 11k) Bep05ITHOCTH Ilk, 
KOTOpa5I npH YBeJIHqeHHH k .n.eJIaeTC5I CKOJIh yro.n.Ho MaJIoii. A ClleTHoe Co6bITHe 

D 00 (MH02KeCTBO (,LLHpHXJIe), COCTOHmee M3 Bcex pauaOHaJIhHhIX TOlleK oTpe3Ka 

[0, 1), HeJIh35I aHaJIorHqHhIM o6pa30M HOKphITh, n03ToMY ero Bep05ITHOCTh BOBce 

HeH3BeCTHa: 

~~ (Doo) = 0; p}; (Doo) == 1. 

Pe3YJIhTaT CBO.n.HTC5I K <ppa3e: «yMefl U3MepJlTb CKOAb yeoaHo TOtlflO aAUHbl OTpe3
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K08} fleAb3fl flUKaKUMU CpeaCT8aMU 3aMepUTb aAUflY MfloateecT8a 8CeX patfUOflaJlb

flblX tiUCeJl»; rrpaKTHqeCKHll CMbICJI ee OlJeBH,LLeH, 

ClJeTHO-aJUl.HTHBHOe paCrrpe,LLeJIeHHe f!jJ (j npl1 TeX 2Ke HalJaJIbHbIX ,,LLaHHbIX OTpH

uaeT BbIJl.'e,TIeHHbIl{ HaMH Te~HC. OHO HMeeT Te 2Ke BepOHTHOCTH OTpe3KOB H HX 

KOHelJHbIX CyMM. OTJUIlJHe B a6COJIlOTH3aUHH 3aKOHa ClJeTHOll a,LLJl.HTHBHOCTU BepOHT-

HOCTeH. TaK, ,LLJIH yrroMHHyToro MHOlKeCTBa )lHpI1XJIe 

P(X)== ~O==O,~O/J (J (D 00) == ~ 
xED oo 1 

B HallieM CJIylJae f!jJ (j COBrra,LlaeT C Mepoi'r JIe6era Ha OTpe3Ke [0; 1), OlJeBH,LLH0 , 

gJ(jcfP k H nepBHlJHbIMH ,LLJIH gJ (j ¢aKTHlJeCKH HBJIHlOTCH BceB03MOlliHble KOHelJHble H 

CqeTHble CYMMbI oTpe3KoB H )l.OnOJIHeHHH K HHM, 06pa3ylOIUl1X 60peJIeBcKylO CI1:rMa

aJlre6py d (j' A TOlJHOH 3Ta Mepa rrOCJIe npO)l.OJIlKeHHH OKa3bIBaeTCH Ha HeCKOJIbKO 

60Jlee IlIHpOKOH CHcreMe C06bITHH -- TaK Ha3bIBaeMbIX Jle6erOBblx MHOllieCTBax, KO

Topble OTJIlIlJaIOTCH OT 60peJIeBCKHX JIHIllb HyJIeBbIMH C06bITHHMH,
 

Cpe)l.HHe Mf eCTb COOTBeTCTBeHHO HHTerpaJIbI PHMaHa ()l.JIH f!jJk)' 11 JIe6era
 

()l.JIH f?jJ (J) Ha IOTpe.3Ke [0; 1) OT HHTerpHpyeMoI1 epYHIKUHH f (x), 
PaccMoTpHM npOMe2KYTOlJHbIH cJIylJaa Melli,LLy gJk 11 gJ (J' TIyCTb f!jJ k )l.onOJI

H5IeTC5I eme O)l.HOi'I rrepBHlJHOH BepoHTHoCTblO P (Doo) = 1/2 H 0603HalJHM nOJIyqeHHOe 

pacrrpe)l.eJIeHHe fP ' I1MeeM fJ'p=fl'kA<P(Doo) =1/2) 11 f!J(JcflJpcflJ k , lJTO HBJIHeT 
P 

npHMep, Kor)l.a TOlJHbIMH HMeIOTCH BepOHTHOCTH OT,LLeJIbHbIX HCXO,LLOB XEPll, nx ClJeT


HOll CYMMbI Doo, a B TO iKe 'BpeMH 3aKOH ClJeTHOll a)l.,LLHTHBHOCTH He BbIUOJIHHeTcH:
 

1/2 = P (Doo) > ~ P (x) =0. I1JIJIlOCTpaUH5I He06513aTeJlbHOCTH ClJeTHOll a)l.)l.HTHB"
 

xED oo 

HOCTH. 

MHTepBaJIbHble cPyHKUHH pacnpell.eJIeHHSI. TIYCTb £e =f!ll - qnCJIO

Ba5I np5JMa5J, H nepBHqtHbIMH 5JBJI5HOTC5J BJIOlKeHHble ,lI.pyr B ,lI.pyra He

orpa'HHqeHHble ICJIeBa nOJIyHHTepBaJIbI (-00, y), yEIUlj, D,lI.e Ulj 
npOH3BOJIbHOe rrO,llMHOlK1eCTBO fIl. 

TIepBHQHWe BepOHTHOCTH 

~(-oo, y)=~(y), P(_ooo, y)=F(y), YE"/f, 

KaK epYHI<Ul1H nepeMeHHOH y Ha3bIBaeTC5J HH:lKHeH 'If BepXHeH nepBHq


HbIMI1 epyHKUHHMI1 pacnpeneJIeHH5J, a 3a,lI.aBaeMoe HMH B pe3YJIbTaTe
 

np0,lI.OJI:lKeHH5J I1PB Ha3bIBaeTC5I UHTep8aAbHOU epYHK4ueu pacnpeoe-

AeHUfl. 

\YCJIOBHe 'Henp,oTHBOpeqUBOCTH nepBHqHbIX Bep05ITHOCTeH BbIJIH-

BaeTCH 'B Tpe6oB&HHe 

O~~(x)~F(y)~l, Vx~y, x, yr=:-o;y, 

COCT05Imee B TOM, lITO HH:lKH5I5I epyHKUH5I Pacnpe,lleJIeHH5I 

OT yHe ,lI.OJILKHa B03BbIlllaTbC5I :Ha,lI. BepXHeii F (y) (qTO 

HHr,lI.e CJIeBa 

6y,lI.eT 0651

SaTeJIbHO BbIIlOJIHeHO, eCJIH, KaK 3TO 06blqHO ,lI.eJIaeTC5I, 3a,lI.aBaTb
 

F (y) H F (y) Hey6bIBalOmHM H HlIlKHlOlO He 60JIbme BepXHefI:
 

F(y)~F(y), Vy). 

CorJIaCOBaHHe rrepBHqHbIX Bep05ITHOCTeH H npO,lI.OJI:lKeHHe HX Ha 

JII06ble rrOJIyHHTepBaJIbI (-00, x), XE~, npOBO,lI.HTC5I no epopMyJIe 

F(x)~ sup F(y), F(x)~ inf F(y). (1.8) 
- X~YE 6JI '" X~YE u!I 

Bep05ITHOCTH nOJIyHHTepBaJIOB np0,lI.OJILKalOTC5I Ha Bep05ITHOCTH O,UH

HOqHbIX OTpe3KOB: 

~ (y, z) == [~(z) - F(y)]+; P [y, z) -:=:: F (z) - F (y), 

r,lI.e nJIIOC YKa3bIBaeT Ha HeoTpHuaTeJIbHylO qaCTb epyHKUHH. Pacnpo

cTpaHeHHe 3THX epOPMYJI Ha KOHeqHble CYMMbI HenepeceKalOmHXCH 

OTpe3KOB npOH3BO,lI.HTIC5I corJIaCHO Bblp a.IKeHH5IM: 

~ (*[Yi' Zi)) = f~ fYi' Zi); 

P ( ffYi' Zi)) = F (Zh) - f- (Yl) - ¥1 (F (Yi+l) - C(zi)i+-, 

B KOTOpbIX IIOJIaraeTC5I Yl~Zl~Y2~Z2~••• ~Yk~Zk. 

IlpH TOllHbIX epYHKUH5IX pacnpe,lI.eJIeHH5I F(x) =F(x) =F(x), VX, 
(,lI.JI5I 3Toro TaKOBbIMH OHH ,lI.OJI:lKHbI 6bITb 3a,UaHbI) Bep05ITHOCTH 01''' 

pe3KoB 6y,lI.yT TOqHbIMH, paBHbIMH rrpHpameHH5IM: P{y, z) = 
=F(z)-F(y), KaK H ,lI.JI5I HX KOHellHblX CYMM, a npo,UOJIMeHHe Ha 

npH3HaKH 6yneT COOTBeTCTBOBaTb HHTerpHpoBaHHIO ITO PHM3IHY

CTHJITbecy: ft;lg= Sg(x)dF(x). 
nO,lJ,06He I1PB. HaLJHeM c qaCTHblX CJIylIaeB, TIYCTb Ha rrpOH3BOJIb

HOM ge 3a,lI.aH paClllHp 5IIOm'HHC5J Ha60p C06bITIII1 set i = {A y, yEUJj cflt}, 
AycAy' npH y<y'. 11 nycTb nepBIP-IHbHv1H 5IBJIBIOTCH Bep05ITHOCTH 

3THX C06bITHH ~(y)=P(Ay), F(y)=J5(A y). Tor,Ua cOBepweHHO eCTe-

CTBeHHO oT06pa3HTb ge~6lj Tal<, 4T06bI 14 y --+- (-00, y), II nOJIyqHTb 

HHTepBaJIbHyIO epyHKUHIO pacnpe,lI.eJIeHHH. TaKHM 06pa30M, 

I1PB(P (d i)' P (dt ) > no CBoeHcTpyKType H CBoHcTBaM OKa3bIBaeT" 

C5IIIo,lI.io6HOH HHTeplBaJIbHOH epyH!K'UHH p aeIlpe,rr,eJIe:HH5I. 

AHaJIOrHqHO, eCJIH 3a,lI.aHO ~-11PB <PCSft k ), P (st k ) > Ha npoH3

BOJIbHOM £8, TO, oT06pa3HB 3JIeMeHTbI pa36HeHHH A j B TOqKH Yj qHC

JIOBOH rrp5IMOH, nOJIyQHM nO,lI.06HOe I1PB Ha rrOnMHO:IKeCTBe Oljl= 
==: {Yl, Y2, ••• } qnCJIOBO~I rrp5IMoH. ECJIH 31'0 OKa)KeTC5I y,lI.o6HbIM, TO 

MO)K)HO CqHTaTb Yj= j, H TOr,lI.a 6Jj - HaTypaJIbHbIH p5I,lI. qHCeJI. 

OCHOBy rrO,lI.06H5I COCTaBJI5IeT B3aHMHO-0,UH03HaqHOe COOTBeTCTBHe 

nepBHqlHorOHa60pa MHO:IKeCTB O,lI.HOrO npOCTpanCTBa, T. e. Fe H ,lI.py.. 

foro - 6Jj C coxpaHeHHeM MHO:IKeCTBeHHbIX onepaUHH 06be,lI.HHeHH5I 

II rrepeCeqeHH5J (lITO IHa3bIBaeTC5I rOMeOMopepH3MOM aJIre6p ,[20]). 
OqeBH,lI.HO, JII060e oTo6paMeJHHe y = Sx npocTpaHcTBa £e H 6Jj o6ec

rreqHBaeT YKa3aHHoe COOTBeTCTBHe. 

I1HTepBaJIbHOe paonpe,lI.eJIeHHe Bepo~THocTeH <py (~) Ha 6Jj Ha

3bIBaeTC5I nooo6HblM I1PB<px (st) > Ha f);, eCJIH cym'ecTByeT oT06pa
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JKe,HHe S rrpOC'TpaHCTBa fB Ha Olj, rrpH KOTOpOM C06hlTHH AE.9t ne

peXO,lJ.51T B C06hITHH B == SAE.91 C COXpaHeHHeM rrepBHqHhIX BepOHT

HOCTeH. 

KOHeqHO Me, H3d MeJIaTeJIh'HO H3bHTh Bce C06hITHH C HeCOrJIa-

COBaHHbIMH 3HaqeHH5IMH P(A), TOr,lJ.a pX(A) ==]5Y(SA), AEd, 
BE/R. 

CMbICJI rrO,lJ.06HH COCTOHT B yrrpomeHHH CTpyKTypbI npOCTpaHCTBa 

ge pe,lJ.yKUHeH ero B rrpOCTpaHCTBO Olj KaK MOMHO MeHbllleH pa3Mep

HOCTH. B TO Me BpeM5I H corJIaCOBaHHe Bep05ITHOCTeH, H HX npO~OJI

)KeHHe B 060HX rrpOCTpaHCTBax O,lI,HHaKOBO. 

CeMeHCTBa pacnpe)J,eJIeHHH. I1YCTh flJe, SEE) - ceMeHCTBO TOqHbIX 

pacnpe,lJ.eJIeHHH Bep05ITIHOCTeH Ha ~. H'eU3BeCTHO, KaKoe H3 pjJe ,LI.aeT 

rrpaBHJIbHOe OfllHcaHHe HBJIeHH5I, HOKaKoe-TO H3 HHX 3TO 065I3aTeJIb

HO ,ll.eJIaeT. CKa3aHHoe 3KBHBaJIeHTHO 06be,ll.HHeHHlO flJe, lITO Be,lJ.eT 
K yIM: 

J/Jt == V gue·
eEE> 

CJIe,ll.OBaTeJIhHO, JI106bIe ceMeHcTBa pacrrpe,ll.eJIeHHH Bep05ITHOCTeii 

(a,ll.,lJ.HTHBHbIX "IlJIH clIeTHO-a)1.)1.HTHBHhIX) )1.alOT 11M, onpe)1.eJI5IeMylO 
Cpe)1.HHMH 

Mg=inf Meg, Mg== sup Meg, 
-- SEE> SEE> 

rAe ,g - rrpH3HaKH, ,LI.JIH KOTOpbIX Cpe,ll.HHe rro BceM fYe HBJI5IlOTC51 
1'lOIIHbIMH. 

Pe3YJIbTaT 06be,ll.HHeHH5I, nO,ll.qepKHeM, eCTh B 06m~~ 11M (a He 

MPB), 3a HeKoTopbIM HCKJIlOqeHHeM, KOr,lJ.a fYe HBJIHeTCH TOlIKaMH 

'«TeJIa» (MOI)KHO, KpaHHHMH) MPB. Ha:II'PHMep ~-I1P:B (iP (s4}:) , 

f5 (dI,) > MOMBO rrpe)J.cT3'BHTb ce6e ,K3'K 06be,ll.HHeHHe K,OHetIHO-a)1.)l.H

T,HlBHbIX :pa1cnpe)1.eJIeHHH fY}: TaKHX, i,lJ.JIH KOTOphIX P (A j ) HiBJI5IlOT'CH 'He

H3HeCTIHbI,MH H InO)1.LIHH5IlOT'C5I y'CJIOBHHM: P (A j ) ::(; P (A j ) ~p, (A j ), 

AjEd}:, (co6cTBeHHo, HCXO~,5I 'H3 TaKoro npe,lJ.CTaBJIeHiH5I, B ,)l.OnOJIHe-

HHH 2 ,lI,'O~(a3bIBalOTC5I epOPMYJIbI (1.5) II (1.6)). ' 
I1HTepBaJIhHylO epyHKUHlO pacnpe)1.eJIeHH5I TaKMe MOMHO MhICJIHTh 

ce6e KaK cOBoKynHocTh TOqHbIX <pyHKUHH pacnpe,ll.'eJIeHH5I, lITO n03

BOJI5IeT rBhIBO,ll.'HTh BhIpaMeHH5I )1.JI5I Cpe)1.HHX no <popMyJIe: 

Mg == sup_S g (x) dF (x). 
f:...~F~F 

HarrpHMep, ,LI.JIH rrpH3HaKa g (x) ,HMelOmero B TOqKe xm, e,lJ.HHCTBeH

HhIH . r JI06aJIbHhIH MaKcHMyM H He HMelOmero HHKaKHX JIOKaJIhHhIX, 

rrOJIY4aeTC5I: 

_ _ X 00_ 

Mg === g (Xm ) [F (Xm ) - F (X m)] + Jm
g (x) dF (x) + f g (x) dF (x), 

x m 

TaK KaK MaKcHMyM )1.0CTHraeTCH Ha F (X), paBHOH F (x) npH X<Xm , 

HMelOmeM B T04Ke Xm CKaqOK )1.0 F (x) H paBHOM F (x) rrpH X>Xm • 

OTHOCHTeJIbHbIe BepOHTHOCTH H Cpe)l.HHe. HCTHHa IIOCTHraeTCH B 

cpaBHe.HHH. 3TO <pHJIO'coepCKoe ,H3pelIeHHe rrpHMeHHMO H K CJIylIaM

HbIM HBJIeHH5IM. I10)1.lJac 'HCXO,lJ.HhIMH ,lJ.aHHhIMH HBJIHlOTC5I cpaBHH

TeJIb',HhIe cBeneHH5I '0 Bep05ITHOCT5IX H iCpet~HHX. 3TO cyM,lI,eHH5I T'Hna: 

«Co6hITHe A 60JIee BepOHTHO, 4eM C06hITHe B», 3arrHChIBaeMoe KpaT

Ko«PA~PB»; HJIH TaKoe: «I1pH3HaK f B Cpe)1.HeM IIpHHHMaeT 60JIh

wee 3Ha4eHHe, lJeM g», 3arrHChIBaeMoe«Mf~Mg». 3TH ,lJ.3HHble Ha

3bIBalOTC5I OTflocureAbflblMU (cy6beKTHBHhIMH [14]) Bep05ITHOCT5IMH 

II Cpe,ll.HiHMH H xapaKTepHbI ,lI,JI5I 3KcnepTHbIx oueHOK. I1oKaMeM, 'KaK 

OHH epopMaJIbHO rrpe)1.'CTaBJI5IlOTC5I B BH,lJ.e ceMeHcTB p acrrpe,lJ.eJIeUHH 

Bep05ITHOCTefI H KaK npe06pa3ylOTC5I B Cpe,ll.HHe 3HalIeHHH COOTBeT

CTBYlOIIJJ1X npH3HaKoB. 

npe)1.CTaBllM 'Ha MHr, qTO Bep05ITHOCTll C06hlTllH A H B TOqHbIe (lITO 

caMO C060H nO,ll.pa3yMeBaeT cTaTHcTHlIeoKYlO YCTO,H'qHfBOCTh 5I'BJIeHlI5I) 

If cooTBeTcTBylOT KlaKoMy-JIH60 TOlIHOMY pacrrpe,ll.eJIeHHlO BepOHTHO

cTeH fY T3'KOMy, lITO P(A) ;::::'P(B). ,UJI5I Hero no CBOHCTBaM cpe,lJ.

HHX MgJ(A-B) ?AtlgJA-M.:pB=P(A)-P(B) ~o. CPpa3a «PA~PB» 

cooTBeT,cTByeT ceMeHcTBy Bcex TaK\HX pacrrpe,ll.eJIeHHH: J{ == VfY, IIf no 
rrpaBHJIaM BhIqHCJIeHHH Cpe,ll.HHX )1.JI5I ceMeHcTB HMeeM M (A-B) = 

=inf M.qp (A-B) ==0. Pe3YJIhTaT ;B TepMHHax BepxHlIx epeJtHlHx '3a
:JfJ 

TIHWeT'C5I M (B-A) =OH 'MOMeT ,pa'C,c.MaTpHBaThiC5I KaK COOTB,eTlcTBylO

mee 'eppa3e «PA ~ PB» rreplBHlIHoe i~pe,UHee (CM. Ta6JI. 1.1). 
113 ,«PA ~ PB» rrpO,UOJIMeHUeM nepBHqHOrO Cpe,lJ.HerO BbITeKaeT 

E(B)~!:.(A)~J5(B), J5(B)~]5(A) (TaK KaK ~B-MA~O= 

==M(B,,-A) ~MB-MA H O==M(B-A) ~MB-MA) H HHTepnpeTH

pyeTC5I 'KaK TOT <paKT, lITO HHTepBaJIhHa5I Bep05ITHOCTh C06hITH5I A, 
rrepeKpbIBa5ICh, B o6meM, C HHTepBaJIbHOH Bep05ITHOCThlO B, C'Meme

Ha B ICTO:P'OHY 66JIbWHX '3HaqeHHH. 

Pa3HbIM <ppa3aM 0 CTapWHHCTBe BepoHTHocTei1: cooTBeTcTBylOT 

rrepBHlIHble Cpe)1.HHe BH,Ua M (B (x) -A (x) ) == 0, KOTophle rrpH pa3Hblx 

A H B corJIacYJOTC5I rro IlpaBHJIaM cpe,lJ.HHX H rrpO)1.0JIMaIOTC5I Ha 

JII06ble rrpH3H3KH. I1HTepecHo, qTO H 3,ll.eCh 6y,ll.yT BepHbI rrpaBHJIa 

JIOralIeCKoro BhIBo,Ua: «PA~PB» H «PB~PC»*«PA~PC» (TaK 

KaK M(C-B-i-B-A) ~M(C-B)+M(B-A) ~O). 
TIepeH,ll.eM K Cpe,ll.HHM. COBepweHHo aHaJIOrlllIHO rrOKa3hIBaeTC5I, 

tITO \rrpe,ll.JIOlKeHlle «Mf~Mg» B YCTOHqHBbIX YCJIOBH5IX 3KBHBaJIeHTHO 

M (f-g) =0. Y'CJIOBHeM COrJIaCOBaHH5I 3Toro rrpe,lJ.JIOMeHH5I co cpe,lJ.

HHMH OT rrpH3HaKoB f Hg HBJI5IlOTC5I: Mg~Mf~Mg, Mg~M'.f. 
3 a M e II a H II e. COoTHoIIleHHe Mf~Mg, rrpH KOTOpOM HHTepBaJIhI 

cpe,nHHX fie nepeKphIBalOT'C5I MeM,ll.y C060H, oTpaMaeT 60JIee )KeCTKOe 

npe,ll.JIOMeHHe: ,«f B Cpe,ll.HeM 60JIbllle g B JI106hIX (HeycToH4HBbIX) 

yCJIOBH5IX», KOr)1.a TOlIHhIe Cpe)1.HHe Mf H Mg He cymecTBylOT H ,lJ.0

rrYCKalOTC5I JIHlllh B HHTepBaJIbHOM rrOHHMaHHH. 

J(onOJIHeHHSI. 1. A K elf 0 MaT H 3 a n Ii H 11 P B. I1HTepBaJIbHhle pacnpe,lI.eJIe

flHH BepoHTHocTefI caMH no ce6e MoryT 6hITh onpe,lI.eJIeHbI KaK Ha60phl HHTepBaJlh
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HhlX 'BepOHTHOCTefr P (A), P(A), VAetC, CBH33HHbIX Me)K,ny co6oii 3KCHOM3MH l21 J: 
1) PCa') =15(a'),=T 2) 15,(A+B) ~15(A) +15(B), AB=0; 3) P(A+B) ~P(A) + 
+P(B), AB=0; 4) P(A) = I-P(AC) (B03MO)KHbI H ,UpyrHe B3PH3HTbI 3KBHBa

JIeHTHOro BbI6oP3 3KCHOM). COrJIaCOB3HHble B CMbICJIe 3THX 3KCHOM BepoHTHoCTH 

MoryT 6bITb pe3YJIbT3TOM npo,nOJI.lKeHHH nepBHlIHbIX BepOHTHOCTew, 3 ,n3JIbHeHlI1ee 

npo,nOJI)KeHlIe BepOHTHOCTew H3 cpe,nUHe npH3H3KOB f no npaBHJIaM HM npHBO,lI.HT 

B HTore K HHTepBaJIbHbIM cpe,lI.HHM Mf, All. 
aTOT nYTb Tpa,nHUHOHHO BTOpHT COBpeMeHHoMy BepOHTHoCTHOMy no,nxo,Lly, r,lI.e 

cpe,UHHe ,nJIH H3MepHMbIX f Ha3bIBaIOTC5I 06bIlIHO MareMarUtleCKUMU OOICUOaflUJlMU 

KaK	 pe3YJIbTaT MaTeMaTHlIeOKoro paClIeTa Mf no TOlJHbIM pacnpe,lI.eJIeHHHM BepOHT

HOCTeH [JJ (I. 

AKCHOMaTH3aUH5I TeopHH Ha 6a3e BepOHTHOCTew npHBO,lI.HT K He3aMKHyTofi KOH

CTpyKlI.HH, nOCKOJIbKY OlJeplJHBaeT KJIaCC MO,lI.eJIeli TOJIbKO HHTepBa"lbHbIMH pacnpe,Lle

.neHHHMH IBepOHTHOCTew, 06pa3yIOmnMH Bce BMeCTe JIHlI1b BeCbMa y3'KHH KJIaCC HM. 
2. LL 0 K a 3 aTe JI b C T BOT e 0 p e M bI 1.2. ,LLOKa:IKeM epOpMyJIy (1.5). C06bI

THe AJ Ma)KOpHpyeTcH JIH60 caMHM c060w, T. e. CYMMOI1 gl (x) = ~ Aj (x), TOr,lI.a 

jEJ 
Mgi=p(A J ), JIH60 npH3uaKoM g2(x)=1-~Aj(x), TOr,lI.a A1g2 =1-P(Ac J ). MH

j¢..J '::-' 
HHMaJIbHOe (HaH60JIee TOlJHoe) H3 Mgt 'If Mg2 H ,lI.aCT BepOHTHOCTb 15-(A J ) corJIac

HO (1.5). JIerKo y6e,lI.HTbcH, lJTO HHKaKOH H3 ,lI.pyrHx BTOPlIlJHbIX npH3HaKOB, M a:IKo

pHpyIOmHx A J (x), He npHBe,lLeT K 60JIee TOlJHOMY 3HalJeHHlO 3TOH BepoHTHoCTH. 

,UJIH ,UOKa3aTeJIbCTBa (1.6) Hy.IKHO npe,lLCTaBHTb <~(st}J, P (d:;:) KaK ceMeH~ 

CTBO d~-TOlJHbIX pacnpe,lLeJIeHHI1 9 TaIKHX, lJTO ~(Aj) ~P(Aj) ~p(Aj), H y6e,nHTb

CH, lJTO MaiKcHMyM TIrO g.> npI1 3THXOrpaHHlJeHHHX 

Ai L: Cj Aj (x) == max 2: Cj P (Aj) == L Cj p* (Aj) 

I
.qJ 

~OCTHraeTCH Ha pacnpe,UeJIeHHH BepoHTHocTeH 

npH Cj > c*,P(Aj)
 

p* (Aj) == x P(Aj) ~t- (1 - x) ~ (Aj) rrpH Cj == c*,
 

~ (Aj) npH Cj < c*,
 

r,lLe c* H x Bbl6lIpalOTCH TaK, lJT06bl BbIrrOJIHHJIaCb HOpMHpOBKa ~P* (A j ) = 1, npH

qeM 3TOT Bbl60p 0,lLH03HalJeH. Pacrrpe,UeJIeHHe gJ* nplIHHMaeT MaKCHMaJIbHble 3Ha

qeHIIH p(A j ) B TOI'1 lJaCTH f)J, r,Ue epYHKlI.HH g(X) = "2.c j A j (x) Be.TIHKa, T. e. Cj>C*,. 

a ,nJI5I C06JIIO,UeHHH HOpMHpOBKlI BepOHTHocTel'1 BbIHy)K,lLeHHO OCTaBJIHIOTCH caMble 

MHHHMaJIbHbIe 3HaqeHHH ~ (A j ) TeM A j , Ha KOTOpblX g (x) MaJIa, T. e. Cj < c~. 

3. n p H M e p bl K 0 H e q H 0- H C lJ e T H o-a ,ll. ,lL If T H B H bI X pac n p e )l e JI e-

H H H. TIYCTb ge - npOH3BOJIbHOe npocTpaHcTBo, COCTOHmee H3 'HeClJeTHOrO lJHCJIa 

TOqeK x, If nYCTb BepoHTHoCTb Ka)K,lLOH T01J'KH 3a,lLaHa HyJIeBol'1: P(x) ==0, VXEge. 
.3TO If 6Y,lLyT nepBHlJHbIe BepoHTHoCTH.'HyJIeBbIe HX 3HalJeHHH nepe,lLalOTcH no, 

a,lI.,lI.HTHBHOCTH KOHelJHbIM cyMMaM TOlJeK, COCTaBJIHIOIlJ)fM 3,lLeCb KJIaCC HeB03'MO)K

HbIX C06bITHH. CooTBeTcTBeHHo .uocToBepHbIMH C06bITHHMH, HMeIOmHMH e,l.I.HHHtIHyIO 

HH)KHIOIO BepoHTHoCTb, 6y,lLyT npoTHBOnOJIO)KHbIe C06bITlIH, T. e. ge 6e3 "lI060ro, 

KOHelJHOrO lJHCJIa TOlJeK. OCTaJIbHbIe C06bITHH 6y,lLyT HMeTb TpHBHaJIbHble HHTep

BaJIbHbIe BepOHTHOCTH i[O; 1]. TIO,lLlJepKHeM, tITO onlIcaHHaH MO,lI.eJIb - 3TO He rOJIoe 
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I1PB: KaK-HHKaK ,lLaHHble 0 HYJIeBbIX BepOHTHOCTHX TOlJeK Bce :IKe npHcyTcTBylOT,. 

QTO	 Be,lLeT IK L-I1PB. 

ClJeTHO-a,lL,lLHTlIBHOe pacrrpe,lLeJIeHHe nOJIylJHTCH, eCJIH Be HeClJeTHO H HyJIeBble 

00 

BepOHTHOCTH f5 (Uxd = 0 HCXO,lLHO rrpH,lLaIOTCH JIIOOblM KOHelJHbIM HJ1H ClJeTHblM Ha

l 
ioopaM TOlJeK. 3,necb Y.lKe I1HTepBaJIbHble BepoHTHoCTH [0; 1] 6y,lLYT HMeTb TOJIbKO 

TaKHe HeClJeTHble MHOlKeCTBa TOlJeK, lJTO H ,lLOrrOJIHeHHe K HHM HeClJeTHO. flepBHlJ

HbIMH ,lLJIH IlOJIYlJeHHOrO (J-I1PB HBJIHIOTCH ClJeTHble Ha60pbI TOlJeK H ,norrOJIHeHIUI 

K HEM, 06pa3yIOmHe BMeCTe cHrMa-aJIreopy do, Ha KOTOPO~I BepoHT,HOCTH CqeTHO-

a,lL,lLIITHBHbI.
 

Ha do 6Y,UyT 3a,lLaHbl Hea,nAHT'HBHble BepoHTHo'2TH, eCJIH HCXO,UHbIMlI HMeTb
 

k 00


P (Uxd =0, P(Uxd = 1/2 (BMecTo 1/2 MO.IKeT 6blTb JIlO6aH BepoHTHoCTb). Tor,ll.a 

,1 1
 
HCXO,UHoe CqeTHOe MHOLKeCTBO TOlJeK 6Y,lLeT HMeTb HHTepBaJIbHyIO BepOHTHOCTb
 

[0;	 1/2]. 
BepHeMcH CHOBa K HalJaJIY npHMepa H3a,Ua,UlIM ,UJIH Ka)K,lLOH TOlJKH x HHTep-

BaJIbHYlD iBepOHTHOCTb O~,f (x) ~ j5 (x) ~ 1. YCJIOBlIe HenpOT:HBOpelJHBOCTH CBO,ll.HTCH 

K TOMy, QT06bl JII06bIe CYMMbI HH)KHlIX BepOHTHOCTeH He npeBbllllaJIH e,nHHHuy: 

"2. P (xd ~ 1, a 3TO ¢aKTlItteCKH 03HalJaeT, lJTO P(xd MorYT 6blTb 3a,lLaHbI He paB-

HblMH HyJIfO JIHlllb Ha ,UHCKpeTHOM MHO)KeCTBe TOlJeK, npHqeM TaK, qTO HX cyMMa 

He 60JIbllle 1, Ha 15 (x) HHKaKHX OrpaHHlJeHlI~I He HaKJIa,UbIBaeTCH. B pe3YJIbTaTe: 

J k \
 

P (B) == L: P (Xi) , P(B)=min l ~P(X). I}.
 
xi EB '"
 

npHQeM nOCJIe,UHee p3BeHcTBo ,lLellcTByeT, eCJIlI B = {Xi, ... , Xh}, a eCJIH B He HB

.JIHeTC5I KOHeqHbIM, TO j5 (B) = 1-P (BC). 
4. r H 6 P H ,U H bI epa c rr p eJi e JI e H H 51 B e p 0 51 THO C T e H. OHH rroJIYlJaIOTCH 

.n.o6aBJIeHlleM K pacnpe,UeJieHHHM BepOHTHOCTeH He cymeCTBYlOmlIX .n..lIH HHX cpe,ll. 

HHX (MaTeMaTHlJeCKHX Ollill,UaHIIf'I). TIOHCHHM Ha npHMepax. TIyCTb ,naHO pacrrpe

1 
.rr.eJIeHHe KornH gJc BepoH1'HOCTHMlI oTpe3KoB Pc (a, b) = -(arctg b-arctg a). ,UJI5I 

rt 

Hero He HH MaTeMaTHlJeCKOrO O)KH,naHHH, HH ,ll.HCrrepCHH, T. e. x,cyme2TByeT 

x 2 ¢.fT 00. TIpHCBOlIM H3BHe He,nOCTaIOmlIe 3HalJeHHH MX, MX2, c,neJIaB 3TO B cor,JIa
2 

CHH C BepoHTHoCTHMH, T. e. He MeHHH HX B rrepeCelJeHHH gJc/\ <MX)1\<MX ). 

3TO 6Y,lLeT yLKe r1I6pH,UHa5I Mo,neJIb, He BXO,lLHmaH B KJIaCC MPB, rrpHlJeM TOqHble 

3HalJeHHH MX, MX2 3,neCb MoryT 3aMeHHTbCH Ha lIHTepBaJIbHble. 

,Upyroll npHMep, nycTb gJ JI - paBHoMepHoe pacrrpe,ll.eJIeHHe BepoHTHOCTel1 Ha 

oTpe3Ke [0, 1]. BepoHTHoCTH rrO,IT,OTpe3KoB paBHbI HX ,nJIHHaM, a MaTeMaTHlJeCKHe 

O)KH,UaHHH - HHTerpaJIaM. He cymecTByeT MaTeMaTHqeCKHX O)KH,ll.aHHH OT HeHHTe

1 
rplIpyeMbIx rro oTpe3KY [0, 1] epyHKUHH, CKa)KeM tk (x) = k ,k~ 1. 3anoJI(x-O ,5) 
HHH «nycToTbI» JIIOObIMH COr.TlaC OB3HHbIMH MeLK,Uy c0601'r 3HalJeHHH:MlI MIk' rrpII XO,lI,HM' 

K rH6plI,UHbIM MOlI,e~TJ5IM: /\<M!k)I\[JJ.'l. 
k 

C06cTBeHHo, H,neH r1I6plI,LLHbIX Mo,UeJIeH 6JIH3Ka K CqeTHo-a,UJI.,HTlIBHbIM pac-

rrpe,lLeJIeHHHM BepoHTHocTeH, a' TaKLKe K rrpe,neJIbHbIM epopMaM Mo,UeJIeH. B rrep

BOM CJIylJae BepoHTHocTHble HHTepBaJIbl ,lI.JIH CqeTHblX CYMM C06blTHH 3aMeHHJIHCb 

1'OlJHbIMlI 3HaqeHJ:IHMH corJIaCHO epopMyJIe CqeTHOH a,lI.,UlITHBHOCTH (KaK BH,ll.HO H3 
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npe,nhI,1I.ymero aHaJIH38, 3Toro He 06H38reJIbHO JI.eJIaTb HMeHHo TaKHM 06pa30M), a 11M, eCJIH ~UBF=FBF, T. e. B ;g IBKJIlO
BO	 BTOpOM nepeHOC cpe,lJ.HHX Ha HeOrpaHHtIeHHbIe npll3HaKH (<<nycToTbI», He BO

QaIOTC5I npH3HaKM, He BXO,lIJlIUMe B Pr. :J 
LlleJI.IlIHe B f!T;§) npOH3BO,lJ.HTCH no <popMyJIe HHTer.pnpOBaUHH. Bo Blcex 9THX CJIy" 

B ICJIyqae ,o,nHoro IceKymero npH
tIaHX cy}KeUHe 11M He BbI3bIB8JIO H3MeHeHHH HCXO,lJ.HbIX BepOHTHOCTeii. P3* 

3Ha'Ka InOJIyqaellC51 M*g-CeqeHlIe J(M*g· 
y* \, <t1g)3TO Ceqe·HHe 6y.rr.eT, OqeBU,ltHO, ~CTbIM, 

1.5. nPE,llCTABJlEHH,SI MOJ(EnEA	 eCJ1H M*g<Mg HJIII M*g>Mg. feo-
vlil1g - ~npe.n.HCJlOBHe. O,nHH HTor, KOTOpbIH Y~IecTHO nO,llBeCTH, 3TO TO, 

liTO ceMeH'CTBa Mo,neJIeH, a no eYTH rllX 06be,nUHeHII5l, ,llaIDT HOBbIe 

Mo,neJIH. CKa3alHHoe eCTb cnoco6 3a,llaH1H5I MO,lI,eJIeH 'coBoKynHocTH

M·M Y,ll06HbIX, npocTbIX Mo.neJIeH (He 'o6H3aTeJIbHO ceMeHCTiBalMM T'Oq

'HblX paClnpe~eJIeHIIH BepOHTHOCTeH). T1orl,LI.a TeJIO Mo,neJIll uarJI5IJl,HO 

npej.{cTaBJI5IeTC5I KaK BblrrYKJIa5I 060JIo'tIKa npocTeHIllIIx ,ee qaCTeH, 

aTOMOB; ,HO MO)KeT 6bITh II He COBceM npOCTeMIliIIX, a YKpYIIJHeHHbIX 

no CTpyKType, 3aTO npOCTbIX no OIIIIcaHHIO. 5!CHO, qTO npe,nCT3BJIe

HHH TalKOTO pO/,lla Heo6blqaHlHO MHor,o, OCHOBHble U3 IHHX !3',neCb 'Palc

CMaTpHBaIOTC5I. 

Cnoco6~ rrpe,nCTaBJIeHHH ,lleJI5ITC5I Ha yHHBepCaJIhHWe II CrreUHaJIb

Hble. K. YJiU8epCaAbJiblM OTHOC5ITC5I paCCMaTpHBaeMble 3,UeCb	 ceqe

HMS! TeJIa 11M IlapaJIJIeJIbHbIMH rHnepIlJIOCKOCT5IMH, cOBoKynHocTK 

KOTOpbIX, KaK yBH,llHM, nOJIHOCTbIO orrpe,lleJI5IIOTC5I Mo,neJIblO II	 onpe

.ueJI5IIOT ee. CeqeUH5I MoryT 6paTbC5I BbI6opOQHO (3a,lI,aIOw.ne CeqeHH5I), 

a TaK)Ke caMH no ce6e IMoryT OIlI1CbIBaTbC5I CBOHMH IIO,lLCeqeHH5IMYI. 

K. cnel{uaJlbJiblM crroco6aM OTHOC5ITC5I 3a,naHH5I C rrOMOllI.blO ce

MeHcTB, o6pa30BaHH~x C,lI,BHraMI1 HeKoTopoH rrpocToH (cTaH,lI,apTHoH) 

11M, BBe,ll,eHHeM HeH3BeCTHoro napaMeTpa B <PYHK~HOHaJIbHOe npe06

pa30BaHHe HeKoToporo CTaH,llapTHOro l«IIIyMa» - rrpoueeca He CTOJIh 

Y2K CJIO)KHOH 'KOH<pI1rypaIJ)1/H, HaKOHeu 3a,ll3:HHeM nJIOTHOCTII (,nJI5I Hac 

OHa ¢OpMaJIbHa) nJII1 IceMeHtCTB flJIOTHOCTeH. 

CeqeHHSI Mo.n.eJIH. ~ -npocToii Ha3bIIBaeTCH 11M <M~), :onpe;,lI,e

JIeHHaH Ha nepBlIqHOM Ha60pe ~ TOQHbIMH 3HaqeHH5IMH Mig, gE~" 
nepBHqHbIX ICpe,llHI1x. OqeBl1,ll,'HO, (M~) = /\ <Mg), III pe3YJIbTaT 6y

gE;§ 

,lJ.eT HenycTbIM TOJIbKO B CJIyqae HenpoTHBOpeqI1BOCTI1 Ha60pa Mg,. 
gECS, COCT05ImerO B CJIe,llYlOmeM: 

k k
 
"2: Ci gi (x) > O==> ~ Ci Mg i > 0, VCl' giEj.
 
I	 1 

M *CS -CetteflueM HM Jf{ Ha3bIBaeTC5I nepeCeqeHHe: J{M*;§ = J(!\ 
/\(M*~). TaKIIM o6pa30M, J{M*~ - 3TO 11M, nOJIYQeHHa5I tnpH6aB

JIeHHeM K Cpe,lI,HI1M Jf{ Ha60pa TOqHbIX nepBlIqnbIX Cpe,lI.HHX M*g" 
g;E~. COBoKynHocTb M*CS= {M*g: gECS} eCTb Ha60p qlICJIOBhIX xa

paKTepHCTIIK ceKymeH 11M; 3Be3,llOqKI1 03HaqalOT, QTO 3TO BHOOHMbIe 

H3BiHe (no .lKeJIaHIIIO MeH5IeMble) \BeJIHQIIHbI. 

E'CJIH fT eCTb 06JIaiC'Tb cymecTBOBaHII5I ,llJI5I BepxHlIx cpe,UHlIx J{" 
TO 06JIaCTblO cymecTBOBaUI15I ,llJI5I M *CS -CeQeHII5I J{M*;§ 6YJleT 
2 (frUCS) , COCT05IIUaH 1I3 BceB03MO}KHbIX npH3HaKOB BH,lI.a f+ ~Cigi~ 
fEfT, giE<$. Oi6JIa'CTb cymecT1BOBaHH5I CeqeHlH5I IIII1lpe, qeM Y HCX\Ou:(IHOH 
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MeT,pHqeCKH ceKymylO 11M <M*g) -- -- vii 
(illlpH 'K'OHeqnOM qnCJIe 3JIeiMeHTOB PI'* P2* 
npocTpaHcTBa gel M02KH'O npe,nICTa

'BHT:D ,ce6e 'Ka\K rHinepinJI'OCKOCTb IB 

HlpOCTpaHC'f1Be BeKTopOB 'Bep,05ITHO'C- PIlC. 1.8. CeqeHIUI Mo.neJIIl 

Teii. ,DJI5I cJIyqa5I a; = {Xl, X2, X3} 
CeqeHlIe J(M*g 1I306pa2KeHO Ha plIC. 1.8 CnJIOlllHOH JIIIHUeiL 

PaccMoTplIM, KaK Hy2KHO IICKaTb cpe,nHHe, cooTBeTcTBylOlllHe ce

QeHH.S1M. TIYCTb JIlM* g=JI(/\ (M*g). flepBIIqHbIMII cpe,nHHMII JlJI5J 

.Jf!lM. g 6y,nYT Nih, hEfF It M*g, n03TOMY 

MM*gf= inf (Mh+cM*g),
 
h (x)+cg (x}~f(x), hE __~
 

r,ne HlI)KH515I rpaHb IImeTCH no cEfll II no hEPT. IlPII 3a,llaHHOM C 
HII)l{H5I5I rpaHb no h ,llOCTHraeTC5I, Kor,lla h=f-cg, B pe3YJIbTaTe 

(1.9)
MM*g f = min [M (f - cg) +cM*g]. 

c 

3 a M e q a H H e. ECJIH g He npHHa,1I.JIelKHT 06J18CTH cymecTBOBaHH5I 06eHX rpa

H1Ul, .;/{, T. e. gEt.cTn (-.cT) , TO ,lJ.JIH JlI06oro npH3HaKa fEf!Tn (-tF) cnpaBe;I)lHBO 

A1M *gf=Jlif (TaK KaK M (f-cg) = 00 npH c=#=O). 

AHaJIOrlIqHbIM 06pa30M, eCJIII cg k= {gl, ... , gk} eCTb KOHeQHbIlI Ha-

60p npI13HaKOB, TO 

M M ;y f == min [M (' f - ±c j gj) + ±c j M* gj]. (1.10)
* k 'lei 1 1 

nJI51 npOlI3BOJIbHOrO lHa60pa cg Ha OCHOBaHHII paBeHCTB Jft JH*:g' = 

= .J1't 1\ (.J1't* fJ) = J/It /\ ( 1\ (M* fJ k») = 1\ (.Ai 1\ (M* h») = 
;§hC ;§ ~kC.:Y 

= /\ .J!;[M;§ liMeeM:
 
;§hC ;§ * k
 

M M ~ t = inf M M ;§k f, 
. *..Y ;§hC ;§ * 

r,lJ.e HaepnMyM 6epeT'CH Ino BceB03MOiKHbl'M KOHeqHbIM no,n'Ha6opaM 

~k	 ,nplIi3HaIK'OB H3 ~. 
CBOHCTBa CeqeHHit CeqeHlIe 06JIa,llaeT npHBbltIHbIMH CBOHCTBaMli 

HM. nOMHMO 3Toro 'BepHbI CJle,nYlOllI,He CBoHcTBa: 

1.	 .J1;lM*;§ c:..Jt. 

2.	 .J1'tM.37 =.J1't inpH M*.2' = I, B npOTHBHOM cJIyqae .JtM.37 = 0· 
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3. (.J!1 M*g'1)M*g'2 = JftM.(g'l U.'9'2)' T. e. M* j 2 -CeqeHHe .JI;tM*g'l 

ecn TO Me caMoe, 'ITO H M* ( J 1 U ~ 2) -CeqeHHe .Jft, T. e • .J!£ A 
;\ (M* ~ 1) /\ (M* f 2). 

4. ECJIH Mh, hE.~ orrpe,ll,eJI5IeT M0l2l.eJIb <M~), TO M*~-Ce'IeHHe 
6Y,lI,eT orrpeJJ,eJI5ITbC5I 'Cpe,ll,HHMH M~UM*~, T. e. <M~) M*g'= 
=<A1deUM*~>. 

5. .J!1 = A.Jfite '* .J!1M g' = A(Jfte)M g' - nepeCeqeHH5I rrepeCTaHOBOqe * ft * 
RbI C CeqeHH5IMH. 

6. fpaHHu'bI M M"g' t a,ll,,lI,HTHBHbI OTHOCHTeJIbHO rrpH6aBJIeHH5I KO

HeqHbIX JIHHeHHbIX KOM6IIHau,HH npII3HaKoB II3 S : MM.g' (f+ L Gig )= 
i 

=== M 1v1 *:9' t+ 2: Ci M* gi" 

.uoKa3aTeJIbCTBO 3THX .CBOHCTB 3JIeMeHTapHo. 

113 CBOHcTBa 6 CJIe,ll,yeT, 'ITO CeqeHIIe 6Y,ll,eT O,ll,HHM II TeM Me ,lI,JI5I 

Bcex 11M, rrOJIY'IaeMblx«CJI:BHroM» Bcex nepBHqHbIX rrpH3HaKoB Ha 

LG;g;, g;E.~, II cooTBeTcTByIOIIJ:HM C,lI,BHrOM HX Cpe,ll,HIIX rra LG;M*g;. 
TeopeMa 0 npe)),CTaBJIeHHH HM. 

Teo p e M a 1.3. Jl106a51 HM J( npeOCTaBA51eTC51 KaK 06oeoufie
~flue ee M *~ -cetteHuli: 

.J!£ = V .JftM g', (1. It)
M*g' * 

zoe ~ eCTb A106011 B351Tbl11 fia60p npu3fiaKoB, a 06oeoufiefiue npou3
BOOUTC51 no 3fia ttefiU51M M*g B ufiTepBaAax Mg::;;;M*g::;;;Mg, gE.~. 

.uoKa3aTeJIbCTBO TeopeMbI BbIHeceHO B ,lI,OrrOJIHeHHe 1 'B KOHeu, na
parpaepa. 

3 a M e 'I a H H e. B 06be,ll,HHeHHH (1.11) Brr ~JIHe MOMHO ,lI,OnycTHTb 

M*g npo6eraIOIIJ.HMH 3Ha'IeHII5I OT -00 ,lJ,0 00, TaR KaK rrpH M*g<Mg 
lIJIH M*g>Mg Ce'IeHHe nYCTO: J(M.g'=0. 

ECJIH B Ka'IeCTBe ~ B35ITb ,npOH3BOJIbHblii.Ha6op !J1 C06bITHH, TO 

1f3 TeopeMbI CJIe,lJ,yeT, 'ITO KaM,lJ,a5I 11M MOMeT 6bITb rrpe,lJ,CTaBJIeHa 

o6be,nHHeHl1eM 11M C TOQHbIMI1 Ha Ha

60pe .91 BepoHTHOCT5IMI1 ,006bITllH: 

J;[ === V _ ./ftP*$ , 
p.9J~P*$~P$ 

f.,ne P*$={P*(B), BEgj} -0603Ha

qeHl1e cOBoKynHocTH Bep05ITHOCTeH, 

npllQeMj}$-':HI1LKHllX II P$-IBepx-

HHX BepoHTHocTeH. 

~ , I :-\ feOMeTpl1QeCKOe TonKOBaHlle Teo
I ~'/ , /, / ~\ / 

peMbI 0 rrpe,ncTaBneHI1I1 BI1jI,HO 113:!('\ / ~ / ~ / I~I /

vV'/ / '<./ ~ pHC. 1.8 H 1.9: Jf{ Onl1CbIBaeTCH no'''Z''-:./ ~~ 
'CJIe,nOBa TeJIbHOCTblO napaJIJIeJIbHbIX 

PMC. 1.9. TIpeJl.cTaBJIeHMe MOJl.eJIM orpe3KoB, nOJIYQeHHblx ,nepeCeqeHll
..ce4eHH51MH 

eM np5IMblX <.l"'~*g> C TeJIOM Mo,ne
.~~
 

JIll JIt. 3TO npli O,nHOH g. ECJIIi HX HeCKOJIbKO, TO CeqeHlIe ceqe... 

HIiM 6Y,lI.eT ,UaBaTb Bce 60JIee MeJIKIIe 3JIeMeHTbI (BnJIOTb ,lI.0 aTOMOB: 

Mo,UeJIH, a ,lI.JI5I ,nHcKpeTHblx npocTpaHcTB - IBeKTopoB BepoHTHocTeH" 

II Tor,Ua Jf{ npe,UcTaBJIHeTCH KaK ceMeHcTBo aToMapHblx MOJLeJIeH 

BeKTopoB BepoHTHOCTeI1). CKa3aHHoe epOpMyJIHpyeTC5I B BH,Ue CJIe,U

CTBIIH. 

CJIe,lI.CTBHe 1. <M~>= V <M*~>. 

<M*~)c<M~) 

3,necb <M*~> - npocTble Mo,UeJIII, onpe,neJIeHHble TOqHbI'MH 3Ha

4e'HHRMH M*g, g·E~. TaiKHM o6pa30M, Mo,UeJIII C nepIBH4HbI'MH cpe,ll.

HI1MH Mg, g·E~, npe,ll.CTaBJI5IlOTC5I ,KaK CeMeI1CTBa Mo,UeJIeH C TOqHbI

Mli :3HaqeHH5IMIi M*g, gE~, TaKHMH, qTO M*g~Mg. 
CJIe,lI.cTBl1e 1, OqeBI1,nHO, OCTaHeTC5I B CIIJIe, eCJIIi BMeCTO ;§' B35ITb 

JII060H BKJIlOqalOI.I.LIIH ~ Ha60p rrpH3HaKOB. A TaKLKe JIlO60I1 Ha60p 

rrpll3HaKOB IIco6bITHH, H3 KOToporo JI1lIHeHHbIMli npeo6pa30BaHHHMH 

(HJIH llX 3aMbIKaHIIHMH) MOLKeT 6bITb nOJIyQeH KaLK,nbIH npH3'HaK 113 

~. B qaCTHOCTH, eCJII1 3TO iCHCTeMa C06bITIIH, TO HMeeM yTBep)K,neHlIe. 

C JI e,lI. C T B He 2. ECAU Bee npU3HaKU fla60pa ~ U3MepU/I;f,bl OT

HOCUTeAbHO CUCTe.iHbl set Mf-lOaICeCTB (T. e. npe,nCTaBJIHIOTCH KaK KO

Heq,Hble JIHHeHHbleKOM6IIHaU,HH HH,nI1KaTOpOB C06bITI1H set I1JIH HX 3a

MbIKaHH5I OTHOCHTeJIbHO paBHOMepHOH CXO,nHMOCTH), TO 

(Ai j) == V (P*~A).
 
<P*Jt) c (.;\1:9')
 

COrJIaCHO 3TOMy CJIe,nCTBIHO 11M npe,nCTaBJI5IeTCH KaK ceMerICTBO 

TOqHbIX Ha set pacIlpe,neJIeHI1H BepoHTHocTetf. ECJIH set eCTb aJIre6pa 

HJIH KOJIbUO C06bIT'I1H, TO 3TO 6y,UyT KOHeQHO-a,n,nHTHBHble pacnpe

,neJIeHHH BepoHTHocTeH. A I1HTepeCHO, qTO 6y,neT, eCJIH set 1- CHrlvla

3JIre6'lpa, T. e. aJIre6pa, 3aM,iKHYTa5I ,OTHOC'HTeJIbIHO C4eTIHblX ,o6benH

HeHHH? Tor,na Bce paBHo 11M npe,ncTaBJI5IeTCH KaK ceMeHCTBO set
TOqHbIX pacnpe,neJIeHHH Bep05lTHOCTeH, HO 3TO 6y,nyT Orr5lTb )Ke B 

OCHOBHOM KOHeqHO-a,n,nIITHBHbIe pacnpeneJIeHI151 (!). 
MOLKHo c,neJIaTb BbIBO,ll., qTOCQeTHO-a,lI.,nIITI1BHble pacrrpe,neJIeHlI5I 

caMH no ce6e 5IBJI5IIOTCH CJIHWKOM pe,UKHM HCKJIIOqeHHeMB,«ceMbe» 

pacIlpe,neJIeHI1H Bep05ITHOCTe~I, qTo6bI I1MH MOLKHO 6bIJIO onHcaTb 

MHorHe 11M (B qaCTHOCTll, KOHe4HOH pa3MepHocTll). TIpHQeM 'pac

IllHpeHl1e CHCTeMbI set C ueJIblO ,np06JIeHHH elO IlpocTpaHcTBa ge Ha 

Bce 60JIee MeJI~He qaCTH, a OTCIO,ll.a JIOfllqeCKIiH nepexo,n K 60peneB

CKHM CHfMa -aJIre6paM, II K 60JIee MeJIKIIM JIe6efOBcKHM, XOTH 11 He

CKOJIhKO YBeJIHqHBaeT OIlHCaTeJIbHbIe B03MOLKHOCTH CqeTHO-a,lI.,lI.HTHB

HbIX pacIlpe,neJIeHHH, Bnpl1HUllilHaJIbHOH CBoeH OCHOBe 'BbIBOna He 

MeHHeT. 

I13lOMIIHa, 'CKpbITaH B CJIe,UCTBIIHX 1 11 2, COCTOHT B TOM, qTO He

YCTOHqlIBble B CTaTHCTl1qeCKOM CMbICJIe HBJIeHH5I OIlHCbIBalOTCH B BH

,neceMeHCTB TOqHbIX Mo,neJleH,COOTBeTcTByIOI.I.LHX YCTOHqHBbIM 51BJIe

HI1HM, B qaCTHOCTll, C nOM0I.I.LblO ceMeHCTB TOqHbIX pacnpe,neJIeHIII1 

BepOHTHOCTeH. HeYCTOHqHBOCTb CTaTI1CTllQeCKaH B3alIMHO «nepeKaqlI
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naeTCH» B HeycTOHtIHBOCTb HHepOpMau.HOHHyIO, B Harne He3HaHHe TOtI

HbIX 3aK'OHOB, HeH3BeCTHOCTb Bb16opa. Ha rrepBbIH B3rJI5I:,lJ., napa,nOK

CaJIbHbIH BbIBO,lJ., HO Ha caMOM ,neJIe BrrOJIHe eCTeCTBeHHbIll, TaK KaK B 

O,60HX CJIyqa5IX rrpH ne3aBHCHMbIX ,IIOBTopax B rrpe,lI,eJIe 6Y,lI,eM no

JIYQaTb pa3Hble Cpe,lI,Hae aplIfepMeTHlIeCKHe, a 3TO :IKe H Cpe,LI.HHe B 

HHTepBaJIbHOM ilX nOHHMaHHH. 

OnpeAeJleHHe 11M 3aAalOllJ)fMH CeqeHHSlMH. TO.TIbKO tITO rOBopII-

JIOCb 0 TOM, qTO MO:IKHO MbICJIHTb ce6e ¥1M B BH,lJ.e 06'be,lJ.HUeHHH liJIil 

·ceMeHcTBa 60JIee MeJIKHX ee lIaCTeH - MO,lJ.eJIeH. Ho Be,lJ.b 3TO eCTb 

H crroco6 3a,lJ.a!HHH Jf{, eCJIH ee HCXO,lJ.HO onpe,lI.eJIHTb He tIepe3 CBOH 

,cpe,nHHe NIt, a KaK 06'be,lJ.HHeHHe 60JIee rrpOCTbIX no onHcaHHIO 3a

)I.aIOIUI1X ee MO,lJ.eJIeH Jt*e: Jf{\= V Jf{*e. OpOCTbIX B TOM CMblCJIe,·· lITO 
e ~	 

)I.JIH HI1X JIerKO naXO,lJ.5ITCH Cpe,lJ.HHe Met. Tor,ll.a Mf=sup M*ef. dTO 
e 

Q,lJ.HH H3 cnoco60B HerrpHMoro 3a,lJ.aHHH 11M, pa3JIHlIHble acrreKTbI 

KOToporo 3,lJ.eCb H o6cy:IK,lJ.aIOTcH. 

CHaqaJIa paOCMOTp,HM TOT CJIyqaM, KOr,lJ.a Jf{*e HBJIHIOT'C5I M*~

1'OtIHbIMH, a POJIb MHorOMepHoro IrrapaMeTpa 8 BbIIlOJI,H5IeT "CaM Ha60p 

iCpe,lJ.HI1X M*g, gE.~. 3arrHllleM 

JIll == V ~(M*g'). (1.12)
M*;§ 

CrrpaBa CHMBOJI M*~ C03HaTeJIbHO 3aKJIIOqeH B KpyrJIble cKo6KH, 

ttITo6bI YKa3aTb Ha TOT ...¢aKT, qTO ,nJIH Jf{~M*~) Cpe,lJ.HHe OT rrp:H3Ha

ROB ,gE~ HBJIHIOTCH TOqHbIMH, parBHbIMH 3HaqeHHlO COOTBe~CTBYlOme

ro rrapa,MeTpa: M~M*~)g==,M*g, TaK H Ha TO, tITO IB OTJI'UqMe aT 
(1.11) «rrapaMeTpbI» He 06H3aHblrrpo6eraTb Bce 3HaqeHH5I H3 {Mg, 

Mg], IgE.;g, a Jf{;M*;§) B 'CBOIO OtIepe,nb He 06H3aTeJIbHO ,lJ.OJI)KHbI 

6bITb M~ -CeqeHM5IMH MO,lJ.eJIH Jr. KaK 3TO XOpOlIlO BH,lJ.HO H3 pHC. 1.9, 
r,lJ.e ~ == Jf{D VJf{ 1 VJ{2 MO:tKeT 6bITb 3a,lJ.aHa CetIeHHHMH JI!Hlllb ee lIac

Tei1 Jl1 H Jl2 H 3)I.'eCb, eCJIH ',lJ.a2Ke CetIeHHSI Jf{o 3aJJ.aBaTb [lyCTbIMH, 

TO Bce paBHO vi{ ==Jf{l V J{2, T. e. 'BblnyKJIa5I 060JIOtIKa Jl1 Ii Jf{2 (HJIH 

oeeqeHIiH) lorrpe,lJ.eJIHT Jt. 
B epopMyJIe (1.12) JI;M*;§) 6y,neM Ha3bIBaTb 3aiJalOU1uMu ModeAb 

,CetteflUHMU. PaccMoTpHM rrpHMep. 

IT p H M e p 1.12. ITYCTb ge = {Xi, X2, X3} - TpH 3JIeMeHT3pHblX HCXO,U3 If vi{ 

llHTepnpeTHpyeTcH KaK BbIrry,KJIOe ceMellcTBo BeKTopoB BepoHTHocTeli P. HaC~OJIbKO 

.BHjlHO H3 pHC. 1.9, orrHcaHHe J{ rrepBHtIHbIMH cpe,UHHMH, 3KBHBaJIeHTHOe OIIHcaHHIO 

KOHTypa J( KaC3TeJIhHhIMH JIHiHHHMU (KOTOphIX 6eOKOHetIHO MHoro), 51BJUleTCH 

.HeY.lJ.06HhIM. B TO :>Ke BpeMH Ka}K)1.0e ee p* (xl) -CetIeHHe .Jt~*(Xi) eCTb ,UOBOJIbHO 

npOCTa51 no cTpyKType 111\1, 3a)1.aBaeMaH TOtIHOH Bep05lTHOCThlO p* (xt) H npe,Ue

.JIaMH H3MeHeHH5I p* (X2): ~P*( Xi) (X2) ~ P*- (X2) ~ j5 P*( Xi) (X2), aaBUCHIUHMH, B 06-

[P(Xl), p'] M [p", P(xt}], cooTBeTcTBylOIII.HX oT,UeJIhHO J(1 'M .;/{2, 0603HatIeHHbIM 

HapRC. 1.9. 

BepHeMC51 K ¢OPMYJIe (1.12). nYCTh Mo.ueJIli J{;M*:§) Ol1'liChlBa

IOTC51 rrOMHMO 3HaqeHHll ""'1*g', gEC§, (pa3Hblx ,UJIH pa3Hblx MO,1leJ1el1) 

Bce O,lI.HHMll II TeMH.lKe BepxHllMH lIlepBllqHbIIMHCpe,LI.HHMH Mh, hE~: 

.JJ!l(M*~) == (MJt) /\ (M* j ). 

TO:f,lI.a HX 06be,lJ.HHeHHe no H3MeHeHH5IM lVl*,g, gE~, OrpaHHQeH

HbIM cBepxy 4TICJIaMM lWg, gE.<§, orrpe,neJIHT 11M cJf{, nepBHtIHbIMH 

a.J15I IKOTOpOH 6y;r.yT Te Me caMble M~, H nJIIOC 'K 3TOMy, ji\1~, tITO 

¢ 0 pM aJIbH0 3 a rr IICbIB a eTC 51 : 

.JPt = V (Mdt) 1\ (M* j ») =: (MJt) /\ (M j).
 
M*g'~Mg, gEJi
 

I105ICHI1M CKa3aHHoe. flYCTb C§)== g' II H306pa3HM Ha pHC. 1.10 
M*g-Ceq'eHHe KaK IIJIOCKHH MHororpaHHHK JI*(M*g) Ha fIInepnJIOCKOC

TH T04iHOfO 3Ha4eHH51 1\;1*g. ECJIHerO rpaHII Mhj He MeH5IlOTCH npH 
M*g-«C.lLBIIr'ax», TO OHM coxpaHHIOTC51 ill )I.JI51 epIIrYPbI vI!, n'OJIylleH

HOM B pe3YJIbTaTe napaJIJIeJIbHOrO nepeMellI,eHllH 3T'OPO ,rrJIOCKOrO ,MHO

rorpaHHHKa IIpH H3MeHeHHH M*g oT'lvIg )1.0 Mg". I1JIlOC K 3TOMy ,ll.Be 

rpaHH 6y,nyT cooTBeTcTBoBaTb «KpaMHHM» 3HaqeHH5IM M*g=~g II 

j\1:::g==Mg. I\cTaTH, IpaC'UOJIOMeHHble IHa HHX MHororpaHHHKH nOJlHO

CTblO OIIHCbIBalOT J!: JI{ ='JI{ ~Mg) VAt ~ '-' . flo,J,06Ha51 pe,lJ.YKLuI~ OIl'l1ca
"" A1g) 

HHH B03MO)l(Ha npH JII060M Ha60pe ~. 
HeCKOJIbKO 6oJ1ee 061l1JIH cJIyqaI1 no cpaBHeHHIO C npe,J.bIJl.YIUHM 

6y,neT llMeTb MeCTO, eCJ1H (npn rrpe)KHHX OCTaJIbHbIX yC,TIOBH5IX) 

Ai (Al*;§)h 3aBHC5IT OT M*gi, giE~, H JIHHeI1HO MeHHIOTC5I npH HX H3

MeHeHHHX: 

M(M*~)h==mhT ~ci(h)M*gi' hE2ff, 

r,Ue K03epepHUHeHTbI Ci (h) 3aBHC5IT OT h. Ha PYlc. 1.10 3TO 6y,neT BbI

r JI5I,neTb KaK H3MeHeHHe HanpaBJ1eHH5I )l,BH)KeHH5l IIpl1 CMemeHHH 

n~10CKoro MHororpaHHHKa, tITO BbI30BeT H H3MeHeHHe HTorOBoro IIO

nOJI'OMeHH5I np aHerI vI!, 'cOOTBeT-


CT'BYIOllI,HX IIPH3'H3IKa,~1 h celie· .fIg
 

HHH, a 3Ha'4HT, II caiMHX h, 'KOTO J". --:7";:

-'7"	 / 

pble nepexo,n5ITB h-~Ci(h)X -?	 
~,,/ 

/Xgi co 3HaqeHH51MH Mlh- if	 / iih? 
-2:Ci (h)gi] ==mh, hEdG. 3TH J},(!!!l) I1h2 

\, 

"ilI.{eM, OT p* (xI). CeqeHHH vI{~*(Xd 6y,LJ.yT 33,UalOIII.HMH ,LJ.JIH ..,If = V ..K~*(Xd' HyJK- nepBH4Hble Cpe,lJ.HHe BMeCTe C ~\\~ 

P*(X i ) !:!g, Mg, gE$, ill Ql1peJI.eJI51T J{. \. ~\\' 
EO yK333Th JIIUlih npe,LJ.eJIbIH3MeHeHHH IIapaMeTpa p* (xt) JIH60 B )J.H3na30He OT 

!. (xI) )1.0 P(xt), cooTBeTcTBylOIII.eM .JI{, JUI60 B 60JIee Y3KHX )J.Byx )1.HaII330H3X	 PaCCMOTpHM npHMep TaKoro 

npeACTaBJIeHH5I. PKC. 1.10! <PopMHpoaaHHc rpaHeiI Mo.neJIH 

~7I
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n p 1I.M e p 1.13. ITYCTh Ha [Jl 3a,UalOlUHe CeqeHHH Jl*(M*X) npH Ka*,lJ.OM. <pHK

'CHpOBaHHOM M* X 3a,UaHbI epe,UHJIMH M* (M* X )X2 = fiz 2+M* X. 3,Uecb B npHHHThIX 

1BhIlIle 0603HaqeHHHX g(x) =x, h (x) =x2 • Tor,Ua o6be,lJ.HHeHHH CeqeHHH no napa

MeTpy M* X, MeHHlOlUeM)TH B npe,lJ.eJIax ~X ~M*X~MX, o6pa3yeT 11M C nepBIPI-

HbIMH epeJl,HHMH: M (X2_X) =ltn2, 111 X, A1X. 

MbI paCCMOTpeJIH TOT CJIylJaI1, KOf)l.a nepBHT..IHble Cpe)l.HHe M*~

CelJeHHH 3aBHC5IT OT M*~. ,UpyroH crroc06 - IC,LLeJIaTb 3aBHC5IIIJ.HM OT 

M~:~ caM BH,LL nepBHT..IHbIX npH3HaKOB h M *;# 3a,LLaIOmHX CeqeHuH. 

IT p H M e p 1.14. 3 a ,n a H H e C JI Y tI a H H 0 H B e JI H tI H H hI C P e ,II. H 'H M H 

1J, Hen e p C H e H. J],ucnepCllfl eCTh MOIll,HOCTb ueHTpIIpOBaHHOI1: K TOqHO HYJIeBoMy 

2cpe,nHeMy C. B. a= M (X---M X) 2. B o6Ill,eM cJIyqae HeJIh3H onpe,ne.TI'HTh ,UHcnepcHIO. 

Nlo.IKHO CD,eJIaTh- 3TOTOJIbKO npu Jl,onYIlJ,eHHH 0 TOqHbIX MX, T. e. JI,JIH M* X-1oeqe

-HHH ..,K* (M*X) \Mo,neJIH, 3a,naBaH ,nJI51 HHX M* (M*X) (X-M*X) 2 =.;z (M* X), 06be,UH

HeHHe CeqeHHrI no M*X H ,QacT MO,QeJIh 'CJIyqaHHOH BeJIHqHHhI, 3a,naHHOH npe,neJIa

MH MX, M X H3MeHeHHH cpe,nHero H (npH Ka.IK,UoM M* X) BepxHeH -'uHcnepcHeH 

;2(M~). 
f1peo6pa3yH B Ka.IK,UoM CeqeHHH BhIpaMeHHe ,QJI51 ,UHcnepcHH C yqeTOM Toro, tITO 

A1*X HBJIHeTCH TOqHhIM, HMeeM: ,;2(M*X)=M*(M*X) (X-A1*X)2=Ai*(M*X)X2_(M*X)2, 

HJIH M*(M*X)X2=~2(M*X)-(M*X)2. OTcIO,na CJIe,UyeT, tITO nepBHtIHhIH npH3HaK 

h (x) = (x-M* X) 2 ,nJIH M* X -CeqeHHH 3KBHBaJIeHTHhIM 06pa30M 3aMeHHeTCH Ha x2 C 

~nepBHtIHhIM 3HaqeHHeM ~2 (M*X) -(M*X) 2, 3aBHcHlUHM OT M* X HeJIHHeHHO. 

,ll.aHHaH MeTo,nHKa Mo*eT 6hITh npO,UOJI.lKeHa Ha 3a,naHHe 11M HHTepBaJIbHhIMH 

11,eHTpaJIhHhIMH MOMeHTaMH II KyMMyJIHHTaMH. 

Upe,1J.CTaBJleHUe Qepe3 cTaH,lI,apTHylO MM. BepHeMC51 K 06meMy 

npe,LLCTaBJIeHHIO: t.If{ = V eJf{a, T..IaCTHbIMH CJIyqa5IMH KOToporo 5IBJI5IIOT

C5I KaK 3anHCb yIM B BH,LLe BbInyKJIOH 060JIOQKH npOCTbIX pacnpe,lJ.e

JIeHHH (BepllIHH), TaK H B BH)l,e 06be,LLHHeHH5I CelJeHHH. XOp0lI10 6bI, 

QT06bI Bce 3a,LLaIOIIJ.He eJf{a IHMeJIH O,LLHH3'KOByIO, ,LLOCTaTOQHO npocTYIO 

cTpyKTypy. 

OCTaHOBHMC5I !Ha TOM CJIyT..Iae, KOr)l.a Bee eJf{e nOJIYlJaIOTC5I He

CJIOMHbIM 06pa30M H3 O)l.HOH Jto, H33bIBaeMOH CTaH(JapTHOU. ,UJI5I 

BTOfO HaBO,LLHTC5I 3aBHC5Imee OT 8 COOTBeT:CTBHe Me)l(,LLY npH3HaKaMl1 

t++te TaK, QT06bI HX Cpe,LLHlie )l,JI5I CTaH,LLapTHOH II 3af1.aIOmeH 11M 
COBnaJIH: Mot=Meta, rrpH 3TOM He HapywHB COfJIaCOBaHHOCTlI. T'Of,LLa 

)J,JI5I HaXO)K,neHH5I Meer )l.OCTaTOT..IHO BbI5IBHTb COOTBeTcTByIOIJJ.HH ,CP npH

3HaK t !(npH 3a.llaHHOM 8) H B35ITb OT Hero cpe.llHee Mot. 
PaccMoTpIIM 60JIee CTporo ,Bonpoc, K3KHM B 3TOI1: cxeMe .ll0JIMHO 

6bITb COOTBeTCTBHe MeM,LLy npH3HaKaMH, 'KaK OHH CB5I3bIBaIOTC5I iMeM

JJ.Y C060JI? flYCTb CTaH,lJ.apTHa5I dfo orrpe,LleJI5IeTC5I CBOHMII cpe,LLHHMli 

Mof, fE.fT, II 3a,LLa,LLliM eJ1{a 3HaT..IeHH5IMH 

M 8 f == M 0 (La f), (1.13) 
f,LLe L e - orrepaTop, oT06pa)KaIOW,IIit 06JIaCTb [!fa cymecTBOBaHH5I 

Le
Jf{a B 06JIaCTb fTo cymecTBOBaHH51 eJf{o: [!Fa -+fTo, SEe. 

Y T Be p M,U e H H e 1.4. CpeoHue B ¢opMyAe (1.13) 6yOyT C02Aa
COBaHHblMU, eCAU onepaTop La 06AaoaeT cAeoylOU{uMU OByMfl cBo11
CTBaMU: a) AUHeiiHOCTbfO Le(Cltl +c2f2+ C) =c1L'atl +C2 Lat2+C; 6) co
xpaHeHUeAt 1l0pfloKa tI ~ t2* LetI ~ Lat2. 

H y*HO Jl,OKa3aTh, qTO ,nJIH rpaHHU, BhIpa.IKeHHhIX (1.13), BhlnOJIHHlOTC51 aKCHO-

M hI M.l'vl (C~I. CTp. 15) . OqeBU,UH hI AI H A4. ,UaJIee, . b~ o=>-Xla(bf +c) := 

= XloLe(bf+c) =Mo(bLef+c) = bMoLef+c=bMef+c, H ,nOKa3aHa A2. HaKoHeu, A3, 
CJIe,UyeT H3 COOTHOllleHH~I A1a(f+g) =MoLa(f+g) ~ MoLef+ i\1oLeg= Mef+Meg, qTO 

H ,UOKa3hIBaeT yTBep.IK,neHHe. 

113 CBOI1CTB JIHHeI1,HOCTH HcoxpaHeHH5I rrOp5I,LLKa OrrepaTopa Le
CJIe,LLyeT, T..ITO eCJIH rrepBHT..IHbIM Ha6opOM CTaH,LLapTHOH 11M u1to = 
= <Mo~> 5IBJ15IeT'C5I~, TO nepBHT..IHbIMH Ha60paMH )l,JI5I J/(e 6y,LLYT 

~e= {ge: Lege=g, gE;Y} co Cpe,lL'HHMH Jf1ege=Mng, cue Lage=g. 
<l>YHKIJ.HOHaJlbHbIe npe,1J.CTaBJleHHSI. PaCCMOTpHM O,LLIIH QaCTHbB'1 

CJIyqaH npe,LLbI,LLymero npe,LLCTaBJIeHH51. ,UJ15I 3Toro 06paTHMC5I K 3anH

CH x B !B'H,LLe oT06pa)l{eHH5I x= Ve£, T,LLe Ve - H3BeCTHbII10rrepaTOp, 3a

BHC5ImHH OT HeH3BeCTHoro napaMeTpa 8, npHHHMaIOmero 3H3lJeHH51 

H3 'MHOMeCTB3 8. TaKHe 3aIIHCH 06bI4'HbI :B 3a,LLaQaX ,o6HapY)l{eHH5I II 

BbI,LLe.lIeHH5I CHrHaJIOB, B KOTOpbIX lllyM £ (BeKTop !liJIH npouecc) ,LLeH

cTByeT IB KaHaJIe ICB5I3H, onHCbIBaeMOM onepaTopoM Ve, f,LLe 8 - HeH3

BeCTHbIH O,LLHOMepHbIHHJIH MHorOMepHbIli napaMeTp KaHaJIa (HJII1 na

paMeTpbICHrHaJIa H IllyMa) , a x - nOJIYQaeMbIe B pe3YJIbTaTe BeK

TopHble HJIH B BH,LLe npouecca IHa6JIIO,LLeHH5I. 3a,LLaHa 11M «wyMa» 

t/f{o~, HfpaIOma5I POJIb CTaH,LlapTHoH. Tpe6yeTC5I COCTaBHTb 11M eJf{x 

Ha6JIIO,LLeHHH. 

ECJIH onepaTop Ve npn K3M,LLOM 8 oTo6pa)l{aeT «peaJIH3aUHH» £ 
B «peaJIH3aLUiH» X B3aHMHO-0,LLH03Ha T..IHbIM o6p a30M, TOr)l.a La, 3a,LLaH

HbII1 TaK: Lei (x) = f (Ve,£) , 6y,LLeT y,LLOBJIeTBOp5ITb nOCbIJIaM yTBep)l(

,LLeHH5I 1.4. PaBeHcTBa Mxat(x) =M~ot(Ve£) COrJIaCHO (1.13) nOp0,LL5IT 

cepHIO I1}Vl J1{ eX, ·o6be,LlHHeHHe ,KOTOpbIX rro 8 ;:r,aCT :MOIAe.TIb ~;f{X Ha6

JIIO,LleHHH, onpe,LLeJI5IeMyIO Cpe,LLHHMH 

M f (x) == sup Me t (x) == sup M5t (Ve ~). 
e e 

n p H 1'.1 C p J.15. B 3a;J,aqaX pa,JiHOJIOKaUIiH H CB513H CMeCh CnfHaJIa Wt, t,ne t 
eCTh BpeMH, C lIlyMOM £t qaCTO 3anHChIBaeTC5I B BH,ne: Xt =8Wt +£t, B KOTOpOM 

8 ~ 0 - HeH3BeCTHaH aMIlJIHTy,na CHfHaJIa. TIYCTh lIlyM £t onHChIBaeTC51 11M .;/{o. 

Tor,Ua Mo,neJIh J{e Ha6JIIO,neHH~I X t npH KaM,nOM 3a,naHHOM 8 onpeJJ.e,,15IeTCH CJIe

Jl.YIOIll,HMH 3HaqeHHHMH: Mef(Xd'=/Vlof(Xt-8wt), a MO;:LeJIh .;/{, paBHa5I 06be;I.JIHeHHIO 

Jle no 8, - 3HaqeHHHMIi Mf=sup i\1of(X t -8wt}. OHH H ,Ua,nyT MO,lLeJIh Jft. 3,Uech, 

8~O 

eCJIH Jlo= (jWo;Y> HMeeT nepBHqHhIM Ha6opoM MHOMeCTBO ;Y <pyHKUHOHaJIOB, TO 

nepBHQHhIMH npH3HaKaMH vlte 6y,UyT ge=g(X t -8wt) C TeMH .IKe nepBHqHhIMH cpe,n

HHMH, tITO H 3a;raHhI Ha ;Y: SI8g(Xt~8wt) =Mog. 

nJIOTHOCTb. PaCCMaTpHBaeTC5I cnoc06 BbIpa3HTb O,UHY 11M T..Iepe3 

,npyfyIO, CTaH)l.apTHyIO, C nOM0IIJ.bIO epyHKUHH p (x) nepeMeHHoH x. 
CHaT..IaJIa pacCMoTpliM HaH60JIee npocToH c.nyT..IaH, KOf,LLa ge =fJl, 

If Ha nepBHQHOM KOJIbue :Jt'2. Bcex OTpe3KOB 3a,LLaHO KOHeT..IHO-a,Ll.llH
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"'THBHOe pacnpe,neJIeHHe 9 1 TOllHbIMH Bep05ITHOCT5IMH PII[X, y), 
x<yEfll. TIJIOTHOCTb Bep05ITHOCTeH no OTHOlIleHHIO K ,ll.pyroMy Ta

KOMy Me X l:-TOqHOMy P acnpe,neJIeHHIO [JJo C Bep05ITHOCT5IMH Poi[ x, y) 
3anaeTC5I <pOpMyJIOH 

p (x) =	 lim PI [x, y) •
 
y~x Po[x, y)
 

TIJIOTHOCTb onpe,ll.eJIeHa, eCJIH 3TOT npe,ll.eJI cymecTByeT nJI5I Bcex 

.x, KpOMe, MOMeT 6bITb, MHOMeCTBa TOlleK [JJo-Bep05ITHOCTH 0 (3,neCb 

go MOMeT BnOJIHe 6bITb 3aMeHeHO Ha JII06yIO X ~-TOllHYIO Mepy, HO 

.y,ll.06HeH Bcero ,nJI5I 3THX ueJIeH Mepa ,nJIHHbI, onpe,ll.eJIeHHa51 KaK 

Para, b) =b-a). 
CMbICJI nJIOTHOCTH Bep05ITHOCTeH inpo3palleH CKB03b npH3MY aHa

,JIOrHH c nJIOTHOCTbIO MaCCbI epu3HlIecKoro BemeCTBa, TOJIb'KO cnOBO 

«Macca» 3aMeH5IeTC5I Ha «Mepy» HJIH Bep05ITHOCTb. TOllHO TaKyIO LKe 

aHaJIOrHIO HMeeT nJIOT/HOCTb, KOr,ll.a ,a; =PJln (T. e. paccMaTpUBaeTC5I 

,CJIYllaHHbIH BeKTop). Tor,na p (x) eCTb npe,ll.eJI OTHOIIIeHH5I Bep05IT

HOCTeH HenOCpe,ll.CTBeHHblx oKpecTHocTeH TOqKH x, B KOTOpbIX 'Mec

"TO OTpe3KOB 3aHHIMaIOT n-MepHbIe 6pyCbI. npH HeycTaHHoM yMeHb'lIle

'HHH iCTOpOH 6pyeOlB. 

ECJIH nJIOTHOCTb p (x) cymecTByeT, TO Cpe,ll.Hee no pacnpe,rr,eJIe

~HHIO f/Jf 6Y,lLeT 

M I g == Jg (x) P (x) dPo(x) == Mogp 

AJI5I Bcex HHTerpHpyeMbIx no PHMaHy - CT-MJITbecy <pyHKUHH g (x), 
KOTophIe H o6pa3YIOT KJIaCC 2:lto BTOPHlIHhIX npH3HaKOB. ,UJI5I JIIO

·6bIX )Ke npH3HaKOB f Cpe,lLHee Mf onpe,ll.eJI5IeTC5I KaK BepXH5I5I rpaHb 

.Mg I,ll.JI5I Bcex g~f, gE2Xo, IOTiKY,ll.a H CJIe',ll.yeT epop-MyJIa 

Mlf==Mofp, fpEf[,	 (1.14) 

T,ll.e fT -06JIaCTb ,cymecTBoBaHH5I Cpe,lLHHX ,ll.JI5I f/Jo. 
113 (1.14), eCJIIH 'B35ITb IB KaqeCTIBe f (x) HH,ll.HKaT{~pHYIO ,epyHKIL'HIO 

oTpe3Ka ,[x, y) (6pyca) H yCTlpeMHTb YtX, OlleBHJI.HO, 6Y:LleT CJIe.,uo

BaTb HCXO,ll.HOe onpe,ll.'eJIeHHe lnJIOTHOCTH. 

B03hMeM (1.14) 3a OCHOBy epopMaJIhHOrO onpe,ll.eJIeHH5I nJIOTHOCTH 

O,ll.HOH	 11M J(l (He 065I'3aTeJIbHO TOq,HOI'1) ino OTHOlIleHHIO K npyroH 

A o. ClIHTaeM, LITO A o HMeeT 06JIaCThIO cymecTBOBaHH5I BepXHHX 

Cpe,ll.HHX KJIaCC [T epyHKUHH, a Al - KJIaCC [TI == {flp : fEg-}Ug-o, 
f,ll.e PTo - Bce OrpaHHQeHHhle 'CBepxy epyHKILHH Cn06aBJIeHHe HX K 

fT l HyJKHO TOr,ll.a, KOr,lLa P==oo B HeKoTopoH 06JIaCTH, TaK KaK B 

Herr f/p=O). 

q T06hI ¢ 0 PMyJI a ( 1. 14 ) 3 a,ll. a B a JI a corJI a COB a H HbI e c p eJI.H He H a 

rrpH3HaKax H3 BTl, He06xo,UHMO H ,lLOCTaTOQHO, BbIITOJIHeHJl5I ,lLBYX 

yCJIOBHH: 

a) epyHKUH5I p (x) HeOTpHuaTeJIbHa: P (x) ~O; 
6) Cpe,ll.Hee OT epyHKILHH p(x) TOqHOe 'H paBHo 1: 

Mop==Mop== 1. 
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<1>yH'KUH5I P (x), onpe,ll.eJIeHHa5I ypaBHeHHeM (1.14), :Ha3bIBaeTCH 

0plvtaAbflOU nAOTflOCTbfO Jt I no J{0 If 0603Hall a eTC5I p (x) == 
= Jtlljf{o. 

QJopMaAbflafl nAOTflOCTb, eCAU Ofla cYU1ecTByeT, onpeoeAefla nott

TU oOflo3flattHO B TOAt CMblCAe, ttTO eCAU PI U P2 - OBa BapuaflTa 

nAOTflOCTU, TO Co6blTueJ fla KOTOpOM OflU fle paBflbl OPY2 Opy2YJ flB

AfleTCJl ,~o-flyAeBblM: Po (PI =1= P2) == O. 
B caMOM ,neJIe, nycTb N= {x: Pi~P2}. Tocna H3 HepaBeHcTB MO(PI-P2),N~0 

1'1 MO(PI-P2)N~MoPlN-X/fOP2J-V=0 CJIe,nyeT MO(PI-P2)N=0, oTKy,na Po(N) =0. 
nOMeH5IB Pi H P2 MeCTaMH, Haxo,nHM Po (N') = 0, r,ne N' = {x : Pi> P2}. 06'he,nHH5I5I 

N II N', nOJIyT.IaeM Po (NUN') = 0, T.ITO H ,nOKa3bIBaeT yTBep:IK,neHHe. 

Co6hITHe l\TO' HyJIeBOe ,ll.JI5I J{, 06513aHO 6hITh HyJIeBbIM ,lI.JI5I 

J(l: Po (No) =0*151 (No)J==MoINop==O. TIPH 3TOM p(x) Ha No MO)KeT 

B npHHIlJlne 6hITh JII06hIM, ,ll.a)Ke npHHHMaTb 3HaqeHHe + 00 (TaK KaK 

0·00==0). DOJIee Toro, HyJIeBhIM 065I3aHO 6bITb Co6hITHe Ha KOTOpOM 

p(X) ==00. 
ECAU P eCTb ¢opMaAbflafl nAoTflocTbJ{I no J(o U p>O, TO lip 

6yaeT ¢opMaAbflou nAOTflOCTbfO Jto no J(1: 

fJ =z= J/It I IJ/It 0 > 0 ==?- 1Ip== &It01J[ I • 

,UOJKa3aTeJIBCT,BO tc,JIe,lI.'yeT H3 pa:BeHCTlBa M1(flp) ==Mo(fplp) ==Mof, H 

eCJIH p'==(X) npH XEN, TO OTHOIIIeHHe pip B .3TOH: 06JIaCTH MO)KHO 

CtIHTaTb JII06bIM OT 0 ,ll.O 00. 

Teo p e M a 1.5. IIyCTb nepBUtlflblMU OAR <Mo~o> R8ARfOTCR npu

.3flaKU fla60pa ~o U Mop (x) == 1. T020a nepBUtlHblMU npU3flaKaMU dAR 

<Ml~1), ¢opMaAbflaR nAOTflOCTbKOTOPOU no OTflOUleflUfO K, <M$0> 
lcyU{eCT8yeT U paBfla p (X), 6yayT 

.9 I == {gl (x) : gl (x) = g (x)IP (x), g (x)E ; o} U{+ liP (x)} 
jeo cpeofluMu fla flUX: 

MI (glp) == Mog, gc:= J 0; MI (lip) = - MI ( - lip) == 1. 
B caMOM ,neJIe, TaK KaK 6e3 ymep6a p(x) MO)KHO ClJHTaTb nepBHT.IHbIM nplI3

<HaKOM )l.JI5I (lWoGo>co 3HalJeHHeM Mop= 1, TO 

Md=Mofp=inf{[c+coMoP+ ~ ctMog;]: c+coP+ ~ ctgi>fp}= 

~inf{[cMl(llp)+co+~ ctMogi]: c/p+co+2: ctgilp~f}. 
3Ta epopMyJIa ,nOKa3bIBaeT yTBep:IK,neHHe TeOpeMbI. 

TaKHM 06pa30M, CMhICJI epopMaJIhHOH nJIOTHOCTH Al no OTHOlIle

HHIO Jto COCTOHT B nepeCqeTe BH)],a rrepBHqHhIX rrpU3HaKOB gi~gi/P, 
p~ lip, rrpu O)],HHaKOBbIX rrepBHQHbIX CpeJI,HHX, qTO MOMeT paCCMaT

pUBaThC5I KaK B3aHNIHO-O)],H03HaqHOe COOTBeTCTBHe rrepBHlIHbIX npH

3HaKOB MOJI-eJIeH. TIpu 3TOM ,ll.OCTaTOllHO paCCl\1arpEBaTb TOJIhKO Te H3 

HEX, nepBHqHhIe cpe)],'HHe KOTOphIX 51BJI5IIOTC5I corJIaCOBaHHbIMH. 

PaCC:MOTpHM CJIe)l.CTBH5I TeOpeMbI. 

C JI e,lI. C T B H e 1. 06AacTb cyU{ecTBOBaflUJl fT i BepXflUX cpedHux 

RM J(l, ¢OpMa.!lbltafl niLOTHOCTb KOTOpOU no OTHOUleHUIO K <M<$o> 

61 



f)
 

pa8Ha p (X), COCTa8AJleT MHO'JICeCTBO npU3HaKOBJ Ma'JICopupyeMblx KO 
HettHblMU AUHet'lHbl.;11,u KOM6uHal{UJlMU BUOa C+ "'22C+igilp, giE;§O. llpu, 
3HaKU U3 fT i npeOCTaBUMbl B BUOe f=Lc+ilgiIP+fo, coe giE;§o, a· 
fo - OcpaHUtteHHblU cBepxy npU3HaK. 

C JI e ,nc T B H e 2. 

P == Jf;[ 1/JJt0 == JJt;/ .Jfil~ =>- P== (v1t1 1\ .JfiZ;) / (viZ 0 1\ vii ~) . 

MOMBo c,neJIaTb BbIBOJL, qTO ,nJI5I cymecTBOBaHH5I ¢OpMaJIbHoit 

rrJIOT,HOCTli p = A I!A0 ,Heo6xoJLllMO,	 qTo6bI tJ1{0 llMeJIa 60JIee 60raTbIH 

nepBllqHbIH Ha6op, qeM AI. 4aCTHoe ;gIp rrp'HBo,nllT I( rroTepe JLaH

HbIX 0 npH3HaKax Ha60pa ~ no KpaHHeH Mepe B TOI1 06JlaCTH, rJLe 

p (x) == O. OTCIOJLa pa3MepHocTb MOJLeJIH Al JLOJIMHa 6bITb HHKaK He 

BbIwe pa3MepHOCTH A o. flpH p (x) >0, Vx, pa3MepHocTH JLOJI)KHbI 

6bITb OJLllHaKOBbIMH, a nepBHqHbIe Ha60pbI B H3BeCTHOM CMbICJIe 3KBll 

BaJIeHTHbIMH. 

PaccMoTpHM npHMepbI onpeJLeJIeHll5I ¢OpMaJIbHOI1 nJIOTHOCTli JLJIH 

11M, He 5IBJI5IIOmetiC5I TOqHbIM pacrrpe,neJIeHlleM Bep05ITHOcTeti. 

TIpHMep 1.15. flyCTb .Ao - MOMeHTH35I I1.iV\, orrpe,LLeJIeHH35I H3q3JIbHbIMI1 

MOMeHT3MH MoXi, i = 1, ... , k, BepxHHMH II nOToMy HeTOqHbIMH, KpoMe O,lI,HOrO, 

MOX2=MoX2=~O.X2, C 065I33TeJIbHO TOqHbIM 3H3qeHHeM. <PyHKUH5I p(x) =x2 6YJJ.eT 

¢OPM3JIbHOH IIJIOTHOCTbIO x2 =J(t!..J(o ,lI,JI5I T3KO~I .;/{1, nepBIIqHbIMH 

cpeJJ.HHMII KOTOpOH: 5IBJI5IIOTC5I M 1 (1(X2) = 1, iW 1 (I/X) =MoX, ifl 1X=M oX3 , ... 

... , Mt Xk-2=lW OXk. 06JIaCTbIO cYll~ecTBOB3HH5I 8F 1 6YJJ.eT MHOiKeCTBO npH3HaKoB 

k 
BH,lI,a c+ 22C+iXi-2+fo, foEfFo. B 3TOM	 npHMepe, TaK KaK p(x) >0 npH x=i=D 

1 
¢YHKIlJI5I l/p(x) = l/x2 6YJJ.eT ¢OpMaJIbHO~1 nJIOTHOCTbIO .Ao no OTHOlueHHIO K vf{1, 

eCJIH HCKJIIOqHTb 113 qHCJIOBOI1 np5IMOH, HaKOT,opo!"r OBH 3a,lI,aHbI, TOLJKy O. 

OTMeT'HM, qTO nJIOTHOCTb OJLHOrO I1PB OTHOCHTeJIbHO )l.pyroro 

MOMeT 'CymecTBoBaTb JIllillb )l.JI5I TOqHbIX pacnpeJLeJIeHIIi1, TaK K3K 

Tpe6oB3HHe MOP=)\11 (llp)'= 1 HCKJIIOqaeT K3KHe-.rI1I6o OTKJIOHeHlI5I. 

,ll.0 nOJIHeH 1151. 1. ,II, 0 K a 3 aTe JI b C T BOT e 0 p e M bI 0 n p e JJ. C T 3 B .n e H II H. 

,ILoKa)KeM CHaqaJIa TeopeMy )J)I5I CeqeHII5I J{ O;LHO:\1epHbIM napaMeTpOM Alg. I-Ia 
OCHOBaHHH onpeJJ.eJIeHHH onepaUHH 06beJJ.HHeHIIH ,J,OCTaTOQHO ,LLOKa3aTb paBeHCTBO 

mal{ M 
~g~Mg~Mg Mg f = Mf· 

0603HaQHM JIeByIO QaCTb NIf. I10JJ.CTaBJI5I5I B Hee ¢OpMyJIy (1.9), nOJlYQaeM: 

min[M(f-cg)-1-cMg]==max minW(c,	 Mg).Mf == max 
Mg c

~i~Mg;;Mg 

<PyHKUH5I W (c, Mg) JIHHeHHa (H CJIe,lJ,OBaTeJIbHO, BOfHyTa) no Mg H BhlnYKJla no 

napaMeTpy C, TaK KaK ,lI,JI5I O~1'~l: 

W (,\,c l + (1 - "l) C2 ' Mg) == M [1' f -,\,Cl g + (1 - "l) f + (1 -,\,) C2 g] + 
+ [vel + (1 -,\,) c'Jl Mg ~ '\' M (f - Cl g) + "leI lUg + 
+ (1 -,\,) M (f - c2 g) + (1 -,\,) c2 Mg == l' W (Cl' Mg) + (1 - "l) W (c~, Mg). 
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D03T_OMY, HCnOJIb3Y51 H3BecTHYlO TeopeMy	 0 MHHHMaKce [22], 6e3 H3MeHeHH5I p.e
3YJIbTaTa MaKcHMyM H MHHHMyM MOiKHO MeH5ITb MeCTaMH. flo.TIyQaeM 

Mf == min Inax.W (c, Mg) == min [M (f - cg) + nlax {cMg, cMg}],
 
c Mg c -


H 3TO paBHO NIt, nOCKOJIbKY MHHHMyM JJ.OCTHraeTC5I npII c=o (B caMOM JJ.eJIe, npH 

c~O: X1U-cg) +max{cM,g", cXlg} =M(f-cg) +cJV1g ~lV1f-cMg+cMg=Mf H TO Me 

C3Moe HepaBeHCTBO CnpaBe,LI.JIHBO npH c~ 0). TeopeMa ,IJ.OKa3aHa JJ.JI5I CJIyQa5l, KOfJJ.a 

3 COCTOHT Bcero 113 OJJ.Horo npH3HaKa. 

ITo HHJJ.yKUHH TeopeMa pacnpOCTpaH5IeTC5I H3 C,TIyqal\ KorJJ.a g' =~ k eCTb KO

HeQHbIH: Ha6op. HaKOHeu, ,lI,JI5I npOH3BOJIbHOrO Ha60pa g', eCJI11 0603HaQUTh 

Mf == sup M W~ f == sup inf MM~ f,
M.~ j M~ ~kC;§ k 

TO HyMHO JJ.OKa33Tb p3BeHCTBO Mf=Xif. flpH3H3KY f TaKoMy, tITO IM!I <00 (OT

KYJJ.a 1 111 1\11 ~fl < 00), H epHKCHpOBaHHoMye>O Bcer,na HaI1JJ.YTC5I TaKHe k' [II KO-

HeQHbdt Ha60p cg h'J QTO 

inf M f~ M
:9'/iCg' M.YJ/i,p- M.YJk' f - e. 

OTCIO,LI.a 

Mf~ sup MM~ ,f-e==Mf-c.
 
A1.~k' • k _
 

,B TO iKe BpeM5I .;/(M;§ c.;/(, OTKYJJ.a nOJIYQaeTC5I V.;/(A-f;§ cJ( H Mj ~Mf. OIKOHQa

M;§? 

TeJIbHO, JJ.JI5I JII06oro rrpH3iHaKa f H3 06JIaCTH cymecTBoBaHH5I cpe,rr..HHX fF IIMeeM 

IMf--Mf I :S;c, II yTBep)K,lI,eHIIe TeopeMbI .cJIeJJ.yeT H3 npOH3BOJIhHOCTII iC. 'uOKa3a

~eJIbCTBO 3aKOHQeHO. 

2.	 IT p II M e p II e p e C Q eTa II a tP 0 p M Y JI e (1.13). I1YCTh Y = Ve(x) eCTb 

ve 
.B3aHMHO-OJJ.H03HaQHOe oTo6paiKeHHe [)J B P£: P£-+fJ8. Tor,lI,a onepaTop Lef (x) = 

=f (Ve(x)), OQeBHJLHO, 6YJJ.eT 06JI3JJ.aTh Tpe6yeMbIMH cBotrcTBaMH a) III 6) yTBep2K

.rr.eHH5I 1.4. B .TIHHeHHbIX npocTpaHcTB3x fJ8 (HanpHMep, eCJIH a; = fJln) TaKara THna 

onepaTopaMH 5IBJI5IIOTC5I npeo6pa30BaHH5I CJJ.BHra Lef (x) = f (x-bexo) , beEfJl, r,lI,e 3JIe

MeHT Xo xapaKTepH3yeT H3IIpaBJIeHHe CJLBHra. I10,J,CTaBoI1H5I B (1.13), nOJIyQaeM 

Mef (x) =Mof (x~bexo). 3JJ.ech Jf{e BbIBOJJ.HTC5I H3 ..Ita C,J,BHfOM Bcex XEa; Ha BeJIH

qHHy bexo. 

-1.6. YCJIOBHbIE HHTEPBAJIbHbIE MO~EJ]M 

nOCTaHOBKa np06.JleMhI. I1HTepB3JIbHble MO,LI,e.TIlI JLaIOT OIIHCaHI15I 

51BJIeHHi1, €lll,e He IIpOIICIlleJLIllIIX. ,UonycTHM, qTO TaKoe 6e3yCJIOBHOe 

onHC3HHe ~;f{ COCT3BJIeHO B BllJLe COBOKyIIHOCTH corJIaCOBaHHbIX cpeJL

HliX Ni!, fEfT. A iII-OTOM BJLpyr I)l.OIIOJIHIITeJIbIHO CT3JIO II3BeCT,HO, qTO 

rrpOH30lliJIO Co6bITIIe B. OHO q3CTHqHO, HO He rrOJIHOCTbIO OTpaMaeT 

pe3y JIbT 3 T 5I BJIeHII5I, e CJI H T OJIb K 0 He 5IB JI5I eTC 5I 3 JI e M e HTap HbI M CO 6 bI 

THeM. TOr)l.3 rrOCJIe B HeOnpe,LLeJIeHHOCTb oCTaHeTC5I, a 5IBJIeHlle' 6y

.AeT onHcbIB3TbC51 HOBOH MO,LLeJIbIO .J(B, Ha3bIBaeMoH yCAOBHOU rrpH 
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{o 

CJIyq'HBIlleM'C51 B. YCJIOBHOH MOJI.eJIH COOTBeTcTByIOT 'CBOM Cpe,ll,HH( 

MEt· 
HaJIMqtHe ,lI.OCTOBepHO npoHcme,LIJllerO C06bITH5I B ,lI.JI5I yCJIOBHOH 

MO,ll.eJIH cooTBeTcTByeT Bep05ITHOCTH MBB(x)!==PB(B) = 1. Ho 'He TOJIb-


KO 3TO. TIPOII3BO,ll.IITC51 nepeCqeT a6COJIlOTHO Bcex cpe,J.HHX NIt B
 

MBt, CBoero pOJI.a )npeo6pa30BaHHe O,ll.HIIX B jlpyrHe, H KaK HXqaCTh - t,
 

Bep05ITHOCTeH P (A) B .PB (A). Bonpoc, KaK?
 

ECJIH Co6bITHe B HMeeT TOqHbIe Bep05ITHOCTH P (AB) H P (B), TO 

nepeCqeT B YCJIOBHbIe xopomo lf3BeCTeH H npOH3BOjlHTC5I 3~T)eMeHTap

HO ,lI,eJIeHHeM 

PB (A) == P (AB)jP (B). 

A eCJIHHeTOqHbIe? ECJIH HeToqHOH 5IBJI5IeTC5I TOJIbKO BepOHTHOCTh 

B 'qIICJIHTeJIe, TO ,lI.JI5I paCqeTa PB (A) HyLKHO nOjlCTaBHTbBMeCTO Bee 

P (AB), qTO COOTBeTcTByeT cynpeMyMy OTHOmeHII5I no P (AB). TIo 
T3iKOMY *e npHHlI,Hny paOCqIfTbIBaIOTC5I Cpe,ll.HHe JII06bIX 'npH3H3KOB. 

Ho KaK orrp,e,ll.eJIHTb YCJIOBHbIe Cpe,ll.HHe II Bep05ITHOCTM, 'KOr)la B 

3HaMeHaTeJIe Bep05ITlHOCTb P (B) 5IBJIHeTCH HHTepBaJIbHOH P (B), 
P (B)? OCHOBHa5I TPYjlHOCTb 3,l1.eCb B TOM, qTO eCJIH6paTb cynpeMYM 

npaBOH qaCTH, TO P (AB) H P (B) OKa3bIBaIOTCH CBH3aHHbIMH: HeJIb

351 nOJIO)KHTb O,ll.HOBpeMeHHO P(B) =P(B) H P(AB) ==,j5(AB) (paBHO, 

KaK a6cyp,ll.HO LKeJIaHHe, 3anOJIHH5I I«BepOHTHOCTHOH MaCCOH» ,)1.0 KpaeB 

«OTceK» AB, 06eCneqHTb npH 3TOM MHHHMaJIHHOe CY1\1'MapHoe 3a

rrOJIHeHHe 060HX OTceKOB AB HAcB, \COCTaBJI5IlOlUHX B). 
~ 

OnpeAe~eHMe YC~OBHOH "HTepBa~bHoH MOAe~H. HaqHeM c pac~ 

cY.IKjleHHH, KOTopble H rrpHBe.uyT ,Hac K onpe,neJIeHHIO. IlYCTb JI[ P* (B) 

eCTb P* (B) -CeqeHHe ..;/l. BepoHTHoCTb C06bITHH B ,nJIH JI(P*(B) 5IBJIH

eTCH TOqHOH, paBHOH P*(B), H nYCTb P*(B»O. TOf,na COOTBeTCT

BylOll1,He CeqeHI15IM J{ P* (B) YC.TIOBHble 11M uf{ P*(B), B llOJIyqaIOTCH cy

.lKeHHeM 06JIaCTHcYll1,eCTBOBaHH5I K npH3HaKaM t(x) B (x), [EfT, f,LI,e 

fT - 06 ..naCTb cymecTBOBaHH5I Nit, 11 HOpMHpOBKOH Bcex cpe,nHHX Ha 

qHCJIO IjP* (B), qTO .uaeT 
t,. 

Mp*(B), B f = M fB/P* (B), tEfF. 

OqeBH,UHO, onpe;xeJIeHHble TaK cpe,UHHe ynOBJIeTBOp5IIOT aKCHOMaM 

11lVl. 
JII06aH 1-11\11 COf.naCHO TeopeMe 1.3 0 npeACTaBJIeHHII 3annCbI

BaeTICHK3!K o6be\,U,HHeHHe ee P * (B) -'CeqeHllH. ,Il.115I KaMn.OfO H3 celJe

HllH no YKa3aHHoH epopMyJIe Haxo,nHTCH yCJIOBHa5I :VIM, a HX o6'be

jlHHeHHe II naCT HCKOMylO yCJIOBHyIO 11M. 
Y CAOBI-lOtl npll CJIyqHBWeMCH C06bITHII B Ha3bIBaeTCH 11M vi{B Ha 

ge, onpe,neJI5IeMa5I H3 ~lf cpe,nHHMH: 

M B t =: max [Mp(B) fB/P* (B)], fE~, (1.15) 
!:..(B)~P*(B)~P(B) 

r,n.e Mp*(BH/B eCTb CpejlHHejlJI5I P(B)-CeqeHHH J,(P*(B)==JtI\(P*(B» 
OT npH3HaKoB t(x)B(x). ,.. 

CPe,nHIIe rr 0 ep 0 PMyJIe ( 1.15) H a 3 bIB aIOTC51 yCJIOBHhIMH. Ee3 Tp YAa 
npOBepHeTCH, qTO OHR y,UOBJIeTBOp51lOT aKCROMaM 11M. 06JIaCTblO cy~ 
meCTBOBaHHH BepxHHx CpejlHHX yCJIOBHOH 11M 6YjleT KJIaCC npH3Ha

KOB, COBna,naI-OmHX C epyHKUHHMH f!T Ha C06bITHH B, H rrpOH3BOJIb· 

HbIX (B031't10)KHO, npllHHMaIOIl1,HX 3HaqeHHH ± 00) BHe 3Toro C06hI

TH5I. 3TOT K.nacc 0603HaQaeM f!FB. 
HH)KHHe cpe,nHHe yC,J10BHOH 11M onpe,neJI5IIOTC5I no 06blqHOII epop

My.ne MBf=-Mn (-f)· 
ECJIH P(B) =0, TO npaBaH qaCTb (1.15) npH MaKcHMyMe, Kor;r,a 

Po;: (B) =O,-noHHMaeTC5I KaK rrpe,II,eJI P* (B)~O. TaK iKe nOHHMaeTCH 

3Ta epopMy.na, eCJIH Co6bITHe B HBJI5IeTC5I HyJIeBbIM, T. e . .P (B) == O. 
TOf,na 

11 fB P* (B) max (/B)
 
MB t === lim ~ P*(B) === lim x = max fB,
 

P*(B)~O P* (B) P*(B)~O P* (B) x
 

f,ne rrpH JII06bIX f (H HeOfpaHHqeHHhIX TaK2Ke) epYHKlI,HH fB CqHTaeT

C5I paBHOrI HyJIIO B 06JIaCTH Bc. OTCIO,lI.a CJIe,nyeT, qTO eCJIH Co6bITHe 

B 5IBJI5IeTC5I HeB03MO.IKHbIM (B qaCTHOCTll, B == 0), TO yCJIOBHaH 11M 
rJf{B 6y,neT B-HHjlHKaTOpHoH JfB =:YB, a HMeHHO orrpe,ll.eJI5IeMOH Ha !:E 
e,UHHCTBeHHbIM nepBHqHbIM cpe,nHIIM PB (BC) = 0. 

Do.ucTaHoBKa B (1.15) epOPMYJIbI (1.9) § 1.5 ,lI.JIH Cpe,lI.HHX ceqe

HII5I pacKpbIBaeT Bblpa)KeHHe ,nJIH YCJIOBHbIX cpe,lI.HHX: 

min [M (f - c) B + cP* (B)] 
cMBf = max ~1.16) 

P* (8)!:.(B)~P*(B)~P(B) 

,Ua,ll.HM rrpHMepbI paCqeTa no 3TOH epopl\IYJIe. 

TIp'HMep 1.16. PaCqeT YCJIOBHbIX Bep05lTHOCTeH MPB. TIYCTh 

f B (1.1,6) eCTb A (x). TOfAa MHHHMYM no C B KBaApaTHbIX cKo6Kax BbIpaLKeHH5I 

(1.16) 6y,UeT ,UOCTHfaTbC5I .J1II60 npH c=O, JIII60 rrpH c=l, B pe3YJIbTaTe qero 

MQ.,.(B)AB=nlin{J5(AB), P*(B)'--E(ACB)}. I1o,UcTaHoBKoH j{aHHOH: epOPMYJIbI E 

(1.15) HaXO,U5ITC5I BepxHIIe YCJIOBHble Bep05lTHOCTH: PB(A) =PB(AB) =MBAB= 

e 
)TIaX min f P(AB), I _ !!.. (A B) } = _ P (AB) 

~_ (B)~P*(B)~P(B) t P* (B) P* (B) P (AB) +!. (AC B) , 

r.ne HCnOJIb-30B3H TOT ¢aKT, qTO M3:KCIIMyM ,UOCTHraeTC5I rrpH paBeHCTBe qJIeHOB 

non 3HaKOM MIIHIIMyMa. 

TI p II M e p 1.17. I1YCTb vf( Ha fJl onpe,LLeJIeHa ,ll.ByM5I nepBIIqHbIMH cpej{HHMH 

~iXI, lUIX/ II nycTh B=[a, b], O<a<b. Ee3 Tpy,na HaXOj{51TC5I P(B)=O P(B)= 
=min{l, ~IIXI/a}. I1pII 3a,naHHOM P*(B) ,lI.JIH CeQeHII5I HMeeM 

Mp'IC(B)fB == inf [c+ct MIXI-ctMIXI+caP* (B)]. 
c+( c t-c't) Ix I+c3B(x)~f( x) 

HanpHMep, ,UJI5I C06bITH5I D= [d 1, d2] eB no 3TOH epopMYJIe rrOJIyQaeM 

Mp.(B) D == min {M IXI /c1 ' P* (B)}, Mp.(B) D = 0, 
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OTKy,n;a, eCJUI iD=I=B If D=I=0, HaXOJI.IfM MBD=O If 

- - . {A1 IXI } . {' MIx, }MBD==PB(D)==max mIn ,I ==mln ,1 ==1. 
P*(B) d1P*(B) d1P(B) 

TaKliM o6pa30M, rpaHllu,bI AJIlI Bcex YCJIOBHbIX BCpOHTHocTeii COObITHl'i B AaHHOM 

npHMepe TpHBUaJIbHhI. B cJIyqae f (x) = /x/ HMeeM: 

MB IXI == min M IXI /P* (B) == M JXI (P(B) === ~ IXI 
- O~P*(B)~P(B) - - rnin {Ai JXJ/a, I} 

MB IX I == nlax 1\1 IX I / P* (B) == 00, 

O~P*(B)=::;;;P(B) 

H, B qaCTHOCTH, I1pH iV/XI >a nOJIyqaeM MB/Xl =a.M/X//KiIXI. 
LLJI5I ;rpyroro C06hITH5I B 1 =[-a, aJ-I1PH Tex Me nepBHqHhIX CpeJI,HIIX IIMeeM 

~Bt)=[l-MIXI/aJ+, P(Bd=l, II eCJIII 3TO COObITHe rrp0I130lliJIO, TO YCJIOBHhle 

Bep05ITHOCTH yEe He 6YJI.YT, KaK BbIllie, TpHBHaJIbHbIMH, TaK KaK, 
C06bITH5I D1=[-d, d], d<a: 

-
P B 

1 
(D1)==[1-M/X//dJ+/[l-M/XI/aj+, fin 

1 
(Dl)::::::l. 

Ee3 TpY,lJ,a HaXO,lJ,5ITCH cpe,nHIIe OT epYHKUHH IXI: 

MB IXI == lVnXI, MB IXI ::::: l/[l/MJXI -l/a]+.
- 1 - 1 

PaCqeT YCJIOBHbIX MO,ll.eJIeu qepe3 BepmHHbI. 3Jl.eCb 

BaeTC5I qaCTHbIH CJIyqaH, HO OH n03BOJI5IeT HapHcoBaTb 
JI5I,nHylO KapTHHy YCJIOBHbIX Mo,neJIei1:. 

DYCTh npocTpaHcTBo ge == {Xl, ... , XI'} KOHeqHO H J( 

HarrpHMep, ,lJ,JI5I 

paccMaTpH

5ICHyIO Har

eCTb 11..i\J1 Ha 

ReM. 060:maqHM P e= (Pe(xd, ... , Pe(Xr )) - Bce BeKTopbI BCp051THOC

Tell, 5IBJI5IIOmHeC5I BepWHHaMH (KpaHHHl\1H TOQE:aMII) JIt, TaK qTO 

At = VPe. CooTBeTcTBYlOIII.He Ka)J{Jl.OMY P e Bep051THOCTU P (B) = e
= ~ Pe(x i) 5lBJI51lOTC51 TOIIHbI MIl, IIOTOMY 06'be,n:HHeHHe IIeperpYIIIIH-

XiEB 

pyeTcH KaK 3anHCb v1t qepe3 P (B) -CeQeHII5J, eCJIH KaiK)J,oe CeqeHHe 

npe,lI,CTaBHTb Ha60poM BepIllHH - BeKTopoB Pe c OJ1.HHaKOBhIMH 
Pe(B) ==P(B). 

YCJIOBHa51 11M .,lfB , IIOJIYIIeHHa51 H3 JI(, eCJUl CT3,TIO H3BeCTHo, lITO 

C06blTHe B npOH30WJLO, eCTb BbmYKJIa51 060JIO'IKa (o6be,UHHeHHe) 

npe06pa30BaHHbIX K YCJIOBHbIM BepWHH, nO.llyqeHHbIX ,lI,eJIeHHeM KOM

IIOHeHT P e Ha Pe(B) C o6HYJIeHHeM KOMIIOHCHT PeC~i), Jl.JI51 KOTOpblX
xif/=B: 

J1B === V pf/P (B),
e: Pe (B»O 

e

B {Pe (x;), xiEB,
rJl.e pBe eClb BeKTOp C KOMIlOHeHTaMH Pe (Xi) = 0, · xiri=B, 

a 06be,ll,HHeHHe rrpOH3BO,ll,HTC5I no TeM BepWHHaM, OTHOCHTeJlbHO KO
TOP~X Bep05ITHOCTb B HBJI5IeTCHHeHy~eBoH. 

feOMeTpHIIeCKH IIOJIyqeHHe yCJIOBHOH 11M BblrJI51.rr.HT CJIe.rr.YlOIII.HM 

o6pa30M. CHaIIaJIa Ka)J{.rr.a51 BepwHHa P e peJl.YU:HpyeTC5I K BeKTopy 

pBe o6HyJIeHHeM Bcex 'KOMnOHeHT Pe(Xi), AJI5I KOTOpbIX Xif/=,B. dTy 
pe,Il.YKUHIO MO)KHO HHTeprrpeTHpOBaTb RaK rrpoeKIJ,HlO BeKTopOB Pe B 

COOTBeTcTBylOIlI.ee rrO,lI,IlpOCTpaHCTBO .ffl/B npOCTpaHCTBa fflr. ,llaJIee H3 

Haqa~a Koop,nHHaT B HarrpaBJIeHHH BeKTopOB pBe npOBO,Il.5ITC5I JIyqn 

'APBe, A~ 0, ,no rrepeCeqeHH5I C rHilepIlJIOCKOCTblO ~ P (Xi) = 1 no,n-
XiEB 

npocTpaHcTBa PJirB • IlepeceqeHHe ,lI.OCTHraeTC5I rrpH A= llPe (B), II 

TOqK}l nepeCeqe'HHH pBelPe(B) )l.aJl.YT BeKTopbI YCJIOBHbIX Bep05ITHOC

TefL 11JIJIlOCTpaUH51 ,c'Ka3a:HHOrO,lI,JI51 fE= {Xl, X2, Xs} 11 B = {Xl, X2} npH

Be,lI,eHa Ha pHC. 1.11. YCJIOBHOH 11M JtB 3,neCb cooTBeTcTByeT OTpe

30K '[P1B, PSB ]. 3aMeTHM, qTO qHCJIO BeplIlHH J{B MeHbwe, qeM y ..Jft: 
TOq,Ka P2 5IBJI51eTC51 IBepWHH01I JIt, no P2B He e.CTb BepWHHa JtB. 

MbI rrOKa3aJIH, qTO YCJIOBHble 11M 3annCblBalOTCH qepe3 iBeplllH

HbI, eCJIH TaKylO 3arrHCb ,lLOrrycKaIOT 6e3YCJIOBHble. ECJIH LKe JI{ orrpe

.rr.eJIeHa CBOHMH rrepBHllHbIMH Cpe,lLHHMH Mg, gE;§, TO TeOpeTHqeCKH 

MO)KHO HaI1TH yCJIOBHylO 11M JfB, CBO,II.5I JftK ee BepwHHaM. ,LLJl51 

31'oro IHyLKHO npo,UeJIaTb cJIe,lI.YIOmYIO rrOCJIe,Il.OBaTeJIbHOCTb ,lI,eHCTBHi1: 

nepBHqHble Cpe,lLHHe M~~cOrJIaCOBaHHble rpaHH J{-+BepIIIHHbI ..;/{~ 
~BeplIlHHbI yCJIOBHOH I1M-+nepBHqHble cpe,nHHe Jf(B. 3TOT nYTb 

BeCbMa nOJIor, nOCKOJIbKY KaLK,na5I H3 orrepaUHH ,II.OCTaTOqHO TPY

.noeMKa. Ho ,neJIO .rr.aLKe He B 3TOM, a B TOM, qTO ,II.JI5I 6eCKOHeqHbIX 

npOCTpaHCTB EtJ nOH5ITl1e BepllIHHbI KaK BeKTopa Bep05ITHOCTeH He 
HMeeT CMbICJIa, qTO cymecTBeHHO OrpaHHqHBaeT yHHBepCaJIbHOCTb Ta

KOH npOue,ll.ypbI. 

HeKOTopbIe CBOHCTBa YCJIOBHbIX MHTepBaJlbHbIX MOAeJIeM. ,UJI5I yc
JIOBHbIX 11M JIB Co6hITHe B 5lBJI5IeTC5I ,II.OCTOBepHbIM PB (B);:::= 1, a 

Be - HyJIeBbIM Pn (Be) = O. C yqeTOM 3Toro YCJIOBHble 11M 06JIa,lLaIOT 

BceMH CBOI1CTBaMH 11!v1, 3a.naHHOI1 !Ha W. 
PaCCMOTpHM, KaK 6y;xeT MeH5ITbC5I YCJ10BHa5I 11M, eCJIH CYLKaTb 

HJIH paCWHp51Tb Co6bITHe B. OqeBH,ll.HO, B KpafIHHX CJIyqa5IX, KOf,=(a 

Co6bITHe B ,nOCTOBepHO, T. e. P(B) =1, yCJIOBHa5I 11M 'COBrra,naeT C 

I1CXO,l.1.HOH JffB =J!f, a eCJ!H Co6hITHe B 5lBJI5IeTC5I HeB03MO)KHbIM, T. e. 

P(B) ==0, TO yCJIOBHa51 yIM 6Y,lI,eT B-HH,ll.HKaTopHoH: JltB==:.JB. OKa

3blBaeTCH, rrOCJIe.QHee paBeHCTBO HMeeT MeCTO He 06H3aTeJIbHO TOJlh

KO ,UJIH HeB03lVI0MHbIX ,C06bITIII1. 

C B 0 11 C T B 0 1. ECAU KaJlC

oaIl U3 nepaUtiHblX epYHKlfuii 
gEg; 6e3YCJl08HOU Mo8eJlu 
Jft = (fJ;§) npuHuMaer Ha B no-
CTOJlHHble, 3HatieHUfl, TO yCA08co 
HaIl K fleu JIB 6y8eT B-UflaU"a-
TOpHOU: J!B =:YB· 

B caMOM neJIe, B 3TOM CJIy

qae Mp*<B)fB=P*(B)maxfB II 
o 

CBOHCTBO HeIlOCpe,LLCTBeHHo cJIe: 
.uyeT 1I3 onpe,neJIeHH5I yCJIOBHOH
11M. 

, C B '0 II C T 'B 0 2. J1CAOBflafl 
HMJ cooTBeTcTBlJ1014aR 20AOU MO

3* 

P(x3 }=!

II \ 
/ I \
 

/ I \
 
~/\
Pz 

p I. ~ \ 
f I PJ 

/ I 
II I,

~B 
P{x )=1 \' P(x)=! 

2 P p P I 
/B 28 3D 

PHC. 1.11. reOMeTpHqeCKaH HJIJIlOCTp aUH5I 

YCJIOBHhIX Mo,r:r.eJIeit 
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oeAU :1, 6yoeT B-UfiOUKaTOpfiOU :1BJ KaK08blJl;[ 6bl YCA08Ue B I-lfl, 
6blAO. 

CBOHCTBO 3. YCAo8flafl K 067JeOUfieHulO .//{=u!f I VJ{2 /HooeAb 

paBfia 067JeOUflefiUJO YCA08HblX HM: J/{B = J/f IBVJft2B . 

CBOrrcTBo 4. JJlICvf{2*Jt IB CJf{2B - npu nepexooe K yCA08
HblJvt coxpafifleTCJl OnepaL{Ufl 8KAlOttel-lUfl. 

CBOHCTBO 3 pacnpOCTpaH5IeTC5I Ha 06benHHeHHe npoH3Bo.TIbHOrO 

qnC.TIa MO/Le.TIeH. C06cTBeHHo, .3TO cBoHcTBo II 6bI.TI0 rrOJIOMeHO B oc

HOBY orrpe/Le.neHH5I yCiOBHWX MO/Le.TIeM, KOf,Ua OT 06be~HHeHHH ceqe

HHll 6bI.TI C/Le.naH illaf K 06be/LHHeHIlIO yc.noBHblx K HHl\f l\10JI,e.n:eH. 

CBOHCTBO 4 eCTb npHMoe ,CJIeJLCTBHe 3, Tal\: KaK vI{ 1cJf{2~..J1{1V 
Vvf{2=Jftr;.. 

,llJIR HJIJIIOCTpail,HH BOCCTaHOBHM Haf.TI5IJI,HYIO KapTHHy, HapHCO

BaHHylO Ha pIlC. 1.11. CqHTa5I ,FE ,nHcKpeTHbIl\1, rrpeAcTaBHlVI ce6e eJf{ 
KaK BbInyKJIOe TeJIO B npocTpaHcTBo BeKTopoB Bep05ITHOCTeH, II no

MeCTHM TOqeqHbIH HCTOqHIIK B HaqaJIO KOOp,lUIHaT. TeJIo f/f{ npH oc
BemeHHH ero HCTOqHHKOM 6.pocaeT TeHb Ha rHneprrJIOCKOCTb 

~ P(x):=P(B) = 1. 3Ta TeHb H /LaCT yC.TIOBHyIO 11M. Ha OCHOBaHHH 
XEB 

TaKOfO npeJI,CTaBJleHH5I nO.TIyqaIOT HafJI5IJI,HylO HHTepnpeTaIJ,HlO CBOI~ICTB 

3 H 4. TeHb OT BblnYK.nofo 06be,1JJIHeHHR TeJI 6y,neT paBHa 06beJI,HHe

HHlO HX TeHeH, qTO H.TIJIlOCTpIIpyeT CBOHCTBO 3. Ho BOT TeHb OT ne

peCeqeHHR TeJI He 6yJI,eT paBHa,rrepeCeqeHlIlO IlX TeHei1. ,[LBa TeJIa 

MoryT He rrepeceKaTbCR, HO npH OCBeI..IJ,eHHlI TOqeqHbIM HCTOqHIIKOl\1 

6pocaTb O/LHHaKOBYIO TeHb Ha rIfnepnJIOCKOCTb. OTClO,LI,a - ic.ne,UylO

mHe ,UBa :npe,UJIO)KieHIfH. 

CBOHCTBO 5. flepecetteflulO HM He 6yoeTJ 8 06U{eJd J coorseT

CT808aTb nepecetteHue YCA08HblX HM. 
C B 0 HC T B 0 6. /l,ByJIIl pasAuttflblM 6e3yciloBNbl./J;t HM jlrlOJICeT co

OT8eTCT80BaTb oOHa U Ta OICe YCAo8Hafl. 

HanpHMep, nYCTb B (x) eCTb e~HHcTBeHHbIM nepBHQHbIII npH3HaK 

KaK ,U.TIH Mo,neJIH AI, TaK 11 ):r.JI5I JJ{2, 3a,naHHblx CBOHMH TOqHbIMH 

IBep05ITHOCTHIMH PI(B), P2 (B) =1= PI (B). TorJI,a ..$(1 H vf{2 He nepe

ceKaIOTCH Me)K,UY c06ofr, HO HM cooTBeTcTByeT O,UHa If Ta )Ke B-H'H
,nllKaTlopHa51 yC.TIOBHa5I 11M :YB. . 

o BOCCTaHOBJIeHH" 6e3YCJlOBHOH MO,1l.eJIH no YCJIOBHbIM. 3necb 6y

,lI.eT 06cYM,lI.aTbCH Bonpoc 0 B03MOlKHOCTH BOCCTaHOBJIeHHH ~;f{ no 

Ha60py cooTBeTcTBylOII.I,HX eli YC.TIOBHbIX vffn ., r,Ue !!Id}:.= {B I, ... , Bk }
l 

eCTb ,Up06JIeHHe npocTpaHcTBa fE Ha HenepeCeKaIOI..IJ,HeCH C06bITH5I 

H Ee=~Bi. 
IlycTb CHaqaJIa BepoHTHoCTH C06bITHI1 B i CqHTaIOTCH TOqHbIMH 

)])151 Jt: P(B i )=J5(B i )=P(B i ), i=l, ... , k. Tor,Ua Mp(Bi)fB{I= 
=MfB i H -Ha OCHOBaHHH 3TOfO yCTaHaBJIHBaeTC5I cnpaBe,n.lIHBoCTb 

HepaBeHcTBa 

Mf~ ~MfBi= "LP(Bi)MB.f·
l 

I1paBa51 qaCTh eCTb ycpe,UHeHIfe .YCJIOBHbIX cpe,UHHx MB i f no TOqHOMY 

pacnpe,UeJIeHHIO BepoHTHocTeH P (B i ) C06bITHH B i • PaBeHcTBo JIeBOR 

Hi rrpaBoH qaCTeH JcooTBeTcTByIOmee H3BecTHoH epopMyJIe nOJIHOH: Be
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P05ITHOCTII) )lOCTHfaerC5I TOJIbKO TOfJI,a, KOf,Ua BepxHee cpe;:LHee M 
2.,lI.;II1THBHO Ha C06bITlI5IX B i : M~fBi=LMfBi. 

IlepeH,lleM Tenepb K 6o.TIee 06I..IJ,erv1Y c.TIyqaIO, KOf,lLa Bep05ITHOCTH 

P (B i) He 5I B.TI 51 10TC51 TO q HbI M II. 3 a n Hille M ~ P (Bd lVl B [ f = 
=M[~Bi(X)MBif], II 3alVleHHM CIIMBOlI TOqHOfO Cpe,lLHerO Ha Bepx-

Hee no Jf{. 3TO ,naCT 3HaqeHHH 

Mf == M [ 2: B i M B , f], fc=:F, 

onpe,lLeJIHIOmHe HOByIO 11~1, 0603HaqaeMYIO Jft. TaKHi\1 o6pa30M, 

UMeeT MeCTO BKAlOtteHUe Ji~Jf{. A eC.llU J( = <M~> U Bce cjJYI-lKl{UU 

fla60pa ;y P1Jl'.-u3JHepu.llbl (T. e. HB.n51IOT1CH KOHe~bIMH .TIHHefIHbIMII 

IKo.\16HHauJlr!l:\IH B i (x) 'If.TIH lIX 3a~IbIKaIHHHYlH), TO vfi=J!{. 
BbI,UeJIeHHbIH KypCIg30M Te3HC CTaHeT nOHHTHbIM, eCJIH OTMeTlITb, 

QTO ,l(JIH BblqHC.TIeHH5I Nif HyLKHO 3HaTb KaK MB .f, T. e. YCJIOBHble MO-
l 

,Ue.nH vftB i' TaK H cpe,UHHe BceB03MO.lKHbIX .J1HHeHHblx KOM61IHaIJ,HH B i : 

M'LciB i , qTO (eCJIH B35ITb nep!BHIIHblM K.n:aiCc P!Jd"2. .3THX :KoM6HHa

Il,Hi1) COCTaBHT P$"2.-paCIIlHpeHHe Jt. ECJIlI no yCJIOBHIO BToporo 

npe,UJIOMe'HHR Te3Hca Bce gE~ 51BJIH1OTCH $"2.-H3MepHMbIMH, TO 

tgcPfJJ"2. II P!Jd"2.-paCIlIHlpeIHHe OQiBna,UaeT IC lICX'O,lI.IHOH 11M J(, npli 
3TOM YCJIOBHble I-ilY\. BblpOlK,Ua1OTCH vffBi===[JBl B Bi-HH)I.HKaTOpHble. 

TaKHM o6pa30M, cepepa ,l(eHCTBHH Te3Hca 0 BOCCTaHOBJIeHHH CBO

,lJ,HTC51 KBbIpO)K,UeHHbIM YCJIOBHbIM Mo,UeJIHM JfBi =:YB i. 

B 06meM LKe CJIyqae npH nepexo)I.e K YCJIOBHbIM MO,ILe.lIHM npone

XOJI,IIT yTepH ,UaHHbIX 06 vf{, TaK qTO BOCCTaHOBHTb :MOLKHO 6y,UeT He 

ee, a TOJI~KO 60JIee illHPOXYIO (H C.ne,UOBaTeJIbHO, l\leHee TOqHYIO) 

MOj:Le.TIb L 3TO OrpaHHqUBaeT 06JIaCTb npHJIOMeHHR YCJIOBHbIX MO

.ne.n:eH iB OCHOBHOM TOqHbIMH pacnpe,Ue.neHH5I,MlI Be.p05ITH'OCTeH. 

A6cTpaKTHo-yCJIOBHbIe MO)l,eJIH. B npe,UbI,lJ,yrueM H3Jl0MeHHII Cq!1

TaJIOCb, QTO npOH30IIl.HO HeKOTopoe Co6bITHe B H HCCJIe,UOBaJIaCb YC

JIOBHaH MOJI,eJIb J{B. COBepIIleHHO epopMaJIhHO nOKa lYIbI 3aMeHlIM 

HHJI,HKaTOpHWH B(x) Ha npOH3BOJIbHWH np1I3HaK q(x) H 6y,UeM no 

TeM )Ke epopMy.TIaM onpe,ne.TIHTb yCJIOBHyIO 11M J{q. CPopMyJIa (1.15) 
n03BOJI5IeT 3TO C,lLeJIaTb. I\d E rOBOplIJIOCb B HaqaJIe § 1.1, q (x) npH 

O~ q (x) ~ 1 MO)~~eT rpaKToBaTbcH KaK npH3HaK HeqeTKOrO C06bITH5I 

q, H TOf,Ua Jf{q 6y,LI.eT YC.nOBHO~I 111\11, eCJIH TaKoe Co6bITHe rrpOH30IllJIO. 

IlycTh q (x) eCTb epyHKIJ,H51 Ha Ee TaKa51, qTO Mq>O. A6cTpaKTHO

yCAOBHOU, COOTBeTCTBYIOIIl-eI1 TOlY!y, qTO q np01I30illJIO, Ha3bIBaeTC51 

Mo,neJIb vf{q, onpe,lLe.lIHeMa51 cpe,UHI1MH 

A1M *q (fq)
Mqf= max (1.17) 

~q~M*q~Mq M* q 

B qHCJIHTeJIe npaBOH qaCTH (1.17) CTOHT Cpe)I.HHe M *q-CeqeHHH Jt. 
OqeBH,lJ,HO TaKoe CBOHCTBO: vff~+q=vffq - y-MHo.IKeHHe q(x) Ha 

HeoTpHuaTeJIbHbIll KO.3epepHUHeHT c+ He MeHHeT a6CTpaKTHo-yCJIOB
HOM 11M. 
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flYCTb p(x) eCTb nJlOTHOCTb Jt no OTHOUleHUIO K vf{0: p==J{juf{O"c 

T020a COOTBeTCT8YloU{afl J( a6CTpaKTHO-YCJl08Hafl Mo8eJlb Jf{q npu 

CJlyttU8UleMCfl q (x) 6yoeT pa8Ha a6CTpaKTHO-YCJl08HOU MOOeJlU vl{Oqp 
npu CJlyttU8l-UeMC5l q (x) p (x): 

p===JfZ/JfZo, Mq>O=>tI!tq=JlZo . 
-- qp 

B caMOM neJIe no onpe,neJIeHHlO IIJIOTHOCTH Mf==Mofp. 3anHCbI

Ba~ (1.1"7) B pa3BepHyToH epopMe, nO,lJ,CTaBI1M epOpMyJIy )JJIH M*q
CeqeHIIH iH Ill'OCJIe HeCJIO)KHhIX npeo6pa30BaHHH nOJIytIaeM 

min [M (f - c) q + cM* q] 
cM f == max q 

~q~M*q~Mq M* q 

min [MO (I - c) qp + cM* qp]
 
max
 c == iW:p f,
 

AlOqp~M*qp~MOqp M*qp
 

tITO II Tpe6oBaJIOCh. 

113 ,UOKa3aHHOrO yTBepM,lJ,eHH51 BhITeKaeT. ECAU p (x) eCTb nilOT

flOCTb J/( no OTHOUleHUfO K eJf(0J TO YCA08Hafl MooeAb vltBJ COOT8eT

CT8YfOU{afl CAyttUBUleMYCfl C06blTUfO BcflJ, pa8Ha a6CTpaKTHo-yCAOB
flOa .;/{°BP npu CJlyttU8UleMCfl B (x) p (x) = q (x): 

p = Jlt / ~/f;t °=>- J!;tB == JJt~p, B cfl:. 
TIPH B=f£ npOCTO nOJIyqaeTC5I t!f{=vf{°po 

06a nOCJIenHHX Te3HC3, JIlO60I1hITHbIX B MaTeMaTHqeCKorvf acneK-
Te, HII.I.yTHarJI5I,UHOH HHTeprrpeTaUJIII. 

TaKH~A 06pa30M, iBBO,lIJHMoe B HaCTOHII.I.eM naparpaepe nOHHTHe yc
JIOBHOH MOneJIH 6e3 Tpyna pacnpOCTpaH5IeTCH H3 HeqeTKHe C06bITH5I" 
,ll3,lJ,HM HJIJIlOCTP aUHIO. 

cP 0 P M Y JI a y C JI 0 B H 0 ii B e p 0 51 THO C T II (5 a H e C a) .IL ~1 51 

He q e T K H X CO 6 hI T H II. IlycTb nJI5I I1PB Tpe6yeTC5:I paccTIHTaTb 

Bep05ITHOCTh A,eCJIH BCJIY4HJIOCh He nOCTOBepHO, 3 C HeKOTophIM
 

COMHeHHeM, npOH301I1JIO JIM OHO Boo5me. YIMeeM BMeCTO B npH3H3K
 

q==yB+ 1(I~y)Bc (HeqeTKOeco6bITHe), r~e y eCTb iKo3Q)(11HuHeHT,
 

HHTepnpeTHpyeMhII1 KaK Bep05ITHOCTb Toro, qTO B npOII301I1JIO. Pac


qeTbI no epopMyJIe (1.17) ,lI.aIOT nOCJle p5I,lJ,a BbJl-IHCJIeHHH CJle;;'YIOmee
 

Bhlp3:tKeHHe, npHrO,lI.Hoe npH I/2~1'::::;; 1, ,lLJI5I Bep05ITHOCTH A TIpH
 
cBepIIlHBIIleMC5I q:
 

P A = (1- y) P(A) + (21'- 1) P(AB) .
 
q() (l-y)+(2y-l)[P(AB)+~(AcB)]
 

KaK BH,lJ,HO, rrpII l' == 1 pe3YJIhTaT TOT Me, qTO II B rrpIIMepe 1.16, a 

rrpII 1'= 1/2 yCJIOBHOH Bep05ITHOCTblO CT3HeT arrpHOpH35I Bep05ITHOCTb 

(6e3yCJIOBHa5I) Pq (A) == P (A) C06hITH5I A. 3TO H nOH5ITHO, TaK KaK 

3H3qeHHe 1'== 1/2 3KBHBaJleHTHO q=::.1/2, tITO B CBOlO Oqepenh 3aMe

HI1MO H3 q== 1 (rroCKOJIhKy yMHoMeHHe q Ha KOHCT3HTY He MeH5IeT 

a6CTpaKTHO-'YCJI,QlBHOHBepO,5IT'HOCTIII) H BeneT K ,lI.OCTOBep'HOl\1Y C06hI

TIUO B=f)J. cDopMyJIa ,lI.JI5I yCJIOBHOH Bep05ITHOCTH rrpH O~y~ 1/2. 
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(COOTBeTCTBYIOllI,eH TOMy, qTO C npe06JIanalOII.I.eii BepoH npOH30111JIO 

n3:tKe Be, a He B) rrOJIyqaeTC5I H3 npHBeneHHOI1 33MeHoH B Ha Be 
IT y - Ha I-y, a ,lI.Jl5I HH)KHeH YCJlOBHOH Bep05ITIHOCTH - nepeMeHoH 

HH)KHHX iBepO'HliHOcTet'I 'CBepXHHMHH Hao6opoT. 

1.7. 3AKJIIOlJEHHE 

PaccMaTpHBaIOTcH c.TJyqarIHble HB.TJeHHH, B orrHeaHHH KOTOpbIX rrpHMo HJIH KOC

BeHHO MO:lKeT 6bITb YKa3aHo MHO:lKeCTBO B3aHMHO HC-KJIIOqaIOmHX ,rr,pyr ,rr,pyra 3.n:e

MeHTapHblx HCXO;I,OB, 06pa3yIOmHx rrpocrpaHcTBo 3.aeMeHTapHblx C06bITHH. <PyHKUiHH 

Ha 3TOM npocTpaHcTBe Ha3bIBaIOTCH npu3HaKaMH. Cpe,rr,HHe CTaTIiCTHQeCKHe 3Haqe

HHH npH3HaKoB eCTb npe;I,CJIbI CPC,.1.HHX apHepMeTHQeCKHX pe3YJIbTaTOB He3aBIICHMbIX 

nOBTopoB 5IBJICHHH B O,lI.HHaKOBbIX YC.10BH5IX II MorYT 6bITb TOqHbIMH (,rr,JI5I yCTOH

lIHBbIX 5IBJIeHHrr) H HHTepBaJIbHbIMH (nJIH HeycTOrlqHBbIX, Heorrpe;:r,eJIeHHblx). Cpe,U

HHe B HHTepBaJ1bHoM rrOHHMaHHH cymecTByIOT B OqeHb UUlpOKOII o6.TracTH rrpH3

HaKOB, Ky,rr,a BXO,UHT 06H3aTeJIbHO Bee OrpaHHqeHHble. 

IIHTepBa.TlbHa5I MOAeJIb eCTb cOBoKyrrHocTb HH:lKHHX II BepXHHX cpe,UHHX B 06

JIaCTH HX cymecTBoBaHHH, CB5I3aHHblX Me:lK,UY C060H aKCHOMaMII § 1.1. J\.KcnoMbI 

cOrJIacylOT cpe,rr,HHe Me:lK,rr,y c060(r. 

JII06aH HA1 (§ 1.2) epopMHpyeTcH nepBHQHbIM Ha6opoM ~ npH3HaKoB, 3JIe

MeHTbI KOToporo npe,1l.onpe,rr,eJI5IT TlIrr Mo,UeJIlI, II HerrpoTHBOpeqIIBbIM (KoppeKTHbIM) 

3a,rr,aHHeM Ha ~ nepBHqHbIX cpe,rr,HHx, KOHKpeTIl3HpYIOIlJ,IIX ee BH,U. I(JIIOqeBoli HB

JIHeTCH TeopeMa 1.1, corJIaCHO KOTOp01I CpeJ.I.HHe C rrepBHqHbIX rrplI3HaKoB O,rr,HO

3HaQHO np0,ILo.;1.lKaIOTCH C COfJIaCOBaHHeM Ha Bce npH3HaKH, MalliopnpyeMble nep

BHQHbIMII, 06pa3yH 06JI3CTb cymecTBoBaHHH HM. EC.HH cpeAH rrepBHQHbIX npH3

HaKOB HMeIOTCH HeOrpaHHqeHHble, TO OHH rropO,UHT HeorpaI-nrqeHHble npH3HaKH B 

06JIaCTH cymecTBOBaHHH. LLOnOJIHI1TeJIbHOe paCllUlpeHHe 06.TJaCTH cymecTBOB3HH5I 

MO)E:eT rrpOH3BO;I..HThC5I npene~lbHbIM nepexo,rr,oM (1.4) OT yceqeHHbIX cBepxy H ClIU

3Y qJyHKUHI"I rro,Uo6Ho TOMy, KaK rrOHHMaeTCH HHTerpaJI OT HeOrpaHHqeHHbIX CPYHKllHH. 

l1HTepBaJIbHble MO}J,eJIH OTJ1HqaIOTCH ,rr,pyr OT ,rr,pyra pa3HbIMH Ha6op3MH nep

BIIQHbIX npH3HaKoB II pa3HbIMH nepBHqHbIMH cpe,UHHMH, a B nTore - pa3HbIMIi 

3HaqeHHHMH cpe,rr,HHx B oo.rracTII HX cymecTBOBaHIUI. TIo BK.;1IOQeHHHM 3THX 3Ha

tIeHHiI MO)KHO cy,n}ITb, KaK3H H3 liM 60JIee IlllIpOK3H, a KaKaH :MeHce (§ 1.3). qeM 

IlIHpe 11M, TeM MeHblile nO.ne.3HbIX ,rr,aHHbIX 0 5lBJIeHllH B Hell cO;I,ep)KaTcH. CaMoI~I 

IUHpOKOit CpeLi,H BCex. HBJi51eTCH fO.;1aH J/L\1, cooTBeTcTBYlO1U3H a6COJIIOTHOMy OT

CyTCTBHIO ,IL3HHbIX (HJIH no,lHc'jn~C'lur HeycTol1QHBOCTH 51BJIeHH5I). PaCIllIIpeHI1e 11M 
CJIy:lEHT pa6ol II1M HH',"'Ti, :-';~' TC)M eC yrrpomeHHI'1. 

LIepe3cpelLHHe B § 1.3 onpe}1,e.rJHIOTCH onepaUHll nepeCeqeHllH 111\'1 KaK 11.06aB

JIeHlle ,EJ,aHHbrx K Y:lKe IIMerOIIHIMCH II 06be,IU1HeHIIH KaK pacceHHHe ,UaHHbIX, pOCT 

HeOnpe}.!:eJIeHHocTli. [eoMeTpHqeCKH 11M eCTb :MHororpaHHllKII, B KOTOpbIX nepBllT.JHble 

npH3HaKH H HX cpelLHHe onpe~enHIDT COOTBeT~TBeHHO HarrpaBneHHH rpaReH H llX rro

JIO:lKeHH5I. ITepeCetIeHIIC MHororpaHHIIKoB eCTb HX 06luaH qaCTb, n03ToMY 6y,neT 

CHOB3 MHororpaHHHKoM, a o6'be)1}IHeHHe rrOJIaraeTCH pacwHpHTh .un era BbII1YKJIOH 

060JIOQKH, tITo6bI nO.;1YliH.naCb liNt 
4acTHbIM CJIyqaeM 1/11\1, Kor,rr,a nepBHqHbIMH B35ITbI Bep05ITHOCTH C06bITHII, HB

JIHIOTCH HHTepB3JIbHble pacnpe,rr,eJIeHH5I BepoHTHOcTetr, OTIHCaHHble B § 1.4. flep

BHQHbrlr Ha60p C06bITliH HPB npOH3BOJIeH KaK rro KOJIHQeCTBY, T3K H TOnOJIOrHH. 

ECJUI 310 rrOJIyKO.;1bQO (HanpllMep, OTpe3KH QHcJIoBoir npHMoi1) H Ha HeM 3a,u.aHbI 

TOQHble BepOHTHOCTH, TO OHH O,UH03H3QHO rrpO,IT.OJI:lK3IOTCH, OCTJB3H,2b TOlIHbB1H, Ha 
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