














MOHeThIMOLK:HO ,lI;OrrOJIHHTeJIbHO 'BKJIIOqIHTh HCX'O,lI" lITO MOHeTa BeTa

HeT Ha pe6po IIJIH qTO BhI'HrphIlli B .J-Irpe 6y.rr.eT paBeH 6eCKOHeqUOCTH: 

ooEfE.MO)KHO Boo6me rOBOpH'Th 0 npOCTpaHCTBe Bcero Taro, tITO 

MO)KeT6bITh H ,He 6bITb, H'O Bp5I,lI. JIH 3TO npU,lJ.aCT onHCaHH5IM 3KO

HOMHOCTb. 

3. 3JIeMeHTapHhle HCXO,lI.hI - He eCTh 065I3aTeJIhHO epH3H'qeCKaH 

peaJIb'HOCTh, TaK KaK rrOHBJI5ITbC5I MoryT, HanpHMep, HeqeTKIIe CO

6hITH5I (OKOTOpbIX nOH,Ue'T peqb tIyTb HHLKe). 11 TeM He MeHee 5IBJIe

RHe B HaweM orrpe,neJIeHHII 6y,neT CJIytIaHHbIM, eCJIII XOTh KaKoe-TO 

npOCTpalHCTBO ge C a6CTpaKTHbIMH 3JIeMeHTaMH y,naeTC5I e ,HHM CB5I

3aTb, tITO, KaK tllp3BHJIO, B03MOLKHO. 

4. ,lJ,eTepMH'HHpOBaHHble 5IBJIeHH5I eCTb qaCTHhII1 rrO,UKJIaCC CJIyqaH

HbIX, Kor,na npocTpaHcTBo 3JIeMeHTapuhlx HCXO,lI.OB CO,lI,epLKHT Bcero 

O,UIIH 3JIeMeHT. 

npH3HaKH SlBJIeHMSI. J1I06ble H3MepeHH5I B cBoeH CYTH eCTb rrepe

BOJJ, 'KaqeCTBeHHblX nOKa3aTeJIeH: B KOJIHtIeCTBeHHblec rrpeJJ,cTaBJIeHHeM 

B qHCJIOBOI1 epopMe. TaKHM 06pa30M, B BEJJ,e qHCJIa HJIH IHa60pa LIHCeJI 

y,n06HO xapaKTepH30B3Tb pe3YJIbTaTbI CJIyqaI1HOrO 5IBJIeHH5I, OTBJIe

Ka5!Cb OT KOHKpeTHoro cOJJ,epMaHH5I 3.TleMeHT3pHbIX HCXO,nOB H C06bI

TIU1 (KOTOpbIC B ODl1CaTCJIbHOM Cl\1bICJIe MoryT 6bITb BeCbMa CJIO)KHbI

MH). ,ILJIn 3Toro nOCT3TOQHO HMeTb qac.JIO t (x) BMeCTO Ka)l{,noro 3JIe

MeHTapHoro HCXOna x, T. c. nOCTaBHTb B COOTBeTCTBHe x--+-f (x), 
xEf!l}. 4Hc.noB3Yl qlyHKIl)l5I f (x) Ha npocTpaHcTBe 3JleMeHTapHblx 

HCXOLLOB H33bIBaeTC51 I\OJIIll-IeCTBeHHbIM npH3H3KOM, HJIH npocTo npu3

HaKO/\;l 'CJIy43}1}l'OrO 5I'B.n:eHH51; o603 1HaLIacTclI cOI<pameHHo t; cTporo r.a
f 

BOp5I, 3TO oTo6pa)KeJHHe fJe B qHCJIOBylOnp5IMyIO f!Il: g(]---)-!?Jt. 
IlpllMepbI rrpH3H3KOB: t - tIl1CJIO rep60B npH ,UByX 6POC8H!l5IX 

MOHeTbI t(PP)=O, t(Pf)=f(fP)==l, t(ff)=2. Eme npHl\lep 

CJIYQaI1HbIH BbIHrpblw B 33a pTHOI1 Hrpe, Hcxo,naMH KOTOpOI1 :rvrorYT 

6bITb ;I,OBOJ1bHO CJ10)l(Hble KOJ\;16HHall}IH yCJIOIBHfI, a t- qUCJIO ,neHer. 

Pa3Hoo6pa3Hblx rrpH3H3KOB CKOJIb yro)J,Ho MEoro: CTOJIbKO, CKOJIb

KO B03MOLKHO npH'uYJ\iI3Tb pa3JIllqrHbIX epyHKUHH f (x). rIPI13H3KH f .' 
BMeCTe C f)J nrpalOT epyH)J,aMeHTaJIbHyIO POJIb )J,JI5I Bcero n8JIbHeI1Wero 

H3JIO)KeHI15I, nOToMy lITO C }IX nOMOIlI,bIO MOLKHO onHC3Tb OqeHb 

MHoroe, eCJIH He CKa33Th Bce. B lIaCTHOCTH, JI106ble C06bITH5I, npe)J,H

KaThI, BbICKa3bIBaHH5I, CB5I3aHHhle C 5IBJIeHH'eM. B caMOM )J,eJIe, 3Jle

MeHTapHbIH: HCXO,II. Xl TOLK):{eCTBeHHO OITHChIBaeTC5I oeAbTa-npU3HaKOM 

~Xl (x), paHHbIM 1 rrpH X=Xl H 0 rrpH X=¥=Xl; a rrO,UMHOLKeCTBO AcEe 
(C06bITHe A) - rrpH3HaKOM B BH,lI.e HH,UHKaTopHoH epyHKll){'H, 0603Ha

l) 

4aelVIoi'I A (y) II paBHoH 1 rrpH xEA 'II 0 npH x~A. BY,lJ.eM Ha3bIBaTb 

A (x) uHouKaTopfiblAi npU3HaKOM C06bITH5I A; ,nBa pa3Hblx 3HaQe

HH5I 1 iHJIli 0 3Toro IIpH3HaKa YKa3hIBaIOT, npHHa,lJ.JIeiK'I1T JIH 3TO x 
K A HJIH HeT, H TOJIbKO (pHC. 1.1). 

EOJIee 06IlI,HM 5IB.H5IeTC5I rrOH5ITHe HelIeTKoro C06bITM5I C !He CTOJIh 

KaTerOpHQHbIM 3a5IBJIeHHeM 0 npHHaJI.JIeLKHOCTH K .HeMy. cI>yHKUHIO 

q (x), 33.KJ1I014eHHYlO MeLKL(y 0 'H 1: O::S;q(x) ~ 1, xEfE, 6y,ueMHa3bI

BaTb npU31iaKOM fietteTK020 C06bLTUfl. TaK KaK CBoero orrHCaHH5I Ha 

.H3b1Ke 'CJIYQaHHOrO 5!'BJIeHH5I HeqeTKOe 'Co6bITHe IMOlKeT 11 He HMeTb, TO 

./lePbma- flpl13HUK lIe'lemlroe IIHiJl1KOmojJllblt1 
npU.JIIOK cotfb/mlJe npllJHUK 

A (x)Ox (x) Ij(X}-/fr.Z'J
------!---- -

'-v---J XXI 
A 

PHC. 1.1. DpH3HaKH, C06bITHH 

q(x), 3aKJIlOQeHHYIO Me)l(AY 0 IH 1: O~q(x)~l, XEEe, 6YjLeM Ha3bI

BaTh npOCTO HeqeTKHM C06bITHeM. 3HalIeUHe q (x),= 1 rOBopHT, lITO x 
)J.ocToBepHo BXO)J,HT B Co6bITHe q,3HaQeHHe q(x) =0 -IHe BXOJI.HT, 

a q (x) = 1/2 paBHOCHJIbHO 6aJIaHcy yBepeHHocTH H 'COMHeHH5I: BXOJI.HT 

HJIH ,He BXOJI.HT. ,llpyrHe npOMelKYTOlIHble Me)K,lI.y 0 H 1 3HatIeHH5I 

q (x) OTjLalOT rrpe,lI,nOQTeHHe JIH60 yBepeHHOCTH, lITO BXO,niHT (rrpM 

q (x) > 1/2), JIH60 COMHeHHlO. 
11TaK, KalK,lI,Oe C06bITHe OTOLKjI,eCTBJI5IeTC5I C 3KBHBaJI€iHTrHbIM npH

3HaKOM, a BceM C06bITH5IM cooTBeTcTByeTno,nKJIaCCnpH3HaKoB - 3TO 

Bce cPyHKUHH co 3H3qeHH5Ii\1H OT 0 ,UO 1. I1HTepecHo II HaMHO TO, tITO 

JIOrHKe BbICKa3bIBaHHH, no npaBHJIaM KOTOpOH H3 O,lI,HHX C06bIT'HH 

JIOrl1tIeCKH 06p a3YIOTC5I ,lJ.pyrHe, IcooTBeTcTBYlOT BnOJIUe onpe,neJIeHHble 

apHepMeTUQeCX'ne neI1~CTBH5I Me)K>,UY npH3HaKaMH: ,«He q»~l-q(x); 
«ql H q2»~ql' (x) q2 (x); «ql HJIH q2»~min{I, ql (x) + q21 (x) }. 

flpH3HaKaMH onHCbIBaIOTC5I He TOJIbKO C06b1T'II5I,HO H MIHorae ,lI.py

rIfe xapaKTepI1CTHKH CJIYQaI1HOrO 5IBJIeHH5I, H3npHMep, MOII.I.HOCTb, 

3epep,eKTHBHoe 3HaLIeHI1C H T. ,U. JI1060e npe06pa30BaHHe rrpH3uaKOB: 

CJIOMeHHe, yMHoMeHHe 111 T. ,n. - BeneT K HOBOMy rrpH3HaKY. TaKHM 

06pa30M, BceB03MOlKHble rrpH3:H3'Kli BMeCTe c rrpHBblq:HhIMli ,lI,eI1CT

BH5IMH MeLK,Uy HHMH KaK jI,eI1CTBHTeJIbHbIMH epYHKUH5IMH rrepeMeHHOH 

x ,lI.aIOT YHHBepCaJIbHbIH arrrrapaT onHCaHH5I 'Bcero Toro, lITO CB5I33'HO 

TaK HJIH HH3Qe C :pe3y.TIbTaTaIMH cJIyqatl,Hofo5l'BJIeHH5I HJ1H :MO)KeT 6bITb 

nOJIyqeHO 113 HHX 'C nOMOII.I.bIO JIOrl1QeCKHX, apHcPMeTHqeCKHX H aiHa

JIHTH4eCKHX neI1CTBHH. 

ECJIH g(x);;;::t(x), VXEfE, TO 6yneM rOBopHTb, lITO rrpH3HaK g 
JltaJICopupyer npH3HaK f H nHcaTb !g~t. 3TO 03'HaqaeT, QTO 'KaKoH 6bI 

HCXOJJ, He CJIyLIHJIC5I, npH3HaK g npn:MeT 3HaqeHHC, He MeHbwee npH3

HaKa f. He 0 .III06bIX ,lI,BYX BbI6pa'HHblx rrpI13HaKaX MOMHO BbIHeCTH 

TaKoe cyLKJI,eHHe, qTO cooTBeTcTByeT QaCTHQHOI1 IIX ynop51,UOQeHHocTH. 

CpeAHMe 3Ha4eHHSJ npH3HaKoB. BbIJleJ1I1M OTnCJIhHbIH npH3HaK f 
II paccMoTpHM, KaKlIe CBe,neHH5I MoryT IIMeTbC5I 0 HeM anpHOpl1 (rro

JIara5I, LITO 5IBJIE:'HHe eme He npOH30111JIO :HJIH pe3YJIbTaT era He H3Bec

TeH). IlepBoe - 31'0 06JIaCTb B03MOMHbIX 3HaqeHHI1, orrpeneJI51eMa5I 

BH,Il.OM f (x). 06JIaCTblO 3'HaQeHHll MOMeT 6bITb ,1I.HCKpeTHhIll Ha60p 

quceJI, HanpHMep jI,JI5I HHJI.HKaTOpHbIX rrpH3H3KOB A (x) 3Tb 0 HJIH 1. 
31'0 MOLKeT 6bITh oTpe30K lII1CJlOBOH rrp5IMOI1[ min f, max f] OT MH

HHMaJIbHOro rnin f (x) ,lI,0 MaKCHMaJIhHOrO max f (x) 3HaqeHI15I f· ,IIJI5I 
x x 
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06mHOCTH, yqHThIBa5I, qTO MHHHMyM H MaKcHMyM IHe BCer)1.a AOCTH

raIOTC5I, 3aMeHHeM HX IHa HUepHMyM H cyrrpeMyM: ,[ inf i, sup f]. 
BTopoe - .9TiO ,naUHble 0 cpe,nHeCTaTHCTHlleCKHX CBOHCTiBax TIp1I3

HaKa f. A HMeHHO, O)KH,naeMoe B Cpe)1.HeM ero 3HaqeHae Mf(3)1.eCb 
M OT CJIOBa l\1.EAN - cpe,nHIHiI), Ha3bIBaeMoe TOtlHblM cpeoHuM npU3

HaKa f. 
KaK OHO rrOJIyqaeTCH? CaMoe rrpOCToe - Ha OCHOBaHIIII CHMMeTpIIII 3KcrrepH· 

MeHTa. HanpIIMep, HrpOKll, CKa)KeM, B «opeJI ~ pewKy» XopOWO nOHIIMaIOT, qTO rrpM 

paBHhIX CTaBKax llIaHCbI Ha BbIIIrphIlli II npOIIrpbIlli OjI,IIHaKOBbI, T. e. B cpe,lJ,HeM 

OHM 6Y.LLyT HMeTb HOJIb. B ,lJ,aJIeKOI1 JI.peBHOCTII 6pOCaJIII aCTparaJIbI - KOCTH KO

HeqHOCTet'! .lKllBOTHbIX - II ,lJ,JIH 06eCneqeHII5I «paBHbIX llIaHCOB» Ka:tK,lJ,bIH pa3 napT

HepbI MeH5IJUICb MeCTaMII. 

TOQHble ,CBe,n€lHH5I MoryT HaXO,nHTbC5I 'H3yqeHHeM BHyTpeHHuX Me

XaH1I3MOB HBJIeHHH, ero npnpOAbI, KaK .9TO ,neJIaeTCH B CTaTHCTHqeC

KO}I epH3HKe. B03MOLKHa oueHKa cpe,nHero no pe3YJIbTaTaM npe,UBa

pIITeJIbHOrO orrpoca, npOBeJI,€lnneM Ha6JIlOJI,eHHH, nCKyccTBeHHO C03

AaHlHoro o6yqalOmero .9KCrrepHMeHTa, IHcrrbITaHHH. ECJIU HcrrbITaHH5I 

He3aBHCHMbI H ;rrpOBO)1HTCH B OJI,HHaKOBbIX yCJIOBHHX, TO Cpe,lI,Hee 

6y)J,eT rrpeJI,eJIOM 'Cpe,lI"HerO apHepMeTIIqeCKOrOHa6JIIOJI,aeMbIX 3HaqeHHH 

npH3HaKa npH HeOrpaHHqeHHOM YBeJIIIlIeHHII qHCJIa HcnWTaHHH. 

I-IaKoHeu, npOCTO rro orrbITY, no,lI, KOTOpbIM rrOHHMaeTCH cOBoKyrr

HOCTb rrpHMbIX 11 IKOCBeHHbIX CBe,lI,eHilH 0 HBJIeHIIII, MOlKHO npHMepHO 

3HaTb, lITO O)l{II,lI.aeTCH B cpe,UHeM. B caMOM JI,eJIe, Ka:IKAbIH II3 Hac 

JI,'Ora,UbIBaeTCH, iOKOJIb'KOB Icpe,U'HeM OH rrOTpaTHT BpeMeHH Ha l,Uopory 

K MecTy pa60TbI HJI'II B ,Upyroe MeCTO, KaKOB cpe,UHHH O:IKHAaeMbIH: 

,nOXO,U OT HaMelIaeMoro ,neJIa IIJIH paCXOJI, OT TypHcTHlIeCKOH rroe3,UKR 

H T. n. 
qacTHbIM CJIylIaeM TaKaro TOlIHoro CpeJI,HerO, 'Korna f(x) =A(x)

HH,lI.HKaTOpIHbIH npH3HaK 'C06bITH5I A, 5IBJIHeTC5I BepOHTHOCTb, 0603Ha

lIaeMa5I P (A) =MA (x) (P OT iCJIOBa PROBABII.. ITY). BepoflTHoCTb ~ 
.9TO cpenHee O:IKII,UaeMoe qnCJIO rrOHBJIeHIIH A rrpH He3aBHCIIMbIX nOB

TOpHbIX HCl1bIT3HH5IX, ,UeJIeHHOe Ha lIHCJIO IIcrrbITaHIIH. 

KJIlOqeBblM IBO Bcex npe\,J,bIJI,'Y1UHX p accylKJI,eHHHX 5IiBJlHeT'C5I TO" 

lITO B ICTporOM CMbIC"TJe TOlIHbIe cpenHue (H BepOHTHOCTH) - .91'0 napa

M,€TpbI CTaTHCTHqeCKH YCToi;jlIHBoro HBJIeHHH 11 ,nOCTHraIOTCH OHH yc

penHeHHeM rrpH HeorpaH11lIeHHOM nOBTopeHHH Toro )l{e caMora 5IBJIe

HlI5I B 'He3aBHCHMbIXH YCTOHlIHBbIX yCJIOBHHX. TaK KaK opraHH30BaTb 

yCTOHlI'UBoe nOBTOpeHH€ rrOnqac 3aTpYAHHTeJIbHO, a HeOrpaHHqeHHOe 

tIUCJIO pa3 rrpOCTOHeB03MO:IKHO, TO lIaCTO nonpa3yMeBaeTCH MbICJIH

MbIH HJIH Yl\103pHTeJIbHbIH rrOBTOp. Ho lIT06bI «rrpoHrpaTb» 5IBJIeHIIe 

CKOJIbKO-TO pa3, npOneJIaB 3TO IB yMe HJIII C nOMOmblO 3B2Vl, Hy)KHO 

60JIee lIJIH MeHee TOlIHO 3HaTh <pH3HQecKYIO Mo,neJIb HBJIeHIIH, ero 

rrpHpo,Uy. TaK, II B CJIyqae cIIMMeTpIIlIHoH MOHeTbI, ee He 06H3aTeJIbHO 

Ilon6paCbIBaTb, rrOCKOJIbKY IITaK HCHO, lITO B cpe,UHeM lIHCJIO OpJIOB, 

,lI.OJI}KHO paBHHTb'C5I qIICJIy peweK. 31'0 KJIaCCHqeCKHH rrpHMep .IT.JI5I 

onpeneJIeHHH TOlIHoro :CpenHero. 

Ho rrpaKTHKa He BCerJI,a BTOpHT TeopHH, a ,neHCTBHTeJIbHOe - Me-, 

JIaeMoMy. PeaJIbHble HBJIeHHH lIaCTO TaKOBbI, lITO HX BHyTp€JHHHe Me

Ji2 

xalHH3MbI AOKOHua He no,U.naIOTCH UCCJI'enOBaHIIHM, orrbITbI yHIIKaJIb

HbI, ,nx nOBTopbI HeYCTOHlIHBbI, a rrpenBapHTeJIbHble Ha6JIIO,lI,eHIIH 

orpaHlilIeHbI. B Ipe3YJIbTaTe TOqHOe cpe,IJ,Hee OCTaeTC5I KaK HneaJIhHOe 

rrOHHTHe, AOCTliraeMoe B rrpe,U,e.ne, InpHMeHeHHe KOToporo conpOBOiK

,naeTC5I MHoriHMH«BOT eCJIII 6bI» HJIH «nycTb...». 

HHTepBaJlbHble cpe)l,HHe H BepOSlTHOCTH. reHepa,l1bHa5I Ballla MbIC.lIb 

TaKOBa, lITO He TOJIbKO HeYCTO}!qHBOCTb 5IBJIeHHH, HO H JII06aH He

a6COJIIO''DHOCTb CTaTHCTlilIeCKHX 3HaHHH (He,UOCTaTOlIHOCTb, HeTOlIHOCTb, 

orpaHIIlIeHHOCTb), CBOHCTBeHHaH nOqTH BceM peaJIbHbIM 3a,lI.arqaM, 

eCTeCTBeHHO BhIHY:IKnaeT nepeXO):L K IIHTepBaJIhHhIM rrOH5ITH5IM. P ac

lllUpHM nOHHTIIecpe,nHero, OTKa3aBlllHCh OT ero orrpe.neJIeHHH KaK 

lIHCJIa. 
HHTep8aAbfiblM CpeOHUJ1, npU3HaKa f Ha3bIBaeTCH OTpe30K lMf, 

Mf] C rpaHHIl,aMH Iv1f - HUJlCHUJI;I cpe8HUM H Mf - 8epXfiUM cped

HUM. B qaCTHOM CJIylIae paBeHCTBa k1f=Mf=Mf HHTepBaJIbHOe cpe.n

Hee rrepeXO,UIIT B TOtlflOe II 0603HaQaeTCH 6e3 lIepTOlIeK. ,IlpyroH 

tIaCTHbIH CJIyqaH, KOrJI,a rpaHHIl,bI HHTepBaJIbHOrO cpe,nHero 'COBna.uaIO'C 

C MHHllMaJIbRbIM H M3KCIIMaJIJ:jHbIM 3HaqeHIIHMH epyHKUHII : Mf = inf f, 
Nif=sup f. 3TO 03HalIaeT, liTO ocpe,UHeM OMHnaeMOM 3HaQeHIIII npH3

HaKa ,f HIIll'erO HeH3BeCTHO. OHO JII060e B npoMe:IKyTKe 3HaqeHHH f· 
3.neCb Y:IKe He Ba)KHO, YCTOHlIHBO HJIII HeycTOHqHBO 5IBJIeHIIe, MOLKHO 

JIll lopraHII30BaTb InOBTopbI IIJIII HeT: HlP-ITO eCTh HUqTO. 

TaKHM 06pa30M, HHTepBaJIbHOe cpe,II.Hee [Mf, Mf] ,UaeT lIIHPOKHH 

OXBaT OHncaHHH cp,en,neCTaTIICTIIlIeCKHX CBOHCTB rrpII3HaKOB OT nOJI

Horo He3HaHHH,Uo TOqHOrO 3HaHH5I \Cpe~'Hero. l1HTepfIlpeTHlp,OBaTb er'Q 

MO)KHO rro-pa3HOMY. 11 KaK ,UHana30H B03MO:IKHhIX 3HalIeHllH cyme.. 

CTIBYlOluero (HO He'H3IBeCTHoro) Toq'HOrO 3HaqeHHH Mf B ,CTaTIfiCTHqeC\KH 

YCli OH;qUBOM 3KIOnepHMeHTe H KalK \13BeJ,eHHe 3amHTHoro ,UOIlYICIKa Ha 

Mf OT HeycToHlIHBOCTII 5IBJIeHIIH. 11 'Boo6me, KaK 60JIee o6mee nOHH

THe, ll'eM ToqHOe cpenHee, KorJI,a rrOCJIe,UHee B CHJIy yrroMHHyTbIX 

paHee 06CTOHTeJIhCTB He onpe,UeJI5IeTCH. Ba:IKHO TO, LITO B 01'JIHlIl1e 

OT TOqHOrO HHTepB3JIbHOe epeJI,Hee Bcerna cymecTByeT XOTH 6bI rro

TOMy, lITO Bcerna HMeeTCH B03MO)l{HOCTb rrepexona K Kpa:HHeMy CJIy

qaIO nOJ1Horo Ha3B3HHH 3Toro cpe,UHero. 

TIPli f (x) =A (x) HHTepBaJIbHOe cpenHee npeBpamaeTC5I B :HHTep .. 

BaJIbHyIO BepOHT'HOCTb [P(A), P(A)]; P(A)=MA, ]5(A)!=MA. Ha 
rrpOCTeHlI1HX npHMepax npOHJIJIlOCTPHPYeM HeKOTophIe ee HHTeprrpe

TaUJ1iH. 

IT P II M e p 1.1. ITYCTb HMeeTCH aCTpara.,1: (KOCTb KOHeqnOCTII )KIIBOTHoro) c 

qeTblphM5I COCT05IHIIHMII npll 6pocaHllH. ITOH5ITHO, tITO TOLJHble Bep05ITHOCTII Rcex 

9TIIX COCT05IHHH cymecTByIOT. Ho qTo6bI HafiTll HX, Tpe6yeTcH 6eCKOHetIHO ,lJ,OJIrHU 

3K~nepHMeHT. ITo orpa'HHQeHHOMY 3KcnepIIMeHTy MO:tKHO oueHIITh Bep05ITHOCTH JIHllIb 

rrpU6JIII2KeHHO B Bll;:Le HeKOTopbIX ,lJ,OBepllTeJIbHbIX IIHTepBaJIOB 3HaQeHHH. 31'0 H 

6y,lJ,YT ,HHTepBaJIbHble BepOHTHOCTH. 

TI p II M e p 1.2. I1MeIOTC5I ,UBa O,UHHaKOBbIX C BH,lJ,Y Ky6HKa C HaneceHHbIMH Ha 

rpaH5IX 01' 1 ,UO 6 OtIKOB. ,UJIH cIIMMeTpIIQHOrO Ky6IIKa BepoHTHoCTh BbIIla,UeHIUI 

O)J,HOH rpaHH, CKa)KeM wecTepKII, paBHa 1/6. Y )J,pyroro )Ke Ky6IIKa u.eHTp T5DKeCTH 
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CMemeH B CTOpOHy, npOTHBOnOJI02KHylO rneCTepKe (B Cpe,lJ,HHe BeKa no BUOJIHe 

nOH5ITHOH: XHTpOCTH B Ky6uKH 3aJIHBaJIH iKyCKH MeTaJIJIa), H Bep05lTHOCTb Bbrna,lJ,e

BH5I rneCTH OqKOB CTaJIa 60JIbrne 1/6: pa> 1/6. HeH3BecTHo, KaKOH: H3 Ky6HKOB H 

B KaKOH: :uOCJIe,lJ,OBaTeJIbHOCTH rrO,lJ,CTaBJI5IeTC5I B Hrpe. Tor,lJ,a Bep05l'f1HOCTb rneCTep'KH 

6Y,lJ,eT HHTepBaJIbHa51 [1/6, P6]. IlpH YBeJIHqeHHH nOBTopOB 3KcnepHMeHTa OTH02H

TeJIbHa51 qaCTOTa rnecTepoK B pa3Hblx CepH5IX MO:tKeT CXO,lJ,HTbC5I K JII060My qHCJIy 

H3 3Toro HHTepBaJIa. 3,lJ,eCb HeycTOH:qUBOCTb BbI3BaHa BMernaTeJIbCTBOM qeJIOBeqeC

Koro epaKTopa B BH,lJ,e cOBeprneHHo HeH3BecTHoll cTpaTerHH rrO,lJ,CTaHOBOK. lipH H3

BeCTHblX cTpaTerH5IX MHTepBaJI cY.lKaeTC5I BnJIOTb ,lJ,0 TOqHbIX 3HaqeHHll (KOr,lJ,a 6e

peTC5I Ky6HK O,lJ,HOrO THrra). 

IT p H M e p 1.3. TIyCTb MOHeTa He 6pocaeTC5I, a O,lJ,Ha HJIH ,lJ,pyra51 ee CTOpOH3 

nOKa3bIBaeTC5I HeKOTopbIM cyO'beKTOM. 3TO 6Y,lJ,eT ,lJ,eMOHcTpaUHeii CTaTHCTHqeCKOH 

HeycTOHqHBOCTH B cBoeH rrpHpO,lJ,e qeJIOBeqeCKOrO epaKTopa ,LI,a:tKe IlpH rrOJIHef'IweM 

.lKeJIaHHH ,lJ,eJIaTb rrOKa3 He3aBHCHMO a paBHOB03MO:tKHO. ECJIH 3)1,eCb H MO:tKHO 

OIlHcaTb Cpe,LI,HeCTaTHCTHqeCKHH: pe3yJIbTaT, TO JIHilib HHTepBaJIbHOI1 Bep05lTHOCTbIO 

(3aBHC5Imeil OT rrCHXHqeCKHX oco6eHHOCTeH cy6'beKTa). 

MaTeMaTH4eCKaSl MO,1l.eJIb SlBJIeHltSl. Ma1'eMa1'HqeCKa5I" Mo,neJIb 

31'0 enHlHioo6pa3H35I YIJI.06HaH LI,JIH pa3pa6oTqWKOB .cUMIBOJIbHaH epopMa 

onacaHHH pe3YJIbTa1'OIB HBJIeHHH C'OBiMeCTHOC npHcymHMH HM 33IKOHO

MepHOC1'HMH. Ilpe,LI..bI,LI..ymHMH paccy2K,UeHHHMH MbI nO,UOIIIJIH K ee 

nOHHMaHHIO. 11MeeTC5I rrpOC1'paHC1'BO ge 3JIeMeH1'apHbIX HCXO,UOB, a 

'Ha HeM onpe,neJIeHO HeHCQHCJI'HMOe MHO:iKeCTBO qUCJIOBbIX np'H3IHaKOB, 

O,UHH IH3 KOTOpbIX MaMopHpyIOT npyrHe, MaMopHpyI01'CH Tpe1'bHMH 

IIJIH HX JIHHe~IHbIMH KOM6HHaUHHMH H T. n. ,llJIH Bcex a6COJIIOTHO 

OrpaHHqeHHbIX npH3HaKOB f, KJIaCC K01'OpbIX 0603HaQHM fFoo = 

= {f : sup If (x) 1< JO}, cymecTByIOT HHTepBaJIbHble Cpe,LI..HHe MY, Mt 
x 

BHy1'pH npoMeMyTKa 3HaqeHHI1 f. Ho 31'oro MOMeT OK33aTbCH eme 

MaJIO. 

Mo,UeJIH 'C1'3HyT 60JIee YHHBepCaJIbHbIM'H, eCJIH H36Hpa1'eJIbHO ,UO

nycKaTb cymecTBoBaHHe cpe,UHHX Ha HeKoTopbIX HeOrpaHHqeHHbIX 

np:H3HaKax. ,ZlJI5I pH,Ua npH3HaKoB 3TO eeTeC1'BeHHO: 1'aK, eCJIH rrpH3

HaK f He OrpaHHqe,H CHH3Y, HO orpaHH4eH cBepxy sup f = H< 00 qHC

JIOM H, TO BepXHee CpeLI,Hee Nif He MOMeT 6bI1'b 60JIbWe H, n03ToMY 

cymecTBye1'. 111'aK, HMeeM 1\11<00 Ha KJIaCCe fF(j= {f: sup f<oo} 
BcexOrpaHHqeHHbIX cBepxy epyHKUHI1. AHaJIOrII4HO, HHMHHe Cpe,LI..HHe 

Mf cymecTByI01' Ha KJIaCCe (-fFo) (nOJIy4ae1'cH H3 fFo rrepeMeHHo~I 

3HaKa epyHKIIHH) Bcex OrpaHHqeHHbIxcHH3Y epyHKUHH. HYMLI,bI npaK

THKH np'll HX c1'poroM oepopM.neHHH Tpe6y101' B ueJIOM p5I,ne 3a,Uaq 

cyll-LecTBOBaHHH cpe,UHHX Ha 60JIee WHpOKHX KJIaCCaX HeOrpaHHqeH

HbIX npH3HaKOB. 

Ha30BeM KJIaCC fF npH3HaKOB, Ha KOTOpOM onpeLI,eJIeHbI Mf< 00, 

o6AacTb1O cyu~ecTBOBaHUJl BepXHUX cpeoHux. MbI yBH,UHM ,LI..aJIee, qTO 

rrepeMeHa 3HaKa y npH3HaKOB npHBene1' K KJIaccy (-fF) , !Ha KOTO

pOM 6y,Uy1' cymec1'BoB3Tb Hlf)KHHe cpe,UHHe: ~f, fE-fF, a Ha HX 

rrepeCeqeHHH 6y,LI..y1' H Te, H ,UpyrHe, T. e. HHTepBaJIbHble cpe,UHHe. He 
HCK,lIIOQae1'C5I PT:=fFo, HO 3TO 6y,ne1' caMbIH Y3KHH B03MOMHbII1 KJIacc. 
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ECJIH 3'T0 60JIee IllHpOKHH KJIaeC, TO PT ,UOJILKeH y~OBJIeTBap5ITb TpeM 

CBOHeTBaM: 
Cl. gEfT, f~g*fE[T; 
C2. fE.[T, c, b+EI1l, b+,?O*b+f+CEg-; 
C3. f, gEPT*f+gEPT. 

(OqeBH,nHo, ,UJI5I PT0 Bce OHH BbIIIOJIH5IIOTC5I.) 113 nepellHCJIeHHbIX 

CBOHC'TB CJIe,Uye1': 1) CEPT, f,Ue C eCTb npH3HaK, npHIHHMaIOmHH noc

T05IHHOe 3HaqeHHe C (nOJIy4ae1'C5I H3 C2 npH b+==O); 2) fT-::::JfFo 
k 

(n3 Cl HI); 3) fiEfF, i=l, ... , ,k*c+ ~ b+ifiEfF, r,Ue nJIIOC 03Ha
i=1 

qaeT HeoTpHuaTeJIbHOCTb qHCeJI b+i ~ o. IlocJIe,UHee CBOHC1'BO Ha3bI

Bae1'C5I nOAyAuHellHocTbfO, a KJIaCC fF co CBoHc1'BaMH Cl, C2, C3
nOJ1YJlUHeUHblM . 

Ma1'eMaTHQeCKa5I Mo,UeJIb HBJIeHH5I BKJII-oqaeT B ce65I: a) npocT

paHcTBo ge 3JIeMeH1'apHblx C06bITHH, 6) nOJIyJIHHeHHbIH KJIaCC g
npH3HaKoB (eCJIH OH IlIHpe fFo), B) cpe,nHHe Ha HeM; a Bce BMeCTe 

91'0 {&l?, fT, M, M} HJIH {ge, M, M} IIpH BT=f?To. ITepe~I,ne11 K OCHOB

HOH qaCTH Mo,UeJIH: Tpe60BaHH5IM K M II 1)1. 

AKCHOl\1aTHKa. Cpe,UHHe Mf, Mf pa3HbIX npH3HaKOB ,LLOJI)KHbI Ha" 

XO,nH1'bC5I B orrpe,rr.e,neHHoH B3aHMHO~I rrponopUHH (ycTaHaBJIHBaeMOH, 

HanpHMep, H3 rrpHMepa 1 :HJIH 2 BBeneHH5I). TIPE npHH5I1'OM HaMH 

IIOj(xo,ne, B hOTOpONI cpenHHe 5IBJ15HOTC51 ca~v10CTOHTeJIbHbIMH cOCTaB

JIHIOIll.H1VIH MO,D,e.TII1, O1'HOllleHH51 Me}Kny cpe,UHHM:I1 ,UO.H)KHbI noc1'yJIH

poBaTb C5! . (~ p e)lHOTH0 ille HH 11 Hy)KHOBbI,II,e.Tl 11 T b 0 CHOB0 IIo.n a r a 10l1JJie, 

Ha3bIBaeMble QKCUO.iHaMU, 1'Ofna ,UpyrlIe CTaHOB51TC51 BbITeKaIOl1JJIMH H3 

aKCHOM CBOI1CTB2MH. BaLKHO, CKOJIbKO 3a,n3Tb 3KCI10l\1. 
ECJIH aKCHO?\1aTIP-IeCKH CBH3aTb cpenHHe cpa3Y CJIHIllKOl\1 )KeCTKH

MH OTHOWeHHrIMH, TO 31'0 ICY3HT K.n3CCbI B03MO)KHbIX MOJ1,eJIeH. Jlyq

we C03,UaTb Ka K MO)KHO 6oJ1ee CBOOO,UHyIO KOHCTpyKUHIO, rIMeH B BH

,ny, qTO yCHJIeHHe BcerJla ,UOC1"IDKHMO BHe,UpeHHeM ,nonO.TIHH1'eJlbHbIX 

CBOI1CTB BHYTPb KOHKpe1'HOH Mo,neJIH HJ1H K.nacca Mo,UeJIei1. TaKHM 

06pa30M, aKCHOM ,UOJ1)KHO 6bI1'b no B03MO)KHOCTH MeHbwe,. HO qTo6bl 

OCTaTbC5I B IpaM'lKax qH13HLIeCKOI1 IIHTepnpeTIIpyeMocTH MO):I-e.HH (HHaLIe 

B03HHKHeT HOBaH TeOpH5I). 

A K C HOM bI Ie p e,n H II X. ,IlJIH Vf, gEf!T: 
AI. g~f==>-Mg~Mf; 
A2. M(b+f+c) =b+Mf+c; Vb+~O, CEfJl; 
A3. M(f+g) ~Mf+Mg; 
A4. M(-f) =-Nif· 

3,Uecb C1'peJIKa ==>- 3aMeH51e1' CJIOBO «cJIenye1'», a nJIIOC B BepxHeM 

HH,UeKce YKa3bIBaeT Ha Heo1'pHua1'eJIbHOC1'b qHCJIa. 06Cy,UIIM aK

CHOMbI. 
Al - a K C HOM a COX P a H e H II 51 n 0 p 51 ,U K a: (eCJIH npn3HaK' 

g MaLKopHpyeT f, TO BepXHee cpe,UHee y Hero He MeHbllIe, qeM V f· 
HHaqe II He MOMeT 6bITb, 1'aK ,KaK 3Ha4eHH5I g Bcer,Ua 6Y,UYT"MeHb

me f. 
A2 - aKCIIO:Lvla TI'epe'Hoca: yMHoMeHHe npH3H3Ka f Ha He

O1'pHuaTeJIhHOe qHCJIO H npn6aBJIeHHe K Heily JII060ro nOCT05IHHOrO 
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'QHCJIa rIpHBO)]HT K TaKHM iKe onepaUll5IM RaJ( Mt. 9TO rrOH5ITHO, n60 
-TaK npeo6pa3yeTC5I Ka:IK,lLOe 3Ha4eHlle npH3HaKa. 

A3 - a K C II 0 Man 0 JI Y a ,lL,lL II T II B HOC T H: BepXHee Cpe,lLHee 

OT .CYMMbI npII3HaKOB He 60JIblIle CYM~MbI iHX BepXHHX cpe,lLHHX. B ca

MOM neJIe, ,lLJI5I CYMMbI O,lLHHaKOBbIX npH3RaKOB t+f Ha OCHOBaHIIH 

A2 npn c=O, b+=2 6yneT CnpaBe)lJI'HBO paBeHCTBO: M(f+f) =Mf+ 
+Mf. 3TO KaK ,pa3 CJIy4aH :«CHHepa3Horo» CJIO:IKeHH5I, KOr,lLa nOJIO

)K'HTeJIbHa5I lIaCTb CKJIa,lLbIBaeTC5I C TaKoff :IKe nOJIO)I{HTeJIbHOH, OTpH

uaTeJIbHa5I - C OTpHuaTe.llbHofr. B 06meM, CJIO.IKeHHe pa3HbIX npII3

HaKOB He 6Y,lLeT Cl1Hepa3HbIM, 4TO II 'Be,rr,eT K YIVleHblIleHHIO M (f -'I g) 
no cpaBHeHHIO C Mf+Mg. 

A4 - a K C HOM a 0 6 P a Ill, e H 11 51: O;:I,H03Ha4HO CB513bIBaeT HH)I{

BHe cpen,HHe C BepxHHMH, ,rr,JI5I 4ero y npH3HaKa MeH5IeTC5I ;3RaK. CJIe

)lyeT H3 Toro, 4TO )J.JI5I JII06oro HHTepBaJIa 1m, in] TIpH nepeMeHe 

3HaKa rpaHHL~bI MeH5IIOTC5I' MeCTaMII: \[-fii, -~]. TIo 3TOM aKCIIOMe, 

KOJIb 'CKOpO Ntf onpeneJIeHbI Ha [7', TO Nlf 6YllYT onpe,rr,eJIeHbI Ha -fT. 
l(oHe4Ho :IKe, ,rr,eJIO «BKyca», Kal{He H3 paBHOCHJIbHbIX CBOI1CTB 

Cpe1J.HHX 6paTb B KalIeCTBe aKCHOM, n03TOMY CJI,eJIaHHbIM BbI60p He 

Hy)K,ZI,aeTCH B 06CY)K,lLeHHH. 

Onpe,ll.eJleHHe HHTepCClJIbHOl1 Mo,n,eJIM Cpe,lJ,HHX, OCHOBHbIe CBoHCTBa. 

HHrepBa.1bHOU JHoOe.llbl0 cpeOHUX (coKpameHHo, 11M.) Ha3bIBaeTCH 

cOBoKynHocTb BepXHHX Cpe)lHHX Nit H3 3a,rr,3HHolr 06.TlaCTH HX cyme

'CTBOBaHH5I fE[F (y.uoBJIeTBOp5IIOmeH C'BOHCTBaM CI, C2, C3) II HH:IK

HHX CpeJlHHX Mf, fE-fT, C02JlaCOBaHHblX M:e.IK,rr,y c0601f B TOM CMhIC-

JIe, lITO y,rr,OB.7IeTBOp51IOTC5I aKCHOMbI Al coxpaHeHH51 nOp5l,lLKa, A2 ne
peHoca, A3 rrOJIyan)J.HTHBHOCTH E A4 o6pa~'eHH5I. I1HTepBaJIb(Ha5I MO

~eJIb cpe.llHHX 0603HalIaeT'C5I JfHJIH <NifF). 
HenocpencTBeHHo H3 aKCHOM BbIBO,lIJITC5I TaKHe CBOHCTBa (noJIa

raeM rrpH3HaKH 113 COOTBeTcTByIOLUHX 06JIaCTeH cymecTBOBaHH5I): 

1. Al (b+f-t-c) =b+Mf+c (CJIenyeT 113 A2 nepeMeHHOH 3Ha'Ka H A4); 
2.	 nJIH JII06bIX KOHCT3HT Mc=c (H3 A2 H 1 TIp11 b+=O); 
3.	 M(t+g)~j"1f+Mg· (II3 A3 H A4);
 

-k k - 

4.	 M~fi~LMfi - BepXHH5I rrOJIy3,rr,)lHTHBHOCTb (H3 A3 no HH,UyK
1 1 

ll.HH) ; 

5. M~fi~~Mfi - HH)KHH5I nOJIy3,rr,,rr,HTHBHOCTb (H3 3 no HH,ll.yK-

I~HH);- 

6.	 Mf~Mt (A3 11 A4*O=MO=M (f-f) ~Mf-Mf); 

7.	 t~g=>-Mf~Mg (113 Al rrepel\1eHHOH 3HaKa .epyHKUHH H A4); 
8.	 inf f~j~lf, Mi~sup f (H3 7, Al II 2, 'TaK KaK inf f~!f~sup f); 
9. IMlf=max{I A1fl, Ij\1fl}~lVIlfl (TaK KaK ±t~lfl*Mf~ 

~Mlfl, -Mf~Mm, 3,UeCb IMI - HOBoe ooo3Ha4eHHe, n33bI

BaeMoe M:aKCH:r-v1aJIbHhIM rro MOLLYJIIO cpe,nHIIM); 

10. M(f+g)~A;Jf-+-A/jg~i\li(f+g) -nCeB)103JIJI:HTHBHOCTb (H3 3 If 

A4 Mf=M[ (t+g) -Ig] ~M (f+g)-Mg; H3 A3 H A4 JWg=iW[ (g+ 
+I)=f] ~M (g+f)·-Mf);
16 

11. Mg T04Hoe =>-M(f+g) =Mf+Mg; M(f+g) =Mf+Mg ('H3 A3, 
3 H 10); 

k k 
12.	 M ~ Ii = ~ Mf,i '- KOHe4Ha5I a,n)J.HTHBHOCTb TOqHbIX cpe,nHHX 

i=l i=l 

MJi' i= 1, ... , k; 
13.	 HenpepbIBHoCTh cpe,nHHx no OTHoweHHIO K paBHoMepRoH TIpH 

n-+-oo	 CXO,rr,HMOCTH ¢YHKuHlt: 

sup Iin (x) -f (x) I-rO*Min-rMf, Mfn-+Mf 
x	 - 

(TaK KaK IMin-Mf I H jMfn-Mfl He npeBbIlIlaIOT SUPlfn-fl). 
11TaK, II3 aKCHOM nOJIYlIeHbI TaKue eCTeCTBeHHble CBOHCTBa, qTO 

HH)E:Hee cpe.uHee iMI He 60JIbille 'BepxHero 6 H He MeHblIle HH)I{HeH rpa-

HE epyHKUIIH 8. ,UJI5I .iVIf TaK:lKe cnpaBe,nJIHB 3aKOH nepeHoca 1. CBoii
CTBa 3, 4, 5, 10 - rrOJJ..MeHa ICBoHcTBa a)J.,nHTHBHOCTI1 12, CnpaBe,lJ.JIH

Boro ,lI,JI5I TOlIHbIX CpeJI.HI1x. 

cDOpMaJlbHO orrpeneJIHBYIM, MbI nOKa He YKa3aJIH KOHKpeTHO, lITO 

rrpe)lCTaBJl5IeT C060H 06JIaCTb cymeCTBOBaHH5I [F BepxHHx Cpe)lHHX H 

HaCKOJlbKO OHa :MO.IKeT 6bITb lIlHpe IT'o. OrpaHHlIHJIHCh TOJIbKO ee CBOI1

CTB3MH nOJIyJIHHeHHOCTH CI, C2, C3. KOHKpeTH3aILH5I f!T 6y,rr,eT npo
1I3Be,rr,eHa TIOCJIe Toro, KaK MbI n03HaKOMIIMC5I C YiHHBepCaJIbHbIM cno

C060M 33,rr,aHH5I I1N1, K KOTOpOMy H 06paTHl\tlC5I. 

1.2.	 npO~OJI)I(EHI1E nEPBl1lfHhlX CPE,nHHX 

BCTynJleHHe. YTHJIHTapHble ,lJ.OCTOHHcTBa TOM HJIH HHOH TeopHH, Tex 

H.J1HHHbIX Mo,rr,e.rlei1 H MeTO,lLOB onpe,rr,eJI5fIOTC5I no TpeM OCHOBHbIM 

Harrp3BJIeHH5IM: 

1) YHHBepC3JIbHOCTh -HaueJIeHHOCTb Ha pa60Ty C lIlHpOKHM 

KJIaCCOM 06'heKToB HJIH 5IBJIeHHH; 

2) y,rr,06CTBO 11 fH6KOCTb anrrapaTa, nO)J.aTJIHBOCTb K yrrpomeHII5IM, 

rpy6bIM npHKH,rr,KaiVI; 

3) npocToTa H eCTeCTBeHHOCTb rrepeBO,lLa «5I3bIKa 5IBJI~eHHH» na 

5I3bIK a,lI,eKBaTHbIX HM MO)J.eJIeI1: <II epH3H4ecK3H HHTepnpeTIIpyeMocTb 

nap3MeTpoB MOneJIH. 

Bo MHorOM HarrpaBJIeHH5I rrepeKJIHKaIOTC5I Me.IK,Uy c06oli, HO CKO

pee 3TO TpH nOXO.IKHX 3aHU3, 6erYIl1,HX B pa3Hble CTOpOHhI. 3a)lep:tKHM 

B3rJI5I,U Ha nOCJIenHeM. 

Y l\fo,rr,eJIH ,UOJIMHbI 6bITb BbI,rr,eJIeHhI npHopHTeTHble, rrepBH4'Hble 

nap3IVleTpbI, CBH3bIBaIOllLHe ee ,C 51BJIeHHeM, B3PbHPY5I qHCJIO 'H 3Ha

qeHH5I KOTOpbIX, MO)KHO ,nOCTHlIh a,rr,eKBaTHOCTH MO)leJIH, rro,no6Ho 

npIl6opy, rro,rr,KpylIHBa5I pYQKH KOToporo ,n06HBaIOTC5I HacTpoHKH. MbI 

TIOK3)KeM, 4TO JII060H Ha60p npII3HaKoB C 3a,rr,3HHbIMH ,rr,JISI HHX cpe,n

HHMH (T04HbIMH HJIH pa3MbITbIMH, 'B BH,lJ.e HHTepBaJIa tIJIH O,UHOH rpa

HHll.bI) l\10)KeT HrpaTh pOJlb rrepBHlIHbIX napaMeTpoB 111\'1. 3THM pe

3YJIhTaTOM y611BaIOTC5I Bce TpH 3aHua: yHHBepCaJIbHOCTb ,rr,OCTHraeTC5I 

3a C4eT pa3Hoo6pa3H5I Bw60pa nepBH4HwX rrpH3HaKoB, a rH6KocTb II 

HHTeprrpeTHpyeMocTh - BbI6opOl\1 HX lIHCJIa II BapbHpyeMocTH rpa

HHl( HHTepB3JIbHhIX cpe,rr,HHx, CMbICJI KOTOpbIX HaM y:tKe IH3BeCTeH. 
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nepBHlJHble npH3HaKH H Cpe,ll,HHe. IlycTb ~* - Ha60p nep8uttflbLX 

npUSHaK08. HeBaLKHO, KaKOR OH, KOHeQHbIR HJIH 6eCKOHeQHbIH, co
CTOHT H3 OrpaHHQeHHbIX rrpU3HaKOB HJlH HeT - 3TO Borrpoc npHJIO

LKeHHH. Ka:tK,UbIH H3 3TIHX npH3HaKOB gEC§* eCTb <PYHKUH5I g (x) rre

peMeHHOH x, npo6eralOmeR MHO)KeCTBO f!)J 3JIeMeHTapHbIX nCXO,UOB, 

rr03TOMY OHH Ha3bIBalOTCH TaK)Ke rrepBHqHbIMH <pyHKUHHMH. ,UJIH 

KaLK,Uoro ,rrepBUqHOrO rrpH3HaKa gE~* 3a,lLaHbI HHTepBaJIbHble rrep

BHqHble cpe,UHHe Mg, Mg HJIH O,lLHO H3 3THX 3HaQeHHH. BOJIHHCTaH 

qepTa nO,U4epK'HBaeT IHe CTOJIbKO TO, qTO .3TO rrepBHqHble cpe,UHHe, 

OKOJIbKO TO, qTO OHH lVloryT 6bITb B 06mel\1 He IcorJIaCOBaHbI Me)K'uY 

C060R B CMbICJIe BblrrOJIHeHHH aKCHOMaTHqeCKHX CBOHCTB AI, A2, A3 
H A4. H ,eo6H3aTeJIbHOCTb KOHTpOJIH COrJIaCOBaHHOCTH ,naeT orrpe,Ue... 

JIeHHYlO.BOJIbHOCTb, yrrpomalOmyIO rrpoue,Uypy 3a,UaHHH rrepB11LIHbIX 

cpe,UHHx, a 3HaqHT, H caMHX Mo,neJIeH. 

,llJIHg MO)KeT 6bITb H3BeCTHO Mg IH (HJIH) Mg, rrO.3ToMY BbI,LI.eJIHM 

113 Ha60pa C§* ,UBa ,fIo,nHa6opa: BepxHlII1 C§B' Ha KOTOpOM onpe,UeJIeHbI 

~Mg, H HH)I(HHH C§H C JVlg. Ha EX nepeceLIeHHH ~BnC§H 3a,Ual1bI H Te,. 

E ,Upyrne, .T. re. nepBHqHble IIHTepBaJIbI Mg, jVfg cpe,UHHX. 

HH)KHHI:i nepBlfl-lHbII':r nO,UHa60p C§ H MOMeHTaJIbHO 06pamaeTCH B 

BepXHHiL ,lJ,JI5I 3Toro, OTIHpa5ICb Ha A4, onpej.LeJIHM Ai (-g) =-Mg, 

H, TaKHl\1 06pa30M, BMeCTO Ig C 33,Q3HHbIl\1 HH)I{HHrvr CpejLHHM Mg 

H:rvleeM epyHKUHlO C npo"THBOrrOJIO)KHbIl\1 3HaKOl\1 gr= -g C 3a,UaHHbIM 

Ha HeM y)Ke BepxHHM Cpe)lHHM, paBHbEvl .li\Jg1 = -Mg. TIo,UBepraH 

yKa3aHHoMy o6parueHHlO Bce gE~H' HCXOjlHbIH Ha60p ~* nepeBo,UHM 

B 3KBHBaJIeHTHbIH BepxHHH nepB11LIHbII1 Ha60p ~ =~BU ('-~H). Tenepb 

3a,LLaHHbIM CLIHTaeTCH iV!g, llErg. TaKoe npHBe,UeHHe, nO)lLIac Hey,Uo6

Hoe C n03HUHH eCTecTBeHHoli HHTepnpeTHpyeMocTH napaMeTpoB MO

,UeJIH, OKa3bIBaeTCH TeM He MeHee BeCb~v1a y,U06HbIM ,U.;151 yH11epHKaUHH 

H ynpOIll,eHH51 3anHCH epOpMyJI. 

HeCMOTp51 Ha OTCyTcTBHe 'Tpe6oBaHIiH corJIaCOBaHHOCTII, nepBUq

Hble BepXH11e cpe,UHHe Mg, gEc;g, HeJIb35I 3ajLaBaTb COBceM npOH3

BO.TIbHO, TaK KaK S:TO MOllieT I1pHBeCT11 K rrpOT11BOpeLIHIO (CKallieM~ 

g (X) ~O, a lUg<O). 
IlepBIILIHble cpe,UHHe jwg, gECS, Ha3bIBalOTCH HenpOTUBOpettU8bL

MU, eCJllI np11 JIIo60M KOHeLIHOM BbI60pe giE.;§, LIHce.TI C+i~O 11 c,. 

TaKOM, qTO C+ ~C+igi (x) ~O, 'HMeeT MeCTO C+ 22C+iMgi~O. IlpH3Ha

KH B JIeBOI1 qaCT11 nepBoro HepaBeHCTBa Ha30BeM BTOPUtlHblMU. 

0603HaLIlIIvI p+rg= {g(x) =c+ l:C+igi(X) , giEC§} - iKJI3'CC Hcex 

B03MOLKHbIX BTOPHQHbIX npH3HaKOB, T. e. KOHeqHbIX JIIIHeHHbIX KOM" 

6HHaUHH nepBHqHbIX epYHKUIiH gi C HeOTplIuaTeJIbHbIMH npH HHX K03ep

<piHUHeHTaMIi C+i H npOH3BOJIbHbIM CBo6o,UHbIM qJIe'HOM c. Ha30BeM 

2+~ nOAYAUlietlflOU 060AOtlKOU ~ (HJIH no.nyJIHHeHHOH KOl\16HHaUHefI 

rrplI3HaKOB ~) H, rrOJIb3YHCb aKCHOMOH A2, epopMaJIbHO nepeHeceM Ha 

Hee 'nepBULIHble cpe,nHHe 

Mg=M (c+ ~ ct gi) == C+ ~ ct MgiJ gE:l+ ]. (1.1) 
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Tenepb Tpe60BaHHe HenpoTHBOpeqHBOCTH epOpMyJIHpyeTcH CJIe,nyIO
lU11M o6pa30M: 

+ '-' 
0~gE2 ; ==>-NIg> 0, 

T. e. ,UJI51 BTOPHqHbIX npH3HaKOB g, npHHHMaIOIIJ.HX TOJIbKO HeoTp,H:u.a 

T~JIbHble 3HaLIeHHH, BepxHee cpe,UHee (3a,naHHoe, npeo6pa30BaHHoe 

H3 HHLKHerOHJIH nepeneceHHoe C ~ IRa 2+~) He ,UOJILKHO 6bITb OTpH

r.r.aTeJIbHbIM. He06xo,UHMOCTb HenpOTHBOpeLIJ1iBOCTH He Tp'e6yeT rr05IiC

HeHHi:LHHlKe IHa npHMepax 6Y,lI.eT ,nOKa3aHO, BO LITO OHO BbIJInBaeTCH. 

TIepeXO,UHM K OCHOBHOMy pe3yJIbTaTy. 0603HaqHM f!T;§ = {f: t:::::;; 
~gEP+rg} - 'KJIaOC iTIp113HaIKOB, TaKHX, qTO ,K3:tK,,Ublt'r IH3 HHXMa:tKO

pupyeTC5I XOTH 6bI O,1J.HHM BTOPHq,HbIM. TaKHM 06pa30M, HMeeM 

fE[T ,~, eC.TIU B 2+;g cymecTlByeT XOTH 6bI O,ll,lI'H np113HalK g, TaKOI1, 

LITO f::::;;;g. OqeBHj.LHO, LITO B fTJI BXO,U51T Bce orpaHHLIeHHble ICBepxy 

IIp113HaKH (Ma)I{OpHpyIOTCH nOCTOHHHbIM11 CEP+~), n03TOMY [ToePl";§, 
npHLIeM fTn=fT.?J' eC.TIa Bee ,gE;g Orp3H11LIeHbI. 

Ha30BeM fT.?! KAaCCOM ;;-/VlaJICopupyeAtblX npUSHaKOB.
 

TeopeMa np0,lI,OJl./KeHHSI H COfJIaCOBaHHSI Cpe,lI,HHX.
 

TeopeM3 1.1. ECAU nepBUliHble cpeoliue Mgi, giE~, HenpoTu
Bope4UBblJ TO no ¢opMyAe 

Mf = inf Mg, fE.r.YJ ; MI = - M (- I), IE - g::g, 
g : f(x)~g(x)E2+;§ 

(1.2) 
OHU npOOOAJlCafOTcR} oeAaflcb c02AacoBaHHblJJIU} lia Bce C§ -MaJICopupye

Mble npU3HaKU jEfT:# } o6pasyfl HM uf{ C o6AacTbfO cYU1ecTBoBaHufl 

BepXHUX cpeoHux IT =fT.~. 

11 Hc:p-Ie, TaK:tKe (1.2) 3annCbIBaelVI: 

Mf==inf{Mg:t(x)~g(X)EcZ+;}. 

11. 0 K a 3 aTe JI b C T B O. AKCHOMbI A 1 II A2 OqeBH,ll.HbI H3 (1.2), aKCHOMa A4
 
BhlnOJIHHeTCH no onpeJl-eJIeHHIO. OCTaeTC5I npoBepHTb aKcHoMy A3. TaK KaK 11 (x) ::::;;
 
~g* (x) E2+~, 12 (x) ~g** (x) E2+~*t1 (x) +f2 (x) ~g* (x) +g-** (x) =g(x) E2+c!]
 
If .\lg::: +JIg** =Jlg, TO 

M (11 + '2) == inf {Mg: '1 + '2 ~ gE2+ .o/} ~
 
'-' '-' + + -

~inf{[Mg*+lWg**]:/l<.g*E$ :§, '2~g**E2 S7}=/Vlfl+ M /2' 
qro H rpe60BaJIOCb AOKa3aTb. 

CorJlaCHO (1.2) ,UJI5I H3XOlli,UeHH51 NIt 113 rrepBHLIHbIX COCT3BJIHlOT

C51 BTOpHLIHble npH3HaKH g (x) =C+ ~C+igi (x) T3K, qTo6bI OHH M3)KO

P11poB 3 JI H f (X), T. e. g (X) ~ f (x) . Ka lK,UbI H H3 .3 THX g (x) 6 y,UeT 

HMeTh B 06meM CBoe 3H3LIeHHe JUg, onpe,lI,eJIHeMOe (1.1). EeperrcH 

«HaHJIyLIIIIee» Cpe,lI,H HHX, T. e. TO, KOTopoe M'HHHMaJIbHO. 

B (1.2) 3aJIOLKeH CJIe,nylOI.IJ.HH rrpHHUHII KOHCTpyKTHBHOH MaTeMa

THKH: nOJIyLIaTb JIHillb pe3YJIbTaTbI, K KOTOpbIM MO)KHO CKOJIb yrO,1J.HO 
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npn6JI\H'3HTb'CH 3a KOHeqHOe qHCJIO OnepalIJlit I1MeHHo n03TOMY ETO

pl1QHble npH3Ha!KH Ha6npalOTC5I KaK K 0 H e q H hI e CYMMbI nepBHqHbIX. 

,lleiicTBHe 3TOrO npHHUHna paCKphIBaeTC51 BbITeKaIOlllHM 111'3 (1.2) 
CJle,UCTBlieM. 

C JI e,IT. C T B H e. KaJICOoMY f, 8epxHee cpeoHee Mf KOTOp020 KOHetl

flO, U 3aoaHHoMy e>O Bce20a MOOICHO YKa3aTb TaKylo MaJICopupylO

U1YIO KOHettflYIO JlUfleuHYIO KOM6uHal{ulO g'(x)=C+~C+igi(X)~f(x) 
nepBUtiHblX npu3HaKoB (T. e. 8TOPUttHblU npu3HaK), tlTO 

Mf+B>c+ L: ct Mg i ==Mg. 
floCKOJIbKY g~f*Mg~Mf, ,ll}I5I 'CJIe,Il.CTBH5I BepHo IMg-Mt I~B. 

npH YMeHbWeHIIH B nOHa,n,06HTC5I BOBJIeKaTb B g 60JIbllIee qUCJIO nep

BH'qHbIX npH3HaKOB I,Il.JI5I IITpH6JIHMeHII5I iK Mf, 'KOJIHqeCTBO ,onep a U1Il1 

B03paC'TaeT. 
OTHOlIleHH5I Me)K,ny orrpe,UeJIeHHbIMH HaMH MHOMeCTBaMH npll3Ha

KOB llJIJIIOCTPIIPYIOTC5IPiUC. 1.2. 3,Uecb IKaM',Ua5I 'lI3 BepxHHx IUoJIy,c¢ep 

BKJIIOqaeT B ce65I Bce Hll)KrHHe. C'OrJIaCHO TeopeMe 1.1 cpe,UHHe C ITep

BHQHOrO Ha60pa ~ np0,UOJI)KalOTC5I Ha JIHHeHHhle KOM6HHaU'HH P+W 
nepBIP-IHhIX rrpH3HaKoB (BTOPHlI\Hble npH3HaKu) H y)Ke Qepe3 HHX pac

npOCTpaH5IlOTC5I Ha KJIaCC fT;§ npH3HaKoB, MaMoplIpyeMhlx BTOP'HQ-

HbIMH. 3TO H 6y,UeT 06JIaCTbIO cymecTBOBaHH5I BepxHux cpe,UHHx; 

5I,UpOM ee 5lBJI51eTC51 KJIaCC fTo Bcex orpaHHlIeHHblx cBepxy npH3HaKoB: 

BTocfT;§. B f!T [§ BOH,UyT 11 ,HeorpaHHlI'eHHble npH3HaKH, eCJIH Heorpa-

HHlIeHHble HMelOTC5I cpe,IT.H nepBHlIHbIX, a HHalIe, fT;§ =.f!To. 

COfJIaCOBaHHbIe nepOHqHble cpeAHHe. 3aMeQaTe.lIbHO TO, qTO (1.2) 
He TOJIbKO ,ll.aeT BepXHHe cpe,ll.HHe NIf ,ll.LlI51 vtEff';§ (BqaeTHOCTH, 

Alt, Nit I,IJ)I5I VfE[Too), HO 111 nonyTHo, nO,ll.'CTa'HOBKoJ:r giEC§ iKaK 'qae
TIl f, YTOqHeHHble H COfJIaCOBaHHble MeM,Uy C060H Mgi- TaK KaK gi 
Ma)KOpHpyer ,caM ce65I IKaK nepiBHQHbIH npH3HaK, TO COf.J1a1CHO (1.2) 
Mgi~Mg"i, giEC§. ECJIH IIOJIYlIaeTC5I Mgi=Mgi, TO nepBHQHOe 3Ha

lIeHHe Mg-i caMO no ce6e y)Ke COrJIaCOBaHO C ,UpyrHMH cpe,UHIIMH Ii 

0603HalIaeTC5I M g ECJIH Me Mgi>Mgi, TO HalI,UYTC51 BTOpHqHbIe npH34 ie 
HaKH, MaMopHpyIOLU,He gi, YTOQH5HOmHe Mgi, a caMO Mgi 6y,IT.eT 

flec02AaCOBaHHbl/vl H 6e3 ymep6a lYI0)KeT 6bITb H3b5ITO H3 nepBH4Horo 

Ha6opa. TaKHM 06pa30M, Al02YT BAUflTb fia BUO HM TOAbKO C02Aa

COBaflHble nepBuiiHble cpeOHue, ,Ua H TO, KaK 6y,UeT BI1,UHO Aa.TIbllle~ 

ozpaHtillellllblB y
o 

PRC. 1.2. 3TarrbI rrpo,UoJI

:tKeHllH cpe.QHllx 

He 06H3aTeJIbHO Bce. I1x M'HHHMaJIbHOe QHCJIO Ha3bIBaeTCH pa3Mep -! 
HOCTbfO 11M. vlHTeptBaJIbHa51 iMO)1.eJIb, irrepIBHlI'HbI',MH ,UJI5I iKOTOPOII 51B,,151

IOTCH Alg, gE~, 0603HaQaeTC5I <M~>, a eCJIH Bce HeCOrJIaCOBaHHble 

nepBHqHble IrrpH3Ha'KHJIrCKJIIOqeHbI 113 Ha6opa, TO <M~/), ;§/ cWo 
PaClIlHpeHHe nepBHqHOrO Ha60p a BKJIIOqeHHeM B Hero cpe,UHHX 

Nit, HatLueHHbIX ,no (1.2), He MeH5IeT 11M, n03ToMY rrOJIyQaeM O,ll.H(} 

H TO Me, eCJlH 6paTb 3a rrepBHqHhIH IHa60p ~, ~' IHJIH Bce fF= 
=f!T:!J:Jf{=<jW~>=<M~'>=<Mff'>.3aMeTHM npH 3TOM O,IT.HY OCO

6eHHOCTb, lITO HecorJIaCOBaHHble nepBHqHble npH3HaKH gi, ,IT.JI5I KO-' 

TOpbIX Mgi>Mg'i, 065I3aTeJIbHO ,nOJI:lKHbI 6bITb Ma:lKOpJIpyeMbI XOTH 

6bI O,IT.HHM H3 BTOPHqHbIX npH3HaKOB gE2+~, KOTOphIH H ,naCT Ha 

OCHOBe (1.2) YToilIHeHHoe 3HaqeHHe Mgi. TaKHM ·o6pa30:M, p+cg/ = 
:= !:£+CfJ II BT;§, =fT ;§ . 

113 cKa3aHHoro TaK)Ke CJIe,UyeT, lITO nepBlIlIHble cpe,UHHe ..;VIgit
giE~, flIBJI5IlOTC51 COrJI3iCOBalHHbIMi!1 B TOM II TOJIbKO TOM CJlyqae, eCJII1 

cnrpaBe,UJIHBO: gi (x) ::::;;g (x) EP+~=:>-Mgi::::;;Mg I,IT.Jl51 iBcex giE'S' 

H gE~+P, y,UOBJIeTBOp5IlOIILHX rrepBoMy HepaBeHcTBy. Tor,na JWgi= 
=Mgi, V\g'iE.~. 

npH3HaKH CJIyqaMHbIX BeJIHql1". B KaqeCTBe npHMepa paccMoT

pHM TOT CJIyqaH, Kor,Ua f1J=I1l - lIHCJIOBa5I rrp5lMa5I. TaKoe 5IBJ1eHHe· 

HMeeT qHCJIOBHe HCXO,nW H Ha3WBaeTC5I cAytiaUHOa BeAUtlUflOU (COK

pameHHo C. B.). TIpH3H3KaMH f C. B. MoryT 6hITb JII06ble l.IHCJIOBble 

(jlyHKUHII f: (X) Ha !!ll (JLaJIee QnCJIOBble <H!CXO,IT.bI XEPIl 0603HaQalOTC5I 

3arJIaBHbIMH 6yKBaM'H). 

CJIyqaHHa5I BeJIHlIHHa Ha3bIBaeTC5I JLHCKpeTHOH, eCJIH B03MO)KHble 

ee 3HaqeHH5I COCTaBJI5IlOT KOHelIHoe iHJIH CqeTHOe MHO)KeCTBO Q T04eK. 

y JL06HO CqiHTaTb ,UJI5I TaKIIX C. B. rrpOCTpaHCTBOM HCXO,nOB HCro np5l~ 

MyIO 92, a TOT epaKT, lITO Qc971, OTpa3HTb n06aBJIe-HHelYl rrepBHlIHoH 

Bep05ITHOCTH P(Q) = 1 (HarroMHHM, qTO P(A) =MA (x», COr~!IaCHO 

KOTOpOHQ eC'fb ,nocToBepHoe Co6bITHe. TaKK3K j5(Q)~P(Q}=l, TO 

MO)K'HO HanHcaTb P (Q) == 1. -
HeKoTopble xapaKTep!Hble npH3HaKHC. B. ynOp5I,UolIeHbI B Ta6.n. 1.1 .. 

lla.1I.lIM ,nBa rrpHMepa paCqeTa HX cpe,UHHx no TeopeMe 1.1. 

I1 P II M e p 1.4. ITyCTb H3BeCTHO, lITO CpeJI,Hee C. B. paBHO m; 3anIICbIBaeM ivIX = 

= In (T. e. J\1 (±.X= ± nL). OHO corJIaCOBaHO II npoJJ,OJIJKaeTC5I Ha OCHOBaHIIlI C'Bofi

CTBa 12 Ha BTOplllIHble rrpII3HaKH I(X) =-=c+ctX: A1(c+CIX) =c+c1MX. 06JIaCTb cy
lIJ,ecTBoBaHHH ET COCTaBJIHIOT cPyHKUHII, Ma)KOpIIpyeMble rrp5IMbIMH C+ CiX. TaK KaK 

c2-·2cX~-_~X2, TO -X2 E Pr If j\1(-X2 ) =ITlin(-2cnz+c2 ) =-nz2 , T. e. MX 2 =trl2 , 

c 
<I>YHKll,lHI X2 He M aJKOpIIpyeTc5I rrp5IMbIMH, rr03TOMY M X2:::= 00 H X2Ej.tT. ,U.J15I .lI06bIX 

HHJJ,HKaTopHbIX npH3HaKOB A (x) C06bITIIII HeB03ivIO:tKHO nO,llbICKaTb Ma)KOpnpyIDIllylO 

np5lMYIO c-!-cuY, KpOMe c=O, C1= 1, rr03TOMY P(A) ===0, P(A) == 1. OTclOna BbIBOJ(, 

lITO nepBIIlIHoe Cpe,lJ.Hee, 6Y'uylIH B e,UHHCTBem:ioM lIHCJle, H€TpIIBIIaJIbHbIX jJ,aHHbIX 

o CO(jbITH5IX He HeceT. 

n P II M e p 1.5. I1yCTb nepBHtIHbIM ,lJ.JI5I c. B. X 51B.H5IeTCH BepxHee cpe,llHeKBa,ll

paTHQeCKOe (MOIUHOCTb C. B.) MX2=b, QTO rropOJKJ1.aeT 111\1 pa3MepHocTH 1. 06
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I 

Ta6Jllu(a 1.1 

XapaKTepHCTHKa cnyqafiHoA
 
BeJlHqHHbI
 <I>opMaJlbHOe 0603HaQeHHe npH3HaKH 

j 2Q - MHOLKeCTBO 3HatIeHlIH L~ (Q) == 1 c. B. X 

MX==mCpe,lLHee C.B. TOtIHO paBHo nI 
JIeLKlIT B IIHTepBaJIe m, m MX=m, MX==m ~ 

-

Cpe,lLHeKBa,lLpaTlItIeCKOe C.B. \:)MX2 == b, MX2 == b ,He MeHbllle b 1I He 60JIbllle 5 

Bep05ITHOCTb rrorra,UaHlI5I B 

OTpe30K A JIeLKlIT B 3 a,rr. aH P (A), P (A) ~ 
HbIX npe,UeJIax 

1 IBep05ITHOCTb «BbI6poca» 3a P(X> h) == Ph
ypoBeHb h He 60JIbllle Ph Iz 

~ 

'Cpe,lLHee MO,rr.YJI5I C.B. JIeiKlIT MIXI, MIXI
B YKa3aHHwx rrpe,UeJIax '\L~ 

o 

M cos uX , M cos uX
Cpe,rr.HHe rap MOHlItIeCKlIe rrplI  45' \ 

'7 \ 
I~ 

3HaKOB M sin uX , M sin uX 

A 
Bep05ITHOCTb rrorra,UaHlIH B
 

{)Tpe30K A 60JIbWe, tIeM B
 fJ~1 ~M [B (x) - A (x)] ~ 0 
-I ~OTP~30K B (§ 1.4) B 

JlaCTb CYlUeCTBOBaHlIH BepXHHX cpe,rr.HHX g:-;§ 

{af<x~a2}COCTaBJI5IIOT Bce rrpH3HaKH f (X), MaiKopHpye· 

Mble napa60JIaMH BH,Ua C+C2+X2, T. e. Te f, 
/ ? " \
 

,lI.JUI KOTOpbIX lim f(X)IX2<00. ITPH al>O, xYa:
 I \ 
/ \IXI~oo /

no,rr.6Hpa5I, KaK 3TO BlI,rr.HO H3 pRC. 1.3, COOT-

BeTcTBylOlUlIM o6pa30M MaiKopllpylOlUYIO na· fat az\ x 
pa6oJIY: c=O, c+2=al-2, {al~X~a2}~X2Ia2h "'- f, _ at+a2_~2 (~)z 
HaXO,lI.lIM: j5 (al <.X~a2) ~MX21a2l = 5/a21 r(npH I ~ x 2 J l a2 - at 

a2= 00 HMeeM aHaJIOr HepaBeHCTBa tIe6bIllle- PHC. 1.3. PaclIeT Bep05ITHOcTef'I rra-

Ba). PaBeHcTBo 6y,rr.eT, Kor,Ua rrpaBa5I tIaCTb MOULHOCTH 

MeHbllle 1, T. e. npH al> ylr (nplI a2<0 
3aMeH5IeTC5I al Ha a2), HHatIe Bep05ITHOCTb j5 TplIBlIaJIbHa H paBHa 1. TaKllM 06· 

pa30M, 3HaHIIe b ,rr.eJIaeT HeTpIIBIIaJIbHbIMII BepXHIIe Bep05ITHOCTII OTpe3'KOB, y~aJIeH-

HbIX OT HatIaJIa ocn no KpallHeH Mepe Ha paCCT05IHHe, npeBbIlllalOlUee "r b. 
HaH,lLeM npIl Tex Th:e HCXO)J.HbIX ,UaHHblX MX. Ma:tKOpHPY5I np5IMYIO X rrapa

60JIo{I: X ~ C + c+ 2 , V X, tITO 3KBHBaJIeHTHO 4coC+ 2 ~ 1, II MHHHMH3HPY5I rrpn rrocX3 

JIe,lLHeM OrpaHlitIeHIUI (3aMeHeHHOM Ha paBeHCTBO) Cpe,lLHee rrapa60JIbI M(C+C+;2X 2 ) = 

= C-+ C+2b, HaXO,TI,HM ee K03cPepHllHeHTbI C+2 = 11 (2 V8), C = 1/4c+~ = lfb/2, rrO~C'Ta-
HOBKoil KOTOpbIX nOJIylIaeM JijX = l/ b. AHa.}10fHtIeH rrYTb HaXO:tK,lLeHII5I .lH (X ==- In) 2, 
JI)l5I tIero (.X"±17l)~ Ma:tKOpnpyeTC5I napa60JIOri C+C+2X2, oTKy;:r,a BbITeKaer Tpe6o

BaHHe ,Ha ee K03cPclH1UHeHTbI: C>.c+2m2j (c+2-1), MHHHMH311PY5I rrpH 3TOM orpa-

HIIlIeHIUI cpe.rLI-ree napa60JIbr, nOJlyQae:vI K03epepHlUleHTbI c+z=-c 1+-1 m ll/b", c= 

= ( 1/ b-t- 1 17 1 1 ) It7? I, OTK YJL a 111 (X ± rn) 2 = ( I tn I + V b) 2. 

llYCTb TenepI:> K Cpe,lLHeKB3,lLpaTHlIecKIIM B KalIeCTBe nepBIIllHbIX /J,ooaB,TI5IeTC5I 

HyJIeBOe cpe;~Hce ALY = 0 (lITO 3KBHB3JIeHTHO 1\1 (j= X) = 0). Tor,n;a 11l'1 Cy.IK2CTC5I, 

ee pa3MepHocTb CTaHOBHTC5I paBHoH 3. BTOpHLIHbIrvIII OYLI.YT y)I{e JII06ble Han:JaB

JIeHHLle BBepx napa60JIbI co CpeJLHIIMH Ha HEX XI[c+c+2(.X-cI)2J =c-:-c 7 ..:5-t
+C+2C2 1, r).I.e IIcnOJlb30BaJIOCb CBO.fICTBO 11 § 1.1. B tIaCTHOCTH, OTCIOJLa if.1(X±nl)'2= 
=MX2 +rn2 = [j + ln2 . 

EY,lLeM IICKaTb Bep05ITHOCTH C06bITIIM, a IIMeHHO OTpe3KOB. CpeJLH napa6oJI, 

Ma)l{OpHpYIOllIjIX HH)J.HK8TOPHbIH np1I3H3K OTpe3Ka: {a1 ~ X ~ az} ~ C+C+2 (X--ed 2, 
a 3TO 6YJLeT npH c~O, Cl~a1, c+c+2(ai-cd2~1, Hy)KHO HaiiTH TaKyIO nO:.lOOpOM 

K03epepH luleHToB C, Ci, c+ 2, y KOTOpOrl MHHIHvIaJIbHO BepXHee CpeJLHee. liecJIO)KHbIMH 

BbItIHCJIeHH5IMM Haxo,UHM: c=O, C1=-bja1, C+2= (a1+b/at}-2, r,lLe CtIMTaJIOCb a1>O 
(npM az < 0 HyiKHO ai 3aMeHHTb Ha a2), B pe3YJIbTaTe Bep05ITHOCTb paBHa MIIHH. 

MaJIbHOMY cpe,UHeMy rrapa60JIbI: f5 (a1 ~ X ~ az) = (1 +a2 d5) -1. Bep05ITHOCTb He

TpIIBHaJlbHa npH 'JII060M a1 >0 (WJIII az < 0). 

HHiKHIOIO Bep05ITHOCTb OTpe3Ka paCCtIHTaeM, «BnHcaB» napa60JIy (HaHeceHa 

llITpHXOBOH JIHHHelI Ha pMC. 1.3), C KOTOpOH nepeHOCMTC5I Ha C06bITHe cpe,UHee 

a +a )2( 2 \2
P (a1 < X < a2 ) ;;;. 1 - M ( X - 1 2 2 _ a ) 
- \ a2 1 / 

4b+ (at + a2)2 
== I - ( " a2 - a1 ) • 

TIpaBa5I tIaCTb 60JIbille ° npH -ata2>5 (oTCIO,lLa al<O H a2>O), H TOf,lLa no

JIyqaeM HH:lKHIOIO Bep05ITHOCTb (HHatIe, OHa 0). I1TaK, 3HaHMe HyJIeBOro cpe,UHero,. 
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1
 

YTOQHSHI iBepXHHe Bep05ITHOCTH OTpe3KOB, OTCTOSIllUIX Ha Iail OT HaqaJIa OClI, ,ne.. 

JIaeT HeTpHBHaJIbHbIMH HIDKHHe BepOSI'THOCTH ,nOCTa'TOqHO IllIHpOKHX OTpe3KOB, BKJIIO

qalOI..U.HX HaqaJIO OCH. OTMeTHM, qTO ,nOilOJIHHTeJIhHOe 3HaHHe MX2 =!!-. BepOSITHOCTell 

He MeHHeT. 

npH3HaKH CJIY4aHHbIX npou.eCCOB. CJIyqaHHbIH npouecc Xt eCTh 

HyMepoBaHHaH HH,UeKCOM l (Ha3hIBaeMh1M BpeMeHeM) nOCJIe,nOBaTeJIb

HOCTb C. B. 3!HaqeHHHMH t MoryT 6bITb OTpe30K[O, T] BpeMeHHOH OC{I 

Ill, BCH OCb, HeKOTophle ,UHCKpeTHble TOqKll-OTCqeTbI t1, t2, ••• , tn 

Ha 310M Deli (TOr,LI.a rrpouecc CTa"HOBHTC5I BeKTopOM). 3TO CeHqaC 

HeBaLKHO. 0603HalJllM T - MHOlKeCTBO 3TillX 3HaqeHHH. 

OpOCTpaHCTBO 'HCXO,UOB ge 6y,UyT BceB03MOlKHble peaJIH3aUHH Xl, 

tET KaK epyHKUHII BpeMeHH t. 
QT05bI onncaTh npouecc, HyMHO OTIHCaTb Ka:tK,UylO C. B. Xt B OT

.rr.eJIbHOCTII CBOllMH np1l3HaKaMH, KaK 3TO 6bIJIO npo,UeJIaHO, a TaKlKe 

CB1I3b Me)l~)lY Xt H Xt' npH pa3.nHQHbIX t 11 t'ET. TIpH3HaKH 3TOH 

,CBH3H, BlJaCTHOCTH, COCTaBJI5IIOT JnpOH3Be.rr.eHH5I XtXt" a HX Cp en,H11e 

ldXtXt , = bt , t', IviXt-,Y t , = lit, t' 6y,nyT HHLKHeH 11 BepxHeM KOppe.llJll{uoH

HblMU cjJyHKl{UJlJvf,u. B 60JIee o6meM ICJIYlJae - 3TO KOppeJI5IUHH nOCJIe 

npe06pa30Ba'HI15I Ka)K,UoH c. B. o,UHot'r II TOM Me epyHKUHei1 F (TaK 

Ha3bIBaelVlhle 6e3bIHepUHOHHble npeo6pa30Ba'HHH), TOT,Ua nep-BHlJ,HbI

ME rrapaMeTpaMH npouecca 6y,nyT MF(Xt)F(Xt ,), MF(J-Xt)F(Xt ,). 

'TaK, eC.TIH ,F (~X) = {.Y>h} - IHH'uI1KaTOpHaH epyHKUHH npeBblweHlfI1 

ypOBH5I h, TO 3TO 6y,neT KOppeJI5Ill)IH npeBbIlIleHHH (npH h,= °Koppe

JI5IUH5I nO.JI5IpHOCTefI). 

OTJIHqHbIMH OT YKa3aHHbIX 5IBJI5IIOTCJl npH3HaKH B BH,Ue HHTerpa-

1 - T 2 
JIOB, TaKHe ,KaK SF (Xt ) dl. B qaCTHOCTH, - M SX t dt 6y.neT BepxHeH 

T T 0 

CpeJLHei1 HHTerpa.nbHOI1 lVIOIllj-IOCTbIO npouecca Ha oTpe3Ke T ={O, T]. 
TaKHM 06pa30M, npH3H3KH HHX cpe,U'HHe 5IBJIHIOTC5I yHHBepCaJIb

HOH epOpMOI1 OTIHCaHHH JII06bIX 5IBJIeHHH. CJIO)KHOCTb onHCaHH5I ,UHK

TyeTC5I He \CTOJIbKO npOCTpaHCTBOM ge 'HCXO,UOB, CKOJIbKO pa3MepHO

CTblO IIHTepBaJIbHOI1 Mo,UeJIH, OIIp'e,neJIHeMOH lJHCJIOM rrepHHlJHbIX 

Cpe,lI.HHX. 

fOJIaH MO.n.CJIb. TIYCTb rrepBHQHbIl\1 LI..Jl5I 111\\ 5IBJIHeTC5I enHHCTBeH" 

Hbu'1epaKT: Co6bITHe B 5JiBJIHerC5I ,,nocTolBepHbINI, H 60JIee HHqero. 3TO 

cooTBeTcTByeT nepBHqHOM Bep05ITHOCTH P (B) = 1 (HJIH .IKe P (B) = 1, 
qTO TO .IKe caMoe). TaKaH Mo,UeJIb Ha3bIBaeTCH B-UfU]UKaTopHou n 

0603HaqaeTCH 3 B. Ee onHCbIBaIOT cpe,UHHe Nif (x) = sup f (x), 3 06 .. 
XEB 

JIaCTb cymecTBoBaHHH COCT3'BJI5IeT KJIaCC Bcex npH3H3KOB, orpaHH

qeHHbIX cBepxy npn xEB. 
ECJ1H B = ge, TO MO,lI.eJIb H33bIB3eTCH 20.ll0U n 0603HalJaeTCH 3. 

OHa OIlHCbIB3eTC5I cpe,UHHMH Nif = sup f, H eHCOOTBeTcTByeT nOJIHOe 

OTCyTcTBI1e naHHbIX 0 5IBJ1eHHH, a 06JI3CTb cymecTBoBaHHH COCTaB

JI5IeT KJIaCC ETa Bcex OrpaHHQeHHbIX :CBepxy TIpn3HaKOB. 

MOJJ,I'HPHQwpOBaHHaSI c}JopMyJIa npO,11,OJILKeHHSI. 3aMeHa nepBUQHbIX 

npU3H3KOB giEC§ H HX \Cpe,UHHX Mgi (rrpHBe,neHHbIX K BepXHHM) Ha 

g'i(X) ==C+ig-i(X) +C H Ha l\'1g'i==C+i.Mgi+C, OlJeBH,LLHO, iHOCHT 3KBHBa

'24 

JIeHTHbIH xapaKTep. UeHTpHpyeM nepBH4Hble TIpH3HaKlI, 3aMeH:HB gi 
o 0 

Ha g-i(X) =gi(x)-Mgi, H Tor,Ua Mgi=O. ll,eHTpuposaHHblLl IHa60p 
o 0 

rrpH3HaKOB 0603HaQHM ~ 11 MC§I=O - Bce HyJIeBble nepBlfl-IHble 3Ha

qeHH5I. ,llJI5I 3Toro Ha60pa (1.2) npe06pa3yeTcH: 

JV1f==inf{[c+ ~ ctMgJ: c+ 2: ctgi(x»f(x)} =
 

'"
 . {, + 0 }== Inf c: c> f (x) - ~ Ci gi (x) === 

=inf sup [f (x) - ~ ct gdx)]. (1.3) 
c+ x 

t 

o 0 

OqeBH,l1.HO, JII060H BTOPHQHbIll npH3HaK BH,na g (x) = "22C+igi (x) 
o 

ueHTpHpOB3'H, T. e. era nepBH4Hoe BepxHee 'Cpe,l1.Hee Mg=O II, Hao6o

pOT, JIlO60H ueHTpHpOBaHHbIH npU3HaK npe,UCTaBJIHeTC5I B YKa3aHHOM 

BH,ne. TI03TOMY CMbICJI <POp MyJIbI (1.3) COCTOHT B OTblCKaHHH TaKoro 

'Ii3 BTopn4Hhlx ueHTpnpoBaHHblx npH3HaKoB, KOTOpbIH H3HMeHbIIliHM 

06pa30M OTKJIoIl5IeTC5I BBepx OT <pyHKUHU f (x), T. e. ,HaIIJIylIweH, lITO 

JIH,BepXHeM aIlrrpOKClIMaUHH ¢YHKUHH t (x) n.eHTpupOBaHHbIMH BTO

pHllHbIMIH npH3HaKaMIH. BbIQHICJIeHH5I no (1.3) nOHCHHM npHM'epoM. 

TIp,HMep 1.6. nYCTb CJIytIaHHaSI BeJIHqHHa (T. e. f£=fIl) 3a,naHa O,UHHM nep

BHqHhIM 3HaqeHHeM Me- Ix I= f1. Tpe6yeTcSI HaHTH j5 (0 ~ X ~d). 3 a,rr.aqa no (1.3) 
CBO,lUITC51 K Haxom,neHUlO BeJIHqHHbI P(O::;::;;;X~d)=min max{ {O~X~,d}~ 

c+ X 
-c+ (e -IX I_J,t) J=min max{l-c+ (e-d~J.L), c+J.t} (,nJUI HarJIH,lJ.HOCTH cOBeTyeM Ha.. 

c+ 
pncoBaTb rpa<pHKH epyHKUHH). nYCTb e-d<J.t, Tor,na MHHHMyM .n.OCTHraeTCH npH pa-

BeHCTBe o6e;Hx qacTefI no)I. 3Ha\~OM Ma;~cHMYMa, oTKy,na c+=ed, j5(O~JY ~d) =ed~t. 

I1PH e-d,~ lJ. MHHHMyM ,nOCTHraeTCH IIpH c+ =0, II Tor,na HCKOMaSI Bep05ITHOCTb 

paBHa 1. 

J(onOJIHeHHR. 

1. B o6.nacTh cyIUecTBoBaHHH f!T nOJiaraJI'liCh BXO,nHIUHMH npH3HaKH c M{ = -00. 

I1HTepBaJIbHyIO MO,lJ.eJIh MO:tKHO nOJIaraTb 3a)I.aHHOH Ha Bcex npH3HaKax f, IHa3iH311aH 

,L{JIH Tex f, ,lJ.JIH KOTOpbIX .&If He cymecTByeT, cpe)J.Hee paBHblM 6eOKO

HeQHOCTH: .Nif = 00; aHaJIOrHqHO Mf = -00 ,nJISI f, y KOTOphIX HeT HIDKHero 

Cpe,lJ,Hero. AKCHOMhI 11M B 3TOM cJIyqae B o6meM Y,lJ.OBJIeTBOp5IJOTCSI, eCJIH 

CtIHTaTb O· 00 = 0 H yqeCTb, qTO KJIaCC Bcex epyHKUHH He 3aMKHyT OTHOOHTeJIhHO 

OilepaU'HH CJIO)KeHHH, TaK KaK eCJIH f(xo) =00, g(xo) =-00 IIpH HeKOTopOM Xo, TO 

COBeprneHHO HeSICHO, qeMy 6Y,lJ.eT paBHO f (Xo) +g (Xo) = 00-00. UeJIeC006pa3HO aK

CHOMy A3 CqHTaTh BbIIIOJIHeHHOH TOJIbKO ,lJ.JIH Tex IIpH3HaKOB, )J.JI5I KOTOpbIX CJIO

:iKeHHe OIIpe,lJ.eJIeHo. 

2. ECJIH IIepBHqHhIMH SIBJIHIOTC5I KaK HH:tKHHe cpe,nHHe ~g, gE;§ H, TaK H Bepx

Hue Mg', g' E;§n, TO BTOPHqHhIMH rrpH3HaKaMH 6y,lJ.yT BCeB03MO:iKHhIe KOHeqHble 

JUIHeHHhIe KOM6HHaUJIH BH)J.a 

+ ' + ' g(X)=C+ ~ Ci gj,(X)- ~ di gi(X), giE;§B' giE;§H' 
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c npOH3BOJIbHbIM K03cP<PJIUHeHTOM C H HeOTpHuaTeJIbHbIMH C+ i II d+ i. <I>opMyJIa 

np0,1J.OJIllieHJHI (1.2) TOr,1J.a opHMeT BH,1J. 

Mf==inf {[c+ L ct'Mg; - L dt ~gi]: C + L ct g; (x) 

~ dt g i (x) ~ f (x) } ,
 

:3 (1.3) 3aIIHCbIBaeTC5I B BH,ne
 

Mf== inf SUp [f(x)- 2: ct(g~(x)-Mg;)+ L dt(gi(X)-Mgi)],ct. dt x '" 
rjJ,e giE;!ln, g'iE.?lu. 

3. TIoJIara5I ~ =~ HU~B, Bcer,lI,a MOlKHO C,lI,eJIaTb TaK, trT06bI Ha ~ 6bIJIH 33,1J.aHbI 

HHTepB3JIbI Cpe,lI,HHX Mg, Mg, gE.cg. ,UJI5I .9TOrO He3a,naHHble cpe;r,HHe 3aMeH5IIDTC5I 

Ha cooTBeTcTBYIDIlI,He .9KCTpeMaJIbHble 3HatreHH5I epyHKUHH g. Tor,n3 BTOPHqHbIMH 

6YJI.yT BceB03MOMHble KOHetIHble .TIHHeIIHble KOM6HHaUHH - JIHHei1Ha5I 060JIOtIKa ~, 

0603HatIaeMa5I .P~={g(x)=C+~Cigi(X)}, r,lI,e giE~, 3 C H Ci rrpOH3BOJIbHbI. 

4>opMyJIa rrp0,lI,OJIllieHH5I cpe,1J.HHX 3aIIHllIeTC5I B BH,lI,e 

Mf==inf {[c+ ~ MCigd :C+ ~Cigi(X»f(x)},
 

'Mf == inf SUp [f (X) - ~ (Ci gi (X) - MCi gi)],
 
c i X 

.f,lI,e MCigi=ciMgi rrpH Ci>O H Ai Cigi=Ci~gi OpH Ci<O. 

4. B <popMyJIe np0jJ,OJIllieHH5I 'KJIaCC .P+?l rro CBOlfCTBY 13 BIIOJIHe MOllieT 6bITb 

3aMeHeH H3 ero 3aMbIKaHHe ['p+cg] OTHOCHTeJIbHO paBHoMepHoH CXO,ll.HMOCTH. 

B 3TOT KJIaCC KpoMe KOHetIH~X rrOJIYJIHHeHH~x KOM6HHaUHH <pyHKUHH H3 ~ BXO,n5IT 

xx paBHoMepHo cxo,n5lIlI,ueC5I upeJI.eJIbI. CiKa33HHoe HMeeT, KOHeqHO llie, HeTpHBU3JIb

HbIH CMbICJI JIHllib Tor,na, Kor,na Ha60p ?l 6eCKOHetIHbIH, HHatIe 2+3 Hero 3aMbIK3

HHe COBoa,naIOT. 

5. <I>OpMyJIbI rrpo,nOJIlKeHH5I aHaJIOrHqHbI <popMyJIaM ,nBoflcTBeHHocTH, HCnOJIb

'3yeMbIM B TeopHH 0606meHHblx tre6bIllIeBCKHX HepaBeHcTB [17]. TOJIbKO pa60T3IDT 

OHH 3,ll.eCb B ,npyroH aKCHOMaTHKe. 

6. To qTO BTOpHQHble opH3HaKH 5IBJI5IIDTC5I KOHeqHbIMH cyMMaMH nepBHqHbIX, 

a He 6eCKOHetIHbIMH, - .91'0 npIIHQHUHaJIbHOe B HailieH TeopHH «He.lKeJIaHHe» ,ll.0

6aBJl5lTb «JIHIlIHHX» 3tKCIIOM, H60 He ,ll.OKa3yeMo, qTocyMMa 6eOKOHetIHOrO (CqeTHoro) 

IIIICJIa Hy.Tlelf, paCCMaTpHBaeMa5I B L~e.nOM, a He KaK rrpe,ll.e.n, eCTb HOJIb. 

7. !\a2l(jJ,bIII opH3HaK f (x) caM no ce6e eCTb C. B., rrO.9TOMY HM <M£r> MO)KHO 

paCCMa TpHBa Tb KaK cOBoKynHocTb corJIaCOB3HHbIX cpe,nHRX 3HaqeHHH BceB03MOLK

HbIX C. B., orrpe;~eJIeHHbIX Ha npOCTpaHCTBe f£. Ha60p ll'pH3HaKOB flp 'rET, B COBO

KyrrHocTH ,naeT CJI)TllafrHbIH BeKTOp, eCJIH T ,nHcKpeTHO, HJIH npouecc, eCJIH Henpe

pbIBHO. 

8. TOT epaKT, tITO l1fv1 orrpe,neJI5IeTC5I cpeJU-II1NIli ivlf Heo603pHMoro MH02KeCTBa g:
np113HaKOB, He 5IBJI5IeTC5I rrOMeXOH npHMeHeHH5I. B03MOLKHOCTb BblqHCJIeHH5I Aif no 

(1.2) OTHID,nb He 03HatIaeT, lITO ,nJI5I KaLK,nOrI f .9TH BbItIHC.J1eHH5I .II.OJILKHbI 6bITb
 

rrpo,neJIaHbI. COBceM Hao6opOT, KaK ,naJIee 6y,neT BH,nHO, HeT Hy)K,nbI B rrpHKJIa,nHbIX
 

3a,naQaX BbIXO,lI,HTb 3a paMKH BTOPHlIHbIX npH3H3KOB.
 

9. BBe,ll.eHHe JII06blX CBOHCTB HenpepbIBHoCTH cpe,nHHX, He CJIe,nyIOmHX rrp5IMO 

. H3 aKCHOMaTHKH, BbI,ll.eJI5IeT rrO.II.KJIaCC Mo,neJIerr H3 o6mero HX aHCaM6JI5I, paBHO 

KaK .u.pyrHe .u.onOJIHHTeJIbHbIe cBoficTBa. 
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10. H a q a JI b H bI e MOM e H T bI. 3a,nalOT c. B., eCJIH nepBHtIHhIMH )lJI5I Hee 

5IBJI5IIOTC5I Cpe,lI,HHe CTeneHHbIX <PYHKQIHH: ~Xj, MXi, jEJ, r.u.e J - Ha60p UeJIO

qHCJIeHHbIX HeoTplIuaTeJIbHbIX HH,lI,eKcOB. Cpe,ll.HHe ~Xj Ha3hIBaIOTC5I HH)KHHMH MO

MeHTaMH j-ro nop5I,.J.Ka , a .t\1'Xj - BepxHHMH. I1epBbIH MOMeHT MX, ~WX H33bIBaeTC5I 

HHMHHM H BepxHHM cpe~HHM caMOH C. B., a 1\t1X2, j\1X2 HIILKHeH H BepxHeii Mom

HOCTbID. 

A6cOJIIDTHbIMH HatIaJIbHbIMH MOMeHTaMH Ha3bIBaIDTC5I MOMeHTbI MO;J.yJl5I c. B. 

M Ix Ii, 1\1 I·X I j, j > o. OqeBH,nHO, rrpH ueJIhIX tIeTHbIX HeOTpHuaTeJIbHbIX j .9TO eCTb 

npOCTO HaqaJlbHble MOMeHTbI. B 06meM, j M02KeT He 6bITb ueJIblM. ,U.;15I 36COJIIDT

HbIX MOMeHTOB, eCJIR OHR corJIaCOBaHbI, ,nOJILKHbI BbIrrOJIH5IThC5I HepaBeHCTBa: rrpH 

r~s;;::O 

(M IXlr)I/r> (M /XI S )l/s, (MIX/ r)l/r> (M/X/ S )l/S 

(;J.OKa3bIBaeTC5I no aHaJIOfHlI C [1], CTp. 169). 

1.3. OTHOllIEHH5I ME)I(L(Y HHTEPBAJIhHhIMH MO,nEJI5IMH 

3,neCb IIHTepBaJIbHble Mo,neJIH reOMeTpHtIeCKH H306pa)KaIDTC5I KaK HeKoTopble 

BblrrYKJIble «TeJIa» C xapaKTepHbIM BHellIHHM KOHTypHbIM oIIHcaHHeM, OTHOllIeHH5IMli 

BKJIIDtIeHH5I II onep a Ull5lMll 06be,z:.UIHeHH5I H nepeCetIeHH5I. I1pHtIeM, TaK K3K 11M 
nOJIHOCTbIO orrpe,UeJl5leTC5I CBOHMH cpe,nHIIMH, qepe3 HHX TOJIbKO H 6 y;:I.e lVI BBOJUITb 

HH)Ke epopMaJIbHble OTHOllIeHH5I H onepaUHH MeLK,ny HM. 

reOMeTpH4eCKaSI HJIJIIOCTpau,H5I 11M. TIYCTb B03MO.lKHbIX 3LleMeHTa p_ 

HbIX HCX'OinOB KOHe4Hoe 4UCJIO: ge = {Xl, ... , Xr }, H BBeneM BeKTOp Be

P05ITHOCTeH p= (PI, ... , Pr). TaK kaK ~Pi= 1, TO pa3MepHOCTb P Ha 

1 MeHbwe 4HCJIa HCXO)J,OB r. MHoLKecTBo Bcex P 0603Ha4lIM 

:} =-= {P: Pi ~ 0, .± Pi = I}. 
l=l 

3TO eCTb rrO,UMHO)KeCTBO r-MepHoro 3BKJIH,UOBa rrpocTpaHCTB3 flti'. Ha
 
pHC. 1.4 IIpH r = 3 3THM -eeMel'IcTBoM 5IBJI5IeTC5I TpeyrOJIhHHK.
 

,llJI5I Ka)K,Uoro epHKcHpoBaHHoro PEJ cpe,UHee 3Ha4eHHe IlpH3Ha


Kat (x ), 0 H )l{ e Be K TOP t = (t (x I ), ... , t (x r ) ), p a BHOCK a JI 5IpH0 M Y n P0

1I3Be,UeHHIO t Ha P:
 

r 

Mpt=== 'Lf(Xi)Pi· 
£=1 

DYCTb Jf{a - ceMe~IcTBo BeKTopoB, 

Jftoc:J. Tor,Ua cpe,UHHe He Oy,nYT 

Yllie T04HbIMH, a ;l,JI5I KaLK,Uoro f 
p/ 
~6ynYT onpeneJI5ITbC5I CBOHMH rpa

HIIQaMH 

\ 

Mf== inf Mpt, Mf= sup Mpf. ~J
 

PEv1to PEJto
 
PI1C. 1.4. reOMeTpH5I 11M
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Y6e,1J.HMC5I B 'TOM, lITO TaK onpe,1J.eJIeHHble HH.lKHHe II BepXHiJIe cpe.u

RIle y.uOBJIeTBOp5UOT a'KCHOMaM 11M: 

At :g(xi»f(xi)=>Mpg>Mpf, VP=>Mg>Mf· 

A2:M(b+f+c)=::: sup b+Mpf+c==b+Mf-t-c.
 
PEv1'to
 

A3:M(f+g)= sup (Mpf+Mpg)~ sup Mpf+ sup NIpg== 
PE.Jto PEv1't o PEJIlo 

=Mf+Mg. 

A4: -Mf= - inf Mpt= sup Mp(-t)=M(-f)·
 
- PE.Jto PE.J!to
 

Cpe,1lHIIe He HSMeH5ITC5I, eCJIH ceMeHCTBO tifta saMeHHTb Ha ero 

BblnyKJIyIO 060JIoqKy -«TeLlTJO» IBeKTopoB P. ,3TO IH 6y,rr.eT 11M tift. 
TaK:HM o6pasoM, JII06oeBblrryKJIOe I«TeJIO» Jt ,BeKTopoB Bep05IT

HOCTeH :o6pasyeT 11M Ha ,LI,HCKpeTHoM rrpocTpaHcTBe ge. 11 iHao6opoT, 

.JII06oH 11M cooTBeTcTByeT BblrryKJIOe «TeJIO» a;_ KaK OHO nOJIy

QaeTC5I? 
C Ka.IK,lLbIM cpe,lI.H:HM Nit CBHSbIBae'DCH nOJIynpocTpaHCTBO BeRTO

.POB P, y,UOBJIeTBOpHlOmee yCJIOBHIO Mp f~Mf, T. e. OKaHMJIeHHOe C 

QJI,Holi CTOpOHbI rUnepIIJIOtCKOICTbIO P: M p t=Mf· BH,lJ, f f,UaeT narrpaBJIe

HHe flIrrepnJIOCKOCTH, a 3HaqeHHe Alf - ee nOJI02KeHHe. MO)J.eJIbKaK 

,coBoKyrrHocTh Nit, fEfF, eCTh rrepeCeqeHHe COOTIBeTCTBYlOII.I.UX pas

HbIM Nit rrOJIyrrpocTpaHCTB, o6pasyIOII.I.'HX BblrryKJIOe TeJIO Jt. CaMH 

3HaqeHH5I ,cpe,nHHX Nlt ,lI.alOT rrOJIO.IKeHHH KacaIOIIJ.HXC5I J{ fHrrepnJIOC-

KOCTeH. 
IlepfBHQHble Cpe,LI.HHe Algi, i= 1, ... , k, onpe,lLeJII51IOT HCXQAHble 

rrepBUqHhle fHlrrepnJI,OCKOCTIl P: M' pg i = Mg i, Sa~alOII.I.He IBHernHHH 

B'H,lI. ,elf{. ECJIH HX q,HCJIO KOHeqHO, TO 11M 6y~e'T MHororpaHHHKoM J(h 

'(KaK .9TO~BH,lJ,HO lI3 pHC. 1.4), rpaulI KOToporo COCTaBJIHIOT corJIaco

.aaHHhle SHaqeHH.H Mgil=Mgi- HecOrJIaCOBaHHble iKe, TaKHe Ka'K j\,Jg5, 
npOXO):L5IT BBe tift H HUKalKoro BJIHHHH5I He OKa3bIIBalO'T. EiCTh I'lf!uep

IlJIOiOKOCTIl P: M Pg = Mg, rKOTophle Irrp'OXO):L5IT qepe3 BepWHHbI IM,RO

rorpaHHHKa JIt, no He COBrra,LI.aIOT 'HH C O~HOH 113 era rpaHeli, KaK 

Mg6• XOT51 OHM H COrJIaCOBaHbI, 'RO HX ,HCKJIIOqeHHe TaK.lKe He no

BJIHHeT Ha BH,LI. JIf, HB 3TOM CMbICJIe OHH H36hITOqHbI. Y;IT.aJIeHHe Bcex 

H36WTOqHWX 3~eMeHTOB H3 nepBHQHOrO Ha60pa HarJI5I,lI.HO rrpenCTaB

JIHeTCH JIHllIbnplI KOHeqHOM qHCJIe nepBHqHbIX rrpH3HaKOB, 'H MO.IKeT 

CTaTb HerrpeO,lJ,OJIlIMbIM rrpH 6eCKOHeqHOM. CKasaHHoe OTHOCHTCH He 

TOJIbKO K ):LHCKpeTHbIM, HO H K npOlISBOJIbHbIM f1J. 
4HCJIO 9JIeMeHTOB 6eshI36hITOQHOrO rrepBHqHOrO Ha60pa cOCTaB

JIHeT pa3MepflocTb HM. I1HTepBaJIbHhle Mo,UeJIH 6bIBaIOT KOHeqHOH H 

6eCKOHeqHOH pa3MepHOCTeH. B rrepBoM cJIyqae - 3TO lIHCJIO rpaReH 

MHororpaHHHKa J(, sa HCKJIIOqeHHeM TpHBHaJII>HbIX, COBna,lLalO~nX C 

rpaH5IMII ~. 
Pa3MepHocTb 11M xapaKTepHsyeT TOT MHHHMaJIbHbIH 06'beM )J.aH-

HbIX, KOTOpbIH Hy.IKeH ,lLJI.H ee 3a,lLaHH5I. KOHeQUO .IKe, )l.JIH npaKTH

qeCKOrO rrpHMeHeHH5I ueJIeC006pa3HbIMH HBJI5IlOTC5I IIMeHHO IHa60phI li3 
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KOHeqHOrO qHCJIa ,llaHHhlx. HHTep'BaJIb\Hble MO)J.eJIH 6eCKOHeQHOH pas

MepHoCTH - 3TO BblrrYKJIhle TeJIa, KOiHTypbI KOTOphIX 3a,UaIOTcH !6ec-' 

KOHeqHbIM qnCJIOM ;KaCa'TeJIhlHbIX rHrreprrLTIOCKOcTeH. 

06cy}l{,lI.eHHe. Tenepb CJIe,1lyeT oCTaHoBHTbCH, QTo6bI 06CY,lLHTh 

CMhICJI npHH51TOrO rro,UXO,lJ,a. LITO JIyQrne, orrHChIBaTb 11M «TeJIOM» Jf{ 

KaK MHOJKeCTBOM 'BeKTopOB P Bep05ITHOCTeH, CBoero po,Ua«aToMoB» 

MOLleJIH, HJIH TOJIhKO BHeWHHMH KOHTypaMIH, T. e. Mg, gEcg? ECJIH f)J 
COCTOHT HS He6oJIblilOrO qnCJIa .9JIeMeHTOB, TO, nO-BH,UHMOMy, H TaK, 

H TaK, flpHHUHrrHaJIbHOrO pa3JIHQHH HeT. Ho eCJIH QnCJIO 9JIeMeHTOB 

aJpaC'TeT, TO TaK.lKe paCTeT Ii paSMepHOCTh P, Bce MeJIbQe CTaHOBHTC5I 

aTOMhI MOJI,eJIH. OIIHcaHHe P Hecopa3Mep'HO YCJIO.IKHHeTCH npH rrepe

XO,lLe K 6eCKOHeQHoMy QueJIy HCXO,UOB, B qaCTHOCTH, K HenpepbIBHoMy 

npOCTpaHcTBy !ie, HarrpHMep QUCJIOBOll: npHMOH (II eme 60JIee - K 

npoueocaM Xt ). T,onJI,a l«aTOMbI» If Bonce HiCQe3alOT: ICTa'HOBHT:CH He

)J.OC51raeMbIMH. llJI5I 3a,LL3iHHH P npMXO,llHTCH npH6eraTh KO BceB03M02K

HbI~v1 yXHmpeHHHM, o6CY.IK,llaeMhIM IB 'CJIe,UyIOIIJ.eM naparpa¢e. B TO 

2Ke BpeMH KOHTypHoe onHcaHHe, T. e. OITHC3HHe nepBHqHbIMH rrapa

MeTpaMH, OT«aTOMOB» P HHKaK He saBHCHT, ,Ua H onpe,LI.eJIHeTCH, 

11'HHyH P. 3,lLeCh Bce 3aBHCHT OT QHCJIa rpaHei1 (pa3MepHocTH 11M) u 

HX TIOJIOlKeHHH (BH,LI.a giE~), HO OTHIOLlh He OTnpOCTpaHCTBa 2e . 
TIOqTIf KaK B reOMeTpHlI: HeBalKHo, QeM HaQUHeHO Te.TIO, KaKOH OHO 

MaTepIiH, a BalliHO JIHlIlh BHelilHee ero CTpoeHHe H rrpOnOpU'HH. 

HepapXMSI MOJJ.eJIeM. ,UJIH ;IT.'Byx 11M vitI H J{2 Ha fJe, eCJIH Mlf~ 
~M2f, Vf, TO 6y,UeM rOBopHTb, QTO Jf{l BKAlOttaeTCfl B Jf{2 iH HHcaTb 

.J!llCJf{2. B YKa3aHHOM HepaBeHCTBe, eCJIH f He OrpaHHQeHa cBepxy II 

.<\1f ~JI5I ,Hee IHe cymecTByeT, TO qYOpiMaJIhHO CqHTaeM ero 6eCK!OHeqHbIIM. 

Heo6xo,lLHMbIM yCJIOBHeM BKJIIOqeHHH J( I cJf{2 HBJI5IeTC5I TO, tITO 06

JIaCTb cymecTBOBaHH51 IT} Cpe,lLHHX Mlf ,lLOJI2KHa 6hITh :He Y)Ke 06

JI3'CTH fT2 ,cymecT'BOBaHH.5I M2f: fT 1-::::JPF2. BKJIIOqeHHe HJIJIIOICTlpHpyeT

C5I pac. 1.5 K3K BKJIIOQeHHe «Te.Ila» tift 1 B v1f2. Ey,UeM rOBopHTb TaK

2Ke, QTO Jf(I 60JIee ySKa51, qeM Jf2, a .;f{2 - 60JIee llIHpoKaH. 

,Uo6aBJIeHHe nepBHqHhIX rrapaMeTpoB OTceKaeT HOBhle rpaHH y 
«epI1rYPbI» Jf{ H rrpHBO,LI.HT K ee cy2KeHHIO. K cY.IKeHHIO npHBO,IJ:HT H 

YTOqHeHHe ,cpeLlHHx: ,UJI5I Ntf - 3TO yMeHbweHHe, a JLJI5I Mf - yBe

,JIHQeHHe, rro3ToMY BKJIIOQeHHe vff 1cJf{2 COOTBeTcTByeT TOMy, qTO B 

,J{1 BJIO.IKeHO 60JIhlUe ,LI.aHHhIXHJIH fKe OHH 60JIee TOQHble. B pe3YJIh

'TaTe J{l 60JIee ,rro,npo6Ha5I, qeM v1f2• 

CaMoH IIIHpOKOl1 Cpe,LI.H Bcex 5IBJI5IeTCH 2GAaIl MO,LI.eJIb (Ha PITc. 

1.4 - .9TO MHO)KeCTBO :Y Bcex BeKTopoB BepoHTHocTeH), orrpe,lLeJIHe

MaH cpe,UHHMH NIf = sup f, {EfTa, Ha Bcex OrpaHHqeHHbIX cBepxy 

rrpH3HaKax H 060SiHaqaeMaH :Y. Oua nOJIyqaeTCH, eCJIH HHKaKHX ,lLaH

HhIX - «o,Ue:tK,ll.», OTJIHQaIOIIJ.lIX O,UHy 11M OT ,UpyroH, BeT, OHH OT

cyrcTByIOT: ~ == 0, T. Ie. 0 HBJIeHHH HHQerO HeH3BeCTHO - 'CBoero po,lla 

«qepHbIH: 5IlUHK» e a6COJIIOTHO 3ara,ll.OQHOH CTpyKTypOH, BbIXO,lI. KOTO

poro x Ha6JIIO,lI.aeTC51. ,llJI5I :y IHHTepBaJl Cpe,lI.HHX Mf, Jw1 KaJK,ll.OrO 

-OrpaHHQeHHOrO npH3'HaKa fEf!Too 
:sup f ero B03MO.IKIHbIX 3HaqeHHH. 

COBrra,UaeT C )1.Hana30HOM inf f, 

2~ 
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I1TaK, 'CaMOH HeTOqHOH Cpe,II:H BCeX, BKJIlOqaIOmeH Bee OCTaJIbHble, 

H caMOH npHMHTHBHOH no cnoco6y 3a~aHHH H CBoeH CTpyKType HB

JIHeTCH rOJIaH 11M: :J-=:J~, V~. MbI rOBopHM, qTO KaKoe-TO x H3 

fC npOH30HneT, He 3HaH HHKaKHX 3aKOHOMepHOCTefi. 

TIo Mepe HaKOrrJIeHHH ~aHHbIX 11M .cy:tKaeTCH. A cymecTByIOT JIH 

caMble Y3KHe 11i\1? ,UJIH ,nHCKpe'DHOrO rrpocTpaHcTBa 1£ - ,na, 3TO 

BeKTopbI P BepoHTHocTeH. A B 06meM, OTBeT OTpHuaTeJIhHbIH, 0 4eM 

rOBOpHJIOCb B 06cy:tK~eHHH BbIlIle. 

TloTpe6HocTb JIOflH4eCKOH 3aMKHyToCTH HepapxH4ecKoro KJIaCCa 

Bcex Mo,neJIeH rrpHBo,nHT K He06xo~HMOCTH BBe,neHHH nycToa ModeAU 
0. 3TO 0603Ha4eHHe HerrpaBHJIbHOrO 3a,naHHH 11M, Kor,na rrepBHQHble 

3Ha4eHHH Mg ;rrpoTlIiBope4HBbI, B pe3YJIbTaTe rpaHHUbI Cpe;I,HerO, epop

MaJIbHO ,HaH,,1,eH'Hble rro epop ~lY JIe In pOJI,OJI)KeHH51 (1.2), 6YrlYT He TOJIb'I\O 

«rreperryTaHbI»: HH:tK;HHH 60JIbWe BepXHeH, HO H y6eraIOT B 6eCKOHeq

HOCTH: Mf=oo, Mf=-oo. 3THMH JcpeJI,'HH~H Ha Vf H CLIHTaeM onpe

.neJIeHHyIO 0 -- e,LLHHCTBeHHyIO 11M, CBoeH HecorJIaCOBaHHOCTbIO BbI

XO,lI.HmyIO H~ aHcaM6Jt~_.I.B,C~X, OCTaJIbHblX. TaK KaK ,LLJIH JIlO6oH 11M 
Mf~-oo, Mt~oo, TO 0cuf{, VA. 

- TIYCTb Q - Ha60p npH3HaKoB. Ha30BeM Q-pacUlupefiueM uf{ Ta

KyIOMO,LLeJIb <.N1Q), y KOTOpOH rrepBHqHbIMH HBJI51IOTC51 COOTBeTCT

BylOmHe J/{ 3Ha4eHHH Mq, qEQ (OHH, 04eBH,lI.HO,COT'JlaCOBaHbI). Pac

lIlHpeHHe HJIJIIOCTpHpyeTcH pHC. 1.5. 3TO cIloc06 yrrpomeHHH J{ 3a 

CqeT BKJIIO'qeHH51 ee IB MHororpa'HHl'lK 00 cTopoHaMH Mq, qEQ 
HOBbIMH rrepBu4HbIMH ,naHHbIMH - H rrpeHe6pe:tKeHH5I BceMH OCT3JIb

HbIMH 3HaHH5IM'H 0 A. KOHeqHO, qT06bI He nOTep51Tb rrpH paClllHpe I 
I 

~ HHH CJIHlIlKOM MHoro, Hy:IKHO CrreUHaJIbHO BbI6HpaTb HarrpaBJIeHH5I 

rpaHeH (BHa q), H ueJIa51 np06JIeMa, KaKHe rpaHH 3KOHOMHO 6y,UeT 

BBeCTH, KaKlIe OCTaBHTb H CKOJIbKO !HX. 

Ha60p Q rrpH3HaKOB Ha3bIBaeTCH onpeaeAJlIOU{Ufl;l ,nJI5I MO,LLeJIH 

A, eCJIH ee Q-paclIlIIpeHHe COBrra,naeT C caMOM Mo,neJIbIO: <MQ)=~. 
OnpeneJI51IOmHe - 3TO Te rrpH3HaKH, KOTopble B CBoeM cOBoKyrrHoc

TH rrOJIHOCTblO o6ecne4HBaIOT 111V\ BceM Heo6xo,nuMbIM. 5!CHO, lITO 

onpe,neJI51IOmHM JLJI5I 11M BCer):La 5lBJI5IeTC5I Ha60p ~ nepBH4HbIX rrpH3

rtf! 111.----. 
Ps 

----;/ 
.Alz 

~ ( M/ II utlz PI;Jj <NQ> ~ 

~ 
Mq3 

P, -- P 
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PHC. 1.5. PaCllll1peHHe l1l\tl 6ecKo- PHC. 1.6. TIepeCeqeHHe H 06'beAHHeHue 11M 
HeqHOH: pa3MepHocTH)1.0 11M C qe-

TbIphMH nepBHQHbIMH 3HaqeHHHMH 

HaKOB (HJIH 6e3bI36bITOq;HbII1 BapHaHT 3Toro Ha60pa), a TeM 60JIee 

JII060H BKJII04aIOIII.Hll 3 KJIaCC npH3HaK'OB, Hanp'HMep BTOPIHqHbIX. 

nepeCelJeHHe 11M. OYCTb vf{l 'H J(2 - .nBe 11M Ha O~HOM 11 TOM 

LKe (rrpOlf3BOJIbIHOM) rrpOCTpaHeTBe ge H Ka:tK,na51 H3 HHX nOJIHOCTblO 

onpe,neJI5IeTCH CBOHMH COrJI3iCOBaHHbIMH Cpe,lI..HHMH MIt, {EfT l H 

M2t, fE'£T2, Hao6JIaCTHX £T I H fT'2cooTBeTcTBeHHo. 

flepeCettefiUeAtJ(l 'H v1t2 Ha3bIBaeTC5I 11M uf{ =J{I!\uf{2,orrpe,neJI5Ie

Ma51 cpe,nHHMH Mf=min{MIf, M2f} , VfEff'lUfT2. 3,necb BOJIHHCTaH 

tIepTa 03Ha4aeT,4TO Mt, Bo-nepBblx, MoryT OKa3aTbCH HeCOfJIaCOBaH

HbIMH Me:tK,ny c060i:'I, TaK KaK He BbIIlOJIH5IeTC5I aKCHOMa A3 nOJIy

8,lI.,nHTHBHOCTH, H Tor,na ,nOJI:tKHbI rro,nBeprHyTbc5I corJIaCOBaHHIO. ~TO 

BH,nHO H3 pItc. 1.6, rJI,e IIlTpHXOBOM JIHHUefI 03Ha4eHbI K3CaTeJIbHble, 

eooTBeTcTBy1omHe cpe,UHH'M MI!, M2f H M!, lVit<Mf= min{M 1f, M2f}. 
.i\ BO-BTOpbIX, Mf np0,UOJI:lKaIOTC5I no epopMyJIe (1.3) Ha KJlacc 

2+ (SZ-IUSZ-2) npH3HaKOB, C,OCTaiBJIeHHbIX H3 nOJIyJIHHeHHblx ,KOM6HHa

UHi:'r Yl iBMeCTe c SZ-2 . 
TIepece4eHHe 03Ha 4aeT, 4TO BepHbIMH 51BJI51IOTC5I ,naHHble, co,nep

:lKamHeC5I KaK B ~;/{ 1, TaK H B Jf{2, 'II H3HHX 6epyTC5I HaH60JIee TOqHbIe. 

B pe3YJIbTaTe cYMalOTc5I KaK HHTepBaJIbHble cpe,nHHe, TaK H 11M: 
.Jf{I/\Jf{2C~I, Jf{1!\A2cJf{2 (CM. p'HC. 1.6). 

TIepBH4HbIMH cpe,nHHMH(rpaH5IMH) rrepeCeQeHH5I 6Y~YT nepBHQ

Hble cpe~HHe (rpaHH) J(l H uf{2 'H HHKaKHe Jf.pyrHe, rr03ToMY nepece

qeHHe <M 1~ I)1\<M2~2) = <1\1 (~IU~2) > paBHOCHJIbHO CJIOMeHHIO ,nByX 

nepBHQHbIX Ha6opoB Me:IK.ny C060H B e~HHbIH ~ 1U~ 2 C 'COxp aHeHHeM 

nepBHQHbIX 3HaQeHHM, H3 KOTOpbIX HeKOTopble OKa3bIBaIOTC5I HeCOrJIa

COBaHHbIMH H ,He BJIH5IIOT HaBU,n nepeCeQeHH5I. 06JIaCTbIO cymeCTBO

BaHH5I nepeCe4eHH5I 6y,neT 2+(fT~lU[F~2). 

OnepaUH5I rrepeCeQeHH5I pacrrpOCTpaH5IeTC5I Ha npOH3BOJIbHOe QHC" 

~O cJ1t e = (MofT0), 8E8: 

Jt == I\Jio¢:} Mt=== inf Me f, \f fc~+ (U §='e). 
OEe OEe s 

.l1cnOJIb3yeM 3TOT epaKT. 

TI p II M e p 1.7. 11 peA C TaB JI e H II e 11.L1\1 II e p e ceq e H II eM. JII06yIO 

11M <M~> MOIKHO rrpe)1.CT3BHTb B BR)I.e rrepeCeqeHH5I 

(M~> = 1\ (Mg) 
gE~ 

MO,lJ,eJIeH <Mg) pa3MepHocTH 1, onpe;:r,eJleHHbIe KalK;J,a5I O,l1,HHM rrepBHqHbIM 3H3qe

HlieM jUg npH3HaKa g, 3aMeH5IIOmerO HHAeKC 8. Tor,na ff'g =ff'e COCTaBJIHIOT npII3

H3KR, Ma)I{OpRpyeMble g, 3 9:+ (Uff'g) =fF~ - HX rrOJIyJIHHeHEbIe KOM6HHaUHH. 

06'be,l(HHeHHe Jtfl\'\. TIYCTb A 0 = (MfT e), 8EE> - ceMeHcTBo 11M 
Ha ge, HHJI,eKcHpoBaHHblx rrapaMeTpoB 8, rrpo6eralOmHM MHOMeCTBO 

E>. Orrpe,neJIHM HX 06be,ZI,HHeHHe (0603,HaQaeTC5I ,V)cJIe,nyJOmHM 06
pa30M: 

Jft= V.JUs ~ Mf== sup .A1e t, 'r/ IE nfio. 
BE8~ 8EE> S 
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3,lI.eCh Cpe,lI.HHe Xit, rrOJIyqeHHble MaKcHMH3aUHeH Me f no 8, cor.. 

JIaCOBaHbI, qTO JIerKO npOBep5IeTC5I If l.JTO HJIJIIOCTpHpyeTC5I puc. 1.6, 
r)l.e 061>e,I(HHeHHe o6Be,UeHo ll1TpHXOBKOH H COOTBeTcTByeT 'BblnYKJIOH 

060JIOl.JKe TeJI vf{1 ,M vf{2. KaK BHnHO H3 p HC. 1.6, npH o6ben'HHeHHH 

p0)K,UaIOTC51 HOBbIe rpaHH (rrepBHl.JHhle npH3HaKH), 0603Hal.JeHHhle 

IllTpHXOBbIMH JIHHH51MH, He COBrranalOlIl,I1MH C rpaH7IMH eJf{ 1 H Jf{2, 

H306pa1KeHHhIMIi CfIJIOlllHbIMH. TIPM 3TOM rpaHH 06be,ll,MHeHIUI ,He 6y
nyT BbIXO,UHTh 3a paMKH JIHHeHHOM 060JIOLJKH rpaHeH COCTaBJI5IIOlIl,HX, 

T. e., eCJIH 6bITh 60JIee CTporHlVIH, npH Al =<l\11~1> YI L,f{2=<M2~2> 
nepBHl.JHble npH3HaKH 061>e'u'HHeHH5I 6Y,ll,yT pacnOJIaraTbC51 B KJIaCCe 

.P+(~IU~2). 
OnepaUH51 061>enHHeHH5I Jf{l V J/{2 - CHMBOJIHLJeCKOe O'Tpa:IKeHHe 

eppa3bI: :«BepHa (npaBHJIbHO OTpaLKaeT 5lBJIeHHe) MOJI.eJIb Jr1 'HJlH 

Jf{2». 3TO COMHeHHe, HeyBepeHHOCTh, BeJI.y~a5I K paclllHpeHHIO 11M. 
n p II M e p 1.8. IT p e.lI. C T 3 B JI e H II e I1 M 0 6 'b e.IT, II H e H 11 eM «B e p III II H». 

nYCTb npOCTpaHCTBO HCXO.lI.OB f}J .lI.HCKpeTHO. Ka*.lI.oi1: I1.lVl KOael:JHOII pa3MepHOCTH 

MO)KHO YKa3aTb BeplllHHbI Pi ........... BeKTophI BepOHTHocTei1:. Ha pHC. 1.6 ,U&!15I .;/{1 - 3TO 

P1, P2, P3 , P4 H .;f{1 5IBJI5IeTC5I HX 060JIOl:JKoI1. TIPH 06be.IT,HHeHHH ,UBYX 11M Bep· 

lllHHhI 6Y.lI.YT BbI6HpaTbC5I H3 BeplIlIIH J{1 H J{ 2. HHKaKHe .lI.pyrHe nO.HBHTbCfl He 

MorYT. ,ll.JI5I 11M JII06oI1 pa3MepHocTII, KOr.lI.3 .L1 = V P16 eCTh 060JIOQK3 HeKOToporo 
e 

ceMeHCTBa BeKTopOB P1S' 3a)I.alOmHX TeJIO .;/{1 (HJIH TO~1JhKO ero KOHTypbI), H aHa· 

JIOrHlJHO J(2=VP2'6" BepHO .J'ltV..K2=VP1eVP2'fr' T. e. npoH3Bo.rr.HTC5I 06be.rr.:HHeHHe 

~ e ~ 

3THX CeMeI1CTB B O.lI.HO. IlpHl:JeM .rr.OCTaTOtIHO Orp3HHl:JUTbCH TeMH 3JIeMeHTaMH 

ceMeHCTB,KOTophIe npu I06'be)I.HUeHHH OK33hIBaIOTC5I KpaHHHMH (He rBXO;l51T (B BblllyK· 

JIhle 060JIOtI\KH .rr.pyrHx). 

CBOHCTBa onepaO:HH. 
I. H,11.eMllOTeHTHocTh: vft!\J(=e.I{, JtVJ(=J(. 
2. I\oMMyTaTHBHocTb: J{1!\Jt2=Jt2!\ J{l, ..ff{1V Jf{2= J{2VJ(l. 
3. Accoun3THBHoCTb: (J(1!\Jt2 )!\Jft3,= Jt1!\(Jt2!\Jft3), 

(Jt1V Jf(2) V J{3= Jf{lV (J{2V Jf(3). 
4. Jf{!\3 =Jf{, JtV3\=3. 
5. Jt!\0=0, JtV01=J(. 
3TH CBOHiCTBa j(OK33bIB3IOTC5I 3JIeMeHTapHO II 

Ha JII060e QHCJIO onepaUHiL OqeBHnHO TaK)Ke, tITO 

.1ft} CJl(2*Jft l!\ J(2= Jf{l, vi{1V J('2=.;f{2. 

O'T1CIO,~a 'IIOJIYl.JaeT1C5ICpa3Y 1Ke Ta,KOe H3BeCTHOe B 

6. 3ai~OH IllOrJIOmeHII5I: 

,(J(l!\Jt2) V Jf{l =·Jf{l, (Jf{l VJf{2)!\ Jf{l =vf{l 
(TaK KaK Jf(l!\.L2CJ(1, .LlVJ(2:::JJf{1). 3TO eCTb 

paCilpOCTpaH5IIOTCH 

aJIre6pe C:BOHCTBO. 

3aMeHa rrplIBblq

Horo ,lI,JI5I :6yJIeBCKHX aJIre6p 'CBOHcTBa ,I(HCTpH6yTHBHOCT:JI, KOTopoe 

,lI,JIH HaIIIHX orrepaUHH He BblnOJIH5IeTC5I. TIpHtIIIHa .B TOM, qTO 06'be,lI.H

HeHHe V I1l\l1 ,He 06bltIHOe MH01KeCTBeHHoe, BceM rrpnBbI'qHOe, 3 BbI-' 

nyKJIOe, TaK KaK B pe3YJIbTaTe ,11.0JI)KHbI 06pa30BaTbCH C'HOBa 11M, 
KOTopble no CHoeH IIIpHpoLLe IBhl1IIY1KJIbI. 11, KarKCJIe;XCTBHe, 'HeJB03MO)K

~OnOJIHeH MSI.
 

l 1. )1.JUI J(HcKpeTHblx npocTpancTB fie <poPMyJIa (1.2) BbITElKaeT H3 tj>OPMYJIbi
 

,lI,BOI1CTBeHHocTH JIHHeI1Horo nporpaMMHpoBaHHSI, KOr,lI.a no Orp3HHtIeHH5IM 

r r
 

L Pi == 1, ~gjiPi~M~j, j=l, ... , k,

i=I i=l 

. r 
HaXO,lUITCfl MaKcHMyM JIHHeliHblx epOPM Ml=max ~ fiPi. 

P £=1 
2. Onepal(HH HaJ( MO.J.eJIlIMH MoryT 6b1Tb onpeJ(eJIeHbI. eCJIH 11M 3aJ(aHbI Ha 

pa3HbIX npocTpaHcTBax IICXO,LLOB: ..J(1 - Ha aJ 1, 3 .JI(2 - Ha fe
2. Tor.rr.a COCT3BJHleTCH 

Hx 06be.lLHH e HIIe fie = fie , iJ fie 2 H .I(I ,'wnOJIHlIeTClI n epBHlJHbIM 3HalJeHHeM 
1

Pdfie ) = I, a .1(" - 3Ha'ierlilleM P2(fie 2).= I. B pe3YJIbTaTe .1(, H .1(2 CBO,ll,lITClI K OJI.
HOMy m co BCe.MH BbITeKalOlll,llMH OTClO',LLaBo3.MO.IKHOCT5IMH. 

3. ECJIH rOBopllTClI, 'ITO lIBJIeHHe C HCX0JI.aMll fie onHCbIBaeTClI ceMeikTBOM MO

)l.eJIe if .I(e, 0EO 8, TO 3 TO <p a KTH '1eCKH 03Ha 'I a eT, 'ITO MO)l,eJIb10 1IBJIlIeTC1I 06beJI.HHe
HHe VJf s e 

4. CO)l,ep)Kall~eeclI B npHMepe 1.8 npe)l,CTaBJIeHHe 11M KaK 06be)l,lIHeHHe Bep

I11llH He 1I8JIlIeTClI YHlfBepCaJIbHbIM B CHJIy HeB03MO)KHOCTlI JI.JIlI npOH3BOJIbHbIX npOCT
paHCTB ge OT,J;eJleHH5I «aTOMOB» P MO,LLeJIll. 

1.4. I1HTEPBAJIhHhlE PACnPEJI,EJI EH"51 BEP05lTHOCTEA 

CBOHCTBa HHTepBaJIhHhlX BepOSlTHOCTeH. I1cTOpHtIeCKH CJIO)/(HJIOCb, 
C, ·J'.~ , 'ITO B OCHOBy OnHCaHlUI iCJIyqaHHblx HBJIeHHH 6blJIH nOJIO)I<eHbl Be

p05lTHOCTH, '1eM Mbl o6513aHbl HarJIHJJ.HOCTH HrpOBblX npHMepOB . (MO

HeTa, KapTbl, KOCTb), JJ.aBlllHX Teop Hll BepOHTHOCTeH HaqaJIbHblH TOJI

'10K H nOJJ.1lJLTbIBaIOl1l.HX ee Ha npOT5I)KeHllll pa3BllTll5l. aTa )/(e Har

JI5I)],HOCTb, a B JJ.aJIbHeHllleM oTpa60TaHHOCTb H crpOHHOCTb Teopllll 

rrpllBeJIa II K Q:JaKTHLJeCKoMy HrHopHpOBaHllIO JJ.pyrux nOJJ.XOJJ.OB 1. 

H aliH HHTepBaJIbHble MOJJ.eJIll BCBoeM orrpeJJ.eJleHllH 6a3HpYIOTC5I 
Ha HHTepBaJIbHbIX cpeJJ.HllX, a Bep05ITHOCT5IM - Hll)KHeH P (A) II 

BCpXHCll P (A) OTBe;~eHa POJIb '1a-CTIIOro CJlytIa5l, Kor,':\a npll.maKaMll 
51-BJI5IIOTC5I llH,J)fKa TOpHbIe Q:JYHI!<IJ;llll A (x) C06bITllH: P (A) =MA (x) ; 
P(A) =MA (x), Ac::ge. llJI5I JIJ060H 11M Bep05ITHOCTll P(A), pTA) on-
pe1Le~7IeHbI ,UJl51 V A (TaK K3K A (x) EIT'oo). -

CBoikTBa Bepo5ITHocTeiI HerrocpeJJ.cTBeHHo BbITeKaJOT ll3 corJIaco

BaHHOCTll cpe)],H!fX (CM. § 1.1). 0603Haqa51 3HaKOM nJIJOC A +B H 

CI1MBOJIOM cyMMa 2:A i 06beJJ.llHcHHC HcrrcpeceKaJOl1l.llXC5I C06bITHH (B 
OTJIJItIJIC OT o6mcro 0603Ha qeHll5I 06beJJ.HHeHll5I U), HMeeM: 

1. P(ge) =P(ge) =P(ge) = 1 - npocTpaHcTBo fJe 5IBJI5IeTC5I Bcer. 

JJ.a JJ.OcToBepHbIM C06bITHeM (JJ.oKa3bIBaerC5I M 1= P (ge) = 1). 

2. 06pal1l.eHlle Bep05ITHOCTCif: P (A) = 1-]5 (A C), r JJ.C AC- JJ.onOJI-

HeHHe K C06bITHJO A .(TaK KaK MA(X)'=l-M(l-A(x». , 

HOCTb onpeneJIHTb JI.OnOJIHeHHe K 11M (HJIH npoTHBOnOJI01KHYIO 11M), 
1 B [2) B OCHOBy TeopHH nOJlO)KeHbI TO'lHble CpeJI.HHe, HO OHH HaJI.eJIlIIOTClITalK !KaIK ·K BhITIyKJIOMy TeJIy ,lI,OIIIOJIHeHHe .He 6y,IIeT ·BblnYKJlbI,M. 

CTOJIb .lKeCTKHMH cBoikTBaMH. 'ITO 3TO nOJIHOCTblO CBeJIO nOJIy'laeMbie B pe3YJIbTare
MOAeJIH K Bep05ITHOCTJ:lbIM

I 
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3. BepxHHH IlOJIya,lJ.,lJ.IfTHBHOCTb: AB=0=>-.P(A+B) ~j5(A) + 
+.P(B} (TaK KaK M[A(x)+B(x)]~MA(x)+MB(x). 

4. HHiKHHH IlOJIya,lJ.,lJ.HTHBHOCTb: AB=0=>-P(A+B) ~P(A) + 
+P(B) (TaKKaKM[A(x)+B(x)]~MA(x)+MB(x)). 

-BepoHTHoCTH, Y,lJ.OBJIeTBOpHIOmHe 3THM C'BoHcTB-aM, Ha3hIBaIOTCH 

cocAacoaaHHbl,lltU. CMhICJICJIOBa ,«corJIaCOBaHHOCTb» B TOM, qTO eCJIH 

6bI KaKoe-HH6Y,lJ.b CBOHCTBO He BhlrrOJIHHJIOCh, TO XOTH 6hI O,lJ.Ha Ka

KaH-TO rpaHHua BepOHTHOCTH MOrJIa 6bI 6bITh YTOqHeHa 3a CqeT 

.npyrHx, T. e. ~ (A) YBeJIHqeHa HJIH ,P (A) YMeHblileHa. 

113 CBOHCTB corJIaCOBaHHOCTH BepOHTHOCTeH nerrOCpe,lI,CTBeHHO BbI

TeKaIOT :CJIe,lJ.YIOmHe CBOI{CTBa: 

5. P (0) = 0 - BepOHTHOCTb nycToro C'06hITHH HYJIb. 

6. ~ (A) ~P (A) - :HHMH5IH BepOHTHOCTh BCer,lI,a He 60JIhllle 

BepxneH. 

7. AB=0=>-P(A+B) ~P(A) ·+15(B) ~15(A+B) (qaCTHhIH CJIy

tIaH cooTBeTcTByIOmero cBoffcTBa cpe,lJ.HHX, KOTOphIH M·01KeT 6hITh 

AOKa3aH M Ha 'OCHOBe 1-4). 
8. ,UJIH KOHeqHOrO qUCJIa norrapHo HerrepeceKaIOmHXCH C06bITHH 
k k 

j5(~Ai) ~~j5 (Ai) (CJIe.uyeT no MH,lI.YKUMM 1M3 3). 
1 1 

9. ,UJIH KOHeqHOrO MJIM CqeTHOrO qiMCJIa IlorrapHo HerrepeceKaIO-

UJ:MXCH C06bITMH P (~Ai) ~ 2: P (Ai). ,UJIH KOHeqHOrO qnCJIa Ai 3TO 

CBOHCTBO HerrOCpe,lI,iCTBeHHo CJIe,ll.yeT M3 4, a ,lJ.JIH CqeTHOrO - 'H3 

~(~ Ai)===~(± Ai+ ~ Ai»~(' ±Ai)+~(~ Ai» 
1 1 k+l 1 k+l 

k

> ~P(Ai) 
1

rrpe,lJ.eJIbHbIM rrepeXO,lI,OM B rrpaBOH qaCTH IIp'H k~oo. 
CBOHCTBO 8 pa3BMBaeT 3 M Ha3WBaeTCH KOHe~HOU BepxHeu nOAy

aaaUTUBHOCTb10 iBepoHTHocTeH. CBoHeTBo 2Ke 9 rrpO,LLOJLlKaeT 4 He 

TOJIbKO Ha KOHeqHble,HO H Ha CqeTHhle CYMMhI H Ha3hlBaeTCH HU{)fC
Heu c~eTHOU nOA.yaoouTuBHOCTblO. 3TO 60JIee iCHJIhHOe CBOHCTBO, no

3TOMy HH1KHHH BepOHTHOCTb rro npHpO,LLe «6oJIee HenpephIBHa», rqeM 

BepxHHH. ,UJIH BepxHeH 1Ke CBOHCTBO c~eTHOU BepxHeu nOAyaoauTuB
HOCTU BepHo JIHIIIb IlpH ,lJ.OrrOJIHHTeJIbHOM yCJIOBHH, COCTaBJIHlOmeM 

JIeByIO qaCTh cJIe,lJ.YIOmero yTBepiK,lI,eHHH: 

10. lim p( ~ Ai )=== o=>-p ( ~ Ai) ~ ~ J5 (AJ. 
k--)-oo \k+l 1 1 

,UJIH ,J,iQKa3aTeJIbCTBa HaJI,O nepeHTH 'K npe,lI,eJIy upn k-+-oo \B HepaBeH

'eTBe 

k k_00) (00)P
( 
~Ai+ L Ai );: L:P(Ai)+P ~ Ai . 
1 k+l 1 k+l 

llYCTb Bn , MOHOTOHHO B03paCTaH rrpH n-+oo, CXO,LLHTCH K B. 3TO 

sarrHCbIBaeTIC5I Bn t B H 03HaqaeT, tITO BncBn+b Vn, 11 ,lJ.JIH KaiK,nOR 
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\.,\ 
1'OqKH xEB 'C P10CTOM n HaI11,lI,eT:cH T3Koe Bn,KOTiQ'pOe Bce :IKe x na

KpoeT. 11 TeM ,He MeHee ,lI,aMe CTOJIh :lKeCTKHX Tpe60BaHHH CXO,LLHMOC

TH 'C06bITHH He,lI,OCTaTOqHO, qTo6bI rapaHTHpOBaTb CXO,lJ.HMOCTb HX 

BepOHTHOCTeH, qTO rrpOB03rJIalliaeTC5I 'CJIe,lI,yIOllJ,HM Te3HCOM. 

11. BepoHTHOCTl1 B 06meM He HBJI5IIOTC51 HenpepbIBHbIMH no OTIIfO~ 

llleHHIO K MOHOTOHHoti CXO,UHMOCTHc06bITHiL 3TO HeraTHBHoe CBOt1

CTBO 03HaqaeT, tITO,HMe5I P (B n ) H 15 (B n ) H 3HaH, qTO B n t B, TeM 

He MeHee MOiKHO P(B) H P(B) 6paTb OTJIHqHbIMH OT npe,lI,eJIOB 

lim P(B n ) 11 lim J5(B n ) , ,He 'Hap'YlllHB (rrpH 3TOM ,CBoH.cTIBa IcorJIa,COBaH" 
n~oo - n~oo 

r 
HOCTH mep05ITHOCTeiL Il'Qi~~aMeM 3TO Ha \npUMepe. 

IT p 11 M e p 1.9. TIYCTb B n tB, B n =l=B 11 nepB11lJ'HbIM11 5IBJUIIOTC5I J5 (B n) = PI, 
P (B) = P2 > Pi. TOf,lI,a lim J5 (B n ) = Pi <P2. 3,lJ,eCb COfJIaCOBaHHOCTb Bep05ITHOCTeH 

n~oo 

I
 

I
 

!'Ie MewaeT 3a,lI.aTb pz OTJIHlJHbIM OT Pt. ECJIH :IKe ,lI.OnOJIHHTb YKa3aHHbI}I Ha60p elUe 

O,lJ,HOI1 nepB11lJHOH HHlKHeI1 Bep05ITHOCTbIO P(B) =P, 
O,J,HO H3 B n Co6bITHe B He BKJIa,lI.bIBaeTC5I, TO 

lim P(B n ) =0, TOf,lI.a KaK P(B) =p>O. 
ll~OO - -

npO)l,OJIJKeHHe nepBH4HhIX BepOSlTHOCTeH. 

0<P~P2, TO TaK KaK H11 B 

P(B n ) =0, 11 C.TIe,lI.OBaTeJIbHO, 

-

HHTepBaJlbHblM pacnpe;. 
OeAeHueM aepOflTHocreU (COKpameHHO I1PB) Ha3bIBaeTC5I 11M, nep

Bl'fl-rHbI MH ,UJI5I KOTOpOH 5IBJIHIOTCH BepOHTHOCTH (Toq:Hhle HJIH HHTep

BaJIIYHble) Ha60p a C06bITHI1. TlepBH4HbIMH npH3HaKaMH I1PB HBJI5I

IOTCH HH,nHKaTopHbIe -epyHKUHH A (x) C06bITHt'I A ,nepBHqHOrO Ha60pa 

set, H Ha HHX 3a,naHbI BepOHTHOCTH ,B BH,ne TOqHbIX 3HaqeHHH P (A), 
HHTepBaJIOB P (A), P (A) HJIH O,lI,HOH H3 rpaHHU, qame BepxHetL ECJIH 

HeT HH:lKHeiL TO BCer,lI,a MOMHO rrOJ10.lKlITh ee paBHofI 0, a He 

3a,j!.aHHYIO P(A) ClJHTaTb paBHoH 1. 3ToHH4ero He H3MeHHT, KpOMe 

Toro, 4TO Ha Bcex C06bITHHX H3d 6y,nyT onpe,neJIeHbI HHTepBaJIbHhle 

nepBHlJHble Bep05ITHOCTlI, n03BOJI5I5I 0603HaqeHlIe (P (eSt), 15 (.set) ). 

ECJIH :IKe Bce nepBHqHbleBepoHTHOCTH npHBe,ll.eHbI K BepxHHM, I1PB 
0603HaQaeTIC5I <P (d). 

PaccMoTpHM, KaK npo,nOJI1KHTb BepoHTHoCTH, rrepeHecH HX Ha 

Cpe,ILHI1e JII06hIX rrpH3HaKoB. [lOCKOJIbKY rrepBHqHhIMH rrp113HaKaMlI 

I1PB 5-IBJI5IIOTCH C06bITH51 H3 d, TO BTOPHqHbIMH 6y,nyT BceB03MO.lKHble 

11K KOHe4Hble JIHHeHHble KOM6HHaUHH: 2 d = {g (x) = c+~ciAi (x), 
AiEd}, (BTOpH4Hble, OHH 1Ke Id-H3NlepHMble, epyHKUHH), cue C H 

Ci - rrpOlI3BOJIbHble K03epepHUHeHTbI, H nepBHqHhle 3HaqeHHH rrepeHo

C5ITCH Ha BTOpH4Hble npH3HaKH no (1.1): 

npH Ci>O,Mg==c+ L:MctAi(x), r)I.e MciA i =={CiP(Ai) 
Ci ~ (Ai) npH ci <0. 

3TO nepBbIIf lllar, XOT5I H He O,LLH03HaqHhIH, TaK KaK O.LLHO g !'vIOMeT 

~-pa3HOMY 3aIlHCbIBaTbCH qepe3 Ai (TOr,lI,a 6epeTCH l'vlHHHMaJIbHOe H3 

Mg Cpe,LLH BceB03M01KHhIX 3anHceH). 

CJIe,nYIOmHI1 mar COCTOHT B ,rrpO,lI,OJI)KeHHH 3THX Cpe,lI,HHX C HX 

corJIaCOBaHHeM no (1.2) Ha JII06hIe OrpaHHqeHHhle epYHK~HH f (x). Ho 
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3TO 6Y,lI.eT B03MOlKHO TOJIhKO, eCJIH nepBHQHhle Bep05ITHOCTH IHenpO

THBOpeqHBbI: g~O=>-Mg~O, VgE2d. TOf,lLa epOpMyJIa 

Mf = inf Mg, v fEffo 
f (X)~g(x)E!£A 

Jl.aeT ,C'OrJIaCOBaHHble 3HaqeHMH Ope,lJ,HHX ,Ha JII06bIX OrpaUIIqeHHbIX 

oBepxy nplISHaKaX. KJIacc fTo nOCJIe,lJ,IHHX d-MalKopnpyeM H nOToMy 

6Y,lJ,eT eCTeCTBeHHOH 06JIaCTbIO np0,lJ,OJI2KeHH5I BepXHHX Cpe,lJ,HHX BCeX 

I1PB: fFA=fTO• B qaCT,HOCTH, 6y)1.YT onpe,UeJIeHbI BepXHHe BepOHT-

HOCTH J5 (B) (II Qepe3 HHX HH:tKHHe Ino iC'BOH'CTBY 2) (,UJI5I B;C e x co
6bITHH V BcflC, ,lJ,)pyroe ,neJIO, qTO OHM MloryT OKa3aThC5I ,,nJI5I MIHorHX 

C06bITHH TpHBHaJIbHhIMiH, T. e. paBHbIMH 1. 
)KeJIaHHe pacnpocTpaHHTb cpe,IJ.HHe Ha HeOrpaHHqeHHble IlpH3Ha.. 

:KH (TaKIHe K3iK x, xk , tg X If T. ,n.) no nO,lI.06IIIOMaTeMaTIIqeCKIIX O:tKII

.naHHH ,naeT OrrpaB,lI.aHHe TpeTheMy wary, K KOTOpOMy n nepeH,lI.eM. 

npe,lJ.eJIbHOe npO,lJ.OJIJKeHHe cpe,lJ.HHx. ,UeHcTByeM cTporo no aHa-

JlOrHH C HHTerpHpoBaHHeM, nOMH5I, qTO HHTerpHpoBaHHe no BepoHT

HOCTHOH Mepe ,Be,lJ,eT K MaTeMaTHqeCKHM OlKH,lJ,aHH5IM. B TeopHII nHTe

rpHpOBaHH5I: a) rrepBHqHbIM'H ,lJ,aIOTC5I MepbI M'HOlKeCTB, 6) JIX 3Ha

qeHH5I rrpHcBaHBaIOTC5I HHTerpaJIaM OT UH,lJ,HKaTOpHbIX <pyHKUHH, 

B) ,naJIee 3TH 'HHTerpaJIbI paCilpOCTpaH5IIOTC5I no a,U,UHTHBHOCTH IRa 

HHTerpaJIbI OT Bcex rrpOCThIX epyHKUHH (CyMM HH,llHKa'TOpOB), r) sa

TeM rrp0.LlOJIlKaIOTCH Ha HHTerpaJIbI OT H3MepHMbIx OrpaHHqeHHbIX 

<PYHKlI,HH, ,n)' IIOCJIe,LI:HHe, Ha.KOHe~, rrepeHOC5ITCH Ha ueOrpaHHQeH\HbIe. 

nOCJIe,ll;HHH: IIIaf rrpHMeHHTeJIbHO K 11M JI COCTaBJIHeT npe,nMeT Ha

llIero paccMOTpeHH5I. 
YceqeM HeOrpaHHqeHHYIO <PYHKUHIO f CHH3Y ypoBHeM -HI H cBep

xy ypoBHeM H 2, 0603HaqHB 

f -HI' f(x)<-H1 , 

f<-H t • HI> (x) = ~ f (x), - HI ~ f (x) ~ H2, 

lH2 f(x»H2• 

cI>Y.HKUUH f-HI ) H 2 (x) OrpaHHqeHbI H n03ToMY cpe,UHHe ,UJI5I HHX 

Bcer,na orrpe,LI.eJIeHbI. IlOJIO)l{IJ1M ,LI.JI5I HeOrpaHHqeHHOH cPyHKUHH 

2Mf == lim lim Mf(-H 1 , H ). (1.4) 
H 1 ~oo H 2-+ 00 

Co6cTBeHHO, TaK HHTyHTHBHO H nOH11MaeTC51 Bcer,Ua HeOrpaHHQeH-

BaH <pyHKUHH KaK npe,nen ee yceqeHHOrO BapHaHTa npH yCTpeMneHllH 

K	 6eCKOHe4nOCTH ypoBHeH yceqeHH5I; eCTeCTBeHHO, B 3TOM KJIIOQe 

CJIe,UyeT IIOHHMaTb H cpe)l,HHe. Ba2KHO, qTO CHaqaJIa H 2 yCTpeMJI5I

eTCH K 00, TaK KaK B CHJIy MOHOTOHHOCTH 3TO ,llaeT HaH60JIbllIee 3Ha

qeHHe npaBOI1 'qaCTH, a 3aTeM y)l{e HI. 
,UJI5I npe,UeJIOB (1.4) BblnOJIH51IOTC5I Bce aKCHOMhI. H3 HHX At-A3 

,LLOKa3bIBaIOTC5I C nOMOIUbIO HepaBeHcTB: 

1) f>g*f(-H 1 ,Ha»g<-H t ,H2 ). 

2)	 b+ f(-H 1 , H j ) + c = (b+ t+ C)(-b+H 1+C; b+H:+C); 

3)	 (f + g)(-H 1 , H 2 ) ~ f<-Hd2, Hz+Hd2) + g(-Hd2, H2 +Ht/2) , 
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B ,KOTOpbIX HylKHO B35ITb M H rrepeHTH K npe,LI.eJIaM, CHaqaJIa H2-+00, 

.a 3aTeM HI-:;-oo. AKcHoMa A4 6y,LI.'eT BepHa ,rro OTIpe,lJ,eJIeHHIO. IlpH
''lleM, TaK KaK (-,j) (-HI, H 2 ) =-l(-H2 ) Hl), TO Mf= lim lim Mf(-Hb H 2 ). 

- H2~00 Hl~oo-

B ,naJIhHefIweM 6Y,lI,eM B OC,HOBHOM HMeTh ,UeJIO C BepXHHM'H epe)!, 

HHMH, OCTaBJI515I HH:tKHee «3a KyJIHCaMH» epOPMYJIhI ,o6pameHHH (aK

·CHOMbI A4). ,llJIH 3a,lI,aHHOH J{ 0603HaqHM f!T00 KJIaCC Bcex npn3HaKOB~ 

.JI,JI5I KOTOphIX cymelcTByeT 11 He paBeH 00 rrpe,UeJI (1.4): f!T00 == 
= {t : Xll < 00 }, Ha30BeM 3TOT KJIaCC npeoeAbflou o6AacTb1O cyU{ecT
.80BaflUfl Bepxflux cpeafiUX l1PB, a eooTBeTcTBYlOmyIO cOBoKyrrHocTH 

.cpe,LLHllX <M[T'00> MO,lI.eJIb - npeoeAbflotl J{00- CMblCJI np0,lJ,OJI2KeHH5I 

(1.4) 04eHb eCTeCTBeH: Heorp aHUqeHHble IIpH3HaKH MhICJI5ITC5I KaK 

_HMeIOllI.He HeKoTopbIH TIiOTOJIOK, 'KOTOpbIH 6e3MepHo BbI'OOKO pac

nOJIOlKeH (TOqHO TaK)Ke nOHlfMaeTC5I HaMH KOCMH4eCKa5I 6ecKpafI

HOCTh). 11 B 060SpHMOM JLHarra30He (-HI, H 2 ) BbIqHCJIHeTC5I cpe,lI, 

'Hee, npn YBeJIH4eHHH Hi Bee 60JIee npH6JIH2KaIOmee rrpe,lI,eJIbHOe 3Ha

-qeHHe. 

3TOM Me TOtIKH 3peHHH MOlKHO 6bIJIO npH,lJ.eplKHBaTbC5I ,lJ.JI5I JII06bIX 11M, CtIH

"TaH Bee HeOrpaHHtIeHHble npU3HaKH, BXO,lJ.HIIJ.He B fT, HMelOIIJ.HMH HeKOTopbIH 06IIJ.HH 

nOTOJIOK, CTOJIb He,lJ.OC5IraeMO BhICOKHH, lITO ero B HaIlIHX .n.eHCTBH5IX npOCTO Y,lJ.06HO 

He 3aMeQaTb, onepupY5I «HHlKHHMU» QaCTHMH npH3HaKOB. flpH TaKOH UHTepnpeTau.HH 

npe.n.eJIbHa5I I1N1 J( 00 «ypaBHHBaeTCH B npaBax» C nOCTpoeHHOH no nepBHlIHbIM 

npH3HaKaM corJIaCHO ¢opMyJIe npon.OJIlKeHHH. 

3 a M e q a H IH 51. 

1. TIep'exo,n K rrpeJLeJIy B (1.4) MaTeMaTUqeCKH IIIo,Upa3YMeBaeT 

HenpepbIBHoCTb npaBoH qalCTH rrpH HI, H 2-+-oo, a 3TO eCTh ,lJ;orrOJIHH

TeJIhHOe CBoHeTBD Cpe,LI.HHX, HHo'11KYJLa H3 ,noKa33iHHOrO HaMH paHee 

He CJIe,LI.yIOmee. ECJrH He npnHHMaTb 3'TOrO CBOHCTBa, TO MOLKHO 6b1JIO 

6bI 6paTh Ntt OTJI'HqHblM OT npe,neJIa npaBOH qaCTH (1.4), n03ToMY C 

¢OpMaJIbHhIX n03H~HH IIpe,neJIbHa5I Mo,neJIb Jf(ooeCTb ¢opMa cy*e

HHH '3a:,uaHHoH JIt-::::;;Jf{00 :IItO 'npaBHJIy, iCDoTIBeTiCTBYlOmeMY (1.4). 
2. TIpHHUHn npe,lI.eJIhHOrO pacllIHpeHH5I 06JIaCT1I cymecTBoBaHHH 

npHMeHHM IH K o6meMy KJIaccy 11M <M~). CHaqaJIa epe,UHHe C cg 
pacnpOCTpaH5IIOTCH no epopMyJIe npOJLOJI2KeHH5I (1.2) iRa Ma:tKOpHpye

MylO Ha6opoM ~ 06JIaCTh fT~, B qaCTHOCTII, Ha a6COJIlOTHO orpaHH

tIeHHble npH3HaKH PTOiQc[T'.C§ (eCJIH Bce gt!£.cg OrpaHHQeHbI, TO fT~ = 
== g""'o). 3 aTeM rrpe,neJIbHbIM rrepeXO,lJ,OM I (1.4) PacrrpOCTpaH5IIOTCH C 

froo Ha fT00. JIHHeHHa5I 060JIOQKa 2+(g-'~Ug-00) H CTaHeT paclIlHpeH

, f HOH 06JIaCTbIO eymecTBoBaHHH cpe,nHHx, nepexo,U K KOTOpOH 3KBHBa

A11eHTeH	 cY)KeHHIO I'MO,LI,e_rIH <M~> K 'npe,LLeJIbHOI1 epopMe (.A1~>oo. 

HJI JIIOCTP au,HSI 11 P B. }-! a r JI 5I,LLH0 ,LLJIH ,UHCKPe TH bIX n poCTPa HCTB W 
l1PB rrpe,UcTaB.TIHIOTCH MHororpaHHHKaMH BeKTopoB P Bep05ITHOCTeH, 

rpaHH KOTOpbIX napaJIJleJIbHbI OCHM P (Xi) = 0, KaK 3TO BH,lLHO H3 

pHC. 1.7, f,lLe TpeyrOJIb'HHK :J, cooTBeTcTByIOmHH rOJIofI 11M, CpECO

BaH c pac. 1.4. 3JLeCb TpaneUHH u!{2 onpe,lJ,en5IeTC5I Bcer-o ,UByM5I 

nep'BI1'lJ'HbIMIi BepoHTHoCTRMH: P2(Xl) - JlerBa51 ee rpaHb H 152(X2) 

BepXH5I5I, T. e. IIMeeT ,HOp5I,lJ.OK 2, TOr,lI.a 'KaK uf{1 HMeeT rneCTb ne:pIBH4
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J(X )=/ p(Xl )==0J 

PHe. 1.7. OrrepaUH5I Ha,lJ. I1PB 

HbIX rpaHeil, CJIe,UOBaTeJIbHO, we

CToro rrOp5I,UKa. TIepeCeqeHHe 

,UBYX MPB - CHOBa MPB vlt l !\ 
!\Jlt2 H rrepBHqHbIMH 6YAYT Be

p05ITHOCTH, IIOJIyqeHHble CJIOMe

HHeM Boe,UHHO MeM,Uy co60H: rrep

BHqHbIX Bep05ITHOcTei:i eJ!{1 H JIt 2, 

qaCTb KOTopbIxrrpH corJIaCOBa-

HHH OKaMeTC5I H36bITOq,HOH, 

.Aiz TaK KaK rrpOXO,UHT BHe rpaHeH 

Jlt I !\Jf{2, KaK, HarrpHMep, P2(X2) 
?(Xt )=/ HJIH PI (Xl) Ha pHC. 1.7. 

06be,UHHeHHe ,UBYX MPB, 06

Be,UeHHoe Ha pHC. 1.7 WTpHXOB

KOH, epOp,MHpyeTHOiBbIe K!OHTyp!HbIe npaHH, KOTopbIe He irrapaJIJIeJIbHbI 

cTopoHa,M 3, T. e.YMe He ,COOTIBeT'CTBYIOT BepOHTHOICT5IM, qTO rrepeBO

,UHT B IpaMKH 60JIee '0611L'HX KOHCTpyKUliH 11M. TaK'lIM 'o6pa30M,XJIaCC 

Bcex I1PB He 3aMKHyT OTHOCHTeJIbHO orrepaU'HH 06be,UHHeHH5I. rOJIoe 

I1PB, COOTBeTcTByIOII.Lee IIOJIHOMy OTCyTCTBHIO HeTpHBHaJIbHbIX rrep

BHq>HbIX ,Bep05ITiHOCTeH, eCTb TO Me caMoe, qTO rOJIaH I1M. 

TIepefI,UeM K paCCMOTpeH'lIIO HeKOTopbIX qaCTHbIX CJIyqaeB MPB. 

KOHe4HO-a,lJ,,lJ,MTMBHbIe 11 P B. MHTepBa.JlbHa5I MOneJIb, nJI5I KOTOpOH: 

rrepBHqHO~I 5IBJI5IeTC5I CHCTeMa HerrepeCeKaIOII.LlIX'C5I C06bITHH, Ha3bI

BaeTC5I KOHeiiHo-aOOUTUBHblM UHTepBaAbHblM pacnpeoeAeHueM Be

POflTHOCTeu (KopOqe, 2:-I1PB). 0603HaqHM d z == {AI, A2, •••}, AiA j == 
== 0, i=l= j - Ha60p rrorrapHO HerrepeceKaIOII.LHXC5I C06bITHH H rrYCTb 

sa,UaHbI P(A j ), P(A j ), J==I, 2, ... XOT5I He Tpe6yeTC5I, qT06bI 06be

,UHHeHlIe A j OXBaTbIBaJIO Bce rrpOCTpaHCTBO fe, HO y'u06HO ,3TO CqH

TaTb, ,UorrOJIHlIB rrpH Heo6xo,UlIMOCTH HCXO,UHbIH Ha60p OCTaTOQHbIM 

Co6bITHeM Ao == (L:A j ) C (eCJIH OHO He rrycToe) H rrpH,UaB eMy B Ka

LJeCTBe rrepBHqHOrO TpHBHaJIbHbIH: Bep05ITHOCTHbII1 HHTepBaJI P (A o) == 0; 

P (1-1 0 ) == 1. Tor,Ua Sit 2. CTaHOBHTC5I ,Up06JIeHHeM rrpocTpaHcTBa ge Ha 

HenepeCeKaIOII.L,HeC5I IC06bITH5I, qTO J!..aJIee 'H ,rrpe.n.rroJIalraeTC5I. 

HerrpoTHBOpeqHBOCTb nepBHqHWX Bep05ITHOcTeti 3KBHBaJIeHTHa BW

rrOJIHeHHIO HepaBeHcTB: O~P(Aj)::::;;P(Aj), p(m)==~p(Aj)::::;;I, 

P (fE) == ~J5 (A j ) ~ 1. TIoCJIe,UH~ yCJIOBHe Tpe6yeTC5I TOJI~{O, eCJIH 

)lp06JIeHHe Sit ~ KOHeqHO. B cJIyqae CqeTHOrO ,Up06JIeHH5I B HeM HeT 
k 

Ha,U06HOCTH, TaK KaK HeCMOTp5I Ha paCWHpeHHe ~Aj rrpH yBeJIHQe
I 

HHH k BCer)la 6y,UeT OCTaBaTbC5I MeCTO ,nJI5I OCTaTOqHOrO C06bIT'H5I A o, 
.,UJI5I KOToporo rrOJIaraeM P (A o) == 1, 011CIO;:r,3 J5 (~) ~ 1, r;:r,e THJlb,UOH 

0603HaqeHa epopMaJIbHO rrepeHeCeHHa5I C rrepBHqHbIX Bep05ITHOCTb $. 

BTOPHQHbIMH rrpH3HaKaMH 6y,nyT BceB03MOMHbIe KOHe4Hble JIH

HeHHble KOM6HHaUHH g (x) == c +~ cjA-j (x), o6pa3yIOII.LHe JIHUeHHbIH 

KJIaCC P si'l:. epyHKUHH. B )Hero, B qaCTHOCTH, BXO,n5IT TaK Ha3bIBaeMble 

BTOpUiiHble C06blTUR A J - 3TO Te, KOTopbIe Ha6HpaIOTC5I KaK 06be
k 

..... 
.) 

,nUHeHH5I A j : A J ==~' A j, iflIe J11. -IKOHeqHbIl1 Ha60p HH,neKcoB.,LlJI5I 
k jEJ . 

k 
HHX P(A J ) ==~P(Aj), P(A Jk ) ==~P(Aj) - 3TO nepeHeceHHbIe rro 

'" k iEJk'" jEJ11. . 

aiJLJl:HTHBHOCTH rrep1BHQHbIe ;Bep05ITHOCTH (oTClO)I,a Ha3BaHHe: 3,n,UHTHB

Hble I1PB). 

YMe rOBOpHJIOCb 0 pa3JIUqHH CBOHCTB 8 - BepxHeH H 9 - HHM

Hell Bep05ITHOcTei:i. 3T'O pa3JIHqHe IOTpaMaeT'C5I H 'Ha iIIepeHeceHHbIX 

Bep05lTHOCT5IX, r,ne TaKMe «JIyIIIIl'HIMH» ,CBOHCTBaMH 06JIaAaeT 

HHMH5I5I Bep05ITHOCTb. TIp05IBJI5IeTC5I 3TO B TOM, qTO P (A J ) MoryT 

6bITb rro a,n,nHTHBHOCTH pacnpOCTpaHeHbI Ha CYMMbI eqeTHbIX MHO

)KeeTB HH,neKCOB J H 31'0 He nOBJIH5IeT Ha MPB. B eaMOM ,UeJIe, A J 

rrpH KOHeqHbIX IIO,UHa60p ax J11. cJ 06p a3YlOT BHyTpeHHocTb, «epyH)1,a

MeHT» ,nJI5I AJ , TaK qTO AJkcAJ H ~(AJk)::::;;~(AJ)' Vk, n03ToMY 

B KaqeCTBe ! (A J )'MOMHO B35ITb MaKCHMaJIbHOe 3'HaIIeHHe JIeBOH: qac

TH rrOCJIe,nHero HepaBeHcTBa, ,IIOJIyqaeMOe rrepexo,noM K rrpe,neJIy J11.t J, 
QTO Be,neT K <!JopMyJIe CqeTIHOro cyMM'HpOBaHH5I: P(AJ)==~P(Aj), 

--- jEJ--' 
rAe J cq.eTHO. B qaCTHOCTH, eCJIH qIICJIO C06bITHH: B Ha60pe ~~ CqeT-

HO, TO .uorrOJIHeHHe JC k K KOHeqHOMY Jk 6y,neT CqeTHbIM MHOMeCTBOM 

HH,UeKCQiB 'H 

P (A~ ) == ~ P (A j ).
'" k --. 

jEJ~ 

<PopMyJIa 'CqeTHOrO .cyMMHpOBaHH5I He pacnpOCTpaH5IeTC5I Ha Bepx

HHe Bep05ITHOCTH, rrOCKO~71bKY Ha CqeTHOM J ,nJI5I C06bITH5I A J yMe 

HeB03MO)KHO C03,naTb MaMopHpylOII.LYlO ero «KpbIllIY» H3 KOHeqHOrO 

qnCJIa neplBHQHbIX C06bITHM. 

Teo pie M a 1.2. ECAU nepButtHble uHTepBaAbHble BepoRTHoCTU sa

iJaHbl Ha opo6AeHuu Sit~ npocTpaHcTBa Fe Ha HenepeceKafOU{uecfl 
C06blTUR, TO BblpaJICeHUeM 

P(AJk) =min {P(AJk), l-~(A~k)} (1.5) 

OfiU npooo.l~JlCa!OTCfl, oeAaflCb C02AaCOBaHHblMU, Ha Bce BTOpUttHble 

C06blTUfl. flpOOOAJlCefiUe Ha Bce BTOpUiiHble npUSHaKU ocyU{eCTBAReT
Cft ¢;0pAtYAa,/vlu 

M(~cjAj)===min[c+2: (Cj-c)P(A j)- ~ (c-cj)P(il j )], (1.6) 
C Cj>c Cj<c '" 

npUlie.llt MUHUJVlyM OOCl'U2aeTCfl npu C == c*, yooBAeTBopRfOU{eM ypaB
fleHUfO 

~ P(A j )+ 2: PC1 j )+ 2: [xP(Aj)+(I-x)P(A j )]= 1 
Cj> CIj< Cj < C* --. Cj=C* 

npu oOHo3fialifio cyU{ecTByloU{eM Bbl60pe O~x::::;; 1. 
'uoKasaTe,lIbcTBO BbIHeeeHO B KO'Heu naparpaepa 

TIOHCHHM epOPMYJIy (1.5). Bep05IT'HOCTb P (AJ ) 

HOH CTOpOHbI, KaK cyMMa BepJeHHx Bep05ITHOCTe~I 
TUM, COCTaBJI5IlOII.LHX AJ k' a C .upyroH - ,naHHble 

--. 

B ,norrOJIHeHHe 2. 
rrOJIyqaeTIC5I, C 0)1,

rrepBHqHbIX C06hI

06 3TOH Bep051T
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HOCTH qeprralOTC5I H3 ou.eUKU HHLK'HeH Bep051THOCTH rrpOTHBOnOJIOLK

HorD C'06bITH5I ACJke nepeTC5I TO H3 ,nByX 3HaqeH'HH, KOTopoe 60JIee 

TOqHOe, T. e. MeHhllIee no ,BeJI'HqUHe. 

113 epOPMYJIhI (1.6) cpe,UHee ,UJI5I Bcero KJIaCCa IeSIt}:. BTopn4Hhlx 

rrpH3HaKoB nOJIYQaeTC5I c,nBHrOM: 1\1 (c +~cjAj) = C+1\1 (~c jA j ). TIo

HHTHO TaIKLKe, qTO (1.5) BhIIHO,UHTC5I H3 ,( 1.6), II OT1ClO,Ua 1Ke cyMMa 

rro P (A j ) B KOHue rrpaBoH qaCTH (1.6) ,UorrycKaeTc5I C4eTHoH. 

4>OpMyJIa (1.6) CTaHOBHTC5I BarJI5I,UHee, eCJIH 3arrHcaTh ee B BH,Ue 

M(~CjAj)== L cjP(Aj)+c*P*+ L cjP(Aj ), 

Cj>c·	 Cj<c* '-'"' 

r,ne P*=l- ~fi(Aj)- ~ P(A j). Tor,na M(~cjAj)==maXLCjPj. 
Cj>c* Cj<c*'-'"'	 P 

MaKcHMyM HmeTC5I no BeKTopaM P Bep05lTHOCTeH C KOMrrOiHeHTaM'H 

PjEI[~(Aj), PI(A j )] II ,nOCTHraeTC5I Ha BeKTope P*, KOMHOHeHTbI 

p* j KOToporo npHHHMaIOT MHHHMaJIbHO B03MOMHble 3Ha4eH!H51 p* j == 
=~(Aj) npHMaJIbIX Cj, T. e. Cj<c*, MaKCHMaJIbHble P*j=J5(A j ) npll 

Cj> c*, r,Ue c* no,n6HpaeTC5I TaKHM, 4T06bI P* 6bIJI BeKTopOM Bep05IT

HocTeH, a HMeHHO ~P*j= 1. 3TOH ,ueJIH CJIyMHT H BbI60p p* - KOM

nOHeHTbI BeKoTpa P HH,ILeKca i, cooTBeTcTByIOmero paBeHcTBy Ci = C~. 

,UaJIbHeHWee npo,UOJIMeHHe 'cpe,UHHx Tenepb yMe Ha Bce orpaHH

4eHHble cBepxy np'H3HaKH, KOTopble BcoBoKynHocTH CBoell H COCTa

B5IT eCTecTBeHHyIO 06JIaCTb cymecTBOBaHH5I cpe,UHHX ,UJIH ~ - I1PB, 

npOH3BO,UHTICH no H3!BeCT'HOH ¢opMyJIe 

Mf == inf Mg, fE;fo· 
g: t (x):::;;;g (x)E2A'~ 

C4eTHO-aJl,Jl,HTHBHble H PB. MbI C03HaTeJIbHO ,LLOJIro B03,Uep.IKHBa

JInCh 01' '6e30PoBop04Horo pacnpOCTpaHeHH5I 15(AJ ), AJ = ~ A j , -Ha 
jEJ 

C4eTHhle J no CBOHCTBy CyMMHpyeMocTH p5I,UOB, H60 31'01' war cpa3Y 

BhIBeJI 6bI Hac 113 np11BbIlIHhIX paMOK np'HH51TOH aKCHOMaTHKH. 3TOT 

llIar -- KOMneTeHUH5I nepBH4Horo 'Ha6opa, K 4eMy MhI Tenepb Ii 

06paTHMC5I. 

I1YCTb dx. = {AI, A 2, ••• } - c4eTHbIH Ha60p HenepeCeI<aIOIlJ)1XC51 

C06hITHH, 06pa3yIOlll,HX pa36HeHHe gee MhI BH,UeJIH, 41'0 eC~lH nepBH4

HbIMH HBJIHlOT'C5I 3HaqeHH5I ~(A j ), 15 (A j ), TO HHMH'I1e 6e3 ymep6a 

nepexo,nHT no a,U,UHTHBHOCTH Ha P (A J ) ,UJI5I JII06bIX, B TOM 4HCJIe 

CqeTHhIX J, a BepXHHe f5 (,4 J k) - TOJIhKO ,UJI5I KOHeqHhIX Jh, 06pa3y51 

!KOCT5IK p aCqeTOB Bep05ITHOCTeH (ITO (1.5) ,,UJI5I ~ -I1PB. 

nY'u'eM Tenepb CqHTaTh, l.JTO nepBHqHbIMH 51BJIHIOTC5I He TOJIbKO Aj 
(a O~CIO,Ua H AJ k)' HO H BceB03MOMHhle C4eTHble 06be,nHHeHH5I A J , 

B cOBoKyrrHocTH o6pa3yIOmHe cHcTeMyStta C06hITHH,IlpH4eM nepBHl.J

,Hble Bep05lTHOCTII 3a,lLaIOTC5I icpa3YC4eTHo-a,U,UHTHBHbIMH B TOM CMbIC

JIe, l.JTO J5(AJ)=~P!(Aj), P(AJ)I=~P(Aj), VI, KOHe4HbIX 'II Cqe1'
jEJ '-'"' jEJ'-

HbIX J (HH}Ke, IB ,llOnOJI'HeHHH 3 IIOKa3bIBaeTC5I, l.JTO 31'0 Tpe60BaHHe 

40 

BOBce He 51BJI5I'eTC5I 06513aTeJIbHbIM: nepnHQHOH MOLKeT 6bITb d CJ, a 

Bep05lTHOCTH Ha HeH 3a,UaHbI He ICqeTHo-a,U,lLUTHBHbIMH). 

I1HTepBaJIhHOe p acrrpe,UeJIeHHe Bep05lTHOCTeH, rr,epBUqnOH ,nJI5I KO-

Toporo 5IBJI5IeTC5I CJ1tCTeMa d cr ,C4eTHbIX CYMM Herrep'eeeKalOI.l(HXCH 

C06bITHi1, a nepBU4Hble Bep05ITHOCTH (HHLKH5IH H BepXH5I5I) C4eT'HO

a,U,UHTHBHhI, Ha3hIBaeTCH CtteTHo-aOOUTUBHblM (Kopoq-e, (J-I1PB) H 

0603Ha4aeTiC5I <P (A a ), 15 (A a ). 

Dprr 'OJI.H'llX -; Tex LKe HHTepBaJIaX !:(A j ), P(A j ), j= 1,2, ...• 3a CqeT 

paclIlHpeHH5I nepBH4Horo ,Ha6opa C4'eTHo-a,U,UHTHBHble I1PB OKa3bI

BaIOTC5I 60JIee Y3KHM'H, 4eM ~ -I1PB: 

(~(.Au),	 p (.Au» c (~(.Ax.). p (.AI.»' 

BOJIee Toro, a-I1PB, IB 06meM, He OTHOC5ITC5I K KJIaccy ~-I1PB, IIO

TO'MY 4Toda ICO,ILepMaT C4eTHble CYMMhI C06bITHH, TOf,Ua KaK ~-I1PB 
3a,UaIOTC5I OT,UeJIbHhIMH 3K3eMnJI5IpaMH C'06hITHH H UX Bep05lT'HOCT5IMH. 

TaKHM 06pa30M, CBOl1CTBO CqeTHOH a,U,UHTHBHOCTH 3KB1IBaJIeHTHO 

¢aKTH4eCKOMY ,paCllIIHpeHHIO nepBHl.JHOrO Ha60pa \C06bITHH IH HaJI02Ke

HIHIO ,UOnOJIHHTeJIbHbIX Tpe60BaHHH Ha rrepBH4Hble Bep05lTHOCTH. 

'uJI5I C4eTHO-a,U,UHTHBHbIX I1PB ¢OPMYJIa (1.5) corJIaCOBaHH5I Be

P05lTHOCTeH Ha :da (OHH Bce 6y,UyT Teneph y)Ke nepBHl.JHbIMH) BepH3 

oe3 KaKHX-JIH60 oroBopOK ,UJI5I Bcex AJESitae PaBHo KaK H epopMyJIa 

(1.6) CTaHOBHTC5I cnpaBe,UJIIHBOH ,nJI5I BTOPH4HbIX npH3HaKoB, KaKO
00 

BbIM'II 5IBJIHIOTC5I Tenepb Y)Ke JII06ble CqeTHhle CYMMhI ~cjAj Co6b1THH 
I 

A j 113 ,dae LLJI5I cpaBHeHH5I np5lMOrO H Cl.JeTHo-a,U,LI,IITHBHoro I1PB npu
Be,neM npHMep. 

n p H M e pLIO. TlycTb a; = {a, 1, 2, ...} - HaTypaJIbHblt'I p5IjJ, lIHCeJI II 3ajJ,aHhI 

00 

nepBHQHble Bep05ITHOC'TH Po, Po, Pi, Pi, ... TaK, lITO ~Pj~ 1. I10JIyqaeTC5I ~-I1PB'-'"' '-'"' o~ 

(co6cTBeHHo, jJ,JI5I npOH3BOJIbHbIX npocTpaHcTB a; II jJ,p06JIeHH5I d~ = {Ai, A ... }2 , 

MbI rrpH.2I.eM K TaKoMy 2Ke I1PB, eCJIH oTo6pa3HM Ar+j, j=O, 1, ... ). ,UJI5I KOHeq

Horo MH02KeCTBa Jk TOqeK Bep05ITHOCTII corJIacYIOTC5I no (1.5). PaccMoTplIM CqeT

Hoe CoobITHe A = {a, 2, 4, ...}, COCT05Imee H3 qeTHbIX lIUCeJI, II A c - II3 HelIeTHbIX. 

TorjJ,a ,UJI5I 2:-I1PB 

00 00 

~ (A) =	 L ~2j, ~ (AC
) ==.~ ~2j+l,
 

j=O 1=0
 

OTKY,lI.a nOJIYlIaIOTC5I COrJIaCOBaHHble 3HaqeHH5I ~(A) =-E(A), P(A) = 1-~(AC). OTMe

THM, lITO	 Pj IHe yqaCTBYIOT B onpejJ,eJIeHHH BepxHei'I Bep05IT:HOCTH CqeTHbIX C06bI

THH A no OTCyTCTBHIO KOHelIHblX uaKpbIBaIOIIJ,nx A caCTeM nepBHlIHbIX COObITHH. 

,QJI5ICqeTHo-ajJ,jJ,HTIIBHoro I1PB ,lI.onOJIHHTeJIbHbIM yCJIOBHeM HenpoTIIBOpeqHBOC
00 

TH 6yn:er	 ~P j ~ 1. DPH KOHelIHhlX Jk BepOHTHOCTH Te 2Ke. ,.[(JIH BBejJ,eHHoro BbllI1e 
'1 
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00 00 

',A HMeeM: P (A) = ~ P j, P (A C) = L, P2j +1, H COrJIaCOBaHHbIMH 6Y,lJ.YT yLKe .npyrne2 

, j~O 1=0 
• 3HaqeHIIH ~(A) =max{~(A), I-P(AC)}; P(A) =min{P(A), l-~(AC)}, qTO COOT

',BeTcTByeT 60JIee TOlJHbIMBepOHTHOCTRM. 3TO YBeJIHqeHHe 110qHOCTH ;IT.OCTHraeTC5r 

',3a CtIeT Toro, tITO nepBMqHbIMH MCXO,lJ.HbIMM CqMTalOTCH He TOJIbKO HaTypa.JIbHble 

, ~HCJIa, HO n IIX BceB03MOLKHhleClleTHble CYMMbl. 

TIPH TOqHbIX nepBIIqHbIX BepOHTHOCTHX !...j=Pj=P j , j=O, 1, ... , TaKIIX, tITO 

"~P j = 1 (yCJIOBHe HenpoTHBOpetfHBOcTH), KaK HeTpY,lJ.HO BH,lJ.eTb, Bep051THOCTb JIlO

e
" 60ro C06bITHH A 6Y,lI.eT TOqHOH: P (A) = P(A) = P (A) KaK ,lI.JIH KOHeqHO, Ta'K H ,lI.JI5t 

" ClJeTHo-a,lI.,lJ.UTHBHbIX I1PB, T. e. 06a THna I1PB COBIla,lI.YT Me1K,ny c060fi H BepoHT

'HOCTh JI106oro CqeTHOrO no,nMHOLKeCTBa 6y,neT TOllHOH, paBHoH cyMMe Bep051THO

',cTeH. 9TO eCTb 3aKOH CtIeTHOH a,lI.JJ.HTHBHOCTH TOqHhIX BepoHTHocTeH, BepHbrfi ,lJ.Jur 

',,lJ,HCKpeTHblx (KoHe1JHhIX HJIH CtIeTHhlx) )I,p06JIeHHH st'J:. npOH3BOJIbHOrO npocTpaH

, CTBa gee 

0606meHHSI. 3neCb 6yneT paCCl\tIOTpeH CJIyqaH, KorAaSit'l:, He 5IB

" JI5IeTCH AI1CKpeTHbIM, T. e. KOHeqHbIM HJIll CqeTHbIM. Y,U06HO ,UJI51 Har

'JI5I,U'HOCTH Boo6pa)KaTb B KaqeCTBe ge qHCJIOByIO np5IMYlO fIl. 
, CHcTeMa Sit nOAMHO)KeCTB Ha3bIBaeTcH KOAbl{OM H ,o003HaqaeTC5I 

',:Jt, eCJI'H OHa 3aMKHyTa no OTHOIlleHHIO K onep aUHHM rrepeCeqeHHH Ii 

.. CliMMeTpHqHOll pa3HOCTli (,1): A, BE:Jt'=>-ABE:Jt', A,~B=ABcU 
, UAcBEX. A eCJIHK TOMy )Ke OHa 3aMKHyTa no OTHOIlleHHlO K CqeT

" HbIM 06be,lLHHeHHHM, TO Ha3bIBaeTC5I (J-KOAbl{0M H o003HaqaeTC5I :Jta· 
',Ha qHCJIOBOH npHMOfI fJl KOJIbUO MHO)l{eCTB o6pa3yeTcH BCeB03MOLK

'HbIMH KOHeqHbIMH 06be,UHHeHH5IMH (cyMMaMH) HenepeCeKalOIUHXC5I 

·.OTpe3KOB, 3TO 6y,lI.eT lWAbl{O Orpe3KOB :Jt'J:, (nO,lI.p06Hee CM. 1[20]). 
, Mepot1 Ha KOJIbue X Ha3bIIBaeTCH HeoTpHuaTeJIbHaH KOHe4HO

'I a,U,UHTHBHaH epy HKU H5I MHOlKeCTB, a Ha :Jta ~ CqeTHo-a,n,UHTHBHaH• 

.. 3aMeTHM, qTO CyMMbI AJ = ~ Aj IHenepeceKaIOmllXC5I A j B npe,lI.bI
h 

jEJk 
'I .n.yrueM H3JIOlKeHHH 06pa30BbIBaJIH KOJIbUO (a ,norrOJIHeHHble CqeTHbI

• MH .cyMMaMH - a-KOJIhuO) H ~(AJ), P(AJ) - MepbI Ha HeM (npl){

• qeM P (A.T) 6e3 ymep6a np0,lI.OJIlKaIOTC51 ,lI.O ·cqeTHO-a,lI.,lI.HTHBHOH MepbI). 

BepHeMCH K o6meMy CJIyqalO H 6y,lLeM CqHTaTb, qTO nepBHtIHble 

• Bep051THOCTH npenOLLHOC51TC51 ,lI.ByM51 MepaMH P(A) IH P (A), AE:Jt', 
'I Ha KOJIbue ::It. KOHeqHO-a,U,UHTHBHaH Mepa epopMHpyeT ~-I1PB, a 

II CqeTHO-a,lL,lLHTHBHa5I Ha (J-KOJIbue - cOOTBeTCTBeHHO a-I1PB. 
HanpHMep, Ha flJl onpe,neJIeHbI Bep05ITHOCTH P,[a, b), Pl[a, b) JIlO

• 6bIX oTpe3KoB H MbI llX nepeHocHM TIO a,lI.,lI.HTH;HoCTH Ha CYMMbI OT

II pe3KoB. flpH 9TOM BepoHTHoCTH :P MoryT 6bITb HJIH OKa3aTbCH 60JIb

II rue 1, qTO He BHOClIT 3aTpy,lLHeHHH, TaK KaK OTKoppeKTHpyeTC5I npII 

• COfJIaCOBaHHH. B 06meM, P (A), 3a,lI.aBaeMble KaK nepBHqHble Bep05IT

I HOCTH Ha MeJIKHX MHO)KeCTBaX, OKa'3bIBalOTC5I Y:IKe He Bep05I'~HOCTH-

II MH, a MepaMH Ha IIIHpOKHX MHO)KeCTBax. 
Tpe60BaHHe HenpOTHBOpeqHBOCTH 3aAaHHH nepBHtI'HbIX Mep co-

I CTOHT B CJIe,nyIOmeM : 
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a) O~E(A)~P(A), VdE::It; 

6)P(A) ~1, VAE%; 

B) P(&e)~l. 
TIoCJ1e,lI.Hee yCJIOBHe HMeeT CMbICJI, KOr,lI.a fe BXO,lI.HT B cnCTeM 

nepBHqHbIX C06bITHH. I1Haqe OHO He Hy)KHO, TaK KaK no aKCHOMe At 
Bce paBHO 6Y,lI.eT P(f!E) == 1. 

cDop MyJI a npO,UOJIlKeHHH If 'corJIaCOB3'HH5I Bep05ITHOCTen TO)K.ueCT-, 

BeHHa (1.5). 'uJIHrrpOH3BOJIbHbIX C06bITHH OHa 3arrHilieTCH: 

P(B)=min{ inf P(A),1- sup P(A)}. 
BcAE/Jf BC ~AEJ{'-' 

OTMeTHM, LITO eCJIH BepXHHe Bep051THOCTH IHe 3a,UaHbI, T. e. MO)K

HO CqHTaTb P(A)=l, VAE%, TO ~(A)==P(A), P(A)==l:-P(Ac), 

AEX. Tor)la HH)KHH5I Bep05ITHOCTb an,UHTHBHa Ha cyMMax: 

P (LA i ) = "'22P (Ai), a BepxHHH - B o6w.eM, HeT. 

- TIpH3HaK-l (x) Ha3bIBaeTC5I :!t-U3MepUJHblM, ,eCJIH OH npe.rr.cTaBJIH

eTC5I KaK paBHoMepHo :CXO,lI.Hll(HHC5I npe,UeJI KOHeqHbIX JIHHeH'HbIX KOM

6HHaUHH C06bITl1H 113 X. CTporo rOBOp5I, KJIaCC Bcex Jt-H3MepHMbIX 

npH3H3KOB COCT3BJI5IeTC5I 3aMbIKaHHeM KJIaCCa P X OTHOCIHTeJIbHOI 

paBHOMepHOH CXO,lI.HMOCTH. CJIOBO r«H3MepHMbIH f» 03HaQaeT, qTO, 

yMeH H3MepHTb MepbI C06bITHH AEJt, MO)KHO CKOJIb yrO,LLHO TOqHO 

BblqHCJIHTb 3a KOHeqHOe 4HCJIO marOB HHTerpaJI OT f. 
ECJIH lEg::Jt, T. e. ,f eCTbKOHeqHaH JIHHeUHa5I 'KoM6HHaUI15I C06bI

THH II3 X, TO Nit Haxo.rr.HTC51 no (1.6). flpH f1J ==fJl ,LLJI5I H3MepIIMbIx 

OTHOCHTeJIbHO KOJIbua oTpe3KoB J I (3TO Bce HenpepbIBHble epyHKUHH x 
II ci 'pa3pbIIBaMH nepiBoPo pO:Aa) ICYIM'MbI IB (1.6) npeBparuaIOTIC5I B HH

TerpaJIbI: 

Mf==min[c+ J(f(x)-c)+dP- S(c-f(x))+dP], (1.7) 
c .-. 

r.ue IIJIIOC 03HaQaeT, qTO 6epeTcH HeOTpHuaTeJIbHa5I qaCTb epYHKUlJ1H. 

)lJI5I .~ - I1PB (nepBHqHbIM HBJIHeTCH KOJIbUO Jt): oTpe3KoB) 3,UeCb 

II'HTerpaJI nOHHMaeTCH B CMbICJIe PHMaHa - CTHJITbeCa, a ,lI.J1H 

(J'-I1PB - B CMbICJIe J1e6era - CTHJITbeCa II ,LLJIH nOCJIe,UHero KJIaCC 

TIpH3HaKOB paCllIHp51eTC5I ,no H3MepHMbIX no JIe6ery. 

T04Hwe pacnpeAeneHMD BepoDTHocTeA. TIYCTb Ha npOH3BOJIbHOn 

CHCTeMe ,set nepBlIqtHbIX C06bITHll ,UalOTC5I TOqHble Bep05ITHOCTH: 

~(A) ==P(A) =P(A), AEd. I1x COrJIaCOBaHHOCTb 3KBHBaJIeHTHa He

npOTHBopeLIHBocTH H COCTOHT B TOM, qTO: 1) A, BEd, AcB* 
==>-P(A)~P(B); 2) eCJIH ,AjEd - nonapHo \HenepeceKaIOmHeC5I co

ObITH51 H HX cyMMa TaK)Ke BXO,UHT B cHcTeMy d, TO BblnOJIH5IeTCH 

33KOH a,LL)J,HTHBHbIX Bep05ITHOCTeH: 

L Aj Eu4 ==> P (L: Aj ) = L: P (A j ). 

Bep05ITHOCTb CYMMbI HerrepeCeKaIOllJ,HXC5I AjEd 6yneT Bcer,Ua 

TOLIHOH, eCJIH cyMMa KOHeqHa (LITO 'cp a3Y CJIe,lI.yeT H3 'CBOHCTB 8, 9), 
nO~ToMY Tpe60BaHHe KOHeqHOH a,U,UHTHBHOCTH T04HWX Bep05ITHOCTe~ 
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OOH3aTeJIbHO Y:IKe npH HX 3a,UarHHH II paBHOCHJIbHO HX HenpOTH'BO

peqHBOCTH. Ho He Tpe60BaHHe CqeTHOH a,U,UIITHBHOCTH, TeM He MeHee 

KOTopoe ,UOJI:lKHO BblnOJIH51TbCH, Kor,Ua no 3a,UaHHlO 3aBe,UOMO H3BeCT
00 

HO, tITO ~AjEd, T. e. tITOCqeTHa51 cyMMa 11MeeT TOqHYIO BepOSlT

1 

!HOCTh. 
06m11e CBOHCT'Ba TOqHbIX Bep05lTHOCTeH Henocpe,UCTBeHHOBbITe-

KalOT 113 CBOM'CTB II'HTepBaJIbHbIX BepOHTHOCTeH '(iCM. HaqaJIO H3CT05l

mero naparpaepa). I1PO,nOJI:lKHM HaqaTYlO TaM HyMepaUHIO CBOMCTB,. 

CqHTa51 AiEd. 
12.	 P(W)=I, P(0)'=O. 
13.	 P(A)=I-P(AC). 

14. p( *Ai )= ~P(Ai). 
00) /(0) 00

15. limP ~ Ai ==o*pl ~ Ai = ~P(Ai)·(k~oo k+l \ 1 1 
0603HaQHM d* - Ha60p C06bITHH, Ha KOTOpOM npH npO',ll.OJILKe-


HHH C d Bep051THOCTH OCTalOTCH TOqHbIMH. OqeBH,UHO, d*-::::Jd. 113
 
CBOHCTB 12 II. 13 CJIe,nyeT, qTO W, 0cd* H qTO AEd**AcEd*.
 
CBoHcTBo 14 03HaQaeT 3aMKHyTOcTb d* OTHOCHTeJIbHO KOHeQHbIX
 

CJIO:>KeHHM HenepeCeKalOIlIJIXC51 C06bITHH. 4eM llInpe d B CMbICJIe KO


JIHqeCTBa C06bIT'HH H 3aMKHyTocTH orrepaUHH, TeM 6oraq'e 6y,neT ,d*~
 
oTKy,na MoryT rr051BHTbC5I ,UorrOJIHHTeJIhHble CBOMcTBa TOqHbIX BepoHT-


HocTefI.
 
DepeH,UeM K CJIyqalO, KOf,Ua HCXO,mHbIH Ha60p d 3aMKHyT OTHO-


CHTeJIbHO nepeCeqeHHH H pa3HocTH, T. e. o6pa3yeT C060H KOJIbUO
 

MHOlKeCTB ,d=.:!t (MO:IKHO H rrOJIyKOJIbUO, CKa:IKeM, Bce oTpe3KH qIHC


JIOBOH np51MoH). 'for,Ua COrJIaeHOCBoHcTBaM 12, 13, 14 Ha60p d*
 
C06bITHM,Ha KOTopble np0,UOJI:lKalOTC5I TOqHble BepoHTHoCTH, o6pa3yeT
 

aA2e6py MHOJKeCTB (aJIre6pa eCTb KOJIbUO C BKJIlOqeHHblM B. nero ge,.
 
T.	 e. 3aMK'HyToe OTHOCHTeJIbHO ,UonOJIHeHHH).
 

KOHetlHO-aaaUTU8HblAtU pacnpeaeAeHuflM~ 8epoflTHocrell (0603Ha

qalOTC5I 9':1:) Ha'3bIBalOTC51 I1PB, 3a,UaHHble rrepBHQHbIMH TJqHbIMH Be


pOHTHOCT5IM!H IHa aJIre6pe (rrOJIyKOJIbue, KOJIbue) C06bITHH. 3TO qaCT


HblH CJIyqaM ~ -I1PB, Kor,Ua rrepBHtIiHble HHTepBaJIbI Bep051THOCTeii
 

npeBpamalOTC51 B TOqHble 3Haqe'HH51. ,llJIH 3Toro CJIyqaH, nO,ll.CTaBJIH5I
 

P (Ai) = P (Ad, AiEd*, HMeeM [10 CBoHicTSy 9: P ( ~ Ai) = ~ P(Ai). 

T. e. TOqHble HCxo,UHble Bep051THOCTH nepexo,U51T no a,U,UHTHBHOCTH B
 

HH)KIHHe Bep051THOCTH eqeTHbIX CyMM. A BOT BepXHHe Bep05lTHOCTH
00 

B 06meM, HeT. 3a HCKJIlOqeHHeMCJIyqa5l, Kor,na OCTaTKH ~ Ai CYMM 
k+l
 

MoryT 6bITb nOKpbITbI C06bITH51MH B k , Bep05ITHOCTH KOTOpbIX nplI
 
k--+oo ,lI.eJIalOTCH CKOJIb yrO,UHO MaJIbIMH. Tor,na .ueH~TByeT cBoiicTBO
 

15. B ueJI51X HJIJIlOlCTpaUHH HH:lKe npHBo,UHTC51 npHMep 1.11. 
C:BOHCTBO CqeTHOM a,n,lI.HTHBHOCTH, MeXaHHqeCKH nepeHeceHHoe Ha
 

JIIOt)bIe CtI'eTHble CYMMbI, 3KBHBaJIeHTHO pacIlIHpeHHlO nepBHqHoro 'Ha
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1, 

·i 

--.j 

60pa ,UO cU2Ma-a.ll2e6pbl d a, BKJIlOqaIOmei'i p\1eCTe C C06bI'f1H51MlI JIlO

6ble HX CqeT,HhIe eYM,MhI H "lI.OnOJIHeHH51 K Hl1M, H 3a,UaHHIO Ha .9ta 
ctteTHo-aaaUTUBH020 pacnpeaeAeHufl Bep051THOCTeH fIJa \( qaCTHbIM CJIy

qaH (J-I1PB): 

00AiEcAa* ~AiEt.Aa, 
1 

(nelpBUqHOH MO)KeT 6bITb 

( 00 ) 00Pa L Ai = ~P(J(Ai) 
1 1 

d a, a Bep051THOCTH 'Ha HeM TO'qHbIe, HO He 

CqeTHO-a,lI.,llHTHBHble, KaK 3TO nOKa3bIBaeTC5I B ,UonOJIHeHHH 2). 
,UJI" fIJ (J BbIIIOJIH.HeTC51 CBOHCTBO MOHOTOHHOH CXO,ll.UMOCTH: 

BntB*Pa(Bn)-+Pa(B), B orrpe,neJIeHHOM CMblCJIe 3KBUBaJIe'HTHoe 

c4eTHoH a,n,llHTHBHOCTH [19] TOqHhIX 'Bep051THOcTeH. 

Cpe,llHHe OT d*-H3MepHMhlx npH31HaKoB 6y,nYT TOqHbI~H, nOJIy

qaeMbIMH COrJIaCHO (1.7) HHTerpHpoBaHHeM Mf= Sf(x)dP, npHqeM 

)I}IH flJ}:. 3TO 6y,UyT HHTerpaJIbI PHMaHa-CTHJITbeCa, a ,lI.JI5I gJa - JIe
6era-CTHJITbeCa (Tor,na KJIaeC f C TOq-HbIM'H Cpe,ll.HHMH pa'CllIHp51eTC5I 

,ll0 JI3MepHMblx no JIe6ery). Tlp0,ll.oJI)KeHue Cpe,llHHX Ha HeorpaHH

qeUHble npH3HaKH npoH3Bo,UHTC5I COrJIaCHO (1.4): 

Mf == lim lim Mf<-H2 , H~) , Mf == lim lim Mf(-H" HI.} •
 
fl2~oo Hl~oo H 1 -oo H2~oo
 

DPH 3TOM Bce yceqeHHble npH3HaKH f(-Ht, RiJ ,UOJI)KHbI 6bITb H3MepH

MbIMH. OqeBH,ll.HO, cpe,UHee 6y,neT T04HhIM Ml,=Mf, eCJIH npe,UeJIbI 

crrpaBa He 3aBHC51T OT nOp5I,nKa yCTpeMJIeHHH HI H H 2 K 6eCKOHeq

HOCTH - 3TO 6Y,ll,eT HHTerpaJI OT HeorpaHH4eHHOM epyHKUHH. 

,UJI51 T04HhIX Cpe,ll.HHX ,crrpaBe,UJIHBO CBOHCTBO M12li = ~Mfi, cor

JI3CHO IKOTOpOMy CHMBOJI Nl MO:IKHO npoHocHTb 3a 3HaK'H KOHeqHhIX 

CyMM. 3TO o6mee CBoHCTBO. A B KaKHX CBoHcTBax flJ1:, 6y,ll,eT OTJIH

llaThC51 OT 9 a? OTBeT Ha rrOCTaBJIeHHbIH Borrpoc ,UaeTC51 npHMepOM. 

n p H M e p 1.11. P a B HOM e p Hoe pac n peA e JI e H H e (Mepa-OAUHa). IlycTb 

Ha f)J = [0; 1) nepBHqHhIMH 5IBJIHIOTC5I BepoHTHoCTH P [a, b) = b-a, 0 ~ a <'b ~ 1, 
paBiHbJe )1.JIHHaM oTpe3lKoB. flpH npOAOJI.lKeHHH OHH onpejJ.eJIHIOT ~ -MPB fIJ1:, C TOll 

HhIMH Bep05ITHOCTHMH Ha aJIre6pe oTpe3KoB d:1: (Ky.n.a BXO.n.HT CYMMhI KOHeqHorO 

llHCJI3 oTpe3'KoB H .n.onOJIHeHHH K HHM). TOqHhIMH HyJIeBhIMH 6y.n.yT BepoHTHoCTH 

OT.n.eJIbHhIX TOqeK P (xd = 0 (nOJIyqaeTCH npM a-+b =xd M HX KOHeqHbIX Ha6opoB: 

k k	 k 
P(Uxd = ~P(xd =0, n03ToMY CqHTaeTCH UXiEd:1:. ,LLJIH ClleTHoro tIHCJIa TOtIeK 

1 1 1 
Bce 3aBHCHT OT HX pacrrOJI02KeHMH B CMhICJIe npUeMJIeMOCTH CBoHcTBa 15. HanpH-

Mep, Co6hITHe A = {I, 1/2, 1/3, 1/4, ...} 6y.n.eT HMeTh HyJIeBylO Bep05ITHOCTh, TaK 

KaK OCTaTOK {11k, 1/(k+l), ...} nOKphIBaeTC5I oTpe3KoM [0; 11k) Bep05ITHOCTH Ilk, 
KOTOpa5I npH YBeJIHqeHHH k .n.eJIaeTC5I CKOJIh yro.n.Ho MaJIoii. A ClleTHoe Co6bITHe 

D 00 (MH02KeCTBO (,LLHpHXJIe), COCTOHmee M3 Bcex pauaOHaJIhHhIX TOlleK oTpe3Ka 

[0, 1), HeJIh35I aHaJIorHqHhIM o6pa30M HOKphITh, n03ToMY ero Bep05ITHOCTh BOBce 

HeH3BeCTHa: 

~~ (Doo) = 0; p}; (Doo) == 1. 

Pe3YJIhTaT CBO.n.HTC5I K <ppa3e: «yMefl U3MepJlTb CKOAb yeoaHo TOtlflO aAUHbl OTpe3
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K08} fleAb3fl flUKaKUMU CpeaCT8aMU 3aMepUTb aAUflY MfloateecT8a 8CeX patfUOflaJlb

flblX tiUCeJl»; rrpaKTHqeCKHll CMbICJI ee OlJeBH,LLeH, 

ClJeTHO-aJUl.HTHBHOe paCrrpe,LLeJIeHHe f!jJ (j npl1 TeX 2Ke HalJaJIbHbIX ,,LLaHHbIX OTpH

uaeT BbIJl.'e,TIeHHbIl{ HaMH Te~HC. OHO HMeeT Te 2Ke BepOHTHOCTH OTpe3KOB H HX 

KOHelJHbIX CyMM. OTJUIlJHe B a6COJIlOTH3aUHH 3aKOHa ClJeTHOll a,LLJl.HTHBHOCTU BepOHT-

HOCTeH. TaK, ,LLJIH yrroMHHyToro MHOlKeCTBa )lHpI1XJIe 

P(X)== ~O==O,~O/J (J (D 00) == ~ 
xED oo 1 

B HallieM CJIylJae f!jJ (j COBrra,LlaeT C Mepoi'r JIe6era Ha OTpe3Ke [0; 1), OlJeBH,LLH0 , 

gJ(jcfP k H nepBHlJHbIMH ,LLJIH gJ (j ¢aKTHlJeCKH HBJIHlOTCH BceB03MOlliHble KOHelJHble H 

CqeTHble CYMMbI oTpe3KoB H )l.OnOJIHeHHH K HHM, 06pa3ylOIUl1X 60peJIeBcKylO CI1:rMa

aJlre6py d (j' A TOlJHOH 3Ta Mepa rrOCJIe npO)l.OJIlKeHHH OKa3bIBaeTCH Ha HeCKOJIbKO 

60Jlee IlIHpOKOH CHcreMe C06bITHH -- TaK Ha3bIBaeMbIX Jle6erOBblx MHOllieCTBax, KO

Topble OTJIlIlJaIOTCH OT 60peJIeBCKHX JIHIllb HyJIeBbIMH C06bITHHMH,
 

Cpe)l.HHe Mf eCTb COOTBeTCTBeHHO HHTerpaJIbI PHMaHa ()l.JIH f!jJk)' 11 JIe6era
 

()l.JIH f?jJ (J) Ha IOTpe.3Ke [0; 1) OT HHTerpHpyeMoI1 epYHIKUHH f (x), 
PaccMoTpHM npOMe2KYTOlJHbIH cJIylJaa Melli,LLy gJk 11 gJ (J' TIyCTb f!jJ k )l.onOJI

H5IeTC5I eme O)l.HOi'I rrepBHlJHOH BepoHTHoCTblO P (Doo) = 1/2 H 0603HalJHM nOJIyqeHHOe 

pacrrpe)l.eJIeHHe fP ' I1MeeM fJ'p=fl'kA<P(Doo) =1/2) 11 f!J(JcflJpcflJ k , lJTO HBJIHeT 
P 

npHMep, Kor)l.a TOlJHbIMH HMeIOTCH BepOHTHOCTH OT,LLeJIbHbIX HCXO,LLOB XEPll, nx ClJeT


HOll CYMMbI Doo, a B TO iKe 'BpeMH 3aKOH ClJeTHOll a)l.,LLHTHBHOCTH He BbIUOJIHHeTcH:
 

1/2 = P (Doo) > ~ P (x) =0. I1JIJIlOCTpaUH5I He06513aTeJlbHOCTH ClJeTHOll a)l.)l.HTHB"
 

xED oo 

HOCTH. 

MHTepBaJIbHble cPyHKUHH pacnpell.eJIeHHSI. TIYCTb £e =f!ll - qnCJIO

Ba5I np5JMa5J, H nepBHqtHbIMH 5JBJI5HOTC5J BJIOlKeHHble ,lI.pyr B ,lI.pyra He

orpa'HHqeHHble ICJIeBa nOJIyHHTepBaJIbI (-00, y), yEIUlj, D,lI.e Ulj 
npOH3BOJIbHOe rrO,llMHOlK1eCTBO fIl. 

TIepBHQHWe BepOHTHOCTH 

~(-oo, y)=~(y), P(_ooo, y)=F(y), YE"/f, 

KaK epYHI<Ul1H nepeMeHHOH y Ha3bIBaeTC5J HH:lKHeH 'If BepXHeH nepBHq


HbIMI1 epyHKUHHMI1 pacnpeneJIeHH5J, a 3a,lI.aBaeMoe HMH B pe3YJIbTaTe
 

np0,lI.OJI:lKeHH5J I1PB Ha3bIBaeTC5I UHTep8aAbHOU epYHK4ueu pacnpeoe-

AeHUfl. 

\YCJIOBHe 'Henp,oTHBOpeqUBOCTH nepBHqHbIX Bep05ITHOCTeH BbIJIH-

BaeTCH 'B Tpe6oB&HHe 

O~~(x)~F(y)~l, Vx~y, x, yr=:-o;y, 

COCT05Imee B TOM, lITO HH:lKH5I5I epyHKUH5I Pacnpe,lleJIeHH5I 

OT yHe ,lI.OJILKHa B03BbIlllaTbC5I :Ha,lI. BepXHeii F (y) (qTO 

HHr,lI.e CJIeBa 

6y,lI.eT 0651

SaTeJIbHO BbIIlOJIHeHO, eCJIH, KaK 3TO 06blqHO ,lI.eJIaeTC5I, 3a,lI.aBaTb
 

F (y) H F (y) Hey6bIBalOmHM H HlIlKHlOlO He 60JIbme BepXHefI:
 

F(y)~F(y), Vy). 

CorJIaCOBaHHe rrepBHqHbIX Bep05ITHOCTeH H npO,lI.OJI:lKeHHe HX Ha 

JII06ble rrOJIyHHTepBaJIbI (-00, x), XE~, npOBO,lI.HTC5I no epopMyJIe 

F(x)~ sup F(y), F(x)~ inf F(y). (1.8) 
- X~YE 6JI '" X~YE u!I 

Bep05ITHOCTH nOJIyHHTepBaJIOB np0,lI.OJILKalOTC5I Ha Bep05ITHOCTH O,UH

HOqHbIX OTpe3KOB: 

~ (y, z) == [~(z) - F(y)]+; P [y, z) -:=:: F (z) - F (y), 

r,lI.e nJIIOC YKa3bIBaeT Ha HeoTpHuaTeJIbHylO qaCTb epyHKUHH. Pacnpo

cTpaHeHHe 3THX epOPMYJI Ha KOHeqHble CYMMbI HenepeceKalOmHXCH 

OTpe3KOB npOH3BO,lI.HTIC5I corJIaCHO Bblp a.IKeHH5IM: 

~ (*[Yi' Zi)) = f~ fYi' Zi); 

P ( ffYi' Zi)) = F (Zh) - f- (Yl) - ¥1 (F (Yi+l) - C(zi)i+-, 

B KOTOpbIX IIOJIaraeTC5I Yl~Zl~Y2~Z2~••• ~Yk~Zk. 

IlpH TOllHbIX epYHKUH5IX pacnpe,lI.eJIeHH5I F(x) =F(x) =F(x), VX, 
(,lI.JI5I 3Toro TaKOBbIMH OHH ,lI.OJI:lKHbI 6bITb 3a,UaHbI) Bep05ITHOCTH 01''' 

pe3KoB 6y,lI.yT TOqHbIMH, paBHbIMH rrpHpameHH5IM: P{y, z) = 
=F(z)-F(y), KaK H ,lI.JI5I HX KOHellHblX CYMM, a npo,UOJIMeHHe Ha 

npH3HaKH 6yneT COOTBeTCTBOBaTb HHTerpHpoBaHHIO ITO PHM3IHY

CTHJITbecy: ft;lg= Sg(x)dF(x). 
nO,lJ,06He I1PB. HaLJHeM c qaCTHblX CJIylIaeB, TIYCTb Ha rrpOH3BOJIb

HOM ge 3a,lI.aH paClllHp 5IIOm'HHC5J Ha60p C06bITIII1 set i = {A y, yEUJj cflt}, 
AycAy' npH y<y'. 11 nycTb nepBIP-IHbHv1H 5IBJIBIOTCH Bep05ITHOCTH 

3THX C06bITHH ~(y)=P(Ay), F(y)=J5(A y). Tor,Ua cOBepweHHO eCTe-

CTBeHHO oT06pa3HTb ge~6lj Tal<, 4T06bI 14 y --+- (-00, y), II nOJIyqHTb 

HHTepBaJIbHyIO epyHKUHIO pacnpe,lI.eJIeHHH. TaKHM 06pa30M, 

I1PB(P (d i)' P (dt ) > no CBoeHcTpyKType H CBoHcTBaM OKa3bIBaeT" 

C5IIIo,lI.io6HOH HHTeplBaJIbHOH epyH!K'UHH p aeIlpe,rr,eJIe:HH5I. 

AHaJIOrHqHO, eCJIH 3a,lI.aHO ~-11PB <PCSft k ), P (st k ) > Ha npoH3

BOJIbHOM £8, TO, oT06pa3HB 3JIeMeHTbI pa36HeHHH A j B TOqKH Yj qHC

JIOBOH rrp5IMOH, nOJIyQHM nO,lI.06HOe I1PB Ha rrOnMHO:IKeCTBe Oljl= 
==: {Yl, Y2, ••• } qnCJIOBO~I rrp5IMoH. ECJIH 31'0 OKa)KeTC5I y,lI.o6HbIM, TO 

MO)K)HO CqHTaTb Yj= j, H TOr,lI.a 6Jj - HaTypaJIbHbIH p5I,lI. qHCeJI. 

OCHOBy rrO,lI.06H5I COCTaBJI5IeT B3aHMHO-0,UH03HaqHOe COOTBeTCTBHe 

nepBHqlHorOHa60pa MHO:IKeCTB O,lI.HOrO npOCTpanCTBa, T. e. Fe H ,lI.py.. 

foro - 6Jj C coxpaHeHHeM MHO:IKeCTBeHHbIX onepaUHH 06be,lI.HHeHH5I 

II rrepeCeqeHH5J (lITO IHa3bIBaeTC5I rOMeOMopepH3MOM aJIre6p ,[20]). 
OqeBH,lI.HO, JII060e oTo6paMeJHHe y = Sx npocTpaHcTBa £e H 6Jj o6ec

rreqHBaeT YKa3aHHoe COOTBeTCTBHe. 

I1HTepBaJIbHOe paonpe,lI.eJIeHHe Bepo~THocTeH <py (~) Ha 6Jj Ha

3bIBaeTC5I nooo6HblM I1PB<px (st) > Ha f);, eCJIH cym'ecTByeT oT06pa
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JKe,HHe S rrpOC'TpaHCTBa fB Ha Olj, rrpH KOTOpOM C06hlTHH AE.9t ne

peXO,lJ.51T B C06hITHH B == SAE.91 C COXpaHeHHeM rrepBHqHhIX BepOHT

HOCTeH. 

KOHeqHO Me, H3d MeJIaTeJIh'HO H3bHTh Bce C06hITHH C HeCOrJIa-

COBaHHbIMH 3HaqeHH5IMH P(A), TOr,lJ.a pX(A) ==]5Y(SA), AEd, 
BE/R. 

CMbICJI rrO,lJ.06HH COCTOHT B yrrpomeHHH CTpyKTypbI npOCTpaHCTBa 

ge pe,lJ.yKUHeH ero B rrpOCTpaHCTBO Olj KaK MOMHO MeHbllleH pa3Mep

HOCTH. B TO Me BpeM5I H corJIaCOBaHHe Bep05ITHOCTeH, H HX npO~OJI

)KeHHe B 060HX rrpOCTpaHCTBax O,lI,HHaKOBO. 

CeMeHCTBa pacnpe)J,eJIeHHH. I1YCTh flJe, SEE) - ceMeHCTBO TOqHbIX 

pacnpe,lJ.eJIeHHH Bep05ITIHOCTeH Ha ~. H'eU3BeCTHO, KaKoe H3 pjJe ,LI.aeT 

rrpaBHJIbHOe OfllHcaHHe HBJIeHH5I, HOKaKoe-TO H3 HHX 3TO 065I3aTeJIb

HO ,ll.eJIaeT. CKa3aHHoe 3KBHBaJIeHTHO 06be,ll.HHeHHlO flJe, lITO Be,lJ.eT 
K yIM: 

J/Jt == V gue·
eEE> 

CJIe,ll.OBaTeJIhHO, JI106bIe ceMeHcTBa pacrrpe,ll.eJIeHHH Bep05ITHOCTeii 

(a,ll.,lJ.HTHBHbIX "IlJIH clIeTHO-a)1.)1.HTHBHhIX) )1.alOT 11M, onpe)1.eJI5IeMylO 
Cpe)1.HHMH 

Mg=inf Meg, Mg== sup Meg, 
-- SEE> SEE> 

rAe ,g - rrpH3HaKH, ,LI.JIH KOTOpbIX Cpe,ll.HHe rro BceM fYe HBJI5IlOTC51 
1'lOIIHbIMH. 

Pe3YJIbTaT 06be,ll.HHeHH5I, nO,ll.qepKHeM, eCTh B 06m~~ 11M (a He 

MPB), 3a HeKoTopbIM HCKJIlOqeHHeM, KOr,lJ.a fYe HBJIHeTCH TOlIKaMH 

'«TeJIa» (MOI)KHO, KpaHHHMH) MPB. Ha:II'PHMep ~-I1P:B (iP (s4}:) , 

f5 (dI,) > MOMBO rrpe)J.cT3'BHTb ce6e ,K3'K 06be,ll.HHeHHe K,OHetIHO-a)1.)l.H

T,HlBHbIX :pa1cnpe)1.eJIeHHH fY}: TaKHX, i,lJ.JIH KOTOphIX P (A j ) HiBJI5IlOT'CH 'He

H3HeCTIHbI,MH H InO)1.LIHH5IlOT'C5I y'CJIOBHHM: P (A j ) ::(; P (A j ) ~p, (A j ), 

AjEd}:, (co6cTBeHHo, HCXO~,5I 'H3 TaKoro npe,lJ.CTaBJIeHiH5I, B ,)l.OnOJIHe-

HHH 2 ,lI,'O~(a3bIBalOTC5I epOPMYJIbI (1.5) II (1.6)). ' 
I1HTepBaJIhHylO epyHKUHlO pacnpe)1.eJIeHH5I TaKMe MOMHO MhICJIHTh 

ce6e KaK cOBoKynHocTh TOqHbIX <pyHKUHH pacnpe,ll.'eJIeHH5I, lITO n03

BOJI5IeT rBhIBO,ll.'HTh BhIpaMeHH5I )1.JI5I Cpe)1.HHX no <popMyJIe: 

Mg == sup_S g (x) dF (x). 
f:...~F~F 

HarrpHMep, ,LI.JIH rrpH3HaKa g (x) ,HMelOmero B TOqKe xm, e,lJ.HHCTBeH

HhIH . r JI06aJIbHhIH MaKcHMyM H He HMelOmero HHKaKHX JIOKaJIhHhIX, 

rrOJIY4aeTC5I: 

_ _ X 00_ 

Mg === g (Xm ) [F (Xm ) - F (X m)] + Jm
g (x) dF (x) + f g (x) dF (x), 

x m 

TaK KaK MaKcHMyM )1.0CTHraeTCH Ha F (X), paBHOH F (x) npH X<Xm , 

HMelOmeM B T04Ke Xm CKaqOK )1.0 F (x) H paBHOM F (x) rrpH X>Xm • 

OTHOCHTeJIbHbIe BepOHTHOCTH H Cpe)l.HHe. HCTHHa IIOCTHraeTCH B 

cpaBHe.HHH. 3TO <pHJIO'coepCKoe ,H3pelIeHHe rrpHMeHHMO H K CJIylIaM

HbIM HBJIeHH5IM. I10)1.lJac 'HCXO,lJ.HhIMH ,lJ.aHHhIMH HBJIHlOTC5I cpaBHH

TeJIb',HhIe cBeneHH5I '0 Bep05ITHOCT5IX H iCpet~HHX. 3TO cyM,lI,eHH5I T'Hna: 

«Co6hITHe A 60JIee BepOHTHO, 4eM C06hITHe B», 3arrHChIBaeMoe KpaT

Ko«PA~PB»; HJIH TaKoe: «I1pH3HaK f B Cpe)1.HeM IIpHHHMaeT 60JIh

wee 3Ha4eHHe, lJeM g», 3arrHChIBaeMoe«Mf~Mg». 3TH ,lJ.3HHble Ha

3bIBalOTC5I OTflocureAbflblMU (cy6beKTHBHhIMH [14]) Bep05ITHOCT5IMH 

II Cpe,ll.HiHMH H xapaKTepHbI ,lI,JI5I 3KcnepTHbIx oueHOK. I1oKaMeM, 'KaK 

OHH epopMaJIbHO rrpe)1.'CTaBJI5IlOTC5I B BH,lJ.e ceMeHcTB p acrrpe,lJ.eJIeUHH 

Bep05ITHOCTefI H KaK npe06pa3ylOTC5I B Cpe,ll.HHe 3HalIeHHH COOTBeT

CTBYlOIIJJ1X npH3HaKoB. 

npe)1.CTaBllM 'Ha MHr, qTO Bep05ITHOCTll C06hlTllH A H B TOqHbIe (lITO 

caMO C060H nO,ll.pa3yMeBaeT cTaTHcTHlIeoKYlO YCTO,H'qHfBOCTh 5I'BJIeHlI5I) 

If cooTBeTcTBylOT KlaKoMy-JIH60 TOlIHOMY pacrrpe,ll.eJIeHHlO BepOHTHO

cTeH fY T3'KOMy, lITO P(A) ;::::'P(B). ,UJI5I Hero no CBOHCTBaM cpe,lJ.

HHX MgJ(A-B) ?AtlgJA-M.:pB=P(A)-P(B) ~o. CPpa3a «PA~PB» 

cooTBeT,cTByeT ceMeHcTBy Bcex TaK\HX pacrrpe,ll.eJIeHHH: J{ == VfY, IIf no 
rrpaBHJIaM BhIqHCJIeHHH Cpe,ll.HHX )1.JI5I ceMeHcTB HMeeM M (A-B) = 

=inf M.qp (A-B) ==0. Pe3YJIhTaT ;B TepMHHax BepxHlIx epeJtHlHx '3a
:JfJ 

TIHWeT'C5I M (B-A) =OH 'MOMeT ,pa'C,c.MaTpHBaThiC5I KaK COOTB,eTlcTBylO

mee 'eppa3e «PA ~ PB» rreplBHlIHoe i~pe,UHee (CM. Ta6JI. 1.1). 
113 ,«PA ~ PB» rrpO,UOJIMeHUeM nepBHqHOrO Cpe,lJ.HerO BbITeKaeT 

E(B)~!:.(A)~J5(B), J5(B)~]5(A) (TaK KaK ~B-MA~O= 

==M(B,,-A) ~MB-MA H O==M(B-A) ~MB-MA) H HHTepnpeTH

pyeTC5I 'KaK TOT <paKT, lITO HHTepBaJIhHa5I Bep05ITHOCTh C06hITH5I A, 
rrepeKpbIBa5ICh, B o6meM, C HHTepBaJIbHOH Bep05ITHOCThlO B, C'Meme

Ha B ICTO:P'OHY 66JIbWHX '3HaqeHHH. 

Pa3HbIM <ppa3aM 0 CTapWHHCTBe BepoHTHocTei1: cooTBeTcTBylOT 

rrepBHlIHble Cpe)1.HHe BH,Ua M (B (x) -A (x) ) == 0, KOTophle rrpH pa3Hblx 

A H B corJIacYJOTC5I rro IlpaBHJIaM cpe,lJ.HHX H rrpO)1.0JIMaIOTC5I Ha 

JII06ble rrpH3H3KH. I1HTepecHo, qTO H 3,ll.eCh 6y,ll.yT BepHbI rrpaBHJIa 

JIOralIeCKoro BhIBo,Ua: «PA~PB» H «PB~PC»*«PA~PC» (TaK 

KaK M(C-B-i-B-A) ~M(C-B)+M(B-A) ~O). 
TIepeH,ll.eM K Cpe,ll.HHM. COBepweHHo aHaJIOrlllIHO rrOKa3hIBaeTC5I, 

tITO \rrpe,ll.JIOlKeHlle «Mf~Mg» B YCTOHqHBbIX YCJIOBH5IX 3KBHBaJIeHTHO 

M (f-g) =0. Y'CJIOBHeM COrJIaCOBaHH5I 3Toro rrpe,lJ.JIOMeHH5I co cpe,lJ.

HHMH OT rrpH3HaKoB f Hg HBJI5IlOTC5I: Mg~Mf~Mg, Mg~M'.f. 
3 a M e II a H II e. COoTHoIIleHHe Mf~Mg, rrpH KOTOpOM HHTepBaJIhI 

cpe,nHHX fie nepeKphIBalOT'C5I MeM,ll.y C060H, oTpaMaeT 60JIee )KeCTKOe 

npe,ll.JIOMeHHe: ,«f B Cpe,ll.HeM 60JIbllle g B JI106hIX (HeycToH4HBbIX) 

yCJIOBH5IX», KOr)1.a TOlIHhIe Cpe)1.HHe Mf H Mg He cymecTBylOT H ,lJ.0

rrYCKalOTC5I JIHlllh B HHTepBaJIbHOM rrOHHMaHHH. 

J(onOJIHeHHSI. 1. A K elf 0 MaT H 3 a n Ii H 11 P B. I1HTepBaJIbHhle pacnpe,lI.eJIe

flHH BepoHTHocTefI caMH no ce6e MoryT 6hITh onpe,lI.eJIeHbI KaK Ha60phl HHTepBaJlh
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HhlX 'BepOHTHOCTefr P (A), P(A), VAetC, CBH33HHbIX Me)K,ny co6oii 3KCHOM3MH l21 J: 
1) PCa') =15(a'),=T 2) 15,(A+B) ~15(A) +15(B), AB=0; 3) P(A+B) ~P(A) + 
+P(B), AB=0; 4) P(A) = I-P(AC) (B03MO)KHbI H ,UpyrHe B3PH3HTbI 3KBHBa

JIeHTHOro BbI6oP3 3KCHOM). COrJIaCOB3HHble B CMbICJIe 3THX 3KCHOM BepoHTHoCTH 

MoryT 6bITb pe3YJIbT3TOM npo,nOJI.lKeHHH nepBHlIHbIX BepOHTHOCTew, 3 ,n3JIbHeHlI1ee 

npo,nOJI)KeHlIe BepOHTHOCTew H3 cpe,nUHe npH3H3KOB f no npaBHJIaM HM npHBO,lI.HT 

B HTore K HHTepBaJIbHbIM cpe,lI.HHM Mf, All. 
aTOT nYTb Tpa,nHUHOHHO BTOpHT COBpeMeHHoMy BepOHTHoCTHOMy no,nxo,Lly, r,lI.e 

cpe,UHHe ,nJIH H3MepHMbIX f Ha3bIBaIOTC5I 06bIlIHO MareMarUtleCKUMU OOICUOaflUJlMU 

KaK	 pe3YJIbTaT MaTeMaTHlIeOKoro paClIeTa Mf no TOlJHbIM pacnpe,lI.eJIeHHHM BepOHT

HOCTeH [JJ (I. 

AKCHOMaTH3aUH5I TeopHH Ha 6a3e BepOHTHOCTew npHBO,lI.HT K He3aMKHyTofi KOH

CTpyKlI.HH, nOCKOJIbKY OlJeplJHBaeT KJIaCC MO,lI.eJIeli TOJIbKO HHTepBa"lbHbIMH pacnpe,Lle

.neHHHMH IBepOHTHOCTew, 06pa3yIOmnMH Bce BMeCTe JIHlI1b BeCbMa y3'KHH KJIaCC HM. 
2. LL 0 K a 3 aTe JI b C T BOT e 0 p e M bI 1.2. ,LLOKa:IKeM epOpMyJIy (1.5). C06bI

THe AJ Ma)KOpHpyeTcH JIH60 caMHM c060w, T. e. CYMMOI1 gl (x) = ~ Aj (x), TOr,lI.a 

jEJ 
Mgi=p(A J ), JIH60 npH3uaKoM g2(x)=1-~Aj(x), TOr,lI.a A1g2 =1-P(Ac J ). MH

j¢..J '::-' 
HHMaJIbHOe (HaH60JIee TOlJHoe) H3 Mgt 'If Mg2 H ,lI.aCT BepOHTHOCTb 15-(A J ) corJIac

HO (1.5). JIerKo y6e,lI.HTbcH, lJTO HHKaKOH H3 ,lI.pyrHx BTOPlIlJHbIX npH3HaKOB, M a:IKo

pHpyIOmHx A J (x), He npHBe,lLeT K 60JIee TOlJHOMY 3HalJeHHlO 3TOH BepoHTHoCTH. 

,UJIH ,UOKa3aTeJIbCTBa (1.6) Hy.IKHO npe,lLCTaBHTb <~(st}J, P (d:;:) KaK ceMeH~ 

CTBO d~-TOlJHbIX pacnpe,lLeJIeHHI1 9 TaIKHX, lJTO ~(Aj) ~P(Aj) ~p(Aj), H y6e,nHTb

CH, lJTO MaiKcHMyM TIrO g.> npI1 3THXOrpaHHlJeHHHX 

Ai L: Cj Aj (x) == max 2: Cj P (Aj) == L Cj p* (Aj) 

I
.qJ 

~OCTHraeTCH Ha pacnpe,UeJIeHHH BepoHTHocTeH 

npH Cj > c*,P(Aj)
 

p* (Aj) == x P(Aj) ~t- (1 - x) ~ (Aj) rrpH Cj == c*,
 

~ (Aj) npH Cj < c*,
 

r,lLe c* H x Bbl6lIpalOTCH TaK, lJT06bl BbIrrOJIHHJIaCb HOpMHpOBKa ~P* (A j ) = 1, npH

qeM 3TOT Bbl60p 0,lLH03HalJeH. Pacrrpe,UeJIeHHe gJ* nplIHHMaeT MaKCHMaJIbHble 3Ha

qeHIIH p(A j ) B TOI'1 lJaCTH f)J, r,Ue epYHKlI.HH g(X) = "2.c j A j (x) Be.TIHKa, T. e. Cj>C*,. 

a ,nJI5I C06JIIO,UeHHH HOpMHpOBKlI BepOHTHocTel'1 BbIHy)K,lLeHHO OCTaBJIHIOTCH caMble 

MHHHMaJIbHbIe 3HaqeHHH ~ (A j ) TeM A j , Ha KOTOpblX g (x) MaJIa, T. e. Cj < c~. 

3. n p H M e p bl K 0 H e q H 0- H C lJ e T H o-a ,ll. ,lL If T H B H bI X pac n p e )l e JI e-

H H H. TIYCTb ge - npOH3BOJIbHOe npocTpaHcTBo, COCTOHmee H3 'HeClJeTHOrO lJHCJIa 

TOqeK x, If nYCTb BepoHTHoCTb Ka)K,lLOH T01J'KH 3a,lLaHa HyJIeBol'1: P(x) ==0, VXEge. 
.3TO If 6Y,lLyT nepBHlJHbIe BepoHTHoCTH.'HyJIeBbIe HX 3HalJeHHH nepe,lLalOTcH no, 

a,lI.,lI.HTHBHOCTH KOHelJHbIM cyMMaM TOlJeK, COCTaBJIHIOIlJ)fM 3,lLeCb KJIaCC HeB03'MO)K

HbIX C06bITHH. CooTBeTcTBeHHo .uocToBepHbIMH C06bITHHMH, HMeIOmHMH e,l.I.HHHtIHyIO 

HH)KHIOIO BepoHTHoCTb, 6y,lLyT npoTHBOnOJIO)KHbIe C06bITlIH, T. e. ge 6e3 "lI060ro, 

KOHelJHOrO lJHCJIa TOlJeK. OCTaJIbHbIe C06bITHH 6y,lLyT HMeTb TpHBHaJIbHble HHTep

BaJIbHbIe BepOHTHOCTH i[O; 1]. TIO,lLlJepKHeM, tITO onlIcaHHaH MO,lI.eJIb - 3TO He rOJIoe 
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I1PB: KaK-HHKaK ,lLaHHble 0 HYJIeBbIX BepOHTHOCTHX TOlJeK Bce :IKe npHcyTcTBylOT,. 

QTO	 Be,lLeT IK L-I1PB. 

ClJeTHO-a,lL,lLHTlIBHOe pacrrpe,lLeJIeHHe nOJIylJHTCH, eCJIH Be HeClJeTHO H HyJIeBble 

00 

BepOHTHOCTH f5 (Uxd = 0 HCXO,lLHO rrpH,lLaIOTCH JIIOOblM KOHelJHbIM HJ1H ClJeTHblM Ha

l 
ioopaM TOlJeK. 3,necb Y.lKe I1HTepBaJIbHble BepoHTHoCTH [0; 1] 6y,lLYT HMeTb TOJIbKO 

TaKHe HeClJeTHble MHOlKeCTBa TOlJeK, lJTO H ,lLOrrOJIHeHHe K HHM HeClJeTHO. flepBHlJ

HbIMH ,lLJIH IlOJIYlJeHHOrO (J-I1PB HBJIHIOTCH ClJeTHble Ha60pbI TOlJeK H ,norrOJIHeHIUI 

K HEM, 06pa3yIOmHe BMeCTe cHrMa-aJIreopy do, Ha KOTOPO~I BepoHT,HOCTH CqeTHO-

a,lL,lLIITHBHbI.
 

Ha do 6Y,UyT 3a,lLaHbl Hea,nAHT'HBHble BepoHTHo'2TH, eCJIH HCXO,UHbIMlI HMeTb
 

k 00


P (Uxd =0, P(Uxd = 1/2 (BMecTo 1/2 MO.IKeT 6blTb JIlO6aH BepoHTHoCTb). Tor,ll.a 

,1 1
 
HCXO,UHoe CqeTHOe MHOLKeCTBO TOlJeK 6Y,lLeT HMeTb HHTepBaJIbHyIO BepOHTHOCTb
 

[0;	 1/2]. 
BepHeMcH CHOBa K HalJaJIY npHMepa H3a,Ua,UlIM ,UJIH Ka)K,lLOH TOlJKH x HHTep-

BaJIbHYlD iBepOHTHOCTb O~,f (x) ~ j5 (x) ~ 1. YCJIOBlIe HenpOT:HBOpelJHBOCTH CBO,ll.HTCH 

K TOMy, QT06bl JII06bIe CYMMbI HH)KHlIX BepOHTHOCTeH He npeBbllllaJIH e,nHHHuy: 

"2. P (xd ~ 1, a 3TO ¢aKTlItteCKH 03HalJaeT, lJTO P(xd MorYT 6blTb 3a,lLaHbI He paB-

HblMH HyJIfO JIHlllb Ha ,UHCKpeTHOM MHO)KeCTBe TOlJeK, npHqeM TaK, qTO HX cyMMa 

He 60JIbllle 1, Ha 15 (x) HHKaKHX OrpaHHlJeHlI~I He HaKJIa,UbIBaeTCH. B pe3YJIbTaTe: 

J k \
 

P (B) == L: P (Xi) , P(B)=min l ~P(X). I}.
 
xi EB '"
 

npHQeM nOCJIe,UHee p3BeHcTBo ,lLellcTByeT, eCJIlI B = {Xi, ... , Xh}, a eCJIH B He HB

.JIHeTC5I KOHeqHbIM, TO j5 (B) = 1-P (BC). 
4. r H 6 P H ,U H bI epa c rr p eJi e JI e H H 51 B e p 0 51 THO C T e H. OHH rroJIYlJaIOTCH 

.n.o6aBJIeHlleM K pacnpe,UeJieHHHM BepOHTHOCTeH He cymeCTBYlOmlIX .n..lIH HHX cpe,ll. 

HHX (MaTeMaTHlJeCKHX Ollill,UaHIIf'I). TIOHCHHM Ha npHMepax. TIyCTb ,naHO pacrrpe

1 
.rr.eJIeHHe KornH gJc BepoH1'HOCTHMlI oTpe3KoB Pc (a, b) = -(arctg b-arctg a). ,UJI5I 

rt 

Hero He HH MaTeMaTHlJeCKOrO O)KH,naHHH, HH ,ll.HCrrepCHH, T. e. x,cyme2TByeT 

x 2 ¢.fT 00. TIpHCBOlIM H3BHe He,nOCTaIOmlIe 3HalJeHHH MX, MX2, c,neJIaB 3TO B cor,JIa
2 

CHH C BepoHTHoCTHMH, T. e. He MeHHH HX B rrepeCelJeHHH gJc/\ <MX)1\<MX ). 

3TO 6Y,lLeT yLKe r1I6pH,UHa5I Mo,neJIb, He BXO,lLHmaH B KJIaCC MPB, rrpHlJeM TOqHble 

3HalJeHHH MX, MX2 3,neCb MoryT 3aMeHHTbCH Ha lIHTepBaJIbHble. 

,Upyroll npHMep, nycTb gJ JI - paBHoMepHoe pacrrpe,ll.eJIeHHe BepoHTHOCTel1 Ha 

oTpe3Ke [0, 1]. BepoHTHoCTH rrO,IT,OTpe3KoB paBHbI HX ,nJIHHaM, a MaTeMaTHlJeCKHe 

O)KH,UaHHH - HHTerpaJIaM. He cymecTByeT MaTeMaTHqeCKHX O)KH,ll.aHHH OT HeHHTe

1 
rplIpyeMbIx rro oTpe3KY [0, 1] epyHKUHH, CKa)KeM tk (x) = k ,k~ 1. 3anoJI(x-O ,5) 
HHH «nycToTbI» JIIOObIMH COr.TlaC OB3HHbIMH MeLK,Uy c0601'r 3HalJeHHH:MlI MIk' rrpII XO,lI,HM' 

K rH6plI,UHbIM MOlI,e~TJ5IM: /\<M!k)I\[JJ.'l. 
k 

C06cTBeHHo, H,neH r1I6plI,LLHbIX Mo,UeJIeH 6JIH3Ka K CqeTHo-a,UJI.,HTlIBHbIM pac-

rrpe,lLeJIeHHHM BepoHTHocTeH, a' TaKLKe K rrpe,neJIbHbIM epopMaM Mo,UeJIeH. B rrep

BOM CJIylJae BepoHTHocTHble HHTepBaJIbl ,lI.JIH CqeTHblX CYMM C06blTHH 3aMeHHJIHCb 

1'OlJHbIMlI 3HaqeHJ:IHMH corJIaCHO epopMyJIe CqeTHOH a,lI.,UlITHBHOCTH (KaK BH,ll.HO H3 
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npe,nhI,1I.ymero aHaJIH38, 3Toro He 06H38reJIbHO JI.eJIaTb HMeHHo TaKHM 06pa30M), a 11M, eCJIH ~UBF=FBF, T. e. B ;g IBKJIlO
BO	 BTOpOM nepeHOC cpe,lJ.HHX Ha HeOrpaHHtIeHHbIe npll3HaKH (<<nycToTbI», He BO

QaIOTC5I npH3HaKM, He BXO,lIJlIUMe B Pr. :J 
LlleJI.IlIHe B f!T;§) npOH3BO,lJ.HTCH no <popMyJIe HHTer.pnpOBaUHH. Bo Blcex 9THX CJIy" 

B ICJIyqae ,o,nHoro IceKymero npH
tIaHX cy}KeUHe 11M He BbI3bIB8JIO H3MeHeHHH HCXO,lJ.HbIX BepOHTHOCTeii. P3* 

3Ha'Ka InOJIyqaellC51 M*g-CeqeHlIe J(M*g· 
y* \, <t1g)3TO Ceqe·HHe 6y.rr.eT, OqeBU,ltHO, ~CTbIM, 

1.5. nPE,llCTABJlEHH,SI MOJ(EnEA	 eCJ1H M*g<Mg HJIII M*g>Mg. feo-
vlil1g - ~npe.n.HCJlOBHe. O,nHH HTor, KOTOpbIH Y~IecTHO nO,llBeCTH, 3TO TO, 

liTO ceMeH'CTBa Mo,neJIeH, a no eYTH rllX 06be,nUHeHII5l, ,llaIDT HOBbIe 

Mo,neJIH. CKa3alHHoe eCTb cnoco6 3a,llaH1H5I MO,lI,eJIeH 'coBoKynHocTH

M·M Y,ll06HbIX, npocTbIX Mo.neJIeH (He 'o6H3aTeJIbHO ceMeHCTiBalMM T'Oq

'HblX paClnpe~eJIeHIIH BepOHTHOCTeH). T1orl,LI.a TeJIO Mo,neJIll uarJI5IJl,HO 

npej.{cTaBJI5IeTC5I KaK BblrrYKJIa5I 060JIo'tIKa npocTeHIllIIx ,ee qaCTeH, 

aTOMOB; ,HO MO)KeT 6bITh II He COBceM npOCTeMIliIIX, a YKpYIIJHeHHbIX 

no CTpyKType, 3aTO npOCTbIX no OIIIIcaHHIO. 5!CHO, qTO npe,nCT3BJIe

HHH TalKOTO pO/,lla Heo6blqaHlHO MHor,o, OCHOBHble U3 IHHX !3',neCb 'Palc

CMaTpHBaIOTC5I. 

Cnoco6~ rrpe,nCTaBJIeHHH ,lleJI5ITC5I Ha yHHBepCaJIhHWe II CrreUHaJIb

Hble. K. YJiU8epCaAbJiblM OTHOC5ITC5I paCCMaTpHBaeMble 3,UeCb	 ceqe

HMS! TeJIa 11M IlapaJIJIeJIbHbIMH rHnepIlJIOCKOCT5IMH, cOBoKynHocTK 

KOTOpbIX, KaK yBH,llHM, nOJIHOCTbIO orrpe,lleJI5IIOTC5I Mo,neJIblO II	 onpe

.ueJI5IIOT ee. CeqeUH5I MoryT 6paTbC5I BbI6opOQHO (3a,lI,aIOw.ne CeqeHH5I), 

a TaK)Ke caMH no ce6e IMoryT OIlI1CbIBaTbC5I CBOHMH IIO,lLCeqeHH5IMYI. 

K. cnel{uaJlbJiblM crroco6aM OTHOC5ITC5I 3a,naHH5I C rrOMOllI.blO ce

MeHcTB, o6pa30BaHH~x C,lI,BHraMI1 HeKoTopoH rrpocToH (cTaH,lI,apTHoH) 

11M, BBe,ll,eHHeM HeH3BeCTHoro napaMeTpa B <PYHK~HOHaJIbHOe npe06

pa30BaHHe HeKoToporo CTaH,llapTHOro l«IIIyMa» - rrpoueeca He CTOJIh 

Y2K CJIO)KHOH 'KOH<pI1rypaIJ)1/H, HaKOHeu 3a,ll3:HHeM nJIOTHOCTII (,nJI5I Hac 

OHa ¢OpMaJIbHa) nJII1 IceMeHtCTB flJIOTHOCTeH. 

CeqeHHSI Mo.n.eJIH. ~ -npocToii Ha3bIIBaeTCH 11M <M~), :onpe;,lI,e

JIeHHaH Ha nepBlIqHOM Ha60pe ~ TOQHbIMH 3HaqeHH5IMH Mig, gE~" 
nepBHqHbIX ICpe,llHI1x. OqeBl1,ll,'HO, (M~) = /\ <Mg), III pe3YJIbTaT 6y

gE;§ 

,lJ.eT HenycTbIM TOJIbKO B CJIyqae HenpoTHBOpeqI1BOCTI1 Ha60pa Mg,. 
gECS, COCT05ImerO B CJIe,llYlOmeM: 

k k
 
"2: Ci gi (x) > O==> ~ Ci Mg i > 0, VCl' giEj.
 
I	 1 

M *CS -CetteflueM HM Jf{ Ha3bIBaeTC5I nepeCeqeHHe: J{M*;§ = J(!\ 
/\(M*~). TaKIIM o6pa30M, J{M*~ - 3TO 11M, nOJIYQeHHa5I tnpH6aB

JIeHHeM K Cpe,lI,HI1M Jf{ Ha60pa TOqHbIX nepBlIqnbIX Cpe,lI.HHX M*g" 
g;E~. COBoKynHocTb M*CS= {M*g: gECS} eCTb Ha60p qlICJIOBhIX xa

paKTepHCTIIK ceKymeH 11M; 3Be3,llOqKI1 03HaqalOT, QTO 3TO BHOOHMbIe 

H3BiHe (no .lKeJIaHIIIO MeH5IeMble) \BeJIHQIIHbI. 

E'CJIH fT eCTb 06JIaiC'Tb cymecTBOBaHII5I ,llJI5I BepxHlIx cpe,UHlIx J{" 
TO 06JIaCTblO cymecTBOBaUI15I ,llJI5I M *CS -CeQeHII5I J{M*;§ 6YJleT 
2 (frUCS) , COCT05IIUaH 1I3 BceB03MO}KHbIX npH3HaKOB BH,lI.a f+ ~Cigi~ 
fEfT, giE<$. Oi6JIa'CTb cymecT1BOBaHH5I CeqeHlH5I IIII1lpe, qeM Y HCX\Ou:(IHOH 
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MeT,pHqeCKH ceKymylO 11M <M*g) -- -- vii 
(illlpH 'K'OHeqnOM qnCJIe 3JIeiMeHTOB PI'* P2* 
npocTpaHcTBa gel M02KH'O npe,nICTa

'BHT:D ,ce6e 'Ka\K rHinepinJI'OCKOCTb IB 

HlpOCTpaHC'f1Be BeKTopOB 'Bep,05ITHO'C- PIlC. 1.8. CeqeHIUI Mo.neJIIl 

Teii. ,DJI5I cJIyqa5I a; = {Xl, X2, X3} 
CeqeHlIe J(M*g 1I306pa2KeHO Ha plIC. 1.8 CnJIOlllHOH JIIIHUeiL 

PaccMoTplIM, KaK Hy2KHO IICKaTb cpe,nHHe, cooTBeTcTBylOlllHe ce

QeHH.S1M. TIYCTb JIlM* g=JI(/\ (M*g). flepBIIqHbIMII cpe,nHHMII JlJI5J 

.Jf!lM. g 6y,nYT Nih, hEfF It M*g, n03TOMY 

MM*gf= inf (Mh+cM*g),
 
h (x)+cg (x}~f(x), hE __~
 

r,ne HlI)KH515I rpaHb IImeTCH no cEfll II no hEPT. IlPII 3a,llaHHOM C 
HII)l{H5I5I rpaHb no h ,llOCTHraeTC5I, Kor,lla h=f-cg, B pe3YJIbTaTe 

(1.9)
MM*g f = min [M (f - cg) +cM*g]. 

c 

3 a M e q a H H e. ECJIH g He npHHa,1I.JIelKHT 06J18CTH cymecTBOBaHH5I 06eHX rpa

H1Ul, .;/{, T. e. gEt.cTn (-.cT) , TO ,lJ.JIH JlI06oro npH3HaKa fEf!Tn (-tF) cnpaBe;I)lHBO 

A1M *gf=Jlif (TaK KaK M (f-cg) = 00 npH c=#=O). 

AHaJIOrlIqHbIM 06pa30M, eCJIII cg k= {gl, ... , gk} eCTb KOHeQHbIlI Ha-

60p npI13HaKOB, TO 

M M ;y f == min [M (' f - ±c j gj) + ±c j M* gj]. (1.10)
* k 'lei 1 1 

nJI51 npOlI3BOJIbHOrO lHa60pa cg Ha OCHOBaHHII paBeHCTB Jft JH*:g' = 

= .J1't 1\ (.J1't* fJ) = J/It /\ ( 1\ (M* fJ k») = 1\ (.Ai 1\ (M* h») = 
;§hC ;§ ~kC.:Y 

= /\ .J!;[M;§ liMeeM:
 
;§hC ;§ * k
 

M M ~ t = inf M M ;§k f, 
. *..Y ;§hC ;§ * 

r,lJ.e HaepnMyM 6epeT'CH Ino BceB03MOiKHbl'M KOHeqHbIM no,n'Ha6opaM 

~k	 ,nplIi3HaIK'OB H3 ~. 
CBOHCTBa CeqeHHit CeqeHlIe 06JIa,llaeT npHBbltIHbIMH CBOHCTBaMli 

HM. nOMHMO 3Toro 'BepHbI CJle,nYlOllI,He CBoHcTBa: 

1.	 .J1;lM*;§ c:..Jt. 

2.	 .J1'tM.37 =.J1't inpH M*.2' = I, B npOTHBHOM cJIyqae .JtM.37 = 0· 
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3. (.J!1 M*g'1)M*g'2 = JftM.(g'l U.'9'2)' T. e. M* j 2 -CeqeHHe .JI;tM*g'l 

ecn TO Me caMoe, 'ITO H M* ( J 1 U ~ 2) -CeqeHHe .Jft, T. e • .J!£ A 
;\ (M* ~ 1) /\ (M* f 2). 

4. ECJIH Mh, hE.~ orrpe,ll,eJI5IeT M0l2l.eJIb <M~), TO M*~-Ce'IeHHe 
6Y,lI,eT orrpeJJ,eJI5ITbC5I 'Cpe,ll,HHMH M~UM*~, T. e. <M~) M*g'= 
=<A1deUM*~>. 

5. .J!1 = A.Jfite '* .J!1M g' = A(Jfte)M g' - nepeCeqeHH5I rrepeCTaHOBOqe * ft * 
RbI C CeqeHH5IMH. 

6. fpaHHu'bI M M"g' t a,ll,,lI,HTHBHbI OTHOCHTeJIbHO rrpH6aBJIeHH5I KO

HeqHbIX JIHHeHHbIX KOM6IIHau,HH npII3HaKoB II3 S : MM.g' (f+ L Gig )= 
i 

=== M 1v1 *:9' t+ 2: Ci M* gi" 

.uoKa3aTeJIbCTBO 3THX .CBOHCTB 3JIeMeHTapHo. 

113 CBOHcTBa 6 CJIe,ll,yeT, 'ITO CeqeHIIe 6Y,ll,eT O,ll,HHM II TeM Me ,lI,JI5I 

Bcex 11M, rrOJIY'IaeMblx«CJI:BHroM» Bcex nepBHqHbIX rrpH3HaKoB Ha 

LG;g;, g;E.~, II cooTBeTcTByIOIIJ:HM C,lI,BHrOM HX Cpe,ll,HIIX rra LG;M*g;. 
TeopeMa 0 npe)),CTaBJIeHHH HM. 

Teo p e M a 1.3. Jl106a51 HM J( npeOCTaBA51eTC51 KaK 06oeoufie
~flue ee M *~ -cetteHuli: 

.J!£ = V .JftM g', (1. It)
M*g' * 

zoe ~ eCTb A106011 B351Tbl11 fia60p npu3fiaKoB, a 06oeoufiefiue npou3
BOOUTC51 no 3fia ttefiU51M M*g B ufiTepBaAax Mg::;;;M*g::;;;Mg, gE.~. 

.uoKa3aTeJIbCTBO TeopeMbI BbIHeceHO B ,lI,OrrOJIHeHHe 1 'B KOHeu, na
parpaepa. 

3 a M e 'I a H H e. B 06be,ll,HHeHHH (1.11) Brr ~JIHe MOMHO ,lI,OnycTHTb 

M*g npo6eraIOIIJ.HMH 3Ha'IeHII5I OT -00 ,lJ,0 00, TaR KaK rrpH M*g<Mg 
lIJIH M*g>Mg Ce'IeHHe nYCTO: J(M.g'=0. 

ECJIH B Ka'IeCTBe ~ B35ITb ,npOH3BOJIbHblii.Ha6op !J1 C06bITHH, TO 

1f3 TeopeMbI CJIe,lJ,yeT, 'ITO KaM,lJ,a5I 11M MOMeT 6bITb rrpe,lJ,CTaBJIeHa 

o6be,nHHeHl1eM 11M C TOQHbIMI1 Ha Ha

60pe .91 BepoHTHOCT5IMI1 ,006bITllH: 

J;[ === V _ ./ftP*$ , 
p.9J~P*$~P$ 

f.,ne P*$={P*(B), BEgj} -0603Ha

qeHl1e cOBoKynHocTH Bep05ITHOCTeH, 

npllQeMj}$-':HI1LKHllX II P$-IBepx-

HHX BepoHTHocTeH. 

~ , I :-\ feOMeTpl1QeCKOe TonKOBaHlle Teo
I ~'/ , /, / ~\ / 

peMbI 0 rrpe,ncTaBneHI1I1 BI1jI,HO 113:!('\ / ~ / ~ / I~I /

vV'/ / '<./ ~ pHC. 1.8 H 1.9: Jf{ Onl1CbIBaeTCH no'''Z''-:./ ~~ 
'CJIe,nOBa TeJIbHOCTblO napaJIJIeJIbHbIX 

PMC. 1.9. TIpeJl.cTaBJIeHMe MOJl.eJIM orpe3KoB, nOJIYQeHHblx ,nepeCeqeHll
..ce4eHH51MH 

eM np5IMblX <.l"'~*g> C TeJIOM Mo,ne
.~~
 

JIll JIt. 3TO npli O,nHOH g. ECJIIi HX HeCKOJIbKO, TO CeqeHlIe ceqe... 

HIiM 6Y,lI.eT ,UaBaTb Bce 60JIee MeJIKIIe 3JIeMeHTbI (BnJIOTb ,lI.0 aTOMOB: 

Mo,UeJIH, a ,lI.JI5I ,nHcKpeTHblx npocTpaHcTB - IBeKTopoB BepoHTHocTeH" 

II Tor,Ua Jf{ npe,UcTaBJIHeTCH KaK ceMeHcTBo aToMapHblx MOJLeJIeH 

BeKTopoB BepoHTHOCTeI1). CKa3aHHoe epOpMyJIHpyeTC5I B BH,Ue CJIe,U

CTBIIH. 

CJIe,lI.CTBHe 1. <M~>= V <M*~>. 

<M*~)c<M~) 

3,necb <M*~> - npocTble Mo,UeJIII, onpe,neJIeHHble TOqHbI'MH 3Ha

4e'HHRMH M*g, g·E~. TaiKHM o6pa30M, Mo,UeJIII C nepIBH4HbI'MH cpe,ll.

HI1MH Mg, g·E~, npe,ll.CTaBJI5IlOTC5I ,KaK CeMeI1CTBa Mo,UeJIeH C TOqHbI

Mli :3HaqeHH5IMIi M*g, gE~, TaKHMH, qTO M*g~Mg. 
CJIe,lI.cTBl1e 1, OqeBI1,nHO, OCTaHeTC5I B CIIJIe, eCJIIi BMeCTO ;§' B35ITb 

JII060H BKJIlOqalOI.I.LIIH ~ Ha60p rrpH3HaKOB. A TaKLKe JIlO60I1 Ha60p 

rrpll3HaKOB IIco6bITHH, H3 KOToporo JI1lIHeHHbIMli npeo6pa30BaHHHMH 

(HJIH llX 3aMbIKaHIIHMH) MOLKeT 6bITb nOJIyQeH KaLK,nbIH npH3'HaK 113 

~. B qaCTHOCTH, eCJII1 3TO iCHCTeMa C06bITIIH, TO HMeeM yTBep)K,neHlIe. 

C JI e,lI. C T B He 2. ECAU Bee npU3HaKU fla60pa ~ U3MepU/I;f,bl OT

HOCUTeAbHO CUCTe.iHbl set Mf-lOaICeCTB (T. e. npe,nCTaBJIHIOTCH KaK KO

Heq,Hble JIHHeHHbleKOM6IIHaU,HH HH,nI1KaTOpOB C06bITI1H set I1JIH HX 3a

MbIKaHH5I OTHOCHTeJIbHO paBHOMepHOH CXO,nHMOCTH), TO 

(Ai j) == V (P*~A).
 
<P*Jt) c (.;\1:9')
 

COrJIaCHO 3TOMy CJIe,nCTBIHO 11M npe,nCTaBJI5IeTCH KaK ceMerICTBO 

TOqHbIX Ha set pacIlpe,neJIeHI1H BepoHTHocTetf. ECJIH set eCTb aJIre6pa 

HJIH KOJIbUO C06bIT'I1H, TO 3TO 6y,UyT KOHeQHO-a,n,nHTHBHble pacnpe

,neJIeHHH BepoHTHocTeH. A I1HTepeCHO, qTO 6y,neT, eCJIH set 1- CHrlvla

3JIre6'lpa, T. e. aJIre6pa, 3aM,iKHYTa5I ,OTHOC'HTeJIbIHO C4eTIHblX ,o6benH

HeHHH? Tor,na Bce paBHo 11M npe,ncTaBJI5IeTCH KaK ceMeHCTBO set
TOqHbIX pacnpe,neJIeHHH Bep05lTHOCTeH, HO 3TO 6y,nyT Orr5lTb )Ke B 

OCHOBHOM KOHeqHO-a,n,nIITHBHbIe pacnpeneJIeHI151 (!). 
MOLKHo c,neJIaTb BbIBO,ll., qTOCQeTHO-a,lI.,nIITI1BHble pacrrpe,neJIeHlI5I 

caMH no ce6e 5IBJI5IIOTCH CJIHWKOM pe,UKHM HCKJIIOqeHHeMB,«ceMbe» 

pacIlpe,neJIeHI1H Bep05ITHOCTe~I, qTo6bI I1MH MOLKHO 6bIJIO onHcaTb 

MHorHe 11M (B qaCTHOCTll, KOHe4HOH pa3MepHocTll). TIpHQeM 'pac

IllHpeHl1e CHCTeMbI set C ueJIblO ,np06JIeHHH elO IlpocTpaHcTBa ge Ha 

Bce 60JIee MeJI~He qaCTH, a OTCIO,ll.a JIOfllqeCKIiH nepexo,n K 60peneB

CKHM CHfMa -aJIre6paM, II K 60JIee MeJIKIIM JIe6efOBcKHM, XOTH 11 He

CKOJIhKO YBeJIHqHBaeT OIlHCaTeJIbHbIe B03MOLKHOCTH CqeTHO-a,lI.,lI.HTHB

HbIX pacIlpe,neJIeHHH, Bnpl1HUllilHaJIbHOH CBoeH OCHOBe 'BbIBOna He 

MeHHeT. 

I13lOMIIHa, 'CKpbITaH B CJIe,UCTBIIHX 1 11 2, COCTOHT B TOM, qTO He

YCTOHqlIBble B CTaTHCTl1qeCKOM CMbICJIe HBJIeHH5I OIlHCbIBalOTCH B BH

,neceMeHCTB TOqHbIX Mo,neJleH,COOTBeTcTByIOI.I.LHX YCTOHqHBbIM 51BJIe

HI1HM, B qaCTHOCTll, C nOM0I.I.LblO ceMeHCTB TOqHbIX pacnpe,neJIeHIII1 

BepOHTHOCTeH. HeYCTOHqHBOCTb CTaTI1CTllQeCKaH B3alIMHO «nepeKaqlI
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naeTCH» B HeycTOHtIHBOCTb HHepOpMau.HOHHyIO, B Harne He3HaHHe TOtI

HbIX 3aK'OHOB, HeH3BeCTHOCTb Bb16opa. Ha rrepBbIH B3rJI5I:,lJ., napa,nOK

CaJIbHbIH BbIBO,lJ., HO Ha caMOM ,neJIe BrrOJIHe eCTeCTBeHHbIll, TaK KaK B 

O,60HX CJIyqa5IX rrpH ne3aBHCHMbIX ,IIOBTopax B rrpe,lI,eJIe 6Y,lI,eM no

JIYQaTb pa3Hble Cpe,lI,Hae aplIfepMeTHlIeCKHe, a 3TO :IKe H Cpe,LI.HHe B 

HHTepBaJIbHOM ilX nOHHMaHHH. 

OnpeAeJleHHe 11M 3aAalOllJ)fMH CeqeHHSlMH. TO.TIbKO tITO rOBopII-

JIOCb 0 TOM, qTO MO:IKHO MbICJIHTb ce6e ¥1M B BH,lJ.e 06'be,lJ.HUeHHH liJIil 

·ceMeHcTBa 60JIee MeJIKHX ee lIaCTeH - MO,lJ.eJIeH. Ho Be,lJ.b 3TO eCTb 

H crroco6 3a,lJ.a!HHH Jf{, eCJIH ee HCXO,lJ.HO onpe,lI.eJIHTb He tIepe3 CBOH 

,cpe,nHHe NIt, a KaK 06'be,lJ.HHeHHe 60JIee rrpOCTbIX no onHcaHHIO 3a

)I.aIOIUI1X ee MO,lJ.eJIeH Jt*e: Jf{\= V Jf{*e. OpOCTbIX B TOM CMblCJIe,·· lITO 
e ~	 

)I.JIH HI1X JIerKO naXO,lJ.5ITCH Cpe,lJ.HHe Met. Tor,ll.a Mf=sup M*ef. dTO 
e 

Q,lJ.HH H3 cnoco60B HerrpHMoro 3a,lJ.aHHH 11M, pa3JIHlIHble acrreKTbI 

KOToporo 3,lJ.eCb H o6cy:IK,lJ.aIOTcH. 

CHaqaJIa paOCMOTp,HM TOT CJIyqaM, KOr,lJ.a Jf{*e HBJIHIOT'C5I M*~

1'OtIHbIMH, a POJIb MHorOMepHoro IrrapaMeTpa 8 BbIIlOJI,H5IeT "CaM Ha60p 

iCpe,lJ.HI1X M*g, gE.~. 3arrHllleM 

JIll == V ~(M*g'). (1.12)
M*;§ 

CrrpaBa CHMBOJI M*~ C03HaTeJIbHO 3aKJIIOqeH B KpyrJIble cKo6KH, 

ttITo6bI YKa3aTb Ha TOT ...¢aKT, qTO ,nJIH Jf{~M*~) Cpe,lJ.HHe OT rrp:H3Ha

ROB ,gE~ HBJIHIOTCH TOqHbIMH, parBHbIMH 3HaqeHHlO COOTBe~CTBYlOme

ro rrapa,MeTpa: M~M*~)g==,M*g, TaK H Ha TO, tITO IB OTJI'UqMe aT 
(1.11) «rrapaMeTpbI» He 06H3aHblrrpo6eraTb Bce 3HaqeHH5I H3 {Mg, 

Mg], IgE.;g, a Jf{;M*;§) B 'CBOIO OtIepe,nb He 06H3aTeJIbHO ,lJ.OJI)KHbI 

6bITb M~ -CeqeHM5IMH MO,lJ.eJIH Jr. KaK 3TO XOpOlIlO BH,lJ.HO H3 pHC. 1.9, 
r,lJ.e ~ == Jf{D VJf{ 1 VJ{2 MO:tKeT 6bITb 3a,lJ.aHa CetIeHHHMH JI!Hlllb ee lIac

Tei1 Jl1 H Jl2 H 3)I.'eCb, eCJIH ',lJ.a2Ke CetIeHHSI Jf{o 3aJJ.aBaTb [lyCTbIMH, 

TO Bce paBHO vi{ ==Jf{l V J{2, T. e. 'BblnyKJIa5I 060JIOtIKa Jl1 Ii Jf{2 (HJIH 

oeeqeHIiH) lorrpe,lJ.eJIHT Jt. 
B epopMyJIe (1.12) JI;M*;§) 6y,neM Ha3bIBaTb 3aiJalOU1uMu ModeAb 

,CetteflUHMU. PaccMoTpHM rrpHMep. 

IT p H M e p 1.12. ITYCTb ge = {Xi, X2, X3} - TpH 3JIeMeHT3pHblX HCXO,U3 If vi{ 

llHTepnpeTHpyeTcH KaK BbIrry,KJIOe ceMellcTBo BeKTopoB BepoHTHocTeli P. HaC~OJIbKO 

.BHjlHO H3 pHC. 1.9, orrHcaHHe J{ rrepBHtIHbIMH cpe,UHHMH, 3KBHBaJIeHTHOe OIIHcaHHIO 

KOHTypa J( KaC3TeJIhHhIMH JIHiHHHMU (KOTOphIX 6eOKOHetIHO MHoro), 51BJUleTCH 

.HeY.lJ.06HhIM. B TO :>Ke BpeMH Ka}K)1.0e ee p* (xl) -CetIeHHe .Jt~*(Xi) eCTb ,UOBOJIbHO 

npOCTa51 no cTpyKType 111\1, 3a)1.aBaeMaH TOtIHOH Bep05lTHOCThlO p* (xt) H npe,Ue

.JIaMH H3MeHeHH5I p* (X2): ~P*( Xi) (X2) ~ P*- (X2) ~ j5 P*( Xi) (X2), aaBUCHIUHMH, B 06-

[P(Xl), p'] M [p", P(xt}], cooTBeTcTBylOIII.HX oT,UeJIhHO J(1 'M .;/{2, 0603HatIeHHbIM 

HapRC. 1.9. 

BepHeMC51 K ¢OPMYJIe (1.12). nYCTh Mo.ueJIli J{;M*:§) Ol1'liChlBa

IOTC51 rrOMHMO 3HaqeHHll ""'1*g', gEC§, (pa3Hblx ,UJIH pa3Hblx MO,1leJ1el1) 

Bce O,lI.HHMll II TeMH.lKe BepxHllMH lIlepBllqHbIIMHCpe,LI.HHMH Mh, hE~: 

.JJ!l(M*~) == (MJt) /\ (M* j ). 

TO:f,lI.a HX 06be,lJ.HHeHHe no H3MeHeHH5IM lVl*,g, gE~, OrpaHHQeH

HbIM cBepxy 4TICJIaMM lWg, gE.<§, orrpe,neJIHT 11M cJf{, nepBHtIHbIMH 

a.J15I IKOTOpOH 6y;r.yT Te Me caMble M~, H nJIIOC 'K 3TOMy, ji\1~, tITO 

¢ 0 pM aJIbH0 3 a rr IICbIB a eTC 51 : 

.JPt = V (Mdt) 1\ (M* j ») =: (MJt) /\ (M j).
 
M*g'~Mg, gEJi
 

I105ICHI1M CKa3aHHoe. flYCTb C§)== g' II H306pa3HM Ha pHC. 1.10 
M*g-Ceq'eHHe KaK IIJIOCKHH MHororpaHHHK JI*(M*g) Ha fIInepnJIOCKOC

TH T04iHOfO 3Ha4eHH51 1\;1*g. ECJIHerO rpaHII Mhj He MeH5IlOTCH npH 
M*g-«C.lLBIIr'ax», TO OHM coxpaHHIOTC51 ill )I.JI51 epIIrYPbI vI!, n'OJIylleH

HOM B pe3YJIbTaTe napaJIJIeJIbHOrO nepeMellI,eHllH 3T'OPO ,rrJIOCKOrO ,MHO

rorpaHHHKa IIpH H3MeHeHHH M*g oT'lvIg )1.0 Mg". I1JIlOC K 3TOMy ,ll.Be 

rpaHH 6y,nyT cooTBeTcTBoBaTb «KpaMHHM» 3HaqeHH5IM M*g=~g II 

j\1:::g==Mg. I\cTaTH, IpaC'UOJIOMeHHble IHa HHX MHororpaHHHKH nOJlHO

CTblO OIIHCbIBalOT J!: JI{ ='JI{ ~Mg) VAt ~ '-' . flo,J,06Ha51 pe,lJ.YKLuI~ OIl'l1ca
"" A1g) 

HHH B03MO)l(Ha npH JII060M Ha60pe ~. 
HeCKOJIbKO 6oJ1ee 061l1JIH cJIyqaI1 no cpaBHeHHIO C npe,J.bIJl.YIUHM 

6y,neT llMeTb MeCTO, eCJ1H (npn rrpe)KHHX OCTaJIbHbIX yC,TIOBH5IX) 

Ai (Al*;§)h 3aBHC5IT OT M*gi, giE~, H JIHHeI1HO MeHHIOTC5I npH HX H3

MeHeHHHX: 

M(M*~)h==mhT ~ci(h)M*gi' hE2ff, 

r,Ue K03epepHUHeHTbI Ci (h) 3aBHC5IT OT h. Ha PYlc. 1.10 3TO 6y,neT BbI

r JI5I,neTb KaK H3MeHeHHe HanpaBJ1eHH5I )l,BH)KeHH5l IIpl1 CMemeHHH 

n~10CKoro MHororpaHHHKa, tITO BbI30BeT H H3MeHeHHe HTorOBoro IIO

nOJI'OMeHH5I np aHerI vI!, 'cOOTBeT-


CT'BYIOllI,HX IIPH3'H3IKa,~1 h celie· .fIg
 

HHH, a 3Ha'4HT, II caiMHX h, 'KOTO J". --:7";:

-'7"	 / 

pble nepexo,n5ITB h-~Ci(h)X -?	 
~,,/ 

/Xgi co 3HaqeHH51MH Mlh- if	 / iih? 
-2:Ci (h)gi] ==mh, hEdG. 3TH J},(!!!l) I1h2 

\, 

"ilI.{eM, OT p* (xI). CeqeHHH vI{~*(Xd 6y,LJ.yT 33,UalOIII.HMH ,LJ.JIH ..,If = V ..K~*(Xd' HyJK- nepBH4Hble Cpe,lJ.HHe BMeCTe C ~\\~ 

P*(X i ) !:!g, Mg, gE$, ill Ql1peJI.eJI51T J{. \. ~\\' 
EO yK333Th JIIUlih npe,LJ.eJIbIH3MeHeHHH IIapaMeTpa p* (xt) JIH60 B )J.H3na30He OT 

!. (xI) )1.0 P(xt), cooTBeTcTBylOIII.eM .JI{, JUI60 B 60JIee Y3KHX )J.Byx )1.HaII330H3X	 PaCCMOTpHM npHMep TaKoro 

npeACTaBJIeHH5I. PKC. 1.10! <PopMHpoaaHHc rpaHeiI Mo.neJIH 

~7I
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n p 1I.M e p 1.13. ITYCTh Ha [Jl 3a,UalOlUHe CeqeHHH Jl*(M*X) npH Ka*,lJ.OM. <pHK

'CHpOBaHHOM M* X 3a,UaHbI epe,UHJIMH M* (M* X )X2 = fiz 2+M* X. 3,Uecb B npHHHThIX 

1BhIlIle 0603HaqeHHHX g(x) =x, h (x) =x2 • Tor,Ua o6be,lJ.HHeHHH CeqeHHH no napa

MeTpy M* X, MeHHlOlUeM)TH B npe,lJ.eJIax ~X ~M*X~MX, o6pa3yeT 11M C nepBIPI-

HbIMH epeJl,HHMH: M (X2_X) =ltn2, 111 X, A1X. 

MbI paCCMOTpeJIH TOT CJIylJaI1, KOf)l.a nepBHT..IHble Cpe)l.HHe M*~

CelJeHHH 3aBHC5IT OT M*~. ,UpyroH crroc06 - IC,LLeJIaTb 3aBHC5IIIJ.HM OT 

M~:~ caM BH,LL nepBHT..IHbIX npH3HaKOB h M *;# 3a,LLaIOmHX CeqeHuH. 

IT p H M e p 1.14. 3 a ,n a H H e C JI Y tI a H H 0 H B e JI H tI H H hI C P e ,II. H 'H M H 

1J, Hen e p C H e H. J],ucnepCllfl eCTh MOIll,HOCTb ueHTpIIpOBaHHOI1: K TOqHO HYJIeBoMy 

2cpe,nHeMy C. B. a= M (X---M X) 2. B o6Ill,eM cJIyqae HeJIh3H onpe,ne.TI'HTh ,UHcnepcHIO. 

Nlo.IKHO CD,eJIaTh- 3TOTOJIbKO npu Jl,onYIlJ,eHHH 0 TOqHbIX MX, T. e. JI,JIH M* X-1oeqe

-HHH ..,K* (M*X) \Mo,neJIH, 3a,naBaH ,nJI51 HHX M* (M*X) (X-M*X) 2 =.;z (M* X), 06be,UH

HeHHe CeqeHHrI no M*X H ,QacT MO,QeJIh 'CJIyqaHHOH BeJIHqHHhI, 3a,naHHOH npe,neJIa

MH MX, M X H3MeHeHHH cpe,nHero H (npH Ka.IK,UoM M* X) BepxHeH -'uHcnepcHeH 

;2(M~). 
f1peo6pa3yH B Ka.IK,UoM CeqeHHH BhIpaMeHHe ,QJI51 ,UHcnepcHH C yqeTOM Toro, tITO 

A1*X HBJIHeTCH TOqHhIM, HMeeM: ,;2(M*X)=M*(M*X) (X-A1*X)2=Ai*(M*X)X2_(M*X)2, 

HJIH M*(M*X)X2=~2(M*X)-(M*X)2. OTcIO,na CJIe,UyeT, tITO nepBHtIHhIH npH3HaK 

h (x) = (x-M* X) 2 ,nJIH M* X -CeqeHHH 3KBHBaJIeHTHhIM 06pa30M 3aMeHHeTCH Ha x2 C 

~nepBHtIHhIM 3HaqeHHeM ~2 (M*X) -(M*X) 2, 3aBHcHlUHM OT M* X HeJIHHeHHO. 

,ll.aHHaH MeTo,nHKa Mo*eT 6hITh npO,UOJI.lKeHa Ha 3a,naHHe 11M HHTepBaJIbHhIMH 

11,eHTpaJIhHhIMH MOMeHTaMH II KyMMyJIHHTaMH. 

Upe,1J.CTaBJleHUe Qepe3 cTaH,lI,apTHylO MM. BepHeMC51 K 06meMy 

npe,LLCTaBJIeHHIO: t.If{ = V eJf{a, T..IaCTHbIMH CJIyqa5IMH KOToporo 5IBJI5IIOT

C5I KaK 3anHCb yIM B BH,LLe BbInyKJIOH 060JIOQKH npOCTbIX pacnpe,lJ.e

JIeHHH (BepllIHH), TaK H B BH)l,e 06be,LLHHeHH5I CelJeHHH. XOp0lI10 6bI, 

QT06bI Bce 3a,LLaIOIIJ.He eJf{a IHMeJIH O,LLHH3'KOByIO, ,LLOCTaTOQHO npocTYIO 

cTpyKTypy. 

OCTaHOBHMC5I !Ha TOM CJIyT..Iae, KOr)l.a Bee eJf{e nOJIYlJaIOTC5I He

CJIOMHbIM 06pa30M H3 O)l.HOH Jto, H33bIBaeMOH CTaH(JapTHOU. ,UJI5I 

BTOfO HaBO,LLHTC5I 3aBHC5Imee OT 8 COOTBeT:CTBHe Me)l(,LLY npH3HaKaMl1 

t++te TaK, QT06bI HX Cpe,LLHlie )l,JI5I CTaH,LLapTHOH II 3af1.aIOmeH 11M 
COBnaJIH: Mot=Meta, rrpH 3TOM He HapywHB COfJIaCOBaHHOCTlI. T'Of,LLa 

)J,JI5I HaXO)K,neHH5I Meer )l.OCTaTOT..IHO BbI5IBHTb COOTBeTcTByIOIJJ.HH ,CP npH

3HaK t !(npH 3a.llaHHOM 8) H B35ITb OT Hero cpe.llHee Mot. 
PaccMoTpIIM 60JIee CTporo ,Bonpoc, K3KHM B 3TOI1: cxeMe .ll0JIMHO 

6bITb COOTBeTCTBHe MeM,LLy npH3HaKaMH, 'KaK OHH CB5I3bIBaIOTC5I iMeM

JJ.Y C060JI? flYCTb CTaH,lJ.apTHa5I dfo orrpe,LleJI5IeTC5I CBOHMII cpe,LLHHMli 

Mof, fE.fT, II 3a,LLa,LLliM eJ1{a 3HaT..IeHH5IMH 

M 8 f == M 0 (La f), (1.13) 
f,LLe L e - orrepaTop, oT06pa)KaIOW,IIit 06JIaCTb [!fa cymecTBOBaHH5I 

Le
Jf{a B 06JIaCTb fTo cymecTBOBaHH51 eJf{o: [!Fa -+fTo, SEe. 

Y T Be p M,U e H H e 1.4. CpeoHue B ¢opMyAe (1.13) 6yOyT C02Aa
COBaHHblMU, eCAU onepaTop La 06AaoaeT cAeoylOU{uMU OByMfl cBo11
CTBaMU: a) AUHeiiHOCTbfO Le(Cltl +c2f2+ C) =c1L'atl +C2 Lat2+C; 6) co
xpaHeHUeAt 1l0pfloKa tI ~ t2* LetI ~ Lat2. 

H y*HO Jl,OKa3aTh, qTO ,nJIH rpaHHU, BhIpa.IKeHHhIX (1.13), BhlnOJIHHlOTC51 aKCHO-

M hI M.l'vl (C~I. CTp. 15) . OqeBU,UH hI AI H A4. ,UaJIee, . b~ o=>-Xla(bf +c) := 

= XloLe(bf+c) =Mo(bLef+c) = bMoLef+c=bMef+c, H ,nOKa3aHa A2. HaKoHeu, A3, 
CJIe,UyeT H3 COOTHOllleHH~I A1a(f+g) =MoLa(f+g) ~ MoLef+ i\1oLeg= Mef+Meg, qTO 

H ,UOKa3hIBaeT yTBep.IK,neHHe. 

113 CBOI1CTB JIHHeI1,HOCTH HcoxpaHeHH5I rrOp5I,LLKa OrrepaTopa Le
CJIe,LLyeT, T..ITO eCJIH rrepBHT..IHbIM Ha6opOM CTaH,LLapTHOH 11M u1to = 
= <Mo~> 5IBJ15IeT'C5I~, TO nepBHT..IHbIMH Ha60paMH )l,JI5I J/(e 6y,LLYT 

~e= {ge: Lege=g, gE;Y} co Cpe,lL'HHMH Jf1ege=Mng, cue Lage=g. 
<l>YHKIJ.HOHaJlbHbIe npe,1J.CTaBJleHHSI. PaCCMOTpHM O,LLIIH QaCTHbB'1 

CJIyqaH npe,LLbI,LLymero npe,LLCTaBJIeHH51. ,UJ15I 3Toro 06paTHMC5I K 3anH

CH x B !B'H,LLe oT06pa)l{eHH5I x= Ve£, T,LLe Ve - H3BeCTHbII10rrepaTOp, 3a

BHC5ImHH OT HeH3BeCTHoro napaMeTpa 8, npHHHMaIOmero 3H3lJeHH51 

H3 'MHOMeCTB3 8. TaKHe 3aIIHCH 06bI4'HbI :B 3a,LLaQaX ,o6HapY)l{eHH5I II 

BbI,LLe.lIeHH5I CHrHaJIOB, B KOTOpbIX lllyM £ (BeKTop !liJIH npouecc) ,LLeH

cTByeT IB KaHaJIe ICB5I3H, onHCbIBaeMOM onepaTopoM Ve, f,LLe 8 - HeH3

BeCTHbIH O,LLHOMepHbIHHJIH MHorOMepHbIli napaMeTp KaHaJIa (HJII1 na

paMeTpbICHrHaJIa H IllyMa) , a x - nOJIYQaeMbIe B pe3YJIbTaTe BeK

TopHble HJIH B BH,LLe npouecca IHa6JIIO,LLeHH5I. 3a,LLaHa 11M «wyMa» 

t/f{o~, HfpaIOma5I POJIb CTaH,LlapTHoH. Tpe6yeTC5I COCTaBHTb 11M eJf{x 

Ha6JIIO,LLeHHH. 

ECJIH onepaTop Ve npn K3M,LLOM 8 oTo6pa)l{aeT «peaJIH3aUHH» £ 
B «peaJIH3aLUiH» X B3aHMHO-0,LLH03Ha T..IHbIM o6p a30M, TOr)l.a La, 3a,LLaH

HbII1 TaK: Lei (x) = f (Ve,£) , 6y,LLeT y,LLOBJIeTBOp5ITb nOCbIJIaM yTBep)l(

,LLeHH5I 1.4. PaBeHcTBa Mxat(x) =M~ot(Ve£) COrJIaCHO (1.13) nOp0,LL5IT 

cepHIO I1}Vl J1{ eX, ·o6be,LlHHeHHe ,KOTOpbIX rro 8 ;:r,aCT :MOIAe.TIb ~;f{X Ha6

JIIO,LleHHH, onpe,LLeJI5IeMyIO Cpe,LLHHMH 

M f (x) == sup Me t (x) == sup M5t (Ve ~). 
e e 

n p H 1'.1 C p J.15. B 3a;J,aqaX pa,JiHOJIOKaUIiH H CB513H CMeCh CnfHaJIa Wt, t,ne t 
eCTh BpeMH, C lIlyMOM £t qaCTO 3anHChIBaeTC5I B BH,ne: Xt =8Wt +£t, B KOTOpOM 

8 ~ 0 - HeH3BeCTHaH aMIlJIHTy,na CHfHaJIa. TIYCTh lIlyM £t onHChIBaeTC51 11M .;/{o. 

Tor,Ua Mo,neJIh J{e Ha6JIIO,neHH~I X t npH KaM,nOM 3a,naHHOM 8 onpeJJ.e,,15IeTCH CJIe

Jl.YIOIll,HMH 3HaqeHHHMH: Mef(Xd'=/Vlof(Xt-8wt), a MO;:LeJIh .;/{, paBHa5I 06be;I.JIHeHHIO 

Jle no 8, - 3HaqeHHHMIi Mf=sup i\1of(X t -8wt}. OHH H ,Ua,nyT MO,lLeJIh Jft. 3,Uech, 

8~O 

eCJIH Jlo= (jWo;Y> HMeeT nepBHqHhIM Ha6opoM MHOMeCTBO ;Y <pyHKUHOHaJIOB, TO 

nepBHQHhIMH npH3HaKaMH vlte 6y,UyT ge=g(X t -8wt) C TeMH .IKe nepBHqHhIMH cpe,n

HHMH, tITO H 3a;raHhI Ha ;Y: SI8g(Xt~8wt) =Mog. 

nJIOTHOCTb. PaCCMaTpHBaeTC5I cnoc06 BbIpa3HTb O,UHY 11M T..Iepe3 

,npyfyIO, CTaH)l.apTHyIO, C nOM0IIJ.bIO epyHKUHH p (x) nepeMeHHoH x. 
CHaT..IaJIa pacCMoTpliM HaH60JIee npocToH c.nyT..IaH, KOf,LLa ge =fJl, 

If Ha nepBHQHOM KOJIbue :Jt'2. Bcex OTpe3KOB 3a,LLaHO KOHeT..IHO-a,Ll.llH
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"'THBHOe pacnpe,neJIeHHe 9 1 TOllHbIMH Bep05ITHOCT5IMH PII[X, y), 
x<yEfll. TIJIOTHOCTb Bep05ITHOCTeH no OTHOlIleHHIO K ,ll.pyroMy Ta

KOMy Me X l:-TOqHOMy P acnpe,neJIeHHIO [JJo C Bep05ITHOCT5IMH Poi[ x, y) 
3anaeTC5I <pOpMyJIOH 

p (x) =	 lim PI [x, y) •
 
y~x Po[x, y)
 

TIJIOTHOCTb onpe,ll.eJIeHa, eCJIH 3TOT npe,ll.eJI cymecTByeT nJI5I Bcex 

.x, KpOMe, MOMeT 6bITb, MHOMeCTBa TOlleK [JJo-Bep05ITHOCTH 0 (3,neCb 

go MOMeT BnOJIHe 6bITb 3aMeHeHO Ha JII06yIO X ~-TOllHYIO Mepy, HO 

.y,ll.06HeH Bcero ,nJI5I 3THX ueJIeH Mepa ,nJIHHbI, onpe,ll.eJIeHHa51 KaK 

Para, b) =b-a). 
CMbICJI nJIOTHOCTH Bep05ITHOCTeH inpo3palleH CKB03b npH3MY aHa

,JIOrHH c nJIOTHOCTbIO MaCCbI epu3HlIecKoro BemeCTBa, TOJIb'KO cnOBO 

«Macca» 3aMeH5IeTC5I Ha «Mepy» HJIH Bep05ITHOCTb. TOllHO TaKyIO LKe 

aHaJIOrHIO HMeeT nJIOT/HOCTb, KOr,ll.a ,a; =PJln (T. e. paccMaTpUBaeTC5I 

,CJIYllaHHbIH BeKTop). Tor,na p (x) eCTb npe,ll.eJI OTHOIIIeHH5I Bep05IT

HOCTeH HenOCpe,ll.CTBeHHblx oKpecTHocTeH TOqKH x, B KOTOpbIX 'Mec

"TO OTpe3KOB 3aHHIMaIOT n-MepHbIe 6pyCbI. npH HeycTaHHoM yMeHb'lIle

'HHH iCTOpOH 6pyeOlB. 

ECJIH nJIOTHOCTb p (x) cymecTByeT, TO Cpe,ll.Hee no pacnpe,rr,eJIe

~HHIO f/Jf 6Y,lLeT 

M I g == Jg (x) P (x) dPo(x) == Mogp 

AJI5I Bcex HHTerpHpyeMbIx no PHMaHy - CT-MJITbecy <pyHKUHH g (x), 
KOTophIe H o6pa3YIOT KJIaCC 2:lto BTOPHlIHhIX npH3HaKOB. ,UJI5I JIIO

·6bIX )Ke npH3HaKOB f Cpe,lLHee Mf onpe,ll.eJI5IeTC5I KaK BepXH5I5I rpaHb 

.Mg I,ll.JI5I Bcex g~f, gE2Xo, IOTiKY,ll.a H CJIe',ll.yeT epop-MyJIa 

Mlf==Mofp, fpEf[,	 (1.14) 

T,ll.e fT -06JIaCTb ,cymecTBoBaHH5I Cpe,lLHHX ,ll.JI5I f/Jo. 
113 (1.14), eCJIIH 'B35ITb IB KaqeCTIBe f (x) HH,ll.HKaT{~pHYIO ,epyHKIL'HIO 

oTpe3Ka ,[x, y) (6pyca) H yCTlpeMHTb YtX, OlleBHJI.HO, 6Y:LleT CJIe.,uo

BaTb HCXO,ll.HOe onpe,ll.'eJIeHHe lnJIOTHOCTH. 

B03hMeM (1.14) 3a OCHOBy epopMaJIhHOrO onpe,ll.eJIeHH5I nJIOTHOCTH 

O,ll.HOH	 11M J(l (He 065I'3aTeJIbHO TOq,HOI'1) ino OTHOlIleHHIO K npyroH 

A o. ClIHTaeM, LITO A o HMeeT 06JIaCThIO cymecTBOBaHH5I BepXHHX 

Cpe,ll.HHX KJIaCC [T epyHKUHH, a Al - KJIaCC [TI == {flp : fEg-}Ug-o, 
f,ll.e PTo - Bce OrpaHHQeHHhle 'CBepxy epyHKILHH Cn06aBJIeHHe HX K 

fT l HyJKHO TOr,ll.a, KOr,lLa P==oo B HeKoTopoH 06JIaCTH, TaK KaK B 

Herr f/p=O). 

q T06hI ¢ 0 PMyJI a ( 1. 14 ) 3 a,ll. a B a JI a corJI a COB a H HbI e c p eJI.H He H a 

rrpH3HaKax H3 BTl, He06xo,UHMO H ,lLOCTaTOQHO, BbIITOJIHeHJl5I ,lLBYX 

yCJIOBHH: 

a) epyHKUH5I p (x) HeOTpHuaTeJIbHa: P (x) ~O; 
6) Cpe,ll.Hee OT epyHKILHH p(x) TOqHOe 'H paBHo 1: 

Mop==Mop== 1. 
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<1>yH'KUH5I P (x), onpe,ll.eJIeHHa5I ypaBHeHHeM (1.14), :Ha3bIBaeTCH 

0plvtaAbflOU nAOTflOCTbfO Jt I no J{0 If 0603Hall a eTC5I p (x) == 
= Jtlljf{o. 

QJopMaAbflafl nAOTflOCTb, eCAU Ofla cYU1ecTByeT, onpeoeAefla nott

TU oOflo3flattHO B TOAt CMblCAe, ttTO eCAU PI U P2 - OBa BapuaflTa 

nAOTflOCTU, TO Co6blTueJ fla KOTOpOM OflU fle paBflbl OPY2 Opy2YJ flB

AfleTCJl ,~o-flyAeBblM: Po (PI =1= P2) == O. 
B caMOM ,neJIe, nycTb N= {x: Pi~P2}. Tocna H3 HepaBeHcTB MO(PI-P2),N~0 

1'1 MO(PI-P2)N~MoPlN-X/fOP2J-V=0 CJIe,nyeT MO(PI-P2)N=0, oTKy,na Po(N) =0. 
nOMeH5IB Pi H P2 MeCTaMH, Haxo,nHM Po (N') = 0, r,ne N' = {x : Pi> P2}. 06'he,nHH5I5I 

N II N', nOJIyT.IaeM Po (NUN') = 0, T.ITO H ,nOKa3bIBaeT yTBep:IK,neHHe. 

Co6hITHe l\TO' HyJIeBOe ,ll.JI5I J{, 06513aHO 6hITh HyJIeBbIM ,lI.JI5I 

J(l: Po (No) =0*151 (No)J==MoINop==O. TIPH 3TOM p(x) Ha No MO)KeT 

B npHHIlJlne 6hITh JII06hIM, ,ll.a)Ke npHHHMaTb 3HaqeHHe + 00 (TaK KaK 

0·00==0). DOJIee Toro, HyJIeBhIM 065I3aHO 6bITb Co6hITHe Ha KOTOpOM 

p(X) ==00. 
ECAU P eCTb ¢opMaAbflafl nAoTflocTbJ{I no J(o U p>O, TO lip 

6yaeT ¢opMaAbflou nAOTflOCTbfO Jto no J(1: 

fJ =z= J/It I IJ/It 0 > 0 ==?- 1Ip== &It01J[ I • 

,UOJKa3aTeJIBCT,BO tc,JIe,lI.'yeT H3 pa:BeHCTlBa M1(flp) ==Mo(fplp) ==Mof, H 

eCJIH p'==(X) npH XEN, TO OTHOIIIeHHe pip B .3TOH: 06JIaCTH MO)KHO 

CtIHTaTb JII06bIM OT 0 ,ll.O 00. 

Teo p e M a 1.5. IIyCTb nepBUtlflblMU OAR <Mo~o> R8ARfOTCR npu

.3flaKU fla60pa ~o U Mop (x) == 1. T020a nepBUtlHblMU npU3flaKaMU dAR 

<Ml~1), ¢opMaAbflaR nAOTflOCTbKOTOPOU no OTflOUleflUfO K, <M$0> 
lcyU{eCT8yeT U paBfla p (X), 6yayT 

.9 I == {gl (x) : gl (x) = g (x)IP (x), g (x)E ; o} U{+ liP (x)} 
jeo cpeofluMu fla flUX: 

MI (glp) == Mog, gc:= J 0; MI (lip) = - MI ( - lip) == 1. 
B caMOM ,neJIe, TaK KaK 6e3 ymep6a p(x) MO)KHO ClJHTaTb nepBHT.IHbIM nplI3

<HaKOM )l.JI5I (lWoGo>co 3HalJeHHeM Mop= 1, TO 

Md=Mofp=inf{[c+coMoP+ ~ ctMog;]: c+coP+ ~ ctgi>fp}= 

~inf{[cMl(llp)+co+~ ctMogi]: c/p+co+2: ctgilp~f}. 
3Ta epopMyJIa ,nOKa3bIBaeT yTBep:IK,neHHe TeOpeMbI. 

TaKHM 06pa30M, CMhICJI epopMaJIhHOH nJIOTHOCTH Al no OTHOlIle

HHIO Jto COCTOHT B nepeCqeTe BH)],a rrepBHqHhIX rrpU3HaKOB gi~gi/P, 
p~ lip, rrpu O)],HHaKOBbIX rrepBHQHbIX CpeJI,HHX, qTO MOMeT paCCMaT

pUBaThC5I KaK B3aHNIHO-O)],H03HaqHOe COOTBeTCTBHe rrepBHlIHbIX npH

3HaKOB MOJI-eJIeH. TIpu 3TOM ,ll.OCTaTOllHO paCCl\1arpEBaTb TOJIhKO Te H3 

HEX, nepBHqHhIe cpe)],'HHe KOTOphIX 51BJI5IIOTC5I corJIaCOBaHHbIMH. 

PaCC:MOTpHM CJIe)l.CTBH5I TeOpeMbI. 

C JI e,lI. C T B H e 1. 06AacTb cyU{ecTBOBaflUJl fT i BepXflUX cpedHux 

RM J(l, ¢OpMa.!lbltafl niLOTHOCTb KOTOpOU no OTHOUleHUIO K <M<$o> 
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f)
 

pa8Ha p (X), COCTa8AJleT MHO'JICeCTBO npU3HaKOBJ Ma'JICopupyeMblx KO 
HettHblMU AUHet'lHbl.;11,u KOM6uHal{UJlMU BUOa C+ "'22C+igilp, giE;§O. llpu, 
3HaKU U3 fT i npeOCTaBUMbl B BUOe f=Lc+ilgiIP+fo, coe giE;§o, a· 
fo - OcpaHUtteHHblU cBepxy npU3HaK. 

C JI e ,nc T B H e 2. 

P == Jf;[ 1/JJt0 == JJt;/ .Jfil~ =>- P== (v1t1 1\ .JfiZ;) / (viZ 0 1\ vii ~) . 

MOMBo c,neJIaTb BbIBOJL, qTO ,nJI5I cymecTBOBaHH5I ¢OpMaJIbHoit 

rrJIOT,HOCTli p = A I!A0 ,Heo6xoJLllMO,	 qTo6bI tJ1{0 llMeJIa 60JIee 60raTbIH 

nepBllqHbIH Ha6op, qeM AI. 4aCTHoe ;gIp rrp'HBo,nllT I( rroTepe JLaH

HbIX 0 npH3HaKax Ha60pa ~ no KpaHHeH Mepe B TOI1 06JlaCTH, rJLe 

p (x) == O. OTCIOJLa pa3MepHocTb MOJLeJIH Al JLOJIMHa 6bITb HHKaK He 

BbIwe pa3MepHOCTH A o. flpH p (x) >0, Vx, pa3MepHocTH JLOJI)KHbI 

6bITb OJLllHaKOBbIMH, a nepBHqHbIe Ha60pbI B H3BeCTHOM CMbICJIe 3KBll 

BaJIeHTHbIMH. 

PaccMoTpHM npHMepbI onpeJLeJIeHll5I ¢OpMaJIbHOI1 nJIOTHOCTli JLJIH 

11M, He 5IBJI5IIOmetiC5I TOqHbIM pacrrpe,neJIeHlleM Bep05ITHOcTeti. 

TIpHMep 1.15. flyCTb .Ao - MOMeHTH35I I1.iV\, orrpe,LLeJIeHH35I H3q3JIbHbIMI1 

MOMeHT3MH MoXi, i = 1, ... , k, BepxHHMH II nOToMy HeTOqHbIMH, KpoMe O,lI,HOrO, 

MOX2=MoX2=~O.X2, C 065I33TeJIbHO TOqHbIM 3H3qeHHeM. <PyHKUH5I p(x) =x2 6YJJ.eT 

¢OPM3JIbHOH IIJIOTHOCTbIO x2 =J(t!..J(o ,lI,JI5I T3KO~I .;/{1, nepBIIqHbIMH 

cpeJJ.HHMII KOTOpOH: 5IBJI5IIOTC5I M 1 (1(X2) = 1, iW 1 (I/X) =MoX, ifl 1X=M oX3 , ... 

... , Mt Xk-2=lW OXk. 06JIaCTbIO cYll~ecTBOB3HH5I 8F 1 6YJJ.eT MHOiKeCTBO npH3HaKoB 

k 
BH,lI,a c+ 22C+iXi-2+fo, foEfFo. B 3TOM	 npHMepe, TaK KaK p(x) >0 npH x=i=D 

1 
¢YHKIlJI5I l/p(x) = l/x2 6YJJ.eT ¢OpMaJIbHO~1 nJIOTHOCTbIO .Ao no OTHOlueHHIO K vf{1, 

eCJIH HCKJIIOqHTb 113 qHCJIOBOI1 np5IMOH, HaKOT,opo!"r OBH 3a,lI,aHbI, TOLJKy O. 

OTMeT'HM, qTO nJIOTHOCTb OJLHOrO I1PB OTHOCHTeJIbHO )l.pyroro 

MOMeT 'CymecTBoBaTb JIllillb )l.JI5I TOqHbIX pacnpeJLeJIeHIIi1, TaK K3K 

Tpe6oB3HHe MOP=)\11 (llp)'= 1 HCKJIIOqaeT K3KHe-.rI1I6o OTKJIOHeHlI5I. 

,ll.0 nOJIHeH 1151. 1. ,II, 0 K a 3 aTe JI b C T BOT e 0 p e M bI 0 n p e JJ. C T 3 B .n e H II H. 

,ILoKa)KeM CHaqaJIa TeopeMy )J)I5I CeqeHII5I J{ O;LHO:\1epHbIM napaMeTpOM Alg. I-Ia 
OCHOBaHHH onpeJJ.eJIeHHH onepaUHH 06beJJ.HHeHIIH ,J,OCTaTOQHO ,LLOKa3aTb paBeHCTBO 

mal{ M 
~g~Mg~Mg Mg f = Mf· 

0603HaQHM JIeByIO QaCTb NIf. I10JJ.CTaBJI5I5I B Hee ¢OpMyJIy (1.9), nOJlYQaeM: 

min[M(f-cg)-1-cMg]==max minW(c,	 Mg).Mf == max 
Mg c

~i~Mg;;Mg 

<PyHKUH5I W (c, Mg) JIHHeHHa (H CJIe,lJ,OBaTeJIbHO, BOfHyTa) no Mg H BhlnYKJla no 

napaMeTpy C, TaK KaK ,lI,JI5I O~1'~l: 

W (,\,c l + (1 - "l) C2 ' Mg) == M [1' f -,\,Cl g + (1 - "l) f + (1 -,\,) C2 g] + 
+ [vel + (1 -,\,) c'Jl Mg ~ '\' M (f - Cl g) + "leI lUg + 
+ (1 -,\,) M (f - c2 g) + (1 -,\,) c2 Mg == l' W (Cl' Mg) + (1 - "l) W (c~, Mg). 
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D03T_OMY, HCnOJIb3Y51 H3BecTHYlO TeopeMy	 0 MHHHMaKce [22], 6e3 H3MeHeHH5I p.e
3YJIbTaTa MaKcHMyM H MHHHMyM MOiKHO MeH5ITb MeCTaMH. flo.TIyQaeM 

Mf == min Inax.W (c, Mg) == min [M (f - cg) + nlax {cMg, cMg}],
 
c Mg c -


H 3TO paBHO NIt, nOCKOJIbKY MHHHMyM JJ.OCTHraeTC5I npII c=o (B caMOM JJ.eJIe, npH 

c~O: X1U-cg) +max{cM,g", cXlg} =M(f-cg) +cJV1g ~lV1f-cMg+cMg=Mf H TO Me 

C3Moe HepaBeHCTBO CnpaBe,LI.JIHBO npH c~ 0). TeopeMa ,IJ.OKa3aHa JJ.JI5I CJIyQa5l, KOfJJ.a 

3 COCTOHT Bcero 113 OJJ.Horo npH3HaKa. 

ITo HHJJ.yKUHH TeopeMa pacnpOCTpaH5IeTC5I H3 C,TIyqal\ KorJJ.a g' =~ k eCTb KO

HeQHbIH: Ha6op. HaKOHeu, ,lI,JI5I npOH3BOJIbHOrO Ha60pa g', eCJI11 0603HaQUTh 

Mf == sup M W~ f == sup inf MM~ f,
M.~ j M~ ~kC;§ k 

TO HyMHO JJ.OKa33Tb p3BeHCTBO Mf=Xif. flpH3H3KY f TaKoMy, tITO IM!I <00 (OT

KYJJ.a 1 111 1\11 ~fl < 00), H epHKCHpOBaHHoMye>O Bcer,na HaI1JJ.YTC5I TaKHe k' [II KO-

HeQHbdt Ha60p cg h'J QTO 

inf M f~ M
:9'/iCg' M.YJ/i,p- M.YJk' f - e. 

OTCIO,LI.a 

Mf~ sup MM~ ,f-e==Mf-c.
 
A1.~k' • k _
 

,B TO iKe BpeM5I .;/(M;§ c.;/(, OTKYJJ.a nOJIYQaeTC5I V.;/(A-f;§ cJ( H Mj ~Mf. OIKOHQa

M;§? 

TeJIbHO, JJ.JI5I JII06oro rrpH3iHaKa f H3 06JIaCTH cymecTBoBaHH5I cpe,rr..HHX fF IIMeeM 

IMf--Mf I :S;c, II yTBep)K,lI,eHIIe TeopeMbI .cJIeJJ.yeT H3 npOH3BOJIhHOCTII iC. 'uOKa3a

~eJIbCTBO 3aKOHQeHO. 

2.	 IT p II M e p II e p e C Q eTa II a tP 0 p M Y JI e (1.13). I1YCTh Y = Ve(x) eCTb 

ve 
.B3aHMHO-OJJ.H03HaQHOe oTo6paiKeHHe [)J B P£: P£-+fJ8. Tor,lI,a onepaTop Lef (x) = 

=f (Ve(x)), OQeBHJLHO, 6YJJ.eT 06JI3JJ.aTh Tpe6yeMbIMH cBotrcTBaMH a) III 6) yTBep2K

.rr.eHH5I 1.4. B .TIHHeHHbIX npocTpaHcTB3x fJ8 (HanpHMep, eCJIH a; = fJln) TaKara THna 

onepaTopaMH 5IBJI5IIOTC5I npeo6pa30BaHH5I CJJ.BHra Lef (x) = f (x-bexo) , beEfJl, r,lI,e 3JIe

MeHT Xo xapaKTepH3yeT H3IIpaBJIeHHe CJLBHra. I10,J,CTaBoI1H5I B (1.13), nOJIyQaeM 

Mef (x) =Mof (x~bexo). 3JJ.ech Jf{e BbIBOJJ.HTC5I H3 ..Ita C,J,BHfOM Bcex XEa; Ha BeJIH

qHHy bexo. 

-1.6. YCJIOBHbIE HHTEPBAJIbHbIE MO~EJ]M 

nOCTaHOBKa np06.JleMhI. I1HTepB3JIbHble MO,LI,e.TIlI JLaIOT OIIHCaHI15I 

51BJIeHHi1, €lll,e He IIpOIICIlleJLIllIIX. ,UonycTHM, qTO TaKoe 6e3yCJIOBHOe 

onHC3HHe ~;f{ COCT3BJIeHO B BllJLe COBOKyIIHOCTH corJIaCOBaHHbIX cpeJL

HliX Ni!, fEfT. A iII-OTOM BJLpyr I)l.OIIOJIHIITeJIbIHO CT3JIO II3BeCT,HO, qTO 

rrpOH30lliJIO Co6bITIIe B. OHO q3CTHqHO, HO He rrOJIHOCTbIO OTpaMaeT 

pe3y JIbT 3 T 5I BJIeHII5I, e CJI H T OJIb K 0 He 5IB JI5I eTC 5I 3 JI e M e HTap HbI M CO 6 bI 

THeM. TOr)l.3 rrOCJIe B HeOnpe,LLeJIeHHOCTb oCTaHeTC5I, a 5IBJIeHlle' 6y

.AeT onHcbIB3TbC51 HOBOH MO,LLeJIbIO .J(B, Ha3bIBaeMoH yCAOBHOU rrpH 

63 



{o 

CJIyq'HBIlleM'C51 B. YCJIOBHOH MOJI.eJIH COOTBeTcTByIOT 'CBOM Cpe,ll,HH( 

MEt· 
HaJIMqtHe ,lI.OCTOBepHO npoHcme,LIJllerO C06bITH5I B ,lI.JI5I yCJIOBHOH 

MO,ll.eJIH cooTBeTcTByeT Bep05ITHOCTH MBB(x)!==PB(B) = 1. Ho 'He TOJIb-


KO 3TO. TIPOII3BO,ll.IITC51 nepeCqeT a6COJIlOTHO Bcex cpe,J.HHX NIt B
 

MBt, CBoero pOJI.a )npeo6pa30BaHHe O,ll.HIIX B jlpyrHe, H KaK HXqaCTh - t,
 

Bep05ITHOCTeH P (A) B .PB (A). Bonpoc, KaK?
 

ECJIH Co6bITHe B HMeeT TOqHbIe Bep05ITHOCTH P (AB) H P (B), TO 

nepeCqeT B YCJIOBHbIe xopomo lf3BeCTeH H npOH3BOjlHTC5I 3~T)eMeHTap

HO ,lI,eJIeHHeM 

PB (A) == P (AB)jP (B). 

A eCJIHHeTOqHbIe? ECJIH HeToqHOH 5IBJI5IeTC5I TOJIbKO BepOHTHOCTh 

B 'qIICJIHTeJIe, TO ,lI.JI5I paCqeTa PB (A) HyLKHO nOjlCTaBHTbBMeCTO Bee 

P (AB), qTO COOTBeTcTByeT cynpeMyMy OTHOmeHII5I no P (AB). TIo 
T3iKOMY *e npHHlI,Hny paOCqIfTbIBaIOTC5I Cpe,ll.HHe JII06bIX 'npH3H3KOB. 

Ho KaK orrp,e,ll.eJIHTb YCJIOBHbIe Cpe,ll.HHe II Bep05ITHOCTM, 'KOr)la B 

3HaMeHaTeJIe Bep05ITlHOCTb P (B) 5IBJIHeTCH HHTepBaJIbHOH P (B), 
P (B)? OCHOBHa5I TPYjlHOCTb 3,l1.eCb B TOM, qTO eCJIH6paTb cynpeMYM 

npaBOH qaCTH, TO P (AB) H P (B) OKa3bIBaIOTCH CBH3aHHbIMH: HeJIb

351 nOJIO)KHTb O,ll.HOBpeMeHHO P(B) =P(B) H P(AB) ==,j5(AB) (paBHO, 

KaK a6cyp,ll.HO LKeJIaHHe, 3anOJIHH5I I«BepOHTHOCTHOH MaCCOH» ,)1.0 KpaeB 

«OTceK» AB, 06eCneqHTb npH 3TOM MHHHMaJIHHOe CY1\1'MapHoe 3a

rrOJIHeHHe 060HX OTceKOB AB HAcB, \COCTaBJI5IlOlUHX B). 
~ 

OnpeAe~eHMe YC~OBHOH "HTepBa~bHoH MOAe~H. HaqHeM c pac~ 

cY.IKjleHHH, KOTopble H rrpHBe.uyT ,Hac K onpe,neJIeHHIO. IlYCTb JI[ P* (B) 

eCTb P* (B) -CeqeHHe ..;/l. BepoHTHoCTb C06bITHH B ,nJIH JI(P*(B) 5IBJIH

eTCH TOqHOH, paBHOH P*(B), H nYCTb P*(B»O. TOf,na COOTBeTCT

BylOll1,He CeqeHI15IM J{ P* (B) YC.TIOBHble 11M uf{ P*(B), B llOJIyqaIOTCH cy

.lKeHHeM 06JIaCTHcYll1,eCTBOBaHH5I K npH3HaKaM t(x) B (x), [EfT, f,LI,e 

fT - 06 ..naCTb cymecTBOBaHH5I Nit, 11 HOpMHpOBKOH Bcex cpe,nHHX Ha 

qHCJIO IjP* (B), qTO .uaeT 
t,. 

Mp*(B), B f = M fB/P* (B), tEfF. 

OqeBH,UHO, onpe;xeJIeHHble TaK cpe,UHHe ynOBJIeTBOp5IIOT aKCHOMaM 

11lVl. 
JII06aH 1-11\11 COf.naCHO TeopeMe 1.3 0 npeACTaBJIeHHII 3annCbI

BaeTICHK3!K o6be\,U,HHeHHe ee P * (B) -'CeqeHllH. ,Il.115I KaMn.OfO H3 celJe

HllH no YKa3aHHoH epopMyJIe Haxo,nHTCH yCJIOBHa5I :VIM, a HX o6'be

jlHHeHHe II naCT HCKOMylO yCJIOBHyIO 11M. 
Y CAOBI-lOtl npll CJIyqHBWeMCH C06bITHII B Ha3bIBaeTCH 11M vi{B Ha 

ge, onpe,neJI5IeMa5I H3 ~lf cpe,nHHMH: 

M B t =: max [Mp(B) fB/P* (B)], fE~, (1.15) 
!:..(B)~P*(B)~P(B) 

r,n.e Mp*(BH/B eCTb CpejlHHejlJI5I P(B)-CeqeHHH J,(P*(B)==JtI\(P*(B» 
OT npH3HaKoB t(x)B(x). ,.. 

CPe,nHIIe rr 0 ep 0 PMyJIe ( 1.15) H a 3 bIB aIOTC51 yCJIOBHhIMH. Ee3 Tp YAa 
npOBepHeTCH, qTO OHR y,UOBJIeTBOp51lOT aKCROMaM 11M. 06JIaCTblO cy~ 
meCTBOBaHHH BepxHHx CpejlHHX yCJIOBHOH 11M 6YjleT KJIaCC npH3Ha

KOB, COBna,naI-OmHX C epyHKUHHMH f!T Ha C06bITHH B, H rrpOH3BOJIb· 

HbIX (B031't10)KHO, npllHHMaIOIl1,HX 3HaqeHHH ± 00) BHe 3Toro C06hI

TH5I. 3TOT K.nacc 0603HaQaeM f!FB. 
HH)KHHe cpe,nHHe yC,J10BHOH 11M onpe,neJI5IIOTC5I no 06blqHOII epop

My.ne MBf=-Mn (-f)· 
ECJIH P(B) =0, TO npaBaH qaCTb (1.15) npH MaKcHMyMe, Kor;r,a 

Po;: (B) =O,-noHHMaeTC5I KaK rrpe,II,eJI P* (B)~O. TaK iKe nOHHMaeTCH 

3Ta epopMy.na, eCJIH Co6bITHe B HBJI5IeTC5I HyJIeBbIM, T. e . .P (B) == O. 
TOf,na 

11 fB P* (B) max (/B)
 
MB t === lim ~ P*(B) === lim x = max fB,
 

P*(B)~O P* (B) P*(B)~O P* (B) x
 

f,ne rrpH JII06bIX f (H HeOfpaHHqeHHhIX TaK2Ke) epYHKlI,HH fB CqHTaeT

C5I paBHOrI HyJIIO B 06JIaCTH Bc. OTCIO,lI.a CJIe,nyeT, qTO eCJIH Co6bITHe 

B 5IBJI5IeTC5I HeB03MO.IKHbIM (B qaCTHOCTll, B == 0), TO yCJIOBHaH 11M 
rJf{B 6y,neT B-HHjlHKaTOpHoH JfB =:YB, a HMeHHO orrpe,ll.eJI5IeMOH Ha !:E 
e,UHHCTBeHHbIM nepBHqHbIM cpe,nHIIM PB (BC) = 0. 

Do.ucTaHoBKa B (1.15) epOPMYJIbI (1.9) § 1.5 ,lI.JIH Cpe,lI.HHX ceqe

HII5I pacKpbIBaeT Bblpa)KeHHe ,nJIH YCJIOBHbIX cpe,lI.HHX: 

min [M (f - c) B + cP* (B)] 
cMBf = max ~1.16) 

P* (8)!:.(B)~P*(B)~P(B) 

,Ua,ll.HM rrpHMepbI paCqeTa no 3TOH epopl\IYJIe. 

TIp'HMep 1.16. PaCqeT YCJIOBHbIX Bep05lTHOCTeH MPB. TIYCTh 

f B (1.1,6) eCTb A (x). TOfAa MHHHMYM no C B KBaApaTHbIX cKo6Kax BbIpaLKeHH5I 

(1.16) 6y,UeT ,UOCTHfaTbC5I .J1II60 npH c=O, JIII60 rrpH c=l, B pe3YJIbTaTe qero 

MQ.,.(B)AB=nlin{J5(AB), P*(B)'--E(ACB)}. I1o,UcTaHoBKoH j{aHHOH: epOPMYJIbI E 

(1.15) HaXO,U5ITC5I BepxHIIe YCJIOBHble Bep05lTHOCTH: PB(A) =PB(AB) =MBAB= 

e 
)TIaX min f P(AB), I _ !!.. (A B) } = _ P (AB) 

~_ (B)~P*(B)~P(B) t P* (B) P* (B) P (AB) +!. (AC B) , 

r.ne HCnOJIb-30B3H TOT ¢aKT, qTO M3:KCIIMyM ,UOCTHraeTC5I rrpH paBeHCTBe qJIeHOB 

non 3HaKOM MIIHIIMyMa. 

TI p II M e p 1.17. I1YCTb vf( Ha fJl onpe,LLeJIeHa ,ll.ByM5I nepBIIqHbIMH cpej{HHMH 

~iXI, lUIX/ II nycTh B=[a, b], O<a<b. Ee3 Tpy,na HaXOj{51TC5I P(B)=O P(B)= 
=min{l, ~IIXI/a}. I1pII 3a,naHHOM P*(B) ,lI.JIH CeQeHII5I HMeeM 

Mp'IC(B)fB == inf [c+ct MIXI-ctMIXI+caP* (B)]. 
c+( c t-c't) Ix I+c3B(x)~f( x) 

HanpHMep, ,UJI5I C06bITH5I D= [d 1, d2] eB no 3TOH epopMYJIe rrOJIyQaeM 

Mp.(B) D == min {M IXI /c1 ' P* (B)}, Mp.(B) D = 0, 
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OTKy,n;a, eCJUI iD=I=B If D=I=0, HaXOJI.IfM MBD=O If 

- - . {A1 IXI } . {' MIx, }MBD==PB(D)==max mIn ,I ==mln ,1 ==1. 
P*(B) d1P*(B) d1P(B) 

TaKliM o6pa30M, rpaHllu,bI AJIlI Bcex YCJIOBHbIX BCpOHTHocTeii COObITHl'i B AaHHOM 

npHMepe TpHBUaJIbHhI. B cJIyqae f (x) = /x/ HMeeM: 

MB IXI == min M IXI /P* (B) == M JXI (P(B) === ~ IXI 
- O~P*(B)~P(B) - - rnin {Ai JXJ/a, I} 

MB IX I == nlax 1\1 IX I / P* (B) == 00, 

O~P*(B)=::;;;P(B) 

H, B qaCTHOCTH, I1pH iV/XI >a nOJIyqaeM MB/Xl =a.M/X//KiIXI. 
LLJI5I ;rpyroro C06hITH5I B 1 =[-a, aJ-I1PH Tex Me nepBHqHhIX CpeJI,HIIX IIMeeM 

~Bt)=[l-MIXI/aJ+, P(Bd=l, II eCJIII 3TO COObITHe rrp0I130lliJIO, TO YCJIOBHhle 

Bep05ITHOCTH yEe He 6YJI.YT, KaK BbIllie, TpHBHaJIbHbIMH, TaK KaK, 
C06bITH5I D1=[-d, d], d<a: 

-
P B 

1 
(D1)==[1-M/X//dJ+/[l-M/XI/aj+, fin 

1 
(Dl)::::::l. 

Ee3 TpY,lJ,a HaXO,lJ,5ITCH cpe,nHIIe OT epYHKUHH IXI: 

MB IXI == lVnXI, MB IXI ::::: l/[l/MJXI -l/a]+.
- 1 - 1 

PaCqeT YCJIOBHbIX MO,ll.eJIeu qepe3 BepmHHbI. 3Jl.eCb 

BaeTC5I qaCTHbIH CJIyqaH, HO OH n03BOJI5IeT HapHcoBaTb 
JI5I,nHylO KapTHHy YCJIOBHbIX Mo,neJIei1:. 

DYCTh npocTpaHcTBo ge == {Xl, ... , XI'} KOHeqHO H J( 

HarrpHMep, ,lJ,JI5I 

paccMaTpH

5ICHyIO Har

eCTb 11..i\J1 Ha 

ReM. 060:maqHM P e= (Pe(xd, ... , Pe(Xr )) - Bce BeKTopbI BCp051THOC

Tell, 5IBJI5IIOmHeC5I BepWHHaMH (KpaHHHl\1H TOQE:aMII) JIt, TaK qTO 

At = VPe. CooTBeTcTBYlOIII.He Ka)J{Jl.OMY P e Bep051THOCTU P (B) = e
= ~ Pe(x i) 5lBJI51lOTC51 TOIIHbI MIl, IIOTOMY 06'be,n:HHeHHe IIeperpYIIIIH-

XiEB 

pyeTcH KaK 3anHCb v1t qepe3 P (B) -CeQeHII5J, eCJIH KaiK)J,oe CeqeHHe 

npe,lI,CTaBHTb Ha60poM BepIllHH - BeKTopoB Pe c OJ1.HHaKOBhIMH 
Pe(B) ==P(B). 

YCJIOBHa51 11M .,lfB , IIOJIYIIeHHa51 H3 JI(, eCJUl CT3,TIO H3BeCTHo, lITO 

C06blTHe B npOH30WJLO, eCTb BbmYKJIa51 060JIO'IKa (o6be,UHHeHHe) 

npe06pa30BaHHbIX K YCJIOBHbIM BepWHH, nO.llyqeHHbIX ,lI,eJIeHHeM KOM

IIOHeHT P e Ha Pe(B) C o6HYJIeHHeM KOMIIOHCHT PeC~i), Jl.JI51 KOTOpblX
xif/=B: 

J1B === V pf/P (B),
e: Pe (B»O 

e

B {Pe (x;), xiEB,
rJl.e pBe eClb BeKTOp C KOMIlOHeHTaMH Pe (Xi) = 0, · xiri=B, 

a 06be,ll,HHeHHe rrpOH3BO,ll,HTC5I no TeM BepWHHaM, OTHOCHTeJlbHO KO
TOP~X Bep05ITHOCTb B HBJI5IeTCHHeHy~eBoH. 

feOMeTpHIIeCKH IIOJIyqeHHe yCJIOBHOH 11M BblrJI51.rr.HT CJIe.rr.YlOIII.HM 

o6pa30M. CHaIIaJIa Ka)J{.rr.a51 BepwHHa P e peJl.YU:HpyeTC5I K BeKTopy 

pBe o6HyJIeHHeM Bcex 'KOMnOHeHT Pe(Xi), AJI5I KOTOpbIX Xif/=,B. dTy 
pe,Il.YKUHIO MO)KHO HHTeprrpeTHpOBaTb RaK rrpoeKIJ,HlO BeKTopOB Pe B 

COOTBeTcTBylOIlI.ee rrO,lI,IlpOCTpaHCTBO .ffl/B npOCTpaHCTBa fflr. ,llaJIee H3 

Haqa~a Koop,nHHaT B HarrpaBJIeHHH BeKTopOB pBe npOBO,Il.5ITC5I JIyqn 

'APBe, A~ 0, ,no rrepeCeqeHH5I C rHilepIlJIOCKOCTblO ~ P (Xi) = 1 no,n-
XiEB 

npocTpaHcTBa PJirB • IlepeceqeHHe ,lI.OCTHraeTC5I rrpH A= llPe (B), II 

TOqK}l nepeCeqe'HHH pBelPe(B) )l.aJl.YT BeKTopbI YCJIOBHbIX Bep05ITHOC

TefL 11JIJIlOCTpaUH51 ,c'Ka3a:HHOrO,lI,JI51 fE= {Xl, X2, Xs} 11 B = {Xl, X2} npH

Be,lI,eHa Ha pHC. 1.11. YCJIOBHOH 11M JtB 3,neCb cooTBeTcTByeT OTpe

30K '[P1B, PSB ]. 3aMeTHM, qTO qHCJIO BeplIlHH J{B MeHbwe, qeM y ..Jft: 
TOq,Ka P2 5IBJI51eTC51 IBepWHH01I JIt, no P2B He e.CTb BepWHHa JtB. 

MbI rrOKa3aJIH, qTO YCJIOBHble 11M 3annCblBalOTCH qepe3 iBeplllH

HbI, eCJIH TaKylO 3arrHCb ,lLOrrycKaIOT 6e3YCJIOBHble. ECJIH LKe JI{ orrpe

.rr.eJIeHa CBOHMH rrepBHllHbIMH Cpe,lLHHMH Mg, gE;§, TO TeOpeTHqeCKH 

MO)KHO HaI1TH yCJIOBHylO 11M JfB, CBO,II.5I JftK ee BepwHHaM. ,LLJl51 

31'oro IHyLKHO npo,UeJIaTb cJIe,lI.YIOmYIO rrOCJIe,Il.OBaTeJIbHOCTb ,lI,eHCTBHi1: 

nepBHqHble Cpe,lLHHe M~~cOrJIaCOBaHHble rpaHH J{-+BepIIIHHbI ..;/{~ 
~BeplIlHHbI yCJIOBHOH I1M-+nepBHqHble cpe,nHHe Jf(B. 3TOT nYTb 

BeCbMa nOJIor, nOCKOJIbKY KaLK,na5I H3 orrepaUHH ,II.OCTaTOqHO TPY

.noeMKa. Ho ,neJIO .rr.aLKe He B 3TOM, a B TOM, qTO ,II.JI5I 6eCKOHeqHbIX 

npOCTpaHCTB EtJ nOH5ITl1e BepllIHHbI KaK BeKTopa Bep05ITHOCTeH He 
HMeeT CMbICJIa, qTO cymecTBeHHO OrpaHHqHBaeT yHHBepCaJIbHOCTb Ta

KOH npOue,ll.ypbI. 

HeKOTopbIe CBOHCTBa YCJIOBHbIX MHTepBaJlbHbIX MOAeJIeM. ,UJI5I yc
JIOBHbIX 11M JIB Co6hITHe B 5lBJI5IeTC5I ,II.OCTOBepHbIM PB (B);:::= 1, a 

Be - HyJIeBbIM Pn (Be) = O. C yqeTOM 3Toro YCJIOBHble 11M 06JIa,lLaIOT 

BceMH CBOI1CTBaMH 11!v1, 3a.naHHOI1 !Ha W. 
PaCCMOTpHM, KaK 6y;xeT MeH5ITbC5I YCJ10BHa5I 11M, eCJIH CYLKaTb 

HJIH paCWHp51Tb Co6bITHe B. OqeBH,ll.HO, B KpafIHHX CJIyqa5IX, KOf,=(a 

Co6bITHe B ,nOCTOBepHO, T. e. P(B) =1, yCJIOBHa5I 11M 'COBrra,naeT C 

I1CXO,l.1.HOH JffB =J!f, a eCJ!H Co6hITHe B 5lBJI5IeTC5I HeB03MO)KHbIM, T. e. 

P(B) ==0, TO yCJIOBHa51 yIM 6Y,lI,eT B-HH,ll.HKaTopHoH: JltB==:.JB. OKa

3blBaeTCH, rrOCJIe.QHee paBeHCTBO HMeeT MeCTO He 06H3aTeJIbHO TOJlh

KO ,UJIH HeB03lVI0MHbIX ,C06bITIII1. 

C B 0 11 C T B 0 1. ECAU KaJlC

oaIl U3 nepaUtiHblX epYHKlfuii 
gEg; 6e3YCJl08HOU Mo8eJlu 
Jft = (fJ;§) npuHuMaer Ha B no-
CTOJlHHble, 3HatieHUfl, TO yCA08co 
HaIl K fleu JIB 6y8eT B-UflaU"a-
TOpHOU: J!B =:YB· 

B caMOM neJIe, B 3TOM CJIy

qae Mp*<B)fB=P*(B)maxfB II 
o 

CBOHCTBO HeIlOCpe,LLCTBeHHo cJIe: 
.uyeT 1I3 onpe,neJIeHH5I yCJIOBHOH
11M. 

, C B '0 II C T 'B 0 2. J1CAOBflafl 
HMJ cooTBeTcTBlJ1014aR 20AOU MO

3* 

P(x3 }=!

II \ 
/ I \
 

/ I \
 
~/\
Pz 

p I. ~ \ 
f I PJ 

/ I 
II I,

~B 
P{x )=1 \' P(x)=! 

2 P p P I 
/B 28 3D 

PHC. 1.11. reOMeTpHqeCKaH HJIJIlOCTp aUH5I 

YCJIOBHhIX Mo,r:r.eJIeit 

ti7 
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oeAU :1, 6yoeT B-UfiOUKaTOpfiOU :1BJ KaK08blJl;[ 6bl YCA08Ue B I-lfl, 
6blAO. 

CBOHCTBO 3. YCAo8flafl K 067JeOUfieHulO .//{=u!f I VJ{2 /HooeAb 

paBfia 067JeOUflefiUJO YCA08HblX HM: J/{B = J/f IBVJft2B . 

CBOrrcTBo 4. JJlICvf{2*Jt IB CJf{2B - npu nepexooe K yCA08
HblJvt coxpafifleTCJl OnepaL{Ufl 8KAlOttel-lUfl. 

CBOHCTBO 3 pacnpOCTpaH5IeTC5I Ha 06benHHeHHe npoH3Bo.TIbHOrO 

qnC.TIa MO/Le.TIeH. C06cTBeHHo, .3TO cBoHcTBo II 6bI.TI0 rrOJIOMeHO B oc

HOBY orrpe/Le.neHH5I yCiOBHWX MO/Le.TIeM, KOf,Ua OT 06be~HHeHHH ceqe

HHll 6bI.TI C/Le.naH illaf K 06be/LHHeHIlIO yc.noBHblx K HHl\f l\10JI,e.n:eH. 

CBOHCTBO 4 eCTb npHMoe ,CJIeJLCTBHe 3, Tal\: KaK vI{ 1cJf{2~..J1{1V 
Vvf{2=Jftr;.. 

,llJIR HJIJIIOCTpail,HH BOCCTaHOBHM Haf.TI5IJI,HYIO KapTHHy, HapHCO

BaHHylO Ha pIlC. 1.11. CqHTa5I ,FE ,nHcKpeTHbIl\1, rrpeAcTaBHlVI ce6e eJf{ 
KaK BbInyKJIOe TeJIO B npocTpaHcTBo BeKTopoB Bep05ITHOCTeH, II no

MeCTHM TOqeqHbIH HCTOqHIIK B HaqaJIO KOOp,lUIHaT. TeJIo f/f{ npH oc
BemeHHH ero HCTOqHHKOM 6.pocaeT TeHb Ha rHneprrJIOCKOCTb 

~ P(x):=P(B) = 1. 3Ta TeHb H /LaCT yC.TIOBHyIO 11M. Ha OCHOBaHHH 
XEB 

TaKOfO npeJI,CTaBJleHH5I nO.TIyqaIOT HafJI5IJI,HylO HHTepnpeTaIJ,HlO CBOI~ICTB 

3 H 4. TeHb OT BblnYK.nofo 06be,1JJIHeHHR TeJI 6y,neT paBHa 06beJI,HHe

HHlO HX TeHeH, qTO H.TIJIlOCTpIIpyeT CBOHCTBO 3. Ho BOT TeHb OT ne

peCeqeHHR TeJI He 6yJI,eT paBHa,rrepeCeqeHlIlO IlX TeHei1. ,[LBa TeJIa 

MoryT He rrepeceKaTbCR, HO npH OCBeI..IJ,eHHlI TOqeqHbIM HCTOqHIIKOl\1 

6pocaTb O/LHHaKOBYIO TeHb Ha rIfnepnJIOCKOCTb. OTClO,LI,a - ic.ne,UylO

mHe ,UBa :npe,UJIO)KieHIfH. 

CBOHCTBO 5. flepecetteflulO HM He 6yoeTJ 8 06U{eJd J coorseT

CT808aTb nepecetteHue YCA08HblX HM. 
C B 0 HC T B 0 6. /l,ByJIIl pasAuttflblM 6e3yciloBNbl./J;t HM jlrlOJICeT co

OT8eTCT80BaTb oOHa U Ta OICe YCAo8Hafl. 

HanpHMep, nYCTb B (x) eCTb e~HHcTBeHHbIM nepBHQHbIII npH3HaK 

KaK ,U.TIH Mo,neJIH AI, TaK 11 ):r.JI5I JJ{2, 3a,naHHblx CBOHMH TOqHbIMH 

IBep05ITHOCTHIMH PI(B), P2 (B) =1= PI (B). TorJI,a ..$(1 H vf{2 He nepe

ceKaIOTCH Me)K,UY c06ofr, HO HM cooTBeTcTByeT O,UHa If Ta )Ke B-H'H
,nllKaTlopHa51 yC.TIOBHa5I 11M :YB. . 

o BOCCTaHOBJIeHH" 6e3YCJlOBHOH MO,1l.eJIH no YCJIOBHbIM. 3necb 6y

,lI.eT 06cYM,lI.aTbCH Bonpoc 0 B03MOlKHOCTH BOCCTaHOBJIeHHH ~;f{ no 

Ha60py cooTBeTcTBylOII.I,HX eli YC.TIOBHbIX vffn ., r,Ue !!Id}:.= {B I, ... , Bk }
l 

eCTb ,Up06JIeHHe npocTpaHcTBa fE Ha HenepeCeKaIOI..IJ,HeCH C06bITH5I 

H Ee=~Bi. 
IlycTb CHaqaJIa BepoHTHoCTH C06bITHI1 B i CqHTaIOTCH TOqHbIMH 

)])151 Jt: P(B i )=J5(B i )=P(B i ), i=l, ... , k. Tor,Ua Mp(Bi)fB{I= 
=MfB i H -Ha OCHOBaHHH 3TOfO yCTaHaBJIHBaeTC5I cnpaBe,n.lIHBoCTb 

HepaBeHcTBa 

Mf~ ~MfBi= "LP(Bi)MB.f·
l 

I1paBa51 qaCTh eCTb ycpe,UHeHIfe .YCJIOBHbIX cpe,UHHx MB i f no TOqHOMY 

pacnpe,UeJIeHHIO BepoHTHocTeH P (B i ) C06bITHH B i • PaBeHcTBo JIeBOR 

Hi rrpaBoH qaCTeH JcooTBeTcTByIOmee H3BecTHoH epopMyJIe nOJIHOH: Be
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P05ITHOCTII) )lOCTHfaerC5I TOJIbKO TOfJI,a, KOf,Ua BepxHee cpe;:LHee M 
2.,lI.;II1THBHO Ha C06bITlI5IX B i : M~fBi=LMfBi. 

IlepeH,lleM Tenepb K 6o.TIee 06I..IJ,erv1Y c.TIyqaIO, KOf,lLa Bep05ITHOCTH 

P (B i) He 5I B.TI 51 10TC51 TO q HbI M II. 3 a n Hille M ~ P (Bd lVl B [ f = 
=M[~Bi(X)MBif], II 3alVleHHM CIIMBOlI TOqHOfO Cpe,lLHerO Ha Bepx-

Hee no Jf{. 3TO ,naCT 3HaqeHHH 

Mf == M [ 2: B i M B , f], fc=:F, 

onpe,lLeJIHIOmHe HOByIO 11~1, 0603HaqaeMYIO Jft. TaKHi\1 o6pa30M, 

UMeeT MeCTO BKAlOtteHUe Ji~Jf{. A eC.llU J( = <M~> U Bce cjJYI-lKl{UU 

fla60pa ;y P1Jl'.-u3JHepu.llbl (T. e. HB.n51IOT1CH KOHe~bIMH .TIHHefIHbIMII 

IKo.\16HHauJlr!l:\IH B i (x) 'If.TIH lIX 3a~IbIKaIHHHYlH), TO vfi=J!{. 
BbI,UeJIeHHbIH KypCIg30M Te3HC CTaHeT nOHHTHbIM, eCJIH OTMeTlITb, 

QTO ,l(JIH BblqHC.TIeHH5I Nif HyLKHO 3HaTb KaK MB .f, T. e. YCJIOBHble MO-
l 

,Ue.nH vftB i' TaK H cpe,UHHe BceB03MO.lKHbIX .J1HHeHHblx KOM61IHaIJ,HH B i : 

M'LciB i , qTO (eCJIH B35ITb nep!BHIIHblM K.n:aiCc P!Jd"2. .3THX :KoM6HHa

Il,Hi1) COCTaBHT P$"2.-paCIIlHpeHHe Jt. ECJIlI no yCJIOBHIO BToporo 

npe,UJIOMe'HHR Te3Hca Bce gE~ 51BJIH1OTCH $"2.-H3MepHMbIMH, TO 

tgcPfJJ"2. II P!Jd"2.-paCIlIHlpeIHHe OQiBna,UaeT IC lICX'O,lI.IHOH 11M J(, npli 
3TOM YCJIOBHble I-ilY\. BblpOlK,Ua1OTCH vffBi===[JBl B Bi-HH)I.HKaTOpHble. 

TaKHM o6pa30M, cepepa ,l(eHCTBHH Te3Hca 0 BOCCTaHOBJIeHHH CBO

,lJ,HTC51 KBbIpO)K,UeHHbIM YCJIOBHbIM Mo,UeJIHM JfBi =:YB i. 

B 06meM LKe CJIyqae npH nepexo)I.e K YCJIOBHbIM MO,ILe.lIHM npone

XOJI,IIT yTepH ,UaHHbIX 06 vf{, TaK qTO BOCCTaHOBHTb :MOLKHO 6y,UeT He 

ee, a TOJI~KO 60JIee illHPOXYIO (H C.ne,UOBaTeJIbHO, l\leHee TOqHYIO) 

MOj:Le.TIb L 3TO OrpaHHqUBaeT 06JIaCTb npHJIOMeHHR YCJIOBHbIX MO

.ne.n:eH iB OCHOBHOM TOqHbIMH pacnpe,Ue.neHH5I,MlI Be.p05ITH'OCTeH. 

A6cTpaKTHo-yCJIOBHbIe MO)l,eJIH. B npe,UbI,lJ,yrueM H3Jl0MeHHII Cq!1

TaJIOCb, QTO npOH30IIl.HO HeKOTopoe Co6bITHe B H HCCJIe,UOBaJIaCb YC

JIOBHaH MOJI,eJIb J{B. COBepIIleHHO epopMaJIhHO nOKa lYIbI 3aMeHlIM 

HHJI,HKaTOpHWH B(x) Ha npOH3BOJIbHWH np1I3HaK q(x) H 6y,UeM no 

TeM )Ke epopMy.TIaM onpe,ne.TIHTb yCJIOBHyIO 11M J{q. CPopMyJIa (1.15) 
n03BOJI5IeT 3TO C,lLeJIaTb. I\d E rOBOplIJIOCb B HaqaJIe § 1.1, q (x) npH 

O~ q (x) ~ 1 MO)~~eT rpaKToBaTbcH KaK npH3HaK HeqeTKOrO C06bITH5I 

q, H TOf,Ua Jf{q 6y,LI.eT YC.nOBHO~I 111\11, eCJIH TaKoe Co6bITHe rrpOH30IllJIO. 

IlycTh q (x) eCTb epyHKIJ,H51 Ha Ee TaKa51, qTO Mq>O. A6cTpaKTHO

yCAOBHOU, COOTBeTCTBYIOIIl-eI1 TOlY!y, qTO q np01I30illJIO, Ha3bIBaeTC51 

Mo,neJIb vf{q, onpe,lLe.lIHeMa51 cpe,UHI1MH 

A1M *q (fq)
Mqf= max (1.17) 

~q~M*q~Mq M* q 

B qHCJIHTeJIe npaBOH qaCTH (1.17) CTOHT Cpe)I.HHe M *q-CeqeHHH Jt. 
OqeBH,lJ,HO TaKoe CBOHCTBO: vff~+q=vffq - y-MHo.IKeHHe q(x) Ha 

HeoTpHuaTeJIbHbIll KO.3epepHUHeHT c+ He MeHHeT a6CTpaKTHo-yCJIOB
HOM 11M. 
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flYCTb p(x) eCTb nJlOTHOCTb Jt no OTHOUleHUIO K vf{0: p==J{juf{O"c 

T020a COOTBeTCT8YloU{afl J( a6CTpaKTHO-YCJl08Hafl Mo8eJlb Jf{q npu 

CJlyttU8UleMCfl q (x) 6yoeT pa8Ha a6CTpaKTHO-YCJl08HOU MOOeJlU vl{Oqp 
npu CJlyttU8l-UeMC5l q (x) p (x): 

p===JfZ/JfZo, Mq>O=>tI!tq=JlZo . 
-- qp 

B caMOM neJIe no onpe,neJIeHHlO IIJIOTHOCTH Mf==Mofp. 3anHCbI

Ba~ (1.1"7) B pa3BepHyToH epopMe, nO,lJ,CTaBI1M epOpMyJIy )JJIH M*q
CeqeHIIH iH Ill'OCJIe HeCJIO)KHhIX npeo6pa30BaHHH nOJIytIaeM 

min [M (f - c) q + cM* q] 
cM f == max q 

~q~M*q~Mq M* q 

min [MO (I - c) qp + cM* qp]
 
max
 c == iW:p f,
 

AlOqp~M*qp~MOqp M*qp
 

tITO II Tpe6oBaJIOCh. 

113 ,UOKa3aHHOrO yTBepM,lJ,eHH51 BhITeKaeT. ECAU p (x) eCTb nilOT

flOCTb J/( no OTHOUleHUfO K eJf(0J TO YCA08Hafl MooeAb vltBJ COOT8eT

CT8YfOU{afl CAyttUBUleMYCfl C06blTUfO BcflJ, pa8Ha a6CTpaKTHo-yCAOB
flOa .;/{°BP npu CJlyttU8UleMCfl B (x) p (x) = q (x): 

p = Jlt / ~/f;t °=>- J!;tB == JJt~p, B cfl:. 
TIPH B=f£ npOCTO nOJIyqaeTC5I t!f{=vf{°po 

06a nOCJIenHHX Te3HC3, JIlO60I1hITHbIX B MaTeMaTHqeCKorvf acneK-
Te, HII.I.yTHarJI5I,UHOH HHTeprrpeTaUJIII. 

TaKH~A 06pa30M, iBBO,lIJHMoe B HaCTOHII.I.eM naparpaepe nOHHTHe yc
JIOBHOH MOneJIH 6e3 Tpyna pacnpOCTpaH5IeTCH H3 HeqeTKHe C06bITH5I" 
,ll3,lJ,HM HJIJIlOCTP aUHIO. 

cP 0 P M Y JI a y C JI 0 B H 0 ii B e p 0 51 THO C T II (5 a H e C a) .IL ~1 51 

He q e T K H X CO 6 hI T H II. IlycTb nJI5I I1PB Tpe6yeTC5:I paccTIHTaTb 

Bep05ITHOCTh A,eCJIH BCJIY4HJIOCh He nOCTOBepHO, 3 C HeKOTophIM
 

COMHeHHeM, npOH301I1JIO JIM OHO Boo5me. YIMeeM BMeCTO B npH3H3K
 

q==yB+ 1(I~y)Bc (HeqeTKOeco6bITHe), r~e y eCTb iKo3Q)(11HuHeHT,
 

HHTepnpeTHpyeMhII1 KaK Bep05ITHOCTb Toro, qTO B npOII301I1JIO. Pac


qeTbI no epopMyJIe (1.17) ,lI.aIOT nOCJle p5I,lJ,a BbJl-IHCJIeHHH CJle;;'YIOmee
 

Bhlp3:tKeHHe, npHrO,lI.Hoe npH I/2~1'::::;; 1, ,lLJI5I Bep05ITHOCTH A TIpH
 
cBepIIlHBIIleMC5I q:
 

P A = (1- y) P(A) + (21'- 1) P(AB) .
 
q() (l-y)+(2y-l)[P(AB)+~(AcB)]
 

KaK BH,lJ,HO, rrpII l' == 1 pe3YJIhTaT TOT Me, qTO II B rrpIIMepe 1.16, a 

rrpII 1'= 1/2 yCJIOBHOH Bep05ITHOCTblO CT3HeT arrpHOpH35I Bep05ITHOCTb 

(6e3yCJIOBHa5I) Pq (A) == P (A) C06hITH5I A. 3TO H nOH5ITHO, TaK KaK 

3H3qeHHe 1'== 1/2 3KBHBaJleHTHO q=::.1/2, tITO B CBOlO Oqepenh 3aMe

HI1MO H3 q== 1 (rroCKOJIhKy yMHoMeHHe q Ha KOHCT3HTY He MeH5IeT 

a6CTpaKTHO-'YCJI,QlBHOHBepO,5IT'HOCTIII) H BeneT K ,lI.OCTOBep'HOl\1Y C06hI

TIUO B=f)J. cDopMyJIa ,lI.JI5I yCJIOBHOH Bep05ITHOCTH rrpH O~y~ 1/2. 
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(COOTBeTCTBYIOllI,eH TOMy, qTO C npe06JIanalOII.I.eii BepoH npOH30111JIO 

n3:tKe Be, a He B) rrOJIyqaeTC5I H3 npHBeneHHOI1 33MeHoH B Ha Be 
IT y - Ha I-y, a ,lI.Jl5I HH)KHeH YCJlOBHOH Bep05ITIHOCTH - nepeMeHoH 

HH)KHHX iBepO'HliHOcTet'I 'CBepXHHMHH Hao6opoT. 

1.7. 3AKJIIOlJEHHE 

PaccMaTpHBaIOTcH c.TJyqarIHble HB.TJeHHH, B orrHeaHHH KOTOpbIX rrpHMo HJIH KOC

BeHHO MO:lKeT 6bITb YKa3aHo MHO:lKeCTBO B3aHMHO HC-KJIIOqaIOmHX ,rr,pyr ,rr,pyra 3.n:e

MeHTapHblx HCXO;I,OB, 06pa3yIOmHx rrpocrpaHcTBo 3.aeMeHTapHblx C06bITHH. <PyHKUiHH 

Ha 3TOM npocTpaHcTBe Ha3bIBaIOTCH npu3HaKaMH. Cpe,rr,HHe CTaTIiCTHQeCKHe 3Haqe

HHH npH3HaKoB eCTb npe;I,CJIbI CPC,.1.HHX apHepMeTHQeCKHX pe3YJIbTaTOB He3aBIICHMbIX 

nOBTopoB 5IBJICHHH B O,lI.HHaKOBbIX YC.10BH5IX II MorYT 6bITb TOqHbIMH (,rr,JI5I yCTOH

lIHBbIX 5IBJIeHHrr) H HHTepBaJIbHbIMH (nJIH HeycTOrlqHBbIX, Heorrpe;:r,eJIeHHblx). Cpe,U

HHe B HHTepBaJ1bHoM rrOHHMaHHH cymecTByIOT B OqeHb UUlpOKOII o6.TracTH rrpH3

HaKOB, Ky,rr,a BXO,UHT 06H3aTeJIbHO Bee OrpaHHqeHHble. 

IIHTepBa.TlbHa5I MOAeJIb eCTb cOBoKyrrHocTb HH:lKHHX II BepXHHX cpe,UHHX B 06

JIaCTH HX cymecTBoBaHHH, CB5I3aHHblX Me:lK,UY C060H aKCHOMaMII § 1.1. J\.KcnoMbI 

cOrJIacylOT cpe,rr,HHe Me:lK,rr,y c060(r. 

JII06aH HA1 (§ 1.2) epopMHpyeTcH nepBHQHbIM Ha6opoM ~ npH3HaKoB, 3JIe

MeHTbI KOToporo npe,1l.onpe,rr,eJI5IT TlIrr Mo,UeJIlI, II HerrpoTHBOpeqIIBbIM (KoppeKTHbIM) 

3a,rr,aHHeM Ha ~ nepBHqHbIX cpe,rr,HHx, KOHKpeTIl3HpYIOIlJ,IIX ee BH,U. I(JIIOqeBoli HB

JIHeTCH TeopeMa 1.1, corJIaCHO KOTOp01I CpeJ.I.HHe C rrepBHqHbIX rrplI3HaKoB O,rr,HO

3HaQHO np0,ILo.;1.lKaIOTCH C COfJIaCOBaHHeM Ha Bce npH3HaKH, MalliopnpyeMble nep

BHQHbIMII, 06pa3yH 06JI3CTb cymecTBoBaHHH HM. EC.HH cpeAH rrepBHQHbIX npH3

HaKOB HMeIOTCH HeOrpaHHqeHHble, TO OHH rropO,UHT HeorpaI-nrqeHHble npH3HaKH B 

06JIaCTH cymecTBOBaHHH. LLOnOJIHI1TeJIbHOe paCllUlpeHHe 06.TJaCTH cymecTBOB3HH5I 

MO)E:eT rrpOH3BO;I..HThC5I npene~lbHbIM nepexo,rr,oM (1.4) OT yceqeHHbIX cBepxy H ClIU

3Y qJyHKUHI"I rro,Uo6Ho TOMy, KaK rrOHHMaeTCH HHTerpaJI OT HeOrpaHHqeHHbIX CPYHKllHH. 

l1HTepBaJIbHble MO}J,eJIH OTJ1HqaIOTCH ,rr,pyr OT ,rr,pyra pa3HbIMH Ha6op3MH nep

BIIQHbIX npH3HaKoB II pa3HbIMH nepBHqHbIMH cpe,UHHMH, a B nTore - pa3HbIMIi 

3HaqeHHHMH cpe,rr,HHx B oo.rracTII HX cymecTBOBaHIUI. TIo BK.;1IOQeHHHM 3THX 3Ha

tIeHHiI MO)KHO cy,n}ITb, KaK3H H3 liM 60JIee IlllIpOK3H, a KaKaH :MeHce (§ 1.3). qeM 

IlIHpe 11M, TeM MeHblile nO.ne.3HbIX ,rr,aHHbIX 0 5lBJIeHllH B Hell cO;I,ep)KaTcH. CaMoI~I 

IUHpOKOit CpeLi,H BCex. HBJi51eTCH fO.;1aH J/L\1, cooTBeTcTBYlO1U3H a6COJIIOTHOMy OT

CyTCTBHIO ,IL3HHbIX (HJIH no,lHc'jn~C'lur HeycTol1QHBOCTH 51BJIeHH5I). PaCIllIIpeHI1e 11M 
CJIy:lEHT pa6ol II1M HH',"'Ti, :-';~' TC)M eC yrrpomeHHI'1. 

LIepe3cpelLHHe B § 1.3 onpe}1,e.rJHIOTCH onepaUHll nepeCeqeHllH 111\'1 KaK 11.06aB

JIeHlle ,EJ,aHHbrx K Y:lKe IIMerOIIHIMCH II 06be,IU1HeHIIH KaK pacceHHHe ,UaHHbIX, pOCT 

HeOnpe}.!:eJIeHHocTli. [eoMeTpHqeCKH 11M eCTb :MHororpaHHllKII, B KOTOpbIX nepBllT.JHble 

npH3HaKH H HX cpelLHHe onpe~enHIDT COOTBeT~TBeHHO HarrpaBneHHH rpaReH H llX rro

JIO:lKeHH5I. ITepeCetIeHIIC MHororpaHHIIKoB eCTb HX 06luaH qaCTb, n03ToMY 6y,neT 

CHOB3 MHororpaHHHKoM, a o6'be)1}IHeHHe rrOJIaraeTCH pacwHpHTh .un era BbII1YKJIOH 

060JIOQKH, tITo6bI nO.;1YliH.naCb liNt 
4acTHbIM CJIyqaeM 1/11\1, Kor,rr,a nepBHqHbIMH B35ITbI Bep05ITHOCTH C06bITHII, HB

JIHIOTCH HHTepB3JIbHble pacnpe,rr,eJIeHH5I BepoHTHOcTetr, OTIHCaHHble B § 1.4. flep

BHQHbrlr Ha60p C06bITliH HPB npOH3BOJIeH KaK rro KOJIHQeCTBY, T3K H TOnOJIOrHH. 

ECJUI 310 rrOJIyKO.;1bQO (HanpllMep, OTpe3KH QHcJIoBoir npHMoi1) H Ha HeM 3a,u.aHbI 

TOQHble BepOHTHOCTH, TO OHH O,UH03H3QHO rrpO,IT.OJI:lK3IOTCH, OCTJB3H,2b TOlIHbB1H, Ha 
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r JI aB a 2. 
COBMECTHbII1 AHAJII13 

2.1. ,L(ETEPMHHHPOBAHHhIE nPEOIiPA30BAHH)l HCXO~OB 

OTo6pa1KeHWH. OnpCJLC.'IHB IfHTcpBa.'IhHbre MOJLCJIH If HX CBOHCTBa, 
nOH)leM ,lI.aJIbIIle. IloCMOTpHM, K3K OHH BH,UoH3l\1eH5HOTC5I B CMbICJIe 

.u.e¢opMau.mI npH3HaKOB H IfX CpeJLHIIX rrpH npeo6pa30BaHH51X rrpoCT
paHCTBa $. ,L(JI51 3Toro KJIaCCH¢Hu.HpyeM cnaqaJra caMIf rrpeo6pa
30B3HH5I. 

I1peo6pa30BaHHe s rrpOCTpanCTBa ge B 6lj l1, 

fC~GJf 

eCTb M3TeMaTH4eCKaH 33rrHCh pea,IIbHbIX OTHOIlleHHH Me)K,l{Y HcxO,ua

;) 

MH Ha ge 11 Ha 6lj. ECJI11 y=SX - epYHKUH5I, OnH03HaQHO oTo6pa1KalO

ma5I KaM,UbIH HCXO,n XEfE B HCXO,n yE:::=/;'1, TO npeo6pa30BaHHe Ha

3 bIB a eTC 51 aeTepMUliUpoBaliliblM. 
"j;"-Ka3aB, KaK ,neTepMHHHpOBaHHoe s npeo6pa3yeT HCXOnbI, pac

C~IOTp:HM, KaK rrp11 3TOM rrpeo6pa3YIOTC5I rrp113HaKH, HO He Bce, a 

nOKa TOJIbKO HX qaCT'HhIH KJIaCC - C06bITH5L 3neCb HeT Tpy,nHocTeH: 

A eEe rrpeo6pa3yeTcH B B = {y : y = SX, XEA} - 3TO MHOlKeCTBO 

3HaQeHHI1, KOTopble rrpUHHl'vlaeT y=SX, KOf,na x rrpo6eraeT 3HaqeHHH 

113 A. IIHIIleM epopMaJIbHO B = sA H 6Y,lI.eM Ha3bIBaTb B o6pasoM co

6bITHH A. I-(a2K,noe Co6bITHe A Ha ge HMeeT CBoit 06pa3 B Ha Ulj. 
C B 0 HC T B a 0 6 P a 3 0 B. 06pa3 06'be,nHHeHH5! ,nByX 11 60JIee 

C06bITHrI 113 !f8 paBeH COOTBeTCTBeHHO 06'be,U11HeHHIO 11X 06pa30B Ha 

6lj: s(A 1UA 2 ) ==s..4 1UsA2• 

06pa30M rrycToro M'HO)KeCTBa 6y,UeT rrycToe MHO)KeCTBO: s0 = 0. 
06pJ.30M Be 6y,neT, B o6mervr, qaCTb U}j, TOfJJ,a fOBOpHM, qTO S eCTb 

oTo6pa)KeHHe fEBflyTpb, UAU 8 U}j. ECJIH Me 06pa30M !f8 5IBJI51eTC5I 

Bce 6Jj (3TO HeTpy,UHO CneJlaTb, HCKJIIOqHB H3 6lj Te 3.neMeHTbI, KOTO

pble He BXO,Ll)IT B 06JIaCTb 3HaqeHHH SX), TO S eCTb oTo6pa)I{eHIIe 

ge Ha 6lj, qTO HH)Ke HCQHTaeTC5I. 

BKJIIOqeHIIIO C06bITHH COOTBeTcTByeT BKJIIOQeHHe 11X 06pa30B: 

A 1cA2 =?-sA 1csA2• TO:IKe BepHo nJI5I ,UonOJIHeHH5I (ec.TIH S eCTb 

oTo6paMeHHe ge Ha uy): sAc= (sA) c. 11 qero HeJIb351 CKa3aTb ,UJIH 

nepeCeQeHII5I: ,UBa rHerrepeCeKaIOIll,HXC5I C06bITI1H, CKa)I{eM Xl II X2, MO

rYTOT06pa)KaTbC5I B O,UHO, KaK 3TO BIIAHO H3 pHC. 2.1. 
0603Ha4HlVl Bce 3.n.eIVleHTbI x, oTo6paiK3IoLUHecH B T04KY y, lIepe3 

A y == s-ly= {x : sx== y} H Ha30BeI\1 npoo6pa30rvl HJIH us06paJICeliUeM 
TOtiKU y. Hso6paJICeflueJvL s-lB C06blTUfl BEUlj 6yJ,eT 06'be,UHHeHHe 

H306paiKeHHH TOlleK, BXOlJ,5UlJ)IX B B: A B = U A y == {x: s'xcB}. Herre-

YEB 
pecer<aIOlllHMrC5I BIll B 2 cooTBeT'cTByloT HenepeceKaIOIll,lIeC5I H306iPa

.lKeHHH s-1B 1 11 s-lB2, a 3JIre6paHQeCKIIM orrepaUH5IM Han HHMH 

TaKHe )Ke onepalUIH Han EX H306pa)KeHH5IMH. 2\1.HO)KeCTBa s-lycW 
B pe3YJIbTaTe He rrepeceKaIOTC5I H S MOiKHO paCCMaTpHBaTb KaK 

B33IIl\IHO-O,UH03Ha4Hoe COOTBeTCTBHe TOqeK y npOCTpaHCTBa UJj H no,LI.

MHO)KeCTB Ay npOCTpaHCTBa fJe: Ay+--+y, HJ1H COOTBeTCTBHe UAy+-+B, 
yEB 

npHBO,ZI,5Imee K H,2leHTHQHOCTH (H30MOpepI13l\tlY) ,UByX aJlre6p C06bITHll: 

yx !ljJeolfpo,]otfoIf11f1 

rX'~ _ ~y,
A j X z ~ i (sA 
l' ~ I. ~, / 

I : 

! 0 IT70oil{l/J!Ce1111f1 i 
~\S:r: .• Bx IJ 

H300P0.Jl(fl/IJf! OOfJaJbl 

PRe. 2.1. ITpeo6pa30BaHluI 11 oTo6pa:IKeHJUI 

13 
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'1'\ 
aJIre6pbI d Ha flJ, nOpO.IK,lJ,eHHOH C06bITII5IMH Ay , Ii aJIre6pbI BCeX 

C06hITUH Ha UIj, 0603HaqaeMOH 2~. 3TU aJIre6phI d+-+2"!f U30MOp<!J

HbI 'B T'nM C~bIICJIe, 'qTO aJIre6:paIIqeCKHeOTHOllieHII5I 1M :,lJ,ellCTHIIH
 

Ha)J, ;MHO.IKeCTBaMH O;,lJ,HOll H3 HHX 3epIKaJIbHO oTo6pa.IKaIOTC5I 'Ha OT

IHOllleHH5I H TaK'IIe .IKe )J.eillcTIBII5I ~Ha!,lJ, Jl.pyroi1.
 

0606u.I.U!M IrrOH5ITUerrpeo6pa30BaHH5I, !JIO,lJ,BO,lJ,51 ero IK ,U30MOP<!JU3MY
 
,l(Byx npOH3BOJIbHbIX aJIre6p C06bITHi1. ,UJI5I 3Toro 6Y,lJ,eM nOHHMaTb S
 
(o6oI3HaQaeTC5I B OTJIUQue OT rrpe06pa3Q1BaHU5I 3arJIa:BHoH 6YKBOH) Ka'K
 
oT06pafReHHe, rrpM KOTOpOM Ka)K.l(a5I TOqKa x nepexo,nHT, B 06meM,
 

B IIO,UMHO}KeCTBO Sx== Ex npocTpaHcTBa Ulj, npnqeM: a) ,lJ,JI5I paSJIHq


HbIX Xl *X2 M HO}KeCTBa SXl'== B 1 H SX2 == B2, B KOTopble oT06pa.lKa


IOT'C5I 3TH TOqKJI, JIH60 ICOBna,lJ,aIOT Me}K,lJ,Y co60i1, JIH60 He nepece


KalOTC5I; 6) SW = USx == oy. P aBeHCTBO Sx == B nOHHMaeTC5I KaK He
x
 
nC/HocTh, IcoMHeHHe, Ky,lJ,a H3 MHO}KeCTBa Bx nOna,lJ,eT TOqKa X, II B 3TOM
 
CMblCJIeS paCnJIbIBqaTo.
 

OT06pa}KeHHe S JII06bIe C06bITH5I H3 t8 rrepeBo,nHT B",~o6bITH5I H3
 

oy: SA= U Sx, U o6paTHo: S-IB= {x: SxcB}. B HarneM-iuupolWM

XEA 

IlOHHMaHHII ,lJ,JI5I JII060ro S 'o6paTHoe S-l Bcer,na onpe,neJIeHo. flPH rrOB


TOpHbIX IIp5IMOM II o6paTHoM oTo:6pa)KeHII5IX S-1SA C06bITH5I, B 06


meM, ICMa3bIBaIOTC.H, CTaHOB5ITC5I lllHpe A, KpoMe HeKoTopbIX ill3 C06bI


THH, npe,lI:cTaBJI5IIO~HX HaII60JIblllHH 11HTepec, TaK KaK HMeHHO OHH
 

nOJIHOCTblO xapaKTepM3YIOT S. 3TO K.nacc ;ds Bcex Tex C06bITHH H3 ge
 
(u ero 0'61pa3 gjsHa UIj), 'KoTopoe DP'lI np5lMOiM U 3aTC:\I 06paT

HOM oT06pa)KeHHH '«OCTaIOTC5I qeTKo Ha MeCTe»: 

tAs == {A: S-1 SA == A}~~s === {B: B ==: SS-1 B}. 

XapaKTepHa O,lJ,H03HaQHa51 CB5I3h: A+-+SA=B, S-IB=A+-+B, F1H,lJ,Y

nHpYIOI1J,a5I ,nBe H30MopepHble aJIre6pbI d s +-+ !JJ s , r,Ue PlJ s eCTb 06pa3
 

.9ts• AToMaMH aJIre6p 5IBJI5IIOTC5I Bx==Sx, XE[g, ,nJI5I !lJ H Ax =
 s
 
=,S-lSX ,nJI5I d s . ECJIH nepe0603HaqHTb HX Bz, A z, 06'be,LlHHHB COB


rra,nalOI1J,He Melli,Lly C060H Bx (H Ax) no,ll. O,nHILM MH,neKCOM Z, TO S 
MO}KHO HHTeprrpeTIIpOBaTb KaK B3aHMHO-0,lJ,H03HaqHOe 'COOTBeTCTBHe 
Az++Bz• 

I1TaK, JIlO6oe oTo6pa.IKeHUe S liH,lJ,YU)1pyeT U30Mop<!JHhle 3JIre6phl
 
st s 1M !JJ s H rrOJIHOCTblO onpe,ll.e,}J5IeTC5IHlY1H. B TO )Ke BpeM5I .nI06oMy
 
HSOMOpepH3My MOfRHO no,nbICKaTh COOTBeTcTByIOmee oT06pa)KeHHe S,
 
rrOHHMa5I ero KalK oTo6pallieHHe C06bITHH li3 Z (aTOYIOB A ) B rC06bI
z 
TlI5I lIS GIl (aTOMbI B z ). 

AJIre6pbI d s H !JJs OXBaTbIBaIOT Te C06bITH5I, KOTopble OCTaIOTC5I 

qeTKHMH rrpII rrpe06pa30BaHH5IX. 4epe3 HHX MoryT 6~Tb orrpene~eHW 
06pa3M (H u306pa.IKeHU5I) Bcex OCTaJIhHMX C06~TUH no <!JopMyJIaM: 

SA == n SA'; S-1 B === n S-1 B'.
 
A'EAs B'E/Ji s

A':::>A
 B'=:JB 

npeo6pa30BaHHSI npH3HaKOB. MbI paccMoTpeJ1H, KaK oTo6pa*e-

HHHMH rrpe06pa3yIOTC5I C06WTH5I. Tenepb 06paTHMC5I K npeo6pa30Ba

HIIlO rrpH3HaKoB; yCT3'HOBIIM, KaK 'O,nHII H3 HHX nplI oTo6pa)KeUHH 

nepexo,n5lT B ,npyrHe. 

l.JHCJIOBaH epYHKUII5I f (X), H3MepHMa5I OTHOCHTe.nhHO HH,nYUHpO

BaHHoH oT06pallieHHeM S aJIre6pbI Ids C06bITHI1:, Ha3bIBaeTC5IS-npeo
·CTa8UMblM npu3HaKoM. ECJIH nOHHMaTb epyHKUHIO f lllHpoKoKaK OTO

6pa)KeUHe C06bITHH A B nO,ll.MHO)KeCTBa f(A) == {t(x): xEA} qUCJIO

BOll npHMofI, TO ,nJI5I S-npe,nCTaBHMbIX npH3HaKOB t (A) == f (S-1SA), 
VA, qTO 3KBHBaJIeHTHO MOllieT 6bITb B351TO sa HX orrpe,neJIelHHe; 3TH 

npH3H3KH rrpUHHMaIOT nOCT05IHHble 3HaqeHH5I Ha ,«aTOMax» A z aJIre6

pbI d s. !\JIa,CC Beex S-TIlpe,nCTaBHMhIX npH3'HaKOB 0603HaqIlM f!T s . 
B Hero, OQeBlli,UHO, BXO~5IT ,Bce 'HH,lI.HKaTOpHbIe epyHKIl,HH 'C06bITHM ds. 

!\JIaCC fT s JIHHeeH II 3aMKrHyT OTHOCHTeJIbHO JII06bIX apIIepMeTH

qeCKIIX ,nellcTBHH, T. e. ,npe06paSOBaHHe F (tI, t2, ... ) npHSHaKOB H3 

9Toro KJIaCCa npHBo,nHT 'K rrpH3HaKaM HS Hero )Ke (MO)KHO ,nonycKaTh 

-oeCKOHeQ:Hble 3HaQeHH5I npH3HaKOB). 

!\a)K,nbIH S-npe,UCTaBHMbI}I rrpH3HaK HMeeT qeTKO CBOM 06pa3 

:ep (y) =t (S-ly ) (IIJIH cp (B) = t (S-1B», KOTOpbIH 5IBJI5IeTC5I B CBOID OQe

peJI,b ~s-H3MepHMoH epyHKUHeH, IfJII! }Ke, tITO TO )Ke :caMoe, ,S-Lrrpe,n

CTaBHMbIM rrpH3HaKOM cp (B) == <p (SS-1B). KJIacc Bcex TaKHX npH3Ha

KOB 0603HaqH1vI (J)S-l. 

I\JIacc fT s Hero 06pa3 (1)S-l BsauMHo-0,UHo3HaQHO CB5I3bIBaIOTC5I 

MeM,Lly c06011: fTs ~(DS-l COXpaH5IH ynop5I,UOqeHHOCTh <pyHKUHH: 

/1 ~ t2~qJl ~ Cf!2, r,Ue f1 +-+'qJI, f2++qJ2; H H,UeHTHQHOCTh apHepMeTHQeC

KHX ,lI.eHCTBHH: F(fl' /2, ... )+-+F(CPl, <j)2, ••• ). HarrpHMep, 06pa30M JIM

HeHHOHKoM6HHaUHH C+'l2 Citi (X), fiEfTs, 6y,neT JIHHeHHa5I KOM6IIHa

IJ,II5I 06pa30B C + ~CiCPi (y), (Pi E (!)S-1 J fi~CPi. 

3aMeTHM, qTO eCJIII ,Y = sx eCTh ,L(eTep'MH'HIIpOBaHHble <npeo6pa

.30BaHHe, TO (1)S-l - 3TO Boo6me <JII06hle <pyHKUHH nepe'MeHHOM y, a 

IF s - 3TO M1HO)KeCTBO epYHKIJ,HH BH.na f{x) ==cp (sx). 
Bce S-npe,nCTaBIIMble npH3HaKH II HX 06pa3bI ,na,nyT Te, rpy60 

rOBopH, I«HanpaBJIeHH5I», no KOTOpbIM 6y,LLeT rrpOH3BO,ll.HTbCH paCqeT 

ICpe,ll.HIIX 11M npH oT06pa)KeHII5IX S. 
PaCl.feT Cpe,II,HHX. IlycTb Ha ge sa,naHa 11M J{X C 06~TJaCTbIO PF 

cymeCTBOBaHII5I BepXHHX ICpe,ll.HHX NIf, fEfT, H S eCTh oT06pa*eHMe 

2C Ha6lj. Tpe6yeTC5I paCCQHTaTb cooTBeTcTBYIO~YlO 11M .;f{Y Ha uy, 
KOTOpyIO 3anHCbIBaeM J{Y = SJ{x. KaKIIe ,naHHbIe 0 Cpe,lJ.HIIX M<p Ha 

oy 6y,nyT HMeTbC5I? qTO npH 3TOM Tep5IeTC5I? 

,UJI5I S-npe,ncTaBHMblx npH3HaKOB t pOBHO HHQero: 

1\1cp==Mf, cp~~tEffsn~, (2.1) 

H cpe,nHIIe O,UH03HaQHO nepeHOC5ITC5I Ha HX 06pa3w. 3TO OQeBH,UH~ 

Tal{ KaK ~o (y) nOJIHOCTbIO nOBTOp5lIOT 3HaQeHH5I f (x) 1== cP (Sx). 
flep8UtiNblJHU OAR npeo6pa30BaHHOU HM J{Y=SJ[x 6yiJYT cpea

Hue (2.1). OHII corJI3COBaHbI Ha !!lJ s B CHJIy 11X corJIaCOBaHHOCTH Ha 

Stt s 11 H30MopepH3Ma 3THX aJIre6p. 

IlocJIe,nOB a TeJIb HOCTb 3T a nOB JL JI 51 0 I1Pe,ne ,ne H 11 51 uf{Y CJIe,nyIOIna 51 : 
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1) CHa'laJIa 06 .Jf{x OCT3BJI5IIOTC5I TOJIbKO CBe,J.eHH5I 0 cpe,J,Hllx nOk 

KJIaCCa S-'npe.iI,CTaBHMblx npH3Hal\OB fFs, 'lTO COOTBeTCTByeT fFS-pac

llmpeHHIO .Jf{x; 

2) Cpe.iI,HHe C fFs nepeHOC5ITC5I Ha I1X 06pa3bI rro ¢opMyJIe (2.1), 
06pa3y51 nepBH'lHble 3HaLJeHH5I .iI,JI5I ./f{Y; 

3) HaKOHeU, rrepBHLJ:Hble 3HaLJeHH51 rrp0,iI,OJlfKaIOTC5I Ha npoH3BoJ1b

Hble npH3HaKH. 

v!3 CKa3aHHoro CJIe,iI,yeT, 'lTO 6y;I,b Ha f!l} 3aJI.aHa v!{\ HJIH ee 

fFs-panIJHpeHHe (MXfFs), HTOrOBa51 uf{Y=S.Jf{x 6YJI.eT OJj.HOI1 H 

TOH )Ke. Cpe.iI,HHe TOJIbKO S-npe,iI,CTaBHMbIX npH3HaKOB y'laCTByIOT B 

paC'leTe .Jf{Y; OCTaJIbHble )Ke «CMa3bIBaIOTC5I», Tep5llOT CBOH c06CTBeH

Hble Cpe,iI,'HHe H nepeXO,iI,51T B «nO.iI,'lRHeHHe» K Ha60py MfF s = 
= {Mfs: fsEfFs}. 

DOTepb, O'leBH.iI,HO, He 6y,iI,eT B TOM CJIyLJae, eCJIH MfFs onpc,a,e

JI5IIOT O.iI,H03Ha'lHO Mo,a,eJIb uf{\ T. e. ee nepBIILJHble np1l3H31<H gE'S 
Bce S-npe.iI,CTaBHMbI: gjcfFs. Tor,iI,8 fFs-pacwHpeHHe uf{X COBna,J.eT c 

.Jf{x, a rrepBH'lHbIMH .iI,JI5I uf[Y 6y.iI,YT 06pa3bI gEe:!! C TeMH n(e, ]\aK y 

.Jf{x, 'Cpe.iI,HHMH, TaK LJTO Mem,iI,Y nepBllLJHblMH rrpH3HaKa,,1H H cpeJI.

HHMH .Jf{x H uf{Y YCTaHaBJIHBaeTC5I TOil(JI.eCTBeHHa51 CB5I3b. P8CLJeT 

Cpe.iI,HHX :npOH3BO.iI,HTC5I y)Ke He B Tpll 3Tana, J<aK BbIwe ,yKa3blBa

JIOCb, a B .iI,B8, T3K KaK 3JI.eCb fFs MOih:HO 38MeHHTb H8 e:!! II nepBbIH 

:Han Bblp0)KJI.aeTC5I. 
o p II M e p 2.1. OYCTb f}J=f!l - lfHC.lOB01l OCb, H nYCTb y=XZ - npe06pa30

BaHlle. Tor,Qa VIj =f!l+ - nOJlYOCb II cpe.J.HlIC J1Cp (Y) (,QJl1I YAOOCTBa c.~Ylfaihjble 

BeJllllfl-foHbI 0003HalfalOTC1I 3arJlaBHblMH 0YKB3MIH), onpe,Qemllou,lIe J{Y, BblpafI\a

101'C5I lfepe3 cpe;J.~lIIe .1(" no cjJopMyJle (2.1): ,\Ilcp(y)=A1Cf(X"). I-IanpHMep. ,\I}'= 

=MXz, Myz=MX4, M cos Y=M cos xz II T . .J., OpaBble 'WCTII pacclfllTbIBalOTC5I Ha 

OCHOBaHHII nepBlIlfHbIX .uaHHbJX 0 .It". OOTepb npll npeoopa30B3HHH He Oy;lCT. eC.ll1 

TOJlbI\O nepBlIlfHble npH3HaI\II J(.< 3anIlCbIBaIOTC5I caMII 'Jepe3 X Z. CKa)KeM, ,;/(, on

pe,QeJleHa 3HalfeHII5IMH MXz, A1X". Tor,Qa J{Y OY,QeT onpe.ue_~eHa nepSlIlfHbDl;r 3Ha· 

;	 lIeHII5IMII MY=MXZ II MYZ=MX~: a Bce OCTaJlbHble Mcp(Y), nanplIMep, .\1 cos Y, 
paCClfIlTblBaIOTC5I no HIIM 1IJ111 HenocpeJ\CTBeHHO nepeHOC5ITC5I ](aK cpe.J.Hlle H300pa

)KeH1I11 Mcp(X2), HanpllMep JilIcosXZ. 
o p II M e p 2.2. ,LI, e T e p M II H II P 0 BaH H bI e n p eo 0 p a 3 0 BaH H 51 '. :1 y

1I a 11 H 0 ron p 0 U e C C a. OYCTb Xt - npouecc, onpe;le,leHHbIi'l CSOllMH Cp2:\HII"1II 

iilI,f{Xt}, rAe f{Xt} - cjJyHKUJIOHaJlbI OT XI, .H nycTb S - ero npeOOpaJOB:;;i!le B 

Yt=SX,. 3TO MO)KeY ObITb He_~IIHeIIHoe npeoopa30BaHHe Y, =v(Xti, HanplDIep 

B03Be,Qe1IHe B I\Ba,QpaT Yt = X2,; orpaHHlfeHlle; JlIIHelllWe npeoopa30BallHe; II!.: "OM-

OIlHaUIIII, HanpHMep Y I = Su (Xr ) ht, rdt - HemulellHOCTb v C nOc.le,WIOIl.\lnl cjJ;I.lbT

pOM. COOCTBeHHO, BII,Q npeoopa30BaHH5I He npJIHUJInlla.leH J.l5! paClfeTa ·\frd YI}, 
K'OTOPbIII !<paIIHe npOCT: 3TH cpe,QHHe B TOLIHOCTH COBna,lalOT co Cj)e.J:HHMli 

Mcp {SX I} 01' f {Xd = cp {SX t } - S-npe.uCTaBHMbIX cjJyHKlIHOHaJl0B: "I'i {l',} = 
=Mcp{SXt }. TaK, npll npeoopa30BaHHII Tllna «HeJlIIHeIIHOCTb - cjJH,lbTp», BBeJeH

Horo lfyTb BhIwe, IIMeeM: 

MYt = MSv (X't) ht, 't d T, li.1Y; = M[fv (X ) hl .,;d't]2;r 

MSY t dt = MS Sv (X,;) ht.'t dtd't, 

H T. ,Q. 00 HIIM Be,QeTC5I 

HaKOB npouecca Yt KaK no 

nO,ll.06He MOJI.eJIeH. 

npI1BO,iI,51T K rrOTepe 

51CHO, 'lTO nOTepb He 

oT06pa)J(aeT f!l} Ha !Jlj, 

paclfeT cOOTBeTCl'BYIOIl.\HX cpe,QHHx OT OCTaJlbHblX npll3' 

nepBII'IHbiM 3HalfeHII5IM CorJlaCHO TeopeMe np0,QOJl)KeHH5I. 

PeLJb nOJ1JI.eT 06 oT06pa)KeHH5IX, KOTopble He 

,ll.aHHbIX OTHOCHTeJIbHO MO,iI,eJIH. COBepweHHO 

.iI,OJI)KHO 6bITb, eCJIn S 'B3aHMHO 0,ll.H03Ha'lHO 

TaK Kal< 06paTHbIM oT06pa)l(eHHeM S-1 BCerJI.a 

MOiJ<HO ycrreTb 'BepHyTbc5I Ha3a,iI, IK HCXO,lI:HOMy rrpOCTpaHcTBy H 'HC

XOJI.HOI1 MOJI.eJIH, KaI(OH 6bI OHa HI1 6bIJI8. Borrpoc CTaHOBHTC5I He 

TaKHM TpHBHaJIbHbIM, eCJIH S 51BJIHeTC5I peJI.YKl..l,HeJ1 npOCTpaHCTBa, rre

peBo.n 5l I..l..l,el1 f!l} IB npOCTpaHCT'BO !Jlj MeHbweHpa3MepHOCTH. 

OT06palKeHHe S Ha3bIBaeTC5I npeo6pa30Bal-lUeM nooo6uR. (HJIH 

rrpoCTO rrO,ll.06I1eM) ,ll.JI5I uf{X, eCJIH .Jf{X = S-IS.Jf{X, T. e., OT06pa)Ka51 

rrpOCTpaHCTBO f!l} c nOMOJ..UblO S 'B !Jlj, a 3aTeM 06paTHO c nOMOJ..UblO 

S-I, npI1XO,J.HM K TOft )Ke caMOH OTHIO,ll.b He 60JIee WHpOKOH MO,iI,eJIH. 

DPH 3TOM S-1 6Y.iI,eT TaK)J(e rrpe06pa30BaHHeM nOJI.o6'H5I JI.JI5I .Jf{Y,= 
= S.Jf{·\ TaK KaK SS-I,,${Y = .Jf{Y. 

MOJI.eJIH ..J{X H ..J{Y, CB5I33HHble Me)KJI.Y c06011 rrO.iI,06H5IMH, Ha3bI

BaIOTC5I n0006I-lbU1.U H 0603Ha'laIOTC5I .JI{X ,....".Jf{Y. 
OTo6paJICeHUe S 6yoer 1l0006UeM OAR. .Jf{X = (Mxe:!!), eCAU S-npeo

CTaBUMbl Bce nepBU'tHbte npu3HaKu: g(X)=\jJg(Sx), VgEe:!!. flpu 
aTOM .Jf{X npeo6pa3yeTCR. B nooo6liyfO eii ..J{Y = (Mx\jJ), onpeoeJleI-l
l-lylO nepBUiiliblMU cpeoHuMu: MY\jJg=Mxg, U qr,= {\jJg: gEe:!!}. 

LL3HHoe yTBep)J(JI.eHHe eCTb nOBTopeHHe paccy)K,a,eHHI1 I<OHua npe

,iI,bI,iI,ymero p 83,iI,eJI 3. 

Ha060pOT, eCJIH S - nOJI.06He JI.JI5I ..J{X = (MXe:!!), TO, OCT8B.15151 

BMeCTO e:!! nO,ll.Ha60p e:!!s Bcex S-npC,iI,CTaBI1MbIX nepBH'lHbIX npH3H3

KOI3 gjsc;?l, ~lbI He 1I3IMCHiI1:vl HCXO:J,HyIO '~1'0,ll.ejlb: ..J{x=(M"e:!!s). Tor,'1.a 

KJIaCC ,P+e:!! s BTOpHLJHbIX npH3Hal<OB 6YJI.eT S-npeJI.CTaBHM H B3aH?IHO 

0JI.H03Ha'lHO C coXpaHeHl1eM oTHOWeHHI1 nOp51JI.Ka H 3Ha'leHHH cpeJI.

HHX 6Y,'I,eT oT06pa1K3TbC51 B ](JIacc p+-q.rs, "¥s = {\jJg : gEe:!! s}, BTOpH'l 

HbIX npH3HaKoB nO,J.06HofI ..J[u=S..J{\ a P+e:!!s H P+"¥s, B CBOIO otIe

pC,ll.b, 6y,'l,yT nO,ll.iK.TI3CCaMH fFs H COOTBeT,CTBeHHO cD S_l Bcex 

npe,J,cT8BHMb1X ¢yHI<UHI1, Jj.oCTaTOLJHbIMI1 ,ll.JI5I p8CLJeTOB MO.rr.CJIH .JI{Y 
rro J(o,; OpH rrpe06pa30B8HI1!1 S. OTCIOJI.3, CCJIn ,,${x H .JI{U no,a,06HbI, 

TO FJ18CCbI fFs H (1)S-l (KaK H P+e:!!s, P+,,¥s) B33HMHO 0,a,H03H3tIHO 

OT06p 8IK310TC5I Jjpyr B ,ll.pyr 3 C 3ep KaJIbHOCTblO a pIIcl)M~TH'lec:!.\IIX 
nel1CTBI1I\ coxp8HeHIICM nOp51,iI,Ka H cpe,ll.HI1X: t-.-~cp, M"1=MUcp, 
fEfFs , cpEC[)S-l. 

OnlQWCHlle nOJ.06H5I Mo,a,eJIefl pe¢JICKCHBHO: ..J{x,...." ,,${\ CHMl\leT

P\oIlIIW: Ji."'::'- ..J{u=,?-J1Y ,...." .JItx II TpaH3IHI1BHO: ..J{x,...." ..J{U, ..J{Y ~ vlIz=,?
='?-..J{x::-.,) J{z. DOJI.06Hble MO,ll.eJIII 'FMeJOT 0Jj.HH3KOBble p83MepHOCTH, 

CTporo COOTBeTcTByIOW,He ,ll.pyr JI.P)'rY rpaHH H H306p3il<a1OTC5I O,lH

HahOBbl"lH rCOMCTpl1LJeCl\llMH TeJI3MH (HO B pa3HbIX npOCTpaHCTBax). 

o p H M e p 2.3, OYCTb lla pa30lleHlill f}J Ha HenepeceKalOLUHeC5I COObITH5I: f}J= 

= A I +A + ... +A k, 3a,cI,aHO HHTepBaJlbHOe pacnpeAe.ijeHHe Bep05lTHOCTelI 11PBz
rpaH!lll3-MII Bep05lTHOCTeil E.i=~(A;), Pi=P(A;). 3Ta MO,le,lb nO;looHa 

MrS Ha !I-To'.JelflIoM npocTpaHcTBe V1j/<= {Yl, .. , yd C TeMII IKe Sep05lTHOCT5IMII 
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s 
~ (yi) -= PJ.' J5 (yd =Pi. OT06pa:>KeHHeM, HaBO,lJ,SIII]JIM rrO,lJ.06He, 6Y,lJ,eT Ai-+Yi, 8 06

S-I 
paTHbIM 'K HeMY 6Y,lJ,eT H30MOP<PH3M Yi -i--A i • KJIacc fTs o6pa3ylOT <PYHKUHH BH,lJ.a 

c+ ~ciAi (x), 8 cDS-l - B'H,lJ,a c+ ~ci811 I (y). 

Do,nooue COXpaHHIOT aJIreOpaHqeCKHe ,nenCTBH5I HaJ{ MO,neJI5IMH: 

ECJIH f?j'"'x H f?j'"'Yx eCTb COOTBeTCTBeHHO OOJIaCTH cymecTBOBaHH5I 

cpe,nHHx )])I5I J{x H Jf{Yx , TO ,nJI5I vf{Y 3TY 06JIaCTb COCTaBJI5IIOT TaKHe 

epyHKIJ:HH 'qJ (Y) E:~J!TYx, IqTO MYxqJ (y) Ef!Tx . CIO,na, KOHeqHO Me, BXOa5IT 

.,1I06bIe OrpaHHqeHHble epyHKIJ:HH. 

Jte/"V Jt~, 'rJ 8=> /\ Jlte~ /\ .jt~, v.;as "-/ VJt9. 
e e e e 

2.2. CJlYlJAAHbIE nPEOBPA30BAHH5I 

nepeXO,ll.HbIe MO,ll.eJIH. B npe,UbI,LLymeM naparpaepe P3CCMOTpeHbI 

oTo6pa)KeHH5I ge B 6Jj H HX oOJIee OOmHe epOPMbI - H30MOpepH3MbI, 

npH KOTOpbIX KaLK,na5I TOqKa X C ,LLocToBepHocTbIO 1 nepexo,nHT B 

MHOLKeCTBO BxcUlj, npHqeM Bx npH pa3Hblx X COBna,naIOT MeLK)J.y 
C060H HJIH !He :rrepeceKaIOTC5I. 

PaccMoTpHM 06~HH: CJIyqaH, Kor,na X B npHHUHne MO)KeT nepeI1:TH 

B ~TII06yIO TOqKY yEUlj, a ISHaIHH5I 00 aTOM ,cpe,nHeCTaTHCTHqeCiKHe. Ta-
Q 

KIle npeoopa30BaHH5I Ha3bIBaIOTC5I CJIyqaHHbIMH: fE~CJJj. ,UJI5I CJIy

lJ3IIHhIX npeo6:paSOrBa'HrHH Q Ka)KJI,OH TOlfKe X YKa3bIIBaeTC5I HeROTO

pa5I 11M eJf{Yx Ha (J}j, Ha3bIBaeMa5I nepeXOaHOU H3 f1J Ha 6Jj H onpe

AeJI5IeMa5I CBOHMH cpe,nHHMH 3HaqeHH5IMH MYxqJ (y). CrrocoobI ee 3a

,LLaHH5I TOqHO TaKHe )Ke, KaK JII060H 11M, a HMeHHO, rrepBHqHbIMH 

cpe,nHHMH MYx ,¢, tP E '¥, r,ne tV -- llepBHqHbIe rrpH3HaKII Ha Ulj, cpe,n
HHe (KOTOpbIX, !,na II BII,l( HX caMHX, B 06meM, SaBHC5IT OT x. 

B qaCTHOM cJIyqae, Kor,na J{Yx eCTb HHTepBaJIbHOe pacrrpe,neJIe

HHeBep05ITHOCTeH, TO rrepBHqHbIMH rrpU3HaKaMH Oy,nYT C06bITH5I Ha 

6Jj H rrepexo,nHa5I 11M oy,neT nOJIHOCTbIO onpe,neJI5ITbC5I BepxHHMH 
nepeXO,LLHbIMH Bep05ITHOCT5IMH 

q(x, B) == 15% (B), 

YKa3bIBaIOmHMH, C 

peH,LLeT B CoobITHe 

= I-PYx (Be), T. e. 

Bc6)j, 

KaKOH HaHOOJIhIlleH Bep05ITHOCTbIO TOqKa x ne

B 'npH npeoopa30BaHH'H Q. OqeBH,nHO, 9 (x, B)= 
HH)KHHe nepeXO,ll,Hble Bep051THOCTH cpa3Y BblqHC

JI5IIOTC5I no BepxHHM. 

npeo6pa30BaHHSI MOJI-eJIeH. flYCTh Tcrrepb 33,lJ,aHbI v1{X Ha te H 

rrepexo,nHa5I MO,LLeJIb Jf{Yx Ha Ulj, orrHCbIBaIOma5I CJIyqaHHOe npeo6pa

30BaHHe Q li3 Pe Ha Glj. Tor,na cooTBeTcTBYIO~a5I HM ~Y Ha Ulj oy
,lJ,eT orrpe,LLeJI51TbC5I cpe,nHHMH: 

MY q> (y) = MX 
(M~ q> (y». (2.2) 

3,J,ecb NiYxfI) (y) eCTb cpe,nHHe no nepeXO)1,HoH MO,LLeJIH eJf{Y , a KaK 
x 

epYHKIl.HH x - 3TO B CBOIO Oqepe,LLb npH3HaKll Ha 88, cpe,nHHe KOTO

pblX no J{x, 0603HaqaeMble Nix, H ,LLanyT COrJIaCOBaHHble 3HaqeHli5I 

MY (j), 0 np e,LLeJI 51 10 I..U He J{Y. P e3y JIb TaT rr p eo0p a 30BaHH 51 3 anHCbIB a eT
C5I: eJf{Y = QJf{x. 

PaCCMOTpHlVi Ha np'lIMepe nOCJIe,l1,OBaTeJIbHOCTh BblqHCJIeHHH no 

epopMyJIe (2.2). 
TI p R M e p 2.5. ITYCTb KaK J(x= (Mxg) 3ajLaHa e,lJ,lIHCTBeHHbIM nepBlfl-lHbIM 

Cpe,llHHM jijxg, TaK II nepeXO,lJ,Ha51 MO,lJ.eJIb .;/{Yx= (MYx"P) - O,lJ,HHM Cpe,lJ,HHM 

J\lYx1P (y) = h (x). Tor,lJ,a COrJIaCHO epopMyJIe (2.2) ,lJ,JIH npH3HaKa cP (y) HMeeM 

MY cp == Nix Al~ cp = min _ [c+ cT M X g] , 
c+cTg (x) ;::M~ cp 

r~e M~cp== min [d+dth(x)]. 
d-t-dt¢(y)~CP(y) 

Cpe,lJ,Hee MYcp 6YJI.eT onpeJI.eJIeHO, eCJIII onpeJI.eJIeHO MYxcp H Ma)KOpRpyeMo 

JIIIHeHHbIMH KOM6IIHaUHHMR c + c+ 19 (x). ITpRQeM ,lJ,JIH JII06bIX cp rrepeXO,lJ,Hoe cpeJI.

Hee MY xrcp ,KaIK epYHKUHH nepeMeHHoH x 6Y,lleT nponopUlHOH8JIb(HO h (x). TOr,lJ,8 H OT 

J{X Tpe6yeTcH TOJIbKO 3HaHH5I M·':fi (x), T. e. h (x) - ero paClI1HpeHH5I. 3TOT ¢aKT 

He pacnpOCTpaH5IeTC51 Ha HeCKO.J1bKO nepBHQHbIX 3HaqeHHH MYx"Pi =llj (x), TaK KaK 

TOf,lJ,a MYxcp He 

06bHCHlIM, 

O,lJ,HH, a ,lJ,Ba, 

fi i (x) H h2 (X), 

M~ cp == 

6y.uyT, B 06meM, JIHHelIHbIMH KOM6IIH8J-LH>IMII hj (x). 
nOqeMY TaK. DYCTb I1epBIIQHbIX npH3HaKOB nepexoJI.HofI MO,lJ,eJIH He 

CKa2KeM 'Pi II ~)~ C COOTBeTcTBylOmHMH HM BepXHHMH cpe,lJ,HHMH 

Tor,lJ,8 

min [d + dt ~ (x) +dt ~ (x)] 
d+dT 1Vl (Y)+dtqJ2(Y)~CP(Y) 

~ . 
H rrpaBa5I qaCTb He 6Y,lJ,eT Bblpa2KaTbC5I B BR,lJ,e JIHHeI1HOH KOM6HHaUliH hi (x) H 

h 2 (x), TaK KaK 3HatreHH5I K03epepHUHeHTOB d II d+ j, rrpHKOTOpbIX ,lJ,OCTHraeTC5I 

MHHHMyM, MoryT 3aBHceTb OT x. 

Bnp'HMepe 6bIJ1 BBe)l,eH TOT cJIyqafI, KOf,Ua MYxqJ npH JII06bIX <p 
o6pa3ylOT 'BeCb'Ma OrpaHf-II-IeHHbIti KJIaOC f!Tx* npH3Ha1KOiB, npIHl.JeM 3TO 

BCer,LL3 3aMbIKaHHe [2+d{g] rrOJIyJIHHeHHOfI 060JIOQKH p+df5 HeKOTO

poro Ha60pa df3. Tor,Ua ,LL.TI5I paCqeTa uf{Y=QJ{x H OT vf{x nOTpe6yeTC5I 

TO.JIhKO 3H3HH5I MXf, feg- x .).., a f!Tx*-paClllHpeHHe JJ{x He rrpHBe.ueT K 

H3MeHeHHIO JI{Y: QJf{X = Q<l\1xf!Tx*). 

OCTaHOBHMC5I iH3 3TOM II paccMoTpHM ,nJI5I HaqaJIa caMbIH KpafI

HH}r cJIyqal'r. TIyCTb nepeXOnHbIe 11M O,lJ,HH H Te Me, ne3aBlfiCHMO 
,. OT x: J!{Y x =v1fo. TOI"',LL3 J\1Y x (P 6y,lJ,YT KOHCTaHT3'M'H, He 33BIIC5I1IJ:HMH 

OT X, H KJlacc BTx:~ BbIpO)K,UaeTC5I B nO'CTOHHHY1O C. TloJIYQaeTlc5I, LITO 

o uf{x Boo6me HHlJerO He HanO 3HoTb, qTo6bI paCCqHTa'I'b ,Jf{Y: J!{Y:== 

=vf{o. 3TO TOT CJIyqaH, KOrJLa )1.3HHhle 0 ,CTaTHCT'Hy:eCKI1X ICBOHCTBax 

H3 Ufj He IVleH5IIOTC5I, eCJIH CTaHOBHTC5I H3BeCTIHbIM «BXOn,~> x. 
PaCCMOTpYIM i,lJ,pyroH c.nyqaH. TIYCTb rrepeXO)l,Ha5I MOAeJIb t!f{Yx OA

Ha II Ta .IKe Ha HerrepeCeKalOllI,HXC5I C06bITI15IX A j jp236HeHll51 sIt'J:. == 
= {AI, ... , .l4 k } rrpo'CTpaHcTBa gee ,UOCTaTOqHO, QTo6bI rrepBHqHble 

CpeJl;HHe, Orrpe,LLeJI5IlOmHe nepeXOAHble 111\1, 6bIJIH rrOCT05IHHbI Ha A j , 

H T'orJJ,a MYxff! .oY,l.rYT TIOCT05IHHblMHnpH XEA j , T. e. d'J:.-H3MepIL\1bI

MIT) - LITO H aaCT IKJIaCC f!TX*. MO,lleJ1b Jf{x 6e3 ymep6a )lJI5I J!{Y== 
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= QJtx MO)KeT ObITb paCI11HpeHa AO 11M, rrepBUl.JHbIMH KOTOpOH ,5IB

JI5IIOT'C5I Icpe,UHHe M~CiAi (x) Bcex d~-HsMepHMblx epyHKUHH (HO HR

K3K He ,UO :YIPB C nepBlil.J!HbIMH 'COObITH5IMH liS s4~ HJIH HX OO'be,UH

HeHH5IMH) • 

,UeTepMHHHpOBaHHble rrpeo6paSOBaHH5I eCTb l.JaCTHbIH: CJIyl.JaH: CJIy

qaHHbIX, KOf:,Ua IrrepeXO,UHble Mo.ueJIH tlftYx==<P(Bx) = 1) HBJI5IIOTC5I rOJIbI

MH Ha BsaHMHO 'HerrepeceKaIOIUHecH B x , T. e. ,UocToBepHo x-+-Bx • 3TH 

npeo6pa30BaHH5I OTHOC5IT'C5I K rrpe,UbI'uymel\IY Tllrry, l.JTO 6y,UeT BH,UHO, 

eC~lH ,UJI5I HeKOToporo B z 0003Hal.JHTb A z= {x: x-+-Bz} , H Tor,Ua 

A:~Bz. 
CBOMCTBa npeo6pa30BaHMH MO,lJ,eJIH. PaCCMOTpHM, KaKHMH cnot'I" 

CTBaMH OOJIa,UaeT orrepaUH5I npeo6pa30BaHH5I CBoero po,Ua 'CTa'TIIc.TH

lIeCKoro rrepeCl.JeTa Mo,UeJIei1: .;f{Y == QJ{x. I1yCTb Ha ge ,UaHHbIX BeT

rOJla5I .11M .;YX. TOf,Ua J{Y = Q:Yx 6y,UeT orrpe,UeJI5ITbC5I cpe,UHHMH: 

MY q> (y) == sup MX q> (y) 
x 

11 pe3YJIbTaT sanHCbIBaeTC5I: 

Q.Jx == V Jll~. 
XE!!lJ 

3HaqHT, rrpeoopa30BaHHe rOJIOH 11M .9KBHBaJIeHTHO OO'be,UHHeHHIO 

rrepexo,UHbIX 11M no BXO,Uy x, paccMaTpHBaeMoMy KaK rrapaM€'Tp. 

3aepHKCl1pyeM .9TOT pesyJIbTaT, ,UaBeMy paclIlHpeHHylO epOpMyJIH

pOBKy: 067JeOUHeHue HAl e/lte no napaMerpy SEE> JvlOafCeT 3KBUBa .. 
.I1eH.THO paCCJltaTpuaaTbCJl KaK pesyJlbTaT CJlyttaufl020 npeo6paS08a
litlJlMHOafCecT8aE>, anpuopliblX oaliliblX 0 KOTOpOM neT, 8 npOCTpaH
CT80 UCX0006, a ~e - KaK nepexodliaJl MOOeJlb BTOcO npeo6paso
eQ.fiUJl. 

OTcyTcTBHe arrprHopHbIX ,lla'HHblx 0 x ,naCT caMyIO lIlHpOKyIO 1\10

,ne"lb Ha BbIXO,lle, n03TOMY B 06meM CJIy4ae QJ{xcQ:J'x. 
...\ qTO, eCJlH rrepeXO,llHa5I J(Yx rrp H Bcex x 5iBJI}leTC5I rOJ1olLi, T. e. 

HIIKaKHX ,lI,aHHbIX 0 rrpeo6pa30BaHHH HeT? Tor,lI,a npeo6pa30BaHue 

~11060}i uf{x BeAeT eAHHO K rOJIOI1 Mo,UeJIH, He Hecymeli HHKaKHX CTa

TJICTHqeCKHX J-LaHHbIX OTHOCHTeJIbHO HCXOnOB Ha Ulj-: 

~f,{~ -::=; :lJ Y * Qu1t X == :J Y 
, V~;f{x. 

,U a HHbI i1 ep a KT CJIe,llyeT IH3 cpop MyJIbI ( 2.2): MY cp (y) =.Ntx sup 'ep (y) = 
==supep(y). 

PaccMorpHM Tenepb, KaK TpaHepopMHPYIOTC5I OTHOrneHH5I BKJIlO

qeHH5I H onepaUH'H o6be,UHHeHH51, nepeCeqeHHH ,Ivl0,LLeJIeI1 Ha ge nOCJIe 

CJIyqaHHWX npeoopa30BaHHH Q. 
1. OTHorneHHe BKJIIOqeHH5I COXpaH5IeTC5I rrpI1 npeoopa30BaHH5Ix: 

~Jtf cJH~ => QJJtf c Q Jt~. 

2. TIpeo6pa30BaHHe o6'beAHHeHH5I Mone.neil Ha ge paBHo 06'benH

HeHHlO HX npeo6pa30BHHH: 

Q(V .At~) ~ VQJJt~. 
v v 
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B l.JaCTHOCTH, ,eCJIH ~x = VgJv rrpe,UcTaBJIHeTC5IKaK OO'be'u11HeHHe 
v 

BeprnUH, TO npeo6pa30BaHHe ~x - KaK OO'be,UHHeHHe rrpeo6pa30BaH

HbIX BepllIHH: 

Q.Jft X 
== VQ!?Pv·
 

v
 

3. TIpeo6pa30BaHHe nepeCel.JeHHH Mo,UeJIeH: BKJIIOQaeTC5I B rrepece

qeHlIe EX rrpeo6pa30BaHHH: 

Q (1\ v1l~)c 1\ Qu1t~ . 
v v 

I1pHQHHa TOMy, lITO B rrOCJIe,UHeH ,qaCTH CTOHT BKJIIOl.JeHHe, a He 

paBeHCTBO, COCTOHT B OClITIa6JIeHHH nOp5I,UKa Me)Kny rrpH3HaKa~MH npH 

C.:1YQaHHbIX npeoOpa30BaHH5IX. B lIaCTHOCTH (Kor,Ua v - .HH,UeKC, 

0603HaQaIOmHl1 HOMep nepBHqHOrO \rrpH3HaKa), nOJIyqaeM 
r 
t 

Q (M~)= Q 1\ (lW X g)c 1\ Q (M X g).t 
f gE.;§ gE.;§ 

4., CrrpaBenJIllBO BK~rrIOqeHHe 

(V Qo) v1l x 
-:::J 'VQe ~1:!X, 

e e 

f,.le Q = VQe - npeoopa30Ba'Hlle, cooTBeTcTByIOLUee OO'be,lI.HHeHHIO 
e 

nepexOnHbIX 11M: J{Yx = V J!{Yx , e· 
e 

B :caMO:.\1 ,LLeJIe, j\1Ycp=Mx sup MUx, ecp~Sup .lWJ.}Vfu~:, ecp=sup MY(jcp. 
e e e 

lla,UHivl Ha npHNlepe reO:vIeTpHqecKylO HJIJllOCTpaUHIO CKa3aHHoro. 

IT p Ii M e p 2.6. DyCTb TpOeTOqHe aJ = {Xi, X2, X3} CJIyqaHHbIM npe06pa30Ba· 

HIlt\1 Q oTo6pa)I{aeTCH Ha ce6H. ITepexo,UHa5I Mo,UeJIb tJ!{Yx IIpR Ka:IK,lJ.OM SHaqeHHH Xi 
npe.J,CTaBJI5IeTC5I KaK BblnyKJIOe MHO:IKeCTBO Qi BeKTopOB Bep05ITHOcTei"'i qT= 
= (q{Xi, yt), q(Xi, yz), q(Xi, Ys)), TaK tITO v!{Yx , cp= max qT<p, f;I,e <PYHK1U151 qJ 

. 1 qEQi 

eellJ BeKTOp. l'vlHo)KccTBa Qi, !KaK rrpenCr3BJIeHO Ha pRC. 2.2,a, - 910 pesyJIbTaT 

npec!6pa30B3HHrI RH,UHKaTopHbIX Mo,UeJIeH: <P (xI) = 1), i= 1, 2, 3, 5IBJ15IlOmRXC51 

P(x3 }=/ 

F{xz}=! V '~P(.xI):=1 

a) t5) 

Puc. 2.2. 06pa3bI 1\lo;:r,eJ1cff rrpR c.nyqaHHbIX rrpeoopa30BaHH51x 
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BepllIHHaMH :Y. I1pe06pa30BaHIIe Bep051THOCTen P = (P (xd, P (X2), P (X3)) Be,1l.eT 

K ceMeficTBy BeKTOpOB: 

QP == { pY : pY (Yj) = ,~p (Xi) q (Xi> Yj), qEQi}. 
L=l 

KaK 3TO BH)lHO H3 pHC. 2.2,6, QJ(x COCTaB.TI5IeTC51 II3 npe06pa30BaHHblx BeKTopoB 

Bep05ITHOCTe~I, .Tle.IKaUUIX B BepwHHax Jltx, II «3arHaHHblX» BHYTPb npe06pa30BaHHH 

Q.:Jx rO.;loILi YIN\.. CYTb TpeTbero CBo{IcTBa pacKpbIBaeTC51 BKJIlO4eHueM: (Q P2 V 
VQP 3 ) 1\ CQP3'VQ Pd ~QP3. 

I1H,lI.HKaTOpHbIe npe06pa30BaHHSI, I1HTepSaJlhHaSi apHcPMeTHKa. 

PaCCMOTpHM OC06bIH KJIaCC Jf{x H Jf{Yx• TIYCTb JI{X 33,lI.3H3 e,lI.HHCTBeH

HbIM !npe,lI.JI02KeHHeM: «C06bITHe A M3 ge ,lI.OCTOBepHo». 3TO ,lI.aCT MH

,lI.HK3T0P'HYlO MO,lI.eJIb: Jf{X == <Px (A) = 1), onpe,lI.eJIJIeMYlO corJIaCOBaH

HbIMH cpeAHHMH MXf(x)=suPf(x)=f(A), VfEfTo. TIyCTb 'CJIyqaH-
XEA 

HhIH: onep3Top ocymeCTBJI5IeT ,lI.OCTOBepHo nepeBO,lI. Ka2K,UoI:r TOqKH x 
B Co6hITHe Ex Ha uy, qTO onHChIBaeTCH UI-lJuKaTOpl-lblMU nepexodHbt
MU MOaeAflMu J{Yx == <pY (Bx), == 1), onpe,lI.eJI5IeMhIMH cpe,lI.HHMH: 

MYxcp (y) =:(P(Bx) , VcpEtfo (3,lI.eCh He Tpe6yeTC5I, KaK ,lI.JIH ~eTepMH

HHpOBaHHhIX M30MOpepHbIX oTo6pa2KeHHH, 4T06hI Bx B3aHMHO He ne

peCeKaJIIHCh). Tor,lI.a COrJI3CHO (2.2) 

MY cp (y) == sup (sup cp (y)) = q; ( U Bx ), 
XEA YEB XEAx 

T. e. pe3YJIhTHpYlOm3H tJf{Y 6Y,lI.eT TaK2Ke B-HH,rr,HKaTOpHOH: C Co6hI

THeM B= U Bx:JftY=<PY(B) =1). 
XEA 

TaK:HM 06pa30M, npH HH,lI.HKaTOpHbIX npe06pa30BaHHHx iHH,LIJ1Ka

TopHhle MO,lI.eJl'M nepexO,lLHT caMH B ice65I, OCTaBa5ICb B paMKax 3Toro 

OqeHh rrpocToro KJIaCca. J.~ ,no ICyTH neJIa, np0I13BO,LI,HTC51 npHl\1ble 

npeo6pa30Ba J Hll5I O,lI.HI1X C06bITHH B ,lLpYfHe. B qaCTHblX C•.ilyqa5IX, I(Or

)la m= GIl == fJl - qnCJIOBaH OCb, A H B x - HHTepBa.TlbI Ha Hen, a 

nepeXO,lI.Hble onepaTopbI OTpalli!alOT npOCTen:WHe 3pHepMeTHQeCKHe nell

CTBHH, nOJIyqaeM rrp3BHJIa npeo6pa30BaHH5I HHTepBaJIOB -- H H T e p-

B a JI h H Y 10 a p H ep MeT II K y. 
C JI 0 2K e H H e. TIYCTb Jf{X HH,lI.HK3TOpHa5IH3 oTpe3Ke A =l'[Q, b] 

MO,lI.eJIh, a rrepeXO,lI.HO~I onep3Top npH6aBJIHeT K qHCJIy x oTpe30K 

[c, d], T. e. u1{Y - ,HH;:r,HKaTopHhIe ?v10.leJIH I-I a OTpe31Kax Bx == x 
== x + [c, d] == [x -t- c, x + d]. Tor,lI. a \H H,lU/I 1\ aT0 pHbI M ,lI.JI H Jf{Y 6y Ae T OT

pe30K B==[a, b] + [c, d] ={a+c, b+d], qTO II ,UaeT HaM npaBILJ10 

HHTepBaJIbHOrO CJI02KeHH5I. 
B hI q H T a H H e. AHaJIOfHqHO rrpe,lI.hI,UyJ.II.eMy [a, b] -[c, d] == 

== [a-d, b-c]. OpH CJI02KeHHH H BhlqHT3HHH lIlHpHH3 pe3YJIbTIIPYlO

mero OTpe3Ka paBHa cyMMe COCTaBJIHlOllJ,HX. 
Y M iH O)K e H H e. lVloneJIh /Jltx Ta 2Ke, a nepeXO,UHhIH onepaTOp yM

HO)KaeT Ka2K,lI.Oe qHCJIO x Ha OTpe30K, qTO Be,lI.eT K OTpe3KaM, paBHbIM 

Bx==x[c, d}== [xc, xd] npH x~o n Bx==\[xd, ,tc] ,npH x<O. 06benH

HHH B no xE[a, b], nOJIyq3eM pe3YJIhTaT YMHOllieHI1H OTpe3KOB Bx 
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f3H,ue O,lI.HOrO OTpe3Ka B==I[a, b] X\[e,d] ='[min{ae, ad, be, bd}, 
wax{ac, ad, bc, bd}], 3a,rr,alOI.JJ.epO HH,UHKaTopHylO M10jLeJIb Jl{Y. 

,U e JI e H II e. lv\'O,lI.eJIh J{x 'Ta .IKe, a onepaTop ocymeCTBJIHeT ,lI.e

"J!eHHe: 'npH x~O HMeeM 

([~ ~] npH c~d<O, 
1 d' c
 

Bx=x/[c, d]=~ (-00, 7]U[f'00)
 npH e~O~d, 

I[ x npH O<e~d,l d'-cX ] 

a fIpH x<o B npaBOH qaCTH paBenCTB nepeCTaBJI5IlOTCH d 'C c, 

06be,lI.lflHeHHe no XE [a, b] naeT (pe3YJIbTaT IHHTepBaJIbHOrO ,rr,e

JIeHH5I: 

[a b]/[e d] === {[a) b] X [lid, lie], 0 ¢: [e, d], 
, , (-00, max {a/c, bid}] U[min {ajd,b/e}, 00), c ~ 0 ~ d. 

B nepBOM CJIyqae 0Et[ c, d] pe3YJIhTaT Bhlpa2KaeTCH qepe3 HHTep

BaJlbHOe yMHO)KeHHe, a BO BTOpOM nOJIyqaeTC5I B BH,lI.e 06be,lI.HHeHH5I 

OTpe3KOB, H TOr,lI.a npH ,lI.eJIeHMH pe3YJIhT3T Y2Ke He 6Y,lI.eT O,lI.HHM 

OTpe3KOM, 3 ,lLp06HTCH Ha ,lI.Ba cnOJIYOTpe3Ka. 

KaK npM CJI02KeHHH, TaK M :llpH BhlqHTaHHH OTpe30K paClIlHpHeTCH. 

3TO HCHO, TaK KaK pa3MhIThle rrpe06pa30BaHH5I MoryT BHeCT'll TOJIbKO 

,lI.OrrOJI'HHTeJIhHYlO HeOrrpe,lI.eJIeHHOCTb, n03TOMY onepaUHH HHTepBaJIh

Horo CJIO)KeHHH H BblqHTaHHH He HBJIHIOTCH B3aHMHO 06paTHl\1bIMH, 

HanpHlv1ep [a, b] ·t\[c,d]-[c, d] =={a+c-d, b+d-c] (K:poMe c==d), 
paBHo, cKaK onepaUHM yMHO:tKeHH5I H ,lI.eJIeHHH. 

TIoBTopHhle ,lI.el'IcTBHH np<HBO,lI.HT K ,lI.aJIhHe~IlIleMY paclIlHpeHHlO pe.. 

3YJIhTHpylOllJ,HX oTpe3KoB, npHqeM npH ,lI.p06JIeHHH oTpe3Ka, 'BhI3B3H

Horo onepaUHeH ,lI.eJIeHHH,nOCJIe,lI.yIOmHe ,lI.efICTBHH IHY2KHO cOBeplIlaTb 

C Ka2K,lI.OH qaCTbIO B OTneJIhHOCTH, 06be,lI.H'HHH HX nOTOM Me2K,lI.y C060H. 

npOCTble npeo6pa30BaHHsI. TIPH paCCMOTpeHHH B npe,UbILlymeM na~ 

parpaepe (,lI.eTepM'JIHHpOBa:HHhIX oT06pa2KeHHH S OCHOBOH HaXO:tK)leHHH 

J(Y == SAx iCJIY2KHJIa B3aHMHO-0,lI.H03IHaqH35I CBH3b Me:tK,rr,y KJIaCCaMH S 
II S-1 npe,lI.CTaBHMblx npH3HaKoB: ,fTs ++eDS_l , O)l,HH KJIaeC IH3 ge, ,lI.py

rOM -Ha 6lj, IH Cpe,lI.HHe nepeHOCHJIHCh C fT s Ha <D S-1 , onpe,lI.eJIHH J[Y. 

TIoKa2KeM, qTO aHaJIOrHqH3H CBH3b cymecTByeT H ,lI.JI5I HeKoToporo TH

na CJIyqaHHbIX npe06pa30BaHHH (o606llJ,alOI.JJ.HXH30MOpepH3MbI). On

pe,neJI,HM IIX. 

TIYCTh CD - Ha60p npH3HaKoB Ha Ulj. Ha30BeM <D-npocTblM TaKoe 

CJIY4aI1Hoe npe06pa30BaHHe H3 ge Ha Ulj, nepeXO,lI.Ha5I Mo,rr,eJIh J(Yx 
KOToporo 33,lI.aeTC5I TOqHhIMM Ha <D Cpe,lI.HHMH: MYxcp==MYxcp==MyxCP, 
VcpEeD; OHH 2Ke nepBHqHhle, TaK qTO Jf{Yx==(MYx<D). 

BBH,lI.y Toro, qTO TOqHLle cpe,rr,'HHe pacnpocTpaHHlOTC5I Ha JIHHeil

HylO 060JIOLIKy, OCTaBa5ICb Ha HeH TOqHhIMH, cD-npocThle H PcD-npoc.. 

Tble npe06pa30BaHHH CYTh O,lI.HO M TO 2Ke, n03TOMY cpa3Y YJI.06HO 

C4lITaTh cD JIHHeHHhIM nO,lLKJIaCCOMUpH3HaKoB na 6lj. 
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TIpH (J) - IIPOCTbI X IIP eo6p a 3 0 BaH Ii 5I X n p II 3H a KY (lJ E (J) H a uy. eTa·· IlPU3H[J/((j 110 X Ill' tI3/1[JIf'll II0 .YlllHpeHlIe Jill. TOiKllecTBeHHoe 
BliTCH B cOOTBeTCTBHe 'IIpH3HaK ,f qJ Ha ge BH,.la )Ke paBeHcTBo 6y,J,eT HMeTb 

fcp (x) == MX cp (Y), 
Ha3bIBaeMbIH u306paJICeI-Ule.,ll <p, TaK lITO cp-+fct. Cpe;I,HHe y npH3Ha

KOB '<pE(1) H 11X If306paLKeHHHfqJ OAHH II Te Me: 

~t\1Ycp (y) == M X Mi cp (y) == M X 
tCfJ (x). (2.3) 

0603HalIHM JIHHeHHbIHK.TIaCC 

f Cl> == {fCfJ (x), cpeeD} 
H Ha30BeM era u306paJICeHue/rt cD. TaKII:vl o6pa30:YI, <D-npocToe rrpeo6 .. 

pa30B3'HHe Q nopoLK,naeT oTo6pa*eHlIe <D-+£FcD npH3HaKOB Ha OIl 
B HX H306paLKeHHH Ha £e. Ha060poT, KaLKAoMy rrpH3HaKY fEfTcJ) 

6YAeT COOTBeTCTBOBaTb rrOAMHO)KeCTBO cDf IIpH3HaKoB <pE<D, TaKHXt 

lITO 11X H306pa)KeH11e :eCTb f: 
f -+ <Dj == {cp : cp E (1), M~ cp (y) == f (x)}. 

MHO)KeCTBO cDf Ha3bIBaeTC5I HetteTKU.ll 06pa30M npu3HCtKa ,f OTHOCH" 

TeJIbHO Q. I\a.IK,noMY IlpH3HaKy f H3 fF <I> COOTBeTcTByeT CBOI~I \o6pa3. 

If ,06beAHHeHHe Bcex 06pa30B ,naeT CD. CKa3aHHoe ILTIJIlOCTpHpyeTC5I 

pHC. 2.3. 
ECJIH <PI ~ CP2, TO fqJt ==MYx<PI ~ MYx<P2 == f(r ~. CJIe,nOBaTeJIbHO, COOT" 

HOIlleHHe ynOp5I,nOlIeHHOCTH Me)K,ny npII3HaKaMI1 cpEeD B.n:eKyT 3a co
6011 TaKIIe LKe OTHOllieHII5I Me)KAY IH306pa)KeHH5IMlI. ,lJ,.lI5I 06pa30B .3TO 

He ,Bcer,na BepHO: MOiKeT 6bITb II ~f2, fI' f2 E fT <1>, HO OTHIO,J,b He 
CPI ~CP2 ,nJIH <pIEeDit , <P2 E <Df2. BbIBO,n TOT, lITO OTHOlIIeHH5I 60 ..1bwe
MeHblIIe BHyTpH <D 6e,nHee, lIeM BHyTpH £F<D,H CJIe,nOBaTeJIbHO, CAY" 

ttaUHble npeo6pa30BaHUfl, oaJICe npOCTble, HapymalOT nopflOOK JteJICoy 

npU3HaKaA1U. 

PaCCMOTpHM, KaKIIM no.TIYQaeTCS1 Jf{.U == QJ/tx npI1 npOCTbIX npeo6
pa30BaHH5IX. Bo-nepBbIX, eCJIH Jf{x JIBJl5IeTC5I ~ -TOQHOM MO.1C.

r
lblO 

(Mxg==Mxg, gE~) II ~Eg-<1>, TO elf{Y 6YAeT CD S7 == U CDj-T04HOrL 
- fE~ 

IlYCTb Tenepb J/{X == <.L~lX~) :He 5IBJI5IeTC5I TOqHOi~I Ii 3a,naHa H3 nep

BII4HOM Ha60pe ;Y npH3HaKoB, Ii nycTb ~cfT<D. TaK KaK f!T cD CCTb 

JIHHeiJIHbIll Knacc, TO p~ efTcD. !\aKoil 3neCb 6y,neT t/;f{Y == Qu1t;(? Cor

JIa'CHO qJOpMy.TIe (2.3) NIYcp Ha ,npH3HaKax H3 cD I10.nY4aIOTC5I nepeHe

ceHHeM cpenHHXC H306palKeHIII1.3THX npH3HaKoB, T. e. C npH3HJKOB 

H3 KJIaCCa f!T(Ih LLa.TIbHeI1Wee rrpo,UOJI)KeHlIe Ha npOH3BOJIbHble fI p H3" 

Ha 1\ 11 Ha uy 6y,UeT CJIeJl,OB3 Tb 113 epOprvlYJIbI (2.2) 

MYh(y)==Mxr inf M~cpl=Mx[ inf fcp(x)], 
h~~EW h~CPE~ 

r,Ue IIHepH:Yly.vI 6epeT'C51: ,no cpEeD. B:a,UHo, 4T'O B u6meM IC.TIY4ae 

MYh(y)~ inf MXfcp== inf MYcp. 
h~~E~ h~CPE~ 

TIpHcTporOM HepaBeHCTBe KJIaCC cD He 6y,neT nepBH4HbIM ,nJI5I rul{Y, 
a iHMeHHO, BepHo BKJII04eHHe J{Yc(MY<D), r,Ue (MY<D) eCTb CD-pac
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@)
/fY'~ \~rn' 

MeCTO Tor,Ja, Kor,Ua HHeplIMylVl
 

npoHOCIITC5I 3a CIIMBOJI j\1X.
 

3TO KaK pa3 TOT CJlylIafI, Kor


113 MUxhEf!T <p npH Bcex h,
 
}l.TI5I KOTOp bIX JleBa5I l1aCTb on

pe}le JI e H a. ()TC10na CJI e:lyeT :
~ 

ECAU cAyttaUHoe npeo6pa


30BaHue Q; a) 3aoaHo TOilHbl
J!30op[JJI{'e111171 OOpaJb/ 
.IHU Ha KJlaCCe cD nepexOaHbl

~vlU ~HOaeJl5l)HU J{V x = (MU x {1), PEC. 2.3. 06pa3bI H H306pa)KeHIUI 

6) eCAU MYxh, VhEfFV , OKa

3blBafOTCfl u306paJICeHufl/v/,U epEcD, TO J!{Y = QJf{x 6yoeT nO/IHOCTbfO on-


peoeAflTbCfl CpeOHUJ1U (2.3) Ha K/laCCe cD npU3HaKOB.
 

P aCC:\fOTPH;\:! npHMep, Kor,Ua yCJIOBH5I 3Toro yTBep)KneHlI5I BbIDO.T!

HHIOTC5I. 

n p H M e p 2.7. TI p e 0 6 P a 3 0 BaH H e 3 a ,II, a H 0 rr e p e x 0 ,II, H 0 (1 rr J1 0 Td 

HOC T b 10. 

TlYCTb fE =:J2 n, 6lj =:J2m - BeKTopHbIe rrpOCTpaHCTBa, H nYCTb rrpeoopa30BaI-IIle 

Q 
PJln-+I1lm 3a,rr,aeTC5I TOlIHOii nepeXO,J,HOli TIJIOTHOCTbIO Bep05lTHOCTeii px(y) Ha fJlm 
rrpH iKa.IK;LOM 3aJ,aHHOM BeKTope XE.!lln. ECJIH 3TO rrJIOTHOCTb rro Mepe-,J}IllHe, TO 

KJIaCC (D -- 3TO BceB03MOMHble HHTerpHpyeMble q)Y.HKUHH cp (y) JIHX H306pa.IKeHH5I:YIl1 

6y,rr,yT ' 

tcp (x) == S (fJ (y) Px (y) dy, {f1E.cD. 

y~:Jt,m 

Kal01M :IKe oy,IT,eT KJIaCC BT cD H306pa)KeHH~I? LITOObI OTBeTJITb Ha 3TOT Bonpoc; 

B I1JIOTHOCTH Px (y) «OKpeCTHM» y KaK rrapaMeTp co 3HaqeHH5IMH H3 6lj H B3f.,15IHeM 

Ha I1epeXO,J,HylO I1JIOTHOCTb KaK Ha Haoop epYHKUH(r rrepeMeHHoit x, HH;I,eKCHpOBaH

HbIH rrapaMeTpOM y, }.l,.TI5I lIero rrepeoo03HalIlIM ee: q(x, y) =Px(y). ECJ1H HHTerp(lJI 

HHTeprrpeTHpOBaTb KaK JIHHe(IHYlO KOMOHHaUHIO epyHKUHH q (x, y) C BeCa~1I1 C[ (y),. 
TO 6y,neT BH,J,HO, qTO KJlaCC f!F' <1) eCTb 3aMbIKaHHe JIHHetIHor't ooovcrOrUGI I C it} (x, Yd. 
3TOT KJlacc .7IHHeeH. Ero pa3MepHOCTb orrpeJI,eJI5IeTC5I lIHCJIOM .7IHHerIHO-HeJ3Bn::lE1bIX 

epyUKUHii q (x, Yd, T. e. pa3:Y1epHOCTblO HX Oa3Hca. OH MOMeT ObITb HeBe.J1HE, ec.1H 

q(x, y) rrpl1 BceB03MOlliHbIX yE.6lj rrpHHHMaeT KaK cpyHKUH5I x .rIHilib HeKOI0pbIe 

KOHKpeTHbIe OQepTaHH5I. 

ITPH paC4eTe .;/{1J MOlliHO oT6poCHTb Bce 3HaHH5I 0 Jf[", OCTaBHB .1HJllb XI\"j(j (x),' 
fqJEY<D' TaK KaK TOJIbKO OHH ,naJ.LyT CpeJI,HHe ..WYcp (y) ))151 .lI06bIX IIHTe[pHpye~ 
MbIX cpo 

AOnOJIHeHHSI. 1. C B 51 3 h M e )K ,IT, y rr p e 0 a p a 3 0 BaH II 51 :'vI H. K}IaCC IIH,.lH-

KaTopHbIX rrpe06pa30BaHHrI lllHpe K.lacca li30~IOpepHbIX oT06pa)KCHHrI § ~,1, B KO· 

TOpbIX TOllie x-~Bx, HO Ex ,IT,O.7IlliHbI .HHOO COBrra,naTb, JIlI60 He nepeC~KaTbC5I r.le;'K,.lY 

C060H. 

I1H,IT,HKaTopHble rrpe06pa30BaHH5I x-+B xJ XOT5I .f{x Jl)I5I HIIX Orrpe,II,elI5IIOTC5I T04

HbIMH rrepBHqHbIMH CpeJI,HHMH MlIxB x= 1, He BXOJI.5IT B KJIaCC rrpOCTbIX rrpe06pa· 
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30BaHHH. ,[LeHcTBHTe.nhHO, noc.ne,lI.HHe 3a,lI.aIOTC5I TOqHbIMH 3HaqeHH5IMH MYxCP (y), 
{~E<D, B KOTOphIX nepBHtIHhle npH3HaKH,cp (y) rrepeXO,lI.HbIX MO,lI.e.neH He 3aBHC5IT 

OT x (3aBHC5IT JIIUllb caMH nepBHqHble 3HatIeHH5I), a Bx cooTBeTcTByeT HH,lI.HKaTop

HOMy npH3HaKY Bx (y), 3aBHC5ImeMY OT x. 
1130MOPcPH3MbI § 2.1 eCTb tIaCTHbII~i c.nyqaH rrpocTbIX rrpeo6pa30BaHHi1, KOr,lI.a 

nepBHqHbIMH rrepexo,UHoH MO,lI.eJIH 5IBJI5IIOTC5I HH,lI.HKaTOpbI cp (y) =B j (Y), rAe B j 
eCTb 3.neMeHTbI pa36HeHH5I Clj, a HX Bep05ITHOCTH Myxcp (y) = PYx (B j) paBHbI I, ec.nH 

x~Bj, HHatIe - O. 
2. C.n y tI a H Hoe rr 0 ,lI. 0 6 H e. ,Ua,lI.HM oOoomeHHe rrOH5ITH5I no,lI.O 6H5I , nOKa

3aB, qTO rrO,lI.o6HbIMH MoryT 6bITb MO,lJ,eJIH, CBH3aHHble npOCTbIMH c.nyqaHHbIMH npe

oopa30BaHHHMH, H3,UeJIeHHbIMH CBOHCTBaMH nO,lI.06HhIX oTo6pa:IKeHHM § 2.1. 
Mo,neJIH l/I{x If t/l{Y Ha3bIBaIOTC5I noo06Hbl,MU Me:IK,lJ.Y C060M, tITO nIUlleTCH 

vf{X N v/{Y, eCJIH, Bo-nepBbIX, J{Y= QJf{x ,lJ,.nH HeKoToporo npeo6pa30BaHHH Q (B 06 .. 

meM, c.nyqal!HOro) H3 f!1J Ha Ulj, H BO-BTOpbIX, ,lI..nH Q cymecTByeT «B03BpaTHoe» 

(He Bcer;:r,a oopaTHoe) rrpeo6pa30BaHHe Q- lI3 CJj Ha f!1J (TaK:lKe, B 06meM, c.nytIaH

Hoe) TaKoe, tITO ,;/{x= Q-v1{Y, T. e. B03BpamalOmee K HCXO,lJ,HOl! MOne.nH Ha 2C. 
Nlo)KHO ,nOK33aTb, l.JTO c.nyl.JaHHOe rrpeo6pa30BaHHe Q 6yoeT npe06pa30BaflueM no

iJ06Ufl} eCAU BbltlOflHflfOTC.fl TpU YC./ZOBUfl: a) Q saoaflo TOtiflblMU ,fla KAacce <D 
llc'pexouHblAill J11o()e.;ZJlMU vf{Yx= <MYx(D); 6) npU3flaKU U3 <D B3aUJVlflo-odfl03flaliflO 

c coxpaHeHueAi nOpJlOKa C8.fl3blBafOTCfl 'CP ++[qJ C ux u306paateefluflMu fcp = MYxcp, 
t(f EBT<1> (HaBOO.fl U30.l11,OP¢U3M cD U fT <1»; B) KAacc fT <I> flBAfleTCfl onpeiJeAflfOU{UM. 

dAR, .;f{x (a <D - onpeOeJlfllOUfUM OAfl .;/{Y). 

PaCCMOTpHM npHMep, KOr,lJ,a YC.nOBH5I yTBep:IK,lJ,eHH5I BblnOJIH5IIOTC5I. 

ITYCTb Ka:IK,J..bIl! nepBHl.JHbIH npH3HaK g MO,lJ,e.nH J{x ,lI.OnycKaeT pa3.nO:IKeHHe 

k+l k+l 
g(x)= 2: giq~(X)	 no 633HCy ql, ... , qk+l, TaKoMy, tITO: a) qi(X)~O; 6) ~ qi(x)=I; 

1	 I 
B) g(x) ;::::=O~gi~O, i= 1, ... , k+ 1. Tor,lI.a rrpeo6pa30BaHHe Q H3 Be Ha 0Jj= 
= {Yl, .. ·,Yk+l}, 3a,naBaeMble Bep05ITHOCT5IMH rrepexo,lJ.a Px(yd = qi (x), HBJI5IeT'C51 no.. 

,;J;ooHeM ,lI..n5I v1{x H Be,lJ,eT K nO,lJ.06HOH eM eJ!{Y, orrpe,lJ.eJIeHHOM cpe,lJ.HHMH 

k+l k+l 

MY cp (y) == MY ~ CPi 8y . (y) = MX ~ CPi qi (x), CPi == cP (Yi), Vcpi· 
1 l 1 

CK33aHHoe lIJIJIIOCTpHpyeTC5I pHC. 2.4. 

qr (x) 91 (.r) fl.) (x), ..... f/N+! (l')
 
- !lx+"!
!If 

\ 
\\j'2 ·!l.7/1
(~ /\tM_-----1.. ___ 

\ 

//\'./>-"1 " ...j~ :.s 

:£: x2 x J ,'I'I/ :£,5 ,7 XI Xz xJ x'i x5 X 

[~) 15) 

Puc. 2.4. CJIYl.J31':lHoe rrO,lJ.o6He: a) 6a3Hc; 6) BH,lJ. rrepBHl.JHbIX rrpH3HaKoB J{x 
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2.3. HElJETKHE	 C06bITM5I Ii PA3MblTblE BEP05lTHOCTM 

Ha6JIIO,ll,eHHSI H MX H306pa*eHHSI. Ha6J1IO,UeHH5I eCTb pe3YcJTJbTaTbI 

5IBJIeHH5I, ~HKcHpyeMoro qepe3 KaHaJI, H3MepHTeJIbHbIe yCTpoHcTBa r 

,	 OpraHw qyBCTB H np. Y~06HO llpe~CTaBJIHTb ce6e ~Ba npocTpaHCTBa: 

fC -- HCXO~OB 5IBJIeHH5I, Ha3bIBaeMoe npeOMeTHblM (HHor~a, yHHBep'" 

CaJIbHbIM [18]) npOCTpaHcTBoM, H Ulj -npOC'TpaHcTBo ~JI5I OUHCaHH5I 

pe3YJIbTaTOB Ha6AIOoeHuu (B BH~e qHCeJI, cY)K~eHHH, CJIOBeCHblX BbIC

Ka3bIBaiHIIH II T. ~.) KaK 'C06bITIIH B Ha Ulj. TlpocTpaHcTBa a; II 6lj 
CB5I3bIBaIOTC5I Me)K~y C06011 ,CJIyqaHHbIM onepaTopoM, onHCbIBaeMbIM 

rrepeXO~\HOH MO~eJIbIO J[Yx • 4epe3 npII3MY .9TOrO onepaTopa, no CYTH, 

MbI II iCJIe~HMCO iCTOpOHbI Ulj 3a TeM, qTO npoHcxo~HT Ha f!)J. I-<a)K~oe 

Ha6JIIO~eHIIe BcUJj 6y~eT HMeTb B npe~MeTHoM npocTpaHcTBe W 
CBoe HHTepBaJIbHOe H306pa)KeHIIe: 

[1 (x, B), q(x,	 B)]=== [~~ (B), ]5~ (B)], BcU;;

t· 3TO eCTb rpaHHl1,bI BepoHTHoCTH n05IBJIeHH5I .c06bITH5I B npH IICXOAe' 

xEfC, BbrQUCJIeHHbIe OTHOCHTeJIbHO :TIepeXO,lLHO~I MO~eJI(H J/{yx. Pa3':Y1bI

TOCTb KpHBOH 'H306pa:IKeHH5I KaK epYHKIl,HH nepeMeHHoH x xapaKTe.. 

pH3yeT HeqeTKOCTb Ha6JIIO~eHH5I B. 
I1306pa)KeHH5I pa3HbIx C06bITHH BicUlj eCTb COCTaBHa5I qaCTb 

Cpe,lJ,iHHX nepexo~HoH Mo,UeJIH H nOToMY o6H3aiHbI COrJIaCOBbIBaTbCH 

Me)K'uY C060H. OT'CIO~a JIOrHqeCKHM CB5I35IM Ha Ulj Me)K~y C06bITHH" 

MH CTaB5ITC5I B eOOTBeTCTBHe OTHOIIIeHLHH Ha f!)J Me)K'uY H306pa)I(e.. 

HH5IMH: 

q (x, B 1 ) ~ q (x, 8 2), 

1.	 B1 c8 2 ¢::} ~= {q (x, B 1 ) ~ q (x, B 2); 

i(X, Bl+B2»!L(X, B1)-+-q(x, B 2),
2. B1 B 2 ==0 ~ _ _ _

{q(x, Bl+B2)~q(X, B1)+q(x, 8 2); 

C {~(x, B 1 ) ==l-q(x, B2), 

3.	 B1 == B2 ¢::} 
q (x, B 1 ) == 1-3. (x, 8 2);
 

4. Bee Ulj H nycToe 0 eCTb Ha6JIIO~eHH5I C TpHBIIaJIbHbIMH (TO)I{ .. 

n.eCTBeHHaH ,e~HHHua H HOJIb) 11306pa.IKeHHHMH: 

q (x, u;}) == 1,	 q (x, 0) == o. 
llJI5I onpe~eJIeHH5I H306pa)KeHHH Px (B), J5x (B) Bcex BcUlj AGC" 

TaTOqHO 3a,UaTb nepeXO~'Hble BepoHTHoCTH Ha nepBHQHbIX C06bITHHX 

BiE.!JJ B BlI,Ue ~x (B i ), f5 x (B i ), BiE:JJ, II 3aTeM nepeHecTH Ha J1I06bIe 

C06bITH5I no H3BecTHoH epopMyJIe npO~OJI)KeHH5I H cor.TIaCOB3HH5I: 

Px(B)== inf [c+ "22 (c-rPx(Bi)-(-cJ+Px(B i ))],
c+1: Ci B i (y)~B(y)	 '" 

~x (B) = 1 - Px (B
C
), 
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fLT,e C+i=Ci npH Ci~O It C+i=O nprr Ci<O. 3TO II nplIBe.n.eT K COrJIa

COBaHHbIM H306p a}KeHH5IM JII06bIX B cUlj. 
Ha6JIIO,UeHH5I KaK C06bITH5I Ha 6lj pa3,UeJI5IIOTC5I Ha nepBUtiHble Bi' 

,lLJI5I KOTOpbIX HCXO,UHO H3BeCTHbI H306paLKeHH5I q (X, B i ) = Px (B i ), 

q(X, B i ) = J5x (B i ) H iECe O'CTaJIbHble, Bcut.j, KOTOpbIe .110rIllleCKH ICJIe

tLYIOT (JIOrHKa OTHOWeHH}I cy)I{.n.eHHH II HCrrOJIb3yeTC5I, no CYIILecTBy, 

B HepaBeHCTBe rro,U 3HaKOM HHepHMyMa npH HaX02K,UeHHH J5x (B)). 
113 'Ha6JIIO:I-eHHH B C nOMOIILhIO «npe,UnOJI02KHTeJlbHbIX BbICKa3bI

BaHHH» epOpMHpylOTC5I netteTKue cyOICoeHuR, corJIaCHO KOTOpbIM C Be

P05ITHOCT5IlVIH )'£, i = 1, 2, ... , npoH3Bo,UHTC5I CJIyqaHHbIH BbI60p O,LL

Horo H3 HeCKOJIbI\HX BicUlj. I1Haqe rOBOp5I, no CMbICJIY He51CHO, Ka

Koe H3 I-Ia6JIIO:I-eHHH B i HMeJIO lVleCTO II 'Vi eCTb CTerreHb yBepeHHOCTH 

(Bep05ITHOCTb) Taro, qTO npOH30IIl.J10 HMeHHO B i . 11306pa2KeHHeM Ta-

Koro cy.IK,neHH5I Ha npe,LLMeTHOM npocTpaHcTBe 6y,neT [~1'iq (x, B i ), 

LViq (x, B i ) J. TalK, eC.l1H B 5IIBJI5IeTC5I IUp31BHJlbHbIIM ,C Bep051THOCTblO p 
II J10)KHbIM (npOTHBOnOJIO.IKHbIlVI B, T. e. Be) C Bep05ITHOCTbIO I-p, 
TO H306pa)I{eHHeM Ha ge 6y,LI,eT 

[p~(x, B)+-(l-p)(l-=-q(x, B», pq(x, B)+(l-p)(l-~(x, B))]. 

!\a}K,Uoe cy)K,UeHHe, qeTKOe B BH,LI,e C06bITH5I B HJlH HeqeTKOe, 

06beKTHBHO onpe,Ue.n:5IeTC5I CBORM H306pa.IKeHHeM. ,UBa cy2K,UeHH5I, 

IEvTeIOIILHe O,ll}IHaKOBble H306paLKeHH5I, 6y,LI,yr T02K,UeCTBeHHbIMH, TaK 

I\:3K OHH OTIHCbIBcl!OT O,UHy H Ty )I(e cHTyaIl,HlO, TOJIbKO no-pa3HOMY. 

Boo6me JIlo6a5I napa rpaHHLL [q(x), q(x)], O~q(x)~q(x)~l, Ha 

n:pe~:Y1eTHo:.vI npOCTpanCTBe f1j eCTb !ICttCTKoe Co6blTue. Pa3yMeer:C51, 

3 TO E e 06 5I3 aTecTi b H 0 H306P 3)KeH I15I Ka KHX- HH 6Y,Ub H a OJIIO,UeHHH. 11306

P3:tKCHH5I KaK nepBIPIHbIX Ha6.TIIO,UeHHH, ,Ua H Bcex OCTaJIbHbIX Ha6

.THo;r,eI-Hllf, Tal\: II 'CV)K~eHI1J~I ICOCTaIBJI5IIOT .TIHllIb qaCTHblti IKJIareC He

lIeTEIIX C06bITBiL TaKHM 06pa30M, HeqeTKHX COObITHH OOblqHO cyme

CTBveT 3Ha lIIITev1bHO OOJIbWe, qeM Ha6.HlO,neHHH. JIorHKa nelJeTKHX 

C06LITII}I 11 JIet'ICTBHH MeLK,Uy HIIMH orrpe,neJI5IIOTC5I Qepe3 OTHoweHH51 

H ;LeliCTBH5I Me)K;lY rpaHHual\1I1 no aHa.TIOrHH C OTHOIIleHHHMH 1-4 
Me:l!{,.ly H300P a)I{eHH5IMH. 

Pa3MbITbIe BeponTHOCTH H cpe,ll.HMe. (:aMo no ce6e yTBeplK,UeHHe, 

LITO cpe;J,Hee kIf npHHHMaeT TaKoe-TO KOHKpeTHoe 3HaQeHHe, eCTb 

epopl\1anpe,ZI,CTaBJIeHH51 Harnero 3HaHH5I 0 Cpe,LLHeM, TaK CKa3aTb, Ha6

JIlO;:I,eHH5I 3a HElV!. IlpH TOIIHOM cpe,UHeM HMeeM qeTKOe Ha6JIIO,UeHHe 

33HITM. l1HTepBaJIbHOe cpe,UHee [Mf, j\lf] eCTb O,LLHa H3 epOpM He

qeTEOrO HaOJIlo;r,eHH5I 3a cpeLLHHM HJIH lKe pa3MbITbIX 3H3HHH. TIpa

BH.TJ:bHee - .310 H306palKeHHe HaWHX 3HaH11H, HMeIOllI.HXC5I ,naHHbIX 

o cpe,UHeM Ha npe;J,MeTHOM npOCTpaHCTBe ero 3HaqeHHI1 - qHCJIOBOH 

OCII. I1pH HHTepBaJIbHOM cpe,UHeM H306pa.IKeHUe 11H,UlIKaTopRoe, KaK 

3TO ;:I.eMOHcTplipyeTC5I Ha pI1C. 2.5. Ho Be,Ub cymecTByIOT 11 HaMH 

H3YQeHbI ,npyrIIe, 60JIee 06llI.lIe epOPMbI H306pa.IKeHHH, B BHAe HeKHX 

OqepTaHlIH, ORH H 6y,UyT 3,LLeCb npuMeHeHbI K cpeAHHM, B 3TOM Hawa 

ueJlb. 

TIpe)K,Ue Hy)KHO c,Ue.naTb O,LLHy oroBopKY. Do CBoeH BHyTpeHHeH 

CYTH cpe;J,HHe, 'K3K H Bep05ITHOCTH, BbrIlYK.TIbI B TO:MC:\1bIIC~1e, qTO 
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PIfC. 2.5. Pa3MbITble Bepo
lJepoflmlfocmll I CpeiJlIlle

STHOCTH H cpe~HHe I 
fjp(A) (r) I fJ (r)l1f 

I 
I 

[(A) 

06.naCTlI HX 3Ha LJeHlIl1 - BbInYKJIble MHOlKeCTB3. HeJIb35I Hl\leTb HH~' 

TepBaJIbHOe cpe,UHee B BH,LL~_ 06'be,UHHeHH5I ,UByx HenepeCeKaIOllI.HXC5i 

OTpe3KOB[j~L iwtJ, [Mf, Aif], .Nit<::1f, OH 06513a re.J1bHO CO.TIbeTC5I B 

O,LLHH: "[Mf, MfJ. 3TO HaKJIa,UbIBaeT BnOJlHe KOHKpeTHbIH OTrreqaTOK 

Ha 06mHH BH',U KpHBbIX H306pa)KeHHH cpe,UHHx, BBO,lLHJ\lbIX CJIe,UylO" 

mHM orrpe,UeJIeHHeM. 

cIJYHKIl,H5I qMj (r) Ha qHCJIOBOH np51MoH rEf?ll Ha3bIBaeTC5I H306

pa)K'eHHeM Cpe,lI,HerO .1\1f, HJIH pa3MblTblM cpeoHuMnpU3HaKa f, ec.nH 

OHa: 

1) HeOTpHIl,aTeJIbHa H He 60JIbWe 1 : O~ qMj (,r) ~ 1; 
2) paRHa 0 BHe ,LLHarra30Ha {inf f, sup f] B03MOlKHbIX 3HaqeHHH 

Mf; 
3) YHHMo,rr;aJIbHa (He ilIMeeT JIOKaJIbHbIX MaKcwMyMOB); 

4) nonyHenpepwBHa CH1l3Y; 

5) XOT51 6bI npll O,UHOM rnpHHHMaeT 3HaqeHHe 1. 
BH,LLbI pa3MbITbIX Cpe,LLHHX H306pa2KeHbI Ha pHC. 2.5. TIPH f=A 

3TO 6y,LLyT pa3MbITble Bep05ITHOCTH. 

HaM rroHa,Uo6HTc51 rrOH51THe ropH30HTaJIbHOrO cpe3a OT pa3MbITo

ro Cpe,LLHerO Ha BbICOTe 1', O~1'~ 1; 3TO HHTepBaJI, BHyTpH KOToporo 

iH306palKe'HHe cpe,,UHero 60.nbwe HJIH P3IBHOy: 

[M(I') f, M(V) f] = {r: qMf (r) >y}. 

YKa3aHHble yCJlOBH51, orp'aHHQHBaIOllI.He BH,rr. pa3MblTbIX cpe,UHHx, no 

cymecTBy, Tpe6yIOT, qT06bI cpe30M rrpH nI060M O~'Y~ 1 6bIJI HHTep

B3n H TO~1bKO OH. 3TOT HHTepBa.n H C03AaeT TOT ¢yH,UaMeHT, KOTO

PbIH CB5I3bIBaeT pa3MbITble cpe.n.HHe C HHTepBaJIbHbIMH II ,LI,a.nee C 

HHTepBaJIbHbIMH Mo,UeJl5IlViH. BeJIUqHHa l' eCTb CTeneHb ,UOBeplI5I, H~1H 

CBoero po,Ua npe,UnOqTeHH5I, OTBO,LLHMOro ,UaHHoMy HHTepBaJIy. 

JII060e pa3MbIToe cpe,UHee 3KBHBaJIeHTHO onpe,UeJI51eTC5I 3aBHCH

MOCTbIO OT 1', np06eralOllI.eH 3HaqeHH5I OT 0 ,UO 1, cooTBeTcTBylOmIIx 

cpe3aM HHTepBaJ10B ,[M(v)f, M(l')f] , cY2KaIOIILHXC51 npH YBeJIHQeHHH 1'. 
,UonycKalOTC5IOeCKOHe4HbIe ,JiHaQeHHH :rpaHHIl, 3THX HRTepBaJIOB. 

TIepeH,UeM K inOH5ITHIO pa3MbIToH Mo,UeJIH cpe,UHHx. TIpe,UcTaBHM 

Ha MIIf, lITO pa3MbITble cpe,UHHe qMj (r) npH,UaHbI BceM npU3HaKaM 

Vf, 'OrpaHUQeHHbIM H HeOrpaHHLJeHHbIM. Cpe3bI ,[M(l')f, M(l')f] Ha 0;1,

HOH ,BblCOTe l' eCTb HHTepBaJIbHble !Cpe,LLHHe. ECJIH OHM ,cornaCOBaHbI 

VI, TO onpe,rr.e.n51IOT HHTepBa.nhHylO MO,lI.eJIb J({V) C 06JIaCThIO cymecT

BOBaHH5I fT(l') = {f: M(l')f<oo}. DPlll y, np06eraIOlI(eM 3HaqeHH5I or 0 
89 



,no 1, o6pa3yeTcH cY:IKalOma5IC5I rrOCJIeJI.OBaTeJIhHOCTb MO,lleJIefI: 

J{(V)cJ{('v')' 1'~1", 'KoTopble, KaK 6bI JIeMa~He ,llpyr H3 ,llpyre Ha 

pa3Hblx ypOBHHX "(, C03,naIOT CBoero po,na rrHpa~flI,Uy, T. e. pa3MbITYlO 

Mo.rr.eJIb. 
PaSJI;lblTOU MOOeJlbfO Ha3bIBaeTCH cY:IKalOma5IC5I rrpH YBeJIHqeHHH 

l' OT 0 JI.O 1 rrOCJIe.nOBaTeJIbHOCTb J{(y) He BblpO)K,LI,aIOIlIJIXCH B nycTyIO 

(rrpH l' == 1) HHTepBaJIbHbIX Mo,neJIeI1. Orrpe,neJI5IeTC51 OHa cOBoKyrrHo

CTblO qM!(r), Vf, pa3MbITbIX CpeJI.HHX, COrJIaCOBaHHblX Me)K,ny C060H 

B KaM,UOM cpe3e. 
I1CXO,nH H3 YKa3aHHOH HHTeprrpeTaUHH pa3MbITOI1 rvlo,UeJIH BbITe-

KaeT H OCHOBHOH crroco6 ee 3aJI.aHHH: CHaqaJIa 3aJI.aIOTC5I pa3MbITble 

cpe,nHHe qAlg (r) Ha Ha60pe gcfJ} nepBHqHbIX npH3HaKOB. BepyTcH 

1'-'cpe3bI ~(y)g, Jl1 ev )g, KOTopble KaK nepBHqHble cpe,nHHe iLa,UyT npH 

YBeJIHqCHHH l' cyMaIOIllJleCHMo.rr.eJIH tJf{ey) == (~(y)~, i\lev)~)· npn )'= 1 

nepBHqHble cpe,UHlIe ,nOJI)KHbI 6bITb HerrpoTHBOpeqHBbIMH, qTo6bI ca

MbIH BepxHHH cpe3 6bLTI He nycTbIM: J{(1)=I=0 (Tor,na TeM60JIee OHM 

6y.rr.YT HerrpOTHBope4HBbIMH npH Beex 0~ l'~ 1). TIo J!{ev) HaXOJI.HTCH 

HHTepBaJIbI Mev)f, M(v)f ,LLJIH Vp, OHH H JI.aJI.yT 1'-Cpe3bI; onpeJI.eJI5IIO

I.lI,He pa3MbITble cpe,lJ,HHe qM! (r), ,Vf. HeTpy.rr.HO y6e,lJJ1TbC5I B TOM, qTO 

AJIHHHX BbIIIOJIH5IIOTC5I Bce Tpe6yel\1ble yCJIOBHH 1) -5), BXO,lJ,5IIlIJie 

B orrpe,UeJIeHHe pa3MbITbIX epe,lJ,HHx. KaK qaCTHbIH cJIylIai1, nOJlyqa

IOTC5I ,pa3MbITble BepoHTHoCTH qP(B) (r) , VB, oco6eHHocTb KOTOpbIX B 

TOM, lITO OHM pacnOJIaraIOTC5I, KaK 3TO BHJI.HO H3 pHC. 2.5, Ha HHTep

BaJIe 0-1 3HalIeulII'1 r. 
B ,npouecce npO~OJI:tKeHH5I :C,pe.,LLHHX Ha Bee npH3'Ha\KH TI3'paJ1.neJIb

HO npOHcxo,nHT -cOrJIaCOBaHHe IIepBHqHbIX 3HaQeHHI'1 qJ1fg (r); no.ny
qalOIlIJieCH B pe3YJIbTaTe HOBbIe KpHBble qJ\;Ig (r), B o6meM, .ue.TJ:aIOTcH 

60JIee Y3KHMll: qllfg (r) ~ qMg (r), II cJle.noBaTe.J1bHO, 60JIee TOtIHbIMH. 

~ KatIeCTBe He6oJIblllOrO oTcTyIIJIeHH51 pa3rpaHHtIHM ypOBHH OI1II

caHH~. TIepBw~ ypoBeHb 3aHHMaeT rpa,lJ,aUHH C06WTH~ Ha 3JIeMeH

Ta pHble xEfe, CJIO}KHble.t4 c:8t', ;r,a.JIee, onpe,lJ,eJIHel\lble TOqHbIlVIH 

1I306paMeHH51MH q (x, B), HaKOHeu, HHTepBaJ1bHbIMH [q (x, B), 
q(x, B)]. CJIe,UYIOIll,IH1 ypoBeHb COCTaB.II5IlOT cTaTHCTHtIeCKlfe OIIIIca

HH51: 3TO TOqHOe cpe,UHee lvIt, HHTepBa.JIbHOe [lvIf, Mt], pa3MbIToe 

q!'.Ij(r). -
HaKoHeu, MO)KHO 6bIJIO 6bI rOBopHTb eme 0 60LTIee BblCllleM ypOB

He, a HMeHHO, paCrrJIbIBqaTOCTH CaM:I1X orrHCaHH}I, BBO,U5I BM:eCTO 

qMj (r) HHTepBaJI qMj (r), qMj (r) H .n3JIee, o6061~aH era ,UO HeKOTO-

POH KpHBOH npHHaJLJIeMHOCTH. Bonpoc TOJ1bKO B TOM, OnpaB,LLaHO JIH 

6Y,lJ,eT TaKoe YCJIO:lKHeHHe. ,llJIH OTBeTa paCCM:OTpHM KpaI~IHHI1 CJIytIaH, 

Korna HMeeT MeCTO fIOJIHOe He3HaHHe cpe,UHero, lITO 3KBHBa.J1eHTHO 

HHTepBaJIaM rOJIOH MO,lJ,eJIH [i\1f, Aif] ==\ [inf f, sup f], 11 aHa :IKe 3KBH

BaLTIeHTHO TpHBHaJIbHbIl\1 H306pa:tKe'HIl5I:'fI BILla q.:"Hj (r) == 0, qMj (r) == 1. 
A TaKKaK rrOCJIe,nHee, HeCOMHeHHO, MeHee YM6HaH ¢Opl\1a, rrepexo,lT. 

K MeTaOTIllCaHllHl\1 (OIIHC3HH5IM orrnc3HHM) H eru.e ,naJIbIlle Bp5I)J, JIM 

MlVIeeT IKaKOii-JIH60 CO,lJ,ClpMaTeJIhHbIH \CMbICJI. 

Pa3MbiTbie ,neHCTBHSI. HHTepBaJIbHaH a pllepMeTllKa § 2.2 npHro,U", 

Ha ,UJI51 paCqeTa OlUH60K rrpH BblqllCJIeHH5IX, BbI3BaHHblX oKpyrJIeHHe1'! 

qneeJI. Ho B HeKoTopbIX 3a.naqaX B03HllKaeT Heo6xo,lJ,H:\10CTb H .na}Ke 

IIMeeTCH B03MO)KHOCTb YK33bIBaTb rrOJIO)KeHH51 HeH3BeCTHblX qHCeJI He 

B BJI,lJ,e IHHTepBaJIOB, T. e. KaTeroplilIeCKlI: ,lJ,a - 3HatIHT, nplIHa,nJIe)I\J1T 

HHTepBaJIy, HeT - He rrpHHanJIeMHT, a 60JIee rrJIaBHO B BHJI.e KpHBblX 

npe,lJ,IIOqTeHHH, OTBO,lJ,HMbIX TeM HJIH HHbIM qHCJIOBbIM 3H3lIeHHHM (Ha

3bIBaeMbIM TaKMe KpHBbIMH npHHaJI,JIeMHOCTH {I5]). 1"1 C HHMH HY)K~ 
HO rrpoH3Bo,nHTb ,lJ,eHCTBHH apHepMeTHKH HJIH aHaJIH3a. 

0603HaQHM a(r) - pa3MbIToe H306paMeHHe QHCJIa; 3TO eCTb 

¢YHKUHH Ha Pll, y,lJ,OBJIeTBOpHIOIUaH CBOHCTBaM pa3MbITbIX cpe,UHHx 

(HJIJIIOCTpHpOB3'HHbIX pHC. 2.5). I1306pa)KeHHe a (r) HyMHO HHTep~ 

npeTHpoBaTb KaK Ha60p lIHTepBaJIOB A (1') == {r: a (r) ~1'}, rrOJIyqae~ 
MbIX ropH30HTaJIhHbIMH 1'-'cpe3a!\1H a (r), npHqeM Ka:tK,UblrI epe3 onpe

,neJI5IeT HHTepBaJIbHOe lIHC&lTJO B BH,lJ,e HH,lJ,HK3TOPHOH ero MO,lJ,e~lH 

J{ev)==(P(A(1')) =1), a Bce BMeCTe :npH O~1'~l - pa3MbITYIO MO

,lJ,eJIb lIHCJIa B TOM nJIaHe, KaK 3TO rOBOpHJIOCb B npe.nbI,lJ,ymeM pa3-

,ne.ne. 

JIl06ble ,UeHCTBHH Ha,U qHCJIa11H paCCQHTbIBaIOTC5I no rrpaBHJIajI 

HHTepBaJIbHOH apHepMeTHKH (T. e. no npaBHJIaM npeo6pa30BaHHIr 

HH,nHKaTopHbIX MOJI.eJIeH) ,LIJI5I KaM,lJ,OrO 1'-cpe3a OTJI,eJIbHO II o6'beiLII~ 

H5IIOTC5I 3aTeM no l' B H306pa)KeHHe pe3YJIbTaTa. B 60JIee ,lJ,eTaJIbHO:L\! 

H3JIO:IKeHHII, eCJIH aj (r) eCTb H306paMeHH5I QI1ceJI, TO A j (1') 6YiLYT 

¢HfypaMH,3epKa,lIhHO K aj (r) paCnOJIOMeHHbIMII OTHOCHTeJlbHO fJIaB

HOH ,UHarOHaJIH, T. e. 3TO Te Me" caMble aj (r), HO OCHOB3HII5IMH no

JIOMeHHble Ha OCb op,UHHaT. TIPH Ka:lK,nOM l' 3HalIeHH5IlVIH Aj (1') 
6Y,lJ,yT IHHTepBaJIbI, rr03TOMY npe06pa30BaHlIe t (al (r), ... , aJ (r)) pac

CtIHTbIBaeTC5I no npaBHJIaM TaKHX Me ,lJ,eHCTBHH na,lJ, HHTepBaJIbHbIMH 

qac.naMH, HTorOM 'KOTOpbIX cTaHyT HHTepBaJIbI F (1'), O~1'::S; 1, H lIX 

OCTaJIOCb nepeJIOMHTb OCHOBaHHHMH ·c OCH op,UHHaT Ha OCb a6cUHCc, 

nOJIYQa5I pa3MbITbIH pe3YJIbTaT f (r). 
MbI HMeel\1, TaKHlVI 06pa30M,MO,lJ,eJIbHYIO HHTepIIpeT3ll.HIO pa3MbI

TbIX qHce.TI H apHepMeTHlIeCKHx ,neHcTBHif, 3a nO,lJ,p06HOCT5I11HKOTO

pbIX OTCblJIaeM K 0630pHOH KHHre {18]. K YKa3aHHoH B HeM TeopHH 

Be,UeT H CJIe,lJ,YIOIUHH war. OHeocToHT B oIIpe,neJIeHHH pa3MblTbIX 

<pyHKIJ,HH KaK oTo6pa:tKeHHH z-+-a z (r), a HHTepBaJIOB aT HHX r- KaK 

HHTerpaJIOB OT rpaHHU HHTepBaJIbHbIX epyHKUHI1 A z (1') (1'-Cpe30B), 

,naIOmHX HHTepBa.JloHbIH pe3YJIbTaT C nepeBo,UoM 3aTeM ero K H306 .. 

pa)KeHHIO. XOT51 H IIPHlliJIH K H3BeCTHOMY pe3yJIbTaTy, HO YKa3aHHaH 

HaMH apryMeHTaUH5I, nO-BH,lJ,HMOMy, rrOJIe3Ha B pa3BHTHe KOHuerrUHH 

HeQeTKHx onHcaHHH H JI.e~'CTBHH,rroToMY qTO BOBJIeKaeT ,lJ,JI5I 3TlIX 

ueJIeH CO,lJ,epiKamHHCH B HaCT05IIUei1: KHHre 06mHfI annapaT H ,lJ,e

JIaeT KOHuenIJ,HIO HeqeTKOCTH MaTeMaTHqeCKH CTporOH C TOllKH 3pe

HUH 3Toro anrrapaTa. 

2.4. COBMECTHbIE MHTEPBAJlbHbIE MO)J,EJlH 

COBMeCTHbIe H lJaCTHble HHTepBaJlbHbie MO)I.eJlU. PaCCMaTpHBaIOT

CH ,coBMeCTHble MO,lJ,eJIH, orrHCbIBaIOIIJ)Ie 'pe3YJIbTaTbI ,lJ,ByX npOH3BOJIb

HhIX 'CJIyqaHHbIX HBJIeHHH C Hcxo,naMR ge H .6lj. 

9f 
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TIYCTb Fe X UJj - rrp5IMOe rrpOII3BeneHHe ,UByX rrpOCTpaHCTB HCXO

nOB, KalK,UbIl1 3JIeMeHT KOToporo eCTb napa (x, y), XEge, yEUJj. 
Mo,UeJIb Jf{xy Ha 3TOM rrpOH3Be,lleHHHHa3bIBaeTC5I C08AteCTHol'i. aHa 

orrpe,UeJI5IeTC5I corJIaCOBaHHbIMH cpe,LLHHMH Mxyf (x, y), Y fE/Txy, r ne 

g:-xy _ 06JIaCTb cymecTBOB8HII5I BepXHHX 'Cpe)l.HHX (BKJIIOQaIOIUa5I, 

no KpaHHeH Mepe, Bee OrpaHHQeHHbIe cBepxy epYHKUIIII ,UByX rrepe

l\1eHHblx). A 3a,UaeTC5I - nepBHqHbIMH cpe,lJ,HHi\IH i\lg (x, y), gECS, 
H Tor,Ua Jf{xy = <M~>. 

TIpH3HaKH f (x, y) ,ll.BYX nepeMeHHbIX Ha3bISaIOTC5I C08.1teCTHblMU, 

a OT,ll.eJIbHO KaM,UOH rrepeMeHHOI1 f (x), (() (y) - tlaCTHblMU; 'qaCTHble 

o6p a3YIOT rrO,llKJIaCCbI fT'X H COOTBeTCTBeHHO frY COBMeCTHblX fT'xy. 
Cpe,UHHe Ha rrO,ll.KJIaCCaX IIaCTHblX npH3HaKOB lvif (x), f (x) E[TX, 

M<p (y), '<pEfT'Y, OqeBH,UHO, 'COrJIaCOBaHbI H orrpe):Le.J15IIOT ttaCTHble AtO

oeAU J{X U Jf{Y. 11TaK, tiaCTHble MooeAU IlO/lytiafOTCR KaK ttaCTb cpeo· 

NUX COB.kteCT1ioiL 
CJIe,UYIOIUa5I TeopeMa n03BO.JI5IeT HaXOJI,IITb nepBlIqHble cpe,UHHe 

qaCTHWX Mo,UeJIeH rro COBMeCTHoH. 

Teo p e 1\'1 a 2.1. a rr e p B H II H bI X rr p H 3 H a K a x q aCT H bI X 

MO,lLeJIeH. flYCTb Jf{xY==<M~> - COB.tlteCTHaR ./l100eJlb U l\1g(X, y), 
gE~, CYTb ee nepBUtiHble cpeOfiue. T020a COOTBeTcTBylOlL{a5l ell ttaCT

fiaR u1tx fia Fe 6yoeT onpeOe./lRTbCR CBOUMU npU3fiaKaMU 8uda 
inf ~C+ilgi (x, y) c nepBUtiHbl.MU cpeOfiU/J;LU Ha fiUX) pa8HbLMU: 

y i 

NIx [inf ~ ct gi (x, y)] == ~ Ct1\1gi (x, Y), giE ~, 
Y i 

npu BCeB03J1;lOJICfiO}vl Bbl60pe HeOTpUl{aTeAbHblx K03¢¢Ul{UeHTOB C+i' 

i== 1, ... , k<oo. 

B caMOM )l,eJIe, Ha OCHOBaHlUI 06m;eII epOPMY.'IbI rrp0jJ.O.iliKeHHH, ueHTpHpy5I rrpH3

HaKH, llMeeM: 

MXY t (x) == inf [c + 2: ct Mgt] ==
 
c+ 2: ct gi (x, Y)~f(x)
 

= inf {c:c+ ~ ct[gi(X, y)-MgiJ>t(x)},c, ct 
npllT.IeM B YCJIOBllH Ha c, c+ i HepaBeHCTBO ,u.O~TJ)KHO C06~TJIOjJ.aTbC5I rrpll B2ex yEUIj, 
qTO paBHOCllJIbHO rro,u.CTaHOBKe B ero ~eBYro T.IaCTb ~YHKUHH 

c+inf[L C/(gi(X, y)-Mgi)]==c+he(x), C==(Cl" .. ' c~). 
Y 

<PyUKUllIO he (x) MO)KHO paCCMaTpHBaTb KaK nepBHT.IHbIH: rrpH3HaK ,z:r.JI5I J{X C 

Hy~eBbIM rrepBllT.IHbIM cpejJ.HllM. ,UJI5I ~llHerIHOII KOM6HHaUIIH TaKHX rrpH3HaKOB 

~d+ihe. (x) llMeeTC5I Ma)f~OpllpYIOIUllH: rrpH3HaK he* (x), C*=~d+iCi, C Hy~eBbIM 
l 

cpe,z:r.HllM, rr03TOMY 

M
X t (x) == inf {c: c + ~ dt hc. (x) > t (x)}== 

I c, c li 

== inf {c: c + h * (x) > t (x) } , 
c h e 
-",1 e* 

oTKy,z:r.a H CJIe.n.yeT ,z:r.OKa3aTeJIbCTBO TeopeMbI. 
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TaKHNI 06pa30M, rrepBHqHbIMH J-lvTJH qaCTHOH 11M 6ynyT HHLKHHe 

rpaHH inf g" (x, y), gE2+C;§ (MIIHHMyrvl 6epeTC5I no IiCKJHOIIaeMOH 
y 

rrepeMeHHOrr) BTOPHqHbIX rrpH3HaKoB COBMeCTHOH Mo,UeJIH C coxpaHe
HHeM cpe,UHHx. 

K npHlvrepy, eCJIH ..JftxY:=(iVIg> orrpeneJI5IeTC5I Bcero OaHH~r nep .. 

BHIIHbI:M Cpe;I,HHM -"lgo (x, y), TO rrepBHIIHbLM ,II)I5I JlfX 6y,UeT 

M[infg(x, y)]=Mg. EC.JIII nepSIIqHbIX 'CpeaHliX ,UBa JffxY~<if1g"l>/\ 
Y 

/\<M,g2) , TO ,ll.JI5I qaCTHOH I'L~\1. nepBHqHbIe cpe,UHHe BblrJIH;lHT TaK: 

Mhe (X) == M inf [gl (x, y) + c+ g2 (x, y)] = Mg1+ c+ Mg2. 
Y 

I1x yMe He :LBa, a MHoro Irro rrpHqHHe rrpOH3BOJIbHOCTH c+. B o6rn.eM, 

.na2Ke rrpu KOHeIIHOl\1 Ha60pe nepBHIIHbIX cpe,UHHX Mgi(X, y), i== 
= 1, ... , :k, 3a,llaIOIUHX ~${xy, IHeT rapaHTHH, qTO IIaC'DHa5I c/f{X 6y,UeT 

onpeJLeJIHTbC5I K:QHeqHbIM:qHC,TIOI~1 neplBHqlHbIX 3Ha qeHHH, IKpoMe p5I,Ua 

HCKJIIOIIeHHH, 0 KOTOpbIX JI noi1,UeT ,ceI1IIac peqb. 

IT p II M e p 2.8. f1YCTb &l' = {Xi, ... , Xli}, Of! = {Yi, ... , Yl} 11 Ha rrpOII3BejJ.eHI1H 

STllX rrpOCTpaHCTB 3a!J,aHbI rrepBHT.IHble Bep05ITHOCTH, Ha3bIBaeMbIe COBMeCTHbIMH: 

O~P(Xi' Yj)~ 1, ~ ~P(Xi' Yj»I. 
j 

3TH Bep05ITHOCTll cor.TJaCOBaHbI II 3a!J,aIOT .;{{xy. TIepBHT.IHbIMH )l.J15I T.IaCTHOH J{x 

Oy,z:r.YT Bep05ITHOCTll P(xd =min{l, 2:P(Xi, Yd}. J1I06bIe me .upyrHe rrpH3HaKH, 
j 

COfJIaCHO TeopeMe 2.1 llMeIOIUHe BlljJ. 

hc (x) == inf ~ ~ ct ()Xi (x) ()Yi (y) == 2: ~t ()Xi (x),
 
Y i j
 

r.zr.e E+i=min C+ij BC.neJI.CTBlle HepaBeHCTBa l\1h (x) =Ll~C+ijP(Xi, Yj) ~ e 

~~~C+iP(Xi, Yj) =2:C+i~P(Xi, Yj) ~~c+ij5(xd rror~'IOm;alOTC5I BepoHTHOCT5IMH
i j- i- j 

P(xi). B CJIytIae TOT.IHhIX Bepo5ITHocTelr P (Xi, Y j), o6pa3yIOm;Hx COBMeCTHoe pac

npe.zr.e~eHlle: ~2:P(Xi, YJ) = 1, T.IaCTHOe pacrrpejJ.e.neHlIe TaKme 6YjJ.eT TOT.IHbIM, paB

HhIM cyMMe P (xd = 22P (Xi, Yj), T.ITO 3~TIeMeHTapHO ,LLOKa3bIBaeTCH. 

j 

CJIe,UCTBue. l.f.acTfible npU3fiaKU gi(X)J U/Heft C02AQC08aflHble 

cpeaHue u 6yoyttu nep8U ttfibUl1U O.llR COBA1ecTfiol'i vl{xy, OCTQIOTCR TOti

liO TaKUMU JlCe C TeMU OICe cpeOfiUMU OAR ttaCTHot'i J{x. 

B caMOM ,UeJle, rrpH HaXOM,UeHHH rro TeopeMe 2.1 rrepBHQHbIX np H3

HaKOB ,llJI5I J{x Te II3 rrpH3HaKoB giE~ COBMeCTHOH Jf{xy, KOTopbIe 

-3aBHC5IT TOJIbKO OT rrepel\1eHHOH x, BbIHOC5ITC5I 3a 3HaK HHepHMyMa 

inf [ ~ dt gi (x) + L CT gj (x, y)] == }: dt gi (x) + inf 2: ctg j (x, Y), 
Y i j J i Y j J 

'OTKy,ll.a BH,ll.HO, QTO caMH 3TH gi (X) (a He HX JIHHeHHble KOM6HHaUHH) 

6y.n.yT rrepBHIIHbIMH ,ll.JI5I J{x. aqeBH,Il'HO, cOrJIaCOBaHHOCTb IlX cpe,U.. 

HHX OT ~xy rrepe,u aeTC5I \K J{x. 

n p l:I M e p 2.9. 3 a ,z:r. a H H e COB M e C THO H: M 0 ,z:r. e ~ H q aCT H bI M 11 rr e p

cB H lJ H hI M H II P 11 3 H a K a M H. 3,z:r.ecb 6y,z:r.eT paccMoTpeH CJIyqaH, KOf,z:r.a nepBllT.IHbIe 
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npH3HaKH gEr;} COBMeCTHOH MO,neJIH vIlxy pa3,neJI5IIOTC5I Ha 3aBHCSIIlIJle TOJIbKO 01" 

nepeMeHHOH X JIH60 TOJIbKO OT nepeMeHHOH y: 

{h (X), hE.:Jt,
)

_ 
g(x, y - '!'(y), tpEW, 

TaK tITO ~ =OIeUW. 11 nYCTb HX Cpe,l1;HHe Mh (X), Xhp (y) 5IB.TI5IIDTC5I cor.naCOBtiH· 

HbIMH. OHH )Ke 6y,nyT nepBHtIHbIMII ,nJI5I tIaCTHbIX MO,neJIeH (COrJIaCHO TeopeMe 2.1) p 

npHtIeM, KaK HeTpy)l.HO yCTaHoBHTb, Ha HHX pacrrpOCTpaH5IeTCSI CBOHCTBO a,lI.,lI,HTHBo 

HoeTH cpe,lI.HHx: 

MXY [f (x) + <p (y)] == iVI f (x) + M <p (y). 

P a3,neJIeHHe nepBHtIHbIX npH3HaKoB Ha cPYHKUIIH TOJIbKO OT X H TOJIbKO OT Y 
3KBRBaJIeHTHO 3a)l.aHIIID OT,rr,eJIbHO vIlX = <MOle) II J{Y= (i\il'¥) npH nOJIHOM OTCYT~ 

CTBHH ,UaHHbIX 0 npIItIHHHOH CBSI3II (3aBHcHMoCTII) Me)K,ny IIcxo,UaMH 5IBJIeHHR 

XEf!lJ II yEUlj. COBMeCTHa51 Mo,rr,eJIb paBHa nepeCeqeHHIO <Mde)1\<M"'¥) qaCTHbIX, 

HO 3a,naHHbIX Ka)K)l.a51 y)Ke Ha f)J X Ulj Ha60paMH npH3HaKoB TOJIbKO OAHOll nepe~ 

MeHHoH. 

OTHOlIleHH51 Me:>KAY COBMecTHbIMH H qaCTHbIMH 

M 0 ,lI. e J1 51 M H. 
1. ,UJI51 rOJIoH COBMeCTHofI 11M qaCTHa51 Mo,neJIb 6y,neT rOJIoH: 

Jlt xy = :Jxy *.Jfil x = :Jx. 

3TO HC'HO, nOOKOJIbIKY, eCJIH 'HHIIero IHe H3BeCTHO '06 ge XUlj, TO T31\

)Ke He 6y,neT HHKaKHX ,lI.aHHbIX OT ge. 
2. TIpH rrepexo,ne OT COBMeCTHbIX MO,ILeJIeH K qaCTHbIM coxp aHHer

C51 HepapXH5IB ;CMbICJIe OTHOlIleHHH BKJIIOqeHlI51: 

t//ftfYc.Jf!t~Y =>.Jf!t1 cu!ft~ 

TaK KaK Mf f (x) = MfY f (x) ~ M~Y f (x) = M~ f (x)). 
B03HHKaeT Borrpoc,coxp aH51IOTC51 JIH aJIre6p anqeCKHe onep aU.IIil 

06be,nHHeHH5I H nepeCeqeHH51 Mo,neJIefI? ,UJI51 orrepaUHH 06ne,nHHe

HH51 - coxpaHHIOTc51: 

3. tlf;t xy = V .J/IZey *J/!lx = V ~Jte
 

(TaK KaK M Xf (x) = M XY f (x) = sup MaY f (x) = sup 1'.118 t (x)).

e 6 

A orrepaUH51UepeCeqeHHH, 'B 06mel\l, He coxpaHHeTcH: 

4. .Jf!txY = /\ J!J(/eY=i==>~Ux= 1\ Jf1~. 

B caMOM ,neJIe, rrpH J(xYe= <M~ e) rrepBHqHbIM ,llJI5I IlX rrepeCeqeHHfI 

6Y,lI.eT 'Ha6op f§=Vf§e co Cpe,lI.HHMH Mg(x,y)=infMeg(x, y), gE::$.
6 

Tenepb COrJIaCHO TeopeMe 2.1 rrepBHqHbIMH ,nJIH J{x 6y,nyT 

M X [inf ~ ctgi (x, y)] = ~ ct M XY gi (x, y) = 
II 

~ cT inf Me gi (x, y) ~ inf [ ~ c+Megi (x, y)], 
~ eeL
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r,ne KBa,lI.paTHble CKo6KH H eCTb rrepBH4Hble Cpe,llHHe MO;reJIeH J{xe, 
a HHepHl\1YM COOTBeTcTByeT IIX nepeCeqeHHIO. 

npe)l.CTaBJIeHHe COBMeCTHbIX MO)l.eJIeH C.JIyqaHHbIMH npeo6pa30
B aM JiSt M H. B Ha 4 a JI e HacTO 51 Il1,eif r.II a BbI H3Y4a JI HCb rr p eo6p a 3 0 BaH H51 

flJ-+-6lj. 3TO HeKoTopble orrepaTopbI, rrpe06pa3yIOIl1,He «BXO,lI.» X B 

«BbIXO,U» y. 1~aM Hac 60JIblile ,HHTepeCOBaJIH, Bo-rrepBbIX, crroco6bI OllH

caHH51 caMHX rrpeo6pa30BaHHif: ,neTepMHHHpOBaHHbIX y = sx (eM. 

§ 2.1) H CJIyIIaHHbIx (CM. § 2.2), 3a,lI.aBaeMbIX nepeXO,ILHbIMH MO,ll.eJIH

MH ,;/{Yx , a BO-Bropblx, paCqeT «BbIXO,LLHOH» lVI0,ll.eJIH .Jf{Y no BHny rrpe

o6pa30BaHH51 H «BXO,UHOll» J{X. 3,LLecb Hac HHTepecyeT ,UpyrorI Bonpoc: 

KaK C rrOMOIl1,bIO c.nY4ailHbIX npeo6pa30BaHHH (n oco6oro IlX CJIy

qaH - nerepMHHHpOBaHHbIX) MOLKHO 3a)J.aBaTb COBl\leCTHble HHTep

BaJIbHble MO,ll.eJIH J(xy Ha fl} X 6lj? 
flYCTb Hl\leeTCH Mo,UeJUt ..4{x BXO,LL3, T. e. H3BeCTHbHvl nyTeM onpe

,neJIeHbI COfJIaCOBaHHble MXf (x), fEg-x. 11 rrYCTb HMeeTCH CJIy4aH

Hoe rrpeo6pa30BaHHe H3 ge Ha Olj, 3a,lI.aBaeMOe nepeXO,UHbIMH J!{Yx , 

VxEfJe, T. e. TIpH KaLK,UOM x orrpeneJIeHbI nepeXO,UHble cpe,nHHe 

MYxC[J (y), C[J (y) E[!fYx , r,LLe KJIaCC [TY x rrpH KaLK,UoM x MOLKeT 6bITb, 

B 06meM, pa3HbIM:. 

npOU38eOeflUeJJll t!f{x Ha Jf{Yx Ha30Bel\1 COBMecTHyIO Mo,Ue.nb Ha 

Jf{xy, 0603HaqaeMYIO: 

t/!f;t 
xy = t/l{'x J!;t~, 

KOTopaH orrpe,neJI5IeTCH cpe,nHHMH: 

M XY f (x, y) == lv!x M~ f (x, y). (2.4) 

TIp aBa5I qaCTb (2.4) eCTb rrOCJIe,nOBare.TIbHOe BbI4HCJIeHHe Ha nep

BOM lIlare IIpII K3LK,llOl\1 xEEe nepeXO,LLHbIX Cpe,lI.HHX MYxf (x, y) rro 

.;f(Yx OT f (x, y) KaK epyHKUHH nepeMeHHoI1 y, a nOCKOJIbKY rrepexo,n

Hble Cpe,lI.HHe 6y,nYT epYHKUH5IMH X, T. e. rrpH3HaK3MII Ha fJe, TO Ha 

BTOpOM lIlare yLKe OT HHX 6epeTCH Cpe,ll.Hee Nix. 06JIaCTb cymecTBo

BaHH5I fFxy npOH3'Be,neHH51 ~,10,ll.eJIetI ICOCT3BJI5IlOT npH3HaKH f (x, y), Ilipn 

Ka)K,nOM x npHHa,ll..JleiKamHe f!TY x , rrpHIIeM TOJIbKO Ta iHX 4aCTb, ,UJIH 

KOTOpOt'r MYx[Ef!Tx. 3TO, no KpaI~IHel~I l\lepe, Bce OrpaHHqeHHbIe epyHK

~HH lLBYX nepeMeHHblx. 

<DopMyJIa (2.4) ,LLJIH HHLKHero 'CpeJI,HerO (HyiKHO 3aMeHHTb f Ha 

-f) 3aI1I1CbIBaeTC51 MxYf = lV!xMvxf· 
TIpOKOMMeHTHpyeM nOH5ITHe rrpOH3BeLleHH5L Ilo CYTH ,neJIa, eCJIH 

liHTe,p'npeTHpOB3Tb K8E '/!{Y x , TaR Ht/I{X B Blf:.re ,ce:Vlell:CTB T04'HbIX ~10

,neJIeii (c TOqHbIMH cpe,UHHMH), TO H Ha rrepBOM IJlare, COCTOHmer,/I B 

BhlqnCJIeHHH nepeXOLlHbIX Cpe,lI.HHX MYxf, MYxf,H Ha BTOpOM, Kor,Ua 

no HEM OKOHqaTeJIbHOHaXO,ll5ITCH Mf, .L\1f, paCCI\13TpHBaIOTC5I K3)K

,nbIH pa3 H3nXY,UlliHe B03l\10iKHble BapH3HTbI BHyTpH Ce?vleI1c.TB, npHIIeM 

pa3,neJIbHO ,ll.J15I J{X y H JffX II pa3,neJlbHO LlJIH HHlKHero H BepxHero 

cpe,UHero. 3TO TO, KClKHe )L3HHble I1I\1eJIHCb 6bI 0 Cpe)LHel\1 Mf B HaH

MeHee 6JIarOnpHHTHOM CJIyqae rrpM HaJIH4HH naHHWX (B HHTepB3JIb

HOM BHne HJIH B BHLle ceMefIcTB)0 MOnenH Bxo,na II 0 CJIyqaHHOM 
npeo6p330BaHliH. 

95 



HIL£Ke HaM nOHa,no65ITC5I CJIe,nyIOIU.Ue jLOCTaTOQHO OqeBH~Hble 

CBOHCTBa npOHoca epyHKll)IH nepeMeHHOH: x 3a 3HaK cpe,nHero i\1Yx 
rrepexo,nHOH Mo,neJIH: 

M XY c+ (x) t (x, y) = M X 
[ c+ (x) MX f (x, y)], 

MXY[d(x)+f(x, y)]=Mx[d(x)+Mi'/(x, y)], 

r,ne c+(x) -- npOH3BOJIbHa5I HeOTpHuaTeJIbHa5I epyHKUH5I, a d(x) - 
JIlo6a5I epYHKQH5I nepeMeHHOI1: x (He IBblBO,n5Ima5I H3 KJIaCCa g-xy ). 

BOCCTaHOBJIeHHe COMHO}KHTeJIeH pa3JIO)KHMOH MO,!l.eJIH. COBlvlE.:CT

Ha5I Mo,UeJIb Jf{xy, 3anHCbIBaelVla5I B BEne npOH3Be)].eHH5I vf{xJI{Yx . ~1 a ~ 

3bIBaeTC5I paSAOOlCUMOiL I1oKa)KeM, KaK no COBMeCTHOM pa3JIO)J:\:L:;,~OH 

BOCCTaHaB.lIHBaIOTC5I MO,lI.eJIH-COMHO)KHTeJIH. OTHOCfITeJIbHO nepBGfO 

H3 HHX Jf{x rrp06JIeM He B03HHKaeT: 3TO eCTb QaCTHa5I Mo,neJIb, cpe;I.
HHe KOTOpOI1: MXf (x) COICTaBJI5IlOT QaCTb ,ope;LHIIx MXyt (x, y) CO'Bi\'lecr

HOM Mo,neJIH. 

Op06JIel\1a BOCCTaHOBJIeHllH BToporo COMHO}I{HTe.II5I ~Yx HeCKOJlbhO 

CJIO)KHee. ,UJI5-1 3Toro HY)KHO 'BbI,lI.eJIllTb ,«xapaKTepHble» ,nJI5I rrepexoA

HbIX Mo,neJIeM t.lf{Yx KJIaCChI npH3HaKoB t (x, y), cpe,nHHe Mxyf Ha KOTO

phIX ee H onpe,neJI5IT. XapaKTepHOCTb HX JI,OJI)KHa np05IBJI5ITbC5I B10M, 

qTO npH pa3HbIx x 3TO cOBeprneHHO pa3Hble, HerrepeceKaIOIU.HecH Kcllac

CbI, «OCTpO OTKJIHKaIOIU.lleC5I» Ha fI3MeHeHH5I X. OTCIO,lI.a ,lI.ora,lI.Ka , ,QTO 

3TO ,nOJI)KHbI 6bITb ,neJIbTa-06pa3Hble no x epyHKUHH. 

KaK H paHee, 6y,lI.'eM 0603HaqaTb 6X1 (X)llH,Il,HKaTopHyIO epYHKll)ffO 

3JIeMeHTapHoro C06bl'PH5I XIEfiJ. CHMBOJI MXY ,n.J151 KpaTKOCTH 38-11e

H5IeM Ha M. BBe,lI.eM <PYHKUHIO f(x, y) =6xt (x) .cp(y), r,ne (pE£Txy ,. 

COrJIaCHO (2.4) 

M fJx 1 (x) ep (y) = A1 x
M~ 6x (x) ep (y) = M X fJx (x) ivff <P (y) = 1 1 1 

= {P(X1) M~l ep (y), Mil q> (y) > 0,
 

P(x1)Mflep(y), Mi't cp(y) <0,
 

r,lI.e P (Xl), P (Xl) - rpaHHUbI Bep05lTHOCTeH 3.n.eMeHTapHoro C06bI

TH5I Xl. TIYCTb j5 (Xl) >0 u M6x1 (x) cp (y) ~O. 113 BToporo HepaBeH

CTBa CJIe,2lyeT MYX1 <p (y) ~O, B pe3YJIbTaTe qero 

-Y (x) cp (y) - 'C)M 8X1M Xl q> (y) == npH M 6x
1 

(x) cp (y) > o. (_.5)
P (Xl) 

3Ta epopMYJIa H onpe,neJI5IeT Cpe,2lHHe nepeXO,2lHOH Jf{Yx ,lI.JIH Tex' 
1 

XIEflJ, ,2lJI5IKOTOPbIX j5 (xt} >0. 
3,neCb Tpe60BaHHe M6 x1 (x) cp (y) ~ 0 He 5IBJI5IeTC5I H3JIlllIlHe o6pe

MeHHTeJIbHbIM. ,UeH:CTBHTeJIbHO, eCJIH 3TO HepaBeHCTBO He BbITIO.TlH5I

eTC5I H (P (y) OrpaHHqeHa, TO OHO 6y,neT BbInOJIHeHO 2l,JI5I epYHKllHH 

(Pc(y)==:cp(Y)+C npH c~-infcp(y) B 'CHJIy Toro, qTO CPc(y)~O. Orr" 
pe,neJI5I5I MYX1 <pc (y) no (2.5), TeM IcaMbHvf Haxo,niHM 

-y - ,
M XJ q> (y) == M~l [ep (y) + c] - c, c> - inf cpo 

TaK'HM o6pa30M, ,lJ.OCTaTOQHO, qTo6bI (2.5) BbIIIOJIH5IJIOCb ,2lJI5I Hew

p'HuaTeJIbHbIX OrpaHHQeHHbIX cPYHKUHH: ,qJ(Y) , TaK KaK ,lJ.JIH HeorpaHH

qeHHbIX OHO nO.lIYQaeTC5I npe,UeJIbHbIM n·epeXO,lI.OM OT fIX yceQeHHit 

3TO CBoero po,lJ.a epopMyJIa npo,LLOJI)l{~HH5I rpaHHIJ.. I1TaK, HMeeM. 

ECAU ,Jf{xy pa3AoOlCuMa, nputteJlt tiaCTflaR ~x TaKoBa, tf,TO J5 (Xl) >0 
OAR Bcex Xl Em, TO ¢opMyAa (2.5) n03BOAReT BOCCTaHOBUTb nepe

XOOfible HAi no cOBMecTfiotl. IIpu aTOM nepeXOOHble U YC/lOBHble 

HM (npu C./lyttU8lUUXCRX) COBnaoafOT Me:JICoY co6ou. 

OOCJIeJLH5I5I QaCTb c.rIe,lI.yeT 'H3 ,nOTIOJIHeHH5I 1 K rraparpaepy II 

CMbIC.II ee B TO~I, qTO nepeXO,UHyIO MO,lJ,eJIb fv10MHO BOCCTa'HOBHTb, ,OIl

peJl,eJI5I5I YCJiOBHble COrJIaCHO § 1.6 npH HCTeKlllllX 3JIeMeHTapHbIx co
6bITI15IX XIE&e. 

Pa3JIO)KI1MOCTb cOBMecTHoH MO,lJ,eJIM. A BC5IKYIO JIll COB1\1ecTHyro 

MOne.lIb Jf{XY MO}I{HO pa3JIO}I{HTb Ha rrpOH3Be,neHHe qaCTHOI1 H nepe.. 

X0l-L H011: (YCJIOBHOtI), T. e. HHTepnpe'rHpOB3Tb 'CB5I3b Me2K,lJ.Y HCXO)J.a

MH XEfC H yEUlj )I.eilcTBHeM CJIyqaH:HOrO orrepaTopa? YBbI, ,2la.TIeI{O 

BeT! 11 TOfna nO,UCTaHOBKa YCJIOBHbIX Mo,neJIeI1: B (2.4) npHBe,lI.eT K 
paclllHpeHHOrI no cpaBHeHHIO C Jf{xy MO,lI.eJIU: MXMYxf (x, y) ~ 
;:;: Mf (x, y). 

IlycTb 3anaHa iCOBMeCTHa5I Mo,neJIb J!{xy. KaKHM CBOH:CTBaM nOJI)K

RbI Y,21,OBJIeTBOp5ITb ee corJIaCOB3HHbIe Cpe,LLHHe, 4T06bI OHa 6blc.i1a 

pa3JIO)KHMa? LLJIH pellleHllH 3Toro Borrpoca llocTynaeM TaK, KaE: eCJIH 

6bI vf(xy 6bI.TIa pa3JIOMHMa, T. e. BbIqUCJI5IeM nepexo,nHble Cpe,LL\HHe no 
(2.5), 3aMeHHB cP (y) Ha f (x, y): 

-y ,M8x (x)t(x, y) - _
 
M Xl 1(x, y) ==~ npH l\;[ fJx f> 0, P (Xl) > o.
 

P (Xl) l 

A r,lJ.3JIee 'CMOTpHM, nOJIYQHTC5I JIll npll nO,lI.CTaHOBKe 3Toro BblpalKe

HH5I B npaBylo qaCTb (2.4) 3HaqeHHe NIt (x, y), H eCJIH 3TO TaK ,lI.J151 

H,cex fEfT'XY, TO aTO ,UaeT COBeplIleHHO BeCKHe OCHOBa'HHH CQfITaTb, 
qTO vf(xy pa3JIO)KHMa. 

Teo p e M a 2.2. 0 P a 3 .II 0 )K HMO 'C THe 0 B M e 'C T H bI X M 0

,lI. e JI e H. Ec./lU P (x) >0, VXEm, TO OAR pa3AO~UMOCTU C08MeCTH,OU 
MOOe./lU JffXY fia npou38eiJefiue vf(xJf{Yx fieo6xoouMO U oOCTaTOtf,HO Bbl

nOAHeHUR npu Bcex Xl Efe U A106blX HeOTpUl{aTeAbH,blX .f+ (X, y) U3 
fTxy TOJICaeCT8a: 

- Xl [Ai Ox, ~)f+ (x. ~l ==== /\1/+ (x, y),
M P (Xl) 

cae MX' eCTb CpeaHee no If.aCTHOU J[x. [Jpu aTOM nepeXOaHafl MO
oeAb C08naoaeT C YCAOBfiOU. 

lloKa3aTeJIhCTBo BhIHeceHo B ,n:orrOJIHe'Hue 2 K naparpaq,y. 

- I1poKoMMeHTl1pyeM Tpe6oBaHI1e HeHyJIe'BbIX BepXHI1X Bep05lTHOcTeii: 

P (x) >0 TeOpeMbI. B 60JIhllII1HCTBe peaJIhHbIX 3a,n:alJ lJHCJIO ;n:aHHbIX 

o 5iBJIeHHH KOHeQHO, QTO cooTBeTcTByeT Mo,neJIHM J{XY KOHeqHOH: 

pa3MepHoCTH. ,UJI5I HHX (eC.IIH cpa3Y HCKJIIOqHTb HeB03MO)KHble He

XO,lI,bI) 065I3aTeJIbHO BepxHHe BepoHTHoCTIH OT,lI,eJIbHbIXUCXO,lJ.OB He

HyJIeBbIe. HYJIeBble 2Ke Bep05lTHOCTH 15 (x) =0 eCTh rrpe,n:eJIhHbIii: CoJIY

'Jail: ITIiPI1 HeOrpaHI1lJeHHOM YIBeJII1'lJeHHI1 TOlJHOCTI1 Mo,n:eJII1. I1cxo,n:51 PI3 
4-13 
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3Toro ,lJ.OJItKHa HHTeprrpeTHpOBaThC5I TeopeMa 2.2 H ee OCHOBHoe TOM
.neCTBO. 

TIOCbIJIKH TeopeMbI 2.2 BeCbMa Cepb'e3HbI H Tpy,lLHOrrpOBep5IeMbI. 

OTMeTHM O)1,HO rrpocToe C'BOHCTBO, Heo6xo,lLHMOe ,U.1I5I pa3JIOLKHMOCTH 

cOBMecTHoH MO,lleJIH. OHO COCTOHT B TOM, IfTO ,Z1}I5I Bcexcp (y) E[Fxy 
H e ,nOJI)KHO 6bITb lcrrp aBe,llJIllBO p aBeHCTBO 

- {M 8x 1 (X) cP (y) - eP (Xl) fIpH> 0, 
M6x, (X)[1p (y) - c] = M 6x, (X) Ip (y) - c ~ (Xl) npH < 0, 

rAe yCJIOBHe ;::::0 H <0 OTHOCHTC5I K 3HaQeHHIO Cpe,lJ.HerO CJIeBa. Pac

cMaTpnBaeMoe ICBoflcTIBo pa3JIO)KHMbIX MOtJ,eJIetI 'BbI,BO;I.HT,C5I TOIIHO TaK 

LKe, KaK 3TO 'C,lJ,eJIaHO rrpH e == 0 npH BblBOne (2.5). OHO fLJIJIIOCTPH

pyeTC5I pac. 2.6, r):Le rrpe):LCT3BJIeH rpaepHK 3HaQeHHt'r cpe,UHero :KaK 

epyHKUHH napaMeTpa C,lJ,BHra c. B 06JIaCTH nOJIOLKHTeJIbHbIX 3HaqeHHH 

cpe,nHero, a KOHKpeTHee, rrpH e TaKHX, qTO Ivl vx1 CP (y) ~c, 3TO eCTb 

JIHHefIHa5I epYHKI.I.H5I c. TaK .IKe, KaK npH OTpHuaTeJIbHbIX, ,COOTBeTCT

ByIOmHx MYxqJ (y) <c. MeLK,lLY HHMH epyHKQII5I TepnHT H3JIOM. 

Paccy)K,lLeHHe OCTaHeTC5I BepHbIl\1, eCJIH cp (y) 3aMeHHTb Ha f (x, y). 
Tor,lJ,a bx 1 (x) [f (x, y) -c ]ecTb, no CYTH, BepTHKaJlbHbIH: ,lLeJIbTa-BbI

pe3 epYHKQHH f (x, y)-c no KOOp,lLHHaTe X= Xl, a paCCMaTpHBaeMoe 

HaMH 'CBOHCTBO Ha cpe3e - KaK JIHHerIHOCTb onepaTopa M K rrapn

MerpyC,UBHra C, IlpeJIOMJIeHHa5I COrJIaCHO puc. 2.6 npH nepece1leHHH 
OCM. 

nepBM4Hbie Cpe,ll.HHe pa3JIO)KMMbIX HHTepBaJIbHhlX MO,lI,eJIeit IlycTh 

..Jf{xy = Jf{xJf{Yx eCTb pa3JIO.lKHMaH :COBMeCTHaH MO,Zl,eJIh H nYCTb 

~x == <Ald6) , Jf{Yx == <MYx1J') 3a,llaHbI BepXHJfMH nepBH4HbIMH 3Ha4e

HH5IMH MXh(x), hEdt3; MYx,¢(x, y), 'PEW, f,lle h(x) - qaCTHble 

npU3HaKH, a ¢ (x, y) - nepBHIf:Hble npH3HaKH Ha uy llpn 3a):LaHHbIX x, 
Ha3bIBaeMble nepeXO,ILHbIMH. 

3,UeCb H3YQaeTCH CB5I3b Me)K,lJ,y rrepBHqHbIMM Cpe,lLHHMH COBMeCT

HOM MOneJIH H MOneJI5IMH-COMHO)KHTeJI5IMH. 

T e op elM a 2.3. !1HTep6aJlbHaJl ~ttoaeAb 8 Buoe npOU3BeOeHUJl 

Jftxy = <l\1x;Y'6) <MYxW) onpeOe.'2JleTCfl qeHTpupoeaflHblMU npU3HQKaMU 

.; == {h (X) - Mh, h=3i} U 

U{c+ (x) [1J' (X, y) - NIX 'P)''lJ='P, Vc+ (x)} 
o a 0 

Bee C HYJle8blMU nepBUtlHblALU cpeOflUAtU: iWg == 0, VgE~, npUtteM 

-"7~ 
v. cP 

'S'~
 
~~,
 

c:'....-0' 

~./ 
fi;'r ~ 

~r;;)--c~(.z)/ / - f 
PHC. 2.6. CBoiIcTBO pa3" 

/IO)KHNIOCTH MO,LLeJUI 

t 

6>/
 

C02AaCOBaHHblM cpeOHUJvt MYxtP == MYxtP COOT8eTCTBYfOT e02AaC08afl
000 

flble 3flatteHUfl Mg==Nig, g==c+(x),['!J-MYx,¢]. 
TIpe)I(,Ue IfeM ,Zl,OKa3aTb TeOpeMY, na,UI1M ee TOJIKOBaHHe. 0603Ha

o 0 

qHM h(x)=h(x)-l\1h, '1J(x, y)==tlJ(X, y)-MYx '¢ - UeHTpHpOBaHHble, 

T. e. rrpUBe,lJ,eHHbIe K HyJIeBbIM BepXHHM Cpe,lLHHM M};==MYx~=O, nep

BH4Hble rrpH3HaKH KaK qaCTHOi:f, TaK H rrepexOnHOM MO,lLeJIIi. OqeBlI,IT.
o 0 

HO, <MxdG> == <Mxd8), <MYxW) == <MYxW). TOf,LLa TeOpeMa yTBep)K)l.aeT, 

qTO ll.eHTpHpOBaHHbIMH (c HyJIeBbIMH Cpe,lJ.HHMH) nepBH4HbIMlI npI13
a 0 

HaKaMH npOH3BeneHlI5I oCTaHyTC5I qaCTHble h (X) Ede rrpH3HaKH, )l0
o 0 

rrOJIHeHHble COBMeCTHbIMH BH,lLa 1P (X, y) C+ (X), tpEW, paBHbIMH ~eHT-

pHpOBaHHbIM nepeXO,nHbIM rrpH3HaKaM, YMHO.lKeHHbIM Ha rrpOH3BO,,1b

Hble HeOTpHuaTeJIbHble epyHKUHH C+ (X) rrepeMeHHOH X. 

.nJUI ,LLOKaSaTeJIbCTBa BbII1HWeM o6mee BblpalKeHlle cpenHero Mf (x, y) pa3c7IO

lKlIMOI! MO,lLeJIlI qepe3 ueHTpHpOBaHHble nepBHT.JHble 3HaT.JeHH5I COMHOlliHTeJIefI, pea.:1H

3ylouLee COfJIaCHO (2.4) ,LLByxwaroBylO npoue,LLypy BhIIIHCJIeHllH: 

Mf (x, y) == M X Mf f (x, y) == 

==MXC(x)==inf{d:d+ ~ dthj(x)~C(X)}, 

rne C(x)=inf{c(x) :c(X)+2:c+j(X),¢j(X, Y)~f(x, y)}. CBO,lUI BMeCTe ,lLBa orpa

HHtIeHH5I: OJLHO Ha BbI60p d, 3 JLpyroe -- H8 BbI60p C(X), 3arnUUeM HX BMeCTe, 

TOf,LL8 OKa)l{eTCH B HalllHX PYK8X 38MeHHTb C(x) H8 C(X), CBe,lLH BhIT.JllCJIeHlle cpe;I.
o 

Hero K HaX02K,lI.eHHIO Mf(x, y) =inf{d: d+ ~d+jhj(x) ~c(x), c(x) +~c+j(x) X 
XtPj(x, Y)~f(x, y)}. B CllJIY IlPOHSBOJIbHOCTlI c(x) nepBoe OrpaHHT.JeHHe BnOJ1He 

M02KeT 6NTb saMeHeHO paBeHCTBOM, IlO,lLCTaBJIHH liS KOToporo c(x) BO BTopoe orpa
a 0 

HHQeHHe, rrOJIytIaeM d+Ld+jhj(x)+~c+j(x)tP(x,y)~f(x, y), lITO COOTBeTC'fByeT 

YTBep)K,rr,aeMbIM TeopeMofI rrpHSHaK3M, Onpe,LLeJI5IIOLUHM MO,lLeJIb. 

3 a M e If a H'H e. B TeopeMe 2.3 UeHTpHpoBaHHhle npH3HaKH 
o 

c+(x)'\jJ (x, y) ,He rrpH Bcex c+ (X) 6y,nyT 065I3aTeJIhHO COfJIaCOBaHHbI-

Mil H He Bce 06513aTeJIbHO Hy.lKHO CqHTaTb rrepB114HbIMH. HanpHMep, 

JIlo6a5I epyHKUl15I C+I (x) eCTb rrepBHqHbIll rrpH3HaK COBNfeCTHOH MO

,lI.eJIH, a epopMa b+C+I (x) + c ,UaeT XOT5I BHelllHe ,UpyroH, HO epaKTH

qeCKH TOT .IKe caMbltr npH3HaK. CKa3aHHoe OTHOCHTC5I M K 
o 0 

C+j (X) '4Jj (x, Y), b+C+j (x) 'Pi (x, y), Il03TOMY K03epepHUHeHTbI c+ (x) 
MO)KHO KaKlIM-JIH60 o6pa30M HOpMHpoBaTb, Harrpl1Mep, nOJIara5I HX 

npHHHMaIOmI1MH 3HaqeHH5I 01' 0 ):LO 1. 
113 TeopeMbI 2.3 CJIe,lLyeT, qTO 3a CqeT rrpOH3BOJIbHOCTH K03epeplI

UHeHTOrB c+ (x) KaK epyHKUJli1 nepeMeHHoH x npoH3Be,neHHe iMo;:I.eJIeI:r 

6y,neT onpe,neJIHThCH 3HaQHTeJIbHO 60JIblllHM qHCJIOM nepBHIfHwX 3Ha

qeHIIH, HMeTb 60JIbWylO pa3MepHocTb, He.lKeJIH COCTaBJI5IIOlUHe Mo,ne

JIH BMeCTe B3HThle. B 4aCTHOCTH, pa3MepHocTb npoH3Be,neHH5I 11M 
HecpaBHeHHo Bblwe pa3MepHocTeH COMHO.lKHTeJIeH If MO.lKeT, B rrpHH

UHrre, 6bITb 6eCKOHeQHoM. 
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IT pH M e p 2.10. I1YCTh P(At}, P(At), Atca;' - nBe rrepBHtIHhle BepoHTHoCT'H, 

orrpe,ll,eJIH IOliLHe .;/{x, H rrycTh-Px (B d, Px (B d, B i coy, ~ TaK)Ke nBe BepoHTHoCTH, 

3a~aIOIl1,He rrepeXoJl.HyIO 11M j)a3MepHocTH ,n:Ba vf{Yx . HeTpyJl.HO BIH)l.eTb, tITO H J(x, 
o 

H J(Yx eCTb I1PB. ITepBHtIHbIMH npH3HaKaMH g rrpOH3Be)l.eHHH vltx.;/{Yx , lLeHTpHpO-

BaHHbIMH K HyJIeBhIM CpeJl.HHM, 6YJlYT Ai (x)-P (Ad, -At (x) +P (At), 
_0 

c+(x) [Bi(Y)-Px(Bt}], c+(x)'[-Bt(y) +Px(Bd] HlJ.JI5I Ka)K)l.oro H3 HIlX Mg=O. 
Ey,n,eM CIHITaTb O~c+(x) ~ 1. KaK BH)l.HM, XOTH COMHO)KIlTeJIHMH HB.7IHIOTCH I1PB, 
IlX rrpOH3Be,ll,eHHe eCTh 11M Ha aJ XUlj C YBeJIHtIeHHhIM tIHCJIOM lI,eHTpHpoBaHHblx 

rrepBHtIHbIX rrpH3HaKOB, K KOTOphIM, B tIaCTHOCTH, OTHOC5ITCH 

MA (x) [B1 (y) - Px (B1)] == 0, MA (x) [ - B1 (y) + Px (81)] == 0 

npH JII060M C06hITHH AcaJ. l.JeM WHpe npocTpaHcTBo aJ, T. e. tIeM 60/IblIle 3JIe. 

MeHTapHbIX HCXO,ll,OB OHO CO)l.ep)KHT, TeM 60ratIe .ueJIaeTCH COCTaB Ha60pa rrepBHtI

HhIX rrpH3H3KOB, 60JIbwei1 CTaHOBHTCH pa3MepHOCTh COBMecTHof:'1 11M. N1HHHMaJIh

Hoi:'! 6y)l.eT pa3MepHocTb IIpH )l,ByX HCXO)l.aX aJ = {Xi, X2}. Tor,n,a Ai =Xl 1'1 rrepBHtI

HbIX cpe,J,HHX COBMeCTHOll 11Nl Bcero weCTb: tIeTblpe YKa3aHbI BbIIlle JlByMH paBeH

CTBaMH C IlO)l,CTaHOBKOll Ty)l,a A (x) =6x (x) II A (x) =8x (x), It JlBe IICXO,D.HhIe 

P (Xi) II j5 (XI). I1pH 3TOM Px(Bt} II Px(BI) , B 06meM, MO~YT 6bITh pa3HbIMH rrpH 

X=Xl II X=X2. ITPH B03paCTaHHH lJHCJIa 3JIeMeHTapHbIX HCXO.uOB rrpOCTpaHCTBa f!£ 
pa3MepH02Tb rrpOH3Be)l,eHHH HeOrpaHHlJeHHO yBeJIHtIHBaeTCH, HeCMOTpH Ha TO, tITO 

pa3MepHOCTH COMHOJKHTeJIei1 OCTaIOTCH paBHbIMH Jl.ByM. 

TeopeMa 2.3 ,lI,aeT OTBeT Ha Borrpoc, KaKHMH rpyrrnoBbIMH CBOt'I

CTBaMH ,nOJIlKHbI 06JIa,lI,aTh nepBHQHbIe npH3HaKH COBMeCTHOH 11M 
,nJI5I ee pa3JIOLKHMOCTH. 113 3TOH TeopeMbI BbITeKaeT. 

C JI e,U C T BiH e. Heo6xoouMblM U oOCraTOtiflblM YCAo8ueM pasAo
O/CU;HOCTU vf{xy Jl8JlJleTCfl npeocTa8uMocTb ee l{eflTpUp08aHH020 fla
60pa nep8UtiflblX npU3flaK08 8 8uOe (2.6). 

Ho Tpy,UHOCTH KaK pa3 COCT051T B npe,ncTaBJIeHHH Ha60pa rrep

BH4HbIX npH3HaKoB B BH,Ue (2.6). 04eBH,UHo, Ha60p ~ ,UOJIlKeH 6bITb 

,ll.OCTaTOQHO 60raT. O,lI,HOH H3 Heo6xo,UHMbIX rrpe,lI,nOCbIJIOK pa3JIOLKH

MOCTH 5IBJI5IeTC51 TO, liTO Hap51,lI,y C nepBiH4HbIM npH3HaKOM g Ha60py 

f9 ,UOJILKHO rrp HHa,lI,JIeLKaTb npOH3Be,UeHlle c+ (x) ,[g (X, y) -MYxg] , 
Vc+(x)~O, r,Ue rrpH P(Xl»O: MYxtg=Mg(x, y)fJ X1 (X)/P(Xl) cor
JIaCHO (2.5). 

O,UHaKo eCJIH J{xy He pa3JIOLKHMa, TO Bcer,Ua MOLKHO rrO,lJ.bICKaTb 

60JIee lIlHpOKyIO pa3JIOLKHMyIO MO,lJ.eJIb: .Jf{x.Jf{Yx = vflxY*-:::J,/f{xy. B xy,n

1l1eM CJIy4ae 3TO 6Y,lI,eT rOJIa5I COBMeCTHa51 Mo,UeJIb ;yxY, KOTopa51 Bcer

,Aa pa3JIO)KHMa: ;)'xy =;)'x!YYx ,4TO JIerKO rrpOBep51eTC51. 

TaK KaK nepece4eHHe ,UByX pa3JIOLKHMbIX MO,ll.eJIeH He 6y,neT, B 

06meM, pa3JIOLKHMOH Mo,UeJIbIO, TO HeJIb35I rOBopHTb 0 MHHHMaJIbHOH 

co,Uep)Kamet'I J{xy pa3JIOLKHMOH Mo,UeJIH. BbI60p pa3JIOLK~Hl\10rO pac

IIIHpeHH51 OKa3bIBaeTC51 HeO,lI,H03HaQHbIM. 

Boo6me, HarrpalIlHBaeTC51 BbIBO,lI" 4TO pa3 pa3JIOLKliMbIMH 51BJI51

IOTC'51 COBMeCTHbIe Mo,UeJIH 04eHh orpaHHlIeHHoro KJIaCCa, TO npOH3

Be,UeHlle He eCTb e,UHHbIH cnoco6 rrpe,ncTaBJIeHH5I, a Bcero JIH1l1b y,no6

HbIH npHeM 3a,lJ,aHH51 MO,lJ.eJIeH ,COBMeCTHbIX 51BJIeHHH, oTpaLKalomHw 

¢'H3'H4ecKyIO rrpHpo,ny nepexoj(a O,l(HOrO B ,lJ,pyroe. 
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3 a ,M e q a H iH 51. 1. CKa3aHHoe HCT)llnaeT B ,nHCCOHaHC C 06meH3

aeCTHbIMH 'CBoHcTBaMH T04HbIX pacnpe,lI,eJIeHHt'I Bep051THOCTe~I, BCer,ll.a 

pa3JIO:tKHMbIX, rrOCKOJIbKY ,lJ,JI51 HHX orrpeneJIeHbI T04HbIe YCJIOBHbIe 

(OHH LKe rrepeXO,lJ,HbIe) p acnpe,neJIeHH51 Bepo51THocTefI. TaK, ,nJI51 T04

HbIX Bepo51THocTeH P (Xi, Yi) Ha ,lJ.HCKpeTHbIX rrpOCTpaHCTBax ge H 6lJ 
yC.TlOBHOe pacnpe,ll,eJIeHlIe nO,TlyQaeTC5I no XOp0ll10 H3BeCTHOH <popMyJIe 

p x· (y j) ==~ p (Xi' Yj)IP (Xi)'
l 

B 3HaM,eHaTeJIe KOTOpOH CTOHT 4aCTHoe pacrrpe,neJIeHHe (TO me H 

,Il.H5I rrJIOTHOCTefr Bep051THOCTeH Ha HerrpepbIIBHbIX np'OCTpa'HCTBax). 

BHyTpH 3Toro '(y3Koro) KJIaCCa MO,lJ,eJIei1 rrepexo,n K YCJIOBHbIM (ano

~C'TeplIOpHbI M ) Pa crrPe,neJIe HH51 M n p OCT H yHHBepc a JIe H. 

2. OrrHCaHH5I MO,lJ.eJIeH ceMeHcTBaMH pacnpe,neJIeHHi1 Bepo51THoC

1'eHpaCll1Hp51eT B03MO}KHOCTHKaK caMHX pacnpe,neJIeHHlf, TaK II lIX 

pa3JIOLKeHHH, HO II 3,LI.eCb HMeeTC5I Gapbep B BH,ne rpoMo3,nKOCTH Ta

K'or,o Tuna 'OIlHica'HHH. B ,caMOM neJIe, IB 'OIlHCa,HH5IX 111\1 6Y,UyT 0651

3aTeJIbHO rrpHcyTcTBoBaTb <ppa3bI THna: ·«Bce Te pacnpe,UeJIeHH51 Be

p051THocTeH, ,nJI51 KOTOphIX MgE{Mg, Mg], gE~, HJIH me ,UJI51 KOTO

pbIX P (B) E[~ (B), P(B)], BEPIJ, ...», H CJIOBO «Bce» BO MHorOM 

..neJIaeT HeKOHKlpeTHbI~1, HeKOHC'TlPYKTHiBHbIMU03JIeMeHTHbIH COCTaB 

MOneJIH. B qalCTHbIX c.l1YTl-Ia51X 06JIerQeHHe J,Uo,cTHraeT,c51coIKpameHHeM 

ceMeHrCTB ,,U00603PHMbIX pa3'Me;poB, no rBi031MOLKHO:CTH TaKora yapo

meHH5I OXBaTbIBaIOT, 'B OC'HOBHOM, Y3KHH KJIaCC Mo,neJIei1 \B BH,Ue na

pa~eTpHQeOKHX ceMeHICT'B pac'upe,neJIeHHH \Bep051T'HocTeH. 

nO,LJ.IIHHeHHble npOH3Be,U,eHHSI. I1pe,nbI'uyIUHMH ,UByM51 3aMe4aHH51MH 

no,nrOTOBL71eHa rr04Ba ,LI.JI51 60JIee lIlHpOKoro HCnOJIb30BaHH51 npoH3Be

.n.eHHH 'Mo,UeJIeH B cOBoKynHocTIH C MHOLKeCTBeHHbIM HX orrHcaHHeM 

KaK 06be,nHHeHHH ceMeHCTB. IlycTb COBMeCTHa51 Mo,UeJIb 3a)I.aHa B 

cJIe,II,yIOmeM BHlI,e: 

~;1ilxy = VutleY = VJieJltg, x, 
e e 

t',ne npaBa51 qaCTb Ha3bIBaeTC5I n08ttUHeHHblM napaMeTPY 8 npou3
ee8eflueM .i1-to8eJleiL 3,necb 3aBe,nOMO ceMeHcTBo J[xye, 8Ee, BbI6H

paeTC5I II3 pa3JIO)KHMOrO E.n3cca. 

Ilo,n4HHeHHoe npoH3Be,neHHe eCTb cOKpameHHa51 3arrHCb CJIe,UyIO

rnero npe,lI.CTaBJIeHH51 Cpe,lJ,H'Hx: 

Mf(x, y)=supMeM8 xf(x, y).e t 

3 a M e q a H H e. TIpoH3Be,neHHe Mo,UeJIefI t!f{xJ[Yx , eCJIHKam,ll,a5I 

eCTb Jo6be,lI,HHeHIIe: J{~= VJ{xe, J{Yx=Vf/${Ytt ,x, MOLKer paccMaTpH
e tt 

BaTbC51KaK ;J.noHHoe o6be;I1IHeHHe ,VVJ{xeJ[Y tt x, B KOTOpOM 8 H {} 
e t} 

np06eraIOT 'CBOH 3Ha4eHH51 (B03MO)KHO, H3 O).lHOrO H T,or,o LKe MHO)Ke

~TiBa e) IHeOBH3aHHO llLpyr IC !,UpyrO:M. B '3TO'M COCTOHT O'TJIH4He 01' no)].

tIUHeHHoro npOH3rBe,neHH51, ,,nJI51 \KOTOpOro 8 =={} H, ICJIe,UOBaTeJIhHO, na

paMeTpbI e II {} COMHOLKH TeJIeH B 3HaQeHH51X CHHXpOHHbI ,npyr ,lI,pyry. 

IOl 



BBe,UeHHe rrO,UqHH5IIOmerO rrapaMeTpa 8 o6peTaeT HarJI5I,UHOCTb. 

II ,Ua:IKe eCTeCTBeHHOCTb, eCJIH OH HMeeT epH3HQecKYlo HHTeprrpeTay,HIO 

KaK rrapaMeTp :CB5I3H cpe,UHHx qaCTHOH H nepexo,UHbIX Mo,UeJIeH, KaK ~ 
napaMeTp BJIHHHH5I Ha 06a 5IBJIeHH5I ge II Clj KaKOrO-JIH60 O,UHoro 

nocTopoHHero epaKTopa, orrHCbIBaeMoro HeH3BeCTHbIM 3Ha4eHHeM tL 

HarrpHMep, rrYCTb !!C. orrHCbIBaeT KOJIHqeCTBO rreperHOSl B rrOqBe, a q;. - ypo

)KaMHOCTb, CKa.IKeM, TpaBbI. 3TH ,lJ.Ba cPaKTopa 6y,lJ.yT 3aBHceTb OT rrorO,lJ.Hblx yCJIO

BHH, HarrpHMep OT KOJIHqeCTBa Oca,lJ.KOB. 3TO KOJIHqeCTBO H MO}KeT CJIYlliHTh rro,lJ. G 

tIHHSlIOI.I.LUM rrapaMeTpOM 8. 

I136aBHThC5I OT BJIH5IHII5I rro,UqIIH5IIOmerO rrapaMeTpa lVI0)KHO, rre

pexo,U5I K 60JIee IllHpOKOH Mo,UeJIH Ha OCHOBaHHH CJIC~l,YI0mero BKJIIOoo

qeHH5I: 

VJtieJJtg, xC( VJJte)(V ~;f!i~, x). 
e e e 

TOqHO TaK :IKe paclII\HpeHHeM MO:lKHO \H36aBHTbC5I OT BJIII5IHH5I X 
B rrepexo,UHoH ,Mo,UeJIH rrpoH3Be,UeHH5I J!{xJ!{Yx , 3aMeHHB Jf{.IJ;x 06be,nH

HeHHeM rro x. K qeMY MbI TaKHM o6pa30M rrpH,Uel\tI, BH)J,HO H3 CJIe

.uYIOmero 3arOJIOBKa. 

CBo6o,II.HbIe np0I13Be,II.eHHSI. I1YCTh ge II 6lj ,UaIOT HCXO,UbI ,UByX 

pa3JIHqHbIX 5IBJIeHHH 11 Ha f!E X UJj 3a,UaHa COBMeCTHa5I v/{xy. OTHOCH

TeJIhHO Hee BBO,UHTC5I orrpe,UeJIeHHe. 

flBAeHue Ulj Ha3blBaeTCJl cB0608HblM OT f!C, eCJIH COBMeCTHa5I vf{xy' 

pa3JIaraeTC5I Ha npoH3Be,neHHe 

/f;!XY !f;fX /f;fY Mt( .. MXMYt( \ Wf--~XY== , x, YJ === x, Y), v t=.f , (2.7)·ell/v ell/v elJ/v 

B KOTOpOM rrepexo,UHa5I J{Yx=AY He 3aBHCHT OT x. TaKoe npou3Be.., 

aeHue M08eAeu Ha3blBaeTCJl cB0608HblM. 4acTHbIMH JI,JI5I .!J{XAY, oqe-

BHnHO, 6ynYT Ax HAy. , 
I1pH UJj cBo60,UHOM OT ge COBMeCTHoe cpe,UHee MXY o6JIa,UaeT ~. 

CBoHcTBaMH: 

M 1+ (x) cp+ (y) = MI+ (x) M cp+ (y);
 

M [g (x) + t+ (x) cp (y)] = M [g (x) + t+ (x) M cp (y)];
 

M [I (x) + cp (y)] == M 1(x) +'1\1 cp (y).
 

CBo6o,Ua Ulj OT ge HMeeT TOT ICMbICJI, qTO, 3Ha51 HCXOn x 5IBJIeHHlI 1\ 

Ha f!E, HHqerO HOBoro HeJIb35I CKa3aTb OTHOCHTe.TlbHO cT3THcTHqecKolf 

MOneJIH Ha HCXOnax nOCJIenYIOmero 3a HHM 5lBJleHH5I q;. TeM He Me

Hee H3 caMOH CTpyKTypbI epOPMYJIbI (2.7) CJIenyeT, LITO Ka:IK,UbIH 

ncxo,U x MO}KeT BJIH5ITb Ha npoue,Uypy BbI60pa HCXO,UOB 5IB.JleHH5I 6lj 
B paMKax AY. 4eM WHpe J/{Y, TeM 60JIblIIa5I CTeneHb TaKoro BJIH5I- . 

HH5I MO:IKeT'HMeTb MeCTO. TIPH T04HbIX Jf{Y Ha ,UHCKpeTHbIX Ulj CBO

Dona, KaK HeTpy,UHo BH,UeTb, 3KBHBaJIeHTHa He3aBHCMNIOCTH B KJIaC

CHqeCKOlVi nOHHMaHHH. 

1'aKHM o6pa3o:'vl, fiQlH5ITHe cB06oJ,bI 06peTaelcBo~I CMbIC.TI JIHWb 

)J)I5I IHeT04HbIX MOlI,eJIei1, T. e. eCJIH eCTb BbI6op, Heonpene.TreHHocTb. 
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PaCCMOTpHM, KaK 6y,UyT «3BYQaTb ¢pa3W 0 cBo6one» B paKypce 

nepBHqHbIX npH3HaKOB. 113 TeopeMbI 2.3 H ee CJIe,UCTBH5I HMeeM. 

YT B e p )K ,U e H H e 2.4. J], Aft TOZO tf.,T06bl JlBAeHUe Ha uy 6blAO C80

608fiblM OT Ee, He06x08uMO U 80CTaTOtiHOJ tlT06bL Ha60p nepBUtlHblX 

npU3HaKOB COBMeeTHOU ,,;f{xy htOZ 6blTb npuBe8efi K 8u8y 

~ =={h(x)-Mh, h=~tf}U{C+(X)['P(y)-M1P], tpE'I' ,
 

Vc+ (x) ~ O},
 
o 0 0 

Bee C HyAe8blJHU cpe8HUMU: Mg==O, gECS. Toz8a 

~ttxy = (M j) == (M X 2ft) (MY W). 
TIOH HTHe CB06o,UbI He cHMMeTpnqHo. A HMeHHO, rrpoH3Be,UeHHe 

..;/{xJf{Y eCTb He TO .IKe carvfoe, qTO ~1/{YJf{x. HanpHMep, nYCTh J{x = (NIh>, 
J{Y = (M'¢>- nBe qaCTHble MO)l,eJIH, orrpeneJIeHHble Ka:IKna7l O,UHHM 

CBOHM nepBHqHbIM cpe,UHHM Nih H M'¢. Tor,na nepBHqHbIMH rrpH3HaKa

MH cB06o,UHoro npoH3Be,UeHH5I eJ1(xJf{Y, rrpHBe,UeHHbIMH K Hy.TIeBbIM Bepx-

HUM icpe~HHM, i6y,UyT 

~ 1 == {h (x) - Mh} U{c+ (x) [1{J (y) - Mtp], Vc+ (x) > O}, 
a nepeBepHyToro rrpOH3Be,ll.eHH7I AYJf{x - 6ynYT Y:IKe .upyrHe rrpH3

HaKM 

; 2 == {d+ (y) [h (x) - MhJ, Vd+ (y) ~ O} U{'\jJ (y) - M'l'}. 
DepBa5I Mo.ueJIb cooTBeTcTByeT cB06o,ll.e uy OT Ee, a BTOpa5I - W 
or Ulj. Pa3HHuy Me:IK,Uy HHMH n07ICHHM npHMepoM. 

TI p H M ep 2.11. ITYCTh ge = {Xl, X2}, Olj = {Yl, Yz}, rrpH 3TOM J{x onpe,lJ.eJISleTCH 

nepBI1QHOll Bep051THOCTbIO J5 (xt), a iRa Ulj 11Nl rO.na.H vf{Y=;]Y. TOf,lJ.a )J.JISI rrpoH3Be

.neHH51 v1ty:!Yy, OTHOCUTellbHO KOToporo UljcBo60JI,eH OT ge, rrepBHQHbIM rrpU31IaK 6y

.neT Bcero D~HH 0Xl(X) U )l,~51 KOHKpeTHoro npOH3Be,lJ.eHH51 rrpH3HaKOB HMeeM 

M X MY [8 (x) - a] 8y (y) == max [8 x (x) - a] By (y) == 1 - a. x 1 1 x, Y 1 1 

TIPH BblqHCJIeHHHX 3,lJ.eCb, K3K BllAHO, rrepBUQHaSl BepO.HTHOCTh P (xt) He ytIaCTBO

BaJIa. ,U.nSl npOH3Be,lJ.eHUH !YYJ!{X c nepeCTaB.neHHhIMH COMHOlKHTeJI.HMH YiKe flJ 

6y,J,eT cBo6o,UeH OT 6lJ, a nepBH'LIHbIMH 6y)];yT [d 1 +Bu1 (y) + dz{)u 2 (y) ] [ox 1 (x) -15 (xI)]. 
Il03TOMY MYMX[Ox (x)-P(x 1 )]Oy (Y) =l\1YO (y)Mx[Ox (X)-J5(Xl)] =0. 3IO OTJIU" 

1 j Yl 1 

QaeTC51 OT rrpe;I..bI,UYIlLero rrpII a = j5 ('\; 1) . 

TaKHM 06pa30iYl, cB060,Ua 6lj OT aJ He TO:IK)l,eCTBeHHa cBo60,Ue 

Be OT uy. XOT51 Y cB060,UHbIX npOH3Be)].eHHH 060HX BE,UOB o,UHHaKo

BbIMH 6y,nyT cpejI,HHe Ha rrpH3HaKax BH,Ua f+ (x) cp+ (y) : 
M X MY t+ (x) cp+ (y) = MY M X f+ (x) cp.+ (y), 

HO, B o6meM, OHH 6ynyT pa3HbIMH Ha COBMeCTHblX rrpH3HaKax f (x, y). 
EC.TIII 3KcnepHMeHT uy CB5133Tb C nOBe.ueHHeM 4eJIOBeKa, TO BKJIa

lLbIBaeMbIH B CJIOBO «cB060.rr.a» (j)t.j '«:lKHTeHCKHH» Cl\tIbIC.Tl non06eH eppa

33M: «K3K X04eT, TaK II nocTynaeT», «q1'O BO.TleH, TO 

31'0 BHJLHO 1I3 CJIe,Uylomero rrpHl\t!epa. 

11 p H M e p 2.12. PaccMoTpUM TaKyIO peaJIbHyIO cHTyauHIO. 

MOHeTa nO,IT.6paCbIBaeTcH TaK, qTO BepoHTHoCTb Hcxo,rra paBHa 

II ,UeJIaeT», KaK 

nYCTh nepBbIH pa3 

1/2, 06pa3y51 3Kcne
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pllM-€HT f1J C ,lJ.ByMH HCXO,lJ.aMli. ,Upyroii pa3 MOHeTa He nO,lJ.6paCbIBaeTCH, a nOKa

3bIBaeTCH TaK lIJIll lIHatIe HeKOTopbIM JIIIUOM. TIoKa3 npOII3Bo,nllTCH OCMbICJIeHHbIM 

06pa30M, n03TOMY BepOHTHOCTb rep6a MOllieT 6bITb JII06011 OT 0 ,lJ.0 1, B pe3y.:lb

TaTe J(Y=:J'Y. ,HCHO, tITO 3KcneplIMeHT uy cB060,neH OT [8', TaK tITO MOlliHO sanR

caTb ../{xy=.;/{x;JY. TeM He MeHee CBO 60,lJ. a 3,neCb He 03HatIaeT He3aBllClIMOCTU: 

pellleHne OTHOClITeJIbHO Toro, KaKyIO MOHeTy nOKa3aTb, MO)l{eT C03peTb Ha OCHO

BaHHII pe3YJIbTaTa no,n6paCbIBaHH5I. CBo6o,lJ.a JIHlIlb 03HatIaeT, tITO 0 HaMepeHII5IX 

JIIIl.l.a, nOKa3bIBalomero MOHeTy, HlitIerO He II3BeCTHO: OHII MoryT 6bITb JII06bIMIL 

ECJIII nOMeH5ITb B 3TOM npIIMepe nOCJIe,UoB3Te.rIbHOCTb ,nelfCTBH(I: CHatIaJIa npOH3

BO,lJ.HTb 3KcnepHMeHT oy (nOKa3 MOHeTbI), a 3aTeM a; (CJIyqallHOe I10JI,6paCbIBaHHe), 

TO	 nOJIyqHM COBepweHHO ,Upyroe npOiII3Be,J,eHHe !YYJtx, OTHOCHTeJIbHO KOToporo ZC 
He	 TOJIhKO 'cBo60,ll.eH OT (J}j, HO II 60JIee Toro, He 3aBHCHT OT uy B TO:\1 CMbICJle~ 

KOTOpbIH 6y,UeT jl,aH B c.rre,UYlOmeM naparpa¢e. 

JII060H COBMeCTHOI1 MO,lle.nH, pa3JIO)KHMOfI Ha npOM3BeJLeHHe 

tlftxJf{Yx , BCer,ILa MO:lKHO nO,ILhICKaTh 1'IHHHMaJIhHYIO 60oi1ee IllHpOKylO 

Jf{xy*, IOTHOCHTeJIhHO EOTOiPOI~I uy 6hLJl 6bI ,cBo6o,rr,eH OT PE. nJl51 3Toro 

HanOB351Th 06beJl!H:HeHHe nepeXOj;J.'HhIX 111\Ji Jf{u,;: = V Jf{7J x H "o6pa30

't/x 
BaTh IIIpOH3BeJI.eHHe Jf{XV* =uftXuf{Y~I:. HaKoHeu, ,nJl51 rOJIot't COBMeCTHOH 

MO,ILeJnl IHMeeT MeCTO paBeHcTBo :!XY=:!x:J'Y = :)'Y:!x, TaK qTO uy Bcer.. 

,na	 6yneT cBo6o,ILeH OT f)J III Hao6opOT. 

~OnOJIHeHlul. 

1. TeopeMa. ECAll P(x»O, VXE£e, TO a.,1JI paSAO:JICeH1UI COBjHeCTHOU tI!fXY' 

fla npou38eaeflue J(x..,f{Yx He06xoau.Mo U aOCTaTOtl/iO BblnO.llfleHUJl TOaJICeCTBa 

MMxl(X, y)==MI(x, y), VjEJ7 xy, 

zoe	 ~ eCTb YCAOBHble cpeoflue npu 3aoaHHblx XE[8. 

'uoKallieM 3TO. 'uocTaTOqHOCTh OqeBH,nHa II3 paBeHcTBa (2.4). )],.n5I ,UOKa3aTe.;lb-

Cl'Ba Heo6xo,UIIMOCTII Tpe6yeTC5I ,UOKa3a Tb, qTO YCJIOBHbIe cpe,J,HI1e NIx COBna,UaJOT 

C nepeXo)I.HbIMII X::i'Yx , onpe)I.eJIeHHbIMII <popMy.TIoli (2.5), T. e. Tpe6yeTC5I ,l1.0Ka3aTb 

paBeHcTBo 

Mp(Xd 0X cp A10 X1 cp 
max 1 =---- (*)

E.. (xd~P(xt>~P(xt> P (xl) P (Xl) 

f.ue j5 (xt) >0 II A18x <p ~ O. B JIeBOM qaCTlI CTOHT yC.TIOBHOe cpe,UHee Mxcp, pacnll 

caHHoe no ¢opMyJIe \1.15), II Mp(x ) eCTb cpe,UHee no CetIeHHlO J(xYI\(P(Xl».
1 

COfJIaOHO ¢opMYJIe (1.9) paBHoe 

Mp(X) 8x cp==min{M[cp(y)-c]ox (x)+cP(xl )}.	 (** )
1	 1 C 1 

Ha OCHOBaHIIII· ,3aI1IICH (2.4) 'II CBrQMCTB cpe,UHHx I1epexo,UHoii 11M HMeeT MeCTGr. 

paBeHcTBo 

A1 [ep (y) - c] 8 (x) == M X Mf [ep (y) - c] 0X (x) == 
X1 1 

Y== Ii (Xl) i\J1 [ep (y) - c] == P(x1) M if: ep (y) - cP (Xl) == x 1	 1 

= M 8 (X) ep (y) - c P (Xl)'	 (***)Xl 

npH c~M8X1 (x)cp(y)/P(Xl)' 
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r,ne nOCJIe,UHee HepaBeHcTBo rapaHTHpyeT M[cp(y)-c]6 x (x) ~O, MYx[cp(y)-c] ~O. 
DO)1CTaHoBKa paBeHcTBa 1(***) B (**) AaeT 

M	 (xt>6 , (x) <p (y) = _ min _ [M 6X1 <p - CP (Xl) +- cP (Xl)] = p x

c~l\.f6X1 qJ/P (xt>
 

= lVl 8 cp [P (Xl)!].)(Xl)] . 
X1 

OrClO,Ua OtIeBH)I.HO CTaHOBIITCR (*), tITO H Tpe6oBaJIOcb. 

2. ,U 0 K a 3 aTe JI h C T BOT e 0 p e M bI 2.2. Heo6xo,:I.HMOCTb cJle)I.yeT 1I3 ¢op-

MYJIbI (2.5), KOTOpa5I He H3MeHIITC5I, ec.HH 3aMeHUTb B HeM cp (y) Ha f (x, y). ,UJl5I 

,nOKa3aTeJlbCTBa )I.OCTaTOqHOCTII Hy.lKHO cPopMaJlbHO OnpeAeJIHTb nepexo,UHble cpe,lI. 

HHe llJI5I f+ (x, y) no YKa3aHH01I nepeA TeopeMOH MO,lJ,HcPIIKaUHH cPOpMyJIbI (2.5) Ii 

npo,J,OJDKMTb no CBOIICTBY nepeHoca Ha Bee OrpaHHQeHHbIe cPyHKUHH H AaJIee yCTpeM

JIeHlleM ypoBHeii yceqeHUII K 6eCKOHetIHOCTH - Ha HeOrpaHHqeHHbIe H3 g-xy. TIoc

JIe,UH5I5I tIaCTb TeopeMhI 2.2 0 COBna,UeHHII nepexoAHoii MOAeJIII c yCJIOBHOli BbITe-

KaeT H3 TeopeMhI ,UoIlOJIHeHHH 1.	 \j
3. KaK 3TO BH,UHO II3 pHC. 2.6, npH P_ (xt} >0 rpaHHubI nepexo,UHoli MYx 

1 cp (y) 

flBJI5I!OTCR peWeHH5IMH OTHOeHTe.rIbHO In ypaBHeHH5I 

1\1 [cp (y) - m] <5 Xl (x) == 0 . 

Ec.nn LKe 15 (xd >0, HO He HCKJIlOqaeTCH ~(xt) = 0, TorAa 

M~1 ep (y) == inf {c: M [ev (y) - c] 0X (x) ~ O}.
1 

HaKOHeu, ytI:HTbIBa5I, qTO Ai [(p (y) -c] 8x 1 (X)B 06.naCTH nO.J10.lKHTeJIbHbIX ee 3Haqe

HHII eCTb np5IM35I 110 C, H3XO;I,HM i\1YX 1 <p 'K3'K nepeCeqeHHe 31'011 np5IMOll (011pe,ne

JI5IeMOlI ee 3HaqeH:II5IMM npH .:1106bIX AByx Cl H C2) C OCblO, TaK tITO ,UJI5I V C2 > Cl 

_ cl+M(ep-c2)Ox -c2 M(cp- CI)Ox 
iv.1 Y	 <p = 1	 1 • 

Xl M (cp - c2 ) <5 - M (cp - c1) 0X 
1X1 

4. ITPII j5 (x) > 0, V X, ,UJI5I pa3.JI02KeHHH cOBMecTHoH Mo,UeJIIl Ha npoH3Be)I.eHHe 

Heo6xo;:I.IIMbIM HBJI5IerC5I BbI110JIHeHIIe cJle,UYlOmero T02K)1.eCTBa:
~ 

MI (~ y) °X t (x) .J c+ (x) == 0, Vc+ (x).M[f(X, y)
P (Xl) 

B caMOM ,lI.e.ne, HcnO.JIb3Y5I epOpMyJIy, I1pe,UIlleCTBYIOmYID TeopeMe 2.2, IIMeeM 

:W [I - M 1<5x l P(x)] c+ (x) == A1 x M~ (f - .M~ t) c+ (x) == 

= A1x c+ (x) [M~/- M~ f] ==0.\ 

2.5.	 HE3ABMCMMOCTb 

Onpe.n-eJIeHHe He3aBHCHMOCTH. He3aBHCHMOCTb - .3TO OTCYTcTBl1e 

KaK H He3HaHHeB3aHMHhIX CB513eH l1CXO,UOB pa3HhIX 5lBJIeHH~I, OTpa

LKeHHoe B OrrpeneJIeHHhIX CBOHCTBaX COBMeCTHbIX Mo,neJIeH. MhI na
1 

AHM epopMa.TlhHoe orrpe,neJIeHHe He3aBHCHMOCTH KaK CBOHCTB cpe,nH11X, 

a o6cy:tK,II,aTh era a,II,eKBaTHOCTh HaIllHM rrpeJI.CTaBJIeHH51M 6YAeM B 

rrpou.ecce H3JIO:tKeHH51. 3aM'eqaTe.nbHO TO, qTO BBO',ILHMoe HaMH no
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I 

I 

: u u 1)
IH5ITHe He33BHCHMOCTH ,neHcTByeT H ,l1)I5I HeYCTOHqHBbIX B CT3THCTH
:qeCKOM CMhICJIe 5IBJIeHHH. 

I 1l.8a fl8AeHUfl~ OOHO c ucxooaMU ge U opY20e - 6?J Ha3bl8a1OTCJl
 

:HesaSUCUMblMU (11JI11 COKpameHHO, f)J 11 iJJj - He3aB11CHMhI), eCJIII
 

IHHTepB3JIbHOe Cpe,lI.Hee npOH3Be,lI.eHHH qaCTHblX (p33,1J.eJIeHHbIX no ne


:peMeHHbIM) np113HaKOB paBHO rrpOH3Be.n.eHH5IM IIHTepBaJIbHbIX cpe.n.


:HHX, T. e. BepHa ep 0 P M Y JI 3 11 H T e p B a JI h H 0 H M Y JI b T II II JI E

lK a T H B HOC T H C P e JI. H H x:
 
I 

: Mf (x) <p (y) = Mf (x) M <p (Y), Vt (x), cP (Y)EjXY. (2.8) 
:3.n.eCb rrpOII3Be.n.eHHe Cpe.n.HHX crrpaBa paCKpbIBaeTC5I COfJIaCHO rrpa


IBHJI3M HHTepBaJIbHOH apH4JM'eTHKH (§ 2.2), 3 HMeHHO:
 
I 

: MfMcp =max{MfMcp, MfMcp, MfMcp, MfMcp}- (2.9)
I - _ __ 

1- 3TO MaKCHMaJIhHOe qaCJIO, KOTopoe MO)KeT 6hITb ,nOJIyqeHO yMHO


:)KeHHeM q11CeJI .n.Byx HHTepBaJIOB Mf, Mf 11 Mcp, Mcp, rrpUqeM .n.orryc

:KaIOTC5I 6eCKOHeQHble3HaqeH1151 (eCJIH f rrpHHa.n.JIe)KHT, a =--/ He rrpH


:H3,lLJIe)KHT 06JI3CTll cymecTBOB3HI15I fTxy). AHaJIOr11qHO HI1MHee cpe,lL


IHee Mt (x)<fJ) (y) 6Y,1J.eT p3BHO M'HHHMY'MY B npaBOH qaCTH (2.9), 0603


:HaqaeMOMY MfMcp.
 

: TIp'H HeKOTopbIX rrOJIO)KeHH5IX HHTepBaJIOB Ha QHCJIOBOH OCII rrpo

:H3Be,lLeHH5I CpeJI.HHx ynp o rn3IOTC5I (apryMeHThI ,1J.JI5I KpaTKocTH onyc

K3IOTC5I HHHMe ,BClOJI.Y f - IIpH3HaK Ha f!8, cp - H3 Ulj):
 

Mf>O, M<p>O =>-MfMcp==MfMcp,
- ~----

Mf>o, M cp> O=>-MfMcp=== MfMcp, 

Mf>O, Mcp ~ °=>- Mt Mcp === MtMq>, 
~ 

Mf>O, M<p~O=>-MtMq>== JTIfMcp. t-

ITaK, JI.JI5I HeoTpHuaTeJIhHhIX epyHKUHH f+ H <p+ BcerjI,a HlVIeeT MeCTO
 

I C3MbII1 nepBbII1 CJIylJaH H Mf+l~L+ = Mf+Mcp+, Mf+cp+ = Mf+jucp+. B 43CT
I _-'-_~ 

IHOCTH, ,lJ,JI5I C06bITHH AcW, Bc6lj, nO,lLCT3B.J15I5I HX HH,lIJII<:aTopHbIe 

:<PYHKIJ,HH A(x), B(y) B (2.9), rrOJIyQaeM P(A, B)=P(A)P(B), 
:P(A, B) ===J5(A)J5(B). - - 
I TIo.n.QepKHeM, QTO caMH rro ce6e 3TH rrporropumI Me)K.n.y Bep05lT- ll, 
I 

IHOCT5IMH He MoryT CJIyMHTb orrpe):(e.neHHeM He3aBHCHMOCTH (l~pOMe 
:CJIyqa5I TOqHbIX BepOHT'HOCTeH Ha ,LLHCKpeTHbIX npOCTp3HCTB3X), TaK 

IKaK C06bITH5I - 3TO Bcero .nHWb Y3KHI1 rrO,llK.nacc H3 orpOMHoro pa3

:Hoo6pa3H5I npH3HaKOB. A He33BHCHMOCTb - eMKoe nOH5ITHe, OXBaTbI-
IBaIOmee Bce BMeCTe IIpH3H3KH. 

: ECJIII :yxy - fOJIaHCOBMeCTHaH 11M Ha f)J X iJJj, TO .n.JIH Bcex 

II IIipH3HaKOB: Mf === inf f, Ai[ === sup f, H 3AeCb HeTpY,llH10 y6e;U1TbCH B fJIe:"_ 

:.nYIOmeM : 

: Mfcp=inffcp=MfMcp, Mfcp=supfcp=MfMcp, 
I 
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rAe HHep11MYM 11 cynpeMYM 6epyTC5I no nepeMeHHbIM x 11 y. T3KHM 

'06pa30M, eCAU HUKaKUX CTaTUCTuttecKUX oaHHblx 06 ucxooax W u 

6lj HeT~ TO fl8JleHUJl HesaBUCUMbl. Ha rrepBbIH B3fJI5I,n HeCKOJIhKO 

CTP3HHbIH, IHOCOBepweHHO eCTeCTBeHHbIH, EaK BbIHCHHTC5I n3.nhl11~, 

13bIBO)l" BbITeKalOmHll 113 o6mero npaBHJIa: qeM MeHbwe MbI 3HaeM 

·0 5IB.neHHH, qeM 6o.nee p a3MhITbIMH 5IBJI5IIOTCH cpe,nHHe, TeM MeHbllle 

ueHHOCTH HeceT B ce6e nOHH~He He3aBHCHMOCTH. 

ECJI11 Mf 11 Mcp HBJI5IIOTCH TOQHbIMI1, TO HHTepBaJIbI cpe,UHHX npeB

pamaIOTC5I B TOqKH, a HHTepB3JIbHOe rrpOH3Be,lleHHe (2.8) B 06bIQHoe: 

Mfcp,==MfMcp. 
CBoHcTBa He3aBI1CHMOCTH. BbIBCneM CBoHcTBa, n03BOJI5IlOmHe 

pa3Hblx CTOpOH B3fJI5IHYTb H3 rrOHHTHe He33BHCHMOCTH. 

C B 0 HC T BOp 3 B H 0 II P a B Ii H. f/BAeHUJl W u Ulj pa8Honpa8Hbl 

,no OTliOUleHU10 K fle3aBUCUJvtOCTU: eCAU ge He 3a8UCUT OT 6Jj, TO U 

Olj fie 6yoeT 3a8uceTb OT a;. 
C B 0 HC T B 0 M Y JI h T H IT JI II KaT If B HOC T II Hac e q e H H 5I X. 

ECAU W U uy He3a8uCUJvtbl} TO OAfl Mt, JV1cp-CetteHUJl JtJ!rM<p COBMeCT

ROll MOaeAU tJf{xy cpeOHee npOU38eoeHUfl fcp tiaCTHblX npusHaK08 fiB

AfleTCfl TOlifiblht U pa8HfleTCfi npOU36eoefiUfO cpeofiUx: 

iW}Jft Mcp f cp === MfMq>. 
B caMOM ,rr.eJIe, corJIaCHO epopMyJIe (1.10) ,rr.JI5I CeqeHHM HMeeM 

~Mf,Mcpfcp= m}n [M(fcp- Clf-c2 CP)+ct Mf+c 2 Mcp]. 
C1t .C2 

neperpyrrnHpyeM Bblpa2KeHHe B KBa,rr.paTHblx cKo6Kax, 3anHcaB ero 

riVl (f - C1 ) (q> - c2 ) - (Ail - C1) (M cp - c2 ) + MfMcp] == 
== [M (f - C1) M (cp - C2 ) - (Mf - C1) (Mcp - c2 )] + MI Mcp, 

r,LI.e HCnOJIb30BaHO (2.8) H ooma51 qepTa PU0KpbIBaeTcH CorJIaCHO (2.9). HeTpY,lI.HO 

Tenepb y6enHTbcH, qTO MHHHMyM KBa,lI.paTHbIX CKOOOK nOCJIe,LI.Hero Bblpa2KeHIUI no 

oC1, Cz paBeH O. 

CMhICJI ,nOKa3aHHoro CBOHcTBa B TOM, qTO eCJIH 6bI MbI B.rr.pyr 

Y3H3.rIH TOlJHO Cpe,LLHHe Mt, Mcp II ,lJ,06aBH.nll 6bI HX IB Mo,neJIh Jf[xy He

3aBHCHMbIX W H Olj, TO rrOJIYQHJIll 6bI npHBblq'HOe CBOHCTBO He3aBH

CHl\1bIX 5IBJIeHHH: cpe,UHee npOH3Be,neHlIH fcp p aBHO rrpOH3Be,neHHIO 

iCpe,LLHHX. 

C B 0 H C T B 0 H e 11 3 M e H HOC T II Y C JI 0 B H bI X M 0 ,n e JI e H. 
JJA.q He3a8UCUJvtblX ge U uy YCA08Hafl JvtOOeAb Jf{Y A Ha Ulj npu YCJlO

BUll, tlTO CAytiUAOCb Co6blTue AcW, He saBUCUT OT A U pa8Ha ttaCT
flOU: 

"-H~~JfilY, V'Ac~. 

3,lLecb Jf{Y A - Q3CTH3R K yCJIOBHOI1 COBMeCTHOH Mo,neJI11 vf{xyA. 

B caMOM .ne.ne, TaK )Ke KaK .nJIH rrpenbI,LI.ymero CBOMCTBa (nOJIaraH C2 =0) 
.nOKa3bIBaeTCH nJUl P (A) =MA (x) -CeqeHHH COBMeCTHOH 

Mp(A_)A(x)(p(y) =P(A)A1cp(y) H JlaJIee HylKHO npHMeHHTb 

yCJIOBHoro Cpe,lI.Hero, yoelK,lI,aHcb B MACP (y) =Mcp (y). 

Mo.neJIH 

epOpMyJIy 

paBeHCTBO 

(1.15) ,lI.JUI 
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TaKHM 06pa30M, eCJIH flJ H Ulj He3aBHOHMbI, TO KaKHe 6bI Ha6

JIIO,lI.eHlI51 HH BeJIHCb 3a flJ (B BHJI.e CBeplllHBWIIXC5I KOHKpeTHbIX X IIJIR 

HeqeTKIfX IC06bITHH) 0 QaCTHOI1: MOne.TIH Ha Ulj, BCe palBHO 'HlIqerO HO

Bora He 6Y,lleT H3BeCTHO. AHaJIOrH4HO 6y,UeT, eC.IIH npOCTpaHCTBa 2e 
H Ulj rrepeCTaBHTb MeCTaMH (B CH.ny CBOI1:CTBa paBHOrrpaBH5I). 

3 a M e q a H H e. CaMo rro ce6e CBOlfCTBO 

Mo,UeJIet'I Jf{Y A (KaK }IX 0)J)1HaKOBOCTb no 

,1l.JI5I CJIyqa5I, Kor,na 6lj cB06oJI.eH aT fe, T. 

HeJIb3H rrOJIO)KHTh 3TD CBOHCTBO B OCHOBy 

JIeHH5I He3aBHCliMOCTH. 

HeH3MeHHOCTH YCJIOBHbIX 

i4 em) BblnOJIH5IeTC5I H 

e. Jf[xy ==t/j(xJf{Y, n03TOMY 

3KBHB3JIeHTHOro onpe,ne

CJIeJI.YIOllI.HM 5IBJI5IeTC5I C B 0 11: C T Boa ,l ,.l H T H B HOC Till. Cpeo
flee CYMMbl pasoeAeHHblX no nepeMeHHblJvL tlacTHblX npU3HaK08 paBHO 
cyJvlMe cpeoHUX: M [f (x) +cp (y) ]:==Mt (x) +Mcp (y). 

B caMOM ,lI.eJIe, TaK KaK npH6aBJIeHHe nOCT05IHHhIX paBeHCTBa 

CtIHTaH Mf>O, _~cp >0 H IICrrOJIb3Y5I ,UBaM)J,bI (2.8), nOJIyqaeM 

He MeH5Ier, TO", 

M t M <p + M f + M cp + 1 == M (f + 1) (tp + 1) == 
== M (ffP+I+cp+l) ~M fcp+ M (/+ cp) + 1 == M f Mcp+ M (f + cp) -1- 1, 

OTKy,lI.a Mf+Mcp::::;;;M(f+cp) , a TaK KaK o6paTHoe HepaBeHcTBo eCTb CBO}ICTBO cpe;:r.

HHX, TO 3TO JJ.OKa3bIBaeT paBeHCTBO. 

XapaKTepH3aIJ,HOHHbIM ,nJI51 He33BHCHMOCTII, KaK BbIHCHHTCH H3, 

,ll.aJIbHeHlliero, HBJIHeTC5I C B 0 HC T BOB 3 a H MHO H H e K 0 B a p II
H P a BaH 'H 0 C T H q aCT H bI X n p If 3 H a K 0 B: eCAU ge U UJj He3a
8UCUMblJ TO flYAe8blMU Bce2iJa 6yiJyT BepXHue cpeOHue cAe8yf()ui.u.x:: 
npous8eoeHUU ttacTHblX npU3HaK08 t (X), cP (y) EfTxy: 

M (f - Mf) (cp - iWcp) == M (t - Mf) (cp - Mcp) =::: 

= M (Mf  t) (cp - Mcp) == M (Mf  f) (cp - Mcp) == 0, Vt, cpo (2.10)-

PaBeHCTBa (2.10) npOBep5IIOTC5I HenOcpeJI.CTB€HHbIM HCnOJIb30BaHHeM \2.8). 4 ' 

HanpHMep, 

M (I - Mf) ((p- At <p):::::: M (f - Mt) M (cp- Mep) == 
== max {(Mt - Mf) (M <p - M cp), (Mf  l'v1f) (1W <p - iVl ({)), 

(Mf-MI) (Mcp-MqJ), (Mf- Mf) (Mtp- Mcp)} :;::::0. 

3 a lVI e q a H 'H e. B JIeBbIX qaCTHX p aBeHCTB (2.10) yqaCTBYlOT 

npoH3Be;QeHH51 B H3BeCTHOM CMbICJIe ~eHTpHpoBaHHblx npH3HJI\OB., 

Cpe,lJ.HHe 3THX npOH3Be,LLeHHI1 Ha3bIBaIOTC5I K08apua4u5lMU t H (p. VIx 
qeTblpe, 'no3ToMy (2.10) eCTb 0606meHHe H3BeCTHoro ,UJI5I TOtIHbIX 

cpe,nHHx CBoHcTBa paBeHcTBa HyJIlO KOBapnaIlJIH He3aBHCHMbIX CJIy

qaHHbIX BeJIHLIlIH: M (f-iV1t) (cp-Mcp) ==0. 
He3aBHcHMoe npOH3BeAeHHe. B TO)K,neCTBe (2.8), COCTaBJIHIDilleM 

cBoHcTBD He3aBHCHMOCTH, cnpaBa CTOHT npoH3BeneHHe cpe,UHHx, orr

pe,lI.e.J151eMbIX no 4aCTHbIM MO,lI.eJIHM J{X H Jf{Y. O,UH3KO 3TO OTHlO,llb, 

He 03HaQaeT, LITO qaCTHble MOAeJIH Jf{x H Jlty rrOJIHOCTblO ,lI,O.TI)KHbl 

orrpe,lI,eJIHTb COBMecTHyIO J{xy. HeT, OHM 06H33'HbI COrJIaCHO (2.8) 

~ 
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onpe,neJI5ITh TOJIbKO 4aCTb ee icpe,nHHx, a HMeHHO, Ha npoH3Be;J,eHH5IX 

pa3,lleJIeHHbIX no nepeMeHHbIM npH3HaKoB. HHqTO 'fIpH 3TOM He Me

rnaeT eru.e 3HaTb cpenHHe i\1g (x, y) Ha Hepa3AeJIHeMbIX npH3H3K3X 

60JIee TOqHO, qeM 3TO MO)KHO 6bI.TIO '6bI CneJIaTb np0,llOJI}KeHHeM Pa3

j('eJIeHHbIx. 
TeKYLUHH pa3AeJI nOCBHllI,aeTC5I TOMy CJIyqalO, KOr,lla COBMeCTH351 

MOne.TIb Jf{xy 0,UH03Ha4HO onpeneJI5IeTC5I qaCTHbIMH Mo,UeJIHMH He3a

BIICHMbIX fie H Ulj, qTO naCT Han60JIee 'W!HPOKylO COBMecTHylO, MO)leJlb 

He38BHCHMbIX flJ H Ulj npH epHKCHpOBaHHbIX qaCTHbIX. Ee :v10)KHO IIH

repnpeTHpOBaTb KaK OTCyTcTBl1e KaKHX-JIH60 «nOCTopOHHHX» B3aHM

HbIX !Cpe):LHHX: HCCJIenYIOTC5I OT,lleJIbHO ge, Ulj, H rrpH yCJlOBHB, qTO OHR 

He3aBHCHMbI, CTaBHTC5I Bonpoc, KaKa5I COBMeCTHa5I M0JI.eJIb nOJIytIHT

C5I? OnpeneJIHM ee. 
COBMeCTHa51 MO,IleJIb J{xy, nepBHqHbIMH nJIH KOTOpOH 5IBJI5IlOTC5I 

cpe,lI.HHe (2.8) BCe B03 M O)KHbI X n p 0 H 3Bene HHH q aCTHbI X ( Pa 3,Ue JIeHHbI X 

no nepeMeHHbIM) npH3HaKOB, Ha3bIBaeTC51 fle3aBucUhtbLJvt npou38eiJe
HUeAt J!{x H Jf{Y, 'H 0603HaQaeTC51 

Jfit xy == JJi x X J1;t y, 

MXYg(x, y)=(M x XA1 Y)g(x, y), g(x, y)e!fXY. 

I1YCTb 4aCTHble Mo,UeJIII 3anaHbI CBOHMH nepBHqHbIMHcpe,UHHMH: 

vf(x= (JV!Xde) , J{Y= (MVW), cue dG - Ha60p 4aCTHbIX npH3HaKOB 

h (x) Ha flJ, 3 W - npH3H3KOB ¢ (y) Ha UJj. TIpouenypa BbI4HCJleHH5I 

COB1tleCTHbIX cpe,lI,HHX Mg" AJIH He33BIICHMoro npOH3Be,lleHH5I (MX~) X 
X (A1 Y1f)pa36HBaeTc51 Ha TpH 3T3na. IlepBbltI - 3TO npOAOJIJKeHHe 

nepBHQHbIX cpeJI,HI1X Ha Bee qaCTHble npH3HaKH, Ma}KOpHpyeMbIe IKO

HetIHbIMH JIHHefIHhIMH KOM6HHaUH51MH nepBHqHbIX, LITO AaeT MXf (x), 
f(X)EP+~, H MlJcp(y), cp(y) EP+W. BTOpOH - 3TO BblqHCJIeHHe 

no epOipMyJle (2.8) cpe;LHHx Mtcp HX IIIpOH3Be)J,eHHH C YlleToM epop
MyJIbI 06p3IUeHH5I 1\1xf== --Mx (-f) (eCJIH -ffjEP+:/6, TO CqHTaeTC51 

MXf=-oo). Cpe;:r.HHe IWfcp 6yJI,yT KOHe4HbIMH IIpH ±fEP+:JG H 

±CPEP+'¥. HaKOHeu, TpeTHfI war - 3TO no Ha60py It3 Bcex Mfcp, 
nepBHqHoMy AJI51 COBMeCTHOH MOneJIH, BblqHCJIeHHe Mg (x, y) Y~Ke 
,U.TI 51 .II 10 6bI X go II 0 cP 0 P1tI YJIe 

Mg(x, y) == inf [c L:ctMfiMcpz]. 
c+Lcif i(x)Q)i(y));g(x, y) 

BbITeK31OULHI1: 113 yKa3aHHotI MHorOlllarOBOH npoue,UypbI BbIBO).l. 

COCTOItT B TOM, 4TO pa3lVlepHOCTb :Mo,UeJIH, T. e. MHHHMaJ1bHOe qHC.TIO 

onpeJI,eJIHIOIUHX ee nepBHLIHbIX IIpH3HaKOB, AJI5I He3aBlICHMoro npOII3

BeneHH5I Ax X AY orrp en eJI 5!eTC5I He CTOJIbKO COMHO}KHTeJIlIMH, CKOJlb

KO pa3~1ep aMB - rrpOCTpaHCTB ge H UJj. ECJIH qHCJIO 3JIeMeHTOB 3THX 

npocTpaHcTB 6eCKOHe4HO, TO He3aBHCHMO aT pa3MepHOCTelI Jlt x 
H Jf{Y 

pa3MepHOCTb HX He3aBHCHMoro npOH3Be,neHH5I 6y,neT, B o6meM, 6ec

KOHe4HOI1: (3a HeKOTOpbIlYl :ncKLTI104eHHeM, HanpH}Jep, :!xX:JY 
). 

n p H M e p 2.13. ITyCTb Aca? II BcUll eCTb iLEa C06bITH5I II j5 (A), P (B) ~ 
BepOHTHOCTH, 5IBJIHIOIll.HeCH rrepBHqHblMII ,lI.JIH CBOHX qaCTHbIX MO,IleJIelI pa3MepHoc

109 



TIl 1 COOTBeTCTBeHHO ,Kx=(P(A» If ,Ku=(J5(B». TIoKa)l{eM, 'ITO He3aBHCHMOe 

npOH3Be,neHlfe vf{xXvf{u 6y,neT HMeTb, B 06~eM, 6eCKoHe'lHylO pa3MepHOCTb (HCKJlIO

'laeM CJJy'laH, ,KOr,na peA) HJJIf PCB) paBHbI 0 IfJJIf 1, H Kor,na npOCTpaHCTBa ,nHC

KpeTHbr) . .uJJlI OrpaHH'leHHbIX f H ep (COCTaBJJlIlO~HX 06J1aCTH cy~ecTBoBaHHlI 'laCT

llblX Mo,neJJeH), BBO,nll 0603Ha'leHHlI rcA) =sup {(x), f(A) =inf f(x) H TaKHe )l{e ,nJIli 

XEA - xEA
(j)(B),..5£ (B), HMeeM 

At f = [f(A) - f(A
C
)]+ peA) +{(AC

). Nt <p = [fii(B) - fii (BC)]+ IS (B) + 
+qJ (Bc) 

Il ~f=-M(-f), TO )l{e ~<p. B qaCTHOCTll, npll rcA);:~"(AC), cp(B)~;P(BC): 
Mf = lJA). ~ ep = 2.(B). Mf ep = max {M i M <p, IJ!. (B) Mf, 

{(A)Mep, L(A).!£(B)}. 

TIPH rcA) >f (A) Il ep (B) > ep(B) STIl nepBllqHbIe cpe,nHlle COBMeCTHOH Mo,neJlH, KaK 

MO)l{HO y6e,nIlTbClI, He nOrJlO~aIOT ,npyr ,npyra, 4HCJIO HX 6eCKOHe'lHO. 3,neCb MbI 

BH,lJ,IlM, 'ITO npe,nnOJJO)l{eHHe He3aBHCHMOCTH ffIJ H 'Jlj ,naeT ,nonOJJHHTeJIbHYIO nHlUY 

OTHOCHTeJlbHO Cpe,lJ,HlIX npOH3Be,lJ,eHHlI fep JlI06bIX OrpaHIl'leHHbIX npH3HaKOB f (x). 
ep (Y), a He TOJJbKO CKJJa,lJ,blBaeMblX H3 IlH,lJ,IlKaTOpHbIX npll3HaKOB C06bITIlH A, B H 

HK .L\onOJJHeHIlH, T. e. npllHIlMalO~IlX Ha HIlX nOCTOllHHbIe 3HaqeHll1i. 

KaK YKa3hIBaJIOCh B HalIaJIe pa3.neJIa, HyMHO OTJIHlIaTh He3aBHCH

MOCTh 'KaK CBOHCTBO cOBMeCTHhlx Mo.neJIeH, OT He3aBHCHMOro npOH3

Be.neHH5I lIacTHhlxMo.neJIeH KaK KOHKpeTHoro BH.na COBMeCTHOH MO

.neJIH. LI.JI5I nOCJIe.nHerO cnpaBe.nJIHBbI .nonOJIHHTeJIhHble CBoHCTBa. 

CBOHCTBa He3aBHCHMoro npOH3Be.neHH5I: 
1. Pa8fiOnpaaue: J(xX.!I{Y= J(YXJ(x. 
2. Coxpafleflue nopflcJ/w: 

.$Zf c.$Z~. .$Zi cJ'{~ =>.$Zf X .$Zrc.$Z~ X J1t£~. 

3. JJ.uCTpu6YTU8flOCTb OTflOCUTe/lbflO 067JeOUfleflufl:
 

(VJ/lt: ) X ( VJ1t~) = VV.$Z;' X J1t~ .
 
v w v w 

B caMOM .u-eJJe, nepBoe CBOi'ICTBO CJJe,lJ,yeT H3 OIlpe,lJ,eJJeHllli He3aBIlCIlMOCTIl. 

BTopoe - 113 OqeBIl,lJ,Horo COOTHOlIleHllll: 

M1 f<:;;;"M 2 f, !:ilf~~f. M1ep<:;;;..M2 CP, 

MICP>M2CP~M1fM1CP<:;;;" M2 fM2cp. 

HalwHeu, TpeTbe CBOHCTBO paCIlIlCblBaeTCli B BIl,lJ,e SJJeMeHTapHoro paBeHCTBa 

max {max Mv f max Mw <p, max M f min M <p,v w v w v w 

minMv f max Mw cp, min Mv f min Mw } = max M f M cp.v wu - w v - w - v, w 

ECJIH B TpeTbeM CBOHCTBe B KalIeCTBe v H W B35ITh cpe.nHHe 

Mt (X), Mcp (y) H HCnOJIh30BaTh npe.ncTaBJIeHHe lIaCTHbIX Mo.neJIeH B 
BH;re 06be,UHHeHHH 'CeljeHHH, TO nOJIylIaM 

Y 
.Jft 

X 

&ft = ( V .Jf£M.f) X ( V J1ltM.rp) = V V .J1!£!.t. f X JPtM.rp.
M.f M.rp M.f M.rp 
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A TaK KaK .J1!.t.fX.$ZM.qJ=(JfltxX.$ZY)M.f,M.qJ. TO 01'CIO.na BhIBO.n: 

fle3a8UCUMOCTb COXpaflfleTCfl npu nepexooe K (M.f(x), M.cp(y))-ce'le
flUflM MOOe/lU, U flao6opOT, U3 fle3a8UCUMOCTU 8 Ce'leflUflX (no pa3

.neJIeHHbIM npH3HaKaM) C/leoyeT fle3a8UCUMOCTb ge U 61/. 
4. He3a8UCUMbie npou38eoeflufl 3K8U8a/leflTflblM o6pa30M 3aoafOT

Cfl C80UCT80M (2.10) fleKo8apuupoBaflflocTu 'laCTflbiX npU3flaK08. 
'uoKa3aTeJIbCTBO co.nepMHTcH B .nonOJIHeHHH 1. I1TaK, HeKOBa

pHHpoBaHHocTb (2.10) He TOJIbKO eCTh CJIe.nCTBHe He3aBHCHMOCTH, HO 

Hca Ma, eCJIH HeKOBa pHHpOBaHHbIMH 5IBJIHIOTCH JII06ble napbI t(X), 
cp (y) npH3HaKOB, CJIyMHT xapaKTepH3au.HeH He3aBHCHMoro npOH3Be

.neHH5I, 'nOJIHOCThIO ero onpe.neJIHH. 

He3aBHCHMbie npOH3Be.neHHSI Ha .nHCKpeTHbIX npOCTpaHCTBax HC

XO.nOB. ,UJIH .nHCKpeTHbIX 5IBJIeHHH 3.neCb 6y.neT .naHa HHTepnpeTau.H5I 

BBe.neHHoH HaMH He3aBHCHMOCTH C n03Hu.HH npe.nCTaBJIeHHH l\lO.neJIeH 

B BH.ne ceMeHCTBa pacnpe.neJIeHHH Bep05ITHOCTeH. 

nYCTb ge = {Xl, X2, ... } H UJj = {y!, Y2, ... } .nUCKpeTHbI H H€3aBHCH

MhI. ECJIH Hep05lTHOCTH 3JIeMeHTapHhlx HCXO.nOB 5IBJI5IIOTCH TOlIHbIMH, 

TO nOH5ITHe He3aBHCHMOCTH HCXO.nOB ge H 61/ npeBpaIJ..I.aeTC5I IB TOM

.neCTBeHHoe p aBeHCTBO COBMeCTHOH Bep05ITHOCTH (TaK)Ke TOlIHOH) 

npOH3Be.neHHIO lIaCTHbIX: 

P(Xi, Yj) =P(x;)P(Yj)' Vi, j, 

r.ae P(Xi)=2:,P(Xi, lJi), P(Yj)='LP(Xi Yj). 3Tio xOp1owo 'H3,BecTHo, 
j i 

H MbI HM He pa3 yme nOJIb30BaJ1HCb, B BeKTopHOM BH.ne 3anHCbJ:BaH: 

pxY= pxX pY. A eCJIH Bep05lTHOCTH He TOlIHble, a HHTepBaJIbHb!e-~ 

Tor.aa 'cooTBeTcTBYIOIJ..I.He Mo.neJIH J(xy H306pa:tKaIOTC5I BbII1YKJIbIMH ce

MeHCTBaMH BeKTopoB COBMeCTHblX Bep05lTHOCTel1 pXY, HJIH, liTO 60JIee 

3KOHOMHljHO, KpaHHHMH T04KaMH, a elll,e JIylJwe He BceMH, a TOJIbKO 

HBJI5IIOIJ..I.HMHCH BepWHHaMH pXYe Mo.neJIH: .Jf{xY=VPxye, r.ne 8 - HH
a 

.ne:"c M,j-fO:tKeCTBa 3TH X Be>pW'lIH, CBoero P'OlUa 06IJ..I.HH .aJI5I ge H 61/ 
¢>aKTOp. 

OPHH5ITO ClIl1TaTb, lITO He3aBHCHMOCTb ge H 61/ 6y.neT .nOCTHrHy

Ta, l\or.na Ha rrpOH3Be.neHH5I pa36HBaIOTC5I eCJIH He Bee BeKTopbI 

PXYcJ(XII, TO XOT5I 6bI BepWHHbI pxye, T. e . .;f{xy = VPXe X pYe. Ho 31'0 
1) 

He Tal<, H BOT npHMep, nOKa3bIBaIOIJ..I.HH, K KaKoMy 3a6JIy)K.aeHHIO 31'0 

MO)KeT npHBeCTH! 

IT p H M e]J 2.14. ITYCTb i!E=Gj H BepOl1THOCTH pXY , r,lJ,e ¢aKTop l:l IlpHHHe
MaeT 3Ha'leHHlI 81, 82 , ... , TaKOBbl, 'lTO P i (Xi, y;) = 6ij (0 IlpH i '* j H 1 IlpH i= j),e 

T. e. IlpH 3anaHHOM 8i C BepoHTHoCTblO 1 nOllBJJlIeTCli HCXO,n Xi H 06113aTeJJbHO 

TOT )!(e CaMbllJ H(XOJ- Yi=Xi Ha 'Jlj . .uJll1 Ka)l{,lJ,oro pXY i' KaK HeTpy,lJ,HO BH,lJ,eTb,e 

i!E H Uij He3aBHCIlMbl: p.'Ye.= P'\·e. >< pYe., IlOTOMy 'ITO neTepMmnl pOBaHHble HCXO,lJ,bl, , , 
¢OpMaJIbHO He3aBHCHMb1. 06be;I,HHeHHe .J![\·Y= VPx . X pYe COOTBeTcTByeT COBMeCT

e.'e 
I 

l 

HOMy lIBJleHHIO, B KOTOpOM C HeH3BeCTHor"l BepOl1THOCTblO BblOHpaeTCl1 KaKO(I-TO 

IlC;;O.1 XiEi!E H 3aTeM ,lJ,eTepMHHHpOBaHHO -- COBHa,lJ,alOll\HH C HHM HCXO,lJ, Yi = Xi 

III 



Ha 6/j. HeCOMHeHHO, paa y BcerJJ.a COBnaJJ.aeT C x, 0 He3aBHCHMOCTH HCXO)l.OB He ,!1.pyroiI CJIytIaH, Kor)J.a K8:tK,nbIH pa3 COBeprneHHO HeH3BeCTHO, KaKaH MOHeTa,
 

MOLKeT 6bITb H petIll. f~ fHy,;'a5I If.TIII HeT, nO,lI.6paCbIBaeTCH. 3TO yLKe HeycTOfrQHBbIH 3KcnepHMeHT C COBep


LITO-TO nOXOLKee Ha npUBe,neHHbIII 'npIIMep 6y,neT IIMeTh MeCTo, 

eC~H HeMHoro OTKROHIIThCH OT TOqHO sy~eBo~ II e,nHHHqHO~ qaCTHWX 

Bep05ITHOCTeH, TaK Ka'K II Tor,na npe,lJ,CTaBJIHeTC5I B03MO)KHOCTh no 

HCXO,lJ,y x 60JIee HJIli MeHee TOqHO npe)J.CKa3aTb epaKTop 8, a Qepe3 

Hero yLKe HCXO,n y. TaKIIM 06pa30M, npIIqHHa )I.eepl1I.I,HTa He3aBHCH

MOCTH ,L(JI5I Mo,neJIII B BH,lI.e 06be,nHHeHH5I VpXaX pYa KpOeTC5I B Ha-
e 

JIHlIHH o6mero ,nJI5I x II y IlO)I.qHH5IIOllJ,erO IIX CBOHCTBa epaKTopa 8. 
,ilJIH He3aBijCHMOCTH HyLKHO pa3B5I3aTb epaKTopbI B COOTBeTCTBllH co 
cne,lI.YIOIUHM yTBepLK,UeHlleM. 

lfa oucKpeTHblx ge U q; COBMeCTHafl Jftxy o6pasyeT He3aBUCU.lJttOe 
npousBeoeHue Tozoa U TOAbKO T020~ Kozoa OHa npeOCTaBAReTCR 8 

Buoe 067JeOUHeHUJl ,npOUSBeoeHUU TOttHblX BeKTopOB BepORTflOCTeii 

Jlt xy 
= VVP~ X p~ (2.11) 

v w 

C uHoeKcaMu v UW, HeCBJl3afl1-l0 OPY2 OT opY2a npo6ezafoU?uMu CBOU 
Atl-iOOlCeCTBa V U W 3HatteHUiL ' 

YCJIOBll5IMH yTBepLK,L(eHl15I rapaHTHpyeTcH t!f{xy ==J{xXJity, r)I.e 

Jlfx == V pXv , e/ffY = V pYw, a .COBMeCTHble cpe,nHHe BblqHC.lIHIOTCH H3 

BbIpaMeHIi51 : 

Mg(x, y)=sup sup ~ ~g(Xi' Yj)Pv(xJPw(Yj), VgEff~Y. 
VEV WEW i j 

He06xo,IUiMOCTb 'CJIe)l.yeT 1I3 YKa3aHHoro npe,rr.CTaBJIeHIUI lJaCTHblX MO,lI.eJIen B 

oo,J,e ceMeHCTB H CBollcTBa ,lI.HCTP1I6YTlIBHOCTli He3aBHCliMoro yMHoLKeHH5I OTHOCH

TeJlbHO o6be,nHHeHlIfI; a ,Z:(JIfl ,lI.OKa3aTeJIbCTBa AOCTaTOtIHOCTH Hy)KHO TIO)l.CT8BHTb 

B ,BblpaLKeHHe .iwg(x, y) npOH3Be,neHHe g(x, y) =f(x)cp(y) H y6e,LLHTbcH B cnpaBe,rr. 

JIHBOCTH TO)K,lI.eCTBa (2.11). 

<PopMyJIa (2.14) MOLKeT 6bITb B3HTa 3a 3KBHBa.lIeHTHOe onpeLle

JIeHHe He3aBHCIIMoro npoII3Be,UeHHn, ,HO TOJIb!KO )J..lIH ,lLHCKpeTHblx npo 4 
cTpaHcTB ge II Ulj. Ee HeB03MO)KHO pacrrpocTpaHHTb Ha HenpepbIB

Hble :npocTpaHcTBa B CB5I3H C oTcyTcTBHeM Tal\1 no,no6HbIX BeKTopaM 

Bep051THOCTeH aTOMOB MO~eJIH. 

rIpenCTaBJIeHHe (2.11) nOJIe3HO nOTOM,Y, qTO ;npUnaeT HeKoTopyIO 

uarJI5I)I.HOCTb ,lJ,OKa3aTeJIbCTBaM YKa3aHHbIX BbIllle CBOHCTB He3aBHCH

MbIX npOH3Be)J.eHHH, KaK 3TO neIvl0HcTpHpyeTC5I :B ,UonOJIHeHHH 2 K 

naparpa¢y. 1\ Tenepb - HarJI5InHbI}I npHMep K }I,aHHoMy pa3,UeJIy. 

IT p II M e p 2.15. ECJIli He3aBllCllMO ABa pa3a no,n6paCbIBaeTCfl o)l.Ha H T3 :lI\:e 
rHyT3H MOHeTa, TO HMeeM ,rr.Ba He3aBHCHMbIX 3Kcnep'HMeHTa C O,ZIJIHaKOBbIMH Bep05IT

iHOCT51MH rep6a P (rd ,= P (r2) = P npli 060HX nO;:I.6paCbIB3HH5IX. I13-3a Heli3BeCTHOCTH 

p: P~P~.ij, liMeeM COBMecTHyIO HHTepBaJIbHyIO MO,J,e.J1b B BIIAe o6'be,J,llHeHH5I 

J{YY; = V pxX pY, r;Le Bep05ITHOCTH P = (p, I-p) 0),IIH3KOBbI Ha fl} H CY. 3TO 

!?~p~P 
eCTb CTaUHOHapHbIH 3KcnepHMeHT. 3,lJ,eCb Bep05ITHOCTH cyruecTByIOT (XOT5I He H3

BeCTHbI) H nO;:I.tIliHeHbI )l.pyr .rr.pyry, tITO TaK HJIH HHatIe CB5I3bIBaeT HCXO;:I.bI MelK;J.y 

co6otr, nOToMy ,He3aBHCHMOCTU, ,KaK MbI ee onpe,leJIHJIH, Her. 
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UleERO He3aBHCHMbIMH Hcxo.rr.aMH B HarneM orrpe)J.eJIeHHH, a TaK:lKe H rrOHliMaHHll 

He3aBliCHMOrO npOH3Be,neHH5I, TaK KaK no pe3yJIbTaTy nepBoro nO)J.6paCbIBaHII51 Y:lKe 

COBeprneHHO HHqerO HOBoro He CKa:tKellib 0 BTOpOM II 

j/ll;Y == 'V V pxXPY~ _ _ I 2, 
}}_~P1~ £~P2~P 

rAe pf == (Pi' 1 - PI)' P~ == (P2' 1 - P2). !=nlin iE' 1i2}' p==max {P, 1/2}· 

feOMeTpM4eCKaSl HJlJlIOCTpau.HSl He3aBHCHMOCTH. ,UJl5I CJ1YQa5I ,UByX

TOyetIHbIX 3KcnepHMeHTOB fE == {Xl, X2}, 6lj= {Yl, Y2} COBMeCTHa51 MO

.neei] b OIlHCbIBaeTC5l ceMeHCTBaMH BeKTopOB Bep051THOcTel'I P == 
:= ~P(Xl, Yl), P(Xl, Y2), P(X2,Yl)) B TpeXMepHOM .npOCTpaHCTBe (KOM

IlOHeHTa P (X2, Y2) orrymeHa, 'TaK KaK ,lLOnOJIHHeT ,UO 1 CyMMY oc

Ta~1bHbIX). 06paTHMC5I K pHC. 2.7, r,lLe noBepxHocTb Jt eCTb MHO)Ke

CTBO BeKTopOB P == px X Py He3aBHCHMoro rrpoH3BeneHH5I, T. e. c 
P(Xi, Yj)=P(xdP(Yj). 4epe3 3TH paBeHCTBa no rpaHHuaM HHTep

B3JlbHbIX 'Bep05ITHOCTeI1 P (Xl), j5 (Xl) H P (YI), j5 (YI) (nepBaH napa 

3a;raeT f/f{x, BTOpa51 - Jity) OnpeLleJI51IOTC5I tIeTblpe TOqKH Pij, i, j == 
:= ]. 2, Ha n; OHH II 6ynYT QeTblpbM51 BepWI1HaMH TeTp a3npa He3aBI1

CHMoro npOH3Be,lleHH5I t/f{xXJf{Y. 
TeTp a3np 3KBHBaJIeHTHO rrpe.ncTaBJI51eTC5I: 1) o6benHHeHHeM Bep

llllIH Pi}, 2) KaK qH1rypa C QeTblpbM51 pacrrOJIaraIOIJJ.HMHC5I Ha 'n pe6

paMH, cooTBeTcTByIOIlI,IHvITI rpaHHuaM Bep05ITHOCTeH, 3) KaK MHO)Ke

CTBO, OKaHMJIeHHOe rpaH5IMH, cooTBeTcTByIOllJ.HMH qeTblpeM ypaBHe

HH5IiYl : 

i\1 [8x
1 
(x) - P (Xl)] [BY1 (y) -p (YI)] == 0; 

)\1 [8x
1 
(x) - P (Xl)] [8Y1 (y) - P (Yl)] ==: 0; 

M [P(x
l 

) - 6x, (x)) [69 , (y) - P (YI)l = 0; (2.12) 

j\1 [P (Xl) -ljx
1 
(x)] [BY1 (y) - ~ (Yl)] =::: O. 

9TO eCTb ypaBHeHH51 (2.10) nJI5I f(x) =ox 1 (x), cp(y) =='6Y1 (y). TaK 

KaK npH fE = {Xl, X2} JI106a5I epyHKUH51 f (X) JIHHei1HbIM 06pa30M npH

BOLllITC5I K b x(X) (HHnpUMep, npH f(X2) >f(xI), 8X1 (X) =f(x)
-f(XI))!(f(X2)-f(Xl)), TO OTCIOna CJIenyeT: CUCTeMa (2.12) HyJle
BblX cpeoHux

J 
cooT8eTcT8YloU{afl l-ieKOBapuupoBaflflocTu 3.1leMeHTap

HblX UCXOOOB 
J 

oaeT Heo6xo8u/J4ble U oOCTaTOtfHble YCJlOBUR HesaBUCU
MQCTU OByxTOtfettHblx 3KcnepuMeHTo8 fJ8 == {Xl, X2} U 6lj = {Yh Y2}. 

:\·CJIOBH51 HeKoBapHHpoBaHHocTH (2.12) ,UOCTaTOtIHbI .D.JI5I He3aBHCHMOCTH, HO 

He.1.151 He3aBHCHMoro npo1I3Be,neHIUl. BcaMOM ,u,eJIe, eCJIII Ha puc. 2.7 BBe,neHlieM 

n,onO.-:HHTeJlbHorO nepBHQHOrO 3HaQeHliH, CKa)KCM f5 (Xi, yt) «OTpe3aTb» yrOJI TeTpa

a,np 3, He HCKa3HB llepBHlJHbIX rpaHe~I, TO XOTH paBeHcTBa (2.12) BblnOJIH5IIOTC5I, HO 

IIe33BHCHMoro npoH3BeneHlifl yLKe He 6y,neT. 

C,neJIaeM B hI B O,U bI. TIepBhIl'I: JII06ble «ype3aHH5I» TeTpa3JI.pa He

3aBHCHMoro npOH3Be,UeHHH tIfl'xy Ha p'HC. 2.7, npn KOTOphIX OCTalOTC5I 

113 



PHe. 2.7. MO)l,eJIb He3aBlI· 

CHMora npOH3Be)l,eHHH 

~ 
/~~' 
// / 

~~/ 
~ / 

'/-:;" (j) 
<Y r:cE../

f(J:~ ../ 

P(X/,!/t) 

\ 
\---)0:::1
p(:tl 

1 
/ 

"P(.x/,!/z) . 

:XOT5I 6bI KaKHe-HH6y,nb lJa,CTH xaM.,noii H3 ero fip aHeM, cOXipaH5IIOT 

,HesaBHcHMocTbfE H U}j, HO HapywaIOT He33BIlCHMoe npOH3Be,neHHe. 

ITaKHM ,«ype3aHHeM» MOMHO Y4HTbIBaTb ,Uorro,rIHHTeJIbHbIe CBOI1CTBa 

'3KcrrepHMeHToB. HanpHMep, IlX CTaUHOHapHocTb KaK pe3YJIbTaT OLlH

'HaKoBocTH yCJIOBHH npoHcTeKa'HH5I (CM. nepBylO qaCTb npHMepa 2.15), 
:KOTOpa5I B caMOM o6rueM CJIyqae OTpa:IKaeTC5I ,nOITOJIHHTeJIbHbIMIl or
,paHHqHBalOIUHMH Mo,neJIb paBeHcTBaMH M [f (x) -f (y)] == 0, VfEr 
I (06 9TOM rrOH,lI,eT peqb .,B CJIe,nyIOIl1JIX ,nByX r JIaBax). 

BTOPO~: He3aBHCHMOCTh eCTh HeKoTopaH rrponopUHOHaJIbHOCTb 

Ipa3MepoB H oco6eHHOCTb nOJIO:IKeHHH TeJIa COBMeCTHOH MOjleJIIl no 
: OTHOilleHHlO K 'Koop,nHHaTHbIM OC5IM, a He3aBHeHMoe npOH3Be,neHlIe

I BMeCTe C 3THM nOJIaraeTHMHHHMaJIb'HOe lIIfCJIO rpaHet1: Mo,neJIII. 

TpeTHH: JI106yIO COBMecTHyIO MO,lLeJIb Jf{XY MO)KHO paCWHpHTb ~o 

I TaKoll, npHKoTopOH m H Ulj CT3HOB5ITC5I He33BHCHMbIMH, HJIH Me pac-

I lllHpHTb ,UO co,UepMaIUero ee He3aBHCHMoro npOH3Be,neHH5I: .;/{xYc 
I cJf{*X X vft*y. OTMeTHM, qTO crrpaBa J{*x If Jf{-}..Y OK33bIBaIOTC5I, B 06
: meM, wHpe lJaCTHbIX Jflx H J{.Y ,UJI5I ..J!{xy, H paCWHpeHHe He O~HO

I 3Ha4HO. 

11, ;HaKOHeu, qeTBepTbIH: HaJII1lJHe oomero ,nJIH fie H uy nOll.4H

I H5IIOruero rrapaMeTpa	 8 yrpo:IKaeT nOTepeH He3aBHCI1MOCTH H COOTBeT

I cTByeT Mo,UeJIH V pXoX pYe, Bee BepillHHbI KOTOpOH JIe)KaT Ha no
I • 8
 

BepXHOCTI1 Jt (pHC. 2.7).
 
I HeKoBapHHpoBaHHocTb CJIyLJaHHblX BeJIH1-1HH. CJIe,ncTBHclVl He3aBH

I CHMOCTH 6bIJIO BbIIIOJIHeHHe ,nJI5I BCeXlJaCTHbIX, pa3,lLeJIeHHbIX no ne

peMeHHbIMIIpH3HaKoB f (x) H cP (y) paBeHcTB (2.10), orrpe,neJI5IIOllLHX 

HeKOB3pJIJIpOBaHHocTb f H cpo H3Y4HM 3TO nOHHTHe no,np06Hee, CLJH

Ta5I f H cP rrpOH3BOJIbHbIMH COBMeCTHbIMH npJI3HaKaMH, lLJIH lJero B 
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(2.10) rro,nCTaBJIHIOTCH: f=fl(X, y), CP=f2(X, y)- Ha BeXUY 3TO 

tC~lYLJaHHbIe BeJI'HLIHHbI. CJIYlJaHHble BeJIHqHHbI fl H f2 HeKoBapilHpo

BaHHbI, eCJIH ilX KOBapHallJIH, orrpe,neJI5IeMble JIeBbIMH qaCT5IMH pa

BeHCTB (2.10), paBHbI O. I-IeKoBapHHpoBaHHocTb - 3TO CBOHCTBO COB

MecTHoH MO~eJIH. ,UJIH Hero BepHO CJIe,nyIOmee. 

1. DOH5ITJIe HeKoBapHHpoBaHHocTH paBHonpaBHo OTHOCllTeJIbHO 
CJIvqaHHbIX BeJIIIqHH. 

.. 2. ECJIll fl II f2 HeKOBapHHpOBaHbI, TO TaKIIMH 2Ke oCTaHyTcH BTO

pHLI HbI e n 03JIeM e HTHbIe n pH3H a K II I' 1==.b 1I I +CI H I'2 == b212 +C2, V bI , 

b2) CI, C2 E PIl, (o603HaqaeM iHX MHO.IKeCTBa qepe3 .Pfl H .P12)' 
.3. I1pH3HaKiH 11 II 12 6y,nYT HeKOBapIIIipOBaHHbIMII, eCJIH H TOJIb

KO eCJIH BbIITOJIHHeTCH JII060e H3 CJIe,nylOIIJ.Hx ,nByX YCJIOBHI1: 
YCJIOBHe A 

iV1(t1 ~C)(f2-Mt2) =0 } 'rI ---Mf' 
-	 npH vC~ l'
1\1 (c - f1) (f2 - Mf2) == a	 
}v1 (f1 - Mt1) (t2 - d) = 0 } 'rid --- M 1 
-	 rrpll v ~ 2
~M (11 - M f1) (d - f2) == 0	 --

YCJIOBHe :5 

./\1f' (f' - MI') = 0 npII Bcex f; E~f2 Ii f;E:tfl
 
1 2 2 TaKHX qTO Mf ~ O.
 

, _1;;:::::;-' 

M(f; - Mt;) t; = 0	 npI1 Bcex t; E ~ tt 11 t; E 2t2
 
TaKBX, qTO Mf > o.


2 

4. ,[LJI5I rOJIOH COBMeCTHOH 11M JII06ble OrpaHHqeHHble IIpll3HaKH 
norrapHo HeKoBapHHpaBaH~. 

5. IlpH TOlJ'HbIX Cpe,lJ.HHx Mil H Mf2 nOH5ITlle HeKoBapHIIpoBaH

HOC'TH TpaHcepopMJIpyeTcH B paBeHcTBo M (fI-Mil) (f2-Mf2) == 0, a 
eC,,1JH 'K TOMy )I(e 1\;1tI = °HJIH Mt2 = 0, TO COBrra,naeT C rrOHHTHeM He
KOppe.JlUpOaaflNOCTU:	 Mflt2=O. 

K.JlaCCbl :l6H W rrpH3HaKoB Ha3bIBalOTCH fleKoBapuupoBaflliblMu, 

eCJ!II JII06oI1 rrpH3HaK hEd6 HeKoBapHHpoBaH C JII06bIM 'PEW. 113 
CBOllcTBa 2 cOBepilleHHo HCHO, qTO HeKoBapIiHpoBaHHbIMH 6y,nYT H 
JII06ble h' Eg:h C '¢'E2¢. 

He3aBHcHMoCTh, cBo6o,ll.a, HeKoBapHHpoBaHHocTb. rIYCTb ge H 

ViI - ,lLB3 5IBJIeHH5I. ECJIH ClJHTaTb lJaCTHble MO,lJ.eJIH Jf{x= (Mx~>, 
J{Y=. (MY1¥) sa,naHHbIMH HX COrJIaCOBaHHbIMH cpe,nHHMH Ha nepBIIq

HhIX rrpH3HaKax h (x) Ede, ¢ (y) EW, TO Ka:IK,lJ.Oe H3 COCT3BJI5IIOIUHX 

3arO~OBOK rrOHHTH~ COOTBeTcTByeT onpe,neJIeHHO~ CTaTHCTHQeCKOA 

CB5I3H KaK Me)K,ny rrepBHqHbIMH h (x) 11 1P (y), TaK H Me.IK,ny rrpOHs

BO.;lbHbIMH BceMH OCTaJIbHbIMH npH3HaKaMH BH,na f (x) H cp (y). 3Ta 

CB513b nJIlOC qaCTHble Mo,neJIH BMeCTe epOPMHPYIOT COBMecTHylO MO
.neJIb. 

CHcreMaT113IIPY5I II3JIO:IKe HHbI e B bI ill e p e3y JI b T aTbI, y K a:IKeM, K a _ 

KHe B HTore COBMeCTHble Mo,neJIJI nOJIyqaIOTC5I II KaKHMH Ha60paMH 
nepBHQHhIX Cpe,lI.HHX OHH onpe,lJ,eJI5IIOTC5I. 
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Pa3JIaraH f=f+-f-, cp=cp+-cp- II CtIHTaH {f~O}Edxo, {cp~'O}Egg!lo, rrOJIylfnM 

He3aBUCUJltOCTb fe 11 6Jj: J( :f=u1{'\'xJ!{V, 

1\1H3 f (X) cp (y) === M fM cp, Vf, cpo
 

C806oiJa UlI OT !!e: J[~~ = Jf{.l:J{Y, McBt (X, y) =JVlx (MY! (x, y)) ~
 

iYf:Jt U{Mc+ (x) [14J (y) - M 1J']' 1P='l'}.
 

HeK08apuupOBaHHOCTb d6 11 W: J[XV HK , 

MHH (h - M 11) (tp - M1!') == M HR (h - .Mh) (lp -/\1 tV) == 

== M u« (Mh - h) ('4' - M '4') = MHH (Mh - h) ('I' - M 'tjJ) === 0, 

Vh=Jf • 't!J E "tf. 

OTClO,LLa 'BH,LLHO, qTO TlpH O,LLHl1X 11 Tex )Ke qaCTHblX l\10,J,e.H5IX ,n.HH 

He33BHCUMoro npOH3Be,rr,eHl15I KO.HHqeCTBO rrepBHqHbIX npH3H3KOB cy.. 
meCTBeHHO 60raqe, qeM ;I..H5I cBo6o,rr,Horo 11 qeM npn ~eKoBapHHpo" 

B3HHOCT11, 3 T3K K3K Cpe,rr,HHe Ha BCeX Te Me C3Ylble, TO 

J!;{,H3 C ~l;t CB' .ill{H3 C v1tHR· 

PaBeHCTiBO 6y,neT J1Hlllb npH TOqHbIX BeKTOp ax Bep05ITHOCTeii B ,UHC" 

KpeTHbIX 'rrpOCTp3HCTB3X. 

tlTO xaCaeTC5I nOH5ITIiH CB060JlbI ,Ii HeKOBapMIipOBaHHOCTH, )TO OHH, 

B 06meM, He Cp3BHII:MbI no BK.HlOqeHHIO NI€MJ],y co6oi1, T3K X3K t/ffCB 

Ii Jf( HK 3a,n31OTIC5I p33HbIMH nepBHqHbIMH npH3HaKaM11. B onpe,neJIeH

HbIX K.HaCCaX MOJleJIet'I TaKa5I 'CB5I3b Bee Me o6HapyMI1BaeTC5I, K3K 

BCJIe,nylOmeM IItpHMepe TOll.lHbIX ('Ha a.nre6pax) pacnpe,LLeJleHH{r Be

pOHTHOCTeH, Ba)K'HOM TaKMe ,n.n5I OCMbICJIHBaHH5I cTaTyca npHH5ITOrO 

B COBpeMeHHot'I JIHTepaType nOH5ITH5I He3aBHCHMOCTH, KOTopoe B Ha.. 

weM TepMHHOJIOrHH OK33bIBaeTC5I HHqeM HHbIM, KaK HeKOBapHHpOB3H" 

HOCTblO a.nre6p. 

f1 p 11 M e p 2.16. AJIre6pbI d Xo Ha ::;gyo II f!)J Ha q; Ha3blBalOTCH HeKoBap:ulpo

~aHHbIMH OTHOCIITeJIbHO TOlJHOl1 Ha HX rrpOH3Be,l1,eHHH COBMeCTHOH Mo,UeJIH .;f{·\·Y= 

=[JJxxgJy, eCJIH P(AB) =P(A)P(B) ,UJIH JIIOObIX AEdxo H BE!JjYo. COBMecTHyIO 

MO,l1,eJIb, ,nJIH KOTOpOH 3TH Bep05ITHOCTH 5IB.TIHIOTC5I rrepBHlJHbIMH, 0003HalJl1M ,;IfHI,· 

,UJIH Hee HeKoBapHHpoBaHHbIMH oy,l1,yT lIIOoble HHTerpHpyeMble (no gJx n 9 11 ) 

qaCTHble rrpH3HaKH h (x) H 'lJ (y): M m}l'lJ =MhM¢, K KOTOpbIM OTHOC5ITCH JIIOObf2 H3

MepHMble orpaHiHlJeHHble epyHKU,HH, H 3TH 3HalIeHHH MO)KHO ClJHTaTb nepBIP-IHbIMH 

(lJTO He MeH5IeT J{Hid. 
,LJ,.rIH npOH3Be,l1,eHHH HeH3MepHMblX npH3HaKOB f (x) (p (y) npO,II,OJIiKeHHeM C TOq

HbIX cpenHHX 3HalJeHHH H3MepHMblX rrpH3HaKOB Nlh'1J=jHhM'lJ HaXOJI.IIM: 

MHI\ f (x) {p (y) == inf 2: lvthi (x) Mtpi (y), 
2:.h i (X)lPi(Y)~f(x)qJ(Y) 

rjI,e HHcP,JIMyM oeperCH no BceM H3MepHMbIM hi H 'Pi. 
ITyCTb Terrepb rrpH Tex iKe lJaCTHbIX [jJx H [jJY, onpe,neJIeHHbIX TOlIHbIMH Ha 

CBORX aJIreopax Bep05ITHOCT5IMH, 5IBJIeHHH CqHTaIOTCH He3aBHCHMbIMIL TOf,.J,a ,J.Jl51 

J( H3 =gJxXgJy IIMeeM JI}IH HeH3MepHMbIX rrpH3HaKOB 

MU3 f (x) ~ (y) == iV1f (x) M ~ (y).' 

M 
HH 

f (P = M f+ .A1 {p+ - 1'vlf- ~\1cp+ - Mf+ i\1<p- + M f- Ai (P-,
 

M f cp = max {(hi 1+ - i'v1 t-) (.1\1 cp+ - M cp-), (1\1 t+ - M t-)<

H3 

X (M<p+--M cp-), (lvlf+-.iHf-) (lI1cp+ - NI<p-) , (~f+ -- 1\I1f-) (lvhp+ - iVlcp-)}. 

HeTpy,UHO BH!I.eTb, tITO .\1H3fq: ~ Ki mJcp. 3TO Hep aBeHCTBO cnp aBe;L,,1HBO )])151 npOH3
rl 

Be,UeHHH JIIOObIX tIaCTHbIX OrpaHIIqeHHbIX rrpII3HaKOB f (X), cp (y). PaBeHCTBO oYJI.er 

B TOM CJIyqae, eC.1l! ooa npH3HaKa HeOTpIIuaTeJIbHbI (B TOM l.lHC.Tle, ,U.1H COObITHII): 

~1I3 f+ cp+ == i\-1UH f+ cp+ == /\1f+ lV1cp+ , 

fLLe paBeHCTBa CrrpaBe;r,.J1HBbI OT;l,eJIbHO ,l1,JIH BepXHHX H JI.JIH HHlKHHX Cpe.lHHX,. 

TalKIIM 06pa30M, II npn TOqHbIX Bep05ITHOCT5IX He3aBHCHMOCTb BHalileM orrpe,LLe

JIeHiHH 5IBJI5IeTC5I oo.Jee CTpOfllM nOH5ITHeM, lleM HeKOBapHHpOBaHHOCTb aJIre6p. 

PaeCMOTpllM npH Tex :IKe tIaCTHbIX gJx II gJu nOH5ITHeCBOOO,UbI 6Ij OT ge. 
0603HalIHM .JftCB=gJxgJY. )l.nH np01l3Be,ZI.eHH11 II3MepHMbIX (CyMMHpyeMbIX) qaCTHbIX 

rrplI3HaKOB HMeeJl.1 Te :IKe TOqHble cpe,UHHe, tITO npH HeKOBapHHpOBaHHOCTH II He~ 

3aBHCHMOCTH: Mcnh(x)tP(y) =Mh(x)MtP(y). ITPII HeH3MepHMbIX epYHK UH5IX H TOM, 

:>Ke yCJIOBHH {f ~ O} Edxo, {cp;:;:: O} E$Yo nOJIylJIIM 

M CB t cp == ~'Ut+ (Mtp+ - iVI ~-) - Mt- (M cp+ - Mcp-) == 
== Mf+ A1cp+ - lHf+ Mcp- - /"'11- A1cp+ +~!t- A1cp+. 

CpaBHeHHe C rrpe;:LbI,UymHMH epopMyJIaMH BC;I,eT K HepaBeHCTBaM 

MU3 f cp ~AJCB 1cp ~ MHJ:\ f cpo 

TaK tITO B ,rr,aHHOM npHMepe .Jf{H'J c.,${c BC.;f{HK' TaKHM oopa30M, npli HeKOBapHHpo·' 

BaHHblX aJIre6pax II TOqHbIX Bep05ITHOCTHX Ha HHX KaTeropHH CBo6oLLbI 3aHHMae1: 

npoMeiKyTOqHOe nOJIOlKeHHe Me):K,.lY He3aBllCHMOCTbIO II HeKOBapHI1pOBaHHOCTbIO. 

,[LonOJIHeHIUI. 1. Teo p e M a. JJ.Jlfl TOcO liT06bl MOOeJlb ,;/{xy llpec)cTaBJlflJla co ..· 

60ii fle3aBUCUMoe npou38eoeHue, Heo6xoouMO U oocTaTotiHO, liT06bl nepBuliHblMU 

O/lIl flee 6blJZU COBMeCTHbLe npou3BedeHufl BceB03MOJJCliblX ttacTHblX HeKoBapuupo

8aHHblX MeJICoy co6ou npu3HaKoB [(x) U cp(y). 
Heooxo,U,IIMOCTb 3KBHBa,neHTHa CBOHCTBy (2.10). 
·n 0 eTa TO q HOC T b. 0003HaqHM J{' 11M c rrepBfllIHbIM Ha6opoM (2.10) H 

3aLLaHHbIMH qaCTHbIMH .;/{x II .,${Y. IloKa:IKeM, LITO .;/(' =.JI(xx,;/{y. COrJIaCHO epopMyJIe 

(1.3 ) 

M' f cp == inf sup [I (x) CP (y) - L c+ gi (x, y)],ct x, y 

o 
rAe g i (x, y) eCTb BceB03MO}KHble nepBI1tIHble npH3HaKH BHJ.l,a 

(f-Mf) (cp-A1cp), (f-Mf) (cp-MyJ), (Mf-f) (cp-iVhp), 

(IvIf - f) (cp - ~(p). 

TaK KaK 3TOT Haoop eCTb qaCTb Haoopa (2.8), TO JI{'=:J.;/(xX.Jfu H nOTO:\'1"Y Xl'fcp~ 

:S;MfA1cp. OCTaJIOCh AOKa3aTb npoTHBOrrOJIOiKHOe HepaBeHcTBo. B03bMeM ;IBa qaCT-' 

HbIX npII3HaKa f (x) II cp (y) C KOHelfHbIMH 1= inf f, 1= sup f H TO )Ke ~ ~;. Hop
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MHpyeM HX, nOJI02KHB fo= (:f-f)/(f-f) , <po = (cp-cp)/(cp-cp). 0603HaqaeM J(" _ 

11M pa3MepHocTH qeTbIpe, onpe)ieJI51eMYIO HeKoBapHHpoBaHHbiMH fo H cpo, T. e. nep

BIIqHbIMH Cpe,lJ,HHMII (2.10) C nO,lJ,CTaBJIeHHbIMH f=to II cp = cpo. TaK KaK J[11~vf{', TO 

1\'1' f cp ~ Mil t cp == inf max [f cp - ct (to - Mfo) (CPo - M(po) 
c:t- x, y 

t 

+ - + - 
- c2 (to - A1to) (CPo - Mcpo) + c3 (fo - Mfo) (CPo - Mcpo) + 
+ct (/0 - Mfo) (CPo - ~tpo)]. 

HeTpY,lJ.HO y6e,nHTbC51 B TOM, tITO B npaBofI qaCTII 3Toro HepaBeHCTBa M3KCllMYM 

no x H y KBa,npaTHbIX cK060K 6Y,lJ.eT ,nOCTIIraTbCH npH Tex x* II y*. npll KOTOpbIX 

t II cp (to H cpo) npHHHMalOT 3KCTpeMaJIbHble 3HaqeHH51. IlycTb fo, cpo MaKCllMaJIbHhI 

(H paBHbI 1) npH X=X*1, Y=Y*1 H MHHHMaJIbHbI (paBHbI 0) npll X=X*2' Y=Y*2. 

3aMeH5JH f)J H Clj Ha ,lJ.ByxTolIelIHble npocTpaHcTBa ge* = {x* 1, X*2}, UJj* = {y* 1'Y*2} 
DpH Tex iKe rpaHlluax MX:€;fo=Mfo, MX*fo=Mfo, A1Y*CPo=Mcpo, MY*cpo=Mcpo, MbI He 

H3~\reHHM Xf)cp =/fJx*Y*frp. A ,nJlH ,nBYXTolIelIHbIx npocTpaHcTB COrJIaCHO CJre,lJ.YIOw.eMY 

3d (2.12) Bb1neJleHHoMY KypCllBOM yTBep2K,UeHllIO HMeeM Mx*y*tcp =Mx*fMY*cp = 
= iHrA1 cp, n03ToMY Xl'lcp ~MfMcp, lITO H Tpe6oBaJIOCb ,lJ,OKa3aTb. 

2. 11 p H M e p II C n 0 JI b 3 0 B 3 H H 51 n p e)J. C TaB JI e H II 51 (2.11) B cJIyqae 

)J,HCKpeTHbIx npocTpaHcTB ge >II Olj )J.JI51 nOK33aTeJIbCTBa CBOHCTB a,lU1,HTHBHOCTH H 

HeKoBapIIHpoBaHHocTH tIaCTHblX rrpH3HaKoB t (x), <p (y): 

M (f + cp) = sup sup (Mv 1+ M w cp) == sup M v t + sup M w cp == Mf +Mcp; 
v w v w 

M (I - Mf) (cp -lYJcp) = sup sup (M v t - Mf) (M w cp - M cp) == 
- v w 

== (lVil - Mt) (Mcp - Mep) == O. 

3. TI P H M e p coo THO III e H H 51 rr 0 H 51 T H H H e 3 a B H C HMO C T H H C B 0

6 O,J. bI. BepHeMC5I K npHMepy 2.12. CHaqaJIa nO,U6pacbIBaeTC5I cHMMeTprrlIHa5J MO

HeTa (3KcnepI:IMeHT fJe), 3aTeM «HeRTO», 3HaH pe3YJIbTaT no,n6pacbIBaHllH, nOKa3bl

BaeT O,nHY H3 CTOpOH cBoeH MOHeTbI, ,neJIaH 3TO, KaK OH XOqeT (3KcnepllMeHT UJj). 
l'lrpa 'u;::r,eT ,Ha ,lJ.eHbrH, npulIeM «HeKTO» HHlIero ,e 3Toro He nOJIylIaeT. ECJIH «HeKTO» 

HeI:1TpavTJeH, T. e. OH MOiKeT II He YlIUTbIBaTb pe3YJIbTaT nepBoro 6pOCaHH5J, TO 

3KcnepHMeHTbI a; II 6lj 6ynyT He3aBHCllMbIMII. ECJIH )Ke 0 HaMepeHll5IX 3Toro 

«HeKTO» HHlIero He H3BeCTHo, TO 3KcnepHMeHT 6lj cBo6o,neH OT ge. HanpHMep, 

«HeRTO» M02KeT 3axOTeTb 06eCnetIHTh BbUlrpbIlil O,l1.HOMY H3 HrpOKOB HJIll )Ke Bbl

paBHHTb BbIllrpbIlilII. 0603HaQHM A - Bblna,neHlle nepBoro rep6a II B - rrOKa3 

BToporo. TIo yCJIOBlllO 3a,lJ,aQH P (A) = P (A) = 1/2, a TaK KaK «HeKTO» MOlKeT ll36p3Tb 

.mo6yIO CTpaTerI:IlO, HanpHMep,-nOKa3bIB3H TOJIbKO rep6bI llJIII TOJIbKO pelllKll, TO 

P (B) = 0, P (B) = 1. ,I:LJI51 cB060,lJ.HOrO npOH3Be,lJ.eHH5I nepBHqHbIMll COBMeCTHOH 11M 
'6)';r,YT P(A) =F (A) = 1/2 (cpe,nHHe M (c+tA +c+A C) (B-p (B) =0 H36bITOQHbI, TaK l\.::lK 

B-J5 (B) =B-l ~O), a ,n.H51 He3aBlICllMoro npOll3Be,lJ,eHHH-

M (1/2-A):B == M (1/2 - A) Be == ~ (1/2 - A) B == 1\1 (1/2- A) Be == O. 

PaBeHCTBa Be,lJ.yT K TOtIHbIM 3HaqeHH5JM cpe)J,HHx M(I/2-A)B=M(I/2-A)Bc=O 
R.Hlf paBeHcTBaM P(AB) =P(ABC), P(ABC) =P(ACBC), KOTopble BMeCTe c nepBHq. 

HbIMll P(AB) +P(ABC) = 1/2=P(ACB) +P(ACBC) orrpe,neJI51lOT Bce BKJIIOtIeHHbIe B 

1]8 

GHe3aBHCHMoe npOH3Be,lJ,eHHe BeKTopbI Bep051THOCTeI1. OTMeTHM, tITO tL3HHblrI 3Kcrre 

pHMeHT OT.lIHQaeTC5I OT ,lJ,ByX1KpaTHoro He3aBHCHMoro nOJI,6paCbIBaHIUI MOHeTbI, npl!

J{OTOpOM Bce qeTblpe KOMnOHeHTbI BeKTopa Bep05JTHOCTeif paBHbI 1/4. 

2.6. 3AKJIIOqEHHE 

B § 2.1 H3yqaeTC5J B03,lJ,euCTBHe npe06pa30BaHHu npOCTpaHCTB HCXOAOB OAHoro 

B )1.Pyroe Ha BHA HHTepBa.;lbHoI1 MO,lJ,eJIH. BceM H3BeCTHbI ¢OPMYJIbI npe06pa30BaHHit 

nJIOTHOCTeH H HaCKO.71bKO C.;102KHbIMH OHH CTaHOB5JTC5J ,lJ,JI5J HeJIHHeHHbIX II HHepUlIoH

HbIX npeo6pa30BaHHrI (JI,OCTaTOQHO BcnOMHllTb paCqeTbI CllCTeMbI epllJIbTp-OrpaHll

tIllTeJIb-¢llJIbTp). ,UJI5I llHTepBa.;lbHbIX MO,lJ,eJIeH npllHUllfIbI paclIeTa ropa3,Uo npome 

H YHHBepCaJIbHee. Cpe,lI.M orpoMHoro pa3Ho06pa3H5J npll3HaKOB Bcer,Ua HalI,lJ,YTC5I 

COrJIaCOBaHHble c npeo6pa30BaHHeM, Ha3bIBaeMble rrpe,UCTaBHMbIMII rrpH3HaKaMH, KO

TopbIe, Bo-rrepBblx, cOBeprneHHo 3JIeMeHTapHo rrpeo6pa3YlOTcH caMH, H BO-BTOpbIX, 

,lJ,JI51 HllX npOH3BO,lJ,HTC5I HerrOCpe,lJ,CTBeHHbIlI rrepeHOC cpe,lJ,HIIX co BXO,lJ,a Ha BbI XO)J" 

onpe,neJI5J5I, TaKliM o6pa30M, nepBHqHble ,naHHbIe BbIXO,lJ,HOI1: Mo,rr,e.JUI. HY2KHO TOJIbKO 

paCCtHITaTb cpe,lJ,Hlle npe,lJ,cTaBIIMbIx nplI3HaKoB Ha BXO,lJ,e. 

npoue,lJ.ypa paCtIeTa ynpocTHTC5J, eCJIM nepBlllIHble npH3HaKH Ha BXO,lJ,e Bce 

npe,lI.CTaBHMbI II COrJIaCOBaHbI, Tor,na ,lI.eHcTBH51MH 6Y,lI.eT rrp5JMOH rrepeHoc Cpe,lJ,HHX co 

Bxo,na Ha BbIXO,lJ. , a MO,lJ.eJIH OKa3bIBaIOTCH rro,lJ.06HbIMll. ITO,lI,06lle 03HalIaeT CXOiKeCTb 

CTpyKTyp 11 OTCyTcTBlIeHeB03BpaTHMoro ymep6a npH npe06pa30BaHHH. B lIaCTHOCTH" 

no,n06HbI MeiK,lJ.y C060H Bce nJIOTHOCTH pacnpe,lJ,eJIeHllH BepoHTHocTeH, TaK KaK 

nepexo,n5JT O,lJ,Ha ,B ,lJ.pyrylO npI1 npeo6pa30BaHI15JX CJIyqaHHbIX BeJIHQII1H. 

CJIYlIaHHbIe npe06pa30BaHH5J § 2.2 KaK MaTeMaTHlIeCKaH 3anHCb paCnJIbIBlIaTblx, 

HeOrrpe)1.eJIeHHbIX ,lLei:icTBHH: ,U3lOTCH HHTepBaJIbHbIMH MO,lJ,eJI5JMH BblXO)l.HOrO HBJIeHHH 

llpll iKaiK,nOM 3HalIeHHH BXOAa II Ha3blBaIOTC5J nepexo)J,HbIMll MO,lI,e.I1HMH. CJIyqaiiHOCTb 

npe06pa30BaHHH ,Uo6aBJI5IeT Heonpe,neJIeHHOCTH Ha BbIxo,ne, rrpHBo;J,H K paCCJIOeHIIIO 

rrpH3HaKoB H paclllHpeHHlO Cpe,lJ.HHx. I1x qaCTHbII'I c.Tryqaii BeAeT K HHTepBan:bHbIM 

,zr.eiicTBHHM ap11~MeTHKH, 3aJIO:tKeHHbIM B IIHTepBav1bHOM aHaJIll3e. 

CJIylIaHHoe rrpeo6pa30BaHHe HarJIH)l.HO cpaBHHSaeTC5J C B3BOJ1HOBaHHbIM aKBa

pHyMOM nOJIynp03paqHOI1 HeOJI,HOpOJI.HOH: 2K1I;I.KOCTH, CKBO.3b KOTOpylO MbI CMOTpHM 

H3 KOMHaTbI Ha yJIHUY. f1pe,lJ,MeTbI CTaHOBHTC5I HClK3iKeHHbIMH, HeqeTKHMH, TpY;LHO~ 

pa3JIlllIllMbIMH.YiKe BH)l.llM He ,lI,epeBO H MaWIIHY, a HX CMyTHble cvrryqa(IHble oqep

TaHll5J, no KOTOpblM PIICYIOTC5I ycpe,l1.HeHHble 1I306palKeHH5I. 3TO II 6ynyT HeL£eTKHe 

Ha6JIIO)J,eHHH § 2.3 KaK pe3YJIbTaT paCn.JIbIBQaTbIX cJIyqaiiHbIX 1 rrpe06pa30BafHI(I, 

r)J,e BXO,lJ, COCTaB~rr5IeT He,lJ.OcTynH35J HaM HeKOTOp35J npe,lJ,MeTHaH 06JIaCTb (yJIHua) t 

a BbIXOJI. - Ha6.;lIO,l1.eHH5J, CB5J3bIBaeMble B cyiK,lLeHHH 0 TO.\1, qTO npOHcXO;LHT. 

KCTaTH, B lIeJIOBeQeCKOM 5J3bIKe CJIOBa H cPpa3bI TaIOKe IIMeIOT npe;LMeTHblI'r CMbIC.i1 

11 OTHOC5ITCH K npe,lJ,MeTI-I 011 06JIaCTH no IIpHHUHny: MbI TaK npHBbIK.JlH nOHH~1aTb, 

T. e. Cpe,lJ.HecTaTI1CTlIqeCKI1. B 3TOM paKypce qeJIOBeK HBJI5ICT COOOrI pa3HOBJI,lHOCTb 

CJIylIaI1HOrO npe06pa30BaHH5J BXOAa (0 qeM MbI rOBopHM) B BbIXO,J, ('-ITO MbI ro

BOpUM) . 

Ha HHTepBaJIbHble 'cpe,nHHe MOiKHO c;vloTpeTb KaK Ha npeo6pa30BaHH5J LIHce.i1 

B llHTepBaJI~I, T. e. RaK cBoeo6pa3HbII1: HTor «BHJJ,eHH5J» TOqHbIX Cpe;U-IHX (ec.1H 

TaKOBble CYW.CCTByIOT) lIepe3 npll3MY orpaHHlIeHHoro 3KcnepH:YlcHTa, BblHYiK,J,aIO

lIJ,ero npH6eraTb K OCTOpOMHbIM oueHKaM B Bll)l.e HHTepB3.;10B. EC~1H rrocMoTpeTb 

1 I1MeHHo CJIyqai1HbIX C 3aJIOiKeHHbIMII B HIIX CTaTHCTHlJeCKHM 3aKOHOMepHOCT5IMH 

B OTJIH4He OT TeoplfH HeQeTKI1X MHO)KeCTB 3a,ne [15]. 
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rpaHHUbI MX, MX, eCJIH OHH CymecTByIOT (T. e. ±XEg--X ) , Ha

3bIBaIOTC5I BepXHIIM II HH2KHHM Cpe,UHHMH 3HaqeHH5IMH caMoii c. B. X; 
.l~1X2, MX2 - 'Cpe,UHeKBa,UpaTHQeCKHMH 3HaQeHH5IMH, HeTIH HH)KHeH: II 

BepXHeH MOmHOCTbIO C. B. X. 
Pa36epeM pa3JIHtIHhle OTHOWeHH5I MeLK,Uy 'C. B. 

BKJIIOtIeHHe Jf(x-:=JJfY 3KBHBaJIeHTHO lwf (X) ~ Nit (Y), VfEfTx , 
H g-Xcf!TY; BKJ1IOtIeHHe 03HatIaeT, tITO rrepBHtIHO cpenHeCraTHCTH

qeCKIIX ,UaHHhIX B X 3aJI02KeHO MeHhWe, tIeM B Y, HJIH npOCTO OHH 

MeHee TOQHble. ,UJI51 KpaTKOCTH HHOrn3 33nHCbIB3eM X~ Y H rOBOpHM, 

qrO C. B. X WHpe (B Cpe,UHeCTaTHCTHtIeCK01\'1 CMbICJIe), tIeM. Y, HJIH 

)Ke X BKJIIOqaeT Y. C3MOlI IllHpOKOH Cpe,UH BCeX 5IB.H5IeTC5I rOJIa51 C. B. 

(OHa 2Ke rO.rIbIH napalVlerp), 0 KOTOpOI1 HeT HHKaKHX ,UaUHbIX. 3TO 

BbIXO,IJ, «qepHOrO 51IlI,HKa» rrOJIHOCThlO HeH3BeCTHOH crpyKTypbI. 11Hor

,IJ,a BblrOnHO TaK 'CQHTaTb BueJI5IX yrrpOllJ,eHH5I, ,UaX{e eCJIH KOe-KaKHe 

,ll,aHHble06 X HMeIOTC5L 

BKJIIOTIeHHe Hy2KHO OTJIHtIaTb OT HepaBeHCTBa X~ Y, 03HaqaIOIlI,e

ro, lITO X BCerna 6y,IJ,eT rrpHHI1MaTb 3HaQeHIIe, He MeHbwee Y: 
p (X~ Y) = 1. Hep3BeHcTBo, B tIaCTHOCTH, 6y)l.eT HMeTb MeCTO ,nJI5I 

iByx npH3H3KOB X=fl(~), Y=f2'(S) O,nHOlI H '1'011 )Ke £, eCJIH O,nHH 

H3 HHX Ma)KOpHpyeT ,IJ,pyrOH: fl ~f2*X~ Y. 113 X~ Y CJIe)l.yeT 

Mf (Y) ~Mf (X), HO TOJIbKO ,LIJI5I MOHOTOHHO Hey6bIBaIOIUHx epyHKUHH f 
(B OTJIHqne OT BKJIIOtIeUH5I). 

.llJI5I nOJIHOTbI KapTHHbI YK3)Kel\1 eme Ha OTHorneHHe X 60JIbille Y 
B Bep05lTHOCTHOM CMbICJIe KaK TO:IK,IJ,eCTBeHHoe nepaBeHcTBo: 

p (X> x) ~ P (y> x), V xEf1t, 03Ha tIalOIll,ee, tI1'O Bep05ITHOCTH npeBbI

-rneHHH JIlo6bIX ypoBHej:'I x ,IJ,JI5I c. B. X 60JIbWe, tIeM ,lI,JI5IY. 3TO ca

Moe cJIa60e OTHOlIIeHHe yrrop51JI,OQeHHOCTH c. B. CpeJI,H BBe..ueHHbIX Ha

MH, Ha3bIBaeMoe B tiTJHTepaType TaK: X CTOXaCTHtIeCKH 60JIbJl1e Y. 
Eme rrOH3,lLo6HTC5I ,U3J1ee nOH51THe cI1MMeTpuH. CJIYQai1Ha51 BeJIH

l-IHHa X Ha3bIBaeTC5I cUJHA1eTpUtiHOU, eCJII1 cpe,nHee .lII060l1 HeQeTHOI1: 

¢YHKl(HH eCTh TOtIHbII~I HOJIh: Mf(X} =0 rrpH f(-x)==-f(x), fEf!Tx. 
B qaCTHOCTH, eCJIH .LY CI1MMeTpIIQHa, TO }A sin uX = 0, 'lUE'!1l, 
M.lYZh+l=O )l.JI5I Tex k, ,LI,Jl51 KOTOpbIX X 2h+1EfTx . 

AeTepMHHHpoBaHHble npeo6pa30BaHHSI. Pe3IOl\1HpyeM npHlVleHH-

TeJIbHO K c. B. pe3YJIbT3TbI § 2.1, r):I.e H3YQaJIHCb ,neTepMHHHpoBaHHble 

npeo6pa30BaHH51 HBJIeHHA. 

flyCTb X 3aiI,aHa CBOH~1H cpeJLHHMH Nit (X), fEg-x. TIpeo6pa30

BaRIle Y=5 (X) O)J,HOH C. B. B ,IJ,pyrylo (a npH SEfTX C. B. }1 6y,rr,eT 

O,UHJ1M 113 rrp H3HaKOBC. B. X) Be,rr,eT K Mo,UeJIH ,,;j(Y, cpe)J.HHe KOTOpOH, 

KaK 3TO CJIe,rr,yeT Il3 3anlICH: M<p (Y) =Mcp (s (X)), COCTaB.lI5IIOT qaCTb 

cpe;:O-IHX l\10jI,eJIH vf(X". A HMeHHO, H3 Bcero MHoro06pa3H5I ~x BbI

6HpaIOTC5I TOJIbKO cpe,nHHe s-upejJ,CTaBHlVlbIX rrpH3HaKOB: f (x) = 
= cp (5 (x) ). 11x COfJlaCOB8HHOCTb MeLK·ny co6011 04eBH,ITHa 11 fTY == 

== {cp : cpsESlX } - 06JIaCTb cymecTBOB3HII5I tJf{Y. 

ECJIH X 3a):I.aeTC)l Ha60pOM ~ nepBHtIIIbIX npH3HaKOB, TO I10CJIe ee 

npeo6pa30BaHH5I B Y 3TOT Ha6op, B 06me!\1, pacna,rr,aeTC5I Ha Bee 

CP (Y) EfTY - Bce OHH IIOTeHUHaJlbHO 6ynyT nepBHtIHbIMH ,UJI5I JltY, 
qTO paBHOCHJIbHO pOCTy pa3MepHOCTH JJ{Y no cpaBHeHHIO C Jf{x. 
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KpoMe O,UHoro 'CJIyQa5I, KOr,lLa Bce npH3HaKH Ha60pa ~ s-rrpe,nCTaBH'" 

MbI, T. e. g(X)=='¢g{S(X», VgE~, H TOfna npH3H3KII '¢g(y), gEC§ 
6ynyT nepByJl-IHbIMH ,lLJI51 ,uf{Y, pa3MepHOCTH JltX H AY 6ynyT O,lI,HHa

KOIBbI, a )( H Y 6ynyT no,Uo6HbIMIHMeLKny 'C060H (5 (x) - 'rrpeo6pa30-o 

B3HHe nOnOOH5I). B 3TOM ClTIYlJae no cpe,UHHNI s-npe,UcT3BHMbIX npH3-o 

HaKOiB Jf{~1( IBOOCTaHaBJIHB3IOTC5I OCTa.JlbHble. 

fIpe06pa30BaHHe S 6y,neT OrpaHHtIeHHbIM, eCJIH OOJI3CTb sEE 3Ha ... 

tIeHHII S (x) - OrpaHHtIeHHOe 11HOMeCTBO Ha PJt. K HIllYI OTHOC5ITC5I: 

rapMOHHtIeCKHe rrpeo6pa30B3HH5I Su(x)=cos(UX) H sin(ux) (r,z:r,e u
HH,rr,eKc rrpH3HaKa) C 06JIaCTblO 3H3tIeHHH s&l? =![-1, 1], HHnHKaTop~ 
Hble s(x)==A(x) co 3HatIeHH5IMH 0 If 1 II T. n. MHorHe HY2KHble npe.. 

06p 230BaHH5I He 51BJI5IIOTC5I OrpaHHtIeHHbIMH. HaH60JIee pacnpocTpa

HeHHbIMH H3 HHX CtIHTaIOTC5I: TO)K,necTBeHHoe npeo6pa30BaHHe x, ',UJI5I 

KOToporo sf}] == fJt; I{B3,UP aTIItIeCKOe x2, s!!lJ == PJt+; Jl0rapHepMHtIeCKOe 

In x, XEY't+, sf!E = f!Jl; nOKa3aTeJIbHOe exp x, sBe == PJt+; rI1nep60JIHLIeC

Koe Ijx, sf!E==PJt B nOCJIe,nHeM CJIytIae B TOtIKe x==o npe06pa30BaHHe 

He orrpe,lLeJIeHO, 11 eCJIH 3Ta TOtIKa He 51BJI51eTC5I rrepBHLIHbINI C06bITHeM 

,nJI51 X, TO ee IIOJIe3HO HCKJIIOT.IHTb H3 HCXO,lLOB 3TOH C. B., lITO He npH

Be,IJ,eT K BH,rr,OH3MeHeHHIO Mo,neJIH X, HO 3aTO n03BOJIHT MaTeMaTHQeC

KH CTporo IIO.Hb30BaTbC5I 3THM PIpe06pa30BaHHeM. 

HOpMaJlbHaSl CJlY4aHHaSl BeJIH4MHa. I-IopMa.nbHa5I C. B. 33HHMaeT 

oco6oe nOJIO:tKeHMe, 065I3aHHOe rrpe,ll,eJIbHbIM TeopeMaM . .lVlbI paCCMOT

pHM ee C IHalllHX 06mHX ,KOHuenUHH:, ,naB pa3JIUQHYIO HHTepnpeTalI,HlO, 

a CB5I3aHHble C HeI1 npe,neAbHble TeopeMhI 6y,nyT paCCMOTpeHbI Qepe3 

naparpa¢ yx{e nOCJIe BBeneHH5I ;ITOH5ITHH CXO,lLHMOCTli. 

lfopJHaJlbHOU co cpeaHUM.,m u Gucnepcueii 0'2 Ha3bIBaeTC5I C. B. Y, 
OIIpe,LLeJIeHHa51 npO,UOJI:lKeHIIeM (nocpei,n,CTiBOM iHHTerpHpOBaHH5I If (1.4) 
HOPM3JIbHOH inJIGTHOCTH 'Bep05ITHOCTeH (ino iOTHoweHHIOKMepe-,UJIIIHe) : 

p (x) = /_1 
exp [ - (x - m)2j(2a2

)]. (3.1)
1, 2rt (J 

Ile p BIIIIHbI M ,UJI 51 HOp M a JIb H0 H C. B. 51 BJI 51 e rc 5I CJIe,UYIOIll. HI1 H a 60 P 
BepOHTHOCTeH OTpe3KOB: 

b - m ' ( a - m \ 2)
P(a, b)=cD ( -a-J- cD -a~)' a<b, (3. 

1 z 
rLI,e cD (z) = ----==S exp (-x2/2) dx - epyHKUH5I JIaI1JI3Ca (OHa Ta6yJIlI

1!2n o 
pyeTC51 B yQe6HHKax H 33,UatIHHKaX no TeopHH Bep05ITHOCTe~I). Be
p051THOCTH oTpe3KoB IIOJIytIaIOTC5I HHTerpIfpoB3HHeM nJIOTHOCTII B npe

,neJIax aT a no b, Tor,n3 KaK nJIOTHOCTb nonYQaerC5I H3 Bep05lTHOCTe~ 
KaK npe,UeJIW HX OTHoweHHH K ,nJIHHaM OTpe3KOB npIf yCTpeMJIeHHH 

rrOCJIe,lLHllX K O. 
CdOTBeTCTBYlOm3H HOpMaJIbHOH C. B. MO):LeJIb 0603HatIaeTC5I jr"~1,a~ 

ECJI;H CBeCTH ee K HyJIeBoMycpe,UHeMy If e,UHHYFIHOH ,LT)1CrrepCHH Y== 
= (Y-m)/a, TO nOJIyLIIiM cTaHoapTHyfo flOpJJ!laAbHylO C.B., COOTBeT

CTBYlOmylO JPO,l. ,UOCTaTOtIHO ee If paCCMaTpHBaTb, TaK KaK JIlo6a5I 
o 

JI.pyra51 K HeM rrpHBO,lLHTC51 COfJIaCHO epopMyJIe Y=m +aY. 
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- -

-00 

06JIaCTb PTura cymecTBOBaHH5I T04HbIX Cpe,UHHX )I.JI5I K o,l COCTaB

)I5IIOT BCe HHTerpHpyeMble C BeCOM exp (-y2/2) epyHKUHH, ,LI.TI5I HHX 

o 001 
M t (Y) == -==- Jf (y) eXlJ ( - y2/2) dy, 

y2n 

:rJ,e HHTerpaJI TIOHHMaeTC5I B CMbICJIe PHMaHa. B 4aCTHOCTH, ,[1)151 rap

MOHH4eCKHX cpe)I.HHX 

M COS uY == exp ( - u2/2), M sin uY =: 0, Vu, (3.3) 

il )I.JIH MOMeHTOB 

o 2k+l 2k k0M (Y) = 0, 1\1 (Y) === (2k)!/(k!2), k == 1, 2,... (3.4) 

Teo p e M a 3.1 x a p a K T:e p H 3 a U H 11 HOp 1\;1 a .TI b H 0 rr c. B. 

.3K8UBa/leNTHblAtU fl8Jlfll0TCfl c.IleoylOU{ue cnOCOObl saoaHUfl K 0,1: 

1°. n.llOTHOCTblD (3.1) npu m=O, (J==I; 

2°. nepBUtiHbUUU BepOflTHOCTflAlU (3.2) UHTep8aA08; 

3°. 2apMOHUtieCKUAiU cpeoHuMu (3.3), npUHRTblAtU sa nep8UtiHble u 
° 

oonoAHeHHblJ11,U nep8UtiHblMU 8epoflTlioCTfl/vLU P ( IYI> H), saOaliHblJl;lU 

,oOCTaTOtlHO npOU380AbliOJ HO 8 pa/I,1,KaX C/leOYIOU{e20 Tpe608aliUfl He

npOTU80petiUBOCTU: 1-2(1) (H) ~ P(IYI> H) ~ 0; 
H-?oo 

4°. MOJl;leHTaAiU (3.4), 8SflTblJl;lU 8 KaifeCT8e nepBUifH020 Ha6opa. 

,lleHcTBHTeJIbHO, nepBH4HbIM JI,JI5I K o,l MO)KHO 6bIJIO 6bI C4HTaTb 

JII060H nJIOTHbIH B MH02KeCTBe fF J1;n HHTerpHpyeMblx C BeCOM 

exp (-y2/2) epyHKUHH KJIaCC, MJIH ero 6a3HC. TaKHMH 5IBJI5IIOTC5I MH

JJ.MKaTopbI HHTepBaJIOB B 2°, CTerreHHble epyHKUHH B 4° II rapMoHM4ec

KHe B 3°. He06xo,lI)IMOCTb BBeJJ.eHH5I )I.OnOJIHHTeJIbHbIX nepBH4HbIX Be

P05ITHOCTeH B 3° BbI3BaHa TeM, 4TO rapMoHH4ecKHe epyHKUHH o6pa

3YIOT 6a3Hc JIHllib npM orpaHH4eHHoH 06JIaCTH 3Ha4eHHH aprYMeHTa. 

CJIY4aHHa5I BeJIH4HHa, onHCbIBaeMa5I B BH)I.e cuTIe)I.yIOmero ceMeH

-eTBa HOpMaJIbHbIX MO,lI,eJIeH: 

~ -K - V _ V _ m,cr - m,m,a,a'
 
m~m~m a=::::;a=::::;a - 

'Ha3bIBaeTC5I HopMa./lbIiOU C uHTep8aAbliblMU cpeoliuM m, iii u oucnep
_ -;; ° 

cueu (J2, (J2. 06be)I.HHeHHe 3KBHBaJIeHTHO 3anHCH Y==(JY+m, r,rr,e Y
,cTaH,napTHa5I HOpMaJIbHa5I c. E., 'CBo6o,ll.Ha51 OTm H (J, a m H (J npH

HHMaIOT npOH3BOJIbHble 3Ha4eHH5I B OTBe,lI,eHHbIX HM IIHTepBaJIaX, 4TO 

~Be.neT K Cpe,ll.HHM 

Mf == max Mf (0 Y+m), vt E ,qJoff· 
m~m~m 

~~a=::::;a 

TIPH 6eOKOHe4HbIX 3Ha4eHH5IX '!!.==-oo, m=oo 06n3Ha4aeM JlQo,G H 

;ua3blBaeM HOpMaJIbHOH npH HeH3BeCTHOM m H HHTepBaJIbHOM D". - ,UJI51 
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Bee, Ka K 3TO HaxO)I.HTC5I H3 rrOCJIe)I.HeH epop ~1YJIbI, HMee1\;1 

- (b-a\P(a. b)=2<D 2~)' P(a, b)=O. 

TeMH )Ke OYJI.yT Bep05ITHOCTH, eCJIH (J He H3BeCTHa, TOr;:La 0603Ha

qaeM K ~ a eCJIH K TOMy )Ke H I~ He II3BeCTHa, T. e. ~== 0, TO HOp

MaJIbHa51 C. B. Bblp0)K,lI,aeTC5I B rOuTJYIO. 
CJIyqaHHble nOCJIe,Il.OBaTeJIbHOCTH. Cnoco6bI onHCaHH5I C. B. Heno-

cpe,nCTBeHHO nepeHOC5ITC5I Ha CJIY4aHHble BeKTopbI X== (X 1, ... , ~\ n) , 
cOCTaBJIeHHble H3 nOCJIe,ll,OBaTeJIbHOCTH 'c. B. He CTOJIb no epopMe, CKOJIb 

no cO)J,ep)KaHHIO OTIHC3HH5I \fIipn 3TONl yc.nO)KH5IIOTC5I. Hac 6YJI.YT J1iH

repecoBaTb 3)J,eCb pa3Hble ynpomeHH51: TaKHe cnoco6bI, KOTopble n03

BOJIHJIH 6bI no 4aCTHbIM Mo,Ue.H5IM u;f{ xi C. B. Xi COCTaBHTb COBMeCT

HyIO J{x . ,UJI5I 3TorO-TO H HY)KHbI rrOH5ITHH He3aBHCHMOCTH, CB060,lI,bI, 

HeKOBapHHpOBaHHOCTH rrpe)I.bI,ll.ymeH r JIaBbI. 
TIoCJIe,ll.OBaTeJIbHOCTb Xl, LY'2, ... , Xn Ha3bIBaeTC5I nOCAe008are./lb

HOCTbl0 He3a8UcuhtblX C.8., eC.TIH OHa rrOJIHOCTbIO onpe)J,eJIeHa rrep

BH4HbIMH cpe,UHHMH BH,Ua 

n n n (i) , 
MIIfi(Xi)==IIMfi(Xi)= max rr M fi(X i ), (3.5) 

./\1 (i) =M HJIH M 1 

rAe crrpaBa CTOHT lVlaKcHMyM ITO BceB03MO)KHbIM C04eTaHH5IlV1 rrpoH3

Be,ll.eHHH Mfi (.;~ i) II Mf i (Xi), npH4eM Bee COMHO)KHTeJIH ,nOJI)KHbI 

6bITb KOHe4'HbI (T. e-:-±fiEPTXi) , 4T06bI rrpaBaH 4aCTb 6bIJIa KOHe4

HOH. 3TO eCTb 33'KOH HHTepBaJIbHOH MyJIbTHrrJIHKaTHBHOCTH ,ope,,ll.HHX, 

nOJIOLKeHHbIJ1: B OCHOBy He3aBHCHMOCTI1 II He3aBHCHMoro rrpOH3BeJJ,e

HH5I IC. B. 
,UJI5I nOCJIe,lI,OBaTeJIbHOCTH He3aBHOHMbIX C. B. CrrpaBe)I.nHBbI CJIe

.nYIOIUHe COOTHOlIIeHH5I': 
_n n_ 

1. M L.fi(Xi )== ~Mfi(XJ. 
1 1 

_n n_ n n + 
2. M rrft(Xi )== I1Mft(Xi), M rrfi (Xi) === IlMfi (Xi)' 

1 1 - 1 1

_ k _ n 

'3. M IT (Xi-MXi ) I1(X i -MXi )== 
1 k+l-

( 0, eCJIH k HelJeTHO, 

= t~ (MX i - MX i ), eCJUI k qeTHO. 

k n 

M II(Xi-MXJ II (Xi-MXJ== 
- 1 k+l

(0, eCJIH k qeTHO, 

~ {l- n(MX i - MX i ), eCJIH k He4eTHO. 
1 
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4. He3aBH'cHMOCTb COXpaH5IeTCH npH npe06pa30BaHHHx YI = fl (XI) ~ 
Y2=-~h(X2), ... , Yn=fn(Xn). 

5. He3aBHcHMblMH 6ynyT q)yHKUHH OT JIl06blX HenepeceKalOmHXC5I 

nonHa60poB nOCJIe,Ll.OBaTeJIbHOCTH Y1=fl (Xl, ... , Xli), Y2=f2(XH1 , ... 

... , Xn ). 

6 TlpH i~j 

M (Xi --MXJ (Xj-MX j)= M (Xi -MXi) (X j - MX j ) = 

=M (Xi -MXJ (Xj-MXj)= M (Xi - MX;) (X j - MXj) = 0. (3.6)· 

TloCJIe,Ll.OBaTeJIbHOCTb, y,Ll.OBJIeTBOpHlOmaH CBOlkTBy 6, Ha3bIBaeTC51 

HeKo8apuupo8aHHou. 
TloCJIe,Ll.OBaTeJIbHOCTb Ha3bIBaeTCH HeKOppeJlUp08aHl-lQU, eCJ1H 

MXiXj=O, i~j. TlpH HyJIeBblX Cpe,Ll.HHX MXi=O rrOHHTHH Hel<OB3

pHHpoBaHHocTH H HeKOppeJIHpOBaHHocTH COBrra,Ll.aIOT. OTMeTHM, tITO 

eCJIH Xi =m+Gi H Gi HeKOppeJIHpOBaHbI H HMelOT HyJleBble cpe,UHJre 

MGi = 0, TO rrpH HeH3BeCTHOM napaMeTpe mc. B. Xi He 6ynyT HeKO

BapHHpOBaHHbIMH, a 6ynyT rrOnlJHHeHHO (rrpH Ka)KnOM 33)J.aHfIOM m) 
HeKOBapHHpOBaHHbIMH. 

TloCJIe,Ll.OBaTeJIbHOCTb Ha3bIBaerC51 c806o0HOU, eum OHa onpc.Je
JIeH3 rrpOH3BeneHHeM lJaCTHbIX .J!fx,..I{x, ... .J!fxn, 'ITO COOTBeTcTBycr 

CJIenYIOru.eMY nopHnKy BbIlJHCJIeHHl'j: Cpe,Ll.HHx: Mf (X), ... , Xn ) = 
=Mx, (MX,( ... (NJXnf(X1, ... , Xn) ) ... )). 

.LlJIH CB060,Ll.HbIX nOCJIenOBaTeJIbHOCTeHKa)K,Ll.Oe nOCJle,Ll.YIOru.ee 3Ha

lJeHHe Xi npenCTaBJIHeTCH KaK CJIylJaHHOe npe06pa30BaHHe rrpe,Ll.W.ll.Y

mHX XI, X2 , ... , Xi-I, ,npHlJeM CTpyKTypa .:noro npeo6pa30BaHHH He 

H3BeCTHa, a H3BeCTHa JIHillb lJaCTHaH.J!{X i . .LlJIH CB060,LLHbIX nOCJIc),o

BaTeJIbHO'CTeH OCTalOTCH ,cnlpaBe,Ll.JIHBbI,MH 'CBoH,cTBa 1 H 2. 
CBOH'CTBO CB060,LLbI TepHeTcH npH nepecTaHoBKax nOCJIe,LLOB3Te.:lb

HOCTH, B OTJIHtIHe aT CBOHCTB He3aBHCHMOCTH H HeKOBapHHpOB3HHOC

TH. TlO,LLlJepK'HeM eme pa3, 'ITO 'Bce YKa3aHHble HaMH cnoc06bI 3ana

HH51 n'OCJIe)]OBaTeJIl;HOCTH o.6be'1!.HHeHbI TeM, 'ITO Tpe6YlOT JIHillb 3Ha

HH51 lJaCTHbIX HM 3JIeMeHTOB Xi 'C YKa3aHHeM xapaKTepa B3aHMOneil

CTBH51 Xi. 
Eru.e OnHHM cnoc060M 6yneT, KOfna 3TO B3aHMO,Ll.eHCTBHe He p:a

3aHO, a 3a,LLaHbI JIHillb lJaCTHble .J!{Xi (CM. npHMep 2.9). Torna cpe),

HHe pa3neJIeHI-IbIX no nepeMeHHbIM npH3HaKoB Nfg (Xi), gE~i, nep

BHlJHble ,Ll.JIH OT,Ll.eJIbHbIX c. B., 06pa3yloT nepBHlJHbIH Ha60p COBMecr

HOH MOneJIH (OTCIO,Ll.a 'CJIe,LLyeT 'COOTBeTCTBYIOru.HH ¢opMyJIe npO.ll.O.l

)KeHHH CIIoc06 BbIlJHCJIeHHH COBMeCTHbIX Cpe,Ll.HHX). Ha cyMMax pa3

,Ll.eJIeHHWX npH3HaKOB B~nOJIHHeTCH CBOHCTBO 1 an,LLHTHBHOCTH. 

llpH 'O)J.HHaKOBbIX lJaCTHblX MO)J.eJI51X He3aBHCHMOCTb Xi npHBOJ,!IT 

K HaHOOJIee y31<Ol1 'Cpe)]H OCTaJlbHblX ,COB'MecnIOH MO)l.eJIH, a ,nOCJle.LI

HHl1 CJIylJaH nOJIHOCTblO HeH3BeCTHbIX CB513eH Melliny Xi - K C3~!O(j 
IllHpOKOI1. 

O,Ll.HOP0,Ll.HOCTb Ii CTaQliOHapHOCTb nOCJIe,lI,OBaTeJIbHOCTIi. TloCJICllO

BaTeJIbHOCTb Ha3bIBaeTC51 O,Ll. HOp 0,Ll. H 0 H, eCJIH ee COBMeCTHaH 11M 
He MeHHCTCH npH UHKJIHlJeCKHXC)J.BHrax 3JIeMeHTOB, T. e. ,Ll.JIH onHOpO,Ll.

HOH nOCJIe,Ll.OBaTeJIbHOCTH BeKTopa X=(X), ... , Xn) H SliX= (Xli, ... , Xno 
126 

I'
I) 

XI, X2, ... , Xk.-I) , OTJIHY310ru.HeCH UHKJIl1yeCKOH nepeCTaHOBKOH 3JIe

MeHTOB, HMelOT O,LLHHaKOBble COBMeCTHble VIM: ..I{X =.J!{S"'X.. TeM 60

JIee 'O'.!I,'HHaKQiBbIMH ,1I:OJIlliHbl 6bITb ·ya'CTHble MOneJIH Jf{X'= ... =.!ffXn . 

O,Ll.HOP0,Ll.HOCTb 3KBHBaJIeHTHa paBeHcTBy cpe)J.HHX npH C,LLBHrax: 

Mf (X) = Mt (Sii X), 'If E f. 
O,LLHOpO)J.HOH 6y,Ll.eT He3aBHCHMa51 IIOCJIe)J.OBaTeJIbHOCTb, 3JIeMeHTW 

KOTOpOH 3a,Ll.aHbI O)J.HHaKOBbIMH lJaCTHblMH HM. HJIH HeKOBapHHpo

BaHH3H, eCJIH TOJlbKO ,OIIpe,lI,eJI511Oru.He ee ,paBeHCTBa (3.6) 51BJI51lOTCH 

nepBHYHbIMH Cpe,Ll.HHMH COBMCCTHOH HM. CB060)J.HaH nOCJIe)]OBaTeJlb

HOCTb .uallie npH COBna,LLeHHH lJaCTHblX MOJ\-eJIeH He MO)KeT 6blTb 0)1.

HOpO,Ll.HOH, TaK KaK CBO~ICTBO CB060AbI He HBJI51eTCH paBHonpaBHbIM 

K nepeCTaHOBKaM. 
O,Ll.HOP0,Ll.HOCTb OTpalliaeT BHeIllHlO1O CHMMeTpHIO CTaTHCTHtIeCKHX 

)J.aHHbIX K UHKJIHlJeCKHM C)J.BHraM, HaJ\-eJIH51 elO HM. EOJIee TOHKHM 

HBJIHeTCH nOH51THe CTaUHOHapHOCTH. TlpH3HaK f(X) Ha3WBaeTC51 cra
u,uoHapHblAot K UHI<JIHlJeCKHM C,Ll.BHraM S" nOCJIe.uOB3TeJIbHOCTI1 X, eCJIH 

M [f (X) - f (Sh X)) = 0, 'IS". 

flOCJle008areJlbHOCrb X Ha3blBaeTC51 crau,uoHapHou, eCJIH CTaUHOHap

HbI .1106ble npW;1l3 1,,! fc"T- H3 06JIaCTH cyru.ecTBoBaHlHI Cpe.uHHx. 

BamHo, 'tITO B onpe,LLeJIeHHH CTaUHO'HapHOCTH M - TOlJHOe Icpe)l.Hee. 

C JI e )J. C T B H HC Tau H 0 Hap HOC T H n 0 C .1 e ,Ll. 0 BaT e JI b H 0 C

T H. 1. nJIH Bcex 4aCTHbIX npH3HaKOB 113 06JIaCTH cymecTBoBaHHH 

M[f(X;)-f(X j)] =00, Vi, j (OtIeBI1)J.Ho, TaK KaK lJaCTHble npH3HaKH 

:npHHaJI)le}KaT g:-X). 2. H3 'CTaUI10HapHOcTH CJIe)J.yeT .oJ,'HOpO,Ll.HOCTb. 

B caMOM )J.eJIe Mf(S"X)=M[f(S"X)-f(X)+f(X)]=M[f(Sh X)
-.f (X)] +Mf(X) = Mf (X). 3. ECJIH 6bI cpe,Ll.Hee Mf (X) KaKorO-TO 

npH3HCiKa CTaJIO 6bl B)J.pyr TOlJHO H3BeCTHbIM, TO TaKHM me OHO OKa

3aJIOCb 6bl npH JIl06bIX UHKJIHlfeCKHX C)J.BHr3X nOCJIe,Ll.OBaTeJIbHOCTH: 

MMf( x)f (SkX) = Mf (X), r)J.e CJIeBa - Cpe,LLHee no CelJeHHIO MOlI,eJIH. 

CTaUHOHapHOCTb nOCJIelI..OB3TeJIbHOCTlI K3K pOll, ,CTaTHCTHlJeClwi! 

ee yCToIi4HBoCTH (oTclO)J.a H TOlfHble M) BKJIa,LLbIBaeTCR BO BHyTpeH

HIOIO cHMMeTpHlo 11M H rrp051B.TI51eTC51 B a6COJIlOTHOH B3aHMHoII no,Ll.

lJHHeHHOCTH cpe)J.HHx (cJle,Ll.CTBl1e 3). CTaUHoHapHocTb 06R3aHa Ha 

npaKTHKe HeH3MeHHOCTif BO BpeMeHH yCJIOBHrl reHepaUIIH 3JleMCHTOB 

Xi. TlPH CTaUHOHapHOCTH ,Ll.a)l<e rOJIble lJ3CTHble MO,LLeJ1H He )J.CJI310T 

COBMecTHylo rOJIOH. Hanpl1Mep, nYCTb nOCJIe1I,OBaTeJIbHOCTb He:~aBilCH

Ma, T. e. onpeJ\-eJIReTOI p3BeHCTBaMH (3.5), llCT3UHOHapH3. C I<JI3C

CHlJeCKHX n03HUHH lIMeeM He3aBHCHMYlO 01I,HaKOBO pacnpe,Ll.eJIeHHylO 

BbI60pr<y C HeH3BeCTHblMH pacnpe,LLeJIeHH5IMH BepoRTHocTeH 3JieMeH

TOB. 3TO OTHID)J.b He rona51 MO)J.eJIb, TaK l\aK CTaU,IiOHapHOCTb CCTb 

yme BeCbM3 CyW,CCTBCI-lHble 3HaHH51. Mbl YBHll.IIM B IIOCJIe)]HeI1 r.12Be, 

KaK CTaUHOH3pHOCTb 06JIerlJaeT OUeHKY Cpe)]HHX lJaCTHWX IIpH3HaKoB 

no )J.JIHHHOMy pH)J.y H36.11O,Ll.eHIII1. 

060 6m e H H 51. 1. ECJIH CT3UHOH3PHblMH 5IBJI51IOTCH He Bce npH3

HaKH, a TOJIbJW Ha60pa Q" TO nOCJIe)]OBaTCJIbHOCTb H33blBaeTCrl (l
CTaUHOHapHO~I. CTaUHOHapHbIMH 6y)J.eM Ha3bIBaTb H cooTBeTcTBylO
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llIJIe ,npU3HaKaM qEQ napaMeTpbI Mq (3TO He rCpe,UHIIe Mol,Ue.JIB, a 

HanpaBJIeHH5I HX CeqeHH5I). 'TaK MOMHO rOBopHTh '0 CTaUHOHapHOCTH 

Cpe)l-HerO j\1X (COOTBeTcTByeT CTaUHOH3pHOMy npH3HaKY X), Cpe,LLHe .. 

KBa,UpaTHqeCKOrO MX2, Ha60pa Bep05ITHOCTeH II T. ,lJ.. 

2. 0606meHHeM 6Y,lJ.eT orrpe,UeJIeHHe CTaUHOHapHOCTII He K C,UBlI

raM, a K KaKOH-TO ',lJ.pyroi1: rpynne onepaTopOB Sh, HanpllMep rpynne 

'Bcex nepeCT3HOBOK. 06a o606meHlI5I OTHOC5ITC5I H K O,lJ.HOpO,UHOCTH. 

3. CHoHeTBo 'CTaUHoHapHocTH Mo,UeJIH 3KBHBaJIeHTHO B HeKOTOpO\;£ 

CMbICJIe CBOHCTBy rJIaBHOH ,UHarOHaJIII: CeqeHHe ee rro O,UHOll KOOp

AHHaTe orrpe,lJ.eJIHT TOqHO TaKHe Me 3HaqeHH5I Bcex ,UpyrIIX. 

3aBMCHMbIe nOCJIe,lJ.OBaTeJIbHOCTU. BbIIlle YlKe 06CY)Kfta.naCb E03~ 
MO)l{IHOCTb 3a,UaHH5I nOCJIe,lLOBaTeJIbHOCTH qaCTHbUvlH MO,IIe.TI5IMH ee 
3JIeMeHTOB. Ha TOM' }Ke npHHunne 6a3HpyeTC5I 3a,UaHHe nOCJIe,ZlOBa

TeJIbHOCTH ynpomeHHbIMH COBMeCTHbIMH Mo,UeJ15IMH (HarrpHMep, TO~-Ib" 

KO coceJJ.HllX 3JIeMeHTOB), 'OTp aM a IOIll,HiMiH ,HX CB5I3b MeM,,Uy co6o~I. 'T(1'1\, 

3a,naBa5I KOppeJI5IUHH coce,UHHX 3.JleMeHTOB NIXiXi+1 = b, MX i Xi+1 = 5) 
i == 1, 2, ... , nOJIyqaeM, eCJIH 60JIbille HIIQerO He H3BeCTHo, :vIOJlenb 

O,UHOpO,nHOI1 nOCJIe,lLOB3TeJIbHOCTH, ,Il)I5I KOTOpOH KOppeJI51IJ}IlI H 

,lI.yT eenep:BHlJ'HbIMH 3HaqeHHH:MH. A iB 06me:M, 33;L3HHbIMI1 NloryT 6blTb 

Cpe,lJ.HHe Nit (Xi, X i+l , •.. , Xi +h ) ¢YHKl~Hi1 He O,UHoro H ,UByX, a JIIOOOrO 

llIICJIa 3JIeMeHTOB, xapaKTepH3Y5I TeM C3MbIM 33BHCHMOCTh He TO"lbKO 

COCe,lLHllX 3JIerMeHT'OB, HO II qepe3 Ol1I.UH, qepe3 ,UiB3 H T. n. a.neMeHTOB. 

Onpe,rr,eJIeHHble yrrpOI.UeHIl5I ,lI.aeT 3JJ.eCb ,lJ.OnymeHHe 06 O,UHOpO,ll 

HOCTH, n03BOJI5IIOI.Uee Cpe}I,'HHe ,UJI5I KaKOrO-JIH60 O,UHoro cpp arMeHTa 

nOCJIeJI.0BaTeJIbHOCTH cpa3Y nepeHocHTh Ha JII06hIe HX UHEJIHqeCKHe 

C,UBHrH. 

nJI5I 3aJI.aHH5I 3aBHC11MbIX nOCJIeJI.OBaTe,IIbHocTeii O,UHa H3 ynpo

maIOIll,HX B03MOlKHOCTeH COCT011T B BbIpa)KeHHH ee Qepe3 60,nee npoc

TyIO, B QaCTHOCTH, He3aBHcHMYIO nOCJIe,lJ.OBaTeJIbHOCTb ~. ,3TO 6Yr1eT 

epYHKUHOHaJIbHbIM npeJI.cTaBJIeHHeM BHJI.a X= v (~), O,UHOlI H3 epOp!vI 
KOTOpOI1 5IBJI5IeTC5I peKyppeHTHoe npeaCTaBAeHue JI!06oro 113 ,UByX 

BHJI.OB: 

Xi=Vi (~i' ~i-l'···' ~l)' Xi=W i (£i' Xi-I'···' Xl)' 
rJl.e Vi H Wi - JLeTepMHHHpOBaHHbIe npeo6pa30BaHlI5I. BTopoe npe;L

CTaBJIeHHe 5IBJI5IeTC5I qaCThIO nepnoro, qTO 6y,UeT 5iCHO, eC.TIH noc.ne-

,lI.OBaTeJIbHO Bblpa3HTb 113 Xf= VI' (£j) 3HaqeHHe £1 == VI-1 (Xl), rrOJI.CTa

BI1Th ero B X2 == V2 (£2, £1), H3 KOToporo CHOBa Bblpa3HTb £2 qepe3 

X2 H Xl H T. JI.. 

PeKyppeHTHoe npeJI.CTaB~eHHe: 

Xi=Wi (~i' Xi-I'···' Xi-h), i== 1,2, ... , 

f,ne £i ,He3aBHCHMhI, Ha3bIBaeTC5I k-CB5l3HblM MapKOBCKU/vl. 0JJ,HOCB5I3

Hoe MapKOBCKoe rrpe,nCTaBJIeHHe Xi=Wi(£i, Xi-I) eCTb cnoco6 oTpa

2KeHH5I HHepu.HoHHOCTH 3HaqeHHH IIIOc.JIenOBaTeJIbHOCTH H l\10lKeT 110

pOM,lI.aThC5I KaK Cal\10H epIf311qeCKOH npHpOJI.OH, TaK If ,UHKTOBaTbCH 

y,U06CTBOM, 3KOHOMHOCThIO, IIO,lJ.qaC npHBblqHOCTbIO. IlpH HHTepBa~~b" 

HhIX MO,lJ.eJI5IX Si MapKoBciKoe npeJI.CTaBJIeHHe (BIIpOqeM KaK H ,llPY

rHe) JI.eJIaeTC5I YHHBepCaJIbHbIM: OHO ,nOCTH)KHMO paCll1HpeHHeM 11M 

£i KaK cpe,ncTBoM ,n06HThC5I a,lI.eKBaTHOCTII BbI6pauHoro HaMII onH

caHH5I J{MapK peaJIhHoMy Jt, IIOHHMa5I no,lI. a,lI.eKBaTBOCTbIO BKJIlOtIe-

RIfe: J{MaPK-:::JJt. 

1 3.2. CXOAMMOCTM 

I 
i HepaBeHCTBa ,lI,JISI CJIYlJaHHbIX BeJIUlJHH. TIYCTh X H Y - ,nBe CJIy· 

qaHHble Be~HqllHbI. HeBaMHO, KaK OHH CB5I3bIBaIOTC5I Me)KAY COOOH; 

HaIIpHMep, 3TO MoryT6hITh ,nBa IIpH3HaKa X ='11 (s), y== f2 (~) HeKO

TOPOH O,lJ.HOI1C. B. £, IIJIH )Ke COBepweHHO pa3HhIe C. B. nOCJIe,LLOBa .. 

TeJIb'HOCTH. CnpaBeJI.JIHBhI CJIe,lJ.YIOI.Ulle aHaJIOrH KJIaCCHqeCKlIX Hepa-

BeHCTB:
 

1) r e JI b JI. epa. Ilp Hr> 1 H 1/r + 1/s == 1:
 

MXY ~ (MIXI,)I/, (MIYls)l/S, MXY~ (MIXI,)I/, (MIYI )1 /5. 

2) MHHKoBcKoro. I1pH r~l:
 

(M/X+YI,)I/, ~ (MIXI,)l/, +(MIYI,)l/"
 

a npII O<r< 1 

MIX+ ¥I' ~ MIXI'+MIYI', MIX +YI' ~ M(XI'+ MIYI'· 

3) ill B a p U a - 5 y H 5I K 0 B C K 0 r 0: 

(M IX +Y/2)1/2 ~ (MX2)1/2 + (MY2)1/2.
 

4) MapKoBa. llpH r>O, a>O:
 

~ (IXI> a) ~ MIXlr/ar, p (IXI> a) ~ M/Xlr/ar.
 

5) q ,e 6 hI ill e B a: 

I!.. (IXI> a) ~ MX2ja2
, P (IXI> a) ~ MX 2/a2

• 

6) VI e H C e H a. ECJIH '¢ (x) BhlIIyKJIa II IIMeeT IIPOH3BO~HYlO, TO 

M 11' (X) > 'llJ (MX), M'llJ (X) > 'P (MX). 

7) 3,,1] eM e H Tap H hI e H epa B e H 'c T B a 

A11X +YI' ~cr MIXl'-t-cr MIYI',
 
MIX +YI' ~ Cr M IXlr + Cr MIYlr,
 

1r,ll.e Cr~ 1 npH r~ 1 H cr =2r- npH r~ 1. 
TIPH TOllHbIX cpeJI,H11X 3TH HepaBeHCTBa nepeXO,LL5IT B KJIaCCIItIec .. 

KHe. 

,1J, 0 K a 3 aTe JI b C T B 0 H epa B e H C T B. 1. TIepBaH epopMyJIa CJIe.rr.yeT 83 

9JIeMeHTapHoro HepaBeHCTBa ab~ Ialr/r+ Ibl 8/S, eCJIH 3aMeHHTb B HeM CHaqaJIa a 
Ha X/{MIXlr)l/r, a b - Ha Y' = Y/(M\ YI 8)1 / 8 H B3HTh BepXHee cpe.rr.Hee OT 06eHX 

qaCTeH, HCrrOJIb3yH CBOHCTBO rrOJIya.rr.,lJ,HTHBHOCTH. BTopaH epopMyJIa nOJIYlIaeTCSI B 

OTJIHqHe OT rrepBoiI 3aMeHoH a Ha X' = XI (M 1X Ir) llr, rrOCJIe qero HCrrOJIb3yeTcSI 

5-13 129 
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HepaBeHCTBO: ~(iX'lr+ IY'I ') ~MIX'lr+MI Y'J '. CJly'laH MIXlr=o, MI Yj'=o 
HCKJlIO'IaIOTCH, TaK KaK npH 3TOM HepaBeHCTBa CTaHOBHTCH TpHBHaJlbHbIMH. 

2. ITepBoe H3 HepaBeHcTB MHHKoBcKoro .QOKa3blBaeTCH no KJlaCCH'IeOKOii cxeMe 

[20, c. 50] H3 HepaBeHcTBa feJlb.Qepa, a BTopble .QBa HBJlHIOTCH CJle.QCTBHHMH 

,9J1eMeHTapHoro HepaBeHcTBa: la+blr~ lal r + Ibl /, O~r~l, npH a=X, b=Y. 
3. ECTb '1acTHblii cJly'laii nepBoro HepaBeHCTBa MHHKoBcKoro npH r=2. 
4. CJleJlyeT Il3 Toro, 'ITO HH.QHK3TOpbI nOJlyoTpe3KOB (-00, -a], [a, 00) CYTb 

ABa e.QHHIl'lHbIX yCTyn3, npOCTilpalOLUHeCH OT TO'leK -a H a B npOTHBOnOJlO)l{Hble 

CTOpOHbI, MeHbWile <pyHKUHH IX Irlar. 
5. ECTb '1aCTHbIl1 cJly'laii HepaBeHcTBa l'vtapKoB3 npH r = 2. 
6. )loKa3aTeJlbCTBO cTaH.Q3pTHO [20]. 
7. CJle.'lyeT H3 HepaBeHcTB3 ia+blr~crlalr+crlblr. 

CXOtJ,MMOCTb MOtJ,eJIeH. 3tJ,CCb P3CCM3TpIIB3eTCH CXOtJ,IlMOCTb 43CT

'HbIX YIM .Jf{x" nOCJle.u,OB3Te.'lb'HOC1'H X n npH n-+oo ,K l.J3CTHOH 11M 

J/(X C.B. X, B CMbICJle CXOlI.HMOCTH CpelI.HHX iVff (X n ) K iVff (X). 060
3H3l.JHM:[lTxn H [lTX - 06Jl3CTH cymeCTBoB3HHH lI.Jl51 .;J(Xn H .Jf{X. 

DocJlenoB3TeJlbHOCTb c. B. Xn H33bIB3eTCH: 

a) HM-cxOOflU{eii.Cfl K X 6 rWnpa6JleHUU KJlacca d& 12pU3HaK06, 
l.JTO 0603H3l.J3eTCH iVfd& (X,,)-+iVfd& (X) , eC,7II1 limiVfh(Xn ) =iVfh(X), 

rz~oo 

VhEd&; 
6) HM-cxOOflU{eUCfl K X: lim.Jf{x,,=..,1'(X, eCJIH [lTxn=[lTx H YIM-

n....:,.oo 

CXOlI.HMOCTb HMeeT ,MeCTO B H3np3BJleHHH Bcex npll3H3KOB H3 BfX; 
B) HM-cxOOflU{eaCfl B X: lim .;J(Xnc.Jf{x, eCJlH lim iVff (X n ) ~ 

~iVff(X), VfE[lTx. 
ECJlH npelI.eJlbI Cpe.uHHX He cymeCTBylOT, TO B onpelI.eJleHHHX OHH 

33MeHTlIOTC51 H3 lim= lim sup. 

Teo p e M 3 3.2. J:JlfI HM-cxOOUAtOCTU X n B X OOCTaTO'i.HO 11M
CXOOUMOCTU 6 Hanpa6JleHUU Ha60pa 3'x 12ep6UI.f.HbiX 12pu3HaKo6 C.6. X: 

Mg (X n) -+ Mg (X), V g E GX => lim J1t Xn C J!tx . 

)l 0 K 3 3 aTe JI b C T B O. ITYCTb fEBrx. Cor.~aCHO CJle.n.CTBHIO TeopeMbI 1.1 Ka)l{

t\OMY 3a.Q3HHoMY e>O MO)l{HO YKa3aTb TaKylO KOHe'lHylO JlHHeHHylO KOM6HHallHIO 

ge=C+~C+igi, 'ITO ge(x)~f(x) H Mge-Mf~e/2,rJJ,eMge=c+ ~c+iMgi, giE~z. 

B CHJlY CXOJJ,HMOCTH nepBH'IHbIX 3Ha'leHHfI OYAyT CXOJJ,HTbCH Mge(X,,)-+Mge(X), 
OTKy.Q3 MO)l{HO YKa3aTb T3Koe ne, 'ITO \Mge(Xn) -Mge(X) I~e/2 npH n>ne. B pe

~YJlbTaTe OObeAHHeHHH ABYX Hep3BeHCTB H ge~ f HMeeM Mf (Xn) ~Mge (Xn) ~ 

~ /Mge(Xn)-Mge(X) I+Mge(X) ~Mf+e npH n>ne· OTCIOJJ,3 lim Mf(Xn) ~ 

~ J\lij +e, ITPOIl:JBOJlbHOCTb e JJ,OKa3bIBaeT TpeoyeMoe HepaBeHCTBO onpeAeJleHHH B). 

ITPH tfii-BrX pe3y.~bTaT TpHBH3J1tH, 'ITO H TpeOOB3JIOCb ,lOKa33Tb. 

C JI e.u C T B H e. ECJlU .;Jfx 
n -:::J.Jf{xO,,1fl 6cex 12, TO O~lfl HM-cxoou

AtOCTU X n J( X ( T. e. lim..,1{Xn =..,1{X) OOCTaTOI.f.HO HM-cxOOUMOCTU 6 
Ha12pa6JleHUU Ha60pa 3'x 12ep6UI.f.HbiX 12pU3HaK06 C.6. X. 

CJlYl.Ja~IH3H BeJlHl.JHH3 X H33bIB3eTCH oeCKpU12TU6HOU, eCJlH cyme

crByeT nOCJlelI.OB3TeJlbHOCTb X(Il.J, k = 1, 2, ... , CJlYl.f.aUHblX 6eJlUI.f.UH, 
onHCbIB3eMblX KOHetIHbIM l.JHCJlOMk nepBHtIHbIX 3H3l.JeHHH, npH k-+oo 
YIM-cxolI.Hm3HcH K X. .IT.ecKpHnTHBHocTb 3KBHB3JleHTH3 cymecTBoB3

HIlIO nOCJlelI.OB3TeJlbHOCTIl 3'X(h) = {gl, ... , gh} H360pOB, T3KHX tITO 

lim (iVfr:!fx(Il.»=.Jf{X, r.ue (Mr:!fx(h» eCTb 3'X(WP3cllIHpeHHe .Jf{X (noJlY

k-+oo
tI3eMOe, eCJlII nepBII4HbIMH OCT3BIITb Mgi=Mgi (X), giEW(Il.»)' 

LlecKplinTIIBHoCTb - 31'0 B03MOlKHOCTb 3nnpOKCliMllPOB3Tb Mo.ueJlb 

C. B. X CKOJIb yrOlI.HO TOl.JHO KOHetIHbIM l.JIICJlOM tJ,3HHbIX 0 HeH B BIl.u.e 

Ha60pa cpe.u.HIIX ee npll3H3KOB IIJlH nepBlltIHHX cpe.u.HIlX, 3TO r3p3H

TIIH Taro, 4TO npH YBeJllltIeHHH k .u.Jl51 m060ro npll3H3K3 f (H3 06Jl3C

Til cymecTBOB3HH51 [lTX) cpe.u.Hee 3nnpOKCHMllpYlOmei1 Mo.u.eJlII 1<0

HetIHOrO nOp51.u.K3 k 6y.u.eT CXO.u.IITbC51 K 3nnpOKcliMllpyeMoMy: 

lim iVff(X(lt») =Mf(X), VfEfT
x 

. 
k-+ooB 43CTHOCTII, .u.ecKpHnTHBHoH 6y.u.eT c. B., onpe.u.eJleHH351 T04HbD-lll 

nepBIIl.JHbIMH Bep05lTHOCTHMil OTpe3KOB P (x, x+~x), eCJlH nJIOTHOCTb 

p (x) cymecTByeT II Orp3HHQeH3. ,UJl51 T3KOHC. B. r:!f(k) 06pa3ylOT .ne

JIeHIl51 orp3HH4eHHoro OTpe3K3[-H, H] H3 k tI3CTeH 

HHeM.u.JIHHbI K3lK.u.oro tJ,eJleIiH51 K 0, 3 H ,- K 00. 
DocJle.u.oB3TeJIbHocTb X H33bIB3eTC51 aeCKpU12TU6rLOU,n 

CTBylOT KO'He4Hble H360Pbl 3'(k), T3Klle tITO p3BHOMepHO 

lim (A1r:!f~) = (MfT 
Xn 

). 

C yCTpeMJIe

eCJlII cyme-

no 12: 

Teo p e M a 3.3. t..CJlU nOCJle006aTeJlbHOCTb X" X2, .. · U C.6. X. 
oeCKpU12TU6Hbl, TO OJlfl HM-cXOOUMOCTU Xn K X OOCTaTOI.f.HO 11M
CXOOUMOCTU 6 Ha12pa6JleHUU 06~eOUHeHUfl Ha6opOB nep6UI.f.HbiX cped-

HUX C.6. Xn , n= 1, 2, ... , U X. 
)l 0 K 3 3 aTe JI b C T B O. B CHJlY AecKpHnTHBHocTH, KalKAoH fEBrx H 33AaH

HOMy 8>0 MO)l{HO YKa3aTb T3Koe k H T3KYlO ge. ItE2+g'(h), 'ITO gel h(x)~f(x) Ife 
Mg . h(X)-I\1if(X) ~8, Mg . h(Xn)-Mf(Xn) ~e nplf Vk>ke· OTclO.I\a \Mf(X

n
)ee_Mf(X)I~IMf(Xn)-Mge.h(Xn)I+IMge.h(X,,)-Mge.h(X)1 + \Mge.h(X) 

_Mf(X)I~28+IMge.h(Xn)-Mge.h(X)I. IToAHaoopbI S(h) BcerA3 MO)l{HO C'IH

TaTb nOAMHomecTB3MH 06beAIlHeHHH g' = U~ Xn nepBH'IHhIX HaoopoB. CXOAHMOCTb 

n 
cpeAHHx H3 ~ (It) 6YAeT Bbl3bIBaTb CXOAHMOCTb Ha 2+g' (h l> n03ToMY nOCJle.I\Hee 

cJlarae~we npaBofl 'IaCTH HepaBeHcTBa cTpeMHTcH npH n-+oo K O. ITPOll3BOJlbHOCTb 

8 AOKa3b1BaeT CXOAHMOCTb lim Mf (Xn) =1\1f (X), 'ITO H Tpe60BaJlOCb. 

Y CJlOBIiH TeopeMbI 3.3 6y.u.yT BbITIOJlHeHbI, eCJlH BbITIOJlR51eTC51 JIIO

60e 113 CJle.u.YlOmHX YC/IOBI-lii: 3) Xn 33.u3Hbl Orp3HHl.JeHHbIMH nJlOT

HOCT51MH PH (X), HeHyJJeBbIMH :IHWb H3 I<OHe4HOM OTpe3Ke II CXO.u.H

mIlMHC51 K nJlOTHOCTII P(x) C. B. X; 6) Xn onpe.u.eJleHbI HHTepB3.JIb

/' 
HbIMH nJlOTHOCT51MH en (x), pn (x) (onpe.u.eJlHlOmIlMIl Bep051THOCTIl 01'

pe3KoB P (x, y), p (x, y), x~ y),CXo.u.HmIlMIIC51 .CooTBeTcTBeHHo K- 'p(x), p(x); B) Xn onpe.u.eJleHbI epyHKUIl51MH p3Cnpe.u.eJleHII51 Fn(z) = 
~ 
=P(Xn<Z), Fn(Z)=P(Xn<Z), CXO.u.51mIlMHC51 K F(z)=P(X<Z), 
F(Z)=P(X<Z). - -

CXOtJ,MMOCTb CJJY4a»HbIX BeJnt4MH M CXOtJ,HMOCTb HX MotJ,eJIeii. By

.ueM rOBOpIlTb, 4TO X CXO.uIlTC5I K X 6 CpeOHeK6aOpaTUI.f.eCKOM (CK6n 
2 

CXO.u.IITCH) II nHC3Tb Xn-+X, eCJIH lim M{Xn-XP=O. CMbICJI CKB-CXO
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~HMOCTH B TOM, 4TO npH YBenH4eHHH n 3Ha4eHHH 3neMeHTOB nocne

.n:OBaTenbHOCTH Xn BCe 6mDKe nOBTOpHIOT 3Ha4eHHH C. B. X, B npe

.n:ene paBHHHCb HM. CKB-CXO.n:HMOCTb: 1) onpe.a.eneHa OTHOCHTenbHO 
COBMeCTHbIX HM Jfxn"y:' 2) Tpe6yeT, 4T06bI npH3HaKH (x,,-xF npH

Ha~neManH 06nacTHM cyll.(eCTBOBaHHH cpe~HHx cOBMecT'HbIX 11M (B 

3TOM He~ocTaToK CKB-CXO~HMOCTH), OTKyLJ:a cnenyeT ;.:2" E.f!TXn, X2E. 
E.f!Tx; 3) BbIHyMnaeT onpeneneHHyJO 'CXOnHMOCTb 4aCTHbIX ./JUl.,. K 
.I{X (I1M-cxonHMocTb). 

3aoCTpHM BHHMaHHe Ha nocnenHeM cj:>aKTe. 0603Ha41-1\1 df3 _ 
m 

Knacc HenpepblBHbIX B T041,e in cj:>yHKum1, TaKHX, ..'!.n5I KOTOpbIX 

sup f (x)/x2 < 00, 
XEff(, (3.7) 

T. e. HMelOll.(HX CKOpOCTb pOCTa npH YBem'I4eHHH Ix I He 6bICTpee x2. 
ITYCTb de=nd'&m -IKna,cc HenpepbIBHblX Ha Bcel1 fll cj:>y'HKI./J1I1 CO oCBOI1'Vm 
CTBaMH (3.7). 

Teo p e I'll a 3.4. H3 CK8-CXOOUMOCTU X" K X CJleoyeT HM-cxoou
MOCTb Ita Kllacce d'& npU3Ha/i.08: 

2 _ _ 

X n ~ X=}- M f (Xn ) ~ M f (X), V f E df. 

CMbICn TeOpeMbI COBepWeHHO np03pa4eH 11 6e3 cj:>OpManbHOrO nO
Ka3aTenbCTBa (nOCTaT04HO rpOM03LJ:KOrO). ECnH 3Ha4eHHH X" npH

6nHMaI011C5I K X, TO no HenpepbIBHOCTH H f (X ) 6ynyT npH6mol(aTbCHn 
K f (X), 4TO BbIHYiKnaeT CXO,lI.HMOCTb cpe,:!,HHX. EcnH X npHHHMaeT 

3Ha4eHH5I miWb B orpaHH4eHHOH 06naCTH Q, TO nOCTaT04HO Henpe

pblBHOCTH f nHWb B n, n03TOMY CXOnHMOCTb CpenHHX COXpaH5IeTC5I 

Ha paCWHpeHHOM I<naCCe den = n dem . B HCKnlO4HTenbHOM cnY4ae, 
mEQ 

Korna Q=m - 4Hcno, HMeeM Cne,lI.yIOll.(ee yTBepMneHHe. 

Teo p e I'll a 3.5. CXOOUAtOCTb 8 cpeOHeK8aopaTUtiecKOAt K nOCTOflH
2 

HOAty 'iuclly X,,~m BK8U8alleHTHa HM-cxOOUMOCTU X" 1, X =m B 
Hanpa81leHUU Kllacca dem. 

TaKHM 06pa30M, CKB-CXOnHMocTb K nOCT05IHHOMY 4Hcny 5IBnHeTC5I
 

60nee cna60H cj:>OpMOIf no cpaBHeHHIO C I1M-CXO.a.HMOCTblO (Ha Bcef!
 

f!TX), TaK KaK rapaHTHpyeT CXO,lI.HMOCTb Cpe,lI.HHx nHWb Ha nOnKnac


ce demcf!TX. I1HTepecHO OTMeTHTb, 4TO CKB-CXO.n:HMOCTb K nOCTOHH


HOMy 4Hcny 3KBHBaneHTHa CXOnHMOCTH CpenHHX BCero Ha TpeX (BXO


.n:5Ill.(HX B dem ) npH3HaKaX H paBHOCHnbHa I1M-CXOJI,HMOCTH Ha (J(Jm: 

2 - 2 
Xn~m ~ {MXn ~m2, MX ~m,n 

MXn ~ m} ~ {M f (Xn ) ~M f (m), Vf E. :Je }.m 

CXOJJ.HMOCTb CpeJJ.Hero apHQ>MeTH4eCKOrO, 3aKOH 60nbIDHX lJHCen. 

B: TeOpHH Bep05ITHOcTef! H pa3BHBaeMOH HaMH HHTepBanbHOH TeOpHH 

MO.n:eJIeH CnY4aHHbIX 5IBneHHf! 3TOT 3aKOH HOCHT KnlOlJeBOH XapaKTep. 
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I Do cBoeMy BHyTpeHHeMy Co.n:epiKaHHIO cpe.n:Hee cornaCHO 06b5ICIHe

HHIO § 1.1 eCTb <pH3,H4eCKa5I Bem14HHa, .n:OCTHMHMa5I KaK ,npe.n:en 

cpe.n:HeapH<pMeTH4eCKoro pe3ynbTaToB Ha6nlO.n:eHHH 3a npH3HaKOM r 
B cepHH He3aBHCHMbiX O.'.l,HHaKOBbIX nOBTopeHHH. ,UmI YCTOH4HBbiX 

HBneHHH npeLJ:enOM 6y,a,eT 4Hcno Mi, npH4eM CKO.1JbKO 6bI pa3 Mbl HH 

B03Bpall.(anHCb K HOBOH 'cepHH IICnblTaHHI1 - OnHO H TO iKe. A nn5I 

HeYCTOHlJHBblX - 3TO 6y,a,YT B KailULQI1 cepHH pa3Hbie 4Hcna, HO pac

nOnaralOll.(HeCH Ha HeKOTopOM OnHOM H TOM iKe OTpe3Ke ,[Mf, Mf), 
TeM 60nee WHpOIWM, lJeM rny6Me «nopa)KeHbl» HecTa6HnbHocTblO 

BHyTpeHHHe 3aKOHbI reHepaUHH 5IBneHHH. 

Tenepb 3ana4a 'COCTOHT B npoBepKe, nOnTBepiKnaeT nH caMa no

cTpoeHH8H HaMH TeopHH TOT 1i3Ha4anbHbIH CMbIcn, -KOTOpbIH BKnanbI

BanC5I B ee KOHCTpy[,UHIO? 3TO H 6yneT OCHOBHbIM KprITepHeM CO

CTOHTenbHOCTH TeopHH (ecm1 OTHOCHTb K cnenylOll.(HM KpHTepH5IM 

nocTynHocTb TeopHH, HHTepnpeTHpyeMocTb napaMeTpoB H npocToTy 

npHMeHeHHH). Bce naHHbIe ,l!,J15I YKa3aHHoH npoBepKH yMe IIMeIOTC5I: 

onpe.n:eneHa He3aBrWHMOCTb H, KaK <popMa ee np05IBneHHH, - HeKO

63'p~lHpOBa'HHocTb, BBeneHbI nOH5ITH5I CXO,l!,H~lOCTH. npHcTynHM IK HC

cnenOBaHHIO cpe,J,Hero apH<pMeTH4eCKoro. 

ITyCTb Xi, i= 1, 2, ... , - nOCne,lI.OBaTenhHOCTh c. B. Ee 3.TIeMeHTbl 

MOMHO nOHHMaTb J<aK pe3ynbTaTbl Ha6nlOneHHH 3a ca~wJ.i c. B. I1JIH 

iKe 3a HeKOTopbIM npH3HaKOM X = f (s) cny4aHHoro 5IBneHH5I 1;. by

,n:eM CHa4ana C4HTaTb, 4TO CpenHHe MXi=mi T04HO H3BeCTHbI H 

M(Xi-mi) (Xj-mj) =0 npH i=i=j - 3TO eCTb cnenCTBHe He3aBHCH

MOCTH (CM. 3aMe4aHue K (2.10», Ha3BaHHoe HaMH HeKoBaprlHpoBaH

HOCTblO C.IB. OHa 31\iBHBaneHTHa (npH TOlJHbIX cpenHHX) HeIwppenHp'O
o 

BaHHOCTH UeHTpllpOBaHHbIXC. B. Xj=Xi-MXi , OTpa)I(aeMOH paBeH-

CTBaMH: M,YiXj=MXiXj=O, i=i=j. .Lln5I TaJ(HX ,Y i BepHbI HepaBeHCTBa: 

(3.8)- ('" 0)2 "., - 0 2 ('" 0 ) ~ 02M ~ Xi :::;;; ~ MX i, M ..w Xi 2> -' MXz. 

.LloKa3bIBaIOTC5I OHII 3neMeHTapHO cnenyIOll.(HM 06pa30M: 

M ( ~ xy = M L ~ Xi Xj :::;;; ~ ~ M"Y i Xj = L M (Xi )2. 
iii i 

Teo p e I'll a 3.G. Y C TO H'I H B hI fl B a p H a H T 3 a K 0 H a 6 0 n b

III H X 4 HC e n. nyCTb Xi, i = I, 2, ... , - nocIleoo8aTellbHocTb HeK08a· 
puupo8aHHblx C.8. C TO'lHblMU cpeOHUMU mi=MXi, TaKUMU, 'lTO cy

1 11 

U{eCT8yeT U KOHe'ieH npeoell m = lim - ~ mi , U 02paHU'ieHHblMU 
n~oo n 1 

oucnepCUflMU M(Xi-mi)2='a2i~a2. T020a npu n~oo cpeoHee apu¢
1" 2 

MeTU'ieCKoe 5n = - ~ Xi BTUX C.8.: (1) 6yoeT CK8-CXOOUTbCfl Sn--+m 
n i=1 

K nOCTOflHHOMY 'I.UClllj m; (II) HM-cXOOUTbCfl K 'iUCIlY m 8 Hanpa8
lleHUU KllaCCa d&m Henpepbl8HblX 8 TO'iKe m npU3HaK08, UMeIOU{UX 
CKOpOCTb pOCTa He 6blCTpee x2 (ycllo8ue (3.7)). 
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o 
,U 0 K a 3 aTe JI b C T B O. 0603Ha tIHM Xi = Xi-mi - ueHTpHpOBaHHble C. B. ,L.I,JllJ 

o _ 0 0 

HHX M(Xij2~a2, MXiXj=O. i+j, oTKy.na 

_ . 1 n )2 _(1 0 yn
 
M ( Sn - -;; f mi = M -;; f Xi) <
 

1 _00 1 _ 020 

&- ~ ~MX·X·= - ~M(X·)2";::-
~ 2~~ l} 2L.J 1-....:::: 

n : inn 

2 
p. Sn-m. y!3 nOCJle.nHero COrJlaCHO TeopeMe 3.5 cJle.nyeT CXO,lHMOCTb B HanpaBJle-

HHH dGm , 'ITO .nOKa3bIBaeT BTOpyIO qaCTb. 

3 a Me 4 a H H 51. 1. B YCJIOBH5IX TeopeMbI 3.6 OrpaHI14eHHOCTb ,nI1C

rrepCI1I1MO)l{eT 6bITb 3aMeHeHa OrpaHI14eHHOCTbIO iiJX2i~b, i= 1, 2, ... 
(TaK KaK M (Xi-md2~MX2d. 

n 
2. ECJIH MS n = 'i,m;/n rrpu 12--+00 He CXO,nHTC5I HI1 K KaJWMy 4HC, 

JIy, TO Ha OCHOBaHI1H HepaBeHC'I'Ba 

M f (Sn) = M f (Sn -MSn+MSn) ~ sup M f (Sn +MSn) 
MS n 

o 
C Y4eTOM BbITeKalOw.eH H3 TeopeMbI 3.6 CXOAI1MOCTH Sn--+O ,nOJ(a3bI

BaeTC5I HepaBeHCTBO 

lim M f (Sn) ~ sup f (m), (3.9p 
n~oo m~m~m 

r,ne m=lim MS n , m=lim MS n , crrpaBe,nJlI1BOe ,nJl51 Bcex f, HerrpepbIB

HbIX Ha KOHuax OTpe3Ka [-m, m]. 
CaMbIH HarJl5l,nHbIl1 H caMbIH pacnpOCTpaHeHHbI~I Bapl1aHT 3aIWHa 

60JlbIllHX 411CeJl rrOJlY4aeTC5I, Iwr,na Bce m;=m, i= I, 2, ... , T. e. O,nH

HaKOBbI. TorJJ.a, 04eBI1,nHO, MS n = m 11 CpeD,Hee apIH!n1eTH4eclwe 0 n 
6y,neT YKa3aHHbIM B TeopeMe 3.6 06pa30M CXO,nHTbC5I K 3TOMy m. 
D03TOMY ,na)l(e eCJII1 m 6bIJlO nepBOHa4aJibHO HeH3BeCTHO, B npeJJ.eJle, 

B351B cpe,nHee apl1epMenI4eclwe Ha6J11oD,eHHrl Xi, nOJlY411M ero T04Hoe 

3Ha4eHHe. 2ho H eCTb I(JlaCCH4eCl<H~I 3aKOH 60JlbIllHX 4HCeJI, a npa

BHJIbHee, MHOrl1X 4HCeJl, Heo,nHoKpaTHo no,nTBep)KJJ.eHHbIH 3KcnepH

MeHTaJIbHO, B 4aCTHOCTI1, CepH51MH nOJJ.6pacbIB3HI151 MOHeTbI. 

DYCTb Terrepb cpe,nHee m=MXi eCTb cTaUHoHapHbII1 HeI13BeCTHblf1 

rrapaMeTp, onHCblBaeMblH 4acTHoH 11M .;Ifm, T. e. m no i O,nHO H TO· 

)l{e, HO He H3BeCTHO K3Koe, a COBMeCTHa51 11M p3BHa vf{x m=.;Itmx 
X.;l{ x m • Ol'HOCHTeJlbHO nepexoJJ.HoH .;Ifxm rrpH K3)KJJ.OM m c. B. 

Xi C4HTaIOTC51 HeKOBapHHpOBaHHblMH H MmXi = m, i = 1, 2, ... Tor,na 

Sn 6y,neT CKB-CXO,nHTbC5I K C. B. m, onpe,neJIeHHOH 11M .;Ifm. COrJIaCHO 

TeQlpeMe 3.4 OT'CIOJJ.a 6y,neT CJle)!;OBaTb CXO,nHMOCTb Mf (Sn)--+Mmf (m) > 

VfE~. 
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B 4aCTHOCTI1, rrYCTb .;I{m - I1H,nHKaTOpHa51 Ha OTpe3Ke[m, m]r 11M, T. e. H3BeCTHO JlHIllb, 4TO m~m~m H .Jf(X = V .Jf(Xm. Tor,na 
- m~m~m 

m1 11M
Sn 6y,neT CKB-CXO,nHTbC5I K C. B. m C HH,nHKaTopiHofi Ha [m, , 

oTKy,na 6y,neT CJle,nOBaTb YIM-cxo,nHMOCTb Mf (5 n )--+ SU~ f(m) B 
m~m~m 

HMH 
HanpaBJleHH H KJlaCCa d8 - npH3HaKOB, onpe,neJleHHOrOCJle,nYIOw.

m. m 
JJ.ByM5I YCJlOBH5IMH: 1) ,nJl51 I(a)l{,noro npH3HaKa .113 3TOrO KJlaCCa BbI

ax 
nOJlH5IeTC5I (3.7), 2) Ka)K,nbIH ,npH3HaK HenpepbIBeH Ha rpaHHu 

OTpe3Ka {m, m] H B TOQKe ,nOCTH)I{eHH5I HM MaKcHMyMa. 3,neCb l1M

.CXOJJ.HMCCTb 5lBJl51eTC5I CJle,nCTBHeM CXO,nHMOCTH 3HaQemIH. 
3aKOH 60JIbUJI1X 4HCeJI iJ,JISI HeyCToM4HBb'X nOCJIeiJ,OBaTeJIbHOCTeM. 

OTKa)l{eMC5I B npeiJ,bliJ,yW.HX P accy)l(,neHH 51 X OT npe,nnOJlO)l{eHH5I, 'ljTO
 

MX 51BJl5lIOTC5I JlH60 T04HbIMH, JlH60 3TO HeH3BeCTHbIH CTauHO
Ha

PHbII1
 
i

napaMeTp. I3yiJ,eM C4HTaTb, 4TO npH Ka)KiJ,OM i c. B. Xi He3aBHCHMbI H 

UX Cpe,nHeeMO)l{eT 6bITb Jl106bIM BHyTpH HHTepBaJla .[MXi, MX i], H B 

3TOM CMbICJle Xi CTaTHCTH4eCKH HeYCTOH4HBbI. Tor~ Sn He 6yiJ,eT 

CKB-CXOiJ,HThC51 HH K KaKOH C. B. MO)l(HO rOBopHTb JlHIllb 06 YIM-cxo

,nHMOCTH, T. e. CXO,nHMOCTH .Jf(sn. 
TeopeMa 3.7. nYCTb Xi, ,i=l, 2, ..., liesa8UCuMbt U sadalibt 

MX , MX U MX2i~b. Tocoa npu 12--+00 cpeoliee apufjJMeTU'f,eCKOe
i i 

3TUX C. 8. Sn 11M-CXoOUTCf/. 8 lianpa8AeliUU ~ m. -m npusliaK08 K UlieJU-

KaTOpliOU lia [m, m] 11M, coe 

1 n - -- 1 n_ 
m=lim - ~ MX i , m=1im - ~ MX i • _ -n,- n, 
Jl 0 K a 3 a l' e JI b C T B O. Hyil<HO nOKa3aTb, 'ITO Mf (Sn)- max f (m). npe,ll, 

~~m~m 

v .Jtx i • 3anHCbIBaeM 
CTaBJl5I5I .Jtx i - MX· 

~Xi~MXi~MXi ' 

.Jtx = V V ... (.Jt~'x X.Jt~'x X ... ) = V .Jt~x,_ _ 1 ,. MX 

~XI~MXI~MXl ~X,~MX2~MX2 

rne MX= (MX\, ... , MX ) - BCinop cpe.nHHx. nYCTb npH3HaK fed6 - H nycTbm,m
n 

Tor.na Mf (Sn) = supMMXf (Sn).
X eCTb TO'lKa ero MaKcHMyMa BHyTpH [m, m]. MXmax 

1 n 
'ITO - ~MXi-Xmax, nOJly'lHM

B35IB B Ka'leCTBe MX TaKyIO nOC,1e.nOBaTeJlbHOCTb. n 1 

a~OrJlaCHO TeopeMe 3.6 MMX f(Sn)-f(xmax), OTKy.n

lim Mf (S,,) > f (XmQx) = max_ f (m). 
~~m~m 

OCTaJlOCb .noKa3aTb npOTllBOnOJlO)KIIOe HepaBeHcTBo. ,UJl5I JIl060ro 

e > 0: M f (Sn) 0;;;; M f (Sn) {~- e < Sn ~ iii + e} +
 
+ M f (Sn) {Sn <!!!:-e} + Mf (Sn) {Sn > iii + fl·
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Xn2. P a 3 HOB II A HOC TlH ex 0 AM Moe Tell. IToCJleAOBaTeJlbHOCTb , npH 

Mf (Sn) {Sn < m - Il} = SUp MMX f (Sn) {Sn < m- Il}. 
- MX -

TaK 'KaK ,n:JllI Ka)l{,n:oro MX cpe,n:Hee apHlpMeTHtleCKOe ero KOMIIOHeHT y,n:OBJleTBO

pHeT HepaBeHcTBy m~lim MSn~MSn~limMSn~m, TO, lIpHMeHHH HepaBCHCTBO 

(3.9), 1I0JlY'laeM - -

limMMXf(Sn){Sn<m-Il}~ sup f(m){m<m-Il}=O,
 
n-+-oo - m~m~m 

1
 

oTKy,n:a Nif(Sn) {Sn<m-e}-+O. AHaJlOrH'IHO Nif(Sn) {Sn>m+Il}-+O. B pe3YJlLT3Te 

Jim Mf(Sn)~limM/(Sn){m-e~Sn~m+e}~ max f(m). 
n->oo n->O - ~-e~m~m+e 

B CHJlY "POH3BOJlbHOCTH e>O H HellpepbIBHoCTH f(x) B TO'lKaX m H m HMeeM 

lim Nif (Sn) ~ max 1(m), 'ITO H Tpe6oBaJlOCb ,n:OKa3aTb. 
n....oo m~m~m 

3 aM e tI ali 11 e. He3aBI1CI1MOCTb B <POpMyJIMpOBKe TeopeMbI 0.7 
MO)J{eT 6bITb 3aMeHeHa Ha HeKOBapl1l1pOBaHHOCTb Xi ,ll.JI5I Ka)J{,ll.OrO 

CeQeHI15I .;J{MX eOHMecTHoil M0lll.eJII1 IBeKTopoM 'Cpe,ll.HI1X MX. I' 
CMbICJI TeopeMbI 3.7 Hal160JIee JIerKO paoKpblBaeTC5I, KOr,ll.a Bce 

MXi=lm, MXi=m, i= 1, 2, ... , O,ll.I1HaKOBbI, B tIaCTHOCTI1, KOr,ll.a Bbl

60pKa O,ll.HOpO,ll.Ha, T. e. cpe,ll.Hl1e 3JIeMeHTOB MoryT «rrpbIraTb» He

KOHTpOJIl1pyeMblM 06pa30M BHYTpl1 O,ll.HOrO H Toro )Ke OTpe3Ka 

'{m, in]. TOtIHO TaK )Ke 6Y,ll.eT «rrpbIraTb» 11 Cpe,ll.Hee MS n . Dpl1tIeM 

CaMI1 no ce6e 3HatIeHI151 Sn MoryT OTKJIOH5ITbC5I 3a, OTpe30K lm, mJ, 
HO B rrp'e)l,eJIe rrpl1 n--+oo 31'11 OTKJIOHeHI15I CTaHOB5ITC5I Bee MeHee H 

MeHee B03MmKHbIMI1. 

C rrJIaT<popMW 3KCrrepl1MeHTa eepl15I HeOrpaHl1tIeHHWX nOBTopeHHR 

OrrbITa Be,ll.eT B rrpe,ll.eJIe K HeKoTopoMy tIl1CJIY m = lim Sn. TaK BOT, 

eCJII1 B YCTOlltIl1BOM CJIytIae COrJIaCHO TeopeMe 3.6 31'0 ,ll.OJ1)J{HO '6bITb 

B JII060ll cepl1l1 O,ll.HO 11 TO )Ke tIHCJIO, TO B HeycTOllLJHBOM MbI Ka)l{ 

,ll.bIll pa3 6y,ll.eM rrOJIytIaTb HOBbIe tIHCJIa, H TeopeMa 3.7 yTBep)J{.n.aeT, 

tITO OHH ,ll.OJI)l<Hbl JIe)J{aTb B OTpe3Ke [,~, in]. 31'0 H 6Y,ll.eT HaH60JIee 

TOtIHblll HX ,ll.Harra30H npH KpaHHe HeTOLJHblX ,ll.aHHbIX, Jwr,ll.a 0 Bbl

60pKe 113BeCTHO JIHWb, tITO ee Cpe,ll.HeCTaTHCTHLJeCKa5I MOlUHOCTb or

paHHtIeHa: MX2i~b, H ,ll.aHbl ,ll.l1ana30HbI 'Cpe,ll.HHX MXi, MXi. 

)I,onOJlHeHHlI. I. C x 0 ,n: HMO C T b C P e ,n: Her 0 a p H ¢ MeT H 'I e C K 0 rOB 

c e 'I e H H 1I x. nYCTb Xi He3a8UCUMbt U UMe/OT Oi!paHU'leHHYIO cpeOHIOIO MOU{HOCTb: 
1I1.X2i~b, i=l, 2, ... TOi!ua npu n-+oo ux cpeoHee apuepMeTu~eClwe Sn=2:,Xdn 
OAfl Ka:JICOOi!O saOaHHOi!O m=MSn (T. e. 8 Ka:JICOOM C80eM m=MSn-cetteHUU) CK8

nOKa)l{eM, 'ITO lIpH n-+oo lIOCJle,n:HHe ,n:Ba CJlaraeMble CTpeMlITClI K 0. I1MeeM 
n_ , Ha3blBaeTCH CXOAHIlleHClI (1I0 CBOHM 3Ha'leHH51M) K C. B. X: 

OO 
r 

a) 8 cpeOHe.A1 (Xn-+X), eCJlH Ni\X-Xn\T-+O, r,n:e r>O; 
B 

6) no 8epOflTHOCTU (Xn-+X ) , eCJlH p(\X-Xnl >e)-+O, Ve>O; 
nB n 

B) nottTll 8CIOOY (Xn-+X) , eCJlH p(n{IX-Xn\>e})-+O, Ve>O. 
I 

BepHbl yTBep)l{AeHHlI, 6J1H3KHe 1I0 CBoeH CyTH H 1I0 clIoc06y AOKa3aTeJlbCTBa 

K KJlaCCH'IeCKHM [ 1]: 
r B OB 

1) Xn_X=;.-Xn-X~Xn -TX. 
r r'. 

2) Xn-X =;.- Xn-+X, Vr' ~ r. B r 

3) X paBHoMepHo orpaHH'IeHbl (3:h: p(Xn>h) =0, Vn) H Xn-+X=;,-Xn-+X, 
n4) ECJlH X CXOAlITC51 (r, B., liB) K X H Xn paBHoMepHO orpaHH'IeHbI, TO 

n 
MXn-M'X, MXn-+MX.

5) ITPH-YCJlOBi!H KOHe'lHOCTH MOMeHTOB Ni\xn\r<h, M'\X\T<h BepHo: 

B r' 1 ~ 
Xn-X=;.-Xn-X, Vr'~r=;'-Xn-X=;'-MXn-MX, MXn-~X, 
6) ECJlH f (x) a6COJlIOTHO HellpepbIBHa, TO CXO,!lHMOCTb Xn-+X B., r HJlH liB. 

BJle'leT TOlJHO TaKyIO )l{e CXO,n:HMOCTb f (Xn)-+f (X), lIpH'IeM eCJlH f (x) orpaHH'IeHa. 

TO Mf (Xn)-+Mf (X), M'f(Xn)-+.Mf(X).7) ITYCTJ~-MOMeHTbI NiIX\' H Ni\Xnl r , Vn, KOHe'lHbI. TorAa H3 CXO,n:HMOCTH B 

cpe,n:HeM 6y,n:eT CJle,!lOBaTb CXOAHMOCTb MOMeHTOB: 

Xn.!..."..X=;'- M IXnl" _M lXI' , M \Xnl' _M lXI' 

3.3. ll.OnPE,LI,EJ1bHA5I H nPEll.EJ1bHA5I np05J1EMbl 

ArrnpoKCHMau. MOJl,eJlH CYMMbl He3aBHCHMbIX C. B. PaccMOTPIlMIHI 
CyMMy ~Xi (.n. l<paTKOcTH npe.n.eJIbl CyMMHpOBaHH5I, r,ll.e OHI1 HeJI5I 
0651.3aTeJIbHbl, 6y.n.eM onycKaTb). CJIaraeMble ClIHTaIOI'C5I. He3aBIlCI1

MblMIl H no rrpaBy He3aBHCHMoro npOH3Be,'l.eH1I5I COBMeCTHa5I 11MX 

BeKTopa X= (XI, ... , X ) nOJIHOCTblO onpe,J,eJI5IeTC5I lIaCTHbIMH: ,;Ji = n
 

=JI(X,X ... X.J!{X n .
 
OepBl1tIHblMIl ,ll.JIH COBMeCTHOHMOneJIH .J!{X 6YAyT BCeB03MO)KHble 

npOlI3Be.n.eHlIH lIaCTHblX rrpH3HaKOB TIgi(X;) C nepeHeCeHIleM Ha ,HI1X 

Cpe,lHlIX no 3aKoHY I1HTepBaJIbHOll My.JIbTH nJlllKaTHBHOCTI1 (3.5). Pac

tIeI' MO;:LeJIH CyMMbl npOH3BO;lHTC5I no <P OpMyJ1e np0,lOJI)]{eHH5I 

:\1 f (~ Xi) = inf {~TIMgu (X;): ~ n gu (Xi) ~ f (~ x;)), 
iii i 

f,ll.e HmKH5I5I rpaHb I1lUeTC5I BbI60pOM gij (Xi) 113 06JIacTlI cylUecTBO

CXOOUTCfl K m. .p BaH1I5I .fTiXi LJaCI'HblX MOAeJIel~L 
BblLJHCJIeHIl5I no 3TOli <pOpMyJle BeCbMa rpOM03,lKH. l1cKJIIOLJeHIle 

YTBep)l{,n:eHHe CJle)l.yeT Hellocpe,n:CTBeHHO H3 3aKOHa 60JlbWHX '1HCeJl 3.6, lIpH
COCTaB.15IIOT Te npH3HaKH f, KOTopble rrpll nO,lCTaHoBKe B HHX Ha 

MeHeHHor,o K IIl-Ce'leHHlIM. J'TBep)l{,n:aeTClI, 'ITO eCJlH 6bI cpe;lHHe emi 3J1eMeHTOE· 
MeCTO apryMeHTa Cy;'-1Mbl ~Xi caMH pa3J1araIOTC5I Ha CyMMbl np0l13

CTaJill TO'lHO H3BeCTHbI, TO K llX IIpe,n:eJlbHOMY cpe,n:HeMy apH¢MeTH'IeCKoMy m= 
Be,ll.eHHH ~IIgij(xi)' TOf,ll.a cpeAHee Ha npoH3BeAeHH5IX Haxo.n.HTC5I no1 137 

= lim-2:,mi CKB-CXO,n:llJlOCb 6bI Sn. 
n->oo n 1 
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1 MOIll.HOCTb H T. ,il.. A npyroe Sa)l{HOenOCTOHHCTBO 06513aHO TOMy, 'ITO 
CBoifcTBy MyJIbTHrrJIHKaTHBHOCTH, a lI,JI5I Cpell,HHX CYMM rrpH6JIH)l{eH

corJIaCHO rrepBoii TeopeMe Bei1epllITpaCCa r23, CTp. 39) JII06ylO He
HbIe 3Ha 4eHH5I rrOJIY4aIOTC5I rro cBoilcTBy rrOJIyall,lI,HTHBHOCTH. .I-' ac

'I1pepbIBHylO (H KYCoIIHo-HerrpepbIBHYIO) ¢YHKUHIO H3 orpaHHlIeHHoM
CMOTpHM rrpHMepbI KOHKpeTHbIX f, IHX pa3JIO)KeHHH H 'Cpell,HHX OT CYMM. 

OTpe3Ke M'O)l{HO CKOJIb yronHo TOIIHO B p3BHoMepHoH MeTpHKe arr
Jl H H e ii H bI ii rr p H 3 H a K: 

npOKCHMHpoBaTb rrOJ1HHOMaMH, lITO neJIaeT KJIaCC CTerreHHbIX npH3Ha

f (x) = x; f (~ Xi) = ~ Xi; M ~ Xi = L M Xi' 
311,eCb C4HTaeTC5I xEfTiXi, Vi, a paBeHcTBo B rrpaBoH 4aCTH (BMec

TO rrOJIyall,lI,HTHBHOCTH) ~MeeT MeCTO Ha OCHOBaHHH CBOHCTBa a1l,1I,H

THBHOCTH Cpe1l,HHX 'CyMM He3aBHCHMbIX C. B. 

K Ban paT H II H bI H 11 P H 3 H a K: 

t (x) = x2 
; f (~ Xi) = ~ X~ + ~ ~ Xi Xj; 

i,,=j 

M (~X;)2 ~ ~ MX~+ ~ ~ MXiMXJ,
i,,=j 

rll,e HepaBeHCTBO 06513aHO CBOHCTBy rrOJIyall,lI,HTHBHOCTH 11 C4HT3eTCH 

X, X 2EfTiXi, Vi, (HH)l{e 3TO MOJI4a npell,rrOJIaraeTC5I). TIpaB351 4aCTb 

nOJIy4eHHoro HepaBeHcTBa H 51BJI5IeTC5I oueHKoH BepxHero Cpe.lHerO 

KBall,p3T3 'CyMMbI. 

HeCKOJIbKO 60JIee TOIIHYIO OUeHKy MO)l<HO n0J1Y4HTb, eCJIH B351Tb 

MX= (MX" ... , MXn ) -celIeHHe MOll,eJJH; TOrll,a lI,JI5I BepXHero cpen

Hero B 'CHJIy Toro, 4TO B Ce4eHH5IX CJ1Y43HHble BeJ1HIIHHbI Xi OCTa

IOTC5I He3aBH'CHMbIMH, BepHO paBeHCTBO 

MMX (~xy= ~ MMXXz+ ~ L MXi MX j. 
i,,= j 

Tenepb eCJ1H B351Tb MaKcHIMyM IIiP3BOI~! 1.J3'CWI 'no MXiE,[MXi, MXi], 
i= 1, ... , n, TO C Y4eToM Toro, 4TO MMX X2i~MX2i H M3KCHMyM 1I,0C

THraeTC5I rrpH MXi, paBHOM MXi HJIH MXi, n0J1Y4HM oKOH4aTe.TJbHYIO 

oueHKy B BHlI,e npaBOH 43CTH HepaBeHcTBa 

M (~ xy ~ ~ MX~+ max ~ M(i) Xi MU) Xj'
 
M(i)=M HJlH M
 

TI01l,06HOe Bbrp3)1{eHIie BepHO Ii lI,JI5I HH)I<HerO Cpell,HerO, TO,1bKO 

B 31'OMCJIy4ae Hep3BeHCTBO MeH5IeT 3H3K, BepXHee Cpell,Hee 33Me

H5IeTC5I Ha HH)KHee, a M3KCHMyM Ha MHHHMyM. TaKOH )l{e nYTb B03

MO)l{eH lI,JI5I oueHKII HJ1)KHHX H BepxHHX Cpell,HHX M (~Xi)r, 

M (~Xi) r ,CTcneHHbIX nipH3H3KO'B rrOp5l,II,IKa r> 2, 'H33bIB3eMbIX:-H343JIb

HbIMH MOMeHT3MIi, a T310Ke 1I,J151 oueHKH Cpell,HHX HX J1ImeH'HbIX I,OM

6HHaUHH - nOJIHHOMOB: M(al~Xi+ ... +ad~X;)h), T3K K3K OHH 

TO)l{e pa3JI3r31OTC5I Ha CYMMbI npOH3Bell,eHllIl Xi. 
OueHKH B BH,II,e rrpaBblX 43CTeH Hep3BCHCTB 11,.'151 Cpell,HHX 3Ha'~e

HHii CTeneHH~X ¢YHKUHH (OTCI01I,a H rrOJ1HHOMOB) 06p33ylOT HaDop, 

annpOKcHMHpylOIlI.H11 cBepxy MOJJ.eJ1b CYMMbI, T. e. n03B0J151IOIlI.HH 

C¢OpMHpOBaTb paClllHpeHHylO MOneJ1b CYMMbI, nOJ1b3Y5lCb J1Hlllb 3Ha

HH5IMH MOMeH1'OB CJ13r3eMbIX. OnHO H3 nOCTOHHCTB HMeHHO T3!<oro 

paClllHpeHH5I 3aK.11043eTC5I B HerrocpenCTBeHHoii ¢H3H4eCIWll IlHTep

rrpeTHpyeM,ocTH xap 3KTe,p HCTHK, H3KOTOPbIX OHOOCHOBbI'B3e1'C5I: nep

BbIii MOMeHT eCTb ,cpenHee C. B., BTOpoii - CpenH5I5I CT3THCTH'leCKag 

KOBBeCbMa pacrrpOCTp3HeHHbIM. CTeneHHbIe npH3HaKH Xli, k= 1,2, ... , 
o6pa3ylOT nepBblu YH.UBepCallbH.bIU Kllacc npU3H.alwB. 

HeKoTopoe CTecHeHHe rrpH pa60Te B 3TOM KJ13CCe BbI3bIBaeT He

o6xonHMOCTb rrOJ1araTb, lITO xliiEfTixi, Vi, rne k - nop5ln
OK 

cTap

wero MOMeHTa. A T3K KaK Xli - HeorpaHH4eHHa51 ¢YHKUH5I H OHa 

He 06513aHa npHHanJIe)l{3Tb 06J1aCTH ,cymecTBOB3HH5I MO,II,eJ1H, TO CTa

HOBHTC5I BbIHy)l(lI,eHHOH ¢OPM3JIbH351 ¢p 333: «TIYCTb cymecTBylOT 
'0 MOMeHTbI k-ro rrOp5l,UK3 CJIYlI3HHbIX BeJ1HIIHH Xi»· [0J10CJ10BHOCTb 

3Toi'r <pp33bI orrp3BnbIB3eTC5I, B03MO)l<H0, TeM, lITO ,UJI5I npaKTHKH 

npe06JI n IlI.ee 60JIbllIHHCTBO C. B. 51BJI5IIOTC5I orp3HHlIeHHbIMH H MO
3 31O

MeHTbI cymecTBylOT.
B nOrrOJIHeHHe K CTerreHHbIM H rrOJIHHOMH3J1bHbIM npH3H3K3M yK3

)ReM eme Ha 3KcrrOHeHUH3J1bHbIe npH3H3KH KaK B03MO)l{HOe HarrpaB

JIeHIle 1I,J151 annpOKCHMaUHH MOneJ1eH cyMMbI: 

f3 (Ux) = exp (UX),
 
Mexp(~ uxi)=IIMexp(uXi), Mexp(~ uXi)"",
 

= II M exp (u Xi)' 
f,Ue B nOCJ1e,UHHX ¢opMYJ1aX Hcrr0J1b30BaHO CBOHCT'BO MyJIbTHrrJIHKa

THBHOCTH BepXHero H 'HH)l{HerO cpe,UHHX Ha rrpOIl3Be,UeHH5IX lIaCTHbIX 

lleOTpHU3TeJIbHbIX rrpH3HaKOB He3aBIlCIlMbIX C. B. He3HalIHTeJIbHOCTb 

B rrpHMeHeHH5IX 3KCIlOHeHUllaJ1bHbIX rrpH3HaKOB 06yCJIOBJIeHa He 

,CTO.lbKO HX HeOrp3IHIl'4eHHOCTblO, XOT5I 11 3TO TO)Ke IBJ1H5IeT, ,CKOJIWO 

Heyno6cTBOM P33J10)l{eHH5I rrpOH3BOJIbHbIX ¢YHI(UHH B p5l,UbI no HIlM, 

B351Tb~M ,B Ka4e,CTBe ,6a'3Ii'Ca. 
fapMOHIl4eCKaSl arrnpoKCHMau.IiSl. BTOpol1 YH.UBepCallbH.bU1 Kllacc 

npU3H.aKOB ,lJ,JI5I paC4eTa cpe}l;HHxcyMM o6pa3yeTc5I Ha6opOM rapMO

HH4eCKHX ¢YHKUHH fs(ux) =sin UX, fC(ux) =cos UX, rne u - napa

MeTp, -oo<u<oo - CBoero po,lJ,a HHneKC rapMoHIlKH. [apMoIIIlKIl 

orpaHlllIeHbI H ¢OPMIlPYIOT rrJIOTHbIH KJIaCC B TOM CMbICJIe, lITO (cor

JIaCHO BTOpOH TeopeMe BeilepllITpaCCa ,[23, c. 41)) HX JIHHeii'HbIMIl 

KOM6HHaUH5IMIl MoryT 6bITb CKOJIb yronHO rrpH6JIH)l{eHbI JII06bIe or

.' 
HIl

paHH4,eHHbIe HenpepbIBHbIe Ha KOHelIHOM oTpe3Ke ¢YHKU (arrnpOK
IlH 

CHM311HIO naeT pa3JIO)l{eHHe ¢ypbe). [apMoHll4ecKlle ¢YHKU npll 

rrOJ;CT3HOBiKe 'Ha "'CCTO apryMeHT3 CyMM pa3J13raIOTC5I Ha 'CyMMbl 

npoH3BeneHHH, 4TO rr03BOJI5IeT npoH3BecTH nO,II,ClIeT HX cpe,lI.HHX, KO-

TOPbIM ceH4ac H 3aHMeMC5I. 
Ha30BeM jMlf=m3x{\Mfl, IMf\} - a6coIlIOTH.bLM. cpeoH.uM. npu

31ial\a if. 0603Ha4HM 

!; (u) = M cos U Xi' ~ (u) = M sin u Xi'
 

V; (u) = M cos U Xi' I; (u) = M sin uXi 
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H	 Ha3'OBeM 2apMOliUttecKUMU cpeChtUJvlU C.8. Xi. BBe;J:eM a6CO/lIOTlible cpe,llHee M v , A 6Y,lleT TO'lHbIM H npoHOCHTC5I 3a 3HaK CYMMbI H npOH3Be,lleHHfl, no

eapMOliUttecKue cpeoliue: IVi I (U) = IM ICOS uXi , Ai (U) = IM Isin uX , JIy'laeM
i I


( ~i (u) npH ~i (u) > 0,
IVd (U) = min IV i (u)1 = 

~i~vi~V; { ° npH Vi (u) ~ °~Vi (u),

l -Vi (u) npH ~ (u) < 0, 
I 
i

o4eBH,lI.HO, 51BJIHIOI.I.I.HecH HeOTpHuareJIbHblMH H IVi 1(0) = /-:V 1(0) = 1, 
iA;(O) =0. Do cYI.I.I.ecTBy, '-~d (u) eCTb MHHHMaJIbHOe no M~M~M 

a6COJIIOTHOe cpe.n:Hee KOcHHyca /Mcos uXi/ c. B. Xi, Ivd (u) _ I 
Iee 'MaKCHMaJIbHOe no MO,ll.YJIIO 3Ha4eHHe, a A;(u) = ,-Xi I (u) _ TO )Ke 
~Jl.JI5I 'CHIHyca	 M sin uX

i 
. 

Teo p e M a 3.8. 0 C HOB H bl e H epa B e H C T B a .n: JI H rap M 0
HH4eC'KHX Cpe,ll.HHX CyMM. [JyCTb XI, ... , X lieSa8UCU,Hbl. r020aO/lft 8CeX U U <p:	 n 

(I) 1M/cos (u i~1 Xi+lp) ~A2: (u)= 

I 
= IT Vi Vi /2 (u) +A1 (u) . 

i=1 

A	 O/lft Tex u, O/lft KOTOpblX min Vi (u) > 0, 
a raKJlCei 

n 

lp}; (u) = ~	 aretg (Ai (u)/Vi (U) ~ n/2, 
i=1 

cnpa8eO/lU8bl C/leoYloUl,ue rpu liepa8eliCT8a: 

- Ii tl _ 

(II)	 M cos u L: X i ~ IT Vi (u) ;
 
1 1
 

n 11 2 2V 
(III) M cos u L: Xi ~ IT ~i (U) + Ai (U) cos <Pc:. (u) ; 

I I 

(IV) 1M I sin u *X, ~ A" (u) sin [ *aretg (A, (ull;;, (u» ] 

)], 0 K a 3 aTe JI b C T B O. I1cnOJIb3yeM npH Ka)K.aOM <jJHKCHpOBaHHo:vr
npe.aCTaBJIeHae llEiYl 

-;, 

(MS'X) = V... V(Mv ,S'f')x ... X(M '	 S':n) = V (M ,SX), 
1'1\..1 

v n' /\,n \'. A. v• I\, 

rae (Mv l'. /l.z'. S'{i) eCTb vi=M cos uXi , )'i=M sin UXi -Ce'leHH5I (MS'{i) , a \'=
 
n
 

= (Vj, ... , v ), f..= 0'1, ... , 10")' 0603Ha'la51 Re - .aeiicTBHTeJIbHYIO '1aCTb l'O~Hl.leKC-
Horo llHCJIa, a 1m - MHHMylO, HCnOJIb3Y51 paBeHcTBO cos(uL;x,+(r) = 

n j(ux+QJ) . 

= Relle ' , rJ.e J - KO.l1n,leKCHal1 eD;HHIHW, C
I y'leTOM Toro, 'ITO rrpaB~HI ero 

'la'CTb eCTb cyMMa 
rrpOH3BeJ.eHHII cos UXr If sin UXr, a fJOTOMy rrpH TO'lHblX 1"; If "Ai 
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J 

n ) 11

M cos 
( 

U ~ Xi + cP = max Re II (Vi (u) + j Ai (u» ei QJ = 
I . v, A 1 

11	 [ 11 ]=	 max IIV v~ (u) + 1..7 (u) X cos ~ arctg (Ai (U)/vi (u» + cP • (3.10) 
v, A I . 1 

TaK KaK KOCHHyC MeHbwe 1, TO HepaBeHCTBa .(1) TeopeMbI OTCIO.aa CTaHOB5ITC5I O'le

BH,IlHbIMH. J],OKa)KeM OCTaJIbHble. 

BbI,IleJIHM KaKoe-Hlf6y,llb O,llHO 3Ha'leHHe HH,IleKca i=k H npe06pa3yeM <jJparMeHT 

npaBOll qaCTH	 (3.10), 3aBHC5IIUHH OT k (onycHIB ,IlJI5I KpaTKOCTH apryMeHT u If no

JIO)KHB cP=O) 

V vk + Ak cos [CPk + arctg (Ak/Vk») = vk cos CPk +Ak sin CPk' 

r,lle CPI, 0603HaqeHa cyMMa B apryMeHTe KocHHyca (3.l0)-6e3 k-ro CJIaraeMoro. Te· 

nepb BH,IlHO, 'ITO npH Irp" I~ n/2 MaKcHMyM ,IlOCTHraeTC5I npH Vi =V; If Ai=O (3TO 

6YAeT eUle 5ICHee, eCJIIf M3KCHMH3HpOBaTb He no Ka)K,IloMy Ai, a no B-:eMy BeKTopy 

J.), a MHHlfMyM - npH Vi=Vi H Ai=I~I, 'ITO AOKa3bIBaeT (II) H (III). 
Hep3BeHcTBo (IV) CJIeAyeT 1f3 CooTHOWeHH11 

Iv v1 + Af sin (CPi + arctg Ai/viJl = IAi cos CPi +Vi sin CPi I ~ 

< I~ I cos Icpil +Vi sin ICPi I ' 

lJ:TOH Tpe6oB3JIOCb. "-r:':' 

TeopeMa n03BOJIHeT no rapMoHH4ecKHM Cpe.n:HHM CJIaraeMbIX nOJIy
4aTb oueHKH rapMOHHllecKHx Cpe.uHHx CYMM, 3TH oueHKH .uaIOTC5I 
npaBblMH 4aCTHMH HepaBeHCTB (I)-(IV). DepeH.n:eM K O.n:HOMy ee 
ynpomeHHoMy rCJIylJaIO. 

)l,onpeAeJIbHaH np06JleMa, OAHOpOAHbIH CJlY4aH. PaCCMOTpHM o.u
HOpO.uHyIO nOCJIe.n:OBaTeJIbHOCTb. ,UJIH Hee no onpe.n:eJIeHHIO rapMO
HH4eClme cpe.uHHe .uJIH K3)1{.uOH H3C. B. Xi 6y.n:yT O.n:HH H Te Me nprr 
i= I, ... , n.: 

M cos U Xi =	 'V (u), M cos U Xi = V (u), 1M I sin u Xi = A (u). 

nlO63H nOCJIe.uOB3TeJIbHOCTb MOfKeT 6bITb c.ueJIaHa ,aKoBoH, eCJIH 
paclilHpHTb ee Mo.ueJIb, .n:OBO.uH HHTepBaJIbl rapMoHH4ecKHx cpeAHHx 

06be.uHHeHHeM ,Il,0 caMoro IllllpOKoro:	 'V (u) =min M cos UXi; v(u) = 
- i

=max Ali cos uX i , 11 TO )Ke caMoe .uJIH CHHvca, H OCTaBJIHH HX B Ka
i	 • 

4eCTBe nepBJ14HbIX. 113 TeopeMbl 3.8 BblTeKaeT: 
Y T B e P)l{.u e H He 3.9. /l,/lfl CYMM OOliOPOOliOU nOC/leOOBaTe/lb

fiOCTU lie3a8UCllMbiX C.8. XI, ... , X n npll 8cex u u <p BepfiO fiepaBeli
CTBO 

(I) !MI cos (u ~ Xi +<p) ~ (~2 (u)+A 2 (u»n/2, 
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a npu A (u) Iv (u) ::::;;;tg(n:/2n) cnpaeeoAuebl YTOtlHeH.<tble ltepaeeHCTea 
a npu u, TaKUx, tiTO nA(u)/~(u) ~Jt/2, cnpaBeaAUBbl YTOtlHeHHble 

(II) M cos (u f Xi ) ~ vn (u) ; HepaBeHCTBa: 

2 

(III) M cos (' ui Xi) ~ (v2 (u) + i\.2 (u»)n/2 cos (n arctg A (u) ) (Ira) MCOS(U f Xi) :::;;exp {- (1---; v )n -6n ( (1- v)2 n 
)};

2
- 1 - ~(u) 

(IV) IMI sin (u i Xi) ~ (V2 (U)+A2 (u»n/2 sin (narctgA(U)). 
1 ~ (u) , 

CYTb ~orrpe~e~bHOH npo6~eMM npHMeHHTe~bHO K rapMOHH4eCKHM 

npH3HaKaM 3aK~IOqaeTcH B ynpo~eHHH, yHH4>HKaIJ;HH ,npaBbIX 4aCTeii 
BBe~eHH~X TO~bKO qTO HepaBeHCTB npH ~OcTaTOqHO 60~bmOM 4Hc~e 
n c~araeMbIX. Hama IJ;e~b - npOCJIe~HTb, KaK no Mepe pOCTa n H 

YBeJIHqeHHH ~aHHbIX 0 CJIaraeMbIX ICyMaIOTcH B HaIIpaB~eHHH rapMO
HliLleCKHX, a 3aTeM H CTeIIeHHbIX npH3HaKOB Mo)].e~H CYMM. •

JJ.~H IIpaKTHKIi, 3TO OTBeT Ha BOIIpOC, qTO o6~ero H qTO KOHKpeT

Horo MOlKHO CKa3aTb 0 Mo)].eJIIi CYMMbI, cKalKeM, II5ITH, ~eC5ITH, CTa
 
He3aBIiCHMbIX C. B., eCJIH HMeIOTC5I KaKue-TO )].aHHble 0 CJIaraeMbIX H
 

BapHaHT npHMoro paCqeTa Mo)].eJII:I CYMMbI HCK~IOqaeTcH H3-3a J13

JIHlIlHeI1 Tpy,noeMKOCTH. 

BepHeMcH K npaBbIM qaCT5IM HepaBeHCTB yTBeplK)].eHH5I 3.9. Bo


nepBbIX, YIIpo~eHHH B HHX B03MOlKHbI JJ;JI5I 6HHOMOB, 3anHcbIBaeMblx

()]'~H IIpOCTOTbI apryMeHTbI y v(u) H A(u) )].a~ee onycKaIOTC5I):
 

(v2 +A2)n/2 = II - (1- v2 - A2)Jn/2, 

r~e v paBH5IeTCH COoTBeTcTBeHHo BepxHeMY ~Ii60 HIilKHeMY 3Ha4e

HHHM. I1PIi Tex YC~OBHHX, KOf)].a Ma~bI I-v2 (HaIIoMHHM, qTO Ivl ~1) 
if 

H A, T.e. B pe3YJIbTaTe MaJIO F(v, A) = I-v2-A2 (IIpH4eM F~O), 
6HHOM InpaBoH qaCTH annpoKcIiMIipyeTcH 3KCIIOHeHTOH 

fl-F (v, A)jn/2 = exp { - F (~' A) _ 6 ( F (V; A) n)} IIpH IF (v,A) I:::;;n 

~l, fl, 

r,ne fJn (y) = - y - -n In ( 1- - = 1+ Y _ \ + _Y (2Y \ 2 

2 n 2 nj 3 n

(no~yqaeTCH, eC~H IIO~CTaBHTb y=Fn/2, B3HTb JIOrapU4>M Ii pa3JIO

lKHTb B pH)]. MaK~OpeHa). I10IIpaBKa On (y) B03paCTaeT IIpIi YBe~H

qeHHIi y>O (paB'Ha 00 npli y=n/2) H y6bIBaeT rrpli pOCTe n.
 

H BO_IBTOPbIX, IIPIi Ma~~x I-v2 Ii .1.2 YIIpO~aIOTCH apryMeHTbI 
npli KOcIiHyce HCHHyce B (III)- (IV). A HMeHHO, TaK KaK arctg x~ of> 

~x IIpH X>O H KOCHHyc Ha nepBOH qeTBepTU nepHo)].a y6bIBaeT npH 
YBeJIUqeHHH apryMeHTa, a CHHyC - B03paCTaeT, TO HMeeM: 

2 Y ) _ (2Y \ _) + ... 

YT B e p lK)]. e H H e 3.10. PAR cyJvtJvt OOHOPOOHOii nOCAeOOeQTeJlb
HOCTU HesaeUCUJvtbtx C. e. XI, ... , Xn npu ecex u u qJ eepHo HepaaeH
CT80: 

(1°) IM I COs (U i Xi + q» :::;; exp 1_ F(V', J..) n_6 (F tv, A) n) l 
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n) {F (v, A) n
(IW) M cOs (U 7Xi >exp - -; 

F (v, A) n )}-0 - cos 
n ( 2 

- . (n)(IVO) IMI SIn U ~ Xi 
. 1 

~ ( F (v, A) n )} .-u SIn 
n 2 '

( ,A )n· - . 
v ' 

f F (v A) n 
~exp i - ., 

t 2 

( A \ n· - I 
\ v)' 

3,ll,eCb }-- (v, .L\.) == 1-v2-j\2. He"paBeHCTBa HMeIOT CO,ll,eplKaTeJIbHbIH 

CMbICJI, KOr,LLa F HaCTOJIbKO MaJIO, qTO Fnl2 - 'He6oJIbllIa5I BeJIH4HHa. 

4T06bI npOCJIe)I,HTb 3aBHCHMOCTb cpeAHHX 3HaQeHIIH, )I,aBaeMbIX 

npaBbIIMII 'y:aCT5IMII HepaBeHcT,B (1°) - (IVO), OT n YJX06HO HOphtUpO-
BaTb \CyM,My 2: Xii Vii. B HOBOI1 cyMMe npII pOCTe n ,II)lana30H 'CJIY

qallHoro pa36poca KalKAoro CJIaraeMOfO X in = Xii in CT5IfIIBaeTCH 

K 0, OTCIOna K HyJIIO yCTpeMJI5IeTCH A(n) (u) == IM Isin uXin , TaK IKaK 

apryMeHT cIIHyca H IC3M IC'HHYC 'CTaHOB5IT'C5I IHH4TtOlKHO ,MaJIbI:MH, a K 

e,UHHHue yCTpeMJIHeT'CH ~(n) (u) ==M cos uXin (TeM 6oJIee" ~n) (u) ), 
TaK KaK KOCHHyC B npeAeJIaX MaJIWX H3MeHeHHH apryMeHTa 6YJLeT 

6JIlI30KK 1. OTclOJLa F(1l) = I--v2(n)-J\2(n) yMeHbwaeTIC5l,np'Hy:eM npH 

orrpeAeJIeHHbIX YCJIOBH5IX nponopUI1OHaJIbHO fl, II TOfAa npoH3Be)I,e

HHe F(n)fl 6y,neT cTa6HJIlI3HpOBaHo no n. CooTBeTcTBeHHo cTa6HJIH

3HPYlOTC51 H npaBble 4aCTH HepaBeHcTB yTBeplK)I,eHH5I 3.10, )I,alOllJJle 

,nonpe,LLeJIb'Hble oueHKH rapMOHHQeCK'HX cpe,llHHX JJ,JIH CYMM (eM. )I,O

nOJIHeHHe 1). 
LLorrpe)I,eJIbHaH np06JIeMa 6bIJIa 6bI He nOJIHOH, eCJIH He paCCMa T

pHBaTb CTeneHHwe npH3H3KH H CBH3aHHwe C HHMH oueHKH H ynpo
meHHH. 3TO MOiKHO CneJIaTb JIHillb ,LLJIH orrpeneJIeHHOrO TErra CJIarae

MbIXCyMM. i\ HMeHHO, )1,.Jl51 CII M MeT p H Q H hI X Xi C orpaH1PleHHhI

MI1 MOMeHT31tlH (orrpene,TIeHHe CM. B HaqaJIe § 3.1), a OOJIee IllHpO

KO, ,CtIHTa5l HyJIeBbIMHBce HeLIeTHble MOMeHTbI BTIJIOTb ;1,0 nop51;:u\:a 

2k : J\1)( i 2r--1 = 0, r = 1, ... , k. Torna lVlOMeHTbI HetIeTHbIX nOpHJl,KOB CylYl-

MbI BIl.TIOTb;IO 2k-1 6ynYT HyJIeBbIMH: M(~X1jVn)2r-l=0, TaK KaK 

rrpa pa3JIO)KeHHH (22XdVn) 21'-1 Ha CJIaraeMble B K8iK;:LOM II3 HHX 

6Y,lLeT 065I3aTeJIbHO npHcyTcTBoBaTb XOT5I 6bI 0,lLH3C. B. X1~ B HetreT

BOH CTerreHH, CpeJI.Hee KOTOpOll - HOJIb. 

llJI5I 4eTHbIX MOMeHTOB CYMM CHMMeTpH4HbIX C. B. rrp5IlvIoe pa3.rIO

/KeaIIe Ha CJIaraeMble C 'nOCJIe,lLYIOllLHM B35ITHeM cpeJJ,Hero 11 HCrrOJlb
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30BaHHeM CBOHCTB nOJIya.zUI.HTHBHOCTH H He3aBHCHMOCTH Be)I.eT KHe

paBeHcTBy 

_ ( n _ )2k 1 [ _
M f X;/Vn :::;; -;;;; n f.t2k + n (n

+ - - 2' 
- I)	 ~ f.t2(k-j) f.t2i C2k/2! + n (n - I) (n


j
 

-2)+ ~ - - 
j + I < ,f2(k-J-l) f.t21 f.t21 (2 k)! + ... +n(n

-1) ... (n-k+I)+~~ (2k)!]	 (3.11)
2k kl	 • 

r)I.e ,j.,t2j=MX i 2i. DpOTHBOnOJI02KHOe HepaBeHcTBO C 3aMeHOH BepxHHX 

MOMeHTOB Ha HH2KHHe ,j.,t2j BepRo )I.JI5I HH2KHHX Cpe)I.HHx M(~Xd Vn) 2k. 

B tIaCTHOCTH, npH k= 1 B CHJIy He3aBHCHMOCTH X2-;: a KaK cJIe)I. 

cTBHe,	 a)I.)I.HTHBHOCTH Cpe)l.HHX OT CYMMbI, HMeeT MeCTO paBeHcTBo: 

M ( ~ X;/Vn)2 =02, M ( fX;/V!i) 2=!!.2, (3.12) 
\ 1 

f)I.e ;]2 = i!2 = MXf, 0 2 = Il.~ = MXf . 
BMeCTe C (3.12) --:npaBbIe qaCTH (3.11) H eCTb )I.onpe)I.eJIbHbIe 

ou.eHKH MOMeHTOB CYMM cHMMeTp'HtIHbIX c. B. CaMbIM 3aMeyaTeJIbHbIM 

B (3.11) 51BJJ5IeTC5I TO, tITO 3HalJHMbiM npH YBeJIHlJeHHH n CTaHOBHT

C5I JIHWb rrOCJIe)I.HeeCJIaraeMoe. 3TOT epaKT 3aHHMaeT KJIIOlJeBOe no

JIO)l{eHHe B rrpe,ll.eJIbHOH np06JIeMe, K rrpe,ll.BapHTeJIbHoMy oCBew.eHHIO 

KOTOpOH )I.JI5I O)I.HOpO,ll.HWX rrOCJIe)I.OBaTeJIbHOCTeH H nepeXO,ll.HM, OCTa

BHB Ha § 3.4 pa3BHTHe )I.orrpe)I.eJIbHOH iII rrpe)I.eJIbHOH np06JIeM Ha 

CY:\1MbI o6mero BH)I.a. 

BBe,ll.eHHe B npe,ll.eJIbHylO np06JIeMy. CYTb ee COCTaBJI5IIOT Te npe

)I.e,lbHbIe rrpH n-+oo yrrpow.eHH5I, KOTopbIe rrOJIYlJaIOTC5I C TOYHblMH 

3HayeHH5IMH HJIH C rrpH6JIH)l{eHHbIMH B BH,ll.e rrpaBbIX lJacTefI Hepa

BeHCTB )I.JI5I cpe)I.HHX 3HalJeHHH KJIIOtIeBbIX rrpH3HaKoB HOpMHpOBaH

HbIX CYMM. Dpe,ll.eJIbHbIe TeopeMbI, Bo-rrepBbIX, ,ll.aIOT OTBeT Ha ,Borrpoc, 

)I.JI5I KaKHX KOHKpeTHo rrpH3HaKOB H npH KaKHX YCJIOBH5IX Cpe,ll.HHe 

,ll.OnycKaIOT HeTpHBHaJIbHbIe rrpH6JIlUKeHH5I. 11 BO-BTOpbIX, YKa3bIB3IOT 

Ha rrpe,ll.eJIbHble rrpH n-+oo 3HalJeHH5I npH6JIH)l{eHHH, epOpMHpyIOI.l.I.He 

paCWHpetlHyIO npe,ll.eJIbHyIO M0.lI.eJIb CyMM. 

Hawa ]{OHeYH351 u.eJIb - rrpOCJIe)I.HTb, KaK no Mepe HaKOITJIeHH5I 

II YTOYHeHH5I .lI.aHHbIX 0 CJIaraeMbIX (cy)l{eHtI5I IIX MO.lI.eJIeH) cy2KaeT

C5I rrpe.lI.eJIbH35I M0.lI.eJIb HOpMHpoBaHHoH CYMMbI H, B KOHetIHOM ClJeTe, 

CXO~HTC5I K HOpMaJIbHoH. CXO.lI.HMOCTb K HOpMaJIbHoMy 3aKoHy npo

C.TIe'KHB3eTC5I B .lI.BYX yHHBepCaJIbHbIX HanpaBJICHH5IX: Ha I{JIaCCC cre

nCHHblX nptI3HalWB H 'Ha !\JJacce rapMOHHYCCKHXCor JIaCHO Teope

Me 3.1 xa:pa!\TepH33u.HIf Hop:-'1a.TIbHoII iC. B. 

,LlJI5I CTerreHHblX npH3Hal<OB CXO,UHMOCTb 03HayaeT CX0.lI.HMOCTb 

MO:VleHTOB K HOpMaJIb'HbIM 3H3yeHH5I:-'1 MY2h-l= 0, MY2I' ={J2!l (2k) 1/ 
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I (k!2 k ) (CM. 3.4», YTO B CJIyYae CHMMeTpHlJHWX C. B. Xi BbITeKaeT 

HenOCpe.lI.CTBeHHO H3 (3.11) H ,(3.12) H rrpHBO)I.HT K cJIe)I.yIOw.eMy: 

Y T B e p 2K)I. e H H e 3.11. nyCTb nOCIle008aTellbHOCTb Xi He3a8U

CUJ,fa, OOHopOOHa, OZpaHU'leHa (cyU{eCT8yloT 8ce .MO.MeHTbL), CU.M.MeT

pUt.frta (cpeOHue MX i U .MO.MertTbL He'leTHbLX nopflOlW8 8ce pa8HbL 0) 
U nycTb MX2i =02, MX2i =cr2. Tozoa npu k= 1, 2, ... , cnpa8eollu8bL 

TaKue COOTHOLueHUfl OIlR MOJHeHT08 HOp.MUp08aHHbLx cy.M.M: 

n )2k-l
10. M 

( 
f X;/Yn = 0 ; 

20. lim M ( ~ X;/Vn- )2k :::;; a2k (2 k)!/(k! 2k); 
n400 1 

n _) 21< 
3°. lim M ~ Xi/V n > ~k (2 k) !/(k ! 2k 

).
(

n400 1 

B caMOM AeJle, B BblpaLKeH'1111 (3.1 I) Bce CJlaraeMble, KpOMe nOCJleAHerO, I1C1Je
U 

3alOT np~ YBeJlIl1JeHIlI1 n, a nOCJleAHee 11 AaeT npaBylO 1JaCTb HepaBeHcTBa 2 .llJlll• 

HI1)lmerO cpeAHero HepaBeHcTBo (3.1 I) 3aMeHlIeTClI Ha npOTI1BOnOJlOLKHOe, oTKyAa 

cJlellyeT 3°. 

DpaBble lJaCTH HepaaeHcTB yTBep2K.lI.eHH5I 3.11 B KalJeCTBe rrep

BH4HbIX onpe.lI.eJI5IIOT rrpC)I.eJIbHyIO 11M, cY2KaIOw.yIOC5I rro Mepe yTOtI

HeHH5I IIHTepBaJI3 '02, 0 2 )I.I1'CnepCHI1 'K HOpMaJIbHOH MO.lI.eJIH. 

C JI e)I.C T B H e~ ECllu 8 YCIl08UflX YT8epateoeHufl 3.11 oucnepcufl 

Jl8JlfleTCfl TO'lHOii 0 2 = 0 2 = 0 2, TO UMeeT MecTO HM-CXOOU.MOCTb CyM

.MbL K HopMallbHOll C. 8. 
3 a Me tI a H He. l{eM CTapwe 'nop5l.lI.OK k, TeM, B 06w.eM-TO, Me.lI.-

JIeHHee HMeeT MeCTO CXO.lI.HMOCTb MOMeHToB K HX HOpMaJIbHbIM 3Ha

lJeHH5IM. CKa33HHoe BepHO XOT5I 6bI rroToMy, lJTO rrpH 3TOM B rrpaBOH 

lJaCTll	 (3.11) 6Y.lI.eT 60JIbWee 4HCJIO 'CJIaraeMblX nOMllMOrrOCJIe.lI.HerO, 

HeHClJe3aIOw.ero. 
B Hanp3BJIeHHH rapMoHH4ecKHx rrpH3HaKoB COrJIaCHO TeopeMaM 

3.1, 3.8 H epopMyJIe (3.3) HOpMaJIbHof! rC4HTaeTC5I CXO.lI.llMOCTb K HyJIIO 

CHHYCOH.lI.aJIbHbIX cpe)I.HHX CYMM M sin(ul;X;/Vti) (.lI.JI5I cllMMeTplltI 

HblX CJ1araeMblX OHH T04HO paBHbI Hymo) H K exp (-02U2/2) - KOCH

HycOllll.aJIbHbIX M cos (LL~X;/Vti) rrpH IWHTpOJIC yCJIOBH5I, tITO 

lim J5 (l;X;j lin> H) -+ O. DOCJIC.lI.Hee yCJIOBHe BCCr.lI.a BbInOJIH5IeTC5I 
n~oo	 H400 

.lI.JI51 He3aBHcHMo~1 ITOCJIe.lI.OBaTeJIbHOCTH C HyJIeBbIMH Cpe.lI.HHMH 

MX;=O H orpaHH4eHHoH .lI.HCnep'CHH MX2;~(J2 CJIaraeMbIX, TaK KaK 1:13 

aHB.TIOra HepaBCHCTBa l{e6blweBa (§ 3.2)c ytIeTOM paBeHcTBa (3.12) 

nO.1Y4aeTC5I: 

p (2: XJyn> H) ~ a2/H2 -+ O. 
H400 

DPH YCjIOBH5IX CJJe.lI.CTllH5I cOBepweHHo pe30HHo rrOJIaraTb, 'ITO rap

MOHH4ecKHe Cpe.lI.HHe T3K2Ke .lI.OJI)l{HbI CXOll.HTbC5I K HOpMaJIbHbIM HX 
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3HalleHH5IM. B CaMOM .neJIe, paBeHCTBO HyJIIO CHHYCOH.naJIbHbIX Cpe.n

H'HX CJIe.nyeT H3 'CHMMeTpHH CJIaraeMblX. A CX0D.HMOCTb K HOpMaJIb

HbIM 3HalleHH5IM KOCHHycoH.naJIbHbIX .cpe.nHHX 6yD.eT CJIe.nCTBHeM rrpe

.neJIbHbIX TeopeM .nJI5I CYMM 06w.ero BHD.a, a KOTOpbIX 6y.neT rOBopHTb

C5I 0 rrOCJl'e.nyIOI.I.I,HX pa3.neJlax. 

TaKHM 06pa30M, HMeIOTC5I .nBa HarrpaBJIeHH5I .nOKa3aTeJlbCTBa rrpe

.neJIbHbiX 3aKOHOB HOpMaJIbHOl1 CXO.nHMOCT,H: CTeneHHoe H rapMoHH

lIeCKoe. B npe.nBepHH HOpMaJIbHOrO 3aKOHa, Kor.na JIH60 n KOHeliHO 

(.nonpe.neJIbHbIH CJIyllaH), Jl'H60 yCJIOBH5I Ha CJlaraeMble He.nOCTaTOll

Hbl .nJI5I HOpMaJIbHOH CXO.nHMOCTH, 06a HanpaBJIeHH5I He no.nMeH5IIOT, 

a .nonOJIH5IIOT .npyr .npyra; Ka)j{.noe H3 HHX D.aeT CBOH rp a HH .nonpe

.neJlbHOH Mo.neJIH, Ka)j{.noe no-cBoeMy xapaKTepH3yeT rrpH6JlH)j{eHHe 

K HOpMaJIbHOH 'C. B. 

HaMH CcrOpMyJlHpOBaH npOCTeHWHH BapHaHT npe.neJIbHOrO 3aKO

Ha, .neMOHcTpHpylOW.HH OCHOBHylO 'H.nelO, reHepaJIbHylO MblCJIb. UpH' 

3TOM Tpe60BaHH5I K CJIaraeMblM rrpe.nb5IBJI5IJfHCb OlleHb )j{eCTKHe: Bce 

HMelOT HyJIeBble cpe.nHHe H HyJIeBble HelieTHble MOMeHTbl, a TaK)j{e 

TOllHbie o.nHHaKOBble .nHcnepCHH, liTO caMO C060H rro.npa3yMeBaeT 

cTaUHOHapHocTb STHX napaMeTpOB H He06xo.nHMylO .nJI5I 3Toro CTaTH

cTHliecKYIO YCTOHlIHBOCTb BbI60pKH, a BKOHeliHOMClIeTe - a6COJlIOT

Hoe 3HaHHe. 

llonycTH,M XOTb 'Ha MHr, liTO nOCJIelj,IQJBdTeJIbHOCTb «'lIYTb-lIYTb» 

CTaTHCTHlieCKHHeYCToH·lIHBa . .3TO BbIHY)j{.naeT paCCMaTpHBaIb BMeCTO 

TOllHblX cpe.nHHX HHTepBaJIbHbie MX i , NIXi. DpHlieM KaK 6bl HH 6bIJIH 

OHH 6JIH3KH K HyJIIO, 'cKa)j{eM, [MXi, NIX;] ={-e, +e], e>O, T. e. 

CKOJlb 6bI MaJIbIM Mbl He B35IJlH e, Bce paBHO rpaHHUbl HHTepBaJIa 

Cpe.nHHX HOpMHpOBaHHOH CYMMbl, paBHble 

M (}2 XdVn) = - Yne, M ( }2 XdVn) = +Yn e, 
rrpH n--'>-oo 6y.nYT HeorpaHHlIeHHO «pa36eraTbC5I» B pa3Hble CTOpOHbI, 

.neJIa5I 6eCCMbICJIeHHOH HOpMaJIbHylO CXO.nHMOCTb. .3TO eCIb .neMOH

CTpaUH5I KpaHHeH KpHTHliHOCTH I\JlaCCHlIeCl<HX npeD.eJIbHblX pe3yJIb

TaTOB K BapHaUH5IM yCJIOBHH. 

MbI H36e)I(HM ynOM5IHyToH Kp'HTHliHOCTH, eCJIH He 6y.neM HO:J1l{)

lIaTbCX0D.HMOC11YI 33I<OHOB CY:vlM 1\ ;J,pyrHM, 60JIee WHpO'l,lIM, Qe'.1 

HOpM3J1bH35I, Mo.ne,15IM. .3TO H 6y,LleT npe..'lCJIbH35I np06J1CM3 13 ee 

pacwHpeHHoM nOHHMaHHH. B cJIe.nylOI.I.I,eM n3parp3qJe Mb! H H3l!HCM 

rrOCTenCHHoe npo.nBH)j{eHHe no HCH war 33 warOM OT C3MbiX CJla6blX 

.nonyw.CHHH Ha CJlaraCMbIC, HMe5I B BI1.ny HtyCTOHlI'HBOCTb 11 HeOiJ.HO

P0iJ.HOCTb nOCJle.nOB3TCJlbHOCTH, 1\ 60JIce CHJlbHbIM, npHXO,ll.5I B KOrIClI 

HOM C4eTe 1\ KJlaCCH4eCI\HM YCJlOBH5IM, rrpH KOTOpblX HMeeT MeCTO 

'HOpM3J1bH35I CXO.nHMOCTb. 

)],OnOJlHeHHe. ,II, a n p e ;:( e JI b H a 51 Teo p e Man JI 51 OJ], Hap a JJ. H 0 f! n a C JI e· 

nOBaTeJIbHQCTl1, flYCTb X" "" X n , n~3, He3QOUCUMbl, IwelOT HYJlCOble cped

Hue MX;=o U lWHe'lHY,o ducnepculO MX2 j =02, Tozaa ux HOPMUpOOQHHafl CyMMQ 
- s5n="2,Xd V n OKJlIO'WeTCfl 8 C. fl, Y (8 OlblCile .;/{ nc.;/{Y), 3aoaoaeMyIO nepI3U'I-

HblMU cpeaHUMU MY=O, MY2=cr2 U 
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Z
(j2 U ( (J2 UZ )' C*OZ UZM cos U Y = exp - -- -15 -2- } cos __--'- _{ n 

- 2 \ 1 _ OZ uZ/(2n) 

flpU U TaKUX, 'ITO 0 npaooiJ. '1aCTU paoeHCToa apzyMeHT lwcuHyca MeHblUe 1[/'1., 
II c.=0,3184. 

,II, a K a 3 aTe JI b C T B O. Bo-nepBbIX, B CHJIy HyJIeBbiX Cpejl,HHX CJIaraeMbiX Ta

KIIM lKe 6yJ],eT Msn=O, a BCJIeJ],CTBl1e (3.12) MS2n =G2. OHH J],alOT Cpejl,HHe CTe

neHHbIX npl13HaKOB HOpMHpoBaHHoii CyMMbI B HanpaBJIemlH JIl1HeflHOii H KBajl,pa

TII'IJWf! cjJyHKUIIH. ,II,JIlI rapMoIIH1JeCKHX «HanpaBJIeHHI1» HepaBeHcTBa (3.13) H (3.14) 
cJIeJJ.YlOlI..\ero pa3neJIa Bejl,yT K TaKHM jl,ByM HepaBeHcTBaM: F(~ J\) = 1-~-A2~ 

~ 1-'V2~a2u2/n, nA/v~c.,au2/[1,-cr2u2/(2n)] _ H HX nOjl,CTaHOBKa B (Ill") 
yTBep>KneHlIlI 3.10 jl,OKa3bIBaeT TeopeMY. 

3.4. nPE)],EJIbHblE MO,IJ.EJIH CYMM 06ll1,ErO BH)],A 

UeHTpaJIbHble ,lJ,onpe.neJIbHble HepaBeHcTBa. PaCCMOTpHM CYMMbI 

o6w.ero BH.na }2Xin , nOHHMa51 X in , i= 1, ... , n, l\aK rrOCJIe.nOB3TeJIb
HOCTH cepHH He3aBHCHMbIX c. B. 

BH.noH3MeHHM HepaneHcTBa yTBep2K.neHH5I 3.10 rrpHMeHHTeJIbHO K 

cyMMe 06I.I.1,ero BH.n3, KaK H p3Hee 0603Halla51 F(v, A) = 1-v2-A2, 
:!.;n =@;cos uXin , IV.in I= INI Icos uXin , A in = INI Isin uXin , rrepeMeHHylO 

U ,lI.JI5I KpaTKocTH onYCI\351, r.ne MO)j{HO. 

TeopeMa 3.12. ,Uorrpe.neJlbHble HepaBeHcTBa .nJl51 

rapMOHHlIeCI\HX Cpe.nHHX. flYCTb Xin, i=l, ... , n, - noCAe
o08aTeAbH.OCTb H.e3a8UCUMbIX C. 8 .. T020a OAR 8cex cp u u 8epH.O H.e
pa8eH.CT80 

1. IM I cos (u i~1 X in + cp) ~ 
In _ }

~exp --}2 F OVinl, A in ) , \fcp, U;{ 
2 i=l 

n J\. 1[
 
a npu min v in (u) > 0 H 1J!l: (u) = }2 .....!.!!:.. ~ - eepH.bl H.epaeeH.Cm8a
 

i - i=1 ~in 2
 

X in )II. M COs (u i~l ~exp { - i~l (I-vin )} ; 

III. M COs (u ~ > exp { __I ~ F (~in'X in ) 
(=I 2 ,=1 

A in ) [- In(l-Fn )]} COs "I'l: (u),
Fn . 

r)J,e Fn = max F (~n, A;n) ; 
i=I. '" .n 

IV. IMI sin (u i~1 X in ) ~ 

In _ }
~ exp - - }2 F (V;n' A;n){ sin (~ Ainiv;n) .2 i=1 i=1 
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nO K 3 3 aTe JI b C T B O. CJle;lyeT 113 HepaBeHCTBa (I) TeopeMbI 3.9, eCJlII npo ·')I{OpllpyeT pacno.1aralOwYlOc5I nOll Herl n3pa60Jly, nO;J.cTaHoBKot"1 y = uX in H B351" 
n _ 

THeM cpe;lHero nOJly'l3eM113BelleHlle	 IT (V 2;"+1\2,,,)1/2, KOTopoe B Hawe~l c,1ylJae 6Y.J.CT CT05lTb B npaBoil 

i=l r
I ~in = M~cos (UXin) > 1- UZ MXTI1/ 2 .	 (3.13)

lJaCTJI :3Toro HepaBeHcTBa, 1aMeHIITb Ha 

Ill 
exp -~ In[l-F(IVlnl, Ain)l}{ 2 i=1 

II BocnO,lb30BaTbC5I HepaBeHcTBoM In(l+z)~z. TaK)j(e BbITeKalOT II H3 (II) yT

Bepm.J.cHH5I 3.9, a IV - H3 (IV); B nOCJle.J.HeM c.1YlJ3e apKT3HreHc 33MeH5IeTCli 

H3 3pryMeHT, Ta'K KaK 3retg1x I~ Ix I, a sin 1JJ npH !1JJ I~ n/2 eCTb Hey6bIBalOwali 

q,yHKUH5I aprYMeHTa. HaKoHeu, III nOJlYlJaeTC5I 113 (III) C nOMOWblO np ellWlywero 

Hep3BeHcTB3 llJl51 apKTaHreHca II cJlellYlOwero HeTpy;lHo npOBep5leMOrO Hep3DeHcTBa: 

In(l-e)
 
In(l-z»z npH O~z~e, 'tje>O,
 

e 

(; YlJeTOM TOro, 'ITO KOOHHyC Ha nepBOM nOJlyneplIOlle eCTb y6blBalOw3Sl <jJYHKUIl51 

aprYMeHTa.	 nOKa33TeJlbCTBO 33KOHlJCHO. 

nepBaSl OCJlaOJleHHaSl npe.ll.eJlbHaSl TeOpeMa. Pa3Hble npe.unOJIO
:>KeHH5I OTHOCHTeJIbHO CJlaraeMblX X in npHBO.u5IT K ou.eHKaM B BH.ue 
HepaBeHCTB .uJI5I HX rapMOHHYeCKHX HJlH CTeneHHblX Cpe.uHHX H K 
«'Cpa6aTbIBaHIiIO» TeX IiJIH HHbIX .uonpe.ueJlbHbIX HepaBeHCTB npe.ubI 
.uymero pa3.ueJla, npaBble 'IaCTH KOTOpblX npli yCTpeMJleHHIi 11-00 

If .ua.uyT npe.ueJlbHblH 3aKOH HOpMHpOBaHHbIX CyMM. 
Teo p e M a 3.13. n yCTb X in, i = I, ... , n, He3a8UCUMbi 8 KaJf(dou, 

cepuu U 8blnOAHftlOTCft TpU 'YCA08Uft 

AO. lim	 max MXEI1 = °;
n--il>oo i=l •...• n 

11 - 2 EO. lim ~ MXil1 =02
; 

I1~OO i=l 
tl _ 

BO. lim ~ IMj Xin=m. 
11-+00 i=1 

T020a npu n-+oo ux cyMMa ~Xin HM-cXOOUTCfl 8 C.8. S, OnPCae
AeHHylO nep8U'lHb1MU CpeOHUMU: 

2IMI~=m, M£2= m +0\ 
M cos U £ = exp ( - U2(;2/2) cOs 'lJ!l; (U), 

20e \Vl;(Il) = lulmtc*u2a\ c,=0,3184, a nepOLeHHaJl U npo6ec'aeT ,31W'leHUfl, 3aKAIOv.eHHble Hepa8eHCT80M 'IfL (u) ::::;; n/2. 

no K 3 3 3 T e JI b C'I' B O. CTenCHHble Cpe.lHHe Iiii/ I£ II 1\1£2 nOJlYlJaIOTC5I .1erI'O 

113 COOTBeTcTByJOWHX 1l0npe.leJlbHbIX HepaBCHCTB, J\OK333HHbIX Bblwe. 061':1 raM' 

C5I K KOCHHyCOH1l3J1bHOMy HanpaBJleHHIO, OmpaBJl5I5ICb OT OCHOBOnOJIaralOwe(1 Teo' " 
peMbI 3.12. y!3 Hep3BeHcTBa cos y ~ l-y2/2, COrJlaCHO KOTOpOMy KocHHycOlI.la Ma' 
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113 Hero cJle;lyeT: F(Vin, Ain)=I-V2in-A2i,,~I-v2i,,~u2;fjX2i" H 1",,~ 

~U2 max j\1X2 in . - 
i 

113 1l,pyroro Hep3BeHCTB3 Isin y-yl ~C.y2, r,J.e c.=0,3184 Ii paBeHCTBO .lOC

THraeTC5I npll y = 3, 124 (nOJ<a3bIBaeTC5I npoBepKofi), nO.lCTaHOBKofi y = uX i" II B351

TlleM ·cpe1lHero, HaXOllllM 

Ain ~ luI IMI Xin + C* U
2 MXYll'	 (3.14) 

I1cnoJlb3y51	 06a nO.1YlJeHHbIX Hep3BeHCTBa, BbIB01lllM 

- - 2
A· lul·IMI Xin+ C*u2 MX il1__111_,,;:::	 ...::.:.... 

Vil1 ~ l-uzMX? /2 
-	 III 

TIOllCTaHOBKa Hafi1leHllbiX HepaBeHCTB B q,OpMyJly 

(Ha OCHOB3HIIII AO) II npeHe6peme~IHe tJJleH3MII 

3bIBaeT pe3YJlbT3T. 

)lJl5I O.uHOpO.uHbIX BHyTpIf CepHrlC. B. 

III TeopeMbI 3.12 C YlJeTOM 1",,-+0
 
BToporo nOp5l1lK3 MaJlOCTII 1l0Ka


YCJlOBH5I TeOpeMbI 6y.ueT Bbl

IIOJlHeHbI, ecmI IMIXin=mjn H MX2in =a2/n. KaK BIi.uHO, eCJIH Xin= 
=XdVn, 1'0 YCJJOIBIi5I TeOpeYlbI I,ll:OCTH}KIiMbI JIHWb TIpli MXi=O (HHa
'Ie'm='oo). 

CJle.uCTBHe l. nYCTb MXi=O, MX2i ::::;;a2. T020a HOpMup08aH~' 
Haft cyMMa ~X;/ Vn npu n-+oo HM-cxOOUTCfl 8 C.8. S, OnpeaeAeH
ftylO nep8U'lHblMU cpeOHUMU: Ms=O, M\?=;O:2, Mcos u'S= 

=exp (-u2U/2),ws (0,3184u2a2) npu U TaKUX, 'lTO ap2yMeHT KOCUHY~ 
ca MeHbUle n/2. 

3T01 pe3yJlbTaT, KCTaTH, MO}KeT 6bITb nOJlyyeH H H3 TeopeMbl .uo
IIOJlHe>HlI5I ,nlpe.ubIJJ.yw.ero 'naparpa¢a. 

E_CJlH YCIiJlIiTb ¢OpMlipOBKY, B35IB Xin=Xdn, TO npH MX2i <00 61'
neT 0'2=0 H TOr.ua nOJIy'I'HYl: 

CJIe.ucTBlie 2. nYCTb IMIXi=m, MX2i <00. T020a cpeoHee 
apuepMeTU'leCKOe ~X;/n 3TUX C.8. CXOOUTCJl 8 C.8. S, onpeoeAeHHylo 
IJ.ep8U'lHbtMU cpeOHUMU: M S2=m2, Mcosu£=cosiulm npu lulm::::;; 

~n/2.	 ~ 
OTMeTIiM, 'ITO cpe.uHee IMI£ = m, BPO.ue 6bI 065I3aHHOe «nepeKO

'IeBaTb» 1i3 TeopeMbI 3.13 B ee CJIe.uCTBlie, Ha CaMOYl .ueJIe norJIow.a

eTC5I Cpe.uHHM M s2=m2 6JIaro.uap5I HepaBeHcTBy IMIX::::;; V MX2 (cJIe
.lI.YIOw,eMY H3 HepaBeHcTBa feJlb.uepa npH Y= I). 

YCJlOBH5I TeopeMbI 3.13 TaK 'CJIa6bI, 'ITO n03BOJIIIJIIi «cpa60TaTb» 
JIHWb O.uHOMy HepaBeHcTBy III .uonpe.ueJIbHOI1 TeopeMbl 3.12. Doi1,iJ.eM 
JI,aJIbwe, BOBJIeKa5I .upyrHe HepaBeHcTBa. 

BTopaSl oCJlaOJleHHaSl npe.ll.eJlbHaH TeopeMa. OnpeJJ.eJIIiM Te yCJIO
BH5I,np'H KOTOpbIX cpa6aTbiBaeT HepaBeH,cT'BO I TeopeYlbI 3.12. 3TO He
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·r 
" 

paBeHCTB'O HHBapHaHTHO K C,lI.BHraM KaK -cYMMbI ~Xin +C Ha nOCT051H

HylO C, TaK H OT,lI.eJIbHbIX CJIaraeMbIX, n03TOMY CJIe,lI.yeT O)KH,lI.aTb, tITO 

B YCJIOBH51X He Tpe6yeTC51 'OrpaHHtIeHHOCTH CYMMbI cpe,lI.HHX ~ IM IXin , 
HO B03HHKalOT ,lI.OnOJIHHTeJIbHble Tpe60BaHH51. 

TeopeMa 3.14. llYCTb Xin lie3a8ucuMbt U nycTb 8btnOAliRIOTCJl 
./JC,;W8UR: aO. 

6°. lim ~ 
Il~OO 

8°. lim ~ 
n~oo 

TOcaa 

lim max MX2in=O; 
n~oo £=I ... .,n 

(MXtn)3/2 = 0; 

MXtn{IXinl~<5}=~2, V<5>O. 

2IM I cos (u l; X in + lp) ~ exp { - <!!.2 - a ) u2//2}, V u, lp, 

zoe a2 =lim ~ IMI 2 X in 
n-.+oo 

.u 0 K a 3 aTe JI b C T B O. 

min Vin(U) >0 6Y.D-eT BepHo 

i 
tl2~2/max MX2 in , a TaK KaK 

i 
II: 0 npH n-+oo, TO B npe.D-eJle 

(,0603Ha4eHO IMI2X=I(IMIX)2). 

Bo-nepBbIX, H3 (3.13) BH.D-HO, 'ITO HepaBeHCTBO 
2

.D-Jl51 Tex U, npll KOTOpblX u max MX2in~2, T. e. 

[ 
3HaMeHaTeJlb nepBoH '1aCTH no YCJlOBIiIO aO cTpeMHTclI 

OHO 6Y.D-eT BepHO .D-JllI Bcex 

:scex U BepHO paBeHCTBO IVinl (U)=Vin(U). 
1'1:3 HepaBeHCTBa COS y~ 1-( l-e2/12)y2{1 y I~ e} /2, 

,60M ,e>O, nO.D-CTaBJIlI1I y=uXin , nOJlY'IaeM 

_ . u2 
( e

2 
\ 2 { e '}1- V in(U);;;;'-- 1---)MXin IXin/~-'

2 12 - U 

U, H CJle.D-OBaTeJlbHO, .D-JllI 

CnpaBe.D-JlHBoro npll JlIO

(3.15) 

Tenepb nO.D-CTaHOBKa nOJly'leHHoro HepaBeHcTBa .D-JllI 1-V;n(u), a TaK}I{e liepa

BeHCTBa (3.14) .D-JllI A in B npaBylO '1aCTb I TeopeMbi 3.12 II 3aMeHa o=,e/u C HC-

IlO.%30BaHHeM IXI IX ~ -V MX2 J\aeT nocJle He60JIbIllHX ynpOIJleHHH 

_ 2 (U2fJ2 ) 2
~F (/"inl, Ain);;;;' u \ 1- -1-2- ~MX in { /Xinl ~ fJ}

_ u: ~(~xtn)2-U2~ IMI2Xin-2c. IUI3~(MXrn)3/2
 

_ c2u4 ~ (MX~ )2

* ~ tn· 

B CHJIy YCJlOBHlI BO BTOPOH H .D-Ba nOC,1e.D-HHX '1J1eHa npaBoH '1aCTH nOCJIe.D-HerO 

HepaBeHCTBa CTpeMlITClI K O. B pe3YJIbTaTe npOH~BO.%HOCTH 15 IIMeeM 

lim ~ F (lV";nl, Ain ) ;;;;. u2«J2 - a2) 
n~oo 

H yTBep}l{.D-eHHe TeopcMbI Tenepb CJIe.D-yeT H3 I TeopeMbi 3.12, 'lTO H Tpe60BaJlOcb. 

CJIe,lI.CTBHe 1. llpu YCA08URX TeopeMbt 3.14 cyMMa ~Xin HM
CXOOUTCR 8 C.8. Tj, OnpeaeAeliliylO nep8ULf.libtMU CpealiUMU 8Uaa 

2 2IMI COS (u Tj + lp) = exp { - (0 - a ) u2/2}, Vu, lp. 
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CJIe.J.CTBHe 2. llyCTb Xi, i=l, 2, ... , He3a8UCUMbt, nycTb'r IMIXi~m U MX2i=~2<oo, MX2i=~2. Tocaa npu n-+oo HOpMUpO

8aHHaR cyMMa ~X;/lfn HM-cxoauTCR 8 C.8. Tj, OnpeaeAeliliylO 8r 
CAeaCT8UU 1 npu a=m. 

B caMOM ,lI.eJIe, ,lI.JI5I HeTpy,lI.HO y6e,lI.HTbC5I, BblXin =X;/ Vn,KaK 
nOJIH5IIOTC5I nOCbIJIKH aO H 6° TeopeMbI 3.14, a nOCbIJIKa 8° CJIe,ll.yeT 

}!3 onpe,lI.eJIeHH5I Cpe,lI.HerO ,lI.JI5I KBa,lI.paTH4HbIX (HeorpaHH4eHHbIX) 

npH3HaKOB KaK npe,lI.eJIa: (J2= lim MX2d IX;j ~H} npH H=<5 ~/n. 
- H~oo-

nOCJIe,lI.Hee CJIe,lI.CTBHe HaH60JIee nOJIHO pacKpbIBaeT CMbICJI BTOpOI1 

npe,lI.eJIbHOI1 TeopeMbI 3.14. Bo-rrepBblx, He Tpe6yeTC51, B 06meM, YC

JIOBH51 orpaHH4eHHOCTH 3JIeMeHTOBrrOCJIe,lI.OBaTeJIbHOCTH HJIH aHaJIOra 

3Toro yCJIOBH5I - HerrpeMeHHoro ,cnyTHH'Ka KJIaCCHtIeCKHX rrpe,ll.eJIb

HbIX pe3YJIbTaTOB. KCTaTH 3aMe~HM, tITO Cpe,lI.HeKBa,lI.paTHtIeCKa51 or

paHHtIeHHOCTb MomHOCTH MX2i =a2- He 3KBHBaJIeHT OrpaHHtIeHHOCTH 

caMHX C. B., rrpHMep TOMy - HOpMaJIbHa51 C. B. 11 BO-BTOpbIX, HeTpH

BHaJIbH~e oueHKH rapMOHHtIeCKHX xapaKTepHCTHK CYMM MoryT 6~T~ 

nOJIytIeHbl H B TOM CJIy4ae, KOr,lI.a Cpe,lI.HHe C. B.51BJI5IIOTC5I HHTepBaJIb

HbIMH, tITO HMeeT MeCTO ,lI.JI51CTaTHCTHtIeCKH HeYCT0I14'HBbIX nOCJIe.Qo

BaTeJIb'HOCTeI1 H HHTeprrpeTHpyeTC51 KaK COBepweHHO HeKOHTpOJIHpye

Mble H .He CB513a'HHble ,lI.pyr C ,lI.pyroM CKa'lKH Cpe,lI.HHX MX i BHyTpH 

HHTepBaJIa -m, m. 
HeTpHBHaJIbHblMH pe3YJIbTaTaMH CJIe,lI.CTBH51 6y,lI.yT JIHWb npH 

(J>m (yCJIOBHe OTpHuaTeJIbHOCTH nOKa3aTeJI5I 3KcnOHeHTbl B Teope-

Me 3.14), a HMeHHO, rpy60 rOBOp5l, KOr,lI.a CJIy'laHHbII1 pa36po'C CJIa

raeMblX, T. e. }IX He3aBHCHMble KOJIe6aHH5I rrpeBblwalOT HeKOHTpOJIH

pyeMble I (HeycTOI1tIHBble) <pJIyKTyaUHH Cpe,lI.HHx. C06cTBeHHo, B 3TOM 

H B oTcyrcTBHH OrpaHH'leHHI1 Ha CyMMapHoe BepxHee Cpe,lI.Hee H ,lI.HC

rrepCHIO COCTOHT OCHOBHoe OTJIHtIHe BTOpoR npe,ll.eJIbHOI1 TeopeM~ OT 

nepBOI1. 

3 a M e 'l a H H 51. 1. YCJIOBH5I TeopeMbI 3.14 He HCKJII04 alOT Heor

paHHlleHHOCTH l<aK a6COJIIOTHOrO Cpe,lI.HerO IM I~Xin CYMMbI, TaK H 

ee «MOI1.l,HOCTH» Ai' (~Xin)2. 

2. YCJIOBH5I aO H 6° TeopeMbl 6y,lI.yT BbIIlOJIHeHbI, eCJIH 06 Xin 
H3BeCTHO TOJIbKO, 'ITO OHH He3aBWCHMbI H orpaHH4eHbI 'IHCJIaMH en, 
T. e. P (I Xin I<en) = 1, npHtIeM en-+O rrpH n-+oo. 

3. ECJIH C'lHTaTb <pHI<cHpoBaHHbIMH lim M2;X in , lim Ml;X in , 

lim M (~Xin)2, lim M (~Xin)2 H T. ,lI.., TO 2::Xin "6Y,lI.eT l1iVl-CXO,lI.HTbC5I 

B C. B. 'Ill, Onpe,lI.eJleHHylO nOMHMO rapMOHH4eCI<HX flepBH4HblX Cpe.J.

HHX TeopeMbI 3.14 eI1.l,e K nepBH'IHbIMH 3Ha4eHH5IMH M'Ill, MTjl, M11 21, 

MTj2, H T. ,lI.., COOTBeTCTBeHHO paBHblMH YKa3aHHbIM ~pe,lI.eJIaM. ~ 
4. OpH m=O, MX2i~a2, Xin=X;/Vn pe3YJlbTaT COBfla.J,eT co 

CJIe,lI.CTBHeM 1 TeopeMbI 3.13. 
I1cCJIe,ll.yeM c. B. 11, orrpe,lI.eJIeHHylO CJIe,lI.CTBHeM 1 TeopeMbI 3.14. 

ECJlH f(y) =~A(u)<cos(uy+<pu} eCTb pa3JIO)I<eHHe epyHKUHH f(y) B 
u 

PH,lI. <Pypbe, TO 
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IMff(T))~ L JA(u)lexp{-a2 u2/2} 
u 

-(rrpII ,lJ}ICKpeTaX U, rrJIOTHO 3anOJIH5UOmHX QIlCJIOBylO OCh, cyMMa 3a

"MeHHeTCH Ha IIHTerpaJI). TIpaBaH qaCTh rrOCJIe,UHerO HepaBeHCTBa 

,lJ.aeT OueHKH Cpe,UHHX ,UJIH rrpOIl3BOJIhHhIX rrpH3HaKOB C. 'B. fJ. 
TpeThSl OCJIa6JIeHHaSl npelJ,eJIhHaH TeOpeMa. IlOChIJIKH rrepBOH II 

BTOPOH rrpe,UeJIhHbIX TeOpeM BO MHorOM He rrepeKpbIBalOTC5I: HeJIb3H 

CKa3aTb, KaKHe H3 HIlX 60JIee CHJIbHble, a KaKHe 60JIee CJIa6ble. 

06be,lJ.HHeHHe HX BeAeT K CJIe'uylOmeH TeopeMe (IlcrrOJIh3YlOTCH npe)K

RIle 0603HaQeHHH). 

·TeopeMa 3.15. flYCTb BblnOAHfllOTCfl YCA08Ufl AO, EO u BOnep.. 
Boil npeOe./lbHOU TeopeMbl 3.13 U yCAoBue 8° 8TOpoil - 3.14. T02aa 
cy.lltMa ~Xin HM-cXOOUTCfl 8 C.8. Y, OtlpeOeAeHHylO nep8UttHblMU 
cpeOHUMU Ha CTeneHHblX npU3HaKax 

1. IMI Y = m, 2. MY2 = m2+a2
; 

.U Ha 2apMOHUttecKUX 

2I. 1M I cos (u Y +q» = exp { - ([!2 - a ) u2/2}, Vu, q>; 

II. M cos U Y = exp ( - 0 2 u2 /2); 

III. ~ cos u Y = exp ( - 02 u2 j2) cos 'I'~ (u) ; 

2IV. 1M I sin u Y = exp { - (~2 - a ) u2 j2} sin 'I'~ (u) ; 

cae nocAeoHue TpU COOTHOUleHU51 oalOTcfl npu UJ saKAlOtteHHOM 

HepaBeHCTBOM: 'If2: (u) == Iu 1m+c*u2 <J2::::;;n/2. 
,lJ. 0 K a 3 aTe .1 b C T B O. T:pe6yeTcH yCTaHoBHTb JIHlllb II H IV, TaK KalK Bce 

ocra.1bHble CJIe,J,yloT H3 npe,LI,bI,LI,ymHx LLBYX npeJI-eJIbHbIX TeopeM 3.13 III 3.14 (npH 

9TO:\1 yC.TJOBHe 6° B 3.14 eCTb CJIe,LI,CTBHe AO II EO TeopeMbI 3.13, rro9ToMY BbIrrOJI

H5I!0TC5I Bee rrOCbI.;lKH ~BYX TeopeM). 'uOKa33TeJIbCTBO COOTHOllleHll5I I I rrOJIyqaeTCH 

B(,TaB.~IeHHeM HepaBencTBa (3.15) B HepaBeHcTBo II TeopeMbI 3.12 II yqeTa yCJIO

BH5I BO. )l.oKa33Te.lbcTBO )I{e IV B nepBoM MHO)KHTeJIe rrpaBoH qaCTll eCTb IlOBTO

peHHe ,LI,OKa3aTeJIbCTBa I, a BO BTOpOM - TOli qaCTll III, KOTopaH OTHOCHJIaCb K 

aprY:\ieHTY no], 3H3KOM KocHHyca, qTO H Tpe6oBa.TIOCb. 

33MeTHI\f, qTO He Bce epHrypHpylOlliJle B TeopeMe 3.15 cpe,UHHe 

5IBv15UOTC5I cor .TI3COBaHHbIMH MelK,Uy C060~I, H HX COrJIaCOBaHHe 

BeCb~a TpY;:IOe:YII\Oe 3aH5ITHe. XOT5I 3Toro B HacTOHmHH MOMeHT II He 

Tp e6yeTC5I. 

UeHTpaJIbHaH TeopCMa HOpMaJIhHOH C.XO,Ll.Ml\10CTM. I{.IIIOqCBbIMH 

JI,Jl5I onpe;:LeJIeHH5I CXO,UHMOCTH CYMIvl K Hap MaJIbHot'i MO,LLeJIH 5!B.H5IIOT

C5I Teope11a 3.1 xapaKTepH3aUHH HOPM3JIbHOH c. B. H TeopeMa 0.2 
I11\'1-CXO,U)fMOCTIL CJIe,LLY5I HM, Hy)KHO ,UOKa3aTb, QTO: 1) rrpaBble qac

TH COOTHoweHH(I I I H I II TeopeMbI 3.15 CXO,LL5ITC5I K O,UHOi1 II TOH me 
¢YHKUHH exp (--a2u2j2) (,UJI5I 3Toro ,UOJIlKHO 6bITb 0'2= (J2 = 0'2); 2) rrpa

BaH QaCTb IV J],O.IIlKHa paBH5ITbC5I 0 nplI Bcex u. Eme OJJ.HO Tpe6oBa

HIre: (J)(H/a) :;;;;;;j5(~Xin>H)-+O npH H-+oo aBTOManlqeCKH BepHO' 
Ha OCHOBaHHlI HepaBeHcTBa 4e6bIllleBa 'M yCJIOBHH .60. 

Teo p e M a 3.-16. flYCTb X in He3aBucuMbl, UMelOT HY.lleBble cped
flue MXin ==0, TOttHble iJucnepcuu MX2in ==O'2in, npUtteM ~O'2in=IO'2<oo;. 
nycTb oucnepcuu y6bl8afOT lim max O'2in = 0, u nYCTb 8blnOJlHfleTCfl 

n-700 i=l, ... ,n 

yCAoBue J!ufioe6ep2a - c]JeAAepa (JIcfJ) [l,c. 397] 

JIep : lim ~ MXfn {IXinl > 6} = 0, V {) > 0. 
n-.700 

T020a ~Xin HM-cxOOUTCfl B flopMaAbHyfO C. B. Ko,a. 

,U OIK a 3 a Te J1 beT B O. TIPOBO,lJ,iJITC5I Ha OCHOBaHHH TeopeMbI 3.15. B,o-nepBblx,. 

nOKaMeM, qTO W~ (u) == 0. B caMOM ,lJ.eJ1e, H3 ,l{ByX HepaBeHCTB, BepHbIX npH JIlO~ 
GOM B OT °,lJ.0 1: 

8 - sin e 
I y - sin y J ~ y2 npH IYI ~ 8,

8 2 

IY -sin yJ ~c* y2 , 'f:/y, 

BbIBO,lJ.'HM 

e - sin 8
 
Jy-sinyJ ~y2 

8 2 {Jyl ~8}+C*y2{IYI >8}.
 

PacKpbIBa5I COOTBeTcTByIOmHM 06pa30M MO,lJ.yJIb, rrO,lJ.CTaBJI5IH y=uXin H 6ep5I cpe~
Bee, rrOJIyqaeM c yqeTOM MXin=O: 

- . [ 8 - sin 8 - 2 {2 8 }Ain= IMI SlnUXin:O;:;;;u2 e2 MXin /Xinl:O;:;;; -;; + 

+C*MX~n{ jXinl >~}r 
Tenepb, npHHHMaH BO BHHMaHHe, qTO max v2in-+1 (BbITeKaeT H3 (3.13) H YCJ10BlIH 

i 
y6bIBaHllH ,lJ.HcrrepcHH), HMeeM J{J1H '¥~ (u) =~Ain/Vin B npe,lJ,eJIe rrpH n-+oo; 

2 8 - sin e . - 2 { 8 }]qr~ (u) ~ u [ 2 0 
2 + c* lIm ~MXin JXinJ> - ,'f:/ 8>0. 

8 n~oo U 

I1PH JII060M e>O B CliJIY yCJIOBlill JI<t> nOCJIe.n;HlIlI CYMMa CTpeMHTClI K O. A nep

Boe CJ1araeMoe rrpaBOl! qaCTli cTpeMliTcH K ° rrpll 8-+0, Il03TOMY H BCH rrpaBaH 
tIaCTb 6Y,lJ,eT paBHa 0. 

C yqeTOM ,lJ,OKa3aHHoro H3 HepaBeHcTB II, III H IV TeopeMbI 3.15 rrOJIyqaeM 

HOpMaJ1bHYIO CXO,LI,llMOCTb rapMOHHqeCKHX Cpe,lJ.HHX, tITO H Tpe6oBaJIOCb. 

C JI e.u. C T B Ii e. flyCTb Xi, i = 1, ... , n, He3aBUCUMbl, UMelOT Hy.lle
8ble cpeOHue MX i = 0 U TOttfible oucnepcuu MX2 i =0'2 (rrOHHMaeMble 

KaK npe,neJIbI (1.4) u nYCTb BblnOJlHfleTCfl YCA08ue Yl: 

Yl\ lim H2j5.(/X i J>H)==OpaBHoMepHo no i. 
H~oo 

TOciJa HOpMupoBaHHafl cy/ytMa ~Xi/vn npu n-+oo HM-cxOiJUTCfl B
.IY-'0,0-, 
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- -

B CaMOM neJIe, CpenHee HeOrpaHHqeHHOrO npH3HaKa OnpeneJI5IerC5I KaK npeneJI 

.:pe..'J,Hero OT yceqeHHOrO BapHa'HTa 3Toro npII3HaKa, orKyna ,UJI5I X2 IIMeeM: 

u2 = Mxi === lim M(Xi)(-H, H). 
- H~oo-

)J.a.nee, HCrrOJIb3Y5I yC.JIOBHe Yl, rrOJIyqaeM 

- 2 -[ 2 2 -2 2MXi{IXtI >H}===M Xi-Xi{IXil ~H}] ~A1Xi-AIXi{IXil~H}~ 

~u2-M [(X~)(-H, H) -H2{IXi l >H}] ~ 

~ 0 2 - ~ (X~)(-H, H) -f- H2 P( IXii > H) 

H rrpH yCTpeMJIeHHH H K 00 npaBa5I qaCTb crpeMHTC5I K O. A Torna BblnOJ1H5IerC5I 

YC.7IOBHe JIep: 

~ M (.,YdVn)2 {IXiI/Vn> <5}~max MXZ {IXi I> 0 Vn}~ ° 
i n~oo 

11 HOpM aJIbHaH CXOJUIMOCTb HMeeT MeCTO corJIaCHO TeopeMe 3.16. 

CMbI!CJI yCJIOBH5I Y1 B TOM, qTO Bep05ITHOCTb rrpeBbIweHlII1 rrpH 

YBeJIHlJeHHH ypOBH5I H )I.OJI:lKHa YMeHblllaTbC5I 6bICTpee 3HalIeHH5I 

1/H2, npeJI.IlHCaHHOrO HepaBeHCTBOM 4e6blweBa, lITO, KOHelIHO iKe, 

BbInOJIHHeTC5I, eCJIH Xi OrpaHHlJeHbI O,UHHM lIHCJIOM. 

B CJIeJI.CTBHH Tpe6yeTC5I 065I3aTeJIbHa5I iCTaUHOHapHOCTb nap alVleT

POB m == 0 H G. K CJIylJaIO, Kor,Ua 3TO Tpe60BaHHe He BblnOJIH5IeTCH, 

ce~lJac H TIepe~,UeM. 

MHTepBaJIhHaSl HOpMaJIbHaSI CXOlI.HMOCTb. OCHOBHoe npen5ITCTBHe 

B npHMeHeHH5IX TeopelVlbI HOpMaJIbHOl1 CXOJI.HMOCTH COCTOHT B Tpe

60BaHHH TOlJHOrO iHyJIeBOrO cpe,UHero CJIaraeMbIX H TOlIHO~ ,UHcnep

CHH. flocTapaeMC5I OTKa3aTbC5I OT 310ro Tpe60BaHH5I, ClIHTa5I 3TH na

paMeTpbI HeH3BecTHblrvIH II MeH5IlOlUHMHC5I. )lJI5I 3Toro nYCTb C. B. Xin 

paCKpbIBaIOTC5I qepe3 HeKOTOpble ;«CTaH)I.apTHble» He3aBHCHMble C. B. 

£i C HyJIeBbIMH Cpe,UHHMH H e,UHHHlIHbIMH ,U.l1CnepCH5IMH 

2.
Xin==Oi£ilV-

n+miln, M£i==O, M£i=l, t=l, ... ,n. 

3neCb £i ClJHTaIOTC5I CB060,UHbIMH OT napaMeTpOB tni, ai, Tor,Ua H Xin 

6y)I.yT He3aBHCHMbIMH. )le.neHHeM Ha yn H n Y:IKe YlJTeHa nOTpe6HaH 

nJI5I HOpMaJIbHO~ CXOnHMOCTH CKOpOCTb y6WB3HH5I Cpe,UHerO M ,UHC

nepCHH Xin npH n~OO. 

I1cnOJIb30B3HHOe H3:Y1:H rrpenCT3BJIeHHe H33bIBaeTIC5I adduTUBHO

MYAbTUnAU1CaTU8HbUI1. XOT5I, B o6rueM, OHO 5IBJI5IeTCH BeCbMaCrreUH

¢HlJHbIM, HO ,U.TI5I npe,UeJIbHbIX TeOpeM OHO K3K pa3 OK33bIBaeTC5I 

YHHBepCa.lIbHbIM. ,Ue.TIO B TOM, qTO ,UJI5I HOpMaJIbHO~ CXOllHMOCT11 OC

HOBHbIl\1 5IBJI5IeTC5I BbIIlO.TIHeHlIe yC.TIOBHH JleD, 6a3HpYIOlUerOC5I Ha c.ne

,UYIOmeM Ha60pe npH3HaI{OB X2in{IXinl >O}, V6>O. A 3TOT-TO Ha60p 

npH3HaKOB B aCHMIlTOTHKe C YlJeTOM Ma.7IOCTII n1i/n nepeCIIHTbIBaeTC51 

B T aK 0 r 0 :II{e THila H a60 p, H0 YiKe c. B. Gi : £2i { I£i I>If) Vii/0'}. TI 0 3TO

MY, ClIHTa5I ,U.n5I £i rrepBHlJHbIMH MMeHHO cpe,UHHe OT 3THX rrpII3HaKOB, 

j(onO.TIHeHHbIe M£i=O, M£2 i = 1, nO~1YlJaeM pacIIIHpeHHe: Xin~ 

c::::.Gi£i/ Vn-f-trli/n. IlpHMeHHM K npaBo~ lIaCTM npe,Ue.TIbHble pe3yJIbTa

TbI, H MbI rrpH,UeM K TeopeMe. 

154 

llo 
TeopeMa 3.17. flYCTb Xinc:ai£il.,r-n-tmiln, i==l, ... , n, 2de Si" 

HesaBUCUMbl C HyAeBblMu cpedfluMu M£i == 0 U eOUflUtlHblMU ducnep

CUflMU M£2i == 1 U cBo600Hbl OT napaMeTpoBmi U ai, MeHflfOU{UXCfl 8 

oTpeSKax .[mi, mi] U {~i, ~i]. IlYCTb Bce £i yooBAeTBopflfOT YCAOBUIO 

Yl cAeOCTBUJl, u nYCTb ai 02paHUtleHbl cBepxy:. ~i~b<oo. T020a 

~Xin HM-cxOOUTCfl B HopMaAbHyfO MOOe/lb K - - C UfiTepBaAb-'
m, m, a, (J 

HblA1U cpeOflUJHm, m U oucnepcueu 0'2, GZ, paBliblMll CpeOliUM apu¢

MeTUt{eCKUM OT TeX JlCe napaMeTpOB CJla2aeMblX. 

,U 0 K a 3 aTe JI beT B O. I1oKa:JKeM, qro rrpII epHKCHpOBaHHhIX BeKTopax m = 
2 2 2= (m1, ..., mn ) H 0 = (0 1, ... , a n ), KOMrrOHeHThI KOTOpbIX JIe:JKaT B CBOliX HHTepe 

BaJIaX, yCJIOBHe JI<D BblrrOJIH5IeTC5I. HCrrOJlb3Y5I 3.neMeHTapHoe HepaBeHCTBO (a+c)2~ 
:::;;2a2 +2c2 , IliMeeM 

vu·l m· \ 2 rio, m· I }
lim ~ Mm (J ( - ~i + _l ) l 1/~ ~i + _l > <5 ~ 
n~oo ' n n n n 

l) { ,/- l)a~ 8 V n m: 
~ lim n m,ax 2 _t M~; 1~i1 > --.-} + 2 _1._) ~ 
n~oo t 

( n al n2 

~ 2 b lim M ~~ {1~t1>H} == 0, 
H~oo 

r.rr.e MbI 3qMeHliJIH H=8lf nib H rrpeHe6perJ1H QJIeHaMrH, CTpeM5IIIUIMHC5I K HY.rUO. 

HH.rr.e'KCbI m li a y M cooTBeTcTByIOT rrOCJIeL(OBaTeJIbHO CHaqaJIa m, a 3aTeM a-ce

qeHHIO Mo,neJIli Jt X Be'KTOpa X= (Xi, X2, ... , Xn ), n03ToMY COrJIaCHO TeopeMe 0 

rrpe,l1.cTaBJIeHHli IIMeeM Jltxc. VVMX , H TaK.llie JJ;JIH CYMMhI J('L == VV.J!;t2:. 
m (J m, (J m a m, a 

r.rr.e m="22tni/n, a2 ="22a2dn. YCTaHoBHB BbIIlle YCJIOBlie JI<D, MbI ,l(OKa3aJIH 

lim.At; aC$m (J, rro3ToMY If lim JltL.c..;V'm ;;; (J a' qro H Tpe6oBaJIOCb.
n~oo" n~oo _' '_' 

B YC.TIOBH5IX TeopeMbI HHqerO He Ha,no 6bIJIO 3HaTb 0 CB5I3H 3.TIe

MeHTOB n1i, ai, i == 1, 2, ... , Me:IK,Uyco6oH. 3TO MoryT 6bITb CTaUHO

HapHble rrapalVleTpbI, TOf,Uami =:m, Gi =='0', Vi, lITO COOTBeTcTByeT 

O,lI.HHaKOBbI!vl cpe,J,HHM H ,lI.HcnepCH5IM )I.JI5I X in rrpM i == 1, ... , n, Ho He 

1I3BeCTHbIM If rrpHH3,LL.TIe:IK3mHM CBOHM HHTepBa.n:aM. 3TO !vloryT 6bITb 

H TIO.lIHOCTbIO HecTaU'HoHapHble napaMeTpbI, Kor,na mi 11 O'i HeCB5I3aHHO 

.npyr OT )I.pyra H HeKOHTpOJIHpyeMbIM 06pa30M «cKaqyT» BHyTpH 

CBOHX HHTepBa.TIOB. C~1YlJaH, cOOTBeTCTBYIOLUH~ HeYC1'oi1qHBO~ BbI
6opKe. 

HaH60.TIee :lKeCTKHM 51BJI5IeTC5I Tpe6oB3HHe TeopeMbI 3.17, lJTo6bI 

cpe)I.HlIe mi/n C.TIaraeMblX CKOpO CTpeMHJIHCb K 0 rrpH pocTe n, npII

lIeM B Vn pa3 6bIcTpee, qeM CXO)l.HTC5I K 0 rrapaMeTp pa36poca 

ail vn. HeTpy,UHO y6e,UHTbC5I, lITO 3TO yC.TIOBHe MO:IKeT 6bITb oCJIa6

JI~o, H TeopeM3 OCTaHeTC5I BepHoH, eC.TIH a6COJlIOTHble CpeJI.HHe

IM IXin CJIaraeMbIX y6bIBalOT He co CKOpOCTblO lin, a rOpa3)l.O Me)l.

JIeHHee, a MMeHHO, IAi IX in -...-l/nu, fne a - .TII06oe QHCJIO H3 

1/2<a~1. Tor)l.a rrpH a< 1 Cpe)l.HHe apH<pMeTHqeCKHe m= 2:. MXin/n, 
iii =2JiJXin/n, O)l.Ha, )l.pyra5I HJIH o6e BMeCTe MoryT Bblp02K)l.aTbC5I B 
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6eCKOHelfHOCTb. 3TO He ,UOJDI,HO cMyl.l..l,aTb, TaK KaK, HanpHMep, npH 

m = -00, iii = 00 npe,UeJIbHOH 6y,UeT HopMa.llbHa51 Mo,UeJIb .;ra--.Ca, COOT

seTcTsylOl.l..I,a51 nO.JIHOCTblO HeH3seCTHOMY cpe,UHeMy II paCCMOTpeHHa51 

S § 3.1, a OHa el.l..l,e ,,[LaJIeKO He ro.1a51 Mo,UeJIb. B03Y10iKHbl TaKlKe 

BapH3HTbi m=iii=oo, m=in=-oo II mo6ble npOYlei!,yrOlf<Hble CJlY

lfaH, Kor,Ua O,UHa 113 rpaHI1U l\QHeLIHCl. 

11 Bce paSHO, HeCMOTp51 H3 Ch33aHHoe, TaK hal' HepClBeHCTSO 

a> 1/2 ,UOJI)KHO 6bITb crporHM, ,[L.'I51 HOpMClJ1bHM, CXO,[LII\lOCTH He06

XO,UHMbIM 51SJI5IerC5I Tpe60saHHe MaJIOCTH Cpe.uHllx: cpe.uHlle .uOJDKHbI 

CTpeMI1TbC5I K 0 6bICTpee, tjeM cpe,UHlle I\B3.upaTlIlfecKHe OTKJIOHeHlI5l. 

l1Halfe HOpMaJIbHOHCXO,UHMOCTI1 He 6y.ueT II ,UonYCTIIMbI JIIIWb CJIa

6ble npe,UeJIbHble pe3YJIbraTbI,Ha CB5I3b C 1\0TOPbIMH MbI II YKClil<eM. 

B CJIylfae I1HTepSaJIbHOH HOpMaJIbHOii :YlOJJ,eJIH Y WvleeM: 

-	 00 I 
M f (Y) = sup sup S f (y) ----=- exp { - (y - m)2/(2 (J2)} dy 

m a -00 V2na 

)J.JI5I BCeX I1HTerpl1pyeMblx (no PHMaHy) cj)yHI,UHI"r, rJ,e mH (J npo

6eralOT CBOH I1HTepBaJIbHbie 3Ha4eHII5I. 0603H3lfHB m" =mClX{ Im I, 
l,n J}, HMeeM 

- - 2 
1M' Y=m*, MY2=n2.+(J2 

M cos u Y = exp ( - 02 u2/2) cos (Un2*) npH Illl:::( n/(2m*). 
3TH 3HalfeHH5I Hyil<HO cpaBHHTb C nepBoH npe,Ue.'lbHoH Teope~lOH 3.13, 
r,Ue nOJIYlfeHbI nOlfTH Tamle )Ke nepSHlfHble nplI3HaI\H npe,UeJIbHOH 

c. B. S. rIOlfTH, HO He COBceM, TaK KaK yCJIOBH5I TeopeMbI 3.13 cJIa6ee: 

B HHX HeT Tpe60BaHH5I J1<P 11, CJIe;I,OB3TeJIbHO, He 6y,UeT HHTepBaJIb

Horo HOPM3JIbHOrO 3al<OH3. 11 KaK BH,UHO, H11)/(Hee cpe,UHee ,J.JI5I KO

oIHyca TaMnOJIYlfaeTC5I MeHee TOlfHbIM. 

AHaJIOrHlfHOe 3aMelJaHI1e MOiKHO c,UeJIaTb no OTHOllIeHHIO K ,Upy

rHM CJIa6bIM npe,UeJlbHbIM reopeMa:.1. TaKHM 06pa30M, OCHOBHoe yCH

JleHHe reopeMbI HHTepBaJIbHOl1 HopMaJIbHOH CXO,UHMOCTH B OTJIHlfHe 

OT 'CJIa6bIX npeJ,eJIbHblX TeOpeYi 06513aHO 1I\1eHHO YCJIOBHIO J1<P H rpe

60Ba'HHIO Y13J10CTI1 cpe,UHHX. 

,!l.onOJlHeHHSI. 

1. ITpe.n.eJlbHa51 MO,J,eJlb npH OrpaHHqeHHOCTH Cpe.n.HHx 

M -o.n. y JI e II 'C JI a rae M bI X. Be3.'1.e B npe;re,lbHbIX pe3y.%TaTaX Tpe60BaJlaCb or

paHHqeHHOCTb MX2 in . A 'ITO, eCJIH 3TH 3HaqeHH5I He .n.aHbI? TeOpeTHqeCKH OHIl Bnpa-

Be 6bITb 6eCKOHe'lHbIMH, eCJIIl x2r:;i=fT Xi. HaCKOJIbKO npe.n.eJIbHble Mo.ue,lH CYMM oy

}(yT 3aBHceTb OT cymecTBOBaHH5I MX2 in? A eCJIH BMeCTO HHX 3a.n.aHbI ,\1IXil1 \. TO 

'ITO 6y.n.eT? Ha 3TH BonpOCbI npOJIHBaIOT CBeT CJIe,J,YIOIJJ.He .n.Be TeOpeMbl. 

TeopeMa. flYCTb X in Hesa8UCU.MbL U npu n-+oo: A) maxAlIXin !-+O, 
i 

0) ~M 1X in I-+a. Toeoa npu U~ rtf (2a) cnpa8eoAu8bL 08a HepaBeHCT8a: 

lim M cos (u~Xin);;;;;: exp { - Co lui a} cos (ua); 
n~oo-

lim IMI sin (u ~ Xin) ~sin (Iula); 
n~oo 

zoe co=0,725. 
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AOKa3aTeJIbCTBO. 1/13 HepaBeHCTB l-cosx~Colxl (rAe co=O,725 eCTb 

nOCT05lHHa5l, KOTOpa51 HaXOiJ.HTcH, KaK peweHIIe OTHOCHTeJIbHO Co H Xo CIICTeMbl 

ypaBHeHHH: sin Xo=Co. CoXo= I-cos xo) H Isin xl ~ lxi, nO,J,CTaB,~HH X=/I:\in H 
6ep51 cpe.n.Hee, nOJIyqaeM 

1- vin (u) ~ Co lui ,ill Xin I, '\in (u) ~ lui M IXinl.
 

Tenepb Ha OCHOBaHliH HepaBeHcTB
 

lui . a lui
1fl:(u)~. ~MI.\ill[= •
 

IDmvin (u) I-lui Co max M IAinl
 
i -	 i 

~ F (~n.	 A in ) ~ 2~ (I - ~n (u») ~ 2co lui ~ M IXild; 

Fn = max F (Vin' Ain) ~ c J lui max M IXinl,
i -	 i 

nO;lCTaBJl5I5I KOTopbIe B HepaBeHcTBo I II ;J:onpe.ue,lbHoii TeopeMbI 3.12, no.~)'qaeM 

npH nepeXO~le K npe,J,eJIy IL--+OO nepBblii pe3YJIbTaT TeOpeMbT. STOPOlt pe3y.%TaT 

no·~yqaeTC5I H3 HepaBeHCTBJ I\' TeopeMbI 3.12, eC.1H yqeCTb B npe.ueJIe 

~Ainl:::;in-+J:.Ain~ lulJ:.XIIX in I-+[ula H MOHOTOHHOCTb cliHyca npH [1lIa~n/2, 
'ITO H Tpe60Ba,10Cb. 

CJIe.n.CTBHe. flYCTb Xi HeSa8UCUAtbL u M\X;j=a. Toeoa ~Xdn npu n-+oo 

J1M-CXOOUTCfl 8 C.8. Z, onpeOe.1eHHylO nep81l'iHbL,IUL cpeOHUMu: I,VII Z = a, 
M exp(uZ) =exp(-II/Ia), M ~as uZ=exp(-colula)cos ua, IMI sinuZ=sinlula npu
lUI ~rt/(2a). 

3TOT pe3YJIbTaT .n.omKeH paccMaTpnBaTbcH B~1eCTe C TeopeMOI"I 3.7 0 CXO.n.H

MOCTH Cpe,llHero apn<pMeTHqeCKoro. O,HOBHa51 oc06eHHocTb B TOM, 'ITO npH CTOJlb 

CJIa6blX yCJIOBH5IX, KaK orpaHHqeHHOCTb Cpe,'l,mlX a6COJIIOTHbIX 3HalJeHHH cnaraeMbIX, 

,llJJlJ nOJIyqeHHH CXO;IHmeikH CYMMbI HOpMHpOBaTb Xi HY)]{HO He MHO)]{HTeJIeM 

1/Vn, K8K B rrpe,J,eJIbHblX TeOpeMQX, a MHO)]{HTe.~eM 1IlL, H npH 3TOM CXO;lHMOCTb 

6y.n.eT He K nOCToHHHOMy qHC.1Y, KaK B 3aKOHe 60,lbwnx qHCe,l, a 11l',l-cxo.uHMoCTb 
B c. B. Z. 

2. C JI a 6 e i't w H II n p e.n. e JI b H hi II P e 3 y.1 b TaT. ITYCTb He TO.%I(o 

MX2 in , ,HO n XI I Xin 1 He 51BJI5IIOTCH OrpaHHtIeHHb!MlI. OKa3bIBaeTC5I, H B 3TOM CJIy

'1ae npeAeJIbHaH MOAeJIb BCe eme He 6y,J,eT TpIlBHanbHO rOJIoiL 

Teo p e M a. flYCTb XI, X~, ... , eCTb noc,1eoo8aTe;lbHocTb He3a8UCLI.llbiX C.8. U 
nycTb MXi=m, MXi=;n. Toeda npu IL--+OO cpeoHec apuepJ.leTU'leCKOe ~XdlL JlM
CXOOUTCfl 8 C~8. ~ (T. e. lim.f(c.J/(;), ollpeoe.7eHHylO llef}811'IHbl,\IU CpeiJHllJ1Ill: 

~~=~, M~=m, 

M exp (u~) = exp (u'!!) , M exp (- u~) == exp (- um). 'i/u;;;;;: O. 

,[(OKa3aTeJIbCTBO. 113 HepaBeHCTB3 cxpx;?-I+x nOJIyqaeM Mexp(I/X);?
;;a, 1+ Mux. ,UaJIee Ha OCHOBaHHH He3aBHCHy.OCTH Xi HMeeM 

~ exp (u	 2: Xi/n) = M II exp (uXi/n) ;;;;;: II~ exp (UXi/Il) ~ (I + MuXi/ n)". 
iii 

nepexo.n.51 K npe.n.eJIY n--+oo H HCnOJIb3Y51 KJIaCCH'lecKyIO <pOplolyJIy 3iiJIepa, no.nYlJaeM 

.	 {exp (um). u > 0, 
lIm M exp (u 2: Xi/n);;;;;: exp (MUXi);;;;;: = 
n~oo- - exp (um), u< 0, 

qTO 'H Tpe60BaJIOCb. 
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3. Ha rrp5lMOe pa3JIO:IKeHHe MOMeHTOB CYMM onHpaeTC5I CJIe'uyIOruee YTBep*,UeHHe~ 

llYCTb Xin He3aBUCUMbl, CUJvlMeTpUttHbl, OcpaHUtteHbl U nYCTb CYl1{eCTByIOT e u tf 

TaKue, ttTO e~fli\iJ.X2in~H, Vine Tor,Ua 

lim M C~~X~)2k ~ lim (~MX;n)k (2k)!/(k!2k ). 
n~oo n~oo 

3.5. 3AKJ11OlJEHME 

ECJIH B rrpe,UbI'uYlll.HX ,UByX fJIaBaX paccMaTpHBaJIHCb oOIUHe rrpocTpaHcTBa He

XO,lI,OB, TO 3,LI,eCb H ,lI,aJIee' - lJHCJIOBble rrpOCTpaHCTBa. Pe3YJIbT3TaMH CJIYlJafiH:bIX 

51BJIeHHI1 Oy,lI,yT CJIylJa HHble BeJIHTIHHbI (C. B.), rrOCJIe)J,OBaTeJIbHOCTH, 33 TeM rrpouecc bI. 

I/IcXO,lI,bI Terrepb y)Ke oy,llyT CB5I3bIBaThC5I He TOJIbKO MHO:IKeCTBeHHbIMH OTHOll1eHH5I~ 

MH, EO H lJHCJIOBbIMH: FIX MO)KHO ynOp5I,lI,OlJHBaTb, CKJIa,UbIBaTb Me:IK,Uy C060H, yMHO

:tKaTb Ha CKaJI5Ip, rrpeoop330BbIBaTb rro rrpaBHJIaM ,lI,et'ICTBHH C lJHCJIaMH, BeKTopaMH, 

epyHKUHHMH. TaKHe B03MO:tKHOCTH peaJIH3YIOTCH KaK B HOBbIX crrocooax 3a,LI.aH'H5I C. B. 

H rrOCJIe,UOBaTeJIbHOCTeH: (CM. § 3.1), TaK H HOBbIX epopMax rrpe,rr.cT3BJIeHHt'r. 

CJIYlJaHHble BeJIHlJHHbI (n rrOCJIe,UoBaTeJlbHocTH) B oorueii KOHcTpyKUHn 33,U3IOT

C5I Cpe,lI,HHMH npH3HaKOB, 3 npH3H3K3MH 5IBJUIIOTC5I BceB03MO:tKHble rrpeo6p330BaHHH 

H3 T.IHCJIOBOH rrpHMOH: - cPYHKl~HH O,LI.HOlI (MHOrJIX) nepeMeHHbIX. B TOM lJHC.ne 

Te HeOrpaHHlJeHHble, KOTopble M3:tKOpHPYIOTCH rrepBHlJHbIMH. BOT nOlJeMY He BcerAa 

cyIIl,eCTByeT K3K cpe,UHee CaMOH: C. B., HOO npH3HaKH B BH,il.e TO:IK,UeCTBeUHoro rrpeoa

pa30B3HH5I rrp5IMOlI He 5IBJIHIOTCH OrpaHlIlJeHHbIMH, TaK H MOMeHTbI, B lJaCTHOCTH~ 

cpe,UHeKBa,lI,paTHlJeCKOe 3HalJeHHe (rrpn TOlJHOM cpe,UHeM - ,lI,HcrrepCHH). 

CaMbIM pacrrpOCTp3HeHHbIM rrpe,UCTaBHTeJIeM C. B. HBJI5IeTCH HOpMaJIbHa5l, B Ha

melr KOHCTpyKIIHH 3a,U3BaeMaH TpeMH 3KBHBaJIeHTHhIMH crrocooaMH, TpeM5I P33HbI

MH Ha60paMH cpe,UHHx: 1) C rrOMOIUbIO rrJIOTHOCTH, CJIe,lJ.OBaTeJIbHO, Bep05ITHOCTHMll 

oTpe3KoB; 2) MOMeHTaMH; 3) rapMOHHlJeCKHMH cpe,UHHMH B BH,lJ.e xapaKTeprrCTHtIeC

KOH: cPyHKUHH. B HarrpaBJIeHHH 3THX HaoopOB H y'uOOHO CY,lJ.HTb 0 CTeneHH npHO

.J1H:lKeHH5I K HOpMaJIbHOH: C. B. 

HY:IK,ll.a npeJI,eJIbHbIX pe3yJIbTaTOB, COCTaBJI5IIOIUHX HaHOo.nee BecoMylO lJaCTb 

rJIaBbI, nOTpe60BaJIa onpe,UeJIHTb rrOH5ITH5I CXO,UHMOCTH MOJI,e.;rlei:'1 (l'IM-cxo,UHMOC

TH), COCT05IIUelf B npHOJIH:lKeHHH cpe,UHHX o,UHofr Mo,UeJIH K ,Upyrot1. r JIaBHa5I npg
lJHH3 BBe,lI,eHH5I l11Vl-cXO,lI,JIMOCTH COCTOHT B ee HaueJleHHOCTH Ha npe,il.eJIbHbIe pe

3YJIbTaTbI ,lI,JI5I CYMM He3aBHCHMbIX C. B. B lJaCTHOCTH, C ee nOMOIlLbIO epOpMyJIII

pyeTC5I 3aKOH OOJIbllI IIX lJHCeJI npHMeHHTeJIbHO K CTaTHCTHlJeCKH HeycTOfIlJIIBbIM 

rrOCJle,lI,OBaTe.HbHOCT5IM (TeopeMa 3.7). 

Bee ,U3BHO npHBbIKJ1JI, lJTO npII CJIO:IKeHHlf He3aBHClfMbIX C. B. BnpaBe O:IKH2I,3Tb 

HOpMaJIbHOrO npe,lI,eJIbHOrO 33KOHa, no.rlara5I npn 3TOM BblnOJIHeHHbIMH H3BeCTHble 

yCJIOBH5I JIHHneoepr3 ~ cDeJIJIepa. A eCJIH 3TH yCJIOBH5I He BblnOJIH5IIOTC5I, lJTO BnOJIHe 

eCTeCTBeHHO rrpH HX HCXO,lI,HOH :lKeCTKOCTH, COCT05ImeH: B TOIIHOM 3uaHHH cpenHHX 

CJIaraeMbIX H HX ,UHcnepCHH:, a TaK:lKe HeOrp3HUlJeHHOM pOCTe HX qHCJIa? f!pe.1

CTaBbTe Ha MHr, lITO cpe,UHHe CJIaraeMbIX He COBceM TOlJHble, T. e. XOTb ,lI,a lJyTb

qyTb, 3 lIHTepBaJIbHble, H TyT :IKe OKa:IKeTeCb B TynHKOBOH: cHTyaUHH, TaR KaK 

cpe,u,HHM HOpMHpOBaHHbIX CYMM ,CTaHeT pa30eralOIIl,HHC5I no llIHpHHe HHTepBaJ'I, 

H npe,lI.eJI npOCTO Tep5IeTC5I. I1oTep5IeTC5I B paMKax KJIaCCHqeCKOrO rrO,lI,XO,lI,a, HO He 

HHTepBaJIbHOrO, cnOCOOHoro OXBaTHTb JIIOObIe npOMe*YTOqHhIe CJIyT.IaH, rrpnlJeM 

.n.aJKe ,lJ.JHI IKOHeqHhIX CYMM, T. e. ,lJ.onpe,lJ.eJIbHOrO CJIyqa5l. 
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r, Booome ,Uonpe,UeJIbHble H rrpeneJIbHble pe3YJIbTaTbI Ba:IKHbI rroToMy, lJTO one

paUH5I CyMMHpOBaHH5I caMonpOH3BOJIbHO yqaCTByeT B npaKTHKe p0:IK,lI,eHH5I MHorHX 

c. B. TaK, norpeIIlHOCTh H3rOTOBJIeHHlI )leTaJIH eCTb pe3YJIbTaT HaJIOJKeHHlI )lpyr HII 

,lI,pyra pa3HbIX epaKTopOB. CJIO.IKeHHe JIe:tKHT B KOpH5IX rrp0lI,e,UypbI <pH~TJbTpaUJIH 
H T. )l. 11 rrOJIe3HO 3HaTh, 'ITO He TOJ1bKO .naHHble 0 npH3HaKax CJIaraeMbIX (B qaCT

HoeTH, Bep05ITHOCT5IX, Cpe,lI,HeM C. B.) nepeHOCHTC5I no COOTBeTCTBYIOIlI,HM epOPMY

}laM Ha ,cyMMbI, HO H caMO CyMMHpoBaHHe ITOJIaraeT BHyTpH ce05I yTOtIHeHUe cpe,U

HHX no xapaKTepHbIM HanpaBJIeHHHM, ,UaBaeMoe CTeneHHbIMH n rapMOHHlJeCKHMH 

npH3HaKaMH. TaKHe HarrpaBJIeHH5I YHHBepCaJIbHbI B eHJIy cyryoo apn<pMeTHlJeCKHX 

CBOHCTB, rrpOllBJIlieMblX rrpH rrO.J;CTaHOBKe Ha MeCTO apryMeHTa CYMM. 11x cpe.zr;

HHMH Oy,lI,yT rpaHHUbI MOMeHTOB, rapMOHHqeCKHe Cpe,lI,HHe, npH TOlJHbIX pacnpe,Ue

JIeHH5IX Bep05ITHOCTeii OObe,UHH5IeMble B xapaKTepHCTHqecKyIO cPYHKUHIO (:L&i15I Hac 
He Hy:tKHylO). • 

B 3aBHCHMOCTH aT qHC~TJa CJIaraeMbIX H ;:r.aHHbIX 0 HHX ,lI.~TJ5I CYMM rrO~TJyqaIOTCH 
TO 60JIee, TO MeHee illHpOKHe HHTepBaJIbHble Mo,UeJ1H, onpe,n,eJI5IeMble 'CBOHMH cpe,U

HHMH rro YHHBepCaJIbHbIM HanpaBJIeHH5IM KaK CTerreHHbIM, TaK H rapMOHHlJeCKHM. 

11HTepecHO rrpOCJIe)lHTh. KaK xapaKTep .naHHbIX 0 CJIaraeMbIX BJIHlIeT Ha IIlHpHHy 

,lJ.onpe,LI.eJIbHOfr H rrpe,lI,eJIbHOH Mo,UeJIeH. 11 KaK B iKpaHHeM C~TJYlJae TOlJHbIX jI,aHHblx, 

Y,UOBJIeTBOp5IIOIIl,HX KJIaCCHQeCKHM yc.nOBH5IM, npe,lI,eJIbHOlf CTaHeT HOpMaJIbHa5I MO
,l1;eJIb (CM. TeopeMy 3.17). 

113JIOJKeHHe pe3YJIbTaTOB rrocTpoeHo TaK, 'ITO CHaqaJIa B § 3.3 paccMaTpHBaeT

C5I CJIylJatI o1I.HOPO;l)fbL\{ c.J13rae:"IuIx, rr03BOJI5IlOruHH: BHHKHyTb B CYTb, a 33TeM B 

§ 3.4 nepeHocHTCli Ha HeoJ(Hopo.nHbIe cyMMbl oow:ero Blma, r,'l,e 3aKoHoMepHocTH 

60JIee oow:n:e, HO H oOJIee CJIOJKHble. HOBbIe JJ:orrpe){eJIbHbIe H npe)leJIhHbIe yTBepJK

~eHH5I n03BOJI5IIOT B nO.7IHOM OObeMe B TepMHHax 11M BbI5IBHTb BbITeKalOmHe H3 

cyMMHpoBaHHH AaHHbIe eme 33,UOJIro ,lI,D Taro, KaK CYMMbI CTa/IH npe,lI,eJIbHO HOp

MaJIbHbIMH, II a,a:tKe eCJI'll TaKOBbIMH B npe;:I,ene HecMoryT CTaTb. 

r _ 





TIo HallieMY MHeHHIO, nJI5I peaJIbHbIX, epH3HqeCKH, TaK CKa3aTb, 
6hITH5I, HarrpHMep B pa,UHOJIOKaUHH, r,Ue 3arra3,UhIBaHHe OTpaMeHHOrO 

OC5I3aeMblX MO,l1.eJIeH Ka:tKna5I B03MOMHa5I peaJIH3aUH5I ,l1.0JLIKHa HMeTh 
l1MrrYJIhCa HeCeT CBe,UeHH5I 0 paCCT05IHHH ,nO ueJIH. BO-BTOpbIX, TIpH 

HeHyJIeByIO BepxHlO1O Bep05ITHOCTb J5 (Xt=Xt) >0, XtEPl? TaK 'H 6y.. 
OnHCaHHH epH3H4eC~HX 5IBJIeHHH, CB5I3HOCTb H eCTeCTBeHHOCTb XO,la 

,l1.eT IIOJIYQaTbC5I, eCJIH nepBHqHbIX ,LI,aHHbIX 0 npoueece KOHeqHOe tIrrc
pa3BHTH5I KOTOphIX 6e3 BpeMeHH 'npOCoITJe,UHTh HeMhICJIHMO, TaKHXKaK 

JIO H OHll He a6co.Tl1OTHO TOqHbI, T. e. B H3BeCTHOM 'CMbICJIe pa3MbITbI,
POCT arpoKyJIbTypbI, TeXHOJIOrHqeCKHe rrpoueCCbI, CHrHaJIbI ,1I\l1Ha~rJI t 
qeCKOH cnCTeMbI, IllyMhI, nOMeXH H TaK ,UaJIee. 

TIpouecchI B npHpo,Ue MoryT 6hITh ,caMbIMH pa3Ho06pa3HbI~1H: 

,Upo60Bble H aTMocepepHhle IIlyMbI, TpaHcnopTHble II rrpOMbIIIlJIeHHble, 

HMrrYJIhCHble H rapM'OH'H4eOKHe nOMeXH, BceB03MOMHble nOTOKH B 

CHCTeMax MaCCOBoro 06CJIy.IKHBaHH5I H ,Up. 3a,Ua4ei1 HCCJIe,UOBaTe/I5I 

CTaBHTC5I pa3pa60TKa KaK MOMHO 60JIee 3KOHOMHbIX H npOCThIX ann
caHHH, nOCTHraeMhIX BhI5IBJIeHHeM HaH60JIee cymecTBeHHbIX, BaTh:HbIX 

CTOpOH, ,CBoero po.ua «aHKeTHbIX naHHhIX» rrpoueCCOB C nOCJIe.uYlOlIJJL\l 

06JIaqeHHeM 3THX naHHWX B «Tory» rrepBHqHWX cpenHHX. 

Co6CTBeHHO, B caMOH yMe Mo,UeJIH 3a CqeT BbI60pa nepBH4HbIX 

rrpH3HaKOB 3aKJIIOqeHa nOTeHUHaJIhHa5I B03MOMHOCTb K yrrpomeHH5L\1, 

HarrpaBJIeHHbIM penyKUH5IM, H qeM 3KOHOMHee MOneJIb, MeHbIllHMqHC

JI011 ,UaHHbIX 'OHa 3anaeTC5I, TeM npolIl,e rrpouecc B HaIIleM npe.uCTaB

JIeHHH, T. e. B TOM BH.ue, KaK HaM yno6Ho C HHM J'IMeTb ,UeJIo. dTO 

rrpHHUHrrHaJIbHOe rrOJIO.IKeHHe TeopHH. 11 rrepexo,U K ,UHCKpeTHoMy Bpe

MeHH Torna eCTeCTBeH KaK OnHa H3 pa3HOBH,UHOCTeH pe.uyKUHH. 

PeaJIH3al..(MH H npH3HaKH. <PopMaJIbHO cAyttauHblM npOl{eCCOM (n,TIIl 

npOCTO npoueC'COM) HaSblBaeTCfl CllCTeMa cAyttauHblX 8eAUtiUH ..Yt, 

tET, UHoeKcupOBaHHafl tlUCAOBblJlt napa)UeTpOM t - reKyU{UM 8pe

MeHeAt. 3neCb T - MHO)KeCTBO 3HaqeHHii: t, B qaCTHOCTH, 3TO OTpe

30K [0, T] qHCJIOBOH np5IMOH, a B rrpeneJIe - nOJIynp5IMa5I ffl+ I1.T111 

BCR qHCJIOBaH OCb fll. ECJIH t - BeKTopHbIH napaMeTp, HarrpH~,Iep 

t= (t, 21, 22, 23) - BpeM5I H TplI KOOpnHHaTbI npOCTpaHCTBa, TO .\t 
Ha3bIBaeTC5I nOAe~tl, Harne H3JIOMeHHe pacrrpOCTpaH5IeTCH H Ha Hero. 
HaKOHeu, eCJIH T - nHCKpeTHbII1: Ha60p BpeMeHHbIX OTCLIeTOB: 'r == 
={t1, ••• , tn }, TO rrpouecc BblpOM.uaeTC5I B CJIyqaI1HYlO rroc.ne)lOBa

TeJIbHOCTb, a rrpH n = 1 - B CJIy4aHHylO BeJIHqHHy. TIepexo,U K rrOC~le

,UOBaTeJIbHOCTH CB5I3bIBaeT npouecc C HCCJIenOBaHHeM npe,Ub1nYUle.(I 

rJIaBbI, XOT5I ceH4ac Hac B OCHOBHOM 6yneT HHTepeCOBaTb HenpepblB

Hoe BpeM5I t. 
TIpocTpaHCTBOM 3.neMeHTapHbIX C06bITHI1:, COOTBeTCTBYlOlll,lIl\1 npo

ueccy Xt, tET, B o6rueM, 5IBJI5IeTC5I MHO.IKeCTBO Bcex B03MO)KHbIX 

peaJIH3aU}IH Xt, tET (epyHKUHH BpeMeHH). MHOMeCTBO ge peaJI1I3a

UlIH, HMelOmee e.uHHHqHYIO Bep05ITHOCTh P (Pl?) = 1, Ha3bIBaeTC5I doc
TOBepHbl/ll, )LJI5I ,UaHHoro np0IJ,ecca. Bce peaJ1H3aUHH, He rrpHHa,l"le

)KamHe Pl?, OKa3bIBaIOTC5I HeB03MOMHbIMH. 

ECJIH T eCTb HHTepBaJI np5IMOH (JIH60 BCB np5IMa5I), a J},OCTO

BepHbIM 5IBJI5IeTC5I MHOMeCTBO ge HenpepbIBHbIX peaJIH3aUHH, TO npo

uecc 6y,UeT HerrpepbIBHbIM. ECJIH 3TO MHO)KeCTBO ,UHepepepeHllHpye:vlbIX 

peaJIH3aUHI1:, TO Hnpouecc 6y,UeT ,U'HepepepeHUHpyeMbIM, ec.nH orpaHH

q,eHHhIX (T. e. IXt I ::S;;a), TO - orpaHH4eHHbIM H T. ,U. TaKHM o6pa

30M, HeKOT'Opoe CBOHICTBO Bcex peaJIll3aUHH 6y,UeT n'OCTOBepHbI~ 

CBOHCTBOM rrpouecca, T. e. BblnOJIH5IIOllJ.HMC5I C Bep05ITHOCTblO 1. 

,IJ,Jl51 Hy:tK,U TeopHIl, HeCMOTp51 Ha cKa3aHHoe, HeJIb351 HCKJIIOtIaTb H TOT KpaUHHH 

BapHaHT, Kor,na Bep051THOCTH Bcex OT,lI,eJ1bHbIX peaJIH3aUHM HYJ1eBble, nOHHMa51 ero 

KaK npe,UeJlbHblrr HJIH '1l,lI,ea.rrbHbII1, COOTBeTcTByIOmHH HeOrpaHHtIeHHoMy Ha60py ,UaH

HbIX. B 3TOM BapHaHTe ,lI,OCIOBepHoe MHOlKeCTBO peaJIH3aUHfI filJ MOllieT He 6bITb 

onpeJI,eJIeHHbIM O,lI,H03HatIHO (3KBHBaJIeHTHO HeO,lI,H03HaQHOCTH HyJIeBOrO 1'.1H02KeCT

Ba). B ca1'.101'.1 ,lJ.eJIe, eCJIH fe k , k=l, 2, ... , - pa3Hble 'BapHaHTbI ge, TO HX KOHetI

Hble nepeCeQeHH5I 06513aTeJIbHO 6y,LLyT ,LLOCTOBepHbIMH, HO HHKaK He CqeTHhIe, TaK 

KaK nepeCetIeHHe Bcex Ell k He npUBO,lI,HT K ,LLOCTOBepHoMy MHO:tKeCTBy, a 3HaQHT, 

MHHHMaJIbHOe H3 HHX He cymecTByeT (3KBHBaJIeHTHO TOMy, tIIO 06be,lI,HHeHHe 

CtIeTI-IOro QHCJIa HyJIeBbIX MHO)KeCTB He Be,lI,eT K HyJIeBoMy MHOiKecTBy). 

JII060e MHOMeCTBO peaJIH3aUHH, BKJIIOqalOmee XOT5I 6bI O,UHH Ka

KOH-HH6ynb BapHaHT !!C, 6yneT ,UOCTOBepHbIM. H,e Bcer,Ua FE Hy)KHO 

CTpeMHThCH c,UeJIaTh KaK MOMHO y)Ke, HO MeJIaTeJIbHO, qTo6bI OHO 

6bIJIO KaK MO:tKHO np0llJ.e (JJ,aMe 3a C4eT HeKOToporo ero paCWH
peHH5I) . 

TIpe.IK,Ue qel\1 IIOnOHTH K onHcaHHIO rrpoueCCOB, HarrOMHHM o6myIO 
KOHCTpyKUHIO HHTepBaJIbHhIX Mone.nefI. OHa OCTaeTC5I e,UllHoo6pa3

HOtl nJI5I JII06bIX CJIY4aHHbIX 06'heKTOB, 6ynh TOCJIyqaHHble BeJIH4H.. 

HW, nOCJIenOBaTeJIbHOCTH, rrpoueccw, HaKOHe~ nOJI5I, II COCTOHT H3 

Tpex warnB: 1) aHaJ1H3HpyeTC5I cTpyKTypa rrpU3H3'KOB C B33HNI

HOll HX rroJIyynopHLLOqeHHOCTblO; 2) BblneJI5IIOTC5I rrepBH4Hble, Ha KO

TOpbIX 3anaIOTC5I nepBH4Hble CpenHHe; 3) nepBIIqHble cpe,UHHe npo

nOJIMalOTC5I Ha Bce OCTaJIbHble npH3HaKH, o6pa3y5I MO,l1.eJIb. CJIO}I{

HOCTb MOneJIH 6yneT onpe.ueJI5ITbC5I qHCJIOM rrepBH4HbIX npH3HaKoB 

II, KOHe4HO, HX CTpyKTypOH, a «rrO,UBOJ1.HhIMH KaMH5IMH» 6y,UeT pa3

MepHocTh npocTpaHcTBa Pl? II 'CB5I3aHHble C HeH TpynHocTH KOHTpO"lH 

ynor ~..l,OqeHH5I npH3HaKOB, 0 KOTOpbIX nOH,UeT pe4b HH)Ke. 

06paTHMC5I K CJIyqaHHhIM npoueccaM. 11x rrpH3HaKaMH 6y.uYT Bce

B03MO:tKHhle cPYHKuHOHaJIbI f{Xt}, ,CTaB5IllJ.He B COOTBeTCTBHe Ka)l{.lI.OH 

peaJIH3aUHH Xt O,UHO qHCJIO. TIpHMepaMH TaKOBblX ,UJI5I npouecca c 
HenpepbIBHbIM BpeMeHeM 5IBJI5IIOTC5I JI II H e H H bI e n p H 3 H a K Ii, K 

KOTOpbIM OTHOC5ITC5I, BO-I1epBbIX, HHTerp aJIbI 

fh {Xt} = J X t ht dt, 
T 

r ne ht - BeCOBa5I epYHKIl,H5I; BO-BTOpbIX, «BbIXBaThIBaHHe» H3 rrpouec.. 

ca OnHoro OTC4eTa ft{X t } =X'p COOTBeTCTBYIOllJ.ero MOMeHTy 't (MO

MeT 6bITb rrOJIy4eH 113 HHTerpaJIa npH ht B BH,Ue ,l1.eJIbTa-¢YHKUHH 

,UHpaKa); B-TpeTbHX, B35ITHe rrepBOH rrpOH3BOnHOH f{X t } =,dXt/dl (ee.. 

JIM peaJIH3aU.IIH rrpouecca nHepepepeHUHpyeMbI), BTOPOH rrpOH3BO,UHOH 
II T. n. 

I(Ba,npaTHQHble IlpH3HaKH X2t , XtX", 02XtXT:/dld't,
f1-I{X t } = SJ XtX 7: Ht, -r;dtd't. 

TT 

6~13 
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11 H ,lJ, H KaT 0 p H hI e rr p H 3 H a K H eCTh HH,lJ,HKaTOpHhIe epyHKUHH 

C06hITHH {Xt~a}, {al<X t <a2}, COCT05lllJJIX B rrpeBbIweHHH HJIH He

npeBhIweHHH rrpoueCCOM ypoBHeH; CIO,lJ,a .IKe OTHOC5ITCH rrpOH3Be,lI,eHH51 

HH,lJ,HKaTopHhIX epyHKUHH: {~Yt~a, V/ET 1}, YKa3hIBaIOIl1J1e Ha O,lJ,HO

BpeMeHHoe rrpeBhIweHHe ypOBH51 a BceMH 3Ha4eHH5IMH npouecca H3 
rrO,lJ,MHO.IKeCTBa T 1 BpeMeHHOH OCH. 

r H 6 p H,lJ, H hI e rr p H 3 H a K II BOBJIeKaIOT pa3HbIe KJIaCCbI rrpe

,U hI,lJ,ylltHX, K a K, H a IIpH Mep, JIHHe i1 H0 - H H,lJ,HK a TOpHbI H {J Xt htdt >a} , 
T 

COCT05IlI..(HH B epHKcaUHII rrpeBhIWeHH51 JIHHefIHhIM npH3HaKOM ypOBH5I a 
C epOpMyJIHpOBKOH pe3YJIhTaTa B BH,lJ,e 0 (HeT) H 1 ella). 

rap M 0 H Hq e 'c K II e n p H 3 H a K H ,lJ,aIOTC5I npOH3Be,lJ,eHH?iMH 

IT sin 
(U i X t .)i cos l 

II CB5I3bIBaIOTCH C npe,neJIbHhIMH TeopeMaMH npe,lJ,bI,lJ,ymei1 r JIaBbI. 

Boo6w.e, npII3HaKoB HeHC4HCJIHMOe lVIHO)I{eCTBO, a TO, qTO 3,lJ,eCb 

yKa3aHo, JIHWb Y3KHe HX nO,lJ,KJIaCCbI. Pa36epelYI ynop5l,lJ,04eHHe npH3

HaKOB K3K BHyTpH nO,lJ,K.;laCCOB, TaK H Me)K,lJ,Y HHMH. ,UJI5I JIHHeHHhIX 

npH3HaKOB HMeeM fh?;::. th*~ht?3:- h*t, V teT. ,UJI5I KB3,lJ,pa THlJHbIX 

tH ?3:-tH*~Ht'L-H*t, L - HeOTpHuaTeJIbHO onpe,lJ,eJIeHHOe 5I,lJ,PO. JIH

HeHHbIe npeBpam3IOTC5I B KBa,lJ,paTH4HbIe nOCpe,lJ,CTBOM B03Be,lJ,eHHH 

th B KBa,lJ,paT: t2h=SS X t XL ·hthTdld1: C Ht'T==.:hth T , B pe3YJIbTaTe qe-
T T 

ro t2h~tH* 3KBHBaJIeHTHO HeOTpHU3TeJIbHOH orrpeneJIeHHOCTH hthL
-H* i,L' CB5I3b JIIIHeHHblx H KBanpaTHlJHbIX C HH,lJ,HKaTopHbIMH npH3

HaKaMH OCYLUe'cTBJI5IeTC5I qepe3 M3)KOpHpOBaHHe HH,lJ,HKaTOpHbIX epyHK

~Hll narpa60JIaMH, H H3060pOT. TaK 'l\arK {I X, ::s;; a} ?3:- CO-C+IX2 npH 

co~ 1, C+l~co/a2, TO C,lJ,BHTOM no OCH a6CI~HCC nOJIyqaeM HepaBeH
CTBO: 

{al ~ X ~ a2} > co-ct (X - a_2_+_a_1)2t t
\ 2 

rrpH Co ~ 1, ct> __4_co_~ 
(a2 - a1 )2 

r;:Le B JIeBOH 4aCTII 'CTOHT IIH;:LHKaTOpHbIH npH3H3K, a IB npaBO}I 

BJIOMeHHa51 IB IIHiJJ,HKaTOpHbItI rrp5lMoyrOJlbHHK napa60JIa. TIo~leIll.a5I 

napa60JIY ICBepxy, nOJIylJaeM 

{X } + (X a2 -1- ar \ 2 \-I + ---- 4/( )2t>a2~cl t---) , va1<a2,c1 ~ a2-a1 . 
2

I(cTaTH, B351'B Cpe,lJ,Hee OT t06eHX qaCTet'I, rrpH;I,eM K HepaBeHcTBy Y.e

6bIIlleBa (CM. § 3.1). 
MO,lJ.eJIb npou,ecca. B epopMaJIhHOM oI1pe;~eJIeHHH 

C3 eCTb cOBoKynHocTb COrJIaCOBaHHblX Cpe,llHHX Mf 
<PYHKUHOHaJIOB-rrpH3HaKoB, COCTaBJI5IIOmHX 06JIaCTh 

BepxHHx Cpe)J)-IHx. B fF BXO,lJ,51T, no KpaHHei1: Mepe, 

MO,lJ,eJIb rrpouec

Ha KJIaCCe g
cymecTBOBaHH51 

Bce OrpaHHlJeH

Hble epYHKUHOHaJIhI. Ho MoryT BKJIIOqaTbC5I II HeOrpaHHqeHHbIe, CKa

)ReM, JIHHeHHble If KBa,lJ,paTHqHbIe. 3TO 6yneT COBepweHHO 33KOHHO, 

eCJIH rrpouecc OrpaHHqeH, a eCJIH HeT, TO 6YJI.eT HeKOTopbIH BOJIIOH'" 

TapH3M, HO Onp3B,lJ,aHHbli1: 3HepreTHlJeCKOH KOHeqHOCTbIO pe3JIbHhIX 

epH3HqeCKHX npoueCCOB, 3 TaK.lKe np 3KTHQeCKOfI HeB03MO.IKHOCThIO 

(,Ua)I{e B 'CMbl'CJIe H3IMepIHTh) CKOJIb yrO:,UHO 60JIbWHX ero 3HalJeHHIL 

K 3TOMy BepHeMC51 B KOHue pa3)l.eJIa. 

TIo cnoc06y 3a,lJ,aHHH MO,lleJIb COrJIaCHO 06meH H3wefI KOHCTpyK

IJ.HH nOpOM,LLaeTCH JII06bIM HenpOTHBOpeqHBhIM Ha60pOM nepBHqHbIX 

cpe,lJ,HHX Mg, gE.;§, rne ;§ - BbI,lleJIeHHa5I cOBoKynHocTb nepBHqHbIX 

npH3H3KOB-epyHKUHOHaJIOB. B qaCTHOCTH, nepBHlJHbIMH 6yJJ,yT Bep05lT

HOCTH, eCJIH ~ rCOCTaBJI5IIOT HH)IJIKaTopHhle npH3HaKH. 

KOHeqHO .IKe, no nepBHqHbIM Cpe,lJ,HHM BOBce He 065I3aTeJIbHO HC

KaTb Bce Nit, a Hy.IKHO y,UOBJIeTBOpHTbC5I MbICJIbIO, qTO OHH cymecT

BYIOT H B CJIylJae HY.IK,UbI BhlqHCJIHMbI KOHCTpyKTHBHbIM nyTeM, )la

BaeMbIM ¢OPMYJIOH COrJIaCOBaHH5I H npO,lJ,OJI.lKeHHH (1.1). 
TIPH ,UBH.lKeHHH K OCHOBHOH ueJIH: HaYQHThCH 3KOHOMHO onHCbI

BaTb nepBHlJHbIMH icpe,UHH'MH 3H3IKOMble H Han60JIee X3p31KTepHbIe 

THITOBhle qepThI H CBOHCTBa npoueCCOB, rrOJIe3HO rrpn,lI,3Tb 3THM cpea,

HHM npHKJIa,lJ,HyIO HHTepnpeT3UHIO. BOT HeKoTophle H3 npHMepoB: 

TeKymee cpe,nHee 3HaQeHIIe npouecca: fii t =MXt ; 

Cpe,lJ,Hee HHTerpaJIbHOe 3HalJeHHe: M f Xtdt; 
TeKyma5I Cpe,lJ,HH5I MOmHOCTb (t=MX2 t ; 

HHTerp aJIbHa5I cpe,UH5IH MomHOCTb:M SX2tdt; 
TeKymue HaQaJIhHhIe MOMeHThI: NiXkt ; 

KOppeJI5IUHOHHhle 4JyHKUHJI: f (t, -:r) == MXtXT ; 

Bep05ITHOCTIInpeBblweHHH: J5 (Xt>a);-
COBMeCTHble Bep05lTHOCTH: P\(al ~Xt~a2, VfET 1). 

3,lleCh qepTa Ha,lJ, H noJI. 6YKB3MH rrpe,lJ,OXpaH5IeT OT 'noBTopa, 

03HaQa5I, qTO COOTBeTcTByIOmee Bblpa.IKeHHe BepHO OT,UeJIbHO I<aK ,U.TI5I 

HH.lKHerO, TaK H ,UJI5I BepXHero Cpe,lJ,HHX. 

B OTJIHQHe OT MX t H NIX t , KOTopble paBHonpaBHhI, Me.IK,Uy HH)K

HHM H BepXHHf\1 Cpe,llHHMH ,lJ,pyrIIx npH3HaKoB HMeeTC5I 60JIbillaH 

pa3HHua. HH.lKHee cpenHeKBanpaTHqeCKOe 3HaQeHHe..!t YK33bIBaeT Ha 

TY rpaHHuy, HHMe KOTOpOt'! HH npH KaKHX YCJIOBH5IX He MO.IKeT ynacTb 

Cpe,LLHeKBa,UpaTHqeCKa5I MOIlLHOCTh npouecc3, a f t - BhIwe lJero OHa 

HHKOr,lJ,a He CMOMeT nO):LH5IThC5I. To .IKe caMoe OTHOCIITC5I K Bep051T

HOCTHM. TaKHM 06pa30M, rt, M, P CJIY.lK3T ,lJ,JIH onHCaHH5I He06xoJIJI

6">/ MhIX, 06513aTeJIbHO npHcyTcTByIOmHx CTaTHCTHt.IeCKHX 'CBOHCTB npouec

ca, a B CBOIO Oqepe,LLb, Tt H M, f5 - B03MO}KHhIX, 
06513 aTeJI b HbIx. 

JII060e H3 npHBeneHHhlx HaMH cpe,lJ,HHX, - a 

IQCqepnbIBaeTC5I He0603pHMoe 60raTCTBO BbI60pa, 

qeHO B Ha60p nepBHlJHWX; Bce 33BHCHT OT Toro, 

He HCKJIIOlfeHHbIX, He 

HMH, KOHe4HO .IKe, He 

MO.IKeT 6hITb BKJIIO

KaKHe cpenHeCTaTH· 

CTHlJ'eCKHe ,llaHHhle 0 

06pa3H5I .n?CTynHhIX 

MaTHlJeCKOH MO,LI.eJIH. 

ca npOH3Bo,n5ITCH C 

6* 

npouecce nOCTyrrHhI liJIH MorYT 6hITh H3 MHoro

pa3yMHo BbI,LI.eJIeHhI )l.JI5I ¢OpMHpOBaHli51 MaTe

HanpHMep, eCJIH H3MepeHH5I 3HaQeHHHnpouec

rrOMOmbIO IfHepUHOHHbIX TeXHHqeCKHX Cpe.llCTB, 162 
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BbI,n3romHx Ha BbIXO,n He 3H3qeHHH 'Ca~oro rrp o ueCC3, a JIHlllb HHre

rpaJIbHble ero .n:aHHble Ha OTpe3Kax[ iM, (i + 1)M], TO Bce nepBllq
(i+ 1 )111 

Rble npB3HaKH 6y.n:yT BMen BH.n: g(Yi ), r.n:e Yi = J Xldt. EC.JIB 

i111HH
rrp UHrrU3JIbHbIMII ,nJIH rrpouecca lVlbI CqHTaeM BbI6poCbI, TO ueJleco

06pa3HO B nepBHqHble BKJIIOqaTb Bep05ITHOCTB IIpeBbIIlIeHHH, Tor.n:a 

liMB H 6y.n:eT xapaKTepH30BaTbC5I BM.n:eJIeHHa5I HaMil qepTa IIpo~ecca. 
ECJIH .n:OCTyIIHbIM .n:JI5I Ha6JIIo.n:eHHH 5IBJI5IeTC5I He BC5I, a qaCTh T 1 Bpe

MeHHOH OCH, TO npH3HaKaMH 6y.n:yT epYHK~UOHaJIbl OT XI, tEOT , HH
I 

B3pH3HTHble K rrOBe,LI,eHHIQ pe3JIH33lUIIl BHe 1 1. 0 X3p3KTepHblx 

npH3H3K3X rrO,II,p06Hee noroBopHM B cJIeJJ,yIOmeM p3.3,II,eJIe. A cetp-Iac 

rrponeMoHcTpHpyeM IIpo~e.n:ypy np0,ll,OJI)KeHII5I nepBHqHblX Cpe,ll,HHX 
Ha OCTaJIbHble IlpH3HaKH. 

IT P Ii M e p 4.1. flYCTb )( t lL\1eer ;I.ocToBepHbL\1 HeKoTopoe ~rHO)KeCTBO peaJIH3a

UHU f!lJ H 3a,naH CBOIiMH TOlIHbIMH rrepBIilIHbIMIi 3HalIeHIUIMH TeKymero cpe,nHero 

MX t 
=111[, fET. HI-FIero, Kp0:\1e 3roro, 0 HeM He II3BeCTHO. cDOpMyJIOt'I rrpOJ1.0JDKe

HHH cpe,nHHX 6y~eT 

Mt {Xt } ::=:; inf {[co + ~ Cimtz] : t tXt} ~ Co + ~ Ci Xti}' 

r~e HepaBeHCTBO Ha rrOHcK HHqHIMyMa ,l(OJ1)KHO BbIITOJIH5ITb rrpH Bcex orpaHHQeH

HbIX peaJIH3au.Ii5IX Xt, a IiHq:>HMyM orrpe,ne.TurerC5I BbI6opOM ;I.HCKpeTOB t H J{03ep
i 

¢Hl!)lCHTOB Ci KOIICqHbIX CYMM. }b .l\aHHo!i ¢opMy.%I no,1yqaCM, M (Co + 2;ciX i) = 
t

=co+ ~CiMXti' T. e. orrepaTOp cpe,nHero, 6y,nylIII TOlIHbIM, npOHOCHTC5I 3a 3HaK 

KOHeQHbIX CYMM. 110 cropMYJIe rrpO;LOu11KeHH5I MoryT 6bITb Har"ra,eHbI Cpe,1Hrre nHIllh 

OT ¢YHKLUlOHaJJOB, npC.l\cTaBJJ5ICMbIX B BlI.l\C f {XI} = fo {XI} + 2; CiX i' r,'lC ¢YHIm.lIOt 

HaJJ f0 {Xl} paBHOMcpHO OrpaHIIqCH Ha !Jl}; omI-TO It 06pa:;YlOT 06.~aCTb cymcCTBO' 
BaHJl5I fT cpe,nHlIX II ,l(JI5I HEX: 

Mt {X t } ~ sup to {Xt} + ~ Ci mt. 
xtEB; l 

ECJIH Teneph TeKYlll.ee CpeJI.Hee !He 5IB.J15IeTC5! TOtIHbIM, a 3a;:r.aeTC5I HHTepBaJlaMli 

mt, int, TO BCC ¢OPMYJJbI OCTaIOTC5I B ClIJJC C To!i ,11I1lIb pa3HlIu.efi, qTO CiJnt i 3aMe


IUIIQTCH Ha Cdfitti npM Ci~O Ii Ha Cifnti rrpH Ci~O.
 

PaCCiVIOTpHM yrrpOLQeHH5I Ha nynf nOCTpOeHIIH MOnemf. l(aRoBa
 

6bl HIT 6blJIa HCXO,ll,Ha5I MO}l.eJIb, JIIo60ii npo~ecc MOLKHO «nO,ll,BeCTH
 

OCHOBaHHeM» rrO)l epHKCHpOBaHHbII1 Ha60p npH3H3KOB dfJ, BbPIIICJIHB
 

,nJIH 3TOrO Mh, hEdr5 H B35IB HX 33 rrepBH4Hble JI,JI5I HOBOM lVI0,lLeJIH. 

::ho COOTBeTcTByeT J'e-paCIlIupemuo Mo.n:emf J{ IT n03BOJI5IeT COOTBeT

CTByIOllI,HM BbI60pOM d6 yrrpoCTHTb OI1HCaHHe npouecca, rrpe,rr.CTaBHTb
 
ero B THI10BOM BH,lLe.
 

Y.m:e OTMeqaJIOCb, qTO BH,Il, nepBHqHOro Ha60pa OTKpbIBaeT B03

M02KHOCTb penyKuHH caMoro npouecca. TaK, eCJIH nepBHfJHbIMH 5IBJl5I

IOTC5I epYHKlIJIOH3JIbI g {Xt} =::: g {X}, 3aBHC5IIlLHe JIHIllh OT OTCqeTOB X= 
= (Xt , ... , X tn ) npo~ecca B .n:HCKpeTHble MOMeHTbl, TO nepexo.n: OT 

Xt K BeKTopy X, Ha3bIBaeMbIii OUCKperusat.{ueii. npot.{ecca, 6y,ll,eT npe

06pa30BaHHeM no.n:06H5I (CM. § 2.1). 3,1l,eCb 3TOT nepexo.n:, no cYTrr 

.tf
.ueJ13, He l\1eH5IeT ,n3HHbIX 0 MOLLeJIH. A nOCKOJIbKY K yKa33HHoMy BH,ny 

nepBHY:HbIX epyHKUHoHa ..TIOB IYIoryr p 3ClllHpeHHeM 6bITb rrpHBe,neHhI 

JI106bIe Mo:r,eJIH, TO ,LU1CKpeTH3aIlJI5J, B 06meM, eCTb He qTO HHoe B 

CMbICJIe TeopHH, KaK YI1pO~aIO~ee paCWHpeHHe Mo,UeJIH npouecca. 

To )Ke MOllieT 6bITb CK333HO OTHOCIITe.IIbHO KBaHTOBaHUf-l, COCT05I~e

ro B npHBe,J,eHHH 3HaqeHH(I npouecca K 3apaHee BbI6paHHbIM ~ypOBH5IM. 

:vITaE, JI106ble npeo6p a30BaHH5I rrpouecca BJIeKyT 3a C060M pac

IllHpeHH5J ero MOneJIH, KpoMe npeo6p a30BaHHH no,no6I15J, TaK KaK OHR 

COXpaH5IIOT Bce H3BeCTHble CBollcTBa npouecca. 

XapaKTepHbIe 4epThl npol(eCcoB. OepBbIH II rrp5IMOH nYTb 3ana

HH5I npoueccoB cocrOHT B BWneJIeHHH xapaKrepHMx craTHCTMqeCKHX 

CBOl1cTB H 06JIaqeHII5J EX B epoprv1Y rrepBHQHbIX Cpe,LLHHX. ,UJI5J 3Toro 

MO)KeT GbITb BbI,UeJIeHO, B 06rueM, ~TII060e I1X qHCJIO. npHqeM y,Uaq

.HbIM CqIITaeTCH Haill BbI60p TOJIhKO TOfjI,a, KOf,Ua 6e3 cepbe3Horo pac

liIHpeHH5I TeJIa MO,LLeJIH MeHbIIlHM OKa3bIBaeTCH qHCJIO nepBHQHbIX 

3HaqeHHI1, T3K KaK B pe3y.J1bTaTe 6yneT rrpo~e Mo,neJIb. I10MMaTb B 

qepTaX rrpouecca HaH60JIee Ba)KHOe, OT.JIHqHTeJIbHOe II BOnJIOTHTb B 

Mo,.::r,eJIb - eCTb HCKyCCTIBO 06J13,lI,3HH5I M3TeM3THLIeCIOIM H3bIKOM Ha 

6a3e IIHMenepHoil HHTyHUHH. 

P3CCMOTPHM HeKOTopbIe THIIOBble CBOllCTBa. CBe,neHH5I 06 0 r p a

H H q e H H OC T II n p 0 U e IC C a no a6co.J1IOTHOll BeJIHqHHe lIHCJIOM a 
¢OPMYJIHpyIOTC5I KaK J5 (I X t I>a) ==0. I1pn t, npo6eraIO~HlVf T, 3TO 

)I.aCT He OAHD, 3 ueJIbIH Ha60p rrepBHqHbIX 3HaqeHHI'1. 

11 H e p U 11 0 H HOC T b rr p 0 II, e C caB CMblCJIe HeB03l\10)KHOCTH 

6bICTPbIX ero II3MeHeHHiI OI1HCbIBaeTCH orpaHtp-IeHH5IMH Ha npOII3BOA

HyIO npouecca B 06bI4HOM HJIH cpeAHeI~Ba)I,p3TIIqeCKOl\1 Cl\1bICJIe: 

J5 ( IdXtldt I>a) == 0; lJ. (dXtldt) 2:= C. 3TO onpe,ne.rrHT JIOKaJIbHble CBoil 

CTBa peaJIH3aUHM. fJ106a.TlbHbIM iKe xapaKTep HX H3iVIeHeHHll oTpa

)K a e TC 51 B H,n0 M f Pa H II II, KOPPellHUH0 HHbIX ep YHKLUIl'1 r (t, 't), f (t, 't). 
OTMeTHM, lITO npE HeCOBna,UeHHH HH)KHell H BepxHeif rpaHHU Koppe

JIHIl}IM CBo}icTB3 HenpepbIBHoCTII HiMH 'Heonpe..neJI5IIOTC5I. Torna Henpe

PbIBHOCTb npouecc3 BOnJIOIll,aeTCH, H3rrpHMep, B crroc06HoCTb cpe,ll 

HHX BH:;:La Ai (..{t-Xl) 2 eXOJI)1TbC5I K 0 rrplI T-+-t. B03:\10)KiHbI ;.I,pyrHe 

cpe~CTBa onHcaHHH HenpepWBHOCTH, HanpHMep OrpaHHqeHHOCTbID 

npoH3Bo,UHoII. 

r JI06aJIbHO (II ZlOCT.3 TC~-IEG rpy6o) II3:YleHqHBOCTb npoIl,ecca onpe

,neJI5IeTCH UHTepeO.7C':.;! /\,oppeAf-l4UU LKOP - :MHHHMa.TIbHbIM qHCJIOM 

TaKHM, lITO IAlI IXt);t+T==O TIpl1 '1>LKOp. OxapaKTepH30B3Tb ~laKCH-' / 

MaJIbHO ,lI,OnycTHMyIO HHTeHCHBHOCTb BbI6poCOB rrpouecca Bblwe ypOB-

H 51 a rr 0 M 0 raID T nep BHqHhI e 3 Ha q eH 11 51 15 ( IXl I>a ), TOr,Ua Ka K r 3 pa H

THpOBaHHaH AOJIH BepOfiTHOCTefi 3THX Bw6poCOB 3KBHBa~eHTHa HeHy

JleBOH HH:tKHe1'I rpaHHue P ( IXt I>a). I1pHqeM Ha OCHOBaHHH Hepa-

BeHCTBa LIe6blweBa BepXH5I5I Bep05ITHOCTh rrpeBblweHIIl1 JI,JI5I ee cor

JIaCOBaHHOCTH CO 3HaqeHHHMM MX2 He MO.IKeT 6bITb BbIlile MX2t!a2,t 
·HHatIe npH COfJIaCOBaHHH OHa ,UOJI)l{H3 3aMeHHTbC5I Ha 91'0 60.TIee TOq

Hoe 3HaqeHlle. HH)KH5IH )Ke Bep05ITHOCTb rrpSBbIIIleHH5I aBTOHOMHa, 

TaK qTO eCJIH B,Upyr oPia OKa.IKeTC5I 60JIblile MX2t/a2, TO 9TO HHKaK 

Ha calVlY Hee He nOBJIH5IeT, 3aTO npH CO'rJI3COB~HH rrpHBe,neT K YTOq
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HeHIHO MX2t, a II:MeHHo, K pOCTy ~o 3HaqeHH5I MX2t===a2P(/Xt/>a)", 
PaCCMOTpIIM, KaK MOLKHO 3anaTb iKOHKpeTHbIH rrpouecc. 

IT p II M e p 4.2. 3 a JJ. a H II e II M II Y JI b C H 0 H II 0 M e x H. Oc06eHHocTb pac

cMaTplIB3eMoro npouecca - HaJIIIqIIe Ha OClI BpeMeHII XaOTJIqeCKIIX IIMIIyJIbCOB 

pa3Ho(I, B o6meM, aMIIJIIITYJJ.bI, epOPMbI II np0,Z.LOJI2KIITeJIbHOcTH. OTcIO,J,a OCHOBHa5I 

qepTa - 3TO peJJ.KocTb HeHYJIeBbIX 3HaIIeHIIJI npouecca. I103TOMY nepBliqHbIMH 

Hy2KHO 'CJJ.eJIaTb Bep05ITHOCTli P(Xt=FO) =q, j5(Xt =FO) =q. OTpe30K [q, 21] yKa3bI

BaeT Ha Bep05ITHOCTH npHcYTcTBli5I B MOMeHT t HMIIyJIbCa (HeHyJIeBoro 3HaIIeHli5I) 

npouecca, a KOHeIIHa5I ero llIIIpHHa - Ha He3HaHlIe 3T011 Bep05ITHOCTli IIJIli 2Ke Ha 

HeycTOH"lIHBOCTb npouecca. ITPH £=0 He HCKJIIOQaeTC5J, "lITO HMOyJIbCOB BOBce He 

6y,lleT, a q>O rapaHTlIpyeT 065I3aTeJIbHYIO JJ.OJIIQ Bep05ITHOCTH IIX IIpncyTcTBII5I. 

3HaqeHHe )Ke ij 33;r..3eT MaKCUM3JIbHOJJ.OIIYCTIIMYIO HX KOHueHTpaulIIO. 

,UonOJIHIITeJIbHO K q, 21 60JIee JI.eTaJIbHbIH xapaKTep npeBbIlIleHIIt'r Mor 6bI 6bITb. 

OTp3.IKeH Bep05JTHOCT5IMH ~( IXt I> a) n j5 ( IXt I> a). 

)J,p06JIeHHe npou.ecca Ha COCTaBJIHIOll(l1e. I1cCJIejlyeM OjlHY no

JIe3HYlO IIHTeprrpeTaUHlO npoueCCOB, BbITeKalOmylO H3 TeopeMbI 1.3 0 
rrpe)J.cTaBJIeHHH. 

Ha30BeM npouecc ;§/-npoCTblht, eCJIII MOneJIb ero eCTb (M;§'> II 

3anaeTCH TOqHWMH Ha Ha60pe ;§/ ¢YHKUIIOHaJIOB nepBHQHWMH cpe~

HIIMII Mg, gE.;§/. COrJIaCHO TeopeMe 1.3 0 npe,ncTaB ..n:eHHH MOneJIh 

JII06oro npouecca C nepBHqHbIM Ha60poM ;§ rrpH3HaKoB 3arrIICbIBaeT

C5I KaK 06benHHeHHe ;§/-npOCTblX cocTa8Aflf0U{UX lvIOneJIeH npH ;§r 
60JIee rrOnp06HoM, qeM ;§: 

(M j) = Jt = V (M 1 '), 2+ ~ '=:J5 . 
<M.~')cJ!t 

lJeM wHpe ;§/, TeM H3 60JIee «MeJIKIIX qaCTHU» CKJIanbIBaeTC5I l\10)J.eJIb
npouecca. HaH60JIee 3KOHOMHO CqHTaTb ~/ ===~. 

I1Horna yJI,06Hee BMeCTO «MOneJIb» rOBopHTb«npoI~ecc», a 06be


,lU1HeHHe HHTeprrpeTIipoBaTb KaK ceMeHCTBO rrpOCTbIX npoueCCOB. '1'or


~a paccMaTpIiBaeMoe rrpe)J.CTaBneHHe rr03BOJIHeT Boo6pa3IiTb ce6e X
 
t 

TaK, KaK 6ynTo 6bI BMeCTO Hero nei:icTByeT JII060~I Ii3 3THX W/-npoc

TbIX COCTaBJl5IIOLUHX npoueCCOB, HO HeH3BeCTHO KaKoH.
 

B 60JIee 06rueM rrpenCTaBJIeHIIH MOneJIIi IIMeeM: ,Jft = VeJf{e , r,Ue
 

8 - HeH3BeCTHbIH (3a,naIOmI1H) napaMeTp. 
e 

<l>YHKIJ.HoHaJIbHbIe npe,IJ.CTaBJIeHMSI. LIaIOTC5I 3anHCblO X === 
t 

=== Ve{~t}, onp enen5IIorueI:i Xt rrOCpe,lI.cTBoM npeo6pa30BaHH5I «CTaH

,UapTHoro» npouecca ~t H HeH3BeCTHoro npOH3BonbHoro napaMeTpa 8. 
OnepaTop Ve BKJIIOlJaeT Te jleHcTBH5I, l\aKHe Hy)KHO npojleJIaTb C Si 
,lJ;JI5I nOJIyqeHII5I Xl, a B 8 BKna,lI..bIBaeTC5I HeH3BeCTHa5I qaCTb 3TIIX 
,UeticTBHH. 

.lJ.JIH nOCJIe)J.OBaTeJIhHOCTH (jlHCKpeTHoro BpeMeHH t) rrpHMephI 

<PYHKll,HOHaJIhHOH 3anHCH 6hIJIH p accMoTpeHhI B 1\0Hll,e § 3.1. OHR 

o606malOTC5I Ha npOueCCbI. O,lJ,HHM II3 HHX 5IBJI5IeTC5I n Ii H e H Hoe 
n p e Jl. eTa B JI e H H e: 

X t = fh(t,L)~ldT. 
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npH rro,Up06HOM orrHcaHHH Gt HMrrYJIbCHbIH O1'KJIHK h (t, -r) epIiJIb1'pa 

MOLKeT HrpaTb POJIb HOCHTeJI5I arrpHopHoro )J.e¢HUIiTa 8, pa3pYlIlHTe

JI5I IIo,lJ,po6HOCTH. K rrpHMepal\i JIHHeHHbIX rrpen'CTaBJIeHHH npouecca 

OTHOCHT'C5I 3arrHCb B BHne peWeHH5I ,rr,Hep¢epeHUHaJIbHOrO ypaBHeHII5I 

ckdkXt/dlk+ ... +c1dXt/dt+coXt+c==St. 
,IlJI5I rrpouecca Ha BbIXOne KaHaJIa CB5I3H C 3aMIIpaHIi5IMIi xapaK-

TepHo M y JI b T Ii rr JI Ii KaT H B Hoe II p e )J. C l' a B JI e H II e: X t == 
=H+tSt, r,rr,e ~t - rrpouecc C YCTaHOBJIeHHbIMH CBoHcTBaMIi Ii, rJIaB

Hoe, C TOqHbIM 3HaqeHHeM M s2t === 1, vt, a 8+t~O - napaM:eTp 3aMH

paHHfr. B 3aBHCHMOCTb OT Toro, 6bICTPbIMH HJIII Me,rr,JIeHHbIMIi 5IBJI5IIOT

C5I 3aMHp aHH5I, CTaB5ITC5I KOppeJI5IUHOHHbIe CBOHCTBa 8+t . P a3Max 

Me)Kny 11aKCHMaJIbHbIM H MHHI1ManbHbIM 3HaqeHIt5IMH 8+t xapaKT'e

pH3yeT r.ny6HHy 3a:Y1HpaHHH, a pa3HocTb M{8+ t )2_j\1(18+t )2== 
= MX2 

t -MX2 - HeTOqHOe 3HaHHe MOIUHOCTH rrpoueeca Xt~4TO Kat 

CaeTC5I CBH3I1 npoueecoB 8+t C £t, TO qaCTO OHM He3aBUCHMbI. Ho MO

)KeT 18+ t 6bITb cBo6o;J,:HbIM OT£t, nOCJIe,nHee OnpaBJI,aHO epIi3'UqeCKOH 

B03MO)KiHOCTbIO BJIHHHM5I 3HaqeHHfI St Ha 8+t , 'KOnna £t eCTb rrepe,Ua

BaeMbIH no KaHaJIy CIIrHaJI, a X t - TO, qTO IIOJIyqHJIOCb B KaHaJIe c 
yqeTOM 3aMHpaHHH. B 3TOM 'BapHaHTe 8t MO)KeT 3aBHceTb OT :£t, a 

TOq'Hee, rrO,LLCT;paWBaTbC5I no;'}, Hero Henpe,UCKa3yeMbIM o6pa30M. 06

paTHoe irrpo6JIe'MaTHqno. 

A,rr,,rr, H1' II B H oe II p e,lL C TaB JI e H H e: Xt===Ht+s t, M£t===O, rr03

BOJI5IeT pa3B5I3aTb MenJIeHHO MeH5IIOmYIOC5I COCTaBJI5IIOmyIO 8t OT 

6bICTpO epJIyKTyHpylOllleH ~t,H ,rrJIIOC K 3TOMy - 5IBHO BhI,lLeJIHTb B 

BH,ne £t Ty qaCTb rrpouecca, 0 KOTOpOi1 CTaTHCTHqeCKHe naHHbIe HMe

lOTC5I, 01' TOli 8t , 0 KOTOpOI1 KpOMe MHOLKeCTBa e B03MO)KHbIX peaJIH

3aUHH HHqerO He ,rr,aHO. 

Pa3nHQHWe a~A"THBHWe npeACTaBneHHD. ¢yHKUHoHanbHwe 

npenCTaBJIeHH5I, B 06mel'vI, OrpaHHqeHbI no CBOHM B03MOLKHOCT5IM BBH

ll.y n eTepMIIHH3Ma IIX CB5I3eli. He Bcerna y)J.aeTC5I rrO,lL06paTb TaKHe 

V, e 11 ~, qT06hI nonyqHTb Tpe6ye:MbIe CBoI1cTBa ..Xt , na It HTor MOllieT 

OKa3aTbC5I HaCTOJlbKO CJIOMHbIM, qTO CTaHeT HeHY)l(HbIM. 06JIerQeHHH 

MOLKHO )J.OCTHQb 3aMeHOH paBeHcTBa Ha BKJIIOqeHHe: XtcVe{~t}, 03

HaqaIOmee, qTO 11M rrpaBoH qaCTH BKJIIOqaeT 11M JIeBO}I, 1'. e. rrpa

BaH qaCTh BOCC03,lLaeT pacwHpeHHylO MOneJIb IICKJIIOqeHIIeM HeKOTO

pbIX CTOpOH npouecca )( t ()I\e.n:aTeJIbHO HaHMeHee B3)KHbIX). 5y,lLeM 

3TO BKJIlOqeHMe p(_1CCl\l3TpHBaTb rrpHMeHHTeJIbHO K aJInHTHBHOMy npe,U

CTaBJIeHHlO. 

I10cTaBHM Bonpoc, BC5IKI1H JIH rrpouecc ..Xt MOlliHO 3aIllicaTb KaK 

annHTHBHyIO CMeCb nlt + £t cpe,UHero ero 3HaqeHII5Imt Ii ,rr,06aBKH ;t 
C Hy.nCBbIM cpe,UHI1l\:f M~t == O? OKa3bIBaeTC5I, H MbI cei:iqac 3TO nOKa

)I(eM, qTO HeT, eCJIII HMeTb B BI1JlY paBeHCTBO, H ,rr,a - eCJIH BKJIIO

qeHHe, 1'. ·e. paCWHpeHHoe npenCTaBJIeHHe. 

PaCCMOTpIIM npOH3BOJIbHbII1 rrpouecc Xt, 3a,naHHbIH MOneJIbIO tJIt . 
JII060e <rnt === MXt)-CeqeHHe Mo,rr,eJIH 

J[;tmt=Jl/\ (MX =mt )
t .. 

'COOTBeTcTByeT nonymeHIIIO, qTO Cpe,ilHee npouecca H3BeCTHO TOqHO. 
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l(a)K,UOMY mt-CeqeHIIIO COOTBeTcTByeT TO )Ke ,nOCTOBepHOe l\IHO)KeCTBO
 

peaJIII3aUIIH, qTO H caMoMy npoueccy. ECJIH ..;f{mt HerrycTo, TO peaJIH-
 HeKOTopbIM ney,lI.06CTBOM nO,llQHHeHHo-an,UIITHBHoro rrpe,ncTaBJIe
3aUH5I Jmt Cpe,UHerO IHa3bIBaeTC5I C06CT8eHHOU. MHO)KeCTBO HH.H .HBJI5IeTCH TO, lITO oCTaTOK ~t, m, B 06meM, 6yneT 3aBHceTb OT 

3HalIeH11.H tnt. 4T06bI oCBo6o,UHTbC5I OT 3TOI1 3aBlicHMoCTH, 3aMeHllMm = {m t: v1t -=/= 0}mt ~t, m Ha 60JIee IllHpOKIIH (B CMbICJIe MoneJIH ) npouecc Gt::JSt,m, orrpe

Ha3bIBaeTC5I co6CT8eHHblM ceMeUCT80M cpeiJHUX. ~e~eHHWH 06ne,UHHeHHeM: 

TIOCKOJIbKY MO,lI.eJIb JII06oro rrpolI,ecca rrpe,UCTaBJI5IeTC5I 06'be,UHHe JlZs = V JflJt,m.
 
HHeM ee CeqeHHH, HMeeM:
 mEm 

Jt = V Jtmt , CiKa3aHHoe HaBQlLI,HT 'Ha ICJ1eJl.YIOmee p a IC III n p e H Hoe a JL,U II T H B
mtE 9)l Hoe IT p e,lI, C TaB J1 e H He npOH3'B0J1bHOrO np'ouecca: 

Mf{Xt }= SUp Mmtf{Xt,m}, X t c= mt+st , mt E W, Ms t = 0, (4.2) 
mtE 9J1 

rn.e nlt npHHHMaeT rrpOH3B0J1bHble 3HaqeHH51 II3 ceMeHcTBa ~J1, a rrpo

uecc Gt cBo6oneH OT imt. CHMBOJI c:= 03HaQaeT, TiTO paCIlll1peHHe,r,ne HHLKH5I5I epopMyJIa - CYTb paClliHeppOBKa 06'be,nHHeHH5I B BepXHeH, 
CTOnmee B npaBot'I qaCTH (4.2), 0,lJ,H03Ha4HO onpe,ne.neHo II 5lBJI5IeTC5I a npouecc Xt,m COOTBeTcTByeT ,CeqeHHIO Jtm t" C06CTBeHHOe ceMei1:-
MHHIIMaJIbHbIM pacIllHpeHHeM rro,no6Horo po,Ua, BKJIIOTialOllI,HM Xt. 

CTBO Cpe,UHHX 3a,UaeT Tal{ Ha3bIBaeMble C80UCT8a nep8020 nopfldKa 
ClVlbICJI rrepexona OT (4.1) K (4.2) COCTOHT B TOM, lITO «3a6bIBa

npouecca. Ha OCHOBaHHII 3Toro ceMeHCTBa MorYT 6bITh paCCQHTaHbI 
IOTC)!» CB5I3H MeM,ny OCTaTKOM Gt,m == Xt , m-mt Ii Cpe)J.HHM mt, npH

BepXHHe (II HHLKH.He) CpenHHe KOHeqHbIX JIIIHeitHbIX KOM6HHaUIIH OT
BO,U5I K paClllHpeHHlO £t no cpaBHeHIIIO C £f,m, KaK 3TO 3arrlIcaHO BCqeTOB npouecca: 
(4.2). OnacHo TOJIhKO, He CTaHeT JIH 3TO paCIIlHpeHHe qpe3MepHbIM. 

M L Ci X t .= sup 2: cim t .• I-IanpHMep, eCJIH £t B pe3YJIbTaTe paCIllHpeHHH OKaLKeTC5I rOJIbIM 
l mt E 9)1 l npOu.eCCOM, TO BKJIlOlIeHHe (4.2) CTaHOBHTCH TpHBIiaJIbHbIM. TaKa.H 

onaCHOCTb HJIJIIOCTpHpyeTC51 rrpIiMepoM. 
PaCCMOTpHM Tenepb B03l\10)KHOCTb npe,UcTaBJIeHII5I rrpouecca Xi B 

II pill M e p 4.3. C y r y 6 0 0 r p a H H q e H H bIll n p 0 U e C C. TIyCTb npouecc
BH,Ue CYMMhI cpe,UHeI'O H OCTaTKa. ECJIII cpe,UHee mt 5IBJI5IeTC5I TOq

Xt onpe,neJIeH nepBHqHbIMII BepOHTHOCTHMH 15 (I X t I~ a) =0, Vt. 3TO eCTb npouecc,
HbIM, TO co6CTBeHHoe ceMeHCTBO ml== {mt} COCTOHT Bcero II3 O,UHOH 

o EOTOpOM 1I3BeCTHO TOJIbKO, qTO B JII06011 MOMeHT OH OrpaHlIqeH no MO,u,yJIlO 3Ha
peaJIH3aUHII 111t II OqeBH,UHoH CTaHOBHTC5I 33rrHCh: X t =mt + ~t, M~t = 0, 

qeHlIeM a. ,lJ.JI5I TaKoro rrpouecca ~Xt =-a, NiX t=a H co6cTBeHHoe ceMeHcTBo W1 
r,Ue Gt =Xt-tnt eCTb rrpouecc, orrpe,UeJIeHHbIH qepe3 X t 3HaqeHH5IMH 

cpe)I.HHx o6pa3yIOT BceB03MO)KHble peaJIII3aUllH, 3aKJIIOqeHHble MeLKJJ.Y 3HaqeHH5IMH
Mf{~t} =Mf{Xt-mt}, VtEfF. ECJIII ):t 3a,UaH CBOHMII rrepBIIqHbIMIJ: -a, a. B rrpe,u,cTaBJIeHIIH (4.2) 3,neCb 6y,u,eT St:=::: 0, TaK KaK HeJIb351 1I3 TaKoro 
cpel,UIHIIMH Mg{Xt }, gECZl, TO nepiBHqHblMH cpe,UHHMH )J}I5I Gt 6YJI.YT 

npou,ecca ~BbI,D,eJIIITb CJIyQai1HyIO COCTaBJIHIOmyIO C i'1~ t = 0.

Mg{~t+mt}, g'EW, 11 OHH rrOJIyqaIOTC5I Cl\lemeHHeM Ha mt epYHKUHO


".HaJIOB g. CHMBOJIbHO 3TO 3anHCbIBaeTC5I ~b+m=J{X HJIH J{~=t$(x-m., fIpM 3aMeHe BKJIlOlIeHHH (4.2) Ha paBeHCTBO, lITO 6yneT, KOr,na 
m= {mt, lET}. BCe ~t, m OT nIt IHe 3aBHCHT, T. e.St,m =~t, Vnl, npMXO;JJIM K C B 0 6 O,n

TIYCTh Terrepb .i\I/Xt = mt He 5IBJI5IeTC5I TOqHbIM. AHaJIOrOM npe,nbI H o-a;r.,U Ii T Ii B HOM Y n P e ,.IT, C TaB .II e H 11 IO npouecca C HeH3BeCT
,nymero 6y,UeT TaK Ha3bIBaeMoe n o,n 1I H 'H e H H o-a ,U n H T II B Hoe HbI;v1Cpe,lJ,HHM: 
IT p e,n C TaB JI e H He, corJIaCHO KOTOpOMy a)J,Jl)1THBHa5I 3aITHCb BepHa 

.QJIH IK3)K,Uoro MXr :ceTieHH5I Atm IICX{)t_l,Hoil 1\10JLeJIH ~1t: X t = mt+£t, mt E W, l\1 £t = 0, 

r,ne £t C4HTaeTC5I CBo60,lJ,HbIM OT I,rrlt. Era 4aIlI,e 6yneM npocTo Ha3bIXi, m = mt·+£t,m, 
BaTb a~,UHTHBHWM. He BC51KHH rrpou.ecc nonycKaeT TaKoe npenCTaB

M m £t,m = 0, mt E: m, (4.1) JIeHHe, a JIHllIb TOT, JJ,JI5I KOToporo nlt-CelJeHII5I MOneJIH O;I,HHaKOBbI 

MeLEllY C060H 3a BblqeTOlVl I1lt. 
r,lI.e npouecc ~,t m onpe,neJIHeTCH Mo,neJIbIO J(~,m ~,u1t~-m H HMeeT npId: 

KaLK,UOM mt HyJIeBOe cpe,nHee. B 3TOM npe,nCTaBJIeHHH nepBoe CJIa JlOnOJIHeHIUI. 1. T 0 tI Hoe pac n p e ,u, e ,n e H II e B e p 0 51 THO C T e H n p 0

raeMoe mt npH HeTOqHOM ero 3HalIeHHI1«B611paeT» B ce6H CTaTH l.L e c C 3. A6C10JIIOTHO TOQHbIM paCIlpeJ,e~TleHMe npouecca XI, fET, MOLKer 6bITb JIHlllb 

CTHlIeCKIi HeyCToiilIHByIO COCTaBJIHIOmylO cpe,nHero npouecca, a Bee B C.1YQae, eCJIH T ,J,HCKpeTHO H X t npll Ka.lK)I,OM tET npI1HHMaeT ,D,IICKpeTHble 3Ha

HMeIOIll,HeC5I CTaTHCTHTieCKlie naHHble 0 Xt rrepeHOCHTC5I B OCTaTOK. qeHIl5L ECJIll 3TO He TaK, TO HyLKeH ,OCTOB B BMJ,e a.lre6pbI SlIt, Ha C06bITIl5IX 

npo~eec Xt Me caM CKJIa,nbIBaeTCH If3 ceMeHCTBa ICOCTaBJIHIOIII.IfX ero KOTOpbIX 3a,u,aIOTC51 TOQHble COBMeCTHble Bep051THOCTII P(A A 
t21 

••• , A ), AtlE
t1 

, tn
Xi, m npH Imt, np06eraIOIII.HM MHOLKecTBO IDl. Edt i r,u,e t1 , t 2, ... , in - rrpOH3BOJIbHble BbI60PKH OTCQeTOB H3 T. KoppeKTHOCTb 

168 Bep05ITHOCTeif II BMeCTe C TeM llX corJIaCOBaHHOCTb 3KBIIBa.TIeHTHa KOHeQHot'I a,u,,u,H
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THBHOCTH. Tor.ua BepOHTHOCTH, B3HTble B KalJeCTBe nepBHlJHbIX, H onpe.ueJIHT npo

uecc C TOlJHbIM Ha rrepeCelJeHIUI d = ndt a.nre6p pacrrpe.ueJIeHHeM BepOHTHocTeii:. 

t 
ECJIU d t eCTb ClJeTHbIe aJIre6pbI, npUHUHn rrOCTpOeHHH MO.ueJIH rrpouecca COX

paHHeTC5I, rropolK.ua51 KOHelJHO-a.u.uHTHBHyIO Mepy Ha .s4 (.uJIH KOTOpOI1, OJI.HaKO, 

Bep05lTHOCTH P (At, At , ... ) He 6y.uyT, B 06meM, TOlIHbIMH npH ClJeTHbIX MHOlKeCT
1 2 

Bax OTClJeTOB) . KOHelJHO-aLL.uHTHBHOH Mepe COOTBeTcTByeT e..uHHCTBeHHaH ClJeTHO-

a..u..uJlTHBHaH Mepa COrJIaCHO H3BeCTH0I1 TeopeMe KOJIMOrOpOBa 0 cor.naCOBaHHbIX 

pacnpe..ueJIeHH5IX 1. MepbI MOLKeT H He cylll.eCTBOBaTb, a 3a.uaBaTbCH Ha corrpHlKeH

HOM npOCTpaHCTBe, Tor.ua npouecc B KJIaCCHlJeCKOM onpe.ueJIeHHH Ha3bIBaeTCH 0606

meHHbI,M 2. Ha,rrpHMep, 3TO npouecc, y KOToporo Yi = f -,YtCPi (t)dt, i= 1, 2, ... , eCTb 

HOpMaJIbHbIe c. B. C HyJIeBhIMU cpe.uHHMH H j\;IY i Yj = SCPi (t)cpj (t)d1t. TIPH HallieM 

no..uXO)I.e B HeBbIrrOJIHeHHH ClJeTHOH a.uJlHTHBHOCTH HeT «KpuMHHaJIa», a 0606r.ueHHbIH 

npouecc eCTeCTBeH KaK 3a.uaHHe ICpe.uHH\MH Ha JIHHeI1HbIX rrpeo6pa30BaHHHx. 

2. 3 a.rr. a Hue n p 0 U e C c a II e p e x O)I. H hI M HMO..u e JI 51 M H. 3TOT cnocoo 

x Xt 
COCTOHT B rrOCJIe.u'OBaTeJIbHOM 3a.uaHHH nepexo.uHhIX Mo..ueJIefI J!t t, .J;t Xl, 

X t 
# t 2 

e.lJll/ X X··· , npH IIPOH3BOJIbHOM BbI60pe OTClJeTOB t < t 1 < t2 <... ECJIH Bee IIO-t, i 1 , 
CJIe..uYIOlll.He nepexo.uHble Mo.ueJIH 33BHCHT TO.TIbKO OT nOCJIe)I.Hero iMOMeHTa: 

X X
.Jtxtn X === JItt in, TO cnoco6 3a..uaHHH Ha3bIBaeTC5I MapK08CKUAt. Ua 

it ,.'., tn-l Xtn-l 

xapaKTepeH ..uJIH TOtIHbIX ~epOHTHOCTefI H OKa3bIBaeTCH MaJI03¢¢eKTHBHbIM rrplJ 

HeTOlJHbIX. TIpHlJHHa Hey.u06cTBa JIeLKHT, BO-IlepBbIX, B Tpy.uHOCTHX corJIaCOBaHH5t~ 

nepeXOJI.HbIX Mo.ueJIefI, eCJIH t HerrpepbIBHO, 1I BO-BTOpbIX, B «paCIlOJI3aHHH» Mon.eJIIt 

.it
X 

tn rrpu YBeJIHlJeHHH tnB CHJIy 0601OJI.Horo BJIUHHHH Ha Hee K3K rnnpHHbI MO

X X 
.n.eJIH Jt tn-l , TaK H paCIIJIbIBlJaTOCTH rrepexo.uHOH: Mo.ueJIU .J!tx tn . flpH TOtl

tn-I 
HhIX H Tex, iH .upyrHx, 33113HHbIX BepOHTHOCTH:MH, HHlJerO IIlo;:r,06Horo He HaOJIIO

.rr.aeTCH, lJTO H ..uaeT lKH3Hh T3KHM rrpe.uCTaBJIeHHHM. 

4.2. KOPPEJI5IQHOHHbIE CBOACTBA 

npou.eCCbI BToporo nOpSI,Il.Ka. KoppeAfll{UOfifiblMU CBOUCTBaJl1U rrpo

uecca X t 6YjJ,eM Ha3hIBaTb COrJIaCOBaHHoe MHO)KeCTBO cpeLLHHX 

M (~eiXt. + ~~dijXt. Xt . ), HJIH B BeKTOpHOH: epopMe
l ~ J 

M (eTX +XT DX), eT = (e1 , e2 , ..• ),
 

O={du}, XT=(X t1 , X t2 , ••• ) (4.3)
 

rrpH BceB03MO)KHbIX BhI60pax OTClIeTOB tiET H K03epepHUHeHTOB Ci 

II ,dij KOHelIHhIX CyMM. HH)KHHe M TaKlKe orrpejJ,e.n:eHbI, HO He 3anH

caHhI, TaK KaK cpa3Y Bhlpa1KalOTC5I lIepe3 BepXHHe. YjJ,06HO CY:IfTaTb 

MaTpHUy D CHMMeTpHlIHOH: dij=,d ji , lITO, KaK MOlKHO BHjJ,eTh, He CKa

:>KeTC5I Ha KOppeJI5IUHOHHhIX CBoHCTBax. 

1 EOpOBKOB A. A. Kypc TeopHH Bep05ITHOcTeH. -M.: HayKa, 1972. - C. 261. 
2 fe.TJbepaH.u H. M., BHJIeHKHH H. 51. HeKoTopbIe IlpHMeHeHHH rapMOHliLIeCKoro 

aHaJIH3a. - M.: cI>MJI, 1974. - BbrIl. 4. ---, C. 302. 
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OTMeTHM, qTO KOppeJI5IllJIOHHble CBOHCTBa eCTb 60JIee lllHpoKoe 

nOH5ITHe, qeM npocTo rpaHHUbI rt,T:=MXtXl; KOppeJI5IUHOHHOH <pyHK-
UHH (eCJIH TOJIbKO He ClIHTaTb KOppeJI 5IUHH TOlIHhIMH). llpouecc, 3a

JI-aHHhIH CBOHMH KOppeJI5IUHOHHbIMH CBoHcTBaMH, Ha3hIBaeTC5I npo l1ec 

.CO.lt BTOpOcO nopflaKa. B era nepBHqHOH: OCHOBe 065I3aTeJIbHO JIeLKHT 

.KaKofI-TO HerrpoTHBOpeqHBhIH: Ha60p cpe,ll,HHX H3 (4.3), CKaLKe:M, 

M (e(k) X(k) +X(k) O(k) X(Il») = m(k)' k = 1, 2, ... , 
r)l.e COCTaBJI5IlOTC5I, B 06meM, H3 pa3Hblx nOCJIe,II.OBaTeJIhHOCTefIXCk ) 

JUlcKpeTHhlx OTCqeTOB X(h)= (Xti ..• , Xtk ), a mCh) - rrepBHqHhle 3Ha

lIeHH5I. B lIaCTHOCTH, 3TO MoryT 6hITb rpaHHUbI 'cpeAHHx MXt II KOp

peJI5I UHH !....t,T: rrpH Bcex HJIH HeKoTophIX t H 'to J11060H rrpouecc pac

lI1UpeHHeM npHBO,II.HTCH K rrpoueccy BToporo rrOp5IJJ,Ka, ,ll,JI5I qero 3a 

rrepBHqHhle 6epyTC5I Cpe,II.HHe BH,na (4.3). 
IlepBH4HhII1 Ha60p rrpo,II.OJIlKaeTC5I Ha OCTaJIhHhle KOppeJI 5IU HOH 

:Hhle 'CBoHcTBa B COOTBeTCTBHH C 06meH 

HhIM corJIaCOBaHHeM m(l~), eCJIH HCXO,II.HO 

':RhI 1'I1H) : 

- . f { ~ + M (eT X + XT DX) = In [c + LJ Ck tn(k)] 

+X('k) D(k) X(k») > eT X + XT OX}, 

;r,ne ,nBoeT04HeM OTjJ,eJIeHO yCv1oBHe, rrpll 

epOpMyJIOH: (c O,II.HOBpeMeH

OHH 3ajJ,aHbI HecarJIaCOBaH

,., + XT 
: C+ LJ Ck (e(k) (k) + 

(4.4) 

KOTOpOM HmeTC5I llHepllMyM 

"B (4.4) BhI60pOM C, C+h. 1'13 3Toro yCJIOBH5I CTaHOBHTC5I 5ICHbIM, qTO 

HeTpHBHaJIhHhIMH MoryT 6hITh cpe.rr..HHe TOJIhKO ,nJI5I KBa,npaTllqHbIX 

¢OPM OT TaKHX BeKTopOB XT= (Xt1 , X t2 , ... ), KOMrrOHeHThI KOTOphIX 

lBCTpe4alOTC5I XOT5I 6bI B O.rr..HOM X(h). 
CKa3aHHoe nopO:tK,naeT Hey,II.06cTBa, rr03TOMY nO,II.qac pa3YMHbIM 

11 HarJI5IjJ,HhIM ,c.TIejJ,yeT rrpH3HaTh cymecTBoBaHHe orrpejJ,eJIeHHOH: r JIa,rr.

KOCTH KOppeJI5Ill,HOHHhIX CBOHCTB no BpeMeHH t, qTO .rr..aeT OCHOBaHHe 

nepexo,ny K epHKCHpOBaHHoMy Ha60py OTCqeTOB t1, 

.~3Y"TJhTaTe - K ejJ,HHOMY BeKTopy X, C4HTa5I, qTO 

·6y.neT HMeTb IvIeCTO HeqTO npOMe:tKyTOqHoe. TOfJl,a 

nepenHWeTC5I : 

c+ 2: ct (e(k) X+XT D(k) X) > e TX+XT DX. 

t2, ••• , tn, a B pe

Me:tK,ny OTCqeTaMli 

YCJIOBlie B (4.4) 

ECJIH rrplIH5ITh eme O,nHO ,II.OrrymeHHe, 4TO rrpouecc HMeeT HyJIeBOe 

clpe:Jl,Hee J\;lXt ==O, Vt, II 4TO 3ajJ,aHHhIMH 5IIBJI5IIOTC5I mCh)'=.l\1XTD(k)X, 
1'0 B03HHKalOT ,ILOnOJIHHTeJIbHhle yrrpomeHll5I: 

- -. +- +M (eT X + XT DX) = M XT OX = Inf {~ Ck m(k) : ~ Ck XT O(k) X> 

~ XT DX}. (4.5) 

3.uech B OTJIH4l1e OT o6mefI epOPMYJIbI (4.4) cB06o,UHhI~I K03epepHUHeHT 

,C nOlIO)KeH paBHhIM 0, H60 TaKHM OH 6y.rr..eT nOJIY4aThC5I rrpH HaXO)l{

~eHHH HHepHMyMa B (4.4) H npHH5ITbIX ,norrymeHH5Ix. 

l-Iep 3BeHCTBO B YCJIOBllH epOPMYJIbI (4.5) 3KBHBaJIeHTHO HeoTpH

naTeJIbHOH: onpejJ,eJIeHHOCTH MaTpIIU ~C+kO(h)-O, qTO CHMBOJIllqeCKH 
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- -

BhlrJI5J,l.I,HT CJIe,nyIOmHM 06pa30M: LC+kD(k)-D~O. EY,2J,e~/l rOBOpHTh,
 

tITO 2:C+k D (h) MaJICopupyeT D. I1T3K, npOJI,OJI)KeHHe CpeJI,HHX Ha KBan


paTHllHhle epOPMbI 'npH CHMMeTpHlJHbIX l\larpHuax D 3KBlIBaJIeHTHO
 t) 

fIOIHCKy :Cpe,;J,H 'M3TpHLIHbIX IKOHeLI'HbIX J1HHeI1HbIX 'CyMYI LC+kD(l{), rYI3


)KOpHpyIOmHx D, TaKOH, KOTOpOH COOTBeTcTByeT MHHHM3JIbHOe 3HaLIe

HHe 2: C+km(h)'
 

ITpHMep 4.4. ITYCTb 3a,ll,aHHbIMH 5IB.n5lIOTC5I MXt.=O, MX2t.=~, MX:2 t .== 
l l _ l
 

==~2 = -Jill (-X2 t i), i = 1, ... , fl. OHH BcerJ,a 6y,J.YT HenpoTHBopelHiBbIMH, eC.na
 

~2 ~ ~ H corJIaCOBaHHbIMH. 3,J.ecb nepBHQHbIMH 6Y,.lYT eJI,HHHqHble Ma TpHllbI ± I 

co cpe,UHHMH COOTBeTCTBeHHO 02, -cr2 (rrpHBe,rr,eHHbIMH K BepxHeMy). HepaBeHcTBo
 

noc.ne,ll,BoeT04H5I B (4.5) 3anHllIeTC5I-T3K: cI-D ~ 0, Tor,J.a HH<PHMY~I B (4.5) ,.10C


THraeTC5I apn c, paBHoM MaKcHMa.nbHoMY Amax c06cTBeHHo:\1Y qHCJly :.vIa TpHUbI 0, 11
 

B 3aBlfiCHMOCTH OT ero 3H3Ka MXTDX = max {A maxcr 2 , Amaxcr-Z}. 

npeACTaB~eHMe npOueCCOB BTOporo nop~AKa ceMeHCTBaMH CpeA

HHX H KOBapHaUHoHHbIX <lJyHKUHH. f1 pou,ecc Ha3bIBaeTC5I npOCTblJrt
 

BTOp020 nOpJlOKa, eCJIH OH 33JI,3erC51 TOlJHbIl\1 cpe,UHHM j\1Xt-= 111,t 11
 

TOlJHOH KOB3pHaUHeH b (l, L), orrpene.n5IeMoli epOpMyJIOI1
 

b (t, 't) = M (X t - m t ) (XL - m
L
). I 

0603Ha4HM Mo,UeJIb npOCToro rrpouecca BToporo nop 5In Ka K3K <m, b),
 
rJI,e ,CQlKp3Tll,eHHO m={mt}, b={b(i, T)}.
 

06beJI,HHeHHe rrpocTbIX rrpoueccoB 3anHCbIBaeTC5I:
 

Jft = V V (m, b), (4.6) 
mE9J1 bE~m 

r,ne MHOMeCTBO ffi1 Ha3bIBaeTC5I co6cTBeHHbIM CeMeI1CTBOM cpeJJ,HIIX, a
 

MHOMeCTBa ~m - co6cTBeflflblMU ceJvteucTBaMu KOBapual{tll£ (B 06

meM, BH,U KOTOpbIX MO)f{eT 6bITb p33HbIM ,11)151 pa3HbIX cpe,UHIIX m).
 
06'be,UIIHeHIIe (4.6) Be,UeT K rrpoueccy BToporo rrOp5JJI,K3, 33JI,aBae~10

My cpe,nHHMH 

M (~ Ci Xt. + ~ 2: do Xt. X t .) = sup [~Ci mt. + 
l l J mEm l 

+ ~ ~ dij mt· m t ·+ sup 2: ~ dijb (t i , t j )]. (4.7) 
l J bE~m 

npHlJeM Bce KOB3PH3UHH ceMeH,cTB ~m ,UOJI)f(HbI 6bITb HeoTp HU 3Tet/lb

HO orrpe,aeJIeHHbIMH B TOM CMbICJIe, lJTO 22 ~ cicjb (t i , t.i) ~ 0 rrp II "llO

GOM BbI60pe OTCLIerOB t i H K03<p<PHUHeHTOB Ci KOHe4HbIX CYM:\I. 110

KaLKeM, 410 TaKOH crroc06 3a,UaHII5I rrpOl1,eccoB BToporo rrOp5I,JEd HB
JI5IeTC5I YHIIBepcacIIbHbIM. 

Teo p e M a 4.1. KaJICObll1 npol{ecc BTOp020 nOpJlOKa 3KBUBa.leHT

HblM o6pa30M MO{)fCeT 6blTb saoafl B Buoe (4.6) co6cTBeflflblMll Bbl-
nYKAblMU celvleucT8aMu 9n cpeoflux U ~ m, mEill1, KOBapual{uu. 

JJ. 0 K a 3 aTe JI b C T B O. 3anIIlueM.;/{ = V .JI( m' rJI,e.;/{ m=Jft /\ <rn) eCTb m-ceqe

mE9)1 

lfHe. 0603HaQlHM J( m. b =J( m /\ <b) MO,ll,e,IIb ~poueccac TOqHbIM CpeJI,HHM tnt If TOq

HOM KOBapHaUHeH b (t, 't), KOTOpa51 6YJJ.eT co6cTBeHHOH, ec.nH rrepeCetIeHHe HenycTo. 

3aMeTHM, tITO (b) npe).I.I10JIaraeT TOtIHOe 3HatIeHHe mt H HMeeT CMhICJI JIHlIIh ,lVISI 

mt-CelleHIUI J{m' TaK KaK Xl eCTb npouecc BToporo nop5IJJ.K a , TO ero mt, a 38

TeM b (t, 't) -CeqeHHeM 6YJI,eT JI(m. b = (.;/{i\ (m») 1\ (b)= (rn)1\(b) = (m, b)J liTO co

OTBeTcTByeT npocToMy npoueccy BToporo rrOp5IJI,Ka. 0603HatIa51 91 m = {b : J(m, b* 
==0} H Bblpa:IKa5I .;/{ G6be,.l,HHeHHeM CeqeHHtI, no.ny4aeM rrpeJI,cTaB.neHHe (4.6), qTO 

H ,ZI.OKa3bIBaeT TeopeMY· 

. CKpbIToe co,Uep)l{aHHe .9TOH TeopeMbI, 3aCJIY)l{HBalOmee rrpHCTaJIb

Horo BHIIM3HII5I, 3aKJIlOqaeTC5I B TOM, 4TO CTaTIICTIIQeCKII HeYCTOffqH

BbIt'I npouecc, y KOToporo TOlJHbIX cpe,U'HHX H KOBapIIaUHit BOBce He 

cymecTByeT, npeJI"CT3BJI5IeTC5I ceMeHCTBOM COCTaBJI5IIOmHX ero rrpo

ueCCOB C TOLIHbIMH 3Ha4eHH5JMHmt H b (t, L), T. e. CTaTHCTHqeCKH 

YCTOHlJHBbIX. 3TO o6mee rrpenCTaB.n:eHHe yn06Ho, KOfna OHO He qe

pecqyp rpOM03nKO. 

cI>OpMyJIbI (4.7) nJI5I paCqeTa cpe,UHHx 4epe3 CeMeI1CTBeHHoe rrpeJI,

CTaBJIeHHe MOlliHO p3ccMaTpHBaTb K3K pe3YJIbTaT npHMeHeHH5I K npo

ueeC3M BToporo rrOp5IJIKa rrOn4HHeHHo-annHTIIBHoro npe,UcTaBJIeJHH5I 

(4.1): Xt,m = 1n t+St,m, rne St,m HMeIOT HyJIeBbIe cpe,UHHe Mm£t,m-O 
H onHCbIB31OTC5I celVlelicTBaMH ~m KOBapHaU11H. PaClllHpeHHbIM 6y)J.eT 

rrpe,II.CT3BJIeHHe BH,LLa (4.2): X t ,m c::: mt +St, rfJI,e «JI,06aBKa» St HMeeT 

HyJIeBOe CpeJI,Hee MGt = 0, cB06ojI,Ha OT mt H onpeneJI5IeTC5I 06'be;LH

HHeM U ~m ceMelicTB. CBH3b x3paKTepHcTHK paclllHpeHHoro rrpejI. 
mEm 

CT3BJIeHII5I C HCXO,UHbIMH Ha O)lHOM lJaCTHOM CJIy4ae 6yJI,eT IICCJIe

)J.OB3Ha HH)l{e. 

HHTepBanhHwe KOBapHaUH" H KOppe~QUMH. KOppeJIHU110HHwe 

CBoHcTBa B HaWeI1 HHTepnpeT3UHH 04eHb P33Ho06p33HbI. A HeJIb351 

JIH ynpOll1,eHHO OTIUCaTb CB5l3b Melli,Uy Xt II XL C yqeTOM HeOnpeneJIeH

HOCTH 3TOH CB5I3H, BbI3BaHHOH KaK H3WHM He3HaHHeM, HeB03MO)KHO

CTblO ee TOlJHO rrpOaHaJIH3HpOBaTb, TaK II 'CT3THCTHqeCKOI1 HeycToH

qHBOCTblO npouecca? 

Y)I{e rOBOpHJIOCb, LITO 3T3 CB5J3b X3paKTepII3yeTC5I rpaHHuaMH KOp

peJIHIJ,HI1: f(t, L) ==MXtXt . I-Io 3Toro MaJIO, 11 BOT rroLIeMy. K3LKJI,Oe Xt 

corJIaCHO 3'unHTHBHOMy rrpe,UCTaBJIeHHlO CKJIa,UbIBaeTCH II3 JI,ByX CO

CT3BJI5IIOll1,HX: rrO.TIHOCTbIO HeH3BeCTHOI1, CTaTHCTHqeCKH HeycTOHlJIIBOH 

,mt - 3TO .nlO635I epyHKUH5I 113 c06CTBeHHoro ceMelicTBa ill1, H c.nyqaH

Hotr ,.looaBKH H £t,m ('B03~IO)KHO,nO;p-I11H5I1Oll1,eI1C5Imt). 11 'qallJ,e OEa

3bIB3eTC5I, LITO cBoeMy pa3Maxy rp3HHUbI ~ (t, 't) 065I3aHbI 11MeHHO 

BJIH5IHHlO tnt, a 3Toro He X01eJIOCb 6bI. BbIJI,eJIHM KOppeJI5IUHOHHble 

CBOHCTBa, KOTopble 6bIJIH ObI OTJI,eJIeHb1 OT mt H xap3KTepH

3Y10T 'OCT3TOI\. IlpII TOY:HLIX cpeJ,HHX rrlt 11 Koppe.TI51IJ,H5IX 1"(t, 17) 

TaKHe CBo~rCTBa naeT KOBapUat{UONHa5l ¢YHKl{UJl b (t, 't) = r (t, 'T)
-tllimy, a rrpII HeTOlJHbIX mt - 2paN1ll{bl KOBapual{Uu: 

bi (t, 't) == M (X t - ~t) (XL -. '!!lJ, b2 (t, 't) == M (Xt -- ,'fl t ) (XL - mL), 

b3 (t, L) == J\t1 (X t - mt ) (XL - mL), b4 (t, 17) == M (X t - mt) (XL - '!2L)· 

fpaHHIJ, qeTbIpe: bi 11 b2 - HH)I{HHe, a b3 H b4 - BepXHHe. 
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Ka)K,lI.YIO H3 KOBapIIaUHH MO)KHO pacnIIcaTb KaK HeKoTopyIO CTO

pOHy co6CTBeHHbIX ceMellcTB Wl II ~ m ,HCI10JIb3Y5I ,nJI5I 9Toro (4.7). 
HanpHMep, 

bI (i, T) = inf inf [b (i, T) + (m - ) (mT;t m tmEIDl bE!8 m 

-m't)] = inf [bm(i, T)+(mt-m t ) (mT;-m't)J, 
- mE9Jl - - 

f,J,e b met, 't) - HII)KH5I5I rpaHb KOBapllaUHH B ~m, II TaK JJ,JI5I 'OCTaJIb

HblX-(HeTpy,ll)-IO BbIBeCTH IIX B KaqeCTBe ynpa)KHeHH5I). 

PaccMoTpIIM npHMep, II3 KOToporo MO.lKHO H3BJIe4b cO,lLep)KaHHe 
KaM,lLOH II3 KOBapIIaUHit 

TI p iii M e p 4.5. IlYCTb rrpouecc X t J3TOpOrO rropH.rr.Ka HMeeT rrOCTOHHHoe cpe):(

Hee :H MO:tKeT Haxo,nHTbCR B O,nHOM H3 ,nByX COCTOHHHH, B KOTOpbIX cpe,nHee 11 

KOBapHaQHR paBHhI cooTBeTcTBeHHo JIH60 Imt, Xi (f, 1'), JIH60 m2, K2 (f, 't), r,ne 

nIl H m2' - ,nBa qHCJIa, npHqeM ,nJI5I onpe,neJIeHHOCTH CqHTaeM mi > m2. aTO ,naeT 

orulcaHHR JI.BYX rrpOCTbIX rrpoueCCOB, COCTaBJI5IlOmHX Xt, a BMeCTe 3a,naeT Mo.ueJIb X t 
B BHlLe 061>e,lI;HHeHH5I: J(=J(1VJl2, r,ne .;/{i= (nIi, Ki), J(2=(m2, K 2). Tor,na 

bi (f, T) == min {K1 (t, T); (m2 - mt )2 + K 2 (f, T) },
 

b2 (f, T) == min {K I (t, 1') + (ln2 - m1)2; K2 (f, T)},
 

b3 (f, T) == b4 (f, T) === max {K/(f, T); K2 (f, T)}.
 

3;I,eCh bi (f, T) H b2 (f, 't) MorYT OKCl3aThC5I qyTh 3aBhIllIeHHhIMH no cpaBHeHHlO C 

MHHHMaJIbHbIM H3 ABYX 3,HaqeHHH Ki (i, 1') H K2 (t, T), TeM He MeHee min {b i (f, 1'), 
b2 (t, 't)} = min {Ki (f, 1'), X2 ( f, 't)}. 

ECJIIi Bce qeTbIpe KOBapIIaUHH paBHbI 0, TO Xt H X Ha3bIBaIOTC5I
T 

HeKOBapHHpOBaHHbIMH (CM. (2.10)), qTO MO.lKeT 6bITb CJIe,lLCTBHe:M 

He TOJIbKO Toro, 4TO B no,nqHHeHHo-a,n,nHTHBHOM npe.u.CTaBJIeHHH (4.1) 
cJlyqaHHble COCTaBJI5IIOIIJ.He 6t, m rrpH Ka.lK,lLOM mt HeKOppeJIHpOBaHbI 

MeM,lLy C060H, T. e. M m St, m ~T, In == 0 (TOr,l(a b1 (t, 't) == inf (mt-mt) X 
m -


X (mT-m t) == 0 H aHaJIOrHQHO ,lI.JI5I OCTaJIbHbIX KOBapHaUHH), HO H TO

ra, I.JTa· rrpaCTO CJIyI.JaHHa5I CaCTaBJI5IIO/..Ua5I OTCyTcTByeT, T. e. Xt=mt,
 
KaJ{ 'B npHMepe 4.3 cyry60-orpaHH4eHHoro npouecca, 0 KOTOpOM H3


BeCTHO TOJIbKO, lITO ero peaJIH3aUHH He MoryT no MO,lLYJIIO npeBblwaTb
 
HeKOTopbIH ypoBeHb.
 

I1cnOJIb3yeM paCWHpeHHoe a,lL,UHTHBHoe npeJI.CTaBJIeHHe (4.2): 
Xt r= ,nt+£i. TaK KaK 6t OTIHCbIBaeTC5I 06be,UHHeHHbIM no im ,ceMeH
CTBOM U~m, TO rpaHHuaMH KOBapHaUHH 6y,lLyT 

b (i, 't) == inf inf b (i, 't), 
- mEW'l bE~m 

Ii (t, T) == sup sup b (i, 't). 
mE9)1 bE~m 

3TO 6Y,UyT paClliHpeHHbIe rpaHHUbI, TaK KaK, B 06meM, 

~ (t, 't) ~ min fbI (t, 't), b2 (t, 't)}, Ii (t, 't) > max {b3 (t, 't), b4 (t, 't)}. 

PaBeHCTBa HMeIOT MecTo, OlIeBH,lLHO, npH 2.'m==2.', y,m, HO He TOJIbKO 

(CM. npHMep 4.5).~ 

PaccMoTpHM CB5I3b KOBapHa~HH C KOppeJI5I~HOHH~MH epYHKUHHMH: 

HH)KHeH !.(t, 17) =MXtXT H BepxHefI f(t, 't) == MXtXT • Ha OCHOBaHHH 

paclllHpeHHoro a,IJ)J,HTHBHoro npe,lLCTaBJIeHH5I HMeeM: 

r (i, 't) :!:= inf [m t m't +bm (t, 't)] > inf mt mT; +b (i, T) ; 
- mtEW'l - mtE9Jl 

r(t,'t)= sup [mtmT;+bm(t,'t)]~ sup mtm't+b(i,T). 
mtE9Jl mtE9Jl 

npH t='t nOJIyqaeM COOTBeTCTBeHHO 

MXl > (I M f X t )2 +~ (i, t), Mxl ~ (1M I X t )2 +b (t, i). 

Bce 3TH HepaBeHCTBa 3aMeH5IIOTC5I Ha paBeHCTBa npH cB060,UHo-a,lJ,

,lJ,HTHBHOM npeACTaBJIeHHH. B 3TOM CJIylIae TOqH~e 3HaqeHH5I Koppe

JIHUHH r (t, 17) 3KBHBaJIeHTHbI TOIIHbIM Cpe,lLHHM MX t =Imt H TOqHOH 

KOBapHaUHH b (t, '1'). Bo06me npH T04HbIX Cpe,lJ,HHX Imt rpaHHUbI KOp

peJI5IUHH 'C nonpaBKoH Ha CJIaraeMOe mt,ml: COBTIa,lLaIOT C rpaHH~a

MH KOBapHaUHH: 

r (t, 't) = m t m't +~ (i, 't), ,-:(t, 1') = mt mT; + b (i, 't). 

Pa3JIOLKeHHe npOl.(ecca no 6a3Hcy. CMbICJI JII06bIX pa3JIO.lKeHHH 

npouecca CBO,lLHTC5I K yrrp0IlJ,alOIlJ,ei1 ero 3aMeHe ,lLHCKpeTHbIM na6o

pOM K03epepJ1~J1eHTOB. 

<. IlYCTb ej(t), j= 1, 2, ... , eCTb CHCTeMa OpTOHOpMHpoBaHHblx 'epyHK

UHH, 3a.u.aHHbIX Ha oTpe3Ke [0, T]: 

Se i (t) ej (t) dt = 8i j = {OI' ~ =::!' 
, l - J. 

3,Uecb Ii l)I.aJIee HHTenpaJI OT 0 ,lL0 T - no Mepe-,,lLJIyrHe. <PrYHKLLHtH 

e j (t) 5IBJI5IlOTC5I KOOp,lLHHaTHbIMH«OC5IMH» fHJIb6epTOBa rrpocTpaHcTBa 

2 2 Bcex HHTerpHpyeMblx C KBa,UpaToM epYHKLLH~I: 2 2 == {Ct:f c2 
t dt< 

< oo}. CKaJI5IpHbIM np0J13Be,lLeHHeM B 3TOM rrpocTpaHcTBe 6Y,lLeT (Ct; 
at) == f Cta-tdt. B 3THX 0603Ha4eHJ15IX OpTOHOpMHpoBaHIHocTb 3anHCbI

BaeTC5I: (ei(t); ej(t»==Oij. 
CHcTeMa ej (t), j == 1, 2, ... , OpTOHOpMHpoBaHHblx epyHKUHH Ha3bI

.\ BaerC5I nOJIIIOI1, eCJIH ;LJI5I JlI06oI1 epYHKl~HH ctE22 lIiMeeT MeCTO 

paBeHCTBO 

k~~ f [C t - j~I (f Ct ej (t) dt) ej (t) rdt= o. 

B 3TOH epopMyJIe cyMMa BHyrpH KBa,llpaTHblX CK060K eCTb pa3JIOlKe

HHe epYHI~LLHH Ct IE p5I,lLrro e j (t) . 
DOJIHa5I OpTOHOpMHpOBaHHa5I CHCTeMa epyHKUHH ej (t) Ha3bIBaeTCH 

6a3UCO./J;t B 2 2. HarrpHMep, 6a3HcbI B ::£2 H3 \[0, T] o6pa3ylOT: 1) HOp

MHpoBaHHbIe rrOJIHHOMbI JIelKaH,Upa, 2) rapMoHH4ecKHe epyHKUHM 
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lr 2/T sin (2njt/T) , j == 1, 2, ... , ,norrOJIHeHHble nOCT05IHHOM eo (t) = 6aJlaac». B .3TOM ICJI,yqae rKOlppeJI5IUIIOHHbIe CiBOHCT!Ba IKO.3ep,epHUIIeHTOBcos 
} pa3.lIO)KeHH5I He 6ynyT onpe,neJI5ITb nOJIHbIX KOppeJI5IUHOHHhIX CBOHCTB== 1/ Vr. 

HCXO,UHoro npouecca II nepexo,n OT rrpouecca K ero paSJI02KeHHIO BhlPaccMoTpHM paSJIOLKeHHe npol(ecca no 6asHcy 
30BeT nOTepH. 

X t = ~ X (j) eJ (t), x (j) = f X t ej (t) dt, t E [0, T]. .(4.8) 
j=I 

CQHTaeTC5I, LITO MH02Ke:CTBO ge ==22 ,lI.OcTOBepHhlx peaJIHSaUHH npo

uecca X t ,nOJI2KHO COCT05ITh HS HHTerpHpyeMhlx C KBa,npaToM epyHK
lI,IIlf. 

CBoHcTBa KO.3epepHIJ)IeHTOB paSJI02KeHH5I 6y,nyT nOJIHOCThIO onpe

.ue ..l5ITbC5I CBoHcTBaMH HCXO,lI.HOrO npouecca. B qaCTHOCTH, KOppeJI5I

llllOHHwe CBoHcTBa rrpouecca o,nHoSHaqHO orrpe,neJI5IIOT KOppen5Il(HOH

Hble CBoHcTBa KO.3epepHl(HeHTOB pa3JIOMeHH5I, qTO BH,nHO HS uenOqKll 

paBeHcTB, C'rrpaBe,lI,JIIIBhIX ,lI,Jl5I KOHeqHhIX CyMM: 

M [ ~ ci X (i) + ): L do X (i) X (i)] = 

=M[~cjS Xtej(t)dt+~LdiJS Xtei(t)dtx 

X SX t ej (t) dt] = M [S X t g (t) dt+ Sf X t X-r; h (t, 1:) dtdT] == 

== lim M [~Xt g (tm) (tm+1 -tm ) + 
lt1t I~O m m 

+ ~ L X tm X tn h (tm, tn) (tm+1 - tm) (tn+1 - in)], 
m n 

r ;Je :g (t) == 22 Ci ei ( t), h (t, T) == 2:~ d i j ei (t) ej ( t) . 
'uJI5I Ka2K,lI,OH peaJIII3aUHH HS Ie 2 CrrpaBe,UJIIIBO HepaBeHCTBO 

k

S,;\2tdt~ 'J.2X (j) 2, ,UOKaSbIBaeMOe CJIe'uyIOlIJ,HM 06paSOJYI: 
1 

k '2 [ k 
0::;;; J [ X t - f X (j) ej (t) J dt= J Xl-2Xt 7X (j) ej (t)+ 

+ (*X (j) ej (t) rJdt = J Xi dt - *X (j)2. 

OTCIO,na, eCJIII npouecc HMeeT KOHeqHYIO cpe,nHlOIO .3HeprHlO, T. e. 

J Mxl dt <00, TO M .±X (j)2 ::;;;AifJ Xl dt ::;;; J MXl dt; 
I 

M ~ 
k 

X (j)2 ~ M SX; dt. 
I 

TlepeXOn5I K rrpe,neJIy k-+-oo, rrOJIyqaeM 

00 00 

M ~ X (j)2 ~ M S Xl dt, M ~ X (j)2~M S Xl dt. (4.9) 
I I 

HepaBeHCTBa HaBOn5IT Ha MhICJIb, LITO JY1eM.uy rrpOueCCOM X t HerO 

pa3JIO)KeHHeM (4.8) MO:tKeT HMeTb MeCTO «3HepreTHqeCKHH nHc6a
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1 PaCCMOTpliM TOT CJIyqaH, KOr,lI.a rrepeXQ,n K paSJI02KeHHIO He CB5I

3aH c nOTep5IMH B CBot'ICTBax BToporo rrOp5I,lI.Ka. BY,lI.eM nOHHMaTh 

pa3.ll0JICeHUe (4.8) B cpeoHeK8aOpaTUtieCKOM CKB-CMblCAe, COOTBeT

cTBylOlIJ,eM paBeHcTBy 

lim MS [Xt - ±X (j) ej (t) J2 dt = 0. 
,!?....:;oo I 

HIDKe CLIHTaeM, qTO npouecc HMeeT KOHeqHYlO Cpe)lHlOIO .3HeprHIO. 

B CHJIy HepaBeHCTB (4.9) HMeeM 

0::;;; M JXi dt-M ~ X (i)2::;;;M [J Xl dt

- ~ X (j)2] ==lim M J [xt - ±X(j) ej (t)]2 dt =o. 
I k~oo I 

OTCIO,lI.a BUnHO, qTO HepaBeHCTBa B (4.9) SaMeH5IlOTC5I Ha paBeHcTBa 

00 

.\1 L X (j)2 = M J Xi dt, M ~ X (j)2 = M Sxi dt. 
I 

)
1 

I
B 3TOM cnyqae KOppen5IUHOHHWe CBOHCTBa npouecca 6y.uyT 3KBIIBa

JI eHT HhI K0 PPeJI 51 UH0 HHhI M CBOHCTB a M K0.3 ep ep II I.I.He HT0 B Pa 3nO)Ke HH5I. 

CK33aHHoe BKJIanhIBaeTC5I B TeopeMY. 

~ Teo p e M a 4.2. nyCTb np0l{ecc HenpepblBefl 8 CKB-CMblCAe lia 

1[0, T] : limM(X1:-Xt)2=O. T020a e20 pa3AOJICeflUe (4.8) 8 pRO 
't~t 

cnpaBeOilUBO B CK8-CMblCAe. nPU 3 TOJli KoppeAfll{UOfiHble CBOU

CT8a npol{ecca ..:X i U e20 K03¢rjJUl{UefiTOB pa3AO;)fCeflUfl X (j) 3KBU8a

AeHTlibl. 

l1. 0 K a 3 aTe JI b C T B O. 'uOKa3aTeJIbCTBO BTOP01I LIaCTII TeopeMbI, no CYTH, CO

.n.epThIITC5I B paccy)K,UeHH5IX, npeJJ,wecTByIOmHX TeopeMe, nO.3TOMY OCTaJIOCb AOKa

3aTb nepBylO. I1pH TOLIHbIX cpe;J,HeM H KOBapHaUHH b (t, 1') .3Ta TeopeMa 5IBJI5IeTC5I 

H3BCCTHOH [1, c. 500]. B o6meM CJIyLIae ,CBOrICTBa BToporo nOp5I;J,Ka .9KBHB3,,1eHT

iHbI 3a;:r,aHHIO c06CTBeHHbiX ceMeHCTB ill1 H ~ ill' mEill1. 113 HenpepbIBHOCTli npo

uecca BbITeKaeT paBHOMepHa5I HerrpepbIBHOCTb Bcex epYHKQHlI 113 ill1 H Bcex npo

ueCCOB St. ill B nO,UtIHHeHHo-a,U,UHTHBHOM npe,lI.CTaBJIeHHll Xt = mt + St. ill. OTCIO,lI.a 

Ka:tKJ.a5I peaJIH3aUHH mt cpe,UHero H Ka:IK)J.bIH npouecc St, m MO)KeT 6bITb pa3JIO· 

MeH B p5I,lI. no 6a.3Hcy, a B CHJ'Iy paBHOMepHOH HenpepbIBHOCTH CKB-CXOJI,HMOCTb 

.9TOro p5I.l:r.a 6Y,Ll.eT paBHOMepHOrr OTHOCHTeJIbHO ill( H ~m' IT03TOMY, 0603HaQa51 

m (j) 11 Sm (j) - KO.3cPcPHUHeHTbI pa3JIO)KeHH5I m(t) H Sf, m B p5I;LbI no 6a3HCY 

e j (l) II IICrrOJIb3Y5I Cr-HepaBeHCTBO § 3.1, nO"TJyqaeM 
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MS [Xt-fXU)Cj(t)r dt = 

== sup 2M~f [mt- ~ m(j)Cj(t)+GI. m 
mEm 1 

k k]2 {[ ]2
- L ~m(j)ej(t) dt~ SUp 2S mt- 22m(j)ej(t) dt+
 
1 mEm 1
 

+M~2S [ Gt,m - f Gm(j)Cj(t)r dt } = 

== 2 sup {J[mt - ~ m(j) Cj (t)]2 dt +
 
mEm 1
 

2 

+ SUp jVil bS[ GI m b- ±;mb U)Cj(t)J dt} ~ 
bE~m' ,. 1 • 

~ 2 sup s[mt - ~ mU) Cj (t l]2dt + 
mEm 1 

+ SUp [b(t, T)- ±±SSb(t, Tle;(t)ej(T)dtdT].
 
bE~ 1 1
 

06a cJIaraeMhIX npaBofI qaCTJf CTpeM5ITC5I K 0 npH k-+oo B CHJIy paBHoMepHoI1 

HenpephIBHOCTHCeMefIc'TB me H ~ = IU ~m' ,qTO }I,OK33hIBaeT TeopeMY· 

mEm 

OTMeT'HM, qTO ,C:K(B-nenpepbIiBHbIH Inpouecc BTOpOif'O nOp5I,J,'Ka np'lI 

ero pa3JIO:tKeHHH rrpe06pa3yeTC51 B nOC.ne,llOBaTeJIbHOCTb TaK)Ke BTO

poro nOpH,llKa. 

4.3. O,lI,HOPO,lI,HbIE H CTAUJfOHAPHbIE npOUECCbI 

OAHopOAHwe npoueccw. OOHHTHe O,UHOpO,UHOCTH npIIMeHIITenbHO 

K nOCJIe,llOBaTeJIbHOCTHM BBO,UHJIOCb B § 3.1. 3,lleCb OHO npHKJIaLI,bI-

BaeTCH K npoueccaM.
 
TIpouecc X t cqHTaeTCH OOHOpOOHbl;li, eC.TIH ero Mo,UeJIb C1I11MeT

x x

pHqHa K C,UBHraM BO BpeMeHl'I: J1{ t =:::::.Jf{ t+-c, qTO 3:<BHIBa.TIeHTHO TO)K

,lleCTBy cpe,UHHx Mf{X t } =:::::.Mf{X t+T } , ViEg-, V't. COBepweHHo 5lCHO, ~ 

qTO nOH5ITHe O,UHOpO,UHOCTH HMeeT TOqHbII1 CMbICJI JIHWb ,ll.TI5I npouec 

COB, onpe,ILeJIeHHbIX Ha BceH ,UJIIIHe BpeMeHHotI OCH (-00, (0). Ho 
MO)KHO paccMaTpHBaTb yqaCTOK O,llHopo,UHoro npouecca .TII06ofI KO

HeQHOH npOT5I:tKeHHOCTH [0, T]. O,UHOP0,UHOCTb n03BO.TI5IeT C3KOHO

MHTb Ha 3a,UaHHH npouecca, c,UeJIaB 3TO pa3 ,UJI5I O,UHoro nOJIO)KeHH5I 

rrpH3HaKoB Ha BpeMeHHoH OCll H nepeHeC5I Te )Ke 3HaqeHH5I Ha JII060a 

C,UBHr no BpeMeHH, cymecTBeHHo npeyMHOllia5I TeM caMbIM nepBHq-

HbIH Ha60p.
 
TIpouecc 6y,UeT O,UHOpO,UHbIM, eCJIH BblnOJIH5IlOTC5I ,UBa YCJIOBH5I:
 

1) Ha60p nepBllqHbIX epyHKUHOHaJIOB, onpe,UeJI5IIOIUHX npouecc, npll
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C,UBMre BO BpeMeHH rrpe06pa3yeTC5I caM B ce6H; 2) nepBHqH~e cpe,ll 

RMe rrpH C,llBHre BO BpeMeHH He MeH5IlOTCH. CKa3aHHoe ICHMBOJIbHO 

3 a IIIICbIB aeTC 51 : 

1) g{Xt}E §*g{Xt+t}:::J::gt{Xt} Ef], 'IT:; 

2) Xi g {Xt}= Xi g {Xt+-c}, V g E fJ, 'IT:. 

Dp HM epoM O,UH0 pO):LH0 ro 5IBJI5I eTC5I IIpoUecc, 0 rrp e,lleJIe HHbIH IIOC

105IHHbIMH rpaHHuaMH Cpe,llHerO MXt ==:rn, MXt == fii II TeKymeH MOll1,

HOCTH MX2 t == f, MX2t == f. ITepBH:l.l\HbIH Ha60p 3):LeCb C03):LalOT BceB03

MOlliHbie OTCqeTbI rrpouecca H IIX KBa):Lp aTbI: ~ == { ± Xt, ± X2t, -00 < 
<t<oo}, II BH):LHO QTO 3TOT Ha60p He MeH5IeTC5I rrpH C):LBHraX :EO 

BpeMeHH, KaK II Cpe,llHHe Ha HeM. 

06~eaUHeHue u nepeCeqeHUe (UMeR B Buay MOaeAU) OOHOpOaH~X 
npOl~eCC08 npU80aflT K OaflOpoaHOMy npolfeccy. Cy1KeHHe :IKe MO:tKeT 

npHBeCTH K HapyweHHIO CBOHCTBa O):LHOpO,llHOCTH, rrOCKOJIhKY BHyTpH 

(),UHopO,UHoro rrpouecca cymeCTByIOT HeO,llHOp0,llHble COCTaBJIHlOmHe, 

KOTopbIe MoryT «BbICKOqHTb» rrpI13TOM Hapy*y. 

J1lO6oH rrpouec,c X t paClllHpeHHeM (,«3a6bIBaHHeM» ero HeO):LHO

PO~HWX oco6eHHocTei1) Mo*eT 6WTb rrpHBe~eH K O,llHOpO,UHOMy rrpo

ueccy Yt. ,UJIH3TOrO Hy1KHO TIOJI01KHTb Ml{Yt} == sup Mf{Xt+T } , 

-00 <-c<oo 
VfEfT, H 3TH 3HaqeHHH 3a,ll.a,llYT Yt. 

[OJIbIH rrpouecc, cooTBeTcTByIOIUHH rrOJIHoMy OTCyTCTBHIO KaKHX

JIH60 ,ll.aHHbIX, BCer,ll.a O,llHOpO,ll.eH: C,llBHr BO BpeMeHH He MeHHeT HY

.JIeBbIX CBe,lleHHH 0 TaKOM rrpouecce. 

I1HBapHaHTHbIe BO BpeMeHH npeo6pa30BaHH5I O,llHOP0,llHbIX npo

ueCCOB Be,llyT K O,lI.HOpO)1.HOMy rrpoueecy, HarrpHMep He.TIHHeHHbIe 

,6e3bIHepUHOHHbIe I1Ipeo.6pa3IOBaHH5I BH,Ua Yt=f{Xt},JIHHeHHble npe06

pa30BaHHH BH,Ua Yt == S h (t-T:) XT d1:. CKJIa,llbIBaHHe, BbIlfHTaHHe H rre

peMHOLKeHHe O,llHOP0,llHbIX rrpoueCCOB npHBO,llHT CHOBa K O,llHOP0,llHO

My npoueccy. 

P aCWHp5I5I nOH5ITHe O,llHOpO,llHOCTH, 6yn.eM rOBopHTb He 0 He1I3

MeHHOCTH Bcex 'CBOHCTB rrpouecca no OTHOllleHHIO K c~BHry BO Bpe

MeHII, a 0 HeH3MeHHOCTH TOJIbKO HeKOTopbIX H3 HIiX. TIpouecc Ha3bI

BaeT'C5I Q-O,UHOpO,UHbIM, eCJIHMq{Xt} ==Mq{Xt+T } , VqEQ, V't, T. e. 

rrplI C,ll.BHre BO BpeMeHH He MeHHlOTC5I Cpe)1.HHe npH3HaKOB Ha60pa Q. 
310 tLaCTUtiHO-OaHOpOaHblU npouecc, HO eCJIH Q 51BJI5IeTCH nepBHq

HbIM Ha60poM, OH 6y):LeT O)1.HOP0,llHbIM B 06lUeM CMbICJIe. To :tKe caMoe 

6y,.leT, eCJIll Q-::::>C§, r,lle ~ eCTb nepBlIqHbIH Ha60p. ECJIH :tKe QcCS, 
TO Q-onHop0,UHbIH rrpouecc caM no ce6e MO:tKeT He 6bITb O,llHOpOn

HbIM, TaK KaK HeKOTopbIe ero nepBllqHble )1.aHHble cnoc06HbI, B 06

meM, 3aBHceTb OT C,llBHra BO BpeMeHH. 

HarrpHMep, eCJIH nepBHqHhIMH 5IBJI5IIOTC5I A1Xt =m, NL'<t=m, MX2 
t =r, NlX2 t =r, 

TO npouecc 5IBJI5IeTC5I O,lJ.HOP0,lJ.HhIM. ECJIH :lKe-nOMHMO 3THX HMeIDTC5I )(pyrne nep

BI-ItlHble ,lJ.aHHhle, 3aBHC5IIUHe OT BpeMeHH, HarrpHMep MX3 t =m(3) (t), TO npouecc 

6Y,Ller Y:lKe TOJIhKO qaCTHqHO {±X, ±x2} -O,lJ.HOP0,lJ.HhIM, 3 cpe,UHee H MOIlJ.HOCTh 

ero O~HOpO,lJ.Hwe rrapaMeTpw. 
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c 

TIpouecc, KOppeJI5I11,HOHHbIe cBofICTBa KOToporo He MeH5IlOTC5I BO· Hue Xt B BII!le OObeJ,HHeHH5J mt-rrpOCTbIX npoueCCOB: .ift = V (171 t), tITO HJI.nIO~' 

BpeMeHH, Ha3bIBaeTC5I OOflOPOOflbl/vt B ULUPOKO.l1t C,iHblCAe. n.7I5I TaKoro !!!:.~mt:::::;fn 

rrpouecca TOiK,UeCTBeHHO rro 17 CTpHpyeT H3111Y ~bIC.JIb 0 HeOJ,HopO;I,HbIX COCTaBJI5J1OU~Hx OJI,HopO!lHOro npoueCC3. 

Al (2: Ci X ti + L: ~ dij Xt. X t .)
l J 

== /\1 ( ~ Ci X ti+t + ~ L do X ti+t ~Xtj+t)· 

3TO 4acTH4Ho-0,nHOPO,nHbII1 rrpo11,ecc, HO eCJIH ;:LpyrHx KpOlVle Koppe

JI5!UHOHHbIX ,UaHHbIX HeT (T. e. npo11,ecc BToporo nOp5!,UKa), TO OH o,U

HopO,J,eH B 06meM CMbICJIe. 

PacCMOTpH M O,UHOp o,nHbI e n p 011,ecCbI BTOp 0 ron 0 p 51,U K a . Co6 CTBe H· 

Hoe IceYIeitcTIBO m1 Cpe;I,HHX ;,J,JI5I HHX HeJ,OJIlKHO YleH5ITbC5! IlpH 'C;lBH

rax BO BpeMeHH lntE5JJC*mt+tE5JJC, V't, H TO :IKe caMoe MOlKHO CKa

3aTb 0 Ico6CTBeHHbIX 'CeYlei1CTBax 

*b (t+'t, It' +17) E~nl t+'C. fpaHHUbI 

TOJIbKO OT pa3HOCTH apryMeHTOB: 

== b (t-i'), XOT5I, B 06IJJ,eM, Ka:tK,Ua5I 

ceMeHCTBa, KaK 6yneT BHnHO, TaKHM 

,naTb. 

neTepMHHHpOBaHHa5I cpyHKUH5I Ct, 

KOBapHal11,Hlf: b (t, t') E~ml'=> 

EO:BapHaUIHi~I ,J,OJIlKHbI 3aBHceTb 

b (t, t') = b (t-t l 
), fj (t, t') = 

H3 KOBapHa11,HH c06CTBeHHoro 

CBOHCTBOM He b65I3aHa 06JIa

paccMaTpHBaeMa5I KaK npoI~ecc 
e,UHHcTBeHHoH B03MO:lKHOfI peaJIH3aUIIerI, 6y,UeT O,UHopo,UHa, eCJIH 

TOJIbKO 3Ta peaJIH3aUH5I eCTb TO}Kj],eCTBeHHa5I TIOCT05IHHa5I Ct -me 
IlpoueCC BToporo rrOp5I,UKa, orrpe,neJI5Ie:\1bIfI T04HbIM CpenHHM lilt 11 

KOBa pI1aUHeI1 b (t, t'), 6yneT O)LHOpO,lHbIM, eCJIH TOJIbKO Cpe;I,Hee 

rrOCT05IHHO: mt = m, a KOBapHaUH5I 3aBHCHT OT pa3HOCTH apryMeHTOB: 

b (t, t') = b(l-t'). Ha30BeM TaKylO KOBapua4ufO OOHOpOOflOU. 

PaCCMOTpHM ce4eHHe O,n'HOplo,nHoro npouecca X t T04HbI,M cpeJ,

HHM n2t H KOBapHa11,HeH b (t, t'), 3anHcaB CJIe,UylOIJJ,HM 06pa30l\1: 

~ltm,b == Jft /\ (m, b). 
Ce4eHHe M,OMeT 6bITb 'HenV,CTbI:M, ,UaiKe eCJIH mt 3aBHCHT OT t H 

KOBapHaUH51 HeOnHOpo,nHa. ¥CJIe,nOBaTeJIbHO, OAR OOHOfJOOflblX npo

4eCCOB B co6CTBeflflble ceMellcTBa 5JJC u ~m BXOaRT, B 06U{eM, HeOa

HOpOOflble ¢YflKl{UU mt U b (t, i'). OTClOna OJ],HOP0j],HbII1 npouecc 

CKJIa,nbIBaeTC5I H H3 HeOnHOpO,nHbIX COCT3BJI5IIOIJJ,HX. 

TI P H M e p 4.6. 0 U HOp 0 ,J. H bI f:'r rr p 0 U e c c rr e p B 0 r 0 rr 0 p 51 ;r, K 3. 11 YCTb 

OUHOP0;I,Hblit rrpouecc X t 33U3H rrOCT05JHHbIMH rpaHHU3MH cpeJI,Hero: iVL\ r = m t 

MX t = tll,. I1MeeM npouecc nepBoro rrOp5JUK3. ,ll,TI5J Hero - 

M LCiXt.== 2: Ci 1n + L: cim. 
ci~O ci<O

nO;J. TaKoe Me cpe;J.Hee UJI5J 

rrepBoro rrOpH;I,:K3 X*tt 3aJ,aB ero 

tITO Ci~O, H MX*t ,=nl rrpll t i 
t 

rrOCKOJIbKY cpeUHee ero MeH5JeTC5J 

eXt, 60JIee Toro, BXOUHT JIHlllb 

3aU3HHbIX C i MOlKHO rrO,Z:LOrH3Tb npyroH rrpouecc 

T04HbIM Cpe,Z:LHHM BHJ,3 MX*ti =tn rrpH Ii Ta=~HX, 
.., 

T3KHX, tITO Ci<O. 3TOT HeOUHopOUHbIH npouecc, 

BO BpeMeHH, BKJIlOtI3eTC5J B rrpe,Z:LbIuymHlr: A ~J: t C 

K3K O;J,HH COCT3BJI5JIOIll.,Hf:'r 3.Tl:eMeHT B rrpenCT3.B,le-

TaKHyl 06pa30M, OJ.I.HOpO,.lHOCTb 'CYTb CH}l:\leTlpHH HCX'O,J,HbIX Jla'H~ 

HbIX 0 npouecce K C,UBHry BO BpelVleHIL 

CTal..\HOHapHble npOueCCbI. B § 3.1 6bIJIII BBeneHbI TIOH51TH5I CTa

U110 Hap HbI X n pH3 H a K0 B H CTauH0 Hap H0 I1 noCJIe,n0 BaTeJIb HOC T 11 C. B., 

TIepeJIO:lKHM 3TH TIOH5ITH5I Ha rrpOueCCbI. 

TIpH3HaK g{Xt } (cpyHKUHOHaJI OT Xt) Ha3bIBaeTC5I CTal{UOHapHbl/lt 1 

eCJIH ,UJI5I JIlO60ro 'C;:I,BI1r a 17 

1\1 [g {Xt}-g {Xt+'C}J == 0, "IT. 

3KBHBaJIeHTHbIM HanHcaHHoMy 6y,neT: 

JPZ /\ (Mg{Xt}=a) /\ (A1g {Xt+t } = a') = 0 rrpH a =1= a'. 

CMbICJI B TOM, 4TO eCJIH 6bI Bj1,pyr OKa3aJIOCb T04HO H3BeCTHbIM cpe)l-' 

Hee 3Ha4eHI1e .lWg{Xt } =a npH3HaKa g, TO OHO OCTaJIOCb 6bI TaKHM 

iKe rrpH JII06bIX Cj1,BHrax npouecca BO BpeMeHH. I1Ha 4e rOBOp5I, eCJIH 

0603Ha4HTb Mg-ce4eHH5I Qepe3 J{Mg =,J[;\ (Mg {Xt }), TO ,UJI5! Jf{ Mg 

Bce Cpe,ll.HHe OT epYHKUI10HaJIOB g{Xt+T } ,nOJI)KHbI 6bITb T04HbIMH, paB'" 

HbIMH 8Ha'4eHHIO i\,1g{Xt } 'He3aBHtCHMiQ OT 'C,j],BHra T: MAIg,g-{Xt+t} - i\1g .. 
TIPOUecc Ha3bIBaeTC5I Q-CTal{uoflapflblM (tlaCTUtfflO-CTal{UOflapflbl/lt) , 

eCJIH Ece npH3HaKH Ha60pa Q 5IBJI5IIOTC5I CTaUI10HapHbIMH, H CTal{Uo" 

napHbl.iVt , eCJIH Q - JI106bIe npH3HaKH. TIoCJIe,nHee onpe,neJIeHHe Tpe-

6yeT 'KOM,MeHTapHeB. A_cymecTiByeT JIH iBOo6me B npHpOJ,e ICTaUIIoHap

HbII1 npouecc, T. e. TaKO~I, 4TO KaKOB 6bI npH3HaK f HH 6bIJI B351T, OH 

OKa3bIBaeTC5I CTaUHOHapHbIM? ECJIH ,Ua, TO 3TO nOj],pa3yMeBaeT, BO'" 

rrepBbIX, B03MOMHOCTb T04Horo 3HaHH5I cpe,nHero JII060ro nplf3HaKa, 

H ,BO-iBTOpbIX, IHOJIHylO HiJLeHT'U4HOCTh pa60TbI BHyTpeHHero CTaTIICTH-< 

qeCKH YCTOH4HBoro MexaHH3Ma npo~ecca no BpeMeHH. Ho )LaMe nYCTb 

T3KOBoro rrpouecca H HeT, Bce paBHO a6COJIlOTli3aUHH CTaUHOHapHOC

TH KaK MaTeMaTH4eCKOlf a6CTp3KUHH OKa3bIBaeTCH BeCbMa yJI,06HOH 

KaK yBepeHHOCTb, qTO KaKOI1 6bI Ha60p Q npH3HaKoB HH 6bIJI B351T~ 

npH 'C)l,BHre EO BpeMe'Hl1 HX Icpej1,HHe, eC.HHOHH Bnpyr ,CTaHyT T04HO 

H3BeCTHbIMH, He MeH5IIOTC5I. I1Me5I B BHny, 4TO npaKTH4eCK1111 BbI60p 

6YlLeT Bcer,na orpaHH4eH HalIlHMH B03MO}KHOCTHMH, TaK 4TO epaKTH

qeCKH 06pamaTbC5! 6yj],eM C 4aCTH4H0I1 CTaU,l10HapHOCTbIO. 

I1TaK, CTaUIIOHapHOCTb - 3TO CTaTHCTH4eCKaH yCToii4IIBOCTb npo

u.ecca B ;:I,ByX Hanp aBJleHH5IX. Bo- rrepBbIX, rro aHca ~16JIlO, Korna LLJ1H 

npOIl,ecca, eCJIH 6bI y,UaJIOCb ero HeOlLHOKpaTHO «npoKpyTHTb» B O;J,H" 

H a K0 BbI X Y CJI 0 B 11HX, Y CT a H a B JIHB a eTC51 ( a H H a 4 e - ne KJI a p 11 PyeTC51 ) 

cymecTBoBaHHe T04HbIX cpe,nHHX CTaT11CTH4eCKHX JVIq ero nplI3HaKoB 

q. 11 BO-BTOpbIX, no BpeMeHH, Kor,na yTBepMnaeTc51 HeH3lVleHHOCTb 

3THX Cpe,LLHHx CTaTHCTH4eCKHX no Te4eHHlO npo~ecca EO BpeMeHII. 

Q-CTa11,HOHapHbIe rrp011,eCCbI npenCTaBJI5IIOTC5! KaK cel\JleitcTBa 

MQ-T04HbIX CTaUHOHapHbIX npoueCCOB: J{ == V Jft AiQ H (/1{ J\tlQ - 3TO 
MQ 

l 

180 181 



CeqeHHe J{, T. e. CKJIaJLbIBaIOTCHKaK aHCaM6JIH COCTaBJIHIOIll)IX 9TH
 

rrP OueCCbI CTaunOH a P'HbIX«IKYCOq'KOIB».
 

Q-CTaUHOHapHbIe rrpoueCCbI, OqeBHJLHO, 6YJLyT Q-O,nHOpO,nHbIMH, a
 

eC"TIH Q=;§ - eCTb rrepBHqHbIH Ha60p, TO Bo06me O,nHOpO,nHbIMH.
 

g'-CTaUHOHapHble C rrepBHqHbIM Ha60pOM ~ rrpoueCCbI MoryT HH


TeprrpeTHpOBaTbCH KaK ceMeHCTBa COCTaBJIHlOmHX HX rrpOCTbIX CTa


~HOHapHbIxrrpoueCCOB,lITO COOTBeT'CTByeT 06be,nHHeHHIO:
 

(M j) = V (M §) (4.10) 
~1~ 

If 3KBHBaJIeHTHO cJIe,nylOmeH epopMyJIe paCqeTa rpaHHU cpe,nHHX OT
 

BTOpHlIHWX rrpH3HaKOB ~~ (KoHeqHWX JIHHeHHWX KOM6HHaUHH rrep


BHqHWX epyHKUHOHaJIOB):
 

-~ ~A1 ~ Ci gi {Xt} = sup LI Ci Mgi , 
M;§ 

f,.le cyrrpeMYM 6e:peTCH no 'UPOCTbI;M npoueccaM HCOOTBeT,CT1BYIOmHM
 

IL'v1 A1g i , C'OCT3BJI5IlOmHM ICTaI1!HOHa(pHhle uPOUeCCbI.
 

[]OHHTHe 'CTaUHOHapHOCTH cymecTBeHHO TOHbllIe rro cpaBHeHHIO C 

,O,IJ,HOPO,nHOCTblO. ECJIH O,nHOpO,nHOCTb - 3TO HeH3MeHHOCTb BO Bpe

MeHH BHellIHHX epOPM, a BHyTpH MO./KeT TBOpHTbCH Bce, qTO yrO,II.HO, TO 

CTaUHOHapHOCTb - 3TO HeH3MeHHOCTb BHyTpeHHeH CTpyKTypbI, Tex 

rrpOCTbIX lIaCTHlIeK, Ha KOTopbIe ,II.eJIHTCH Mo,UeJIb (CM. (4.10)), H, KaK 

CJIe,UCTBHe, - BHellIHHX epOpM. TIPH o,nHHaKOBbIX rrepBHqHbIX ,II.aHHbIX 

11M cTaUHoHapHoro rrpouec'Ca Bcer,Ua Y)Ke ~-O,nHopo,nHoro. TIOH5ITHH 

~ -cTaUHoHapHocTH H ;§ -O,II.HOpO,UHOCTH COBrra,naIOT, JIHllIb KOr,II.a MO

,UeJlb C3Ma eCTb o,nHa ,«rrpocTaH lIaCTHqKa», T. e. ,~-TolIHaH. 

B cJIe,UylOmeM YTBep/K,UeHHH YCTaHaBJIHBaIOTCH aJIre6paHqeCKHe
 

CBOI1CTB3 Mo,UeJIe:t'I cTaUHoHapHblx rrpoueccoB.
 

Teo p e M a 4.3. flepeCettefiue MooeAu QI-CTal{Uofiapfio2o npol{ec


ca c Q2-CTal{UOHapHblM BeoeT K MooeAu QIUQ2-CTal{uofiapHo2o npo


4ecca. A MooeAu ~-cTaltUofiapfiblx npOl{eCCOBJ 3aoafiHble fia OdfiOM
 

U TOM JlCe nepBUttfiOJltl fia60pe ~ ¢YfiKl{UOfiaAOBJ npu 067JeOUfieHuflX
 
coxpafiflfOT cBollcTBo cTal{uofiapfiocTu.
 

LL 0 K a 3 aTe <11 b C T B O. 11YCTb X t II Yt -COOTBeTCTBeHHO (11- II Q2-craUHO

HapHble np0ll.eCCbI. Tor)l,a )1)151 qEQ 1 COrJIaCHO onpeJJ.eJIeHIIIO II Ha OCHOBaHHlI 

KOMMyr a THBHOCTH nepeCeQeHII5I HMeeM npH a=l=a': 

JltX 1\ .Jty /\ (Mq {Xt} == a) /\ (Mq {X +,) == a') == 0 'IT,t

-QTO ,:(OKa3bIBaeT CTaUIIOHapHOCTb napaMeTpa Mq, qEQ 1, JJ.JI5I Jtx !\Jty. 3TO :IKe, 

OlIeBH;J.Ho, BepHO II ,IT,JUI qEQ 2, lITO ,Zl,OKa3bIBaeT rrepBYIO lIaCTb TeOpeMbI. .. 
Bropa5I ,qaCTb BbITeKaeTH3 (4.1 0) 'H KOMMyTaTHBHocTuonepaUHH 06be)I.HHeHH5I: 

<JIX~)V<i\1Y;Y)=(V<MX~») (V<MYg'») =V<M~>, rne B KpyrJIbIX cK06Kax 06'be~ 

)J)IHeHHe rrpOH3BO,IT,HTC5I COOTBeTCTBeHHO no <Mx~>c<MX~) IH <MY~)c<MYg')J a B 

KOHue - no <M~)c<MX~)'V<MY~), tITO II Tpe6oBaJIOCb )I.OKa3aTb. 
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CMbICJI rrepBOH lIaCTH TeopeMbI 4.3 COCTOHT B TOM, qTO eCJIH K 

113BeCTHbIM HMelOmHMCH CBe,neHHHM 0 qaCTH4HO-CTaUHOHapHOM npo-

uecce ,n06aBJI5IlOTC5I ,nOrrOJIHHTeJIbHbIe ,naHHbIe, 06JIa,naIOmHe CBOHCT~ 

BOM CTaUHOHapHOCTH, TO rrpouecc OCTaHeTC5I CTaUHOHapHbIM. HanpH

Mep, eCJIH ,nJI5I CTaUHOHapHoro rrpouecca BToporO rrOp5l~Ka YKa3aHO 

,UorrOJIHHTe"TJbHO, lITO BepOHTHOCTH P (a <Xt < b) cymecTByIOT H He 

3aBHCHT OT t, TO rrpouecc 6y,II.eT TaK)Ke CTaUHOHapHbIM, HO y)Ke Ha 

60JIee llIHpOKOM aHCaM6JIe rrpH3HaKoB. B pa3BHTHe 3TOM MbICJIH a6

COJIIOTHO cTaUHoHapHbIH rrpouecc MO)KeT rrpe,UcTaBJI51ThCH 'K3K nepe

celIeHHe Bcex BKJIIOlIalOmHX ero lIaCTHqHO-CTaUHoHapHbIx npoueccOB. 

PaccMoTpHM rrpHMep lIacTHlIHo-cTaUHoHapHoro rrpouecca. 

IT p H M e p 4.7. IT P 0 U e C C rr e p B 0 r 0 11 0 P 51 )I. K a C 0 C Tau II 0 Hap H bI

M H C B 0 if C T BaM H. Orrpe)I.eJ'IHM 06be)I.HHeHHe V<MX t =m) KaK ceMeHCTBO npo·

m 
ueCCOB, 0 Ka:IK,lI.OM ,U3 ,KOTOPhIX II3BeCTHO TOJIbKO, lITO Cpe,Zl,Hee BO BpeMeHH He Me·

H5IeTC5I II qeMY OHO paBHO. B )I.06aBJIeHHe K 3TOMy 3a)I.aHbI rpaHHUbI m, m epen

Hero m. .llJ'I5I TaKoro rrpouecca (cpaBHH C rrpHMepoM 4.6 O)I.HOpoJJ.Horo-npouecca) 

BepHo: 

M ~CiXti == max_ ~cimi==max {~~Ci' m~cd. 
,!!-~mi~m 

113 3Toro paBeHCTBa CJIe)I.yeT nOJ'Ie3HbIH BbIBO)I.: rrOJIYQaeTC5I O)I.Ha II Ta :IKe MOAe.TIb· 

nepBoro 11 op51)I.Ka , rrpiHHHMaeT JIH ,m 3HalIeHH5I BiHYTPII UHTepBaJ'Ia m, m, HJ'IH TOJ'IbKO 

KpaHHHe m II m, T. e. Ta :IKe MOAeJIb )I.OCTHraeTC5I KaK 06beAIHHeHHe )I.ByX COCTaB

JI5IIOInIIX (/VlX t = m) V <MXt = iii). PaccMaTp'HBaeMbIH HaMH rrpouecc npeACTaBJI5IeT

C5I Xt=m+~t, f)I.e I1l npHHIlMaeT JII060e 3HaqeHHe B oTpe3Ke [.tn, mJ, a Gt CBO

60)I.eH OT m H .NI~ t = 0 - .9TO Bce, qTO 0 ~ t H3BeCTHO. 

OT,MeTHM, lITO I;,UJIH Q-CTaUHOHapHbIX InpoueOC'OB eo ,CTa'UHOHap'HbIM 

cpe~HHM M.lYt (T. ,e. Xt ,Ka'K InpU3HaiKH 'BXO:,U5IT .B Q) xap3KTep~HO Irro,UqH

HeHHo-a,n,LJJiTHBHoe rrpe,nCTaBJIeHHe: Xt=lm+£t,m, r,LI,e In - He3aBHCH

mHH OT t rrapaMeTp, a ,no6aBKa cB060,UHa OT 1m H npH Ka./K,noM ero, 

3HalIeHHH HMeeT HyJIeBOe cpe,nHee. CKa3aHHoe OTHOCHTC51 H K CJIe,LI,YIO

meMy npoueccy. 

TI p 0 U e C C B TOp 0 r 0 rr 0 p 51 ,U K a H a 3bI B 3 eTC 51 C Tau H 0 Hap

H bI M, eCJIH CT3lLHOHa pHbIMH 51BJI5IIOTC5I Bce ero npH3HaKH Koppe.II51

UHH. 3TO eCTb pa3HoBH,UHOCTb lIacTHlIHoH cTaUHoH3pHOCTH, r,ne Q-
JIHHeHHO-KBa,npaTHlIHwe epyHKUHOHaJIW. 

flpol{ecc BTOp020 nOp51iJKa Xt 6y8eT cTal{uoHapHblJHJ eCAU U TOAb

KO eCAU 8blnOAfiflfOTCfl o8a YCAOBUfl: 1) co6cT8eHHoe MHOJICeCT80 

me cpeofiux cOOepJICUT AUlilb KOHCTaHTbl m; 2) coocTBeHHble cehteu

CTBa 23m KOBapual{ull COCTaBAflfOT 08HOpOOHble ¢YHKl{UU b(t-t f 
), 3a

8UCRU{ue TOAbKO OT pa3HOCTU ap2YMeHTOB. 

~o,neJIb CTaUHoHapHoro rrpouecca BToporo nop51,UKa I1pe,UCTaB~51d 
eTCH B BH,Ue 

J/!t = \j V (m, b), 
mEm bE~1fl 

r,ne (m, b> orrpe,neJIHeT rrpocToH cTaUHoHapHbIH rrpouecc, 3a,LI,aHHbIN 

CBOHMH rrOCT05lHHbIM 'cpe,nIHHM m H O~HQiPOAHOH KOBapiHaUHeH b (T). 
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I1HTepecHO OTMeTHTb, qTO rrpouec-c BTOpOrO rrOp5I,lI.Ka MO.lKeT 6hITb 

CTaUHOHapHbIM, XOT5I Cpe,lI.HHe H KOBapHaUHH COBepilleHHO HeH3BeCT

HbI. LLJI5I TaKoro rrpoueeca ill1 COCTaBJI5IlOT JII06ble KOHCTaHThI, a 

[)In == ~ - KJIaCC BceB03M'O)KHbIX HeOTpHuaTeJIbHO orrpe,neJIeHHbIX 

¢yHKUHff b (t-t'), 3aBHC5ImHX JIHlllb OT pa3HOCTH apryMeHTOB. 

3 a M e q a H II e. TIo aHaJIOrHH C rrpe,nbI,UymHM rrpOH3BOJIbHbIH rrpo

uecc (He 065I3aTeJIbHO \BToporo HOIp5I,nKa) COCTall:I10HaPHbIM'lI K0'Ppe

JI5IUHOHHhIMH CBOHCTBaMH 6y,neT Ha3bIBaTbC5I cTa4uOfiapfiblM 8 UlU

pOKOM CAtblCAe. Tlpn 3TOM HeKOTopble ,UpyrHe ero CBOHCTBa (HarrpH

Mep, Bep05ITHOCTH npeBbIllleHHH), BbIXO,n5ImHe 3a paMKH CBO~ICTB BTO

poro ;rrOp5I,UKa, MoryT 3aBHceTb OT BpeMeHH. CTaUHOHapHbIH B lllH

pOKOM CMbICJIe rrpouecc paClI1HpeHHeM (rrpH KOTOpOM -caXpaH5IIOTC5I 

TOJIbKO Koppe.i15IUHOHHble CBOHCTBa) rrpHBO,UHTC51 K CTaUHOHapHoMy 

rrpoueccy BToporo rrOp5I,UKa. 

CneKTpa~hHwe ABOMHMKH npo~eCCOB. ECJIH paCCMaTpHBaTb orpa

HHqeHHbIH HHTepBaJI BpeMeHH 0, T ,UJIHTeJIbHOCTbIO T, TO rapMOHH

,qeCKHe epYHKllIIH (2/T sin (k2nt/T) ,( 2/Tcos (k2ntjT) , k == 1, 2, ..., 
o6pa3ylOT OpTOHOpMHpoBaHHbIH 6a3Hc. LLOrrOJIHHM era rrOCT051HHOll 

eo (t) = 1/ {r. CorJIaCHO TeopeMe 4.2 JI106o~I cKB-HerrpepbIBHbIH rrpa

uecc B CKB-CMbICJIe MOMeT 6bITb pa3JIOMeH B p5I,U no 9TOMy 6a3Hcy 

Xt=Xo+ £ [X~sin (k~i)+X~cos (k 
2n t)J' O~t~T, 

k=l \ T T 

(4.11 ) 
1 T /2 T ( 2rt )

f,ne X o = -= S Xtdt, X~= 11 -. S Xtsin k- t dt,
VT 0 JI ToT 

( 2 T 2:rt)X %= 1 j - S COs k - t dt. 
t' ToT 

P5I,U (4.11) H33bIBaeTC5I pfl80M C/Jypbe, a XSk II XCk - K09epepHUHeH

Ta~H <Pypbe IIJIII cneKTpaAbfiblMU K03¢¢u4uefiTaMu. 

fIo,UqHHeHHo-a;X,UIITHBHOMY rrpe,UcTaBJIeHlIlO .Jr.t = mt +£t, en COOTBeT" 

CTBylOT aHaJIOrHqHble rrpe,UcTaBJIeHH5I K03epepHUHeHToB pa3JIOMeHH5I 

<DYPbe JIeBO~I H npaBoH qaCTeH: XSh==lmsk-t-SS,q,m, XCh==mck+£ck,m. 
CMblCJI pa3.TIO)KeHH5I rrpouecca B p5I,U <Pypbe COCTOHT B TOM, qTO

6bI rrpe,UCT3BHTb npouecc B Y'u06HOM BH,Ue, HCnOJIb3Y5I KOHeqHbI}I Ha

60p cneKTp 3JIbHbIX K03epepHUHeHTOB. ITp 11 3TOM J{ npouecca rrpeo6

p33yeTC5I B 110,lI.eJIb Jt ep K03epepHllHeHTOB ¢ypbe, qTO epOPiVI3JIbHO 

aanHCbIB3eTC5I: t/${ cD = Sep vf{, a S <p H33bIB3eTC51 npe06p330BaHHeM 

¢ypbe. 
lVlo,Ue.;lb t/f{ ep onpe,UeJIeH3 cpe,UHHMH, paCCqHTbIB3eMbIMH no epop

M)\ae: . 

- - {.. /2 . ( 2n \
Mq,qJ{X~,X~,k=I,2, ... }= MqJ V y S X t Slll ,kyi) di, 

.. /2 ( 2n \ } V T S X t cos k T i) di, k = 1,2, ... = M flj) {Xt}, 

r.ue cp - epYHKUHOH3JI B rrpOCTp3HCTBe 3HaqeHHH K09epepHUHeHTOB 

<pypbe, a fep - ero 11306pa)KeHHe B npocTpaHcTBe pe3JIH33UHH(Cl\1. 

§ 2.1). 
ECJIH OrpaHHqHTbC5I paccMoTpeHHeM TOJIbKO KOppeJI51UHOHHWX 

CBOHCTB, TO TOqHbIM cpe,rr.HHM Tnt 11 KOBapHaU115IM b (t, t') rrpouecca 

Xt 6y,rr.yT COOTBerCTBOBaTb TOqHble Cpe,lLHHe nlsk, mCk K09epepHUHeHToB 

cI:>ypbe H TOqHbIe HX KOBapHaUH'H, orrpe,rr.eJI5IeMbIe Bblpa2KeHH5IMH: 

b;i= ~ f", 

S
T 

b(i, t') sin (k ~ t) sin (1 2n t/) dtdt';
Too T T 

b~~= ~ f f b (i, i') sin (k ~ i) cos (1 ~ t') dtdt'; 
Too \ T T
 

2 T ( 2rr) (2rt)
TbZ1= - S S b (t, t') cos k - t cos 1-t' dtdt'. 
Too T T 

0603HaQHM MaTpHUy 9THX K09epepHUHeHTOB qepe3 B<f,>. 
C06cTBeHHhIM ceMeHcTBaM epe,UHHX m1 H ~m KOBapHaUHH npouec.. 

ca Xt 6y,UYT COOTBeTCTBOBaTb c06CTBeHHble ceMeHCTBa cpe,UHHX mep::::= 

= S<t>9J1, f,Ue Sep - 0603HaQeHHe rrpe06pa30BaHH51 et>yphe, II MaTpHU 

~c;I>, m KOBapHaUHH B rrpoCTpaHCTBe K09epepHUHeHTOB <I>ypbe.3TO COOT

BeTCTBue B33HMHO o,UH03HaQHo. 

TlepeH,neM K TOMy CJIyQaJO, Kor,Ua X t eCTb C T 3 U II 0 Hap H bI fI 

B ill 11 P '0 K 0 M C M hI C JI e C K B-;He rr pep bI B H hI H II P 0 U e c c, no

JIara5I ,LI,J15I IIPOCTOTbI MXt = O. TOIl,n3 Bce epYHKU11H oo6CTBeHHoro ce

MeHCTBa ~ 6y,UyT HenpepbIBHbIlVIH, 3aBHC51mHMH OT pa3HOCTH apry

MeHTOB, a KOBapHaUHH K09epepHUHeHTOB <pypbe 6y,lI.yT paBHbI bSCkl= 
,=0 - 3TO ,LI,JI5I IIepeKpecTHblx CHHyC-KOC11Hyc, a ,rr.JI51 cOBrra,naIOmHX,

yMe He 6YAyT 'HYJIeBbIMH 11 ,UJI5l OT,UeJIbHOH b(t-t') E~ 3arrnCbIB3IOTrC51: 

b~gl _ 2 ST b ( ) [1 (k + 1) n-r · (k - 1) rt (T - 't) + 
cc - - 't -- cos stn 

bk1 rt 0 - k - 1 T T
 

+ 1 (k - I) rt't . (k + I) rt'tJd _ -- cos stn 't , k =1= l;
k+ 1 T T 

55 cc ST T - 1: 2 k rt l' ( 1 ')
bkk = bkk = 2 0 b ('t) -T- cos -T- d 't + 0 T · 

113 ,UaHHhIX BblpaMeHHH BH,UHO, QTO IIpH T-+00 H k2njT~ro HMeer 

MeCTO eXO~HMOCTb: 

bSSkl-+()klB (ro), bcckl-+OkZB (co), 

rAe B (co) = 2 S
00 

b ('t) cos co't d 't 
o 

Ha3bIBaeTC51 3fiepZeTUtieCKU}rf, cneKTpOM npot{ecca, a Olll = 1 np11 k = l 
II 0 rrpH k=l= I. l(a)K,noH TOQHOH HeoTpHuaTeJIbHO orrpe,neJI'eHHOH KOp
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peJIHUHOHHOH <pyHKII,HH b (t-t f 
) COOTBeTcTByeT 3HepreTHqeCKHH 

CneKTp B (ffi), 06JI3)J.3IOIll,HH CBOHCTBaMH: 

B ((0) ~ 0 ; B ((J)) = B ( -- (D); B (CD) -~ 0; 2 
00

f B (CD) d u) = b (0). 
[cul~oo 0 

Co6cTBeHHoMy ceMeHcTBy ~ KOBapH3II,HfI, TaKHM 06p330M, CT3BHTCH 

B COOTBeTCTBHe C06CTBe.HHoe ceMeHCTBO 3HepreTHqeCKHXCneKTpoB. 

P 3 CCM 0 Tp HM CJIe,LLyIO Ill, He Cn e KTp a JI b HbI e n p e 0 6 Pa 3 0 BaHIt 51 n PO

II,ecca: 

.. i- T
X~. T = V : { X t sin (() tdt, Xc T = - r X t cOs CD t ·dt. 

cu, T 0I! 2 T 

3neCb W Ha3hIBaeTCH q aCT 0 T 0 H, a XSW,T H XCW,J' - cneKTpaJIbHhIMH 

COCTaBJIHIOIUHMH npouecca. OqeBH,LLHO, ~Y.s2rrkIT, T == Xs k , XC2rrh/T, T = Xc h , 

Ha OCHOBaHHH qero M01KHO C)l,eJIaTb BhIBO,LL, qTO cneKTpaJIbHhIe CO

CT3BJIHIOIUHe XSW,T H XCw,T,'CDEfJl, )l,aIOT onHcaHHe Ha HHTepBaJIe 

(0, T) CKB-HenpephIBHoro Inpouecca. 

3a,naTb MO,LLeJIh Jf{ rrpouecca Xt - Bce paBHO, qTO 3anaTb COOT

BeTcTByIOllI,yIO ,eH Mo,neJIh B 'qaCTOTHoii 06JIaCTH rrpH -00 «U< 00, 

f)J,e rrpouecc Xt, O~t~ T, 3aMeH5IeTCH Ha rrapy rrpoueCCOB XSw,T, 

XCW,T, KOTOpyIO y)J.06HO 3aIIHcaTh B KOMrrJIeKCHOlVI BH,LLe 

. -{2 T 
X cu ,T = X~ T + j X~ T == - S X t exp (j CD t) dt 

, , T 0 

If Ha3hIBaTb cneKTpaAbflbLM OBOUflUKO./vt Xt. 3TO KOMrrJIeKCHaH epyHK

11,H5I CD. TIo <popMyJIe (4.11) MOlliHO, 3HaH cneKTp3JIbHhIH,LLBOHHHK, 

OJl.H03'HaqHOBOC,CTaHOiBHTb .:Yt , n03To,MY X t H Xw,T 3K'BHB3JIeHTHbI. 

CneKTpaJlbHbIe npou.eCCbI. I10HHTHe crreKTpa npouecca HMeeT no)l, 
,C060H TBep)l,yIO <pH3HqecKYIO OCHOBy H 3aIll,HIll,eHO C npaKTHqeCKO~I 

CTOpOHhI 3KorreipHiMe'HT3MH, a ,C HayqrHOH -- TeopeMoH BHHepa

XHHqHHa. MhI ,LLa,LLHM OTJIHqaIOmYIOC5I OT K.naCCHQeCKOll MaTeMaTH

qecKyIO HHTeprrpeTaUHIO cneKTpa - Ty, KOTopaH JIOrHqHO BbITeKaeT 

H3 H a illHX rr OCTpoeH H I1 )l,JI 5I CTauH0 HapH0 [0 IIenpep hIBH 0 [0 rr p 0 U e cc a . 

floHHTHe crreKTpa TaK HJIH HHa~e rrpe,nnOJIaraeT 6eCKOHeqHOe Bpe

MH, n03TOMY nYCTb npouecc 3a,LLaH Ha {O, T] H T-'+00. CqHTaeM 

MXt ==0. CrreKTpaJIbHhIH ,nBOHHHK Xw,T, pacCMaTpHBaeMhIH rrpH Kalli

,lIOM epHKClipOBaHHOM: CD KaK rrOCJIe,nOBaTeJIbHOCTh HHACKCHpOBaHHhIX 

rrapaMeTpOlVI T CJIyqaHHhIX BeJIHqHH, rrpH T-.+00 He HB.TIHeTC51 CKB-CXO

,LL~mHMC51 HH K KaKOll npe,neJIhHOI1 CJIyqa~IHOi1 BeJIHqHHe; CKB-rrpe,LLe.TIa 

He cymecTByeT. Ho 3TO He CTOJIh BalliHO. BalKHO TO, qTO ,LLJIH CTa

UH0 Hap HhIX rr p 0 Uecc0 B «ne p eK p ecT HhI e» K0 PPeJI 51 II,HH !vi e)K,LLy p a 3 HbI 

MIl qaCTOTaMH rrpH T~oo CTpeM~TC5I K 0, a HMeHHo, BepHO CJIe,UyIO

mee: 

lim M (XCD, TXcu ', T) == 2 B (CD) 80 (CD - CD'); 
T~oo- 

-. * 
lim M ()(cu, T X CD ', T) == 2 B (CD) 80 (CD - CD'), 
T~oo 

00 00 

f,Ue B (w) == inf 2 Sb (1') cos 'CD'td't, B (CD) == sup 2S b (1') ICOS CD'td't, a 
- bE~ 0 bE~ 0 

80 (w-w f ) eCTb 1 npn CD=:-:iW f , HHaqe 0. OTcIO,Ua BH,UHO, qTO K HyJlIO 

cTpeMHTIC51 KOppeJIHUH~Me)Ki:LY ,Uel'l'CTBHTeJIhHO~I II 'M:HHY10H 'qa'CTHMH 

crreKTpaJI~HOnO ,UBOI1HHKa. 

0603HaqHM Xw rrpouecc, 06JIa,UaIOIll,Hll rrpe,neJIhHhIlVIH rrpH T-'+00' 

KOppeJI5IUHOHHhIMII CBollcTBaMII rrpouecca Xw,T, H Ha30BeM ero cneK

rpaAbflbLM npOl{eCcoM. CorJIaCHO HarrHcaHHhIM BhIllie COOTHOIlleHI151M 

,UJIH crreKTpaJIhHOrO npouecca HMeeM CJIe,LLyIOIll,He orrpeJl,eJIHIOIll,He ero 

paBeHcTBa: 

MXc Xc = M Xs Xs = MXc XS == MXc Xs = 0 CD --.L w'. (4.12)w cu' CD cu' cu cu' cu cu ,-r-

KOppeJIHII,HOHHhle CBoHcTBa Xw, c yqeTOM (4.12) npHBo,U51TCH K BH,Uy 

M [ ~ Ci (X~.)2 + ~ dJ• (X~ .)2] = 
1- J 

== sup [L ciB (CDJ+ ~ djB (U)j)] , 
B(w) 

r,lIe B (>w) cnoc06cTByIOT c06cTBeHHoMy ceMeHcTBy KOBa pHaUHH. OT

ClO,Ua 

l\1 [(X~)2 - (X~)2] = M [(X~)2 - (X~)2] == O. (4. 13) 

113 rrOJIyqeHHbIX ypaBHeHHH BH,LLHO, qTO )J.JIH 3a,naHHH Mo,UeJIH 

crreKTpaJIbHOrO rrpouecca ,nOCTaTOqHO 3a,naTh JIH60 M~ Ci (Xc w i ) 2, JIH

60 M2:Ci (xsWl )2, JIH60. 

2M ~ Ci IXCUi 1 == sup 2: C'i B (CD i ), V CD i · (4.14) 
B{ro) 

)loKa3aHo TaKoe yTBeplli,LLeHHe. 

CneKTpaAbHbLl1 OBOUflUK XW,T cKB-flenpepblBflo20 cTal{uoflapHo2o
 

B UlUpOKOJvl CMblCAe npol{ecca X t C flYAeBblM cpeofluhl npu 1'-.+00
 

. H}Yl-cxoouTcfl B HanpaBAeflUU KoppeAfll{uoflflblX CBOUCTBK cneKTpaAb


flOMY npol{eccy Xw, 3aoaflfloMY nepBUttflblMU 3flatteflUfl'/vlU (4.12),
 
(4.13)} (4.14). 

KOHcTaTHpyeMaH yTBeplli,lIeHHeM CXO,nIIMOCTb HBJIHeTC51 He06xo

.u II M hI M YC.TI 0 B IieM CT a II,Ii0 Hap HOCT H B IIIHP0 K0 M CM hI CJIe CK B- Herrp e

phIBHoro rrpouecca. Ho He ,lIOCTaTOqHhIM, TaK KaK crreKTpaJIbHhIl'I 

,LLBOHHHK rrpouecca, ~BJI5IlOmerOC51 HeCTaII,HOHapHhIM JIHillb B HeKO

TOPOH JIOK3JIbH0I1 06JIaCTH BpeMeHH (rrpHMep: Xt== mt + £t, r,ne £t CTa

UHOHapeH, a mt - JII060Jl ype3aHHhIH BHe epHKCHpOBaHHoro HHTep

BaJIa rrpouecc: mt == 0 rrpH It I> To) H ,cTaII,HoHapHhIM Ha OCTaJIhHOI1 

BpeMeHHoll OCH, TaK)Ke 6Y,lIeT CXO,LLHThCH K Xw. 

He06xo'uIiMO OTMeTHTh, qTO crreKTpaJIhHhIH rrpouecc Xw, orrpe,lIe

JIe H HhI H rr e p BIiq HhI M Ii 3 H a q e H H5I M II (4. 12) - (4. 14), B 06IlI,eM, He HMeeT 

aHaJIora BO BpeMeHHOH OCH, rr03TOMY ero HyMHO paCCMaTpHBaTh KaK: 

1) cnoco6 3a,llaHH5I npe,lleJIhHhIX (rrpH T-'+00) KOppeJI5IUHOHHbIX 186 
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,LBOHCTB HCXO,nHOrO CTaUHOHapHOrO B WHpOKOM CYlbIC,.Tre npouecca Xt ; 

.2) C3MOCT05ITeJIbHbIH cnoc06 33,n3HH5I He cymeCTByIOLUHX, HO y,n06

HbIX B KaKOM-TO CMbICJIe npoueCCOB (K3K 6e.TIoro WYMa, ,n.JI5I 1\OTO

poro B ((D) == const H ,IJ)I5I KOToporo aH3JIOrOB BO BpeMeHII n3iKe B 

'npe,neJIbHOM CMbICJIe HeT). 

O,nHHM H3 OCHOBHbIX nOCTOIIHCTB nepexOn3 K crreKTpa,J1bHoMy npo

u,eccy 5IB.JI5IeTC5I npocToT3 II H3r.JI5I;J,HOCTb ero nepec4eT3 npn OjLHO

pO;:I,HbIX .1I1IHeI1HbIX rrpeo6pa30B3HII5IX, 0 4e~1 pe4b B c.nenYIOmeM rra

parpaepe. 

4.4. JIMHEAHblE nPE06PA30BAHM5I npOUECCA 

fJIa)l,KOCTb npeo6pa30BaHMH H HenpepbIBHOCTb npou.ecCOB. JIllHeu
JiblJHU Ha3bIB3IOTC5I npe06p 330B3HII5I BIIna 

Y t == 
T

S h (i, T) XL dT, (4.15) 
o 

p;l.e h(t, 't) eCTb HMnYJlbCHbIl~I OTI~.JIln~ epILTIbTP3, T. e. era peaKUH5IHa 

)J,eJIbTa-CK340K Ha Bxo,ne B MOMeHT t; Yt - npouecc Ha BbIxo,ne, eC.TIH 

Ha BXOJI. rrocTynaeT Xt. C4HT3eTC5I, 4TO peaJIH3aUIIH rrpouecca IIHTe

rpHpye11bI C BeCOM h (t, 't). 
MHorHe rrpoueCCbI 06513aHbI CBoe~IY BHny II CBOHCTBaMH JIHHeit

HbI M rr p eo6 p a 30 BaHH 51 1'.1, BbI 3B 3 HHbI M X a p 3 KTepH0 it ,UJI 5I CHCTe M H a 6

JIIO,LLeHHii H H3MepeHHH HHepUHoHHOCTbIO CpenbI, yCTpOHCTB H 3BeHheB. 

11 4eM 60JJbWe HHepUHoHHOCTh epHJIbTpYIOI..U.erI CHCTeMbI, qeM :Yle,LLJIeH

HeH MeH5IeTC5I h (t, 't) no -r, TeM n,naBHee, fJlaiKe 6YJI.YT nponycK3e

MbIe Ha ee BbIX0JI. peaJIH3aUHH Yt B CIIJly crroco6HoCTH TaKoH CHCTe

MhI HHBeJIHpOBaTb CKaqKH H 6blcTpble KOJle6aHHH BXO,llHOrO rrpouecca. 

CK333HHoe rrOJI.TBeplK,J,aeTC5I HepaBeHCTBOl\1 

IYtHt- Ytl = I{ [h (t+Lit, T) -h (t, 't)] X t d'tl ~ 

~ (max /Xlr) S
T 

Ih (i+8i, T)-h (i, 't)/ dT, 
'I 0 

H3 KOToporo BH,llHO, 4TO TIpH orpaHH4eHHoM BXO,llHOM npouecce 

max IXT I~ Ii CKOpOCTh II3MeHeHH5I BbIXO,IJ,HOrO 3a npolvlelKyToK ~t 
onpe,neJIneTC5I Tel\1, HaCKOJlbKO OTKJ1HK eplr.nbTpa II3MeHHTC5I, eCJIH 

neJlbTa-CKalfOK Ha Bxo;r.e C,LLBHHyTb TIO Bpel\1eHII Ha ~t. 

TIo;:r,e.nHB 06e qaCTH Ha I1t II yCTpeMIIB E Hy,TIIO, I10J1Y4HM Hepa

BeHCTBO ,rr,n51 npOH3BO,IJ,HOH 

IdYt/dil ~ (max IXtl) S
T 

Idh (i, 't)/dir d-r. 
o 

TaKoe )Ke HepaBeHcTBo BepHo H ,LLJI5I cTapuIHx npoH3Bo,UHbIX. 

PaCLIeT BbIXO)l,a cPH"TIbTpa. PaCLleT 1\10,Ue.TIH npouecca Yt , orrpe,ne· 

JI5Ie::vroro B (4.15), npoH3Bo,UHTC51 cTporo ,no o6mel1 '~1eTOjLHKe § 2.1. 
,CH a 4 a JI a BbI 51 BJI 51IOTC5I h-n p e,UcTaB HM bI e n p H3 H a K 11 BX0 JI.H0 ro rrpOUec
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~a, T. e. 3anHCbIBaeMble B BHlI,e epyHKUHOHaJIOB g{ f h (t, T) ~X·TdT} == 
= gh{X}. ,Iln5I HHX p aCC4I1TbIB3IOTC5I cpeAHHe Mgh{X} , II OHH iKe 

Harrp5IMyIO nepeHOC5ITC5I Ha aH3JIOrH4Hble CpeJI.HHe Mg"{Y} npouecca 

B cOBoKynHocTHcBoe~I H orrpe,rr,eJl5IIOmHe ero MOJI,eJIb.YtJ 
TIpOCJIeLI)lM 3TOT rrYTb H3 npHMepe BXO;LHoro rrpouecca STOp oro 

nOp5l,llKa. TIepBH4HbL\IH ;L.;151 Hero 5IBJI5IIOTC5I cpe,UHHe .nII Heii HO- KBajL

p a Ta4 HbI X rr p II3 H a K 0 B, 3 a IT He a HHbI e B HHTer p a ,n b H0 YI B 11,1 e 

'" [J (k) Sf (k) , ""' 'M Ct Xtdt+ XtDt,t,~Xt,dtdt]==nlh' k=1,2, ... , 

liJIH 'COKipameHHO ;IJ1H JIeBOH 4aCTH: .S1 (COO, D(h)) == mk, k - 'HOMep 

nepBH4Horo rrpH3H3Ka. DepBHLIHble 3Ha4eHH5I II orrpejLeJI5IT no epop

Myne corJI3COBaHH5I II rrp0r-r:LOJliKeHII5I cpe,nHHe aT .TII06bIX rra p .:W (c, D), 
.cocTaBJI5IIOlll,HX Bee BMecTe KOppeJI5IUIIOHHble 'CBoitcTsa. II3 HHX 

h-npeJI.CTaBHMble rrpH3HaKH, T. e. jLOnYCK3IOmHe 3anHCb 

Ct = Sh (i, 't) e,; dT:, Dt,t' = JSh (i, T) Hrr:,t' h (t', ,;') dT: dT' 

HJlII ,COKpameHHO (no 3HaJIOr'HH c BeKTOpHOI1 epOP~10H) (c, D) == (he, 
hHh), onpeneJI5IT MOjLeJIb BhIXO)l,HOrO rrpouecca CBOI1MH Cpe,LlHHMH 

-y \ -xM (e, H) = M (c, D). 

Hanp aWIlB310TC 51 CJIe,J,yroIlIJle B bI B 0 JL bI. 

1. TIPH JIHHeHHblx rrpe06p330BaHH5IX rrpoueccbI BToporo rrOp5ljLKa 

rrepexO,Ll5lT T3KlKe B npoueccbI BToporo rrOp5I,UKa, T. e. KOppeJI 5IU HOH

HbIe cBofrcTBa B KOppeJI5IIlJloHHble CBoHCTBa. 

2. ECJIH Bee nepBH4Hble 'rrpIi3H3KII BXO)l.HOrO npouecca BToporo 

nOp5l,llKa h-npe,lLCT8BHMbI, T. e. (C(lll, D(k)) == (heCh >, h H(k)h), k == 1, 
2, ... , TO rrepBH4HhL\IH ,UJl5I BbIXO,IT,HOrO npouecca 6y,llyT (e(k), H(k») C 

TeMH LKe Cpe,lLHHMH. TOrJI.3 BXO,IT.HOrI II BbIXOLLHOII npoueCCbI 6y,UyT 

rro,ZJ.06HhIMH. 
3. ECJIH rrpe06pa30BaHI1e o6paTHMo B C~IbIc,n:e cymecTBOB3HlI5I OT-

KJIHKa h-1 (t, T) 06paTHoro epHJIbTpa, onpe;l,eJl5IeMOrO ypaBHeHI1eM 

Sh (i, -r) h- 1 (i', T) d -r == 6 (t - i') , 

TO rrpe06pa30BaHHe H3BOjLl1T nO;:L06He l\le iKny npoueccaMH ..J(t II Yt , 

a nepBIFIHbL\11I AJl5I Y,: 6y,rr,yT I1p II3H a hI! 

e( k) = r h- 1 (t -r) c(1\) d-r 
t J ' 't '
 

H~~), == SSh- 1 (t, T) D~~~, h- 1 (t', T') d Td -r'.
 

J1HHeitHble npe06pa30BaHII5I YIOlKHO II3Y4aTb C nOMoIUbIO nO;l,LIH

HeHHo-a,U,IJ,HTHBHOro npe}J,cTaBJIeHI15I: X t == tnt +Sf ,ro, cue ,J}I5I ITP0Il,CCC 3 

BToporo rrOp5IjLKa CJIaraeMble onpene.nJIIOTC5I c06CTBeHHbI11II CCl'vleI1

CTBaMH Cpe,IJ,HHX me II KOBapHaUH~I ~m (C~1. (4.6)). Torn3 TaKoe jKe 

rrpe,1l.CTaBJIeHHe 6yneT HMeTb BbIXO,nHOI1 npouecc, 3anncbIBaeMbIII 

Yt;:::: Sh (t, -r) m1: d -r + Sh (i, T) £1:, m d,; == n t + 11t, n 

H paccMaTpHBaeMbIl1 KaK OT,lleJIhHOe npOXOlK,lLeHHe LIepe3 ¢HJIbTP 
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·f£ r TaKHM oopa30M, npoL{ecc OCTaeTCfl CTal{UOHapHblM, eCAU ezo npo

Cpe~HerO H C~Y4aHHOH ~o6aBKH, 4TO H onpene~HT HaM co6CTBeHHoe .~ nYCTUTb tlepe3 OOHOpOOHblU. ¢UAbTp. 

,ceMeHCTIBO rC,peJI,H1HX m H K'O\BapHaUHH St n Ha BbIXO,ne: 

91 == {n t : nt == Jh (t, T) m-r; dL, m-r; E W}, 

stn== {Kn (t, t') == SSh (t, T) h (t ' , T
/
) b (T, T 

/
) dTd't 

/
, b E ~m}. 

OHH H orrpe,UeJI5IT rrOJIHOCTbIO BbIXO,nHOI1 rrpou.ecc BTOpOrO nOp5I,J,Ka" 

rro HHM MoryT ObITb paCC4HTaHbI KOppeJI5IUHOHHble CBOHCTBa. Ho 
paC4eT JIer4e ,naeTC5I HCnOJIb30BaHHeM COOCTBeHHWX CeMeHCTB BXO~

HOrO npOuecca, lITO H npO,neMOHcTpHpyeM Ha rrpHMepe. 

IT p H M e p 4.8. Pac tI e T r p a H If U K 0 B a p H a U II H. ITyCTb Xt = In t + ~ t ~ 

r;r,e A-1£t=O If £t ICBo6o,UeH or trll, B pe3YJIbTaTe lJero ~m ==~, \Tm. I1YCTb TaK){{e 

OTKJIHK epHJIbTpa HeOTpHuaTeJIeH h (t, 't) ~ O. Tor,Ua rpaHHUbI KOBapIfaurIi1 BbIXO.1,

Horo npouecca paCClJIITbIBaIOTcH KaK MaKcHMyM rro BXO,UHbIM 

K(t, t')==JJh(t, T)h(t ' , T')!Cr, 't')dTd't'. 

l1ycTb O:1I,HOPOJLHbIH rrpouecc BToporo rrOp5I;:I,Ka (;:1,.7151 Hero [5 (f, t') = [5 (i-f')),. 

HMeIOlUHH KOHelJHbIti HHTepBaJI 'tiwp ROppeJI5IUHII (T. e. [5 (t-tf)-==O rrpIf I i-t'l> 

> Ll\Op) , rrponycKaeTC5I lJepe3 HHepUHoHHbIlI epHJIbTP TaKOH, lITO OTKJIHK HeOTpII1Ja

TeJIeH h (t, 't) ~ 0 H KaK epyHKUHH rrepeMeHHOH 't MaJIO MeH5IeTCH 3a 'tHOP: h (t, 1'+ 
+LIWP) ~ h (i, 1'). Tor.rr.a rpaHHUbI KOBapnaUHH BbIXOJLHOro rrpouecca 6YJLyT rro.:1

HOCTbIO rrplio6peTaTb lIepTbI JIHHeHHOro 3BeHa, KaK 3TO BHJLHO li3 CJIe,UYIOIUero 

ynp0lll,eHH5I npe.rr.bI'uylllero BbIpa)KeHH5I: 

K(t, t')==SJh(t, -r)h(t', L+~)l(~)d'td~~ 

~SI(~)d~Sh(t, 't)h(t', 't) d't ==12 Ko(t, i'), 

rJLe Ko (t, if) orrpe.rr.eJI5IeTCH HCKJIIOtIHTeJIbHO OTKJIHKOM ¢HJIbTpa. MO)KHO 6bIJIO ObI 

npe;l,CTaBIfTb Yt =1'Y°t, r,Ue MHO)KHTeJIb Y rrpOH3BO~TJeH B HHTepBaJIe (1', :;;-), a YOt 

HMeeT HyJleBoe CpeJLHee H TOlJHYIO IKOBapHaUHIO Ko (t, i'). O,UHaKo 3TO npeJ.

CTaB.1eHHe BepHO JIHWb ,UJIHpaClJeTa rpaHHUKoBapHauHII If OTHIOJJ,b He 03HaQaeT, 

lITOco6cTBeHHoe ceMet'ICTBO CY.IKaeTC5I ,llO 1'2Ko (t, 'f) (KaK 3TO 6bIJIO 6bI, eCJIH 6bI 

BXOJLHO(I rrpouecc 6bIJI CTaUHOHapeH). 

Ha30BeM cfJUAbTp OOHOpOOHblM, eCJIH h(t, T) == h(t-.:), T. e. era 

peaKUH5I C TOlIHOCTbIO ,no c,nBHra OJI,HHaKOBa BHe 3aBHCHMOCTH OT 

MOMeHTa rrocTyrrJIeHH5I Bxo,na. HeTpyJI,HO BH,UeTb, lITO ¢UAbTpal{Ufl 

OOHOpOOHOZO np0t{ecca BTOPOZO nopflOKa OOHOpOOHblM ¢UAbTPO/\;t 

CHOBa BeGeT K OOHOpOGHO./vty npoL{eccy. 

RHHeMHoe npeo6pa30BaHHe H npe~CTaB~eHHe CTa~HOHapHoro npo
Qecca. 3,neCb CQHTaeM,QTO BXO,UHO}I npouecc CTaUHOHapHbIH BToporo 

nOp5I,UKa H MX t = O. Tor,Ua COOCTBeHHble ceMeHCTBa COCTaBJI5IIOT KO

BapHaUHH, 3aBHC5IlIl,He TOJIbKO OT pa3HOCTH apryMeHTOB: b (t-t f 
). 

04eBH,lJ,aO, LITO eCJIH epHJIbTP O,UHOPO~HbII1 h (t, T) == h (t-r;) , TO 1'1 

BbIXO,UHoe MHO)ReCTBO KOBapHau.HH 6y,neT TaKHM )Re, 3aBHC5IIllJIM 

JIHllib OT pa3HOCTH apryMeHTOB: 

K (t - t') = Sh (t - 1:) h (t' - 1:') b (T - 't') d t d 1:'. 
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PaCCMOTpliM 'rro oopa3Y II rro,UooHIO npHMepa 4.8 npOXO)R,lI,eHHe 

CTaUHoHapHoro IlIHpOKOnOJIOCHOrO npou.ecca lIepe3 Y3KOrrOJIOCHbIlI 

¢HJIbTp. IlocJIe,nHee rro,Upa3yMeBaeT, lITO 3a HHTepBaJI, Ha KOTOpOM 

b ('t-T'), rrrpHHHMaIOT HeHyJIeBble 3Ha4eHH5I, h (t) MeH5IeTC5I ,cJIa60, 

oTKy,lI,a rrOJIyqaeM: 

K (t-f) ~ Sb (L1) d~ Sh (t-T) h (t'-T) d't=-y2 Ko (t-t'). (4.16) 

HanHcaHHoe rr03BOJI5IeT cJIenyIOlIl,HM oopa30M npe,UCTaBHTb BbIXO,UHOH 

npouecc: Yt ==l'YO t , 'r,n,e MYOt==O, MYOtYOt,==Ko(t-t') onpe,neJIHeTCH 

HCKJIIOlInTeJIbHO epHJIbTPOM, a BXO,UHOH npouecc BJIH5IeT JIHlIlb Ha MHO

JKHTeJIb 'Y. B HTore BbIXO,UHOH npouecc HMeeT TOlIHYIO KOBapHau.HIO, 

onpe,neJI5IeMyIO epHJILTpOM. 
CKa3aHHoe ocooeHHo CTaHeT HarJI5I,I.I,HbIM, eCJIH nepeHTH OT X t K 

eronpeJI:eJIbHoMy cneKTp aJIbHOMY ,UBOHHHKy XCD, CMbICJI BBe,UeHH5I 

KOToporo BO MHorOM If COCT05IJI B ynpolIl,eHHH paCqeTOB cneKTpaJIb

HbIX H, 'CJIe,nOBaTeJIbHO, KOppeJI5IUHOHHbIX :CBOHCTB :BbIXO!AHoro TI:P'<;>
ueoca. B caMOM ,UeJle, npeAeJIbHbIH cneKTpaJIbHbIH ,UBOHHHK Ha BbI

XO)l,e HaXO,U'HT,C5I npOCTbIM YMHolKeHHeM BXO,1J.HOrO Ha 4acToTHYIO xa

paKTepHicTHiKy repHJIbTpa: 

y00 = 11(j) X00' fI (j) = 
co

J h (r;) exp (j U>T) d't. 
-00 

KaK H ,UJI5I BC5IKOrO CTaQHOHapHoro npouecca, BbIXOJI,HOH cneKTpaJIb

HbIH rrpouecc 3a,UaeT'C5I HeKOppeJIHpOBaHHOCTbIO ero ,Ue~IcTBHTeJIbHoi1 
II MHHMOH COCTaBJI5IIOIlI)1X (4.12), P aBeHCTBOM HX MOIUHocTeH (4.13), 
aero ocooeHHocTH (4.14) oTpalliaIOTcH CJIenyIOlIl,HMH KOppeJI5IQHoH

HbIMH CBoHcTBaMH (3anHcaHHbIMH B HHTerpaJIbHOM BHJI,e): 

M S CCil IYCil I2 dffi=M j CCil IHCil l2 IXCil l2 dffi. 
-00 

C rr03HQHH c06cTBeHHwx KOBapHaUHH npaBa5I lIaCTb paBHa 

2 sup j cCilIHCilI2B(ffi)dffi, 
B«(t)) -00 

f;:I.e B (w) - ,npe06pa30'BaHHe <Pypbe OT b (-t) If cynpeMY~ 6epeTC5I 

no cooTBeTcTBYIOIUHJ\l co6cTBeHHoMy cervleHcTBy cneKTpal\1. HarrpHMep, 

eCJIH Xi ObIJIOnpeJI,eJIeH rpaHHuaMH 13 ((I)) 3HepreTH4eCKoro cneKTpa, 

TO Yt 6y;I,eT ,onpe,J,eJIeH rpaHHuaMH \jf-wI 2B (w). 
HeTpy,UHO BH,UeTb, qTO eCJIH B (w) - lIlHpOKOnOJIOCHbIH cneKTp, a 

lH ffi l - y30K, TO IHffiI2B(U))~B(u>o) \fiw I 2 ='\'2\lfw l, rne u>o 
cpe,UH5I5I qaCTOTa «HaCTpOHKH» epHJIbTpa, T. e. BbIXO,UHbleCBOHCTBa 

orrpeJI,eJI5IIOTC5I TOJIbKO BH,UOM epHJIbTpa C T04HOCTbIO no 3HepreTH4e

CKoro MHO)KHTeJI5I. 

JII060H cTau.HOHapHbIH npou.ecc BToporo nOp5I,UKa (c HyJIeBbIM 

cpe,UHHM) MO)KeT 6WTb rrpeJI,CTaBJIeH KaK pe3ynbTaT JIHHeHHOro npe

06pa30BaHH5I neKOToporo «CTaH,UapTHoro» npouecca Z (t), HMeIOlIl,erO 
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3a,ll.aHHbIH HeHyJIeBOH mpH Ka:tK,ll.OM w cneKTp Bo(w) >0, 'C nOMOlll.bIO 

r 4.5. 3AKJIIOQEHHE¢HJIbTpa. B caMOM neJIe, BbIXO,ll.HOH nponecc 6yneT onp eneJI5ITbCH 

CJIenyIOIlJ,HMceMeHCTBOM .3HepreTHqeCKHX cneKTpOB: 
TIpouecc --- 3TO 5IBJIeHHe, HCXOJI.aMH KOToporo 51BJHlIOTC5I peaJIH3aUHH Henpe,


~ ro = {K (w) = IIi00/ 2 Bo (w), ifro E 51}, pbIBHoro BpeMeHH. COBpeMeHHa51 TeOpH5I 3HaeT pa3Hhle nOJI.XOJI.hI K OIIHcaHHlIM 

H BCer,ll.a MO)KHO nOn06paTb TaRoe MHO)KeCTBO f, qaCTOTHbIX xapaK

TepHCTHK ~HJIhTpa, qT06bI nOJIYQHTh 3anaHHoe c06CTBeHHoe ceMeir
CTBO ~. 

CTaHnapTHhIM MO.IKeT 6bITb JII060H epopMaJIbHbIH cneKTpaJIbHbIII 

npOIJ,ecc Zw, 3a,ll.aHHbIH CBOHM 3HepreTH4eCKHM cneKTpOM. BqaCTHOM 

CJIyqae, eCJIH HM 5IBLTI5IeTC5I «6eAblU UlYJJtl»: Bo'(w)=bo, TO IH !:':==w 
= K (w) /boH TOlrna C TOqHiOCTblO ~'O II1'OCT05JIHHoro K03epep HnIIeHTa ce

lYleHCTBO ~w H,ll.eHTHQHO n. OTMeTHM, QTO «6eJIbIH rnyM» KaK 

cneKTpaJIbHWH rrpouecc Zm He TOJIbKO He HMeeT aHaJIOra BO BpeMeH

HOI1 06.n:aCTH, HO He 5IBJI5IeTC5I B rrpeAeJIe crreKTpaJIbHbIM jLBOI1HlI

KOM HIIKaKoro peaJIbHOrO rrpoIl,ecca Xt. OJLHaKO OH onpejLeJIeH ca~l 
no Ice6e B QaCTOTHOH 06JIaCTH II ,ll.aeT YJL06HyIO epOPMY ,lJ.JI5I npe;r.
CTaBJIeHHH ,ll.pyrIIx rrp0Il,eCCOB. 

Y3KOnOJIOCHbie npou,eCCbI. IloJIYQaIOTC5I npII epHJIbTpaIJ,IiH U1HPC'~~O
nOJIOCHOro CTaIJ,HOHapHoro IIpOIl,ecca Y3KOrrOJIOCHbIM epHJIbTPOM, ~~ a

CTpoeHHbIM Ha Cpe,ll.HIOIO QaCToTy WOo I1MnYJIbCHbIH OTKJIHK epIIJIbTP~ C 

Y3KOH IIOJIOCOH QaCTOT rrponYCKaHII5I 3anHCbIBaeTC5I 

h (t-t')=H (t-t') COs (wo (t-t')+cp], 

rne H(-r) - orH6aIOma5I, Me,lJ.JIeHHO MeH5IlOI.I1,a5IC5I no cpaBHeHHfD C 

nepHO,ll.OM 2n/wo qaCTOTbI HacTpoHKII. Ilo,lJ.cTaHoBKa OTKJIHKa B (4.1 {3) 
y6e)KnaeT, qTO Bce co6cTBeHHble BbIXOnHble KOBapHaIl,HH 065!3aTe.TIbHO 

rrpH6JIH.lKalOTC5I IIpII ,c,Y.lKeHHII nOJIiOCbI epHJIbTP a i,K 0i):rHO~1Y 1BHny 

1
K. ('t) ~ 2 1'2 SH (t) H (t + 17) dt cos (UoT = '\'2 K. 0 (T) cOs W 17,o

BKJIIOqalOmeMY IKoJIe6aTeJIbHbII1MHO:tKHTeJIb. A nOCK'OJIbKy TOl.fHO T a .. 

KHMH )Ke IKOBapHaIJ,H5IIMH o6.Jla,lJ,aeT np enCT3BJIeHHe 

Yt = 'Y): sin Wo t + f]J cos (.uo t, 

r,lJ.e r(t H 11 S t, Ha3bIBaeMble KorepeHTHoH H KBanpaTypHoH COCTaBJIHIO

IlLHMH npoIl,ecca, HeKOppeJIHpOBaHbI, CTaIl,HoHapHbI, HMelOT Hy•.TIeBble 

CpejL'HHe II IKOBapHaIl,HlO 1'2KoCr) npHXOniHM K BbIBony, QTO JIIo6011 

Y3KOIIOJIOCHbIH CTaIl,IIOHapHbIH npouecc B KOMnJIeKCHOH epopMe 3ann
CbIBaeTCH 

Yt = ~ t exp ( - j Wot), ~ t == 'Y)~ +j Y)~ , 

r.ll.e ~t - KOMrrJIeKCHaH Orn6aIOI..U.aH npoIJ,ecca, a caM rrpOIJ,ecc Y pat 
BeH ,ll.eHCTBHTeJIbHOH qaCTII Yt : Yt = Re Yt. TaKoe npenCTaBJIeHHe UlH

pOKO HCnOJIb3yeTcH B CTaTHCTHQeCKOH panHOTeXHHKe H IIpH o6pa6oT
Ke Y3KOnOJIOCHbIX 'CHrHaJIOB. 

TIPH nepexone K crreKTPa.JIbHbIM npOIJ,eCcaM YKa3aHHa5I 3anHCb 

3arrHCh npeBp a maeTC5I B Yw = Y)w-w • 
o 

CJIyqaHHblx npoueccoB. CaMhIH 06mHii, ,COCT05ImHH B 3aJI.aHHH npouecca corJIaco

BaHHbIMJi MelKJI.Y C060l
u

i MHoroMepHbIMH pacrrpeJI.eJIeHH5IMH BepoHTHocTeH, OKa3bI

BaeTC5I CJIOlKHhIM, He3epepeKTHBHhIM H TpYJI.HOnpHMeHHMhIM. I1cKJIlOtIeHHe, nOlKa~lyfI, 

COCTaBJI5:llOT HOpMaJIbHble npoueccbI, H TO H3-3a HX 6.TI1I30CTH K ;:r,pyroMy rroJI.xo,II.y

onpe,lI,eJIeHHlO npouecca ero KOppeJIHUHOHHbIMH CBOrICTBaMH. KoppeJI5IUHOHHbII1 rro].

Xc>J.L rrpOCT B rrOHHMaHHI1, nOJIaraeTC5I Ha epn31HtIecKyIO npHpOAY HHepuHOHHOCTH 

npoueCCOB, HHTepnpeTHpyeTC5I tIepe3 crreKTp H HaXOJLHT lIlHpOKoe npHMeHeHHe BO 

Bcex 06JIaCT5:lX. Eme O,ILHH rro,ILXO,IL COCTOHT B HCnOJIb30BaHIUI epYHKUHOHaJIhHbIX 

npeo6pa30BaHHI1 CTaH,II.apTHbIX npoueCCOB, 06bItIHO 6eJIoro lIlyMa (TaK 3a,ILalOTClI 

,nHepepY3HOHHhle rrpoueCCbI), H 3aHHMaeT npoMelKyTOtIHOe nOJIOMeHHe Me:IK,ILy Yl\a

3aHHbIMH ,lI,ByMlI. BceM KJIaCCHtIeCKHM rrO,ILXO,ILaM CBOHCTBeHHbI a6COJIlOTHO 3aBep

llleHHble IT'O ,ILeTaJII13aUHH KOHCTpyKUHH: eCJIH 'lI3BeCTHbI Bep05ITHOCTH, TO BC5I COBO

KyrrHocTb, TO Me C KOppeJI5IUH5IMH. Bce :IKe B caMOM cymecTBoBaHHH KOppeJI5IUHOH

Horo rro,lI,xo,ILa Hero ycrrexax yCMaTpHBaeTC5I TeH):LeHUH5I BbIHyM):LeHHOrO OTXO;ra 

OT a6COJIlOTa B CTOpOHy yrrpomeHHfl, u60 KOppeJI5IUHH CYTb JIHlllb COCTaBHa51 tIaCTb, 

TO~HKa Bcero Heo603pHMoro apCeHaJI3 Bep05ITHOCTHWX CBOHCTB. 

Tpe60BaHMe ,ILaJIbHeHlllHX yrrpomeHHH BbI3bIBaeT Heo6xoJI.HMOCTb OTKpbITb rrpoc

TOp JII06hIM tIaCTntIHbIM, COKpam.eHHbIM OIIHCaHH5IM, 3a,ILaHU5IM npouecca ero OT

,lI,eJIbHbIMH CBOHCTBaMrlI, H He 06H3aTeJIbHO B TOtIHOM, a MOMHO B pa3MhITO~f, 

HHTepBaJIbHOM BH,lJ,e. He3aBepweHHble ,lI,JI5I KJIaCCHtIeCKOH TeopHH, TaKIIe KOHCTpyK

UHH oKa3bIBalOTC5ICOBepWeHHo 3aKOHtIeHHbIMH II cTporHMH, ,ILaMe eCTecTBeHHbD.IH, 

)J,JI5I IIHTepBaJIbHbIX MO,ILeJIeH, r,ILe JIlO6ble Bep05lTHOCTH, IKOppeJI5IUIIH, MOMeHThI (TOtI

HbIe nJIH HHTepBaJIbHble) KaK epparMeHTbI cpeJJ,HHx, eCJIH HX rrpHH5ITb 3a rrepBHtIHbIe, 

Y:lKe KaK-TO orrpe,lJ,eJI5IlOT npouecc, npHlJeM tIeM B MeHblileM tIHCJIe, TeM rrp0lll.e. 

CoxpaHeHHe 065:13aTeJIbHbIX, HaH60JIee BHAHMbIX, xapaKTepHblx tIepT n «3a6bI

BaHHe» Bcex BTopocTeneHHhlx ,lI,OBO,lI,HT CJIO)KHOCTb onHcaHHH npouecca ):Lo ypOBH5I, 

MaJIO OTJIHtIalOmerOCH OT MOne.TIell 5IBJIeHHI1c npocTbIMH Hcxo,UaMH (Tuna ,lI,HCKper

HbIX H HenpepbIBHbIX ,CJIYlJaI1Hblx Be..TIHlJHH, nOCJIejI,oBaTeJIbHOCTeH) II K HHM Hepe;I.Ko 

'CBO,LLIHTC5I. A ,lI,JI5I 3Toro Tpe6yeTcH HanpaBJIeHHblit nOJl.60p npH3HaKOB, KOTOPbI.\lH 

CJIy:lKaT epYHKllHOH3JIbI Ha npOCTpaHCTBe peaJIH3aUHI\ H 3a,lI,aHHe HX cpe,ILHHX. TaI~O" 

BbI:MH JljI5I HMnyJIbCHOH rro:vreXH MoryT 6bITb Bep05ITHOCTH npeBbIllleHHti O,UHoro H.1II 

ceTKH ypoBHelI. ,UJHI rrpoueCC3, p0:iK;:r,eHHoro HHepllHOHHbIM yCTpo11cTBoM, xapaKTep

HbI,MH 5IBJI5IlOTCH lJaCTHtIHO H3BeCTHble 'KOppeJI5IUHH, HHTepBaJI KOppeJI5IUHH, CBOHCTBa 

HenpepbIBHoCTH peaJIH3aUHli n T. n. Jl106bIe :lKeJIaeMbIe lJepTbI rrpn COOTBeTcTByIO

meM H3BbI,Ke nepeBO,LL5ITC5I H3 5I3bIK rrepBJllII-IbIX Cpe}lHHX. 

HOBbIH no,llXOJI. Tpe6yeT rrepecMoTpa HeKOTopbIX nOJIOLKeHHI1 cOBpeMeHHoH Teo

pHH. TaK, He BCHKHH npouecc 3arnICbIBaeTC5I KaKcyMMa ero cpeJI.HerO II OCTaTKa, 

a BepHbI 60JIee Q6m'He a):Ll(HTHBHble rrpe,lI,cTaBJIeHH5I (KoHeu § 4.1). He06hltIHO 

onpe,lJ,eJI5IeTC5I KOBapnaUH5I, eC.TIiIf cpe,lI,Hee HHTepBaJIbHo. I1cnOJIh3YlOTC5I H II3BeCT

Hble npHeMbI. TaK, npouecc, 3a,lI,aHHbIH KOppeJI5IUHOHHhIMH CBoHcTBaMH (BToporo 

nOp5l,UKa), ,npe,lI,cTaBJI5IeTC5I ceMeHcTBaMH TOtIHbIX c06cTBeHHbIx Cpe):LHHX M KOBapna

IUfOHHhIXepYHKUHH. 

Ynpom.eHHe CTpyKTyphI oIlHcaHHH MO:IKeT ,nOCTnraThClI 3a CtIeT Hen3MeHHOCTH 

CBOHCTB npouecca BO BpeMeHH, lITO n03BOJl5IeT, 3a,lJ,aBa51 cpe,lJ,HlIe npM O,lI,HOM Ha

qaJIe 'OTCqeTa, nepeHeCTM HX no C,lJ,BHry Ha Bce OCTaJIbHhle, npeyMHOJKalI TeM caMblM 
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CaMO no ce6e npHnaraTenbHoe «CTaTHCTH4eCKHA» 03Ha4aeT, 4TO 

Hcnonb3YIOTC5I ycpe,LLHeHHble no MHorHM HaOnIOjLeHH5IM jLaHHble, CBoe

ro p0,LLa COOHpaTenbHbIl1 CpejLHeCTaTHCTH4eCKHA OITbIT. 11 HOBH3Ha 

,H3wero illQjLXOjLa no cparBHeHHIO C ,Kn310CHQeCKHM B TOM, '4TO 'Oep:OPM

JI5Ie'DC5I 3TOT OTIbIT B BH,Ue HHTepBaJIbHbIX MOjLenelr CpejLHHX, qTO n03

BOJI5IeT OXBaTHTb rrpaKTHQeCKH caMbIA pa3HonHKHA craTHCTH4eCKHA 

MaTepH3JI B ero 6e,UHOCTH 111 6,oraTCTBe, C ,YQeTO.\1 epOPMbI, 06beMa, 

HeOnpejLeneHHOCTH H CTerreHH ,UOBepH5I K HeMy. 

CaMH peWeHH5I B CTaTHCTH4eCKHX MeTo,Uax HMeIOT CTaTHCTH4ec

KylO oKpacKy: OHH He 065I3aHbI 6bITb COBceM T04HbIMH BCer,LLa, pa3 

3TO HeB03MO.lKHO tc,Ue.J13Tb OjLH3.lK,UbI, HO B CpenHeM ,LLOn}I(HbI npHBO

,LLHTb K H3HJIYQWeMY pe3YJIbT3TY. 3TO H eCTb OCHOBHa5I 3ajL34a CT3

TilCTHQeCKilX MeTO,LLoB -- OTITHM3JIbHblii: cHHTe3, KOTOpOMy nOCB5Illl,e

H3 BC5I BTOpa5I q3CTb KHHrlI. 

M3TeMaTHqeCKa5I CT3THCTHK3 - H3YKa aHanH3a peWaIOlll.Hx npa


BHJI H ilX CHHTe3a - HMeeT ,UaBHHe Tpa,LI,liUHH, KOpH5IMH YXQjL5Illl,HMI1
 

B li:CTOpHIO TeopHH Bepo5ITHocTeIi. PIOCJIH 3TH ,ll,'Be Ha)liKH BMeCTe, Ino"lJ,


T5IfHBa5I ,Upyr ,Upyra. MaTeMaTH4eCKa5I CTaTHCTHKa jLaBaJIa TIHlll.Y Teo


pHH Bep05ITHOCTeA Tpe60BaHHeM OCBOeHH5I HGBWX Mo,UeJIeA, pa3BHBaH
 

,LLn5I HHX MeTO,UbI. 11 B pe3YJIbTaTe oypHoro COBMeCTHoro pOCTa, 065I


3a
l
HHoro XX BeKy, ,MbIOKa3aJIHCb nepen nopa3HTe.;lbHbIlVI :pa3Ho06pa


3HeM. MO,LLeJIeI1 II MeTO,LLOB. )lOXO,UHJIO ,UeJIO ,ll,O a6cYP,ll,a, EOr,ll,a HC


CJIe,UOBaTeJIH CHaqananpHjLYMbIBaJIH Ha 'DCHOBe 3,UpaBoro CMbICJIa
 

npa'BHJIa, a 33TeM «Ha'BO,JJIJIlI H8 IHHX HayKoo6pa3He», nOi,UbI,CKHiBa5I
 

Mo,UenH, ,UJI5I KOTOpbIX 3TH rrp aBHJIa orrTIIMa.lIbHbI (eCJIH 3TO H eCTb
 

enoc06 orrpaB,UaHH5I, TO nHWb CBoero cymecTBOBaHHH) ..A. I10TpeOn ...
 

renHM 'HHlJerO He 'OCr3BaJIOCb, K3K BepHTb HJ1H ineJlaTb BMIL, 14TO Be:pHT,
 

CJIe,LLY5I H3BeCTHOH ,CKa3Ke TIpO rO.lIoro KOpO.lIH.
 

KOp'HH nO,U'Oi6HbIX 36cyp,J,OB JIelliaT B TOM 6ecnpeKOCJTOBHOlVI no,2l

t-IHHeHHH, He3pHMOM <paTaJIH3l\1e, C KOTOpbIM BbI60p MOJLeJIH 06yCJI3B

JIHBaeT l\leTO,ll, CHHTe3a H B HTore BH,U OTITHlYIa.lIbHoro peWeHH5I. 11 eCJIH 

rrOJIb30BaTbC5I apCeHaJIOM TOqHbIX Mo,UeJIeA, TO HX KaMymeecH :MHoro

o6pa3He, C O,LLHoA CTOpOHbI, H HeHa,lJ,e)l(HOCTb C LLPyroA - nOpOlli,ll,aIOT 

O,LLHHaKoBoe COl\1HeHHe B BapHaHTax BbI6opa, jLe.naIOT paBHoueHHbIMH 

COBepweHHO p a3Hble MOjLeJIH, TelY! ca~lbIM 06e3JIHqIIBa5I OnTHMa.lIbHble 

rrpoue'uypbI peIIIeHHiL 

Hanpa1I1HB3IOI..UHlfC5I iBbIXO;J; coeTOHT B paClliHpeHHH apCeHa~TIa YI0L1-eI 
If 

JIeA, ,LLOnOJ1HeHHH ero rrpOCTbIMH, rpy6bHvIH, Ha,J,eiKHbIMH l\10,ZI,eJl5IMH 

,nJI5I yn.OBJleTBOpeHlI5I CTIpOca T3KIL\1H, ;KOTOpbIM IBIIOJIHe MOiI('RO II HyiK

HO ,UoBep5ITb. He Ha6HpaTb K3:/K;:LbII1 pa3 lYIo,ne.IIlI K3K ceMeAcTBa T04

HbIX, rrOCKOJIbKY 3TO ,UoJIrHA rrYTb, a HMeTb rOTOBble 06p33UbI H3 Bce 

cnyqaH lKH3HH - BOT Hawa ue.lIb! IlpHHLIJITIH3JlbHO TO, qTO B pe3JIb

H~X 3a,LLat-IaX ,.uaHHWX BCer,LLa KOHe4Hoe qHC.nO If OHH He MoryT 6WTb 

a6conIOTHO TOQHbIMH. 11MeHHo TaKOBbl~1H 5IBJI5IIOTC5I OCHOBHble p33

BHBaeMbIe Hal\1H Mo,Ue•.TIH, 06peTa5I TIOTeHUHaJIbHYlO Ha,Ue.lKHOCTb B 

ymep6 yTep5IHHOA TOQHOCTH. 11 HMeHHO B 3TOM 3aJIOiKeH CMbICJI rro,lJ.

rOTOBJIeHHbIX HaMH anrOpHTMHqeCKHX MeTOjLOB, opHeHTHpOB3HHbIX Ha 

KOHeQIIOe 'QnCJIO ,U3'HHbIX, 3 npH IHeOrpaHHQeHH01tI YBeJIHqeHHH 
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paCCbInaIOLUHXC5I B«q>eAepBepK» cOBpeMeHHbIx aHaJIHTHqeCKHX MeTO

nOB (TaK HJIH HHaqe HaXOjL5ImHX pa3yMHoe CBoe OOOCHOBaHHe B paM

Kax npe,lJ..lIaraeMOro 06mero nO,LLXOjLa). 

HOBbIe MO,LLeJIH npHrO,UHbI ,UJI5I .lII06bIX ,«KJIHMaTHqeCKHX» ycnoBHI1:: 

«rrepeHOC5IT» KaK H306H.lIHe, TaK H ,UeepHUHT HCXO,LLHbIX CTaTHCTHqeC

KHX ,naHHbIX, pa60TaIOT B YC.lIOBH5IX CTaTHCTHt-I'eCKOA HeycToA4HBOCTH 

(OTpa2KeHHOI~I B HHTepBa&l1bHbIX cpeJJ,HHX), a TaKlKe rrpH qaCTH4HOM 

H TIOJIHOM OTCyTCTBI1H CTaTIICTH4eCKHX ;r.aHHbIX. ITPH 3TOM B paMKax 

lfH;:J.HKaTopHbIX Mo,.ue.TIei~I HHTepBa.nbHble Cpe,ll,HHe MoryT nO,UMeH5ITbC5I 

YKa3aHH5IMH HHTepBa.lIOB, ,LLOTIyCKOB Ha Ha6nIO,neHHH, rrpHOJIHLKaH HaC 
K lIHTepBa~1bHOMY aHaJIH3Y, H B 3TOM n.naHe TeOpH5I eme 2K,LLeT CBoero 

Ipa3BHTH5L 
CTaTliCTH4eCKHe HHTepBaJlbHbIe MO,II.eJlH. ITpHcTynliM K CTporOH 

MaTeMaTH4eCKoA q>opMynHpoBKe rrrp06JIeMaTHKH. 3a,Ua4a COCTOHT B 

o6pa60TKe Ha6JIIO,UeHHA YEUlj C ueJIbIO nOjLrOTOBKH ,ll,aHHbIX H BbI

HeceHHH peweHHA OTHOCHTeJIbHO COCT05IHHA XEge 06'beKTa HJIH 5IB

JTeHH5I. ITpHMepoM COCT05IHHrI MO.lKeT 6bITb HaJIH4He JIH60 OTCyT'cTBHe 

CHrHaJIa, CKpbIToro wyMa, HaTIpaB.TIeHHe HJIH n3JIbHOCTb )1,0 ueJIH 

11 T. JJ.. ITepeMeHHyIO x 6y,!I.eM Ha3bIBaTb napaMeTpOM COCTOJlfiUU. 06
JIaCTb ge 3HaqeHHi:'r x, B 06meM, BeCbMa npOH3BOJIbHa: ,LLHCKpeTHoe 

MHOlKeCTBO, BeKTopHoe H.lIH <PYHKUHOH3.nbHoe npocTpaHcTBo 11 T. II. 

TIpe;jL!~leT :~laTeMaTnI4eCKoA 'CTaTHCTIPKH B03HHKaeT TOfJJ,a, KOlrjLa 

np5IMOe Ha6.TIIO,ll,eHHe 3a COCTOHHHeM x JIH60 HeB03MOlKHO, .nH60 3a

Tpy,LLHeHO HaJ1H4HeM BHyTpeHHHx H.TIH BHellIHHX CJIyQaAHocTei1:. 4TOObI 

33,LLaqa HMeJIa CMbICJI, OT COCT05IHHA X jLOJIlKHbI 3aBHceTb OBOHCTBa 

H36JIIOJI,eHHr1 yEUlj, Ii TOr,LLa Y 6yjLeT onHCbIBaTbC5I He 0)],HOI1, a ce

Melic'TBOM lVlo,UeJIeA J(Yx , XE£e. 310 eCTb nepexo,UHble MO,LLeJIH, 3KBH

BaJleHTHble HeKoTopoMy c.nY4aI~IHOMY onep3Topy Q (K3HaJIy), B COOT
Q 

BerCTBHH C IKOTOPbI'M ge -+Ulj. 
CaMo COCT05iHHe x TaKlKe, B 06meM, anpHopH onHCbIBaeTC5I MO

JI,eJIblO J!tx , TaK lITO Jf{Y = QJ1{x. IlpoH31Be.neHHe J!{XY =JI{Xvf{Yx "lJ,aeT 'COB

MeCTHoe M3TeM3THQeCKOe OTIHC3HHe HCXOJI,OB Ha Ulj H 3Ha4eHHA HH

TepecylOmero Hac napaMeT,pa x COCT05IHHI1. COBl\1eCTHa5I J{XIJ Ha3bI

BaeTC5I CTaTUCTUlfeCKOU ufiTepBaAbfioll J1l00eAblO (CI1M). 
CTaTHCTHQeCKa5I IIHTepB8JlbHa5I MOJI,eJ1b e/f{xy B 33BHCHMOCTH OT 

Toro, p aCrra,lJ,aeTC q li J H3 IT pOH3BejLeHHe Jltxv1{ux HJ1I! HeT, Ha3bI

BaeTC5I COOTBeTCTBeHHO pa3JlOJICUJl'lOll U fiepa3AOJlClL~lOll. Pa3JI1I4He 

MelKny HHMH caCTOllT B cnoco6e epOpl'.1HPOB3HH5I COB1'1eCTHOA l\10jLe

.TIII. ,U.II5I Hepa3.nO~'KH:'vlbIX 3TO ,ne.TIaeTC51 C nOMOmbIO nepBHqHbIX cpeJl

HHX iWg (x, y), gE~, CO;replKaIILHX ,lJ,3HHble 0 COB:\leCTHOl\1 rrOBe;r,e

HHII x H y. 3TH CpeJLHHe l\10rYT ObITb HaA~eHbI 3KcnepHMeHT3JIbHO, 

Kor,Ua COCT05IHH5-I x HaxO;L5ITC5I BHe Hawero B,;1H51HH5I, T8K lITO l\10lli 

EO JIHIIIb naCCHBHO CJTeJJ,HTb 3a 3Hat-IeHH51MH x 11 conpOBOiKJI,3IOIll,I1l\1H 

ux peaJIH3aUH51MH y. P33JlOiKHMble MOjLeJIH 5IB.lI7IIOTC5I pe3YJIbTaTO~1 

aHaJIH3a nOBe,neHH5I Ha6.lIIO;:LeHHA y npE K3iK,LI.OM XE£e B OT,Ile.TlbHOC

TH. OHH 6y,nyT HMeTb MeCTO TOrjLa, KOfJJ,a Ha 3TaTIe epOpMHPOB3HH5I 

Mo,neJIH MOlKHO ynpaBJl5ITb 3H34eH115IMH x COCT05IHHA. [105ICHHlVl pa3

HHUY MelK,ll,y MO,lJ,e.n5IMI1 Ha rrpHMepax. 
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IT p II M e p 5.1. ITYCTb CllHTe3 MO.l\eJIll OCYllleCTBJIlIeTClI Ha OCHOBaHllU nOBTOp


HOro COBMeCTHoro Ha6JIIO.l\eHHlI peaJIll3aUHH x(n) II yIn). n= I ..... N. npll 3TOM
 r
co6llpalOT.ClI CBe.l\eHllll 0 'Cpe.l\HnX 3HaqeHllllX npll3HaKOB g(x. Y)E'S. ):(aJIee ycpe.l\ 


aeHueM II BblCTaBJIeHlleM .l\OBepnTeJIbHbiX rpaHllU HaJeO.l\lITClI nepBllqHble 3HaqeH.sr
 

I N
 
Mg(x. y)=- Lg(X(nJ, y(n»_~;
 
- N n=!
 

I N
 
Mg(x, y) =- L g (x(n), y(Il» +~.
 

N n=1
 

B 3TOM CJIyqae CI1M nOJIyqaeTClI Hepa3JIO)l{HMOH. ECJIH )l{e HMeeTClI B03MO)l{HOCTb
 

ynpaBJIlITb COCTOllHH5IMll x II Ha6llpaTh cTaTllcTHKY 0 Cpe.l\ReM MYxg (y) npH Ka)l{
 r 
.l\OM 3HaqeHHH XE!Jl}, TO 6Y.l\YT nOJIyqaTbC5I AOBepllTeJIbHble rpaHHUbI ~Yxg(y), 

MVxg (y), 3a.l\alOlllHe nepeXO.l\Hb!e MO.l\eJIHpa3JI·O)l{,HMO!1 CI1M. 
IT P H M e p 5.2. ITyCTb COCT05lHHH Bcero .l\Ba: Xo 'll XI, H Ka)l{.l\OMY ll3 HllX
 

cooTBeTCTByeT CB051 MO.l\eJIb .JI(Yo II ,;/{Y1, llHTepnpempyeMall KaK ceMeHcTBO TOqHbIX
 

pacnpe.l\eJIeHllll Bep05lTHOCTeii g>y: ,;/{Yx = V g>y, X=Xo llJIll XI. Tor.l\a eCJIR
 

.Cf!y E ..Jt~
 

g>y MoryT BbI6llpaTbC5I npOH3BOJIbHO BHYTPll .,f(Yx BHe CB5I3H C TeM, paBHO X=X(}
 r 
llJIH Xl. TOr.l\a 

Mf(x. y)=M
X 

[8 xo (x). SUp M~f(x, y)+8 ,(x) SUp M'jpf(x, y»)x 
~c..Jtt ~c..Jtf 

H HMeeM pa3JIO)l{HMYlO CI1M, npHqeM ,;/{Yx 0 =v!{Yo, "f{Yx I =v!{Y I. ECJIH )l{e g>Y H3 ,;/{Y II ~ 
KaKHM-TO o6pa30M nO.l\tIJHHeHbI g>yo ll3 .,f(Yo, TaK qTO BbI60p O.l\HOro pacnpe.l\eJIeHIHl 

BbIHY)l{.l\aeT BIl.l\ .l\pyr-oro, TO, 0603HaQall CB5I3b g>y 1= Sg>yo• nOJIyqaeM 

M 
X

Mf(x, y)= SUp [8x (x)Mf-n f(x, y)+8 (x)MSY.,,, f(x, V)].
y 0 ,::.0-0 x 1 7-0 

~oE..Jto 

B 3TO'M c,1yQae CI1M CY)l{aeTClI H 'CTaHOBHTClI Hepa3JIO)KHMOII. 

OapaMeTpaMH COCT051HHH MoryT 6hITh Cpe.n.HHe xapaI<TepHCTHKH
 

CJIyqaHHOrO 06beKTa HJIH 5lBJIeHH51, 'CKa)KeM x=Mq (y) I r.n.e .q - He


KOTopaH <PyHKU.HH. Tor.n.a .;J{Yx CYTb Mq-CetIeHH51 H3 npe.n.CTa BJJeHH51:
 

J1tY = V J!t~, r.n.e .J1..'~ = J/Jty 1\ (Mq = X)
 
XES;
 

H $= {x: ..J{Yx =p0}. Mo.n.eJIh pa3JIaraeTC51 Ha npOH3Be.n.eHHe ..J{XY= 

=:'Jxv/{Yx , r.n.e :'JX eCTb rOJIaH Ha $ MO,lleJIh. 3TO npOH3Be.n.eHHe .3KBH ..,
BaJIeHTHO CJIe.n.YIOLUeMY nop51.n.Ky BbltIHCJIeHH51 cpe.n.HHX: .!Vif (X, y) = 
= SUp .!ViYxf (X, y), H COOTBeTlcTByeT nOJIHoMy OTCyTCTBHIO anpHopHhIX 

X 

.n.aHHhlX 0 x. 
O.n.HHM H3 cnoc060B B03MQ)KHhIX ynpOl.lI,eHHH CI1M 5IBJI51eTC51 ee 

paCWHpemle, TaK KaK .3TOT cnoc06 BH.n.OH3MeHeHH5I CI1M He yxy.n.

waeT ee Ha.n.e)l{HOCTH (a cKopee Ha060poT, B OTJIHlfHe OT cy)l{eHH51). 

HanpHMep, pacwHpeHHeM Hepa3JIO)KHMaH CI1M MO)l{eT 6hITh npHBe

.n.eHa K pa3JIQ)KHMO{I. Bo06l.lI,e pacwHpeHHeM MQ)KHO CBeCTH CI1M K 

JI1060ii H3 3a;pa'Hee BbI6paHHblx yrrp0l.lI,eHHblx CpOpM. Borrpoc TOJJbKO 

B TOM, KKaKHM rtoTep51M TOlfHOCTH .3TO npHBe.n.eT, TaK KaK npH He
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y.n. alfHO BhI6paHHOH <popMe npHBe.n.eHHoH CI1M pacwHpeHHe MO)l{eT 

06paTHTbC5I B .«pa3.n.eBaHHe» B'IlJIOTb .n.o rOJIOH Mo.n.eJIH :'Jxy , 'CJIe.n.oBa

TeJIbHO, K nOTepe JII06hIX .n.aHHblx KaK OTHOCHTeJIhHO x, TaK H y. 
OpHBe.n.eHHe B03MO)l{HO H K .n.pyrHM <popMaM, 0 KOTOpbIX noH.n.eT pelfb, 

H 3a.n.alfa HH)I{eHepa-HCcJIe.n.oBaTeJI5I - no.n.06paTh T'aKYIO, KaKa51 6JIH

)l{e Bcero CTOHT K pewaeMOH 3a.n.alfe 'C IJ.eJIbIO COCTaBHTh HaH60JIee 

.3KOHOMHoe orrHcaHHe. 
4»YHKlJ.HOHaJlbHble npe.n.cTaBJleHHSI Ha6Jl10AeHHi;L O.n.HOH H3 <POPM 

3a.n.aHH5I CI1M 5lBJl5IeTC5I <PYHKIJ.HOHaJIbHOe npe.n.cTaBJIeHHe BH.n.a 

y=Vx~, xEfC, yE"/j, ~E8, (5.1) 

r.n.e ~ - HeKoTopoe CJIYlfaHHoe 51BJIeHHe, Ha3hlBaeMoe <pJIyKTyaIJ.H51

MH (JlH60 WyMOM, nOMexoH), a V eCTb onepaTop CB5I3H y C X 

H ~, oT06pa)l{aIOl.lI,HH rrpoH3Be.n.eHHe 'rrpocTpaHcTB $ X 8 B Ulj. B .3TOM 

CJIylfae .n.OCTaTOlfHO 3Ha'Tb cOBMecTHyIO Mo.n.eJIb .If{x~, KOTOpa51 BMeCTe 

C V o.n.H03Ha·lfHO ·orrpe'.ll.,eJIHT CI1M ..J{XY. npeHM,YLUec11Ba :rrpe,1I:CTaBJIe

HH5I (5.1) 6y.n.yT OLUyTHMbI JIHWb Tor.n.a, Kor.n.a rrpOCTOH rro <POp Me 

5lBJI5IeT'C5I .If{x~ (HJIH 6e3 OC06hIX rrOTepb B paCWHpeHHH ee y.n.aCTC5l 

yrrpocTHTb). HarrpHMep. Kor.n.a ..J{x~=.If{x.lf{~, T. e. <pJIyKTyaIJ.HH ~ CBO

60.n.HhI OT x. 
MO)l{HO 3apaHee BbI6paTh orrepaTOp V H paCWHpeHHeM CBeCTH 

CI1M K BH.n.y (5.1). Tor.n.a B03HHKaeT Bonpoc 0 IrrpaBHJIbHOM iBbI60

pe V, H3BJIeKaIOLUHM H3 ~ Bce OTJIHqHTeJIhHOe, qTO TOJIbKO Tpe6yeTC5l 

.QJI5I y. 
MOAeJiH C MellialOLUHMH napaMeTpaMH. B orrpeAeJIeHHhIX 3aAalfax 

BhI.n.eJI5IIOT TaK Ha3hlBaeMhle MewaIOW;IIe napaMeTphI eE'8, ClfHTa5I 

CI1M .If{axy no.n.lfHHeHHoH e. ECJIH e MO)l{eT 6hITh JII06hIM BHyTpH e, 
TaK qTO aTIpHOpH ero Mo.n.eJIb 51BJI5IeTC5I rOJIOH .If{a.=:'Ja, TO BBe.n.eHHe e 
.3KBHBaJIeHTHO rrpe.n.CTaBJIeHHIO CI1M B BH.n.e 06be.n.HHeHH5I ..J{xy= 

XY= V.Jf{a . OpH .3TOM CI1M 6y.n.eT TaK)I{e qaCTHOH K rrpOH3Be.n.eHHIO 
a 

.;f{axy =:'Ja .If{aXY . 

MewaIOLUHH napaMeTp MO)l{eT BXO.n.HTb B <PYHKIJ.HOHaJIhHOe rrpe.n.

CTaBJIeHHe y= Va,x~, r.n.e OH OTpa)l{aeT HeH3BeCTHble .n.aHHble 06 orre

paTope V. 3TO rrpe.n.CTaBJIeHHe HMeeT CMbICJI TOJIbKO BMeCTe C ynpo

rn,aIOLUHMH npe.n.rrOJIO)l{eHH5IMH 0 ,coBMecTHoH Mo.n.eJIH e, x H ~, QTO 

paCCMal1pHBaeTC5IB rrpllMepe. 

ITpHMep 5.3. I1YCTb llMeeT MeCTO npe.l\CTaBJIeHHe Yt=8+t{Xt+5t}, r.l\e Xt 
eCTb OlrtlaJI, nepe.l\aBaeMblfl no KaHaJIy CB1I3H; 5t - a.l\.l\HTHBHbIH WyM. 3.l\eCb 

MewalOlllHH napaMeTp 8+ t:;;' 0 OTpa>KaeT 3aMHpaHHlI B KaHaJIe. B CJIyqae He

3aBHCHMOCTHCOBMeCTHa51 MO.l\eJIb 3am1WeTC51 ,;/{ax~=J(8X IlfXX,;/{s. ECJIllCBe.l\eHHlI 0 

He3aBH'CllMOCTH HeT, HO HMeeT MeCTO cBo6o.l\a 5 OT 8 H X (o3HaqalOlllall, qTO WYM 

cnoco6eH B HeKoTopoH Mepe «nO.l\CTpaHBaTbClI» no.l\ 3HaqeHHlI 8 H X B paMKax 

3aJJ.aHRoA .JI(5) H cBo6ona 8 OT x, TO: ,;/{ax~=.,f(a.Jl(x.Jl(s. HaKOHeu, B03MO)l{eH H .l\PY

roA BapnaHT, 'KOr.l\a J(ax~=,;/{x~J(a II 3.l\eCb y)l{e napaMeTp 8 MO)l{eT TaKruqeOKH 

-«nO.l\CTpaHBaTbclI» no.l\ X Ii 5 ·B paMKax .JI(a . 

Po6acTHble MOAeJiH. nOJIYlfaIOTc5I 3a.n.aHHeM HJIH HHTepnpeTaIJ.Hei'f 

Mo.n.eJIeH ceMeHCTBaMH pacrrpe.n.eJIeHHH Bep05lTHOCTeH, O<popMJIeHHhI
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~
 MH KaK HeK01'Opble OKpeC1'HOCTH 13 rrpOCTpaHCTBe pa'CrrpeJI.eJIeHHiL
 

TaK MO)KeT OrrnCblBaTbC5I H caMa no ce6e CI1M, H MO,.QeJIH q)JIyKTya


~HH (HJIH rrapa'MeTpa 'COCT05IHHH) BepYHK~HOHaJIbHOM npeJI.'CTaBJIe


HHH Ha6JIIOJI.eHHH. 3 aJI.ae1'C5I ceMeHCTBO .;/( = V flJ B BHJI.e MeTpH'IeCiKHX
 
OrpaHH'IeHHH THrra 

{gil: d (gil, gvo) ~ e}, 

rJI.e d - l«paCCT05IHHe» or pacrrpeJI.eJIeHH5I BepoHTHocreH flJ )].0 «~eHT

pa» flJo. lIHTaeTc5I, KaK ,ceMeHCTBO Bcex pacrrpeJI.eJIeHHl1 BepoHTHocTel1
 

flJ, OTCT05IlUHX or flJo He 60JIee, ''IeM Ha e. Pa3Hble MeTpHI\l-I d Ber":(yT
 

K pa3HbIM ceMeHCTBaM, pa3HblM M0JI.eJI5IM. OJI.HO H3 pacrrpOCTpaHeH


HbIX ceMeHCTB JI.aIOT HHTepBaJIbHbIe ofIJIOTHOCTH: e. (z), p(z) - 'ceMefI
t' 

CTBO Bcex rrJIOTHOCTeH, pacrrOJIaraIOll.I,HXC5I Me)KJI.Y HIDKHeH H BepXHeif 

rpaHH~aMH (3JI.eCb z 3aMeH5IeT rrepeMeHHble x, y HJIH 06e BMeCTe). 

BblJI.eJIHM «l.1,eHTp» po(z)=I[e.(z)+p(z)]/2, OH epopMa.'IeH (::lTO MO

)K'eT H He 6bITb rrJIOTHOCTb); TOrJI.a ceMeHCTBO {p (z) :!? (z) ::::;;P (z)::::;;
 
::::;;P (z)} Bblpa)I{aeTCH MeTpH'IeCKH TalC
 

{ 
+} .p (z) : max I~ (z) - Po (z)/ ~
 

z p (z) - E(z)
 

1I a'CTHble B a pH a HTbI HHTepBaJIbHOI1 rrJIOTHOCTH, COOTBeTCTBYIOI.UlIe
 

p(z) = 00, JI.aeT CeMeI1CTBO«3acopeHHbIX» :[ 11] pacrrpe,1I.eJIeHHI1, 3KBH


BaJIeHTHO npeJI.cTaBJI5IeMoe: (I-e)po(z)+epv(z), r,1I.e Po(z) - 33

\0,1I.aHHa5I, Pv (z) - COBepweHHO HeH3BeCTHa5I rrJIOTHOCTb, H Tor)]. a
 

e.(z) =,(1-e)po(z). CeMeI1ICTBO 3arrHCblBaeTC5I 'lepe3 epYHKI.1,HH pac

npeJI.eJIeHH5I: (I-e)Fo(z)+eFv(z), r,1I.e F,,(z) - rrpoH3Bo.'lbHa. no

HHMaeTC5I TaKa5I MO,1I.eJIb TaK, KaK 6YJI.TO C Bep05ITHOCTbIO (I-e) CJIy


'IaHHWH HCXO)]. z nO,1I.'IHH5IeTC5I 3a,1I.aHHoMY C4HCTOMy» pacrrpeaeJIeHHIO
 

Bep05ITHOCTeii, cooTBeTcTBylOI.UeMy F0 (z)( HJIH Po (z) ), a C Bep05IT


HOCTbIO e MQ)KeT 6bITb Bce, 41'0 yrO,1I.HO, 'ITO H Bbl3blBaeT '«3acopeHHe»
 
'IHCTbIX 3HaHHH H rrOHBJIeHHeCeMeHCTBa. 

P06aCTHblH no,1I.XO,1I. HMeeT rrO,1I.,1I.ep)KKY B BHJI.e TeopeMbI 1.3 0 

rrpeJI.cTaBJIeHHH, rro KOTOpOl1 MOJI.eJIH HHTepllpeTHpyIOTcH KaK ceMeii 

CTBa pacrrpeJI.eJIeHHH BepoHTHocTeH. 11 31'01' 1l0,ll.XOn Mor 6bI 6bITb 

yHHBepCaJIbHbIM, eCJIH 6bI He orpOMHble Tpy,1I.HOCTH, BCTaIOLUHe Ha 

rrYTH OllHcaHHH MeTpHlleCKHMH orpaHH4eHH5IMH caMbIX pa3Ho06pa3

HblX ceMeHCTB H CBOlkTB, oc06eHHO TaKHX, KaK 3aBHCHMOCTb Me)K,1I.y 

CJIY4aHHbIMH BeJIH4HHaMH BHyTpH rrOCJIe,1I.OBaTeJIbHOCTH HJIH rrpouec jl, 

ca. Yrp03allOJIY4HTb rpOM03,1I.KHH KOM onHcaHHI1 BMeCTe C BbITeKaIO

I.UHMH OTCIO,1I.a TPYJI.HOCT5IMH CHHTe3a OLIeHb orpaHH4HBaeT cepepy ,1I.eH
CTBHH p06aCTHblX MOJI.eJIeH H MeTO,ll.OB. 

5.2. OnnfMAJlbHblE fIPABHJlA 
.' 

PaCnJIbrc4aTble peWeHH5I H pewalOW:He rrpaBHJIa. UeJTblO CTaTHCTH

'leCKHX MeTO,ll.OB 5IBJT5IeTCH BbIHeceHHe peWeHHJ1 OTHOCIHeJIbHO COCTOH

HHH xEge no Ha6JIIOJI.eHHHM y. !\a)I{JI.oe peweHHe ,eCTb HeKOTopoe 

cy)K,1I.eI-IHe 0 COCT05IHH5IX. 3TO cy)K,1I.eHHe MQ)Ker Bblpa)I{aTb'C5I B .u:e

TepMHHllpOBaHHOH epopMe B Bll,1I.e YKa3aHHH KOHKpeTHoro 3JIeMeHTa X 
npOCTpaHcrBa ge, TaK 11 B He'leTKOH epopMe B Bll,1I.e nOJI.'MHO)KeCTB f!C, 
HJIll B BHJI.e He4erKHX C06bITHH.!l (x), if (x) (c. 88), rJI.e crreUHepH'IHO 

,1I.JI5I peweHHH rpaHllUbl 065I3aHbi COBrra,1I.aTb H 0603Ha'laIOTC5I d (x). 
PeuteHUflMU Ha3bliBaIOT,C5I JIIO'6ble He4eTKHe '006bITlI5I Ha rrpOCT

paHcTBe COCTOHHHH ge, onHCblBaeMble epYHKI.1,HHMH d (x), xE'f!C , Ta

KllMll, 'ITO O~d (x)::::;; 1. <1>YHK'UIl5I dl(x) - '1l'305pa)l{elHHe M'HeHHH OTHO

CllTeJIbHO ,B03MO)KHbIX x, Bblpa)l{eHHOrO 'B Bll,1I.e HeK0110pOH .KlpUBOH 

npe,1I.rrO'lTeHHH pa3HbI:\1 3Ha4eHH5IM x rro WKaJIe [0; 1]. 31'0 )Ke rrpH 

Ka)K,1I.OM x llCTeneHb yBepeHHocTll, JI.a)Ke Bep05ITHOCTll, C 'KOTOPOH 

3JIeMeHT x BKJIIO'IaeTCH KaK B03MO)KHbIH rrpe,1I.'CTaBllTeJIb peWeHIl5I. 

MHO)I{eCTBO Bcex B03MO)KHbIX peweHllH (Bcex epYHKUllH O~ 

~d(x) ~ 1 Ha ge) 0603Ha411M Dv . B D" BXO,1I.llT peweHHe d(x) = 1, 
cooTBeTcTByIOll.I,ee eppa3e: ,«!\aKoe-To COCT05IHlle Ha ge llMeeT MeCTO». 

TYJI.a )I{e BXO,1I.HT uHouKaTopHble peuteHUfl d (x) =A (x), Acf!C, COOT

BeTcTByIOLUHe eppa3e: «I1MeeT MeCTO KaKoe-TO O,1I.HO COCTOHHlle H3 

MHO)KeCTBa A Ha f!C». B CJIy'lae ge = Ill, KOr,1I.a MHO)KeCTBO A eCTb 

I1HTepBaJI rrp5IMoii: A ={a, b], llHJI.ll'KaTOpHOe peweHHe Ha3blBaeTC5I 

UHTep8aJlbHblM peuteHueM. PeweHlle B BHJI.e JI.eJIbTa-epYHKUllll: d'(x) = 
= IL (x), COCTOHll.I,ee B YKa3aHllll OJI.HOrO KOHKpeTHorOCOCT05IHllH X, 

x 
Ha3blBaeTC5I oeTepMuHupo8aHHblM. HaKoHeu, peweHHe d (x) =0 COOT

BeT,cTByeT TOMy, 'ITO HHKaKoe 113 COCT05IHllH f!C He HMeeT MeCTa. 

Y,1I.06HO BbIJI.aBaTb ° 3a 6eJIoe, 1 - 3a a6COJIIOTHO 'IepHOe, H 

Boo6:palliaTbce6e ,B 06ll.1,eJM d (x), ,Ka,K pa3'Ma3aH'HOe rrHTHO Irrepe.MeH

HOl1 KOHTpacTHocTll Ha 6eJIOM epoHe, ICBoero po,1I.a KaK He'lJeTKOe 11306

pallieHHe uemI Ha 3KpaHe OCI.1,IlJIJIorpaepa. 

BeJIll'lHHY sup d (x) -inf d (x), paBHyIO BbICOTe d (x), 6YJI.eM Ha

3bIBaTb KOHTpacTHocTblO peuteHufl, a peweHHe, npliHllMaIOI.Uee XOT5I 

6bl pa3 KaK 3Ha'leHlle 0, Ta'K 11 3Ha'leHlle 1 - KOHTpacTHblM. KOHT

pa-CTHOCTb, :31'0 B HeKoTopolM ,CMbICJIe HeC'OMHeHHOCTb, y'BepeHIJ-IoocTb pe

rneHHH. MHolliecTBo KOHTpacTHblx peweHl1ii 0603HaLIllM DOl: DOl = 
={d(x) :infd(x)=O, supd(x)=I}. B DOl :BXOJI.HT KaK Bee JI.eTepMllc 

HllpOBaHHble peweHIiH DiJ.eT, TaK 11 Bce llH,1I.ll'KaTOpHble (IlHTepBaJIbHble) 

Dn. Ha 3TOM OCHOBaHHH BepHO BKJIIO'IeHlle: DiJ.eTCDnCDol cD" . 
BepHeMC5I K MHO)KeCTBY D" Bcex peweHllH. OHO 3aMKHyTo OTHO

CHTeJlbHO JIOrWleCKHX onepaUHii: «He d(x)>>-<=>-l-d(x); «dl(x) llJIH 

ddx)>>-<=>-d(x)=max{ddx), d2 (x)}; «ddx) 11 dz(x)>>-<=>-d(x)= 
=min{dr(x), d2 (x)} (TO )Ke MOlliHO CKa3aTb OTHOCHTeJIbHO lln). 
MHOllieCTBO Dv 3aMKHyTo 11 OTHOCllTeJIbHO ,paH)].oMH3aU'HH: «'BbI60'p 

di(x) C BepOHTHOCTHMll pi, LPi= !»-<=>-d(x) =z,Pid;(x). PaHJI.OMH3a

u.Heii BbI-palliaIOTcH pemeHH5I, BbI'CKa3aHHble B BHJI.eCOMHeHllH. TaK, 

epp a 3a: «BepoHTHo (c BepoHTIHOCTbIO p) llMeeT MeCTO peweHlle d* (x)>> 
DTpalliaeTC5I a6cTpaKTHbIM 'C06bITlleM d(x) =pd* (x). ECJIll, CKallieM, 

d* (x) =A (x) - llHJI.HKaTOpHoe peweHlle, TO peweHHe pA (x) 6YJI.eT 

COOTIBel'CTBOBaTb rrpe,1I.JI'OllieHHIO: «I1Mcer MeCTO O;I.HO 113 ,COCTOHiHllH 

MHOllieCTBa A co CTeneHbIO yBepeHHOCTll p, 'H HHKaKoe 113 JI.pyrllx ICO

Cl'OHHllii (T. e. 113 Ac) ». TaKHM o6pa30M, pa3Ho06pa311e He'lel1KllX 

C06bITllH rr03BOJIHeT Bblpa311Tb pa3Hble orreHKH 'peweHllH. 
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TIepeH,lI,eM Terrepb OT perneHHii: IK p e rn a 10 m II M rr p aB II JI a M. '19 I 
OHH Ka)K,lI,OMy Ha6JIIO,lleHHIO Y YKa3bIBaIOT, KaKoe peweHHe IlpH 3TOM t 
CJIe)l.OBaJIO 6bI npHHllMaTb; T. e. nOJIHOCTblO 3anaIOT cxeMy, Ilpoueny

1 
py \npIIHHTHH perneHHH, KaKoe 6bI Y Hill CJIyllHJIOCb. ECJIH peweHHH 

HelleTKJHe, TO :npaBlHJIa ~Ha3bIBaIOTICH paCnAblBtiaTblMU. 
qHCTO <popMaJIhHO pernalOmee IlpaBHJIO ay, (x) eCTb oTo6palKe

HHe rrpOCTpaHCTBa Ha6JIIO,lleHHH Olj B MHO)KeCTBO Bcex perneHHH 

ay
DV: ~-+DV· 

MhI orpaHHIIHM KJIaCCbI rrpaBHJI, eCJIU 3aMeHHM D y Ha HeKOTopoe 

ero nO)l.MHO)KeCTBO D. TaKHe rrpaBllJIa Ka)K)l.OMy y CTaBHT B COOTBeT

CTBHe pern,eHHe d (x) H3 ,MHO)KeCTBa D, DeDv. t,. 
TIpaBHJIa 'KJIaCCHepHUHpyIOTCH no BH,ny perneHHH. ECJI'H D=DJj.ey 

eCTh MHOJKeCTBO ,1l.eTepMHHHpOBaUHbIX perneHHH, TO npaBHJIO Ha3bI

BaeTCH ,1l.eTepMHHHpOBaHHhIM; eCJIH D=D H eCTb HH)l.HKaTOpHble (HH

TepBaJIbHble) perneHH5I, TO npaBHJIO Ha3bIBaeTICH HH,llIIKaTOpHbIM 

(HHTepBaJIbHbIM). HaKOHeu, eCJIH D=Do1 - MH02KeCTBO KOHTpaCT-

HbIX perneHHH, TO npaBHJIO Ha3bIBaeTCH KOHTpaCTHbIM. 0603HaqeHH51 

KJIaCCOB npaBHJI CP0,llHH pelIIeHHHM: q)y, q)ll.eT, q)H' 200'1' 
·rnOTepH. PelIIeHHe d (x') np'HIHHMaeT'CH IB KOHellHOiM tC:lleTe OTHO

CHTeJIbHO COCTOHHHH x'EfE, n03TOMY Tp'e6yeTcH oxapaKTepH30BaTh 

ero ,rrpaBHJIbHOCTb, HaCKOJIbKO OHO yranbIBaeT IICKOMoe x, OXBaTbI

BaeT qTO JIIH ero. 13y)l.eM xapaKTepH30BaTb npOTH'BOIlOJIO)KHYIO Be.Hll 

tIHHy - HerrpaBIIJIbHOCTb - C nOMOmblO norepb rt (x, rd (x') ), onpe,lle

JIHIOIII.HX nJIaTy 3a peweHHe d (x'), eCJIH Ha caMOM ,lleJIe IIM,eJIO MeCTO 
.. 

COCT05llHHe x. 3T'O, IB 06meM, ·epYHlKIUHiOlHaJI OT Hel.~eTKHX perne

HHH Id (x'), 3aBlICHmlIH OT HCTIHHHoro COCT05lHH5I x. B qaCTHOM iCJIY

qae ,lI.eTepMIHHHpOBaHHbIX perneHHH nOTepH rt (x, x) 6y,llyT epyHKUHeiI 

~B,yX IIlepeMeHHbIX: IICTHHHoro ,COCT05tHHH x ,H npHHHMaeMoro perne-

HHH X. HHJKe )l.aIOTCH TIlpHM·epbI rrOTeph. 

,n p H M e p 5.4. ,U e JI b T a-n 0 T e p H. l1,cnOJIb3ylOTcH npH ,lJ,eTepMIHHHpoBaH-

HbIX peIlleHHHx .H HMelOT BH,lJ, o6paTHOro,lJ,eJIbTa-iBbI6poca: n(x, x') =,1-:6; (x). 00

TepH paBHbI 0 rrpH X=X (npaBHJIbHOM peIlleHH<H) H paBHbI 1 npn OlIlH60lJHOM. 

TaKHe nOTepH 03HaqalOT, qTO Hac He BOJIHyeT, KaKyro oIllu6Ky )J.aeT peIlleHHe X 
no OTHOIIIeHHIO K HCTHHHOMy COCTOHHHro x, a JIHIllb lI'HTepecyeT caM epa!KT, HMeeTCH 

JIB OIIIH6Ka (TOr,LLa nOTepH paBHbI 1) HJI'H HeT (Tor.na 0). 3Ta KpaHHHH KaTero

p'HtIHOCTb: JIH60 Bce, JIH60 HHqerO - CrJIaMHBaeTC5I npn o606mcHHH C ,LLeTepMH

HHpoBaHHblx Ha rrpOH3BOJIbHble HeqeTKUe perneHHH B cJIe.nyromeM rrpHMepe. 

ITpHMep 5.5. CocTaBHbIe nOTepH. ITYCTb n(x, d(X'))=I~d(x)+ ,.. 
+<AQ{d(x)}. rIoTepH paBHbI BeJIH1JHHe HeyHepeHHocTH I-d(x), C KOTOrpoti perne

Hue d(x) cynHT 06 HCTHHHOM COCTOHHHH x rrJIIOC ymep6 AQ {d} 3a paCITJIbIBQa

TOCTb. Ymep6 nponopUHOHaJIeH IllHpHHe H 06bIQHO eCTb HHTerpaJI OT d (x). Ha 
npHMoI1 ge,=PJl 3TO 6y,neT nJIOmajI,b no,lJ, epyHKUHeI'1 d (x), onpe,LLeJIHIOmaH HHTe

rpaJIbHylO IIIHPHHY. )lJIH ,LLeTepMHHHpoBaHHbIx npaBHJI IIIHpHHa HyJIeBaH: ~J {.i} = 
=0 - H ,lJ,JIH HHX COCTaBHble nOTepH cOBna,nyT C ,LLeJIbTa-nOTepHMH. llapaMeTp 'A 
eCTb BecoBoI'1 K03epepHUHeHT, YBeJIHqeHHe KOToporo nOBblwaeT aKQeHT ymep6a 3a 

paCnJIbIBqaTOcTb. 

IT p H M e p 5.6. I( B a )J. paT H q H bI e nOT e p H. 3TH nOTepH HCnOJIb3YIOTCH 

,lJ,JI5I ,lJ,eTepMHHHpOBaHHbIX npaBHJI II paBHbI KBa,lJ,paTY «paCCTOHHHH» MeM)J.y npR-

HHMaeMhlMH peIlleHHlIMH X H HCTUHHhlM COCTOllHHeM x. B CJIy'lae $'=!1l IIOTepll 

1t (x, x) = (x-x) 2, a IIpH MHorOMepHOM napaMeTpe COCTOlllHHll a; =!1ln - .9TO 
n 

6y,1l.eT KBa,1l.paT AJIHHhI BeKTopa OIllH6KH: n(x, x) = ~ (Xi-Xi)2. HaKOHeu, AJIli 
1 

npouecCOB KBaApaTll'lHble IIOTepH IIpeBpaTliTCli B IIHTerpaJI: :rc (x, x) =S (Xt-Xt )2dt. 

0606uieHHeM HBJIHlOTC5I IIOTeplI, onpe.neJIHeMble B BH,LLe MeTpHKH Ha ge, a ,IT.,JUI 

JU1HelIHbIX npOCTpanCTB ge - B :BH)J.e HOpMbI: rt (x, x) = Ilx-xI1 2
• PacnpOCTpaHlITb 

T3KlIe nOTeplI Ha iHHTepBa.TIbHble perueHHH d (x') ,= [x, ",i] MOlliHO 6bLTIO 6bI, CKaMeM, 

nOJlO2KHB rt (x, d (x')) =min {llx-:11 2
, Ilx-xI1 2

}. 

11OTepH U eJIeH a Ilp a BJIeHHOBbI6 HP a 10T'C5I 11CX0,l1.5I 113 TOro, Ka KHe
 

peWeHH5I (pewalOIUlle npaBllJIa) ·MbI M02KeM peaJIll30BaTb Ha rrpaK


THKe, Ha KaKHe llX 'CTOPOHbI CJIe,l1.yeT 06paTHTb oc06oe BHHMaHHe H
 

qTO )KeJIaTeJIbHO nOJIyqllTb. HeMaJIOBa2KHa H npOCTOTa. TaK, ,llJI5I 3a


,natI .paCIlJIbIHtIaTOI[O oueHHBaHll5I y,n06Hb1Mll OKa3bIIBaIOTIC5I COCTaBHbIe
 

nOTepH, a I,II)IH 3ajI,a'q epHJIbTipaUllH - (KBanpaTllll'Hble. 
TloTepll caMH no ce6e MoryT 6bITb HeO,llH03HaqHbIMH, ,eCJIH HX Bbl

nop iBbl3bIBaeT rCO:\1HeHHH. TOf,l1.a aHll OIlpe,l1.eJI5IlOTIC5I )I.By·M5I rpalHHua-

MH: n (x, d (x') ), ~ (x, d (Xl)), eB:oero po\,Ua HaHJIyqWHMH III IHaHxy,l1.

I11HMH nOTep5IM~ B qaCTHOCTH, M02KeT 6bITb 3a.uaHa TOJIbKO rpaHHua 

rrOTepb cBepxy n If TOf,lla, yqHTblBaH, qTO ~ neOTpHuaTeJIbHa, OCTa

HeTC5I CqHTaTbJt==O. TIPH paBeHCTBe rt (x, d) =n (x, d) nOTepH Ha3bI

BalOTCH TOtIHbIMH II 0603HaqalOTC5I rt (x, d). 
PUCK. TeKymae CBOHCTBa peweHHH oueHHBaIOTC5I nOTepHMH, a 

fJIo6aJIbHWe CBOHCTBa rrpaBllJI ay (ilepeMeHHylO x y,l1.06HO orryCKaTb) 

KaK IlpOUe,llyp rrpHHHTH5I peweHHH, 3aBHCH OT rrOTepb, orrpe,l1.eJI5IIOTC5I 

cymecTBeHHbIM 06pa30M COBMeCTHbIM rrOBe,neHHeM Ha6JIIO,l1.eHllH y H 

HX CBH3blO IC COCT05IHH5IMH X, T. e. BH,l1.0M CHM J[xy. Ta.K 'KaK HH 

KOHKpeTHbIX 3HaqeHH~I X, HH KaKOBO 02KH,l1.aeTCH y Ha CTa,l1.HH CllHTe3a 

'npa:BHJI MbI He 3HaeM, TO rCiBOHICTBa Hy2K'HO Xapa,KTep'H30iBaTb B Icpe,l1.

HeM, 'C yqeTOM iCpe,llHeCTaTUCTHqeCKHX H3MeHeHHH X H y. JlJI5I 3Toro 

Hy)KHO ycpe,l1.HHTb rrOTepH H rrOJIyqHTb flUOICHUU U BepXHUU cpeOflue 
pUCKU:


!! (a) = MxY ~ (x, ay), fr (a) = M xy n (x, ay).
 

HH)KHHH - 3TO pHCK, JIyqllIe (MeHbIIle) KOToporo 6bITb He MO)KeT.., 

a BepXHHH - HaHXY',l1.IIlIHH H3 B03M02K'HbIX; C 01l.\Hoti ,CTOpOHbI, pHC:K 

onTHMHCTHQHbIH, a C ,l1.pyroll -. pHCK neCCIlMHCTlltIHbIll. 3a6eraH Bue

pen, OTMeTHM, lITO pHCKH MoryT BbllIHCJI5IThC5I H Ilo-npyrOMy, He TOJIb

KO KCliK Cpe,l1.HHe 3HaqeHH5I, a C ,l1.06aBKaMH, Hy CKa)KeM, 3a paCTIJIbIB

-qaTOCTbnpaBH,TI llJIH npyrHe HX :HeraTHIBHble tIepTbI. 3TO 6YJI.eT ;Y)Ke 

He Cpe,lI,HHH pHCK, a COCTaBHOH, 0 KOTOpOM IlOll,neT pelIb B CJIe,llYlOmeH 

TJIaBe. TaKylO B03M,02K1HOCTb ·o606meHH5I :Lep)KH~ Bcerna B yMe. 

B )l.aJIbHellWeM y,l1.06HO HMeTb B KaqeCTBe pnCKa He ABa, a OAHO 

QHCJlO, B3BeWHBaH M,eJK,lly C060ll HH2KHHH 11 BepXHHH ero 3HaqeHH5I: 

(5.2)Ox (8) = (1 - x) ~ (8) + x Il (a), x>O, 
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r.ne x eCTb Koa¢¢Ul{UeHT neCCUMU3/vla. TIPH x=O H X= I pHCK paBea 

COOTBeTCTBeHHO HH)KHeH H BepxneI1 ero rpaHHuaM. CJIylJaH x = 0 Be

.neT K IT (0) H OOOTBeTcT,ByeT KpaI1HeMy onTHMH3MY, T. e. paClJeTy Ha 

HaIIJIylJlllHH paCKJIa.n: t«aBOCb nOBe3eT», TOr)La KaK x = I 30BeT K IT (0) 
II CTpaTerHH neOCHMH3Ma. ,UonycKaeTc5I x> 1 - 3TO CBepxneCCUMU3M. 

3HalJeHHe X= 1/2 cooTBeTcTByeT nOAyonruMU3lvtY. ,IlBa 3HalJeHH5I x== I 
II X == 1/2 3aHHM31OT oco60e nOJIO)KeHHe, 0 lJeM noH.neT Ipel.Ib ,naJIbwe. 

CTaTHcTH4ecKa~ 3aA~4a. ¢OpMaJIH3yeTc5I KaK COBOKY~HOCTb HC

XO,nHbIX JI,aHHbIX B BH,ne Y=(J{xy, fll), I'[IT] , x), r,ne J{xy eCTb CI1M; 
q) - KJIaCC 'pellialOIUHx npaBHJI, KOTOpbIMH MbI c06HpaeMic5I orpa

HHlJHTbC5I; x - K03epepHUHeHT neeCHMH3Ma; [IT] - cnoco6 BbI4HC

JIeHH5I pUCKa. ,UJ151 cpe,nnero pHcKa ero 3aMeH5IeT epyHKUHH nOTepb" 

3a,naHHa51 TOlJHO :[ Jt] HJIH HHTepBaJIbHO I[Jt, Jt]. 
CTaTHCTHlJeCKa51 3a,naqa MO)KeT 6bIT"b 60JIee H MeHee IllHpOKOI1. 

,llJI5I ,nByX 3a,nalJ Y1 H Y2 rOBopHM, l.ITO 11 He lllHpe Y 2, eCJIH Xl =X2, 

PJ)1 =2f)2 == q) H BbInOJIH5IlOTCH HepaBeHCTBa: III (0) ~ Il2 (a), III (a) ~ 

~rr2i(a), VaEt!lJ. TorjI,a Y I 5IIBJI5IeTC51 ,60.TIee Y3K0I1 3al;:LalJeH, qeM Y2" 
KaK B tCJIYlJae J{l xY C,vf{2xy HJIH [Jtl, ~] C,[ Jt2, J1;]. 

CTaTHCTHlJeCKa51 3a,nalJa nOCTaBJIeHa, eCJIH )LJIH JII060ro pewaIO

mero npaBHJIa OyEeD MoryT 6bITb BbIl.IHCJIeHbI pHCKH IIx (a). CJIHlll 

KOM IlIHpOKa51 CTaTHCTHlJeCKa5I 3a,na43 (HanpHMep, Jlxy = ;yxy HJIH 

,,;==0,;:[ 1) npHBo,nHT K TPHBH3JIbHbIl\1 PHCK3M H ee HY)KHOCY)K3Tb. 

KpoMe Toro, l~eJIeBOe paCIllHpeHHe CT3TIICTHlJeCKOH 3a,nal.IH (pa1clllH

peHne vf{xy JIH60 [rL, Jt]) IMO)KeT CJIYlKHTb cpe,nCTBOM ee ynpomeHH51. 

K.JI3CCHepHKaU'H5I CTaT'HCTHqeCKHX 3a,naq. XapaK-

Tep CTaTHCTHlJeCKOH 3a.naQH onpe,IleJIHeTC5I MHorHMH epaKTopaMH: 

CTpyKTypOH npOCTpaHCTB a; H uy, BH,IlOM CI1M vf{XY H T. ,n. Ho nJI5I 

KJIaCcHepHKaUHH HaH60JIee Ba)KeH BH,Il npOCTpaHCTBa COCT05IHHH a; Ii 
KaKHe perneHH5I D OTHOCHTeJIbHO COCT05lHHH MoryT npHHHMaThC51. 

ECJIH D HMeeT nBe CTeneHHCB060,nbI, T. e. JII060e dED rrpe,ilCTaB

JI5IeTiC5I KaK JIHHeHHaH KOM6HHaUH5I d (x) = cIA (x) +C2 (I-A (x) ), 
Ac:~, TO HMeM 3a,nalJy npOBepKH ,nByX rHnOTe3: O):LHa H3 HHX CO

CTOIIT B TOM, QTO XE.t4, If aJIbTepH3THBa xEtA. ECJIH ,d(x) = l:CiAi (x), 
r,neMHO)KeCTBa Ai 06pa3yIOT pa36HeHHe ~, TO HMeeM 3a,naQy npo

BepKH HeCKOJIbKHX rHnOTe3, T. 'e. QTO XEA i . K npOBepKe fU£10Te3 

Bcer,na MO)KHO CBeCTH 3a,IlalJY, eCJIH a; ,IlHCKpeTHO H COCTOHT II3 KO

HeQHOrO lJHCJIa 3JIeMeHTOB, XOT5I '3TO )Ke H 3a,nalJa oueHHBaHH51 3Ha

tIeHHH x, lJeTKOH rpaHH 3,neCb HeT. 

ECJIII a; HenpepbIBHO, HanpHMep ge ==PJl, II Ha peweHHH HHKaKHX 

OrpaHHQeHHrI He HaKJIa,nbIBaeTCH, TO HMeeM 3analJY oueHHBaHHH napa

MeTpa. Bo Bcex ICJIYQa5IX QHCJIa 

::(8)=MxY [1-8y (x)] == 1- M XY 8y (x), 

a(8) = I-MxY 8y (x) 
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eCTb HUJlCHfl5l U BepXH5ul BepOflTHOCTU omu6KU npaBliJI. COOTBeTCT

BeHHO 

a:,( (0)= (1- x) ~ (o)+xa (0) 

6Y.lI.eT B3BemeHHOU BepOflTHOCTblO omu6KU. 
ECJIH Ha KJI3CC !lJ) HaKJIa,nbIBaeTC5I TOJIbKO O,nHO Tpe6oBaHHe, QTO

6bI .lI.
JI5I 

Bcex oEf![) epllKClipOBaHHOH 6bIJIa Bep05lTHOCTb OIllIf6KlI 

aX (0), TO lIMeeM 3 a.ll. a qy .lI.OBep HTeJIbHOrO peIlleHH5I. 'uOBepiHTeJIbHble 

peIlleH1I5I 065I3aTeJIbHO .lI.0JDKHbI 6bITb paCIIJIbIBqaTbI, TaK KaK .lI.JI5I 

.lI.eTepMHHlIpOBaHHbIX oueHOK qHCJIOBOrO napaMeTpa OIIIH6Ka, eCJIH 

OT6poCHTb BblpO)K,n'eHHble CJIylJaH, 6y,neT paBHa 1. 
,UeTepMlIHHpO'BaHIHble 'IIpaBHJIa OEf![)lJ.eT 3aIIIlICbI'BaIOTC5I: Oy(x) = 

=0; (x), 'H.TIH nlpocTo x y , r,Ile xEfE. AJIiropHT:M x y eCTb OT06pa)KeHHe 
y

Ulj-+fE, YIKa3bIBalomee K3lKjI,O'MY Y oueHKy X 'COCTOHHH5I.
 
OnTMMaJIbHOCTb H neCCHMH3M. OnTuMaAbHblMU Ha3blBa1OTcfl npa-


BUAa (jx , MUHUM,U3upyl0U{ue pUCK ITx (a). OHH ,naIOT peIlIeH'He 'IlOC

y 

TaBJIeHHOH CTaTHCTHlJeCKOH 3a,naQH Y. ,UJI5I onTHMaJIbHbIX npaBHJI 

pHCK paneH 

v (Y) = inf IIX (8) 
aE!J) 

11 Ha3bIBaeTCH [{eHoii 3aaa tl,u. 

MHHllMyM pllCKa iRa KJIaCCe q) MO:IKeT He ,nOCTllraTbCH, If B TO :IKe BpeM5I 

v (Y) < 00. Tor,Ua 6y,neT cymecTBoBaTb no,UonTllMaJIbHaH nOCJIe,UoBaTeJIbHOCTb 

a(n) E!!J) npaBILJ1, KalIeCTBO KOTOpbIXCKO"TIb yro,nHO npI16JIll:IKaeTCH K HallJIylIllieMy: 

v(Y) = lim IIx(O(n)). TIpn JII060M e>O B 3TOH nOCJIe,UOBaTeJIbHOCTll MO:tKHO yKa

n~oo 

3aTb TaKoe n ' lITO rrx (J(n)) --v ("1') < E npH n> ne H, CJIe,UOBaTeJIbHO, ymep6 He 
c 

6y,UeT npeBbI:IllaTb ,e, CKOJIb yrO,llHOe MaJIOe. 

TIPH X = 1 onTHMaJIbHbIe npaHHJIa (no,noIlTHMaJIbHble nOCJIeAOBa

TeJIbHOcTH) MHHHMH3HPYlOT MaKCHMaJIbHbIH pHCK H Ha3bIBaIOTC5I JtU-

HUMaKCHbUltU. 
TIPH x~ I paclllHpeHHe 3aAalJH (B CMbICJIe ,IlaHHoro BbIllie orrpe

.lI.eJIeHH5I) YBeJIHq'HBaeT ueHy, paBHO KaK H .lI.aJIbHeHIllee cBepx 1 yBe

JIHqeHHe K03epepHUHeHT3 neCCHl\rlH3l\tla ~. 4T06bI CKa3aHHoe ICTaJIO COB

ceM np03paQHO, HylKHO nepenHcaTb pHCK (5.2) B BH,Ue 

(5.2')
IIX (a) == II (a) + X [ll (8) - TI (8)] 

H o6paTHTb BHHMaHHe Ha TO, lJTO OH COCTOHT H3 CYMMbIHU)KHerO 

pHCKa nJIlOC pa36poca pHCKa (OT HaH.TIylJIlIeTO K HaHxy,UllleMy ,c.ny

lJalO) , B3BeweHHoro K03epepHUHeHTONl neCCHMH3Ma. K03epepHuueHT X, 

TaKHM 06pa30M, 'HrpaeT P0.TIb pery.rI5ITOpa H3MeH4HBOCTH pHCKa OIITH

MaJIbHOrO npaBHJIa ax, TaK KaK npH pOCTe x YBeJIHQUBaeTC5I Bee BTO

POH_lJaCTH (5.2), QTO 'BbIHy,IIJIT B HTore CHHTe3a YMeHbllleHHe pa3HOC

TH n (ax) -IT (ax), Ine.TIa5I pHCK 6o.nee y"cTofrqUBbIIM B CMbI'C.TIe p a36poca, 

6oJ1ee rapaHTHpoBaHHbIM. 3HalJeHHe x= 1 CBoHcTBeHHo neccHMH3MY, 

a x> 1 - cBepxneccHMH3MY· 
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YMeHbIlleHMe x HM2Ke 1 npMBO,lJ)IT K npuHUHIIHaJIbHbIM IH3MeHe.. ,. Hble .TIJlOTliOCTli E(x, y), p(x, y) TaKlle, Q1'Ou.eHTpaJll>HOH (:CPeJlIHe 

HHHM B CTaTHCTHqeCKOH: 3a.naqe. Tenepb Y2Ke 'PaCIlIHpeHMe Cl1M B 
Ii 

ueJI5IX ynporneHM5I M02KeT .na2Ke YMeHbIIlHTb ueHy 3a.naQH, TaK KaK ( 

npHBO,lI,51 K YBeJIHqeHMIO BepxHero pHcKa II (a), B TO)Ke caMoe BpeM5I
 

YMeHblIIaeT HH)KHHH: II (a). I1pHQeMnpH x> 1/2 npe06JIa,lI,alOrn'HM B
 

BeCOBOH: cyMMe 6y.neTBepXHHM pHICK, a npH x< 1/2 -HH2KHHH. CJIy


qaH qpe3MepHoro OIITHMH3Ma X< 1/2 BbI3bIBaeT npoTMBOpeqHe: qeM
 

MeHbwe H3BeCTHO (qeM IIIHpe CI1M) , TeM JIyqrne. 4 TO Ha3bIBaeTC5I:
 

«XOpOlliO JIOBHTb pbI6y B MyTHOM Bo.ne».
 

A HMeeT JIM Boo6rne CMblCJI OIITHMH3M x< 1? HaBepHoe .na, TaK
 

KaK rreccHMHCTHqHbIH HacTpoH, XOT5I H .neJIaeT rrpaBHJIa YCTOHqHBbI


MH, HO ,lI,OCTHraeT 3Toro, IrrocTyrr5lcb yxy,nlIIeHHeM KaqeCTBa, pa3Me
 t: 
HHBaHCb ueHOIO 3a,lI,aqH. OrrTHMH3M 2Ke npH y,naqe ,lI,aCT BbI6poc Ka

lIecTIBa;Hanp'0T~B, rr'PH IHeyna4e lupHiBe,neT K ,n,onOJI1HHTeJIbHoMY yxy,n

weHHIO, ycyry6uB rrOJI02KeHHe. 11 Borrpoc B TOM,qTO ,JIyqIlle MMeTb, 
\t;, 

JIH60 3aBe,nOMO qTO-TO rapaHTHpoBaHHOe,Ha,lI,e2KHOe, JIH60 qTO-TO He

yCTOMqHBOe, HO BpeMeHaMll TO 60JIee xopOIll'ee, TO 60JIee nJIoxoe. 

Borrpoc peWaeTC5I B CTOpOHy orrTllMH3Ma, KOr,lI,a O:tKH,naeMoe K"aK ra

paHTHpoBaHHoe 3aBe,lI,OMO xy,lI,O H y,lI,OBJIeTBOpUTb He M02KeT. Tor,na 

,ll,06aBOK OflTHMH3Ma 3a C4eT ycyry6JIeHH5I rreperra,noB B K3'QeCTBe 'f 

OCTaBJI5IeT Ha,ne2K,ny (CBoMcTBeHHylO HrpoKaM) Ha 6.rrarOnpH5ITHbIH 

HCXO,lI" eCJIH, KOHeqHO, nOBe3eT. JIy41IIe Ha,ne:tK,na, qeM rapaHTHpoBaH

Ha5I 06peqeHHOCTb (rro3ToMY B a3apTHble HrpbI JII065IT llrpaTb JIIO,nll 

MaJIoo6ecneqeHHble) • 

CJIyqaH X= 1/2 nOJIyoIITHMll3Ma 51BJI5IeTC5I OC06bIM. B HeM O,lI,HHa
4i} 

KOBO 3aJI02KeH paC4eT Ha «y,lI,aqy» III Ha '«Hey,lI,aqy». 11 oco6eHHOCTb 

ero, KaK 3TO cnepBoro B3rJI5I,lI,a HH TIOKa2KeT'C5I CTpaHHbIM, B peKO

MeH,naUHH rrO.llb30BaTbCH IfIMeHHO TOqHbIMll pacrrpe,lI,eJIeHHHMH Bep05IT

HOCTeH rrpH rrOHCKeOrrTHMaJIBHbIX npa'BHJI. 

Teo p eM a 5.1. l1yCTb CHM onpeaeJleno' COcJlaC08aflflblMll nep
8U tlHblMU 8epOflTHOCTflMU -E (x, y), P (x, y) Ha aUCKpeTHblx W U uy, 
npUtLeM ~~,[P(x, y) +P(x, y)] =2. Tocaa npu TOtLHblX nOTepflX 

x y """ 
Jt (x, ay) B peiJICUMe nOJlyonTuMu3Ma X= 1/2 cpeaflUU pUCK Jll060cO 
npaBUJla ay paBen 

~TII/2 (0) = L Jt (x, ay) Po (x, y), Po (x, y) = [~(x, y) +P (x, y)]/2. 

it>B caMOM .neJIe, npH 3THX yCJIOBIHIX, KaK 3TO CJIe.nyeT R3 ¢OPMYJIbI (1.6) )I.JI51 

Cpe,lHHX Ml, Nit y a.n.nHTHBHbIX liPB, HMeeM Mt+Mf=2~LJ(X, y)Po(x, y), OTKy.n3 
- - xy 

no~cTaHoBKo~ BMeCTO f nOTepb nOJIyqaeM pe3ynbTaT. 

OCHOBHOH BbIBO,lI, TOT, lITO pa3 pnCKH Bblpa:tKalOTC5I qepe3 T04HOe 

COBMeCTHoe p a cnp e,neJIe HHeBepO51 THOCTe if Po (X, y) (COr JI a CHOYC.J10
( 

BIBO TeopeMbI L2:Po(x, y) == 1), TO 'M nOUCK OnTUJltaJlbHOcO npa8UJla 
CJle8yeT npOU3Bo8UTb no 3TOMy TOtLflOMY pacnpe8eJleHUIO Po. 

TeopeMa 5.1 O,lI,HH K O,lI,HOMy nepeHocHTcH Ha rrpOH3BOJIbHble rrpo

cTpaHcTBa f£ H uy, Ha npOH3Be,lI,eHHM KOTOpbIX 3 a,lI,a HbI HHTepBaJIb-

apH<pMeTllQeCKOH) Me)K.n.y HliMli Po= (e+ p)/2 6y.n.eT TaK)Ke TIJlOTHOCTb. 

HanpHMep, 

e. (x, y) = Po (x, y) - ~ (x, y), p(x, y) c= Po (x, y) + t!. (x, y), 

cue Po eCTb HeKoTopoe npe,lI.nOJIOlKHTeJIbHOe 3HaqeHHe UJIOTHOCTH, a 
A - OlIIH6Ka B ee 3HaHIiH. Tor,na pHCK II(i/2) (a) BblqHCJI5IeTCH no Po 
II He 6y,neT 3aBMceTb OT OlIIH6KH I~, H CJl,e,lI,OBaTeJIbHO, OT IIl'HpHHbI 

CI1M. Bce 6y.n.eT onpe.n.eJl51TbC51 u.eHTpaJlbHOH TIJlOTHOCTbIO Po(x, if)· 
KOHelIHo 2Ke, 3TO tIaCTHbIH pe3YJIbTaT, cooTBeTcTBylOllLIIH CI1M, 

3a.naHHoH a,lJ..n.HTHBHbIM HHTep:BaJIbHbIM pacnpe,lI.eJIeHHeM Bep05lTHOC

TeH, HO OH onpe.n.eJIHeT ,cTaTye TOq'HbIX Bep05lTHOCTHbIX MO,lI,eJIeH npH 

pemeHHH 'CTaTUCTHtIeCKHX 3a,lI,aq, Kor.n.a npe.n.nOJI01KeHHe 0 TOM HJIH
 

II'HOM BH,lI,e nJIOTHOCTH HJIH pacnpe,lI,eJIeHIIH Bep05lTHOCTeH BbI,naeTC51
 

3a yBepeHHOCTb B a,lI,eKBaTHOM Bbt60pe MO,lI,eJIH.
 
np06J1eMa ,lI.OCTaTOQHOCTH. XopOWO, Kor,lI,a Ha CTa,LUfH npe,llBapH-


TeJIbHOrO aHaJIH3a CTaTHCTHqeCKOH 33,lI.atIH no ee 'BHeWHHM 'tIepTaM
 

cpa3Y Me ,B03HHKaeT B03\MO:IKHOCTb CY3HTb KJI8ICC pellialOllLHX npaBHJI
 

,lI.O pa3MepOB, 06JIerqalOIl.I,HX nOMCK OIlTHMaJIbHoro. TaK CKa3aTb, C03


,lI.aTb ICBoero po,ll.a orpa:tK.ueHHe, ,lI,OCTaTOqHOe B nJIaHe yBepeHHOCTH,
 

tITO orrTHMaJIbHOe InpaBM,TIO Haxo,nHTC5I BHyTpH Hero. Tor,Ua 'HaXO)K).l.e


Hlle OnTHMaJIbHOTO npaBHJIa ,npHo6peTaeT ,lI,BY3TanHocTb: ,CHa'tIaJIa KaK
 

M10:IKHO 60JIblIIee Icy:tKeHHe ,ll.Hana30Ha nOHCKa, a 3aTeM Y2Ke OKOHlIa

TeJIbHbIM BbI6op. C'eHqaC peqb nOH,LLeT 0 rrepBoM 3Tarre, ,llOJIylIuBweM 

Ha3BaHHe ,ll.OCTaTOqHOH pe,lI.YKUHH. 
nOCTaTOQHa51 pe,lI,YKUH5InPOH3BO,LLHTCH no BHewHeMy 06JIHKy 3a

,lI,aflIH, III03TOMY 6y,lleT O,lI,HOTHnHO onpe,lI,eJIHeMOH ,lI.JI5I ceMeMlcTB eTa

THCTHqeCKHX 3a,UatI, o6be,LLHHeHHblx O,lI,11HaKOBbIMH qepT3M'H, T8'KHMII 

KaIK: 1) loe·o6eHHocTH Cl1M, 4aCJIO 11 BHJl rreplB.HqHbIX npH3
r
H8IKOB; 

2) xapaKTepW H 2/), 3a,LLalOmHX rrocTaHOBOqHYIO ueJIb pewaIOm
ero 

TIpaBlIJla; 3) BlI.n. <PYHKUlili TIOTepb; 4) 06J1aCTb 3HaQeHHH K03<p<p 1I

UHeHTa rreOCHMH3'Ma x. I1pH4eM TeM BeCOMee 6y,lI,yT Te HJIH HHble 

npneMbI ,nocTaTo4HocTH, 4eM ,nJI5I 60JIee wHpOK'Oro ceMeHcT1Ba 3aAaq 

OHH npHro,UHbI.
B CBeTe CKa3aHHoro np06JIeMy ,lI,OCTaTOqUOCTH 6y,lI,eM IIIO,lI,pa3,lle-

JIHTb Ha 2.//,o6aAbHYIO, Kor,lla pe,nyKuHH npoH3BO,LLHTCH C ,n03HUHH 

cpe,nHero pHcKa IIlO BH,Uy CI1M, 11JIH:lKe TOJIbKO no 'BHewHeMy 06JIHKy 

QlYHKUHH InoTepb, 11 cne4UaJlbHYIO, Kor,lla ,lI.OCTaTOqHaH pe,nYKU11H CBH

3bIBaeTCH C KOHKpeTHbIMH m H2/), rrpHB5I3hIBaeTCH K 3a,Uaqe IIpoBep

KH fnrrOTe3 HnH oueHHBaHHH If K Bw6paHHoMy THrry pHcKa. B 3TOM 

rJIaBe MbI KacaeMCH TOJIbKO rJI06aJIbHOH np06JIeMbI, OCTaBHB cneUHaJIb

Hble HanOCJIenYlOmee npe,nMeTHoe H3JIO:tKeHHe no rJIaBalM. 
nanHM epopMaJIbHOe onpeJI,eJIeHHe. nO,lI,KJIaCe q)* pernalOIUHxnpa

BHJI Ha3bIBaeTCH 80CTaTOtLHblM, eCJIH rrpOH3BOJIbHOMY npaBHJIy dEq) 
rrpli JII060M 3a.n.aHHoM £>0 MO)KHO YKa3aTb rrpaBlIJIO a*E!!lJ* TaKoe, 

qTO rrx;(8*) ::s; [IX (8) + e, T. e. JII060My rrp aBHJIy H3 HCXO;:LIHOro (COOT

BeTcTBylOllLero Y) KJIaCCa q) MO:tKHO YKa3aTb He xy,nwee ero B crvlbICJIe 
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0 

pHCKa (eCJIH TOJIbKO Ha CKOJIb ,yrO,lI.HO MaJIyIO BeJIHqHHY B)' rrpaBHJIO 

H3 ,nOCTaTOqHOrO iIIO,lI.KJIaCCa q)*Cq). 
AOCTaTOqHOCTb H 4JYHKlI.HSI nOTepb. CJIe,llYIO~ee yTBepLK,lleHHe 0 

.nO:CTa'TOqHOCTH CB5I3bIBaeTC5I C HeOnpaHHqeHHbIMIH I10Tep5IMH. Tor,lI.a 

PIIOK I1(O) ==lWrc(X, Oy) 6YJLeTKOHeq~HbI',M JIlIlIlb .,lI.JI5I TeX 0*, II1pH a\O

TOpbIX 'n(x, Oy) npHHa,lI.JIe)KHT 06JIaCTH cymeCTBOBaHH5I BepXHHX 

Cpe.nHHX CI1M. ,UJI5I OCTaJIbHbIX OH 6eCKOHeqeH, KaK 6eCKOHeqlHbIM 6y

~eT rrX(o) rnpH JII060M %>0 II TaKHe \II'paIBHJIa MoryT 6bITb HCKJIIOqe

HbI H3 £1), pe,lI.ynHpoBaHbI, qTO rrpHBO,lI.HT rK CJIe,ll.YlOmeMY BblBO,llY. 

aOCTaTOttHblM npu %>0 flBAfleTCJl nOOKAacc q)* pewaloU{ux npa-, 

8U.:Z, OAR KOTOpblX nOTepu rt(x, Oy) npUflaOAe{)fCaT 06AaCTU cyU{eCTBO
BQHUfl CHM. TaK, eCJIIH Jf{xy== <M~>.. f,ll.e gi (X, y) E~ ----,- I1epBHqHble 

rrpH3HaKH CI1M C 3a,lI.aHHbIMH Mgi, TO B q)* BKJIlOqaIOTC5I :rrpaBHJIa 

0*, IHOTepH KOT'OpbIX n (X, 0*) IMaLK10pHpyeMbI XiQT5I 6bI O,ll.HOH 

H3 KOHeqHbIX cyMM g(x, Y)==CO+~C-t-igi(X, y), COCTaBJI5IIOmHX KJIaCC 

p+cg BTOPl1qHbIX rrpH3HaKOB, C rrepeHOCOM Ha HHX M!g==co+ ~c+iMgi, 
K3K 3TO CJIe.nyeT H3 o6mei'I epOPMYJIbI rrpO,lI.OJILKeHH5I epe,ll.HHX: 

ft (8) = inf {Mg: n(x, ay ) ~ g (x, y) E ~+ "fJ }. 

PaccMoTpHM rrpHMep rrpHMeHeHH5I C,lI.eJIaHHOrO yTBep)K,lI.eHH5I. 

TI p H M e'P 5.7. IlyoTb ze =0Jj =D=PJlT eCTb rrpocT:paHcTBa peaJlH3aUHI1 Ha HH

TepBaJIe [0, T] II nycTb npaBHJIa ,lJ.eTepMHHIIpoBaHHble q)JI,eT, a nOTepH ,lJ.JIH HHX 
_ T .
 

n (x, x) = f (xt-xt} 2dt paBHbI cpe,lJ.HeMy KBa,lJ.paTY OIIlH6KII. TIyCTb CI1M J(xy
 

o 
3anaHa Koppe.TIHUHOHHbIMH CBOI1CTBaMH M (c+ ~CiXti +~~dijXti Xtj ). Tor,lI.a ,lJ.OC-

TaTOlJHbIMH 6ynyT rrpaBHJIa Xt,y, KOTopble npn Yt~OO pacTyT KaK ¢YHKUH5I Yt He 

6bICTpee JIHHei:fHof'! CTeneHH. 1-( HUM OTHOCHTCH "TJHHe{IHble: 

T 
palnqeC~He Xt,y= Jh(l, 't)y\;d't yLKe He 6ynyT BXO;I,HTb 

o 
KaK rrOTepH ,UJl5I HHX He MaLKopHpyeI\~bI KBa,UpaTHlfHbIMH 

Bce BTOpHlJHble npH3HaKH ,lJ.JI5I 3a,lJ.aHHoH CI1M. 

T 

Xt,y=f h (i, 't) y'" d't. l(Baj:(-· 

o 

B ,lI.OCTaTOlJHbIH KJlaCC, TaK 

¢opMaMH, COCTaBJI5IIOIlI,HMH 

UeJIeBOe paCWHpeHHe CI1M ynpaBJIHeT ,UOCTaTOqHbIM KJIaCCOM, 

MO)KeT CJIY.IKHTb 3epepeKTHBHbIM HHCTpYMeHrO~1 yrrpomeHHH. KpOMe 

TOro CJIyqaH, KOr,Ua paClliHpeHHe He 3aTparHBaeT BepXHHX cpe,UHHX 

CJle.=LYIOmerOKJIaCCa rrpH3HaKOB (epyHKnHH x, y): 

~ n = {-~ (x, a*), J1 (x, 8*) : 8* E ~*}, 

no cymecTBy, orrpe,ll.eJI5IIOmerO pUCK )J,Jl5I Bcex 0* H3 ,UOCTaTOQHOrO 
KJl3CCa rrp3BHJI. 

l.JTo6hI YKa3aTb eme Ha O,ll.Hy llepTy ,llOCTaTOllJHOrO KJIaeCa, neHT
o 

pHpyeM nepBHqHble rrpH3HaKH CI1M <A1~> (rrpHBe,lleM K Mg==O), 
o 0 

rrO.;10.IKHB )J,JlH 3Toro g==g-Alg, gE~. 0603HaqHM ~ - ueHTpHpo

t· 

.J 

• 

B3HHbIH Ha6op. Tor,lI.a cor,naCHO 'MO,lI.:HepHUHpOBaHHoH epopMyJIe rrpo

)l.~OJJ)KeHH5I (1.3) HH)KHHH H IB~PXHHH Cpe,ll.IHHe PUC'KH 3auHlIlYT'CH: 

n (a) = - inf sup [~~ (x, ay)-g (x, y)] ; 
o x,y

gE2+:§
 

n (a) == inf sup [n (x, 8y ) - g (x, y)].
 
o x,y

gE2+;§ 

OT1cJOJLa BI1,lI.HO, qTO pHCKH B orrpe,lI.eJIeHHOM CMbICJIe paBiHbI BeJIHqH

He HaHJIVqWero rrpH6JIHLKeHH5I epyHKUHH rrOTepb (,lI.JI5I BepXHero 
oJ'. """ 

cBepxy, JI)IH HH)KHerO - CHH3Y) UeHTpHpOBaHHbIMH (c HyJIeBbIMH Mg) 

BTOPHqHbIMH np1I3HaKalMH CHM H3 2+cS. ,llocTaToIIHbIMH 6y,lI.yT KJIaC

CbI T a KH x IIp a BHJI, ,lI.JI 51 KOTOPbIX -Jt, ( x, 0y ) H rc (x, 0y ) JIyqwe ,lI.pyrHx 
o 

annpOKcHMHpyIOTC5I cBepxy epYHKUH5IMHKJIaCCa 2+f§. ITpnqeM npH 

pacrnupelHH'H CI1M epyHKnHH 3Toro KJIaOCa CMemaIOTC5I 'B 06JIaiCTb 

01lp,HuaTeJIbHbIX :3'HaQeHHH, 'B Ipe3YJIhTaTe anrrpoKiCHMaUH5I YXYIJJ,lIlaeT,C5I 

H 3TO nJIeqeT 3a C060H YBeJIHqeHHe ipHc'Ka (rro KpaHHeH 'Mepe, npH 

x~l) . 
Ha OCHOBaHHH TOJIhKO O,ll.HOrO BH,lI.a epyHKnHH rroTepb MO)KHO 

HHor,Ua cOKpaTHTb MHOLKeCTBO D pelIleHHH, If COOTBeTCTBeHHO KJIaCC 

pelIlalOIUHx npaBHJI. MflO{)fCeCTBO pewefluu D* 6yoeT oocTaTOttHblM 
(Ha D* OCHOBbIBaeTCH JLOCTaTOQHbIH: KJIaCC rrpaBHJI), eCAU Ka{)fCdoMy 
dE·D MOJICflO yKasaTb TaKoe d*ED*, !lTO npu Bcex xEflJ UMeeT 
MeCTO flepaBeflCTBO: Jtl (x, d*) ~ rc (x, d). HanpHMep, ,nycTb pelIleHI15I 

,lI.eTepMHHlIpoBaHHbIe D ==,DJl.eT., a nOTepH rt (x, x') npHHHM310T noc

TOHHHhle 3HaqeHH51 Ha pa36HeHHH AI, ... , A k rrpocTpaHcTBa W: 
n(x, X')==JLi(X), x'EA i . Tor,ll.a ,lI.OCTaTOIIHbIM '6y,ll.eT KOHeqHOe MIRO

)KeCTBO D' = {X'I, ... , X'k} perneHlIH, r,ll.e X'i eCTb rrpOH3BOJIbHO BbI6

paHHble npe,ll.'CTaBHTeJIH MHOLKeCTB Ai. 
OT epyHKnHH norepb MHoroe 3aBHCHT -KaK IB nJIaHe rJI06a.HbHoH, 

TaJ{ H IcrreunaJIbHOH ,lI.OC'TaTOqHOCTH. CaM ee BbI60p MOLKeT CTHMy

JIHpOBaTb npHH5ITHe Torn HJIH 'HHOPO 'BH,lI.a perneHHH, HanpHMep TOJIb

KO ,neTepMHHHpOBaHHbIX HJIH TOJIbKO paCrrJIbIBQaTbIX. OBJIa,neHHe 

STHM pbIqarOM ynpaBJIeHII5I - aco6a5I np06JIeMa, OCTalOmaHC5I BHe 

Harnero paCCMOTpeHH5I. MbI LKe B ,naJIbHeHWeM 6YJLeM HMeTb ,neJIO 

C Ha60JIee rrpOCTbIMH, THrrOBbIMH BH,lI.aMHrrOTepb, ,lI.JI5I KOTOpbIX pa3

pelllHM IH He CBepxrpOM03,lI.OK nYTb HaXIQ:tK,lI.eHH51 OrrTHMaJIbHbIX npa

BHJ1. CKa3aHHoe OTHOCHTiC5I H K 60JIee o6mHM TUIIaM pHcKa. Ha nep

BaM IIlJIaHe CTOHT,KO\HeLIIHO .IKe, npOCTOTa 'C_HHTe3a H np3iKTHQeeKa51 

pa3yMHocTb paCKa. PerYJIHpOBOqlHbIMH 'CTaHOBHTC5I Te napaMeTpbI, 

KOTopble 6e3 yCJIOLKHeHHH y,lI.aeTC5I BHJIeCTH B CTpyKTypy pHC'Ka (KaK 

3'TO 6bIJIO, HanpHMep, C K03epepHUHeHTOM neCC:HMH3Ma). 

5.3. ,nOCTATOlJHA5I PE,llYI(UH5I HA6JlIO,llEHH" 

TeopeMa 0 npe.n.cTaBHMoCTH. 3neCb H HH)Ke C II03HUHH 

ra pHcKa oCBemaerC5I r JI06aJIbHa5I np06JIeMa ,noCTaTOqHOCTH 

He TaKHX rrpeo6pa30BaHHH Z == Qy Ha6JIIO,lI.eHHH y, 'KOTopbIe, 

cpeLlHC

B nJIa

'coKpa208 
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ma51 y, He BhIBO)I.51T li3 ,lI,OCTaTOqHOrO KJIaCCa $*, T. e. cpa3Y Ha Ha

lJaJIhHOM 3Tarre 6e3 ymep6a ,lI,JIH 'CTaTliCTHqeCKOi1 3a,lI,a"llH COBOKyrIT

HOCTh Ha6JIIO,lI.eHHH pe,lI,yUHpyeTcH npeo6pa30BaHHeM Q ,lI.O SHaqe

HHH Z Me'HhlIleH pa3MepHOCTH. 3TO iB03MO)J{HO TOJIhKO TOr,lI.a, KOr,lla 

pelIlaIOmHe npaBHJIa ,lI,OCTaTOqnOrO 'KJIaCCa 2/)* MoryT 6bITh B'ce 3a(IIH

e-a:H.bIQepe3 z, T. e. Q-npe,lI,CTaBHMbI B CMhICJI'e CJIe,lI,YIOmeH 3anHCH 

a*z(x) =a*QY(X)' Ilpeo6pa3'oBaHHe Q, OT KOToporo saBliCHT ,lI.OCTa

TOqHbIH 'KJIaCC :npaBHJI, H3'ShIBaeTCH OOCTaTOtLflblM. OHO ,llaeT cOKpa

meHHble cBe,lI.eHHH 0 Ha6JIIO,lI.eHHHX, BnOJIHe ,lI.OCTaTOqHhle ,LI.JI5I no
cTpOeiHH5I OnTHMaJIhHOrO pernaIOmero npaBHJIa. 

Teo p e M a 5.2. npeo6pa30Baflue Qy 6yoeT oOCTaTOtLHblM npu 
x~ 1, eCAU Bce nepBUtLflble npu3HaKu CHM J(XY= <Meg> flBAfllOTCR 
Q-npeocTaBuMblMU, T. e. sanUCblBalOTCR 

gj (x, y) = hj (x, Qy), V gj E fJ. (5.3) 

n a K 3 3 3 T e JI b C T B O. B C3MOM .rr.eJIe, TOr.rr. 3 M Bce BTOpHQHbIe npM3HaKH 

KJI3CC3 ,2+;g 6y.rr.yT ;g -npe.rr.'CT3BHMbI B CMbICJIe (5.3). OHH 6y.rr.yT iTIOCT05lHHbIMH Ha 

no.rr.MHO)KeCTBaX Q-iQy=Q-1Z npOCTpaHCTB3 0Jj TaKHX, lITO Qy=z np'H <pHKCH

POB3HHbIX IZ, n03TOMY BepXHHe cpe.rr.HHe o.rr.HHaKOBbI .rr.JI5I JII06oro BbI6p3HHoro npH3

HaKa f (x, y) H Q-npe,ZI,CT3BHMOH ero Ma)K0p3HTbI sup f (x, y'), r.rr.e ,cynpeMyM 6e

peTCR no y'EQ-1Qy. IlpOH3BOJIbHoMy npaBHJIY ay YK3)KeM Q-rrpe.rr.CTaBiHMoe d~ y, 

flOJIO)KIUB ero Ha nO,ll,MHO)KeCTBaX Q-1Z = {y : Qy = z} = Q-1QY npOCTp aHCTB3 OIJ 

paB'HbIM ay z' f,ll,e Yz ~ npe,ll,CT3BHTeJIb Q-1 Z . TOf,J,3 Ha OCHOB3HHH CKa3aHHoro: 

!! (iJ) == ~XY inf ~(x, db") ~ MXY ~ (x, a;) == !!(a*); 
y'EQ-l Qy 

IT(iJ)==MXY sup n(x, ay,) ~ Nl x y. n(x, iJ;) == IT (a*) . 
y'EQ-l Qy 

B pe3YJIbT3Te npM x~ 1 COrJI3CHO (5.2) nX(8) ~IIX(8*), lITO M Tpe6oB3J10Cb. 

ECJIH lIlHpOKO paOCMaTpHrBaTh Q KaK ,lI.eTepMHHHpOBaHHOe npeo6
paSOBaHHe fCXUJj B feXZ, OCTaBJI5IIOmee 3JIeMeHT x Ha MeCTe: 

Q (x, y) = (x, Qy), H !Be,lI.ymee IK npeo6pa30BaHHIO CI1M; Q:J{XY== 
=t!f{xz, TO yCJIOBH5I (5.3) 3KBHBaJIeHTHhI TOMy, qTO Q HaBO,ll.HT 'nono

6He (CM. I§ 2.1): vf{xYC'JJ(xz, T. e. He 'BJIeqeT 'rrOTeph ,llaHHbIX 0 CI1M: 
Q-1Qt!f{xY=J(xy. TaKHM o6pa30M, Qy, eCJIH 3TO npeo6pa30BaHue no
006UR CHM, 6yoeT OOCTaTOtLflblM npu x~ 1, U Hao6opoT. 

3 aM e q a IH H 51. 1. ECJIH BOBJIeKaTb IIlHPOKHH KJIaCC npeo6pa30

BaHHH Q (x, y), MeH5IIOmHX 'He TOJIbKO y, HO H x, TO yTBep)K,lI.eHHH 0 

,lI.OCTaT04HOCTH 6y,lI.yT ,cymeCTBeHHO CB5I3hIBaTbIC5I C BH,llOM norepb 

H B 3TOMCMbICJIe 6y,lI.yT CrreUHaJIhHbI. TIlpH4HHa: C06JIIO,UeHHe HJIH HeT 

Hy)KHOrO (,UJI5I TeopeMhI 5.2) epaKTa, qTO H3 Q-npe,lI.CTaBl1'MOCTH d:t: y 

CJIe,lI.yeT Q-npe,lI.CTaBHMocTh rrOTepbJt (x, 0* y) ,n (x, 0* y). 
2. KaK MhI yBH,lI.eJIH CeHqaC H YBH,lI.HM HHMe, yTBepM,lI.eHH5I 0 .LLGC· 

TaTOqHOCTH pa6oTaIOT 06hlqHO npH rreCCHMH3Me x~ 1, KOpHH 4ero 

B TOM, qTO pe,lI.yKUHH«COKpamaeT 6JIarOrrpH5ITHble B03MO)KIHOCTU» H 

ymeMJI5IeT ,lI.HanaSOH iOB06o,lI.HOrO BhI6opa. KpoMe Toro CJIyqa5I, Kor,[La 

Bce caMhIe 6JIarOnpH5ITHhle B03MOMHOCTH OCTaIOTC5I BHYTplH COKpa

meHHoro KJIaCCa, TaK Me KaK H HaHMeHee 6JIarOnpH5ITHhle. 

nepBHlJHbIe npH3HaKH H }J.OCTaTOlJHOCTb. npeo5pa30BaHHe z=Qy,

I <>6JIaiCTbIO 3HaqeHHH KOToporo 5IBJIHeTC5I qHCJIOBa51 np5lMa51 ZEPll, BeK~ 
TOp ZEfllk 

HJIH JII060e 4:HCJIOBOe npOCTpaHCTBO Z, Ha3hIBaeTC5I tLUC. 
AOBblM. aHO 3KBHBaJIelHTHO Ha60py npH3H3tKOB: Zi=Qi(y), i=l, ... , rk, 
Ka:K iep!YH'KUH~[ 'Ha6.TIIO,,UeHHH Ha Ulj. EIC,JIH Q ,lI.rOCTaT04HO, TO H'COOTBeT

cTByIOmHH eMy fla60p npU3HaKOB Ha6A100eHUU IHa3hIBaeTiC5I dOCTa
TOttflblM. 

CB5I)J{eM ,lI.OCTaTOQHhIH Ha60p C nepBHqHhIMH rrpH3HaKaMH CI1M 
J[xy=(fJ.C§). TIOP5I,lI.OK CJIe)l.yIOmHH: CHaqaJIa no nepBHqHhIM npH3Ha

Karvl gi (x, y) CI1M BhI,UeJI5IIOTC5I ,LI.OCTaTOqHhle IIpH3HaKH Ha6JIIO,lI.eHHH, 

pOBHO CTOJIhKO, CKOJIhKO OCTaHeTC5I rrOCJIe HCKJIIOqeHH5I rroBTopoB, a 

Y)l{e pa3MepHocTb npocTpaHcTBa Z caMa C060H rrO,lI.CTpaHBaeTC5I no,ll
II .... 

HX qHCJIO. 

Teo p e M a 5.3. !£ocTaTOtLHblMU npu x~ 1 npU3HaKaMU Ha6AlOoe
Huii flBAfleTCJl Ha60p nepBUtlHblX npU3HaKOB CHM g(x, y) EW (pac
CJltapUBaeMblX npu KaJICOOM x KaK ¢YHKl{UU nepeMeHHou y), pa3BepflY
TOU no x U go: 

Q y = {g (x, y) : XES;, g E ~ }. 

YTBepMLLeHHe CTaHeT rrp03pa4lHhIM, eCJIH .ge ,lI.HCKpeTHO H COCTOHT 

H3 3JIeMeHTOB Xl; ... , Xh. Tor,lI.a )l.OcTaTOqHbIH Ha60p o6pa3yIOT CJIe)l.yIO

mueBeKTop-rrpH3HaKH (gj (Xl, y), gj (X2, y), ... , gj (Xh, y)) Ha6JIIO,lI.eHHH, 

pacrrOJIO:IKeHHble ,lI.pyr 3a ,lI.pyroM BuerrOqKY rrpH gj, 'rtpo6eraIOmllX ~. 

nO~TIyqaeTC5I BeKTop-uenOqKa Qy npH3HaKOB, 06maH pa3MepHOCTh KO

TOpOH paBHa npOH3Be)l.eHHIOqHCJIa 3JIeMeHTOB ge Ha LIHCJIO npH3HaKOB 

Ha60pa ~. ,UJIH YMeHblIleHH5I pa3MepHOCTH rrOBTopbI B 3TOH uenOqKe 
yMecTHo COKpaTHTh. 

,[LoKa3aTeJIhCTBO yTBepM)l.eHIl5I 3KBHBaJIeHTHO ,lI.OKa3aTeJIhCTBY 

rrpe,lI.CTaBHMOCTH KaM,lI.Oro gj (x, y) B BH,lI.e (5.3) H CJIe)l.yeT H3 Toro, 

lITO gj (x, y) eCTb, no CYTH ,lI.eJIa, IBhI60p j-frO BeKT10p-npH3HaKa H3 

uenOQKiH Qy, T. e. npOeKUH5I Qy B HeKOTopoe nO,lI.npOCTpaHCTBO inpOCT

paHCTBa epYHKUH~I rrepeMeHHOH y, COCTaBJI5IIOmHX «OCH» Qy. 
B03MOMHOCTb ,llOrrOJIHHTeJIhHOH pe,UyKUHH B03HHKaeT, \KorLLa Bce 

3JJeMeHThI uerrOqKH 3aBHC5IT rrOJIHOCTbIO OT 'He6oJIblIlOrO qHCJIa O,UHHX 

H Tex Me epyHKUHH ql (y), Q.2 (y), ... , KOTopble H ICOCT3-B5IT Ha OCHO

BaHHH (5.3) ,UOCTaTOqHbI~I Ha6op. HarrpHMep, Bce OHH 3a:BHC5IT OT 

OJl.HOH \11 T10H Me epYIHIKUHH, qTO 'B031BpamaeT ,Hac IK TeOipeMe 5.2. 
Depei1,UeM K MO,lI.H<p'MKaUH5IM ,lI.OCTaTOqHOCTH ,lJ.JI5I Pa'3HbIX KOH

KpeTHhIX cnoco6oB 3a,lI,aHHH CI1M, :rrpHMeH5I5I TeopeMy 5.3 K ICOOTBeT

cTByIOmuM Ha60paM npH3HaKOB. C'Ha4aJIa IlCnOJIb3yeM pa3JIOMeHHe 
CI1M. 

C JI e,lI. C T B H e 1. nyCTb CHM pa3AOJICUMa fla npou3BeiJeHue: 
J(XY~Jf{xJftYx, coe nepexooHafl MooeAb J{Yx 3aoaeTcfl nepBUtLHblMU 
cpeofluMU .Mx'!'x (y), 1.Px (y) EWx. Tocoa npeo6pa30BaHue B Buoe BeK
Topa-l{enOttKu 

Qy = {1J'x (y) : tVx (y) E Wx' x EX} 

6yoeT oOCTaTOtlflblM (npu x~I). 
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'uOKa3aTeJIbCTBO BbITeKaeT H3 Toro, tITO nepBtIqHbIMH JlJI5I npOH3

Be,lleHH5I 6Y,llYT c+ (x)([ 'Px (y)-MxtV] BMeCTe C nepBHqHbIMH npH3Ha

KaMH Jl{x (TeopeMa 2.3). 
YqHTbIBa5I yKa3aHHylO 'BbIlile 3aBHCHMOCTb ,.J.OCTaTOqHOrO Ha60pa 

OT npeo6pa30BaHH5I no,Uo6H5I, MOLKHO nepeepopMyJIHpOBaTbCJIe,LlCT

Bue 1 TaK: npeo6pa30BalHH5I no,Uo6H5I QxY ,UJI5I nepexo,UHbIX JKYx~ 
BbIcTpoeHHbIe B BeKTop-uenOtIKy no x, o6pa3ylOT TaH,lleM Qy= 
= {QxY : XE~~}, 5IBJI5IlOIUHHC5I npeo6pa30BaHHeM no,Uo6H5I Ci'iM :( CJ1e

,llOBaTeJIbHO, OT Hero 3aBHCHT ,UOCTaTOqHbIH Ha60p npH3HaKOB Ha6

JIIO,lleHHH) . 
TIepeH,UeM K epyHKUHOHaJIbHoMy npe)l;CTaBJIeHHlO Ha6JIlO,UeHH~I. 
C JI e ,n C T B H e 2. n yCTb y == Vxf, U cttUTaeTCR 3aoaliliou MooeAb 

tJf{~ = (M'¥), npUtteM BblnOAliRIOTCR yCAoBUR: a) f, cBo6ooeli OT x; 
6) KaaICoblu npU3liaK tV (f,) E'¥ npeocTaBAReTcR B Buoe: tP (f,) == 

= r 1P (QxVx£), zoe Qx - lieKOTopble npeo6pa30BaliuR y, 3aBUCRU{ue 
OT x. T020a ux BeKTop-t{enOttKa Qy= {QxY: xEEr} o6pa3yeT oocra-
TOttliOe (npu x~ 1) npeo6pa30Baliue lia6AlOoeliuu. 

B caMOM ,UeJIe, yCJIOBHe a) fapaHTHpyeT pa3JIOLKHMOCT~ CI1M t 

TaK KaKMxYfi(x, y) =MxM~f(X, Vx~) = MXMYxf (x, y), a nepBUqHbIMH 

,nJI5I nepexO,llHbIX Mo,UeJIeH Ha OCHOBaHHH yCJIOBH5I 6) 6y,UyT 'npH3Ha

KH .'P (Qy), tVE'P', o6pa3ylOIUHe COLTIaCHO CJIe,UCTBHlO 1 ,UocTaTOqHbIl1 

Ha60p H 3aIBHC5IIUHe OT ,n\pe06pa3Q:Ba'HHI1 QxY, ,K:oTopble 11 6y;:I,yT kUOC· 

TaTOqHbIMH. 

IlpHMep 5.9. nYCTb Yt=Xt+£t, tE[O, T], cue ruYM ~t cB060.leH OT CHr... 

HaJIa Xt, HHTerpHpyeM H 3a,QaH nepBlIqHbIMH cpeAHHMlI j~l~) (S £tdt), tP E '¥. Bblpa

)KeHHe B KpyrJIbIX cK06Kax 3anHCbIBaeTCH: S [(Xt +£d-Xt] dt= f (Yt-xt}dt. qTO 

H onpeAeJIHeT QxY. Dpn Bcex Xt npe06pa30BaHHe QxY 3aBHClIT TOJIbKO OT S ytdf, 

n03ToMY IIHTerpaJI II 6YAeT AOCTaTOqHbIM npH x~ 1 np1I3HaKoM Ha6JIlO~eHHH, onpe

.z:r.eJlHlOIUUM AOCTaTOqHYlO pe,UyKuHlO npocTpaHcTBa pea.IIH3aUHH uy. B qHc.noBylO IlpH-

MyIO fll. 

PaCCMOTpHM Tenepb CJIyqaH 3a,U3HH5I CI1M nocpe,llCTBOM MernaIO

mero ~rrapaMeTpa H. ,IlBa Oqepe,UHbIX CJIe,UCTBH5I, He Tpe6ylOm He ,1l.0Ka

33Te.TIbCTB, 5IBJI5IlOTC5I 'HeKOTopbIMH '0606meHH5IMH npe,UbI,UymHX. 

CJIe,UcTBHe 3. flYCTb CHM 3anUCblBaeTCR KaK ceJvteuCTBO 
~/f{xy = VJI{eXY U npu KaafCooM cPUKcupoBalilioM 8 cyU{ecTByeT npeo6
pa30Baliue QeY nooo6UR OAR Jl{exy. T020a t{enOtlKa Qy= {QeY, 8Ee} 
npu x~ 1 oacT oocTaTOttliOe npeo6pa30Baliue. 

C .n: e ,U C T B H e 4. nyCTb y = Ve,xf" 20e ~ CBo6ooeli OT x U 8. 17yCTb 
cytl{ecTByeT oTo6pa'JICeliUe Sf, nooo6UR OAR ..;/{'£, 3anUCblBaeMoe S,~ == 
=Qe,x(Ve,x~). Tozoa BeKTop-OT06pa'JICeIiUe Qy= {Qe,xY: HEe, XE2l'} 
6yoeT OOCTaTOttliblM npu x~ 1. 

):locTaTOQHbIe npeo6pa30BaHHSI H 4JaKTopH3au.HSI. ,UaBHo H3BeCTHa 

CB5I3b ,UOCTaTOqHOCTH C epaKTop1l3aUHeH nJIOTHOCTeH pacnpe,UeJIe:HHH 

Bep05ITHOCTeH [3, 4]. 3,Uecb, CJIe,UyH no 3TOMy Me nYTH, 6y,UyT no

JIyqeHbI CHaqaJIa 06mHe KacalOIUHeC5I lIHTepBaJIbHbIX Mo,UeJIefi yT

Beplli,UeHH5I, aHaJIOrHqHbIe epaKTop1l3aUIIH, If ,na.TIee YKa3aHa CB~3b c 

KJIaCCHqeCKIIMH. 
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}.J Teo p e M a 5.4. 0 ep a K TOp II 3 a U H H . flYCTb B ucxooax npeo6.... 
~ pa30BaliUR z=QYJ oTo6paJICal0U{e20 Ulj B ~, CHM pa3AazaeTCR Ha, 

npOU3Beoeliue 

~·ftxy = .JfizX t/i{~ • (5.4) 

T020a Qy 6yoeT OOCTaTOtLlibLU OAR Tex craTUCTUttecKUX 3aoattJ B KO~ 

TOpblX: a)x= 1; 6) KAacc fll) peUlafOU{UX npaBUA TaKOBJ ttTO dyE 
Eq)*MYz=QyOyEq); B) cPYliKl{UR nOTepb;-(x, d) npu KaJICOOM x Bbl-
nyKAa OTliOCUTeAbflO dED. 

B caMOM ,neJIe, lICrrOJIb3Y5I epaKTopH3aI.I.HlO (5.4) 11 aHaJIOr Hepa"'-

BeHCTBa IleHceHa 113 § 3.2, HMeeM: II (0) =MXYn(x, dy) = 
(. =MxzMYzJt (x, Oy) ~Mxzn(x, MYzoy) =MX1n(x, .o*z), f,Ue o*z=MuzOy;, 

OTCIO,na IT (0) ~ II (0*) . 
Y'CJIOBHe 6) TeopeMbI BbIrrOJIHIITC5I, eCJIH 'M'HOLKeCTBO D peweHHit 

eCTb BbInyKJIOe rrO,U'MHOMeCTBO 'qHCJIOBOfO rrpocTpaHcTBa, a q) =q) v 
COCTaBJI5IIOT BceB03MOMHbIe oTo6paLKeHH5I Ulj B D (HanpHMep, Bce 

.n.eTepMHHHpoBaHHble np3iBHJIa). 

B ,UaJIbHeflIlieM HaM nOHa,Uo6HTC5I TOT <paKT, qTO ,UJIH Jf{Y z epaKTH..r 

qeC'KHM npOC'TpaHCTBOM B03MO)KHbIX HCXO,UOB 6Y,lI.eT MHOLKeCTBO °ljz= 
=Q-1z= {y: Qy=z} Bcex Tex y, KOTopbIe rrpeo6pa3ylOTC5I B O,UHO z" 
TaK qTO QUl/z=Z H pYz(Uljz) = 1. 

TeopeMy 5.4 MO)KHO pacnpOCTpaHHTb IHa lIlHPOKHM ,UHana30H 3Ha .... 

q,eHHH x, eCJIlI nOTpe6oBaTb OT cpe,UHHX MYz TOtIHOCTH (T. e. A1 uz =
=MYz). -

Teo p eM a 5.4a. nYCTb CTOUT 3aOatla Y=(JI{XI, Jl{Yz, 2lJ, i[n, n]" 

x), 20e z=QYJ u nepeXOOlible cpeoliue MYzJt(x, Oy), MYz~(x, oy) 
JlBAfll0rCfl TOtlliblMU OAR Bcex OyE!!/), npUtleM OyEfll)*MYzOyEf!l)• 
T020a npeo6pa30Baliue Qy 6yoeT OOCTaTOtlHblM OAR 3aoattu l~ npu 
Beex x::S;l, Kozoa liU'JICliue Jt(x, d) U BepXliue ~(x, d) nOTepu npu 
Ka;)JCooM x 8blnyKAbl KaK cPYliKt{UU Id; U 6yoeT oocTaTOttlibLJtt npu 
x~l,Kozoa BepXliue nOTepu BblnyKAblJ a liUalCliue - BOZliYTbl. 

B caMOM ,UeJIe, eCJIH HHLK'HHe rfIOTepH BbInYKJIbI, Tor,Ua Ha OCHO

Ba'HHH 3iHaJIOra Hepa'BeHC'PBa YIeHceHa B § 3.2 HMeeM: II (0) = 
= MxzMYzJt (x, oy)~MxzJt(x, MYzoy) = MX1n (x, o*z)=II(o*), n03To~IY 

npHx::S;1-6y,UeT cnpalJ3eJ])lHIBO HepaBeHcTiBo: IIX(a)~IIx(o). Hao6o

pOT, eCJIH 3TH ,HOTep'H BOfHYTbI, TO II (0) ~ II (0*) H npH x ~ 1 HMee~l 

IIX(o)~rrX(a*). - 
B qaCTHOCTH,eCJIH Jt (x, d) ==0, TO HHLKHHe nOTepH 6y,UYT KaK 

BbIrrYKJIbIMH, TaK Ii BorHyTbIMH, H TOf,Ua npeo6pa30BaHHe Qy 6yneT 

,nOCTaT04HbIM npH JII06bIX x. TIPH TOqHbIX nOTep5IX Jt (T. e. ~ =n.} 
Jl.'OIIIYCTH'M JIHWb CJIyqa~I x ~ 1, ,AJI5ItIerO 'noTpe6yeTcH BbI'nyKJIOCTb n., 
qTO xapaKTeplHo ,UJIH KJIa'CCHtIeCKHX Mo,UeJIeM. 

IT pH Me p 5.10. ITYCTb .;/{xY=[jJxy - pacnpe,UeJIeHHe TOqHbIX (Ha a~TIre6pe .91; 
npocTpaHcTBa f}J XUY) Bep05ITHOCTeH, 3ajI,aHHOe TOqHOH cOBMecTHoH TI.TIOTHOCTbIO 

p(x, Y), H rrycTh 3Ta rrJIOTHOCTh epaKTopH3yeTcH: p(x, y) =r(x, Q(y))h(y) Ha npoH3
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Be,rr,eHJIe II3MepIIMbIX (OTHOCHTeJIbHO st) epYHKUIIIH. ITYCTb q) - BceB03MOJKHbIe 

H3MepIIMble pelUaIOIll,lIe npaBIiJIa 0, a rrOTepII n (x, iJy ) 5IBJI5IIOTC5I TOqHbIMII H3Me

pIiMbIMII. Tor,na cpe,nHIIH pIICiK 6y,neT TOqHbIM, paBHbIM IT (a) =MxYn (x, ay) = 

=MxzA1Yzn(x, ay), r,ne MY z cooTBeTcTByeT pacrrpe,neJIeHIIIO Bep05ITHOCTeH Ha UJj (a 

TOQHee, Ha qjz) rrp,1I 3a,naHHOM ,Z. YCJIOBlle 6) TeopeMbI 5.4 BblrrOJIHIITC5I, eCJIIi 1J

BblrryKJIOe MHOMeCTBO qIICJIOBOrO rrpOCTpaHCTBa. TIo TeopeMe 5.4a rrpII BbIrrYKJIbIX 

nOTep5IX n(x, d) II BblnyKJIOM MHOMeCTBe D perneHIIII npeo6pa30BaHlie Q (y) 6y

,J,eT ,lLOCTaTOqHbIM. CKa3aHHoe ,COCTaBJI5IeT CYTb II3BeCTHOH II3 JIHTepaTypbI TeopeMbI 

o epaKToplI3aUHlI II.lIOTHOCTII II CB5I3aHHbIMII C HeIO ,lLOCTaTOqHbIMH CTarn:CTIiKaMII 

[3,4]. 

PaCCMOTpHM rro,np06!Hee yCJIOBHe epaKTopH3yeMocTH (5.4) C TOq

KH 3peHH51 rrepBHQHbIX rrpH3HaKOB g (x, y) CI1M. Cor.naCHO TeopeMe 

2.3 0 nepBII4HbIX rrpH3HaKax rrpoH3Be,neHH51 Mo,neJIeH yc.noBHe (5.4) 
epaKTH4ecKH 03Ha4aeT, qTO rrpH3HaKH gECS, rrpHBe,neHHble 'K HyJIeBbIM 

o 

cpe,UHHM g=g-Mg, HMeIOT 'BH,n JIH60 1) g(x, Qy)-Mg, JIH60 2) 
c+(x, Qy),[tlJ(y}-M'!'] , rrpHqeM rrOCJIe,nHHe, eCJIH OHH He TpHBHaJIb

HbI, rrOJIYQaIOTCH nepe60pOM Bcex HeOTpHuaTeJIbHbIX c+ (x, z). (3,neCb 

'P (y) - rrepBH4HbI ,nJIH J{Yz BMeCTe C pYz (6Jj z) = 1). ECJIH :IKe npH3

BaKOB BH,Ua 2) HeT, qTO cooTBeTcTByeT rOJIOH B 06JIaCTH 6ljz rrepe

XO,.1.HOH Mo,UeJIH Jf{Yz, TO OCTaIOTCH :rrpH3HaKH 1) H TeopeMa 5.4 epaK

TopH3aUHH non1rra,naeT rrQ,n TeopeMy 5.2 0 C.B5I3'H JLOCTaTOqHOCTH C 

'Q-rrpe,ncTaBHMocTbIO rrpH3HaKoB, qTO pacrrpOCTpaH5IeT ee cepepy ,UeH

CTBH5I Ha JII06ble nOTepH npH x~ 1. 

5.4. PE,lJ,YKlJJ1~ HA6JIIO,lJ,EHI1" 11 HHBAPI1AHTHOCTb 

HHBapHaHTHbIe MO,ll.eJIH. CBOHCTBO HHBapHaHTHOCTH OTpa:IKaeT He

KOTopbIe CTOpOHbI CHMMeTpUH CI1M rro,no6HO CHMMeTpHH lllapa c 

UeHTpOM B HaqaJIe Koop,nHHaT K IrroBopoTy oceH. Ho rrpe.lK,Ue H3yqHM 

caMO rrOH5ITHe HIHBapHaHTHOCTH, lllHpOKO HCrrOJIb3yeMoe B HaCT05lmee 

BpeM5I B HaY4HO-ICTaTHCTH4eCKOH JIHTepaType, II ,CB5IlKeM iC tHaIIIHM 

nOH51THeM ,UOCTaTOqHOCTH. 

TIYCTb SyE[JJ eCTb MHO:IKeCTBO 06paTHMbIX rrpeo6pa30BaHHH:U/j 

Ha ce65I. !04eBH,,UHO, 3TO 1~1HO:lKeCTBOBCerJLa ,MO:lK\HO cq.HTaTb aJIre

6paH4eCKOH rpyrrrroH. B caMOM ,neJIe, rrpOH3Be,neHHe SlS2Y=Sl (S2Y) 
€CTb 'CHOBa 06paTHMoe rrpeo6pa30BaHHe, a 'TOlK,lleCTBeHHoe npeo6pa

30BaHHe y-+y ,UaeT e,nHHH4HbIH 3JIeMeHT rpyrrrrbI, rr03TOMY [JJ Ha3bI

HaeM 2pynnou npeo6pa30BaHUU. 
¢yHKUH5I ~(y) Ha3~BaeTC5I UHBapuaHTHOU K 2pynne npeo6pa30

.8aHUU gJ rrpOCTpaHCTBa 6lj, eCJIH ifp (sy) =cP (y), VSE[JJ. TIPH rrp,eo6

pa30BaHH5IX rpyrrrrbI S Ka:lK.n.a51 TOqKa y COBepIIIaeT .n.BH:lKeHHe rro 

TpaeKTopHH Oy= {sy, SE[JJ} , 'Ha3bIBaeMOH Op6UTOU 3JIeMeHTa y. ~Be 
pa3HbIe Op6HTbI JIH60 COBrra,naIOT, JIH60 He rrepeceKaIOTCH. Ha Ka)K

)J.OH op6uTe rpyrrrra [JJ TpaH3HTHBHa B TOM CMbICJIe, qTO JII060H: 3JIe

MeHT 3TOH Op6HTbI MO:lKHO rrpeo6pa30BaHHeM H3 [JJ rrepeBecTH B JIIO

UOH npyroif. TIpocTpaHcTBO 6Jj pa36'HBae~cH pa3HoHMeHHbIMH Op6H

TaMH Oy Ha HenepeceKaIOmHecH n0.lI.MHOlKecTBa: OY = "22 Q y• 
y 
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MaKCUMaAbHblM uHBapuaHTOlvt OTHOCHT,eJIbHO rpynnbI g:; rrpeo6pa...

30BaHIIH: npocTpaHcTBa U/j Ha3bIBaeTC51 oTo6pa:lKeHHe J (y), npH KO

TOpOM paBeHcTBo J (y) = J (y') '3K'BHBaJIeHTHO npHHa,nJIeiKHOCTH y H y' 
O,lJ.HOH: II Toif Me op6HTe. MaKCHMaJIbHbIH: HHBapHaHT npHHHMaeT Ha 

K3lK,UOH: Op6\HTe rrOCTOHHHble 3HaQeHH5I, rrpH4eM pa3HbIe ,nJI51 pa3HO" 

HMeHHbIX Op6HT. 06JIaCTb 3HaqeHHH: MaKCHMaJIbHOrO HHBapHaHTa MO-

)KeT JIeLKaTb B BeCbMa npOH3BOJIbHOM rrpOCTpaHCTBe. 

Y T B e p :lK.n. e H H e 5.5. JI106aJl U1-l8apUaHTHaJl K 2pynne [JJ epyHK
t{UR cp (y) npeocTaBuMa tiepe3 MaKCUMaAbHblU uH8apuaHT: ({J (y) ==~ 

= ¢ (I (y) ). 

B caMOM ,lLeJIe, eCJI.J1 y II y' TaKOBbI, liTO 1 (y) =1 (y') ,'DO y' = sy )lJI5I HeKOTO~

poro SE[JJ II rr03TOMY (P (y) ='q) (y'). 

,UJIH HaXO:lK,neHHH 1 (y) MO:lKeT 6bITb HCrrOJIb30BaH CJIe,nyIOlUHH 

ep3KT \[9]: ,UJIH JII060H epyHKUHH l (y) ee 'HHepHMyM inf f'( sy) = f (y) 
s 

(KaK H sup) Bcer,na HHBapHaHTeH K rpyrrrre [JJ, a eCJIH HHepHMyM

,l1..OCTHraeTIC5I 'H e,u'HJHiCTBeH: min t (sy) = t(Sy (y»), TO J (y) = Sy (y) 51B-
s 

Jl5IeT'C5I MaKCHMaJIbHbIM HHBapHaHTOM. 

CTaTHCTHQeCKa51 Mo,neJIb <M~> Ha3bl8aeTCJl UH8apuaHTHOU K 2pyn..· 
ne [JJ npeo6pa308aHUU, eCJIH 'Bce ,ee rrep.BUqHbIe npH3'HaKH HHBapHaHT-

Hbl K [JJ: g (x, sy) = g (x, y), V gECS. COrJIaCHO yTBep:lK,neHHIO 5.5
Bce nep:BH4Hble npH3Ha'KH HHBapHaHTHOH: CI1M npe,lLCTaBHMbI Qepe3~ 

Ma'KCHMaJIbHbIH HHBapHaHT 1(y), T. e. 3anHCbIBaIOTCH g (x, J (y) ). H01 

TOf;I.a Ha OCHOBaHHH T1eopeMbI 5.2 HMeeM CJIe,llYIOmyIO TeopeMY. 

Teo p e M a 5.6. MaKcuMaAbHblu UH8apuaHT Jl8AJleTCJl oOCTaTOtl,
HblM (npu x~ 1) npeo6pa30BaHueM npu uH8apuaHTHou eMMJ a TaK~ 

{)fCe npeo6pa308aHueM eenooo6uJl. 

n p H M e p 5.11. ITYCTh y= (Yt, ... , Yn) II nYCTh rrepBHQHble rrplI3HaK'H CI:1M. 
HHBapHaHTHbI 'K nepeCTaHOBKaM KOOp,lL'lIHaT, HanpHMep npUBO,lJ,HTC5I K BII,ny g (x,

(~yq dm ), TOr,1J.a IIHBapliaHTHbIe npaBIiJIa ,lLOCTaTOqHbI, rr03rOMY IIHBapIIaHTHbIM 

,l{OJliKHO 6bITh OnTIIMaJIbHOe (nplII x~l) peWaIOIll,ee rrpaBHJIO; OHO 6y,neT <PYHK

IJ.IIeH: MaKC'HMaJIbHOrO IIHBapHaHTa, KOTOpbIM 5IBJI5IerC5I 3,neCb nOp5I,nKOBa5I craTHC

THKa - nOCJIe,UOBareJIbHOCTb, paCnOJIOMeHHa5I B rrOp5IA'Ke Hey6bIBaHH5I: 1(y) = 

= (Y(l) ~Y(2) ~ .•• ~Y(nd· 

CHMMeTpHSI, HHBapHaHTHOCTb H ,lI.OCTaT04HOCTb. Hawe H3.IIOlKe

HH,e 3,neCb OCHOBbIBaeTC5I Ha TOM 'C006pa:lKeHHH, 4TO eCJIH CI1M rrpH 

HeKOTopbIX npeo6pa30BaHH51X rrpOCTpaHCTBa 6Jj Ha ce651 He MeHHeT

C5I, TO IB O'6meM-TO He ,UOJI:lKHbI MeH51TbC5I H OrrTHMaJIbHble pewaIO

~He rrpaBHJIa. 

Mo,neJIb Jf(xy 'Ha3bIBaeTC5I CUMMeTpUifJ-loit K rrpeo6p a30BaHH51rvl sy 
npOCTpaHCTBa 6lj Ha ce65f, eCJIH OHa He MeH5IeTC51 rrpH 3THX rrpeo6

pa30BaHH5IX, T. e. svf{xy = Jf{xy, HJIH qTO TO }Ke caMoe 

M t (x, S y) = M f (x, y), V f E ~. 

Inp,eo6pa30BaHH5I S CQHTaeM ,naJIee o6paTHMbIMH. 

E'CJIH CI1M cHMMeTpHqHa 'K npeo6pa30BaHH51M Sl II S2, TO OHa 
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oy,lJ.eT CIIMMeTplIqHa K IIX :rrpOII3Be,lI,eHHIO (IrrOCJIe,lJ.OBaTeJIb-

HOMy npHMeHeHHIO) SlS2, a T3KlKeK 06paTHbIM npeo61pa30IBa~HH5I.M 
1 1Sl- , S2- . CJIe,rr,OBaTeJIbHO, OHa 6Y,LleT CIIMMeTpHqHa K BC€B03MOlK

HbIM npOH3Be,lJ.eHH5IM (nOCJIe,lJ.OBaTeJIbHbIM rrpHMeHeHH5IM) Si H Sj-1, 

{)6pa3YIOm fHM aJIre6palIqecKylO rpyrrny flJ npeo6pa30BaHHH. TaK KaK 

CI1M 6Y,lJ.eT CHMMeTpHtIHa K rpynne flJ B TOM H TOJIbKO B TOM CJIylqae, 

eCJIH OHa CHMMeTpHqHa KKalK,lI,OMy npeo6pa30BaHHIO SEflJ, 'TO HM'eeT 

·CMbIC.J1 rOBopHTb 0 'CHMMeTpHIIKOBceH rpyrrrre flJ. 

CHMMeTplI5I CI1M 03HaqaeT, lITO KalK,lI,OMy 'IIepBHqHoMy npH3HaKY 

gE~ H \IIlpeo6pa30lBaHHIO SE.flJ MOlKeT 6bITb iHaH,lI,e'H J1,py1r,oH g*E~, 
TaKOH, lITO (g(x, sy)=g-*(x, y) H Mg(x, y)==Mg*(x, y), T. e. npeo6

pa30BaHH5I cHlV1MeTpHH COBepwalOT \IIepeCTaHoBKy IIepBHlIHbIX IIp1I3

HaKOB BHyTpH ~, He MeH5I5I IIX Cpe,LlHHX. 

HfiBapuafiTfible K flJ CUM CUMMeTpUtLfibl K flJ, HO He BCer,lI,a 

.Hao6opOT, II03TOMY rrOH5ITlle CHMMeTplIli 60JIeeeMKoe. JIro6ylO CI1M 
v!{xy paClllllpeHHeM MOlKHO CneJIaTb CHMMeTpHqHOH J[*xY, Jf{ *xY-::::JJ[xy; 

J],JI5I lIerOHaLnO 06pa30BaTb lopeAHHe 

M*f (x, y) = sup M f (x, sy). 
s 

.B caMOM ,LleJIe, ,lJ.JI5I J[*xy 1M sJ[*xy HMeeM sM*f(x, y) ==M*f(x, sy) == 
=M*f(x, y), ,no3ToMy sJ[*xY=J(*xy. ECJIH ~ eCTb Ha60p nepBHqHbIX 

npH3HaKOB ,lJ.JI5I v!{xy, TO 'CHMMeTpH3aUIIIO ,lJ.OCTaTolIHO rrpOBeCTli Ha ~, 

lITO rrpII BO,lJ.HT, Bo6meM, K paCWHpeHHIO Ha6opa, H TeM He MeHee, 

yrrpomaeT CI1M, TalK ,KdlK IIep,BHi4HbIe iClpen.-HHe BblpaBHHiBaIOT~C5I Ha 

.npH3HaKax g (x, sy), npeo6pa3yIOmHXC5I ,lJ.pyr B ,lJ.pyra IIpH S, rrpo6e
raJOIIJ.HX flJ. 

TIpHMepbI CHMMeTp'HlIHbIX CI1M ,lJ.alOT O,lJ.HOp0,lJ.Hble npoueCCbI, ,LlJI5.I 

KOTOpbIX rpyrrrry flJ o6pa3yIOT C,lJ.BHrlI BO BpeMeHII. 

C B 0 He T B 0 'II 0 C T 0 5.I H C T B a p H C K a. ECJlu CUM CUMAteT

pUtffia K npeo6pa30BaHuflM g; npOCTpaHCTBa Ulj, TO pUCK 6yoeT HeU3

MefieH npu npeo6pa30BaHUflx SEflJ: rrX(Osy) ==IIX(oy), TaK KaK cor

JlaCHO orrpe,lJ.eJIeHHIO CIIMM,eTpHII 

M ~ (x, 8sy) =,M ~ (x, 8y ), M n(x, 8sy) = M n(x, 8y ). 

CrelP·laC MhI CBHlK·eM rrOH5ITII5I CHMMeTplIlI, HHBapHaHTHOCTH H ,lJ.OCTa

TOqHOCTIIB CMhI'CJIe Cpe,lJ.HerO pnCKa, ClIlITa5I KJIaCC f!l) 3aMKHYThIM 

OTHOCIITeJIbHO f1J B CMbICJIe OyEf!l)*OsyEIq), VSEflJ, II paH,LlOMH31I

pOBaHHbIM, T. e. BhlIIYKJIbIM. 

Teo p e M a 5.7. flYCTb CUM CUMMe.TpUtLfia K 2pynne flJ npeo6

.pa308aHuu npOCTpaHCTBa 6lj u BblnOjlfifleTCfl Jll060e U3 YCA08UU: 

1) cpynna g; oucKpeTHa; 2) OnTUMaJlbHOe npaBUAO o~ flBAfleTCfl edUH

CTBeHHblM. T020a ~HaKCUJvtaJlbfiblU UHBapuafiT K 2pynne g; eCTb OOCTa

TOtffiOe npeo6pa308aHueJ npUtfeM OJlfl 8cex x. 

;::( 0 !K a 3 aTe .n b C T B 0, Ec.nu 8x y e)l,IIHCTBeHHO, TO Ha OCHOBaHHII CBOMCTBa 

nOCT05IHCTBa pliCKa HMeeM inf IIX(8y) =IIx(8xy) =IIx(8xgy ) II B CHJIy e)l,HHCTBeH

HOCTH onTlIMa.nbHoro npaBliJIa BepHO 8x y = 8x sy, T. e. OHO HHBapliaHTHO, If CJIe)1.0

.aaTe.nbHO, eCTb epYHKUII5I MaKCHMaJIbHOrO HHBapliaHTa. ECJIII OnTlfMaJIbHOe npaBIIJIO 

He HBJI5IeTC5I eJJ..HHCTBeHHbIM, TO cOBoKynHocTb OnTliMaJIbHbIX npaBlHJI {8X y } .nOJI)KHal( r
6bITh 3aMKHyTa OTHOCIITeJIbHO rpynnbI flJ npe06pa30BaHHH B TOM CMbICJIe, tITO )1.JI5I 

3a,UaHHoro 8Xy Bce npaBHJIa 8x sy npn SEflJ )l,OJI)KHbI npIIHa,U.TIe)KaTb 3TOM COBO

KynHOC'TIi. TIplitIeM, eCJI:II rpynna flJ )l,UOKpeTHa flJ = {S1' ... , Sk}, TO, nOJIara5I, tITO 

8*y rro.nytIaeT'C5I paBHOBep05lTHbIM paH)1.0MII3Hp,oBaHHbIM BbI'60pOM 8xsy, npu)1.eM K 
k
 

IIHBap,HauTHoMy npaBllJIY: 8*y= L 8xsiX/k.
 
i=l 

ECJIH CI1M pa3JIOlKHMa J{xY==J(xJ{Yx , TO CllMMerpH5I J{xy 3KBII

BaJIeHTHa CHMMeTpHli rrepeXO,lJ.HhIX MO,lJ.eJIefr uftY B CMhlCJIe' sJ[Yx == x 

==JfYx , VX. 
I1p'IIMep 5.12. ITyCTb Y=(Yl, ..., Yn) II CI1M pa3.n0)KHMa. TIyCTb npn 

Ka)K)l,OM xEfC noc.nejI,OBaTeJlbHOCTb Y i He3aBIICliMa II OJJ.HopO)l,Ha, T. e. 

Jft~ == Jtt~t X ... X .lPtfn, .J;t~i ~ .lPtft . 

Tor)l,a nepeXO)l,Hble MO)l,eJIIi J{Yx 6YJI.yT cHMMeTpIItIHbI K nepeCTaHOBKaM Yi Me)K,J,Y 

Co60H.MaKOIiMaJIbHbIM IIHBapliaHTOM K rpynne nepeCTaHOBOK 5IBJI5IeTC5I nOp5I)l,KO

Ba5I CTaTIiCTIiKa (Y(1)~Y(2)~ ... ~Y(n)). CJIe)l,OBaTeJIhHO, OnTIiMaJIbHOe npaBII,,1o 

,lI,OJI2KHO 6bITb liHBapHaHTHbIM K nepeCTaHOBKaM If 51BJI5IThC5I <PYHKI]Jiei1: rrOp.SI)l,KOBO(I 

CTaTHCTlIKII. 

TIop5I)l,rKOBa5I CTaTIiCTIiKa 6YJJ.eT MaKCHMaJIbHhIl\I HHBapHaHTOM II B TOM CJIy1Jae, 

ec.nH Yi npli Ka)K)l,OM 3a,UaHHOM x IIMelOT O)l,IIHaKOBble MO)l,eJIH J(fl = ... = J{ ~n HO 

COBepweHHO HeH3BeCTHO, KaK Y i CB5I3aHbI )1.pyr C )l,pyroM (rrepBII1JHbIH Ha60p o6pa

3YlOT {gx (y i), gECS, i = 1, ... , n}, a nepBIItIHble cpe,UHHe He 3aBIIC.SIT OT i). 

5.5. ,LLETEPMMHHPOBAHHbIE PELUEHH5I H <l>HJ1bTPAUH5I 

06llJ.He C006pa.lKeHHSI. J],eTepMuHupOBaHHblJrtU Ha3bIBaIOTC5I rrpaBH

JIa KJIaCCa f!l)JleT, .uJIH KOTOpbIX peWeHII5IMH 5IBJI5IIOTC5I caMH HCKOMble 

COCT051HH5.I feEge. TIpaBHJIa 0603HaqaIOTIC5.I Xy 'II npe,lI,CTaBJI5IIOT- (C060~I 

HHCTpyKUI1IO, YKa3bIBaIOmylO, KaKoe X BhI611paTh (npe,lJ..naraTb KaK 

peweHue) \IIp HKalK,lJ.OM B03MOlKHOM Ha6JIIO,lJ.eHlllI y. 
I\of,lJ.a COCT05IHHe:.vr CTaHOBllTC5I IIapaMeTp (T. e. ge ==fJl - lIHCJIO

BaH rrp5IMa5I), ,lJ.eTepMHHHpOBaHHble rrpaBHJIa rrepeXO,lJ.5IT B ,lJ.eTepMll

HHpOBaHHoe oueHHBaHHe. OueHHBaHHe 6y,lJ.eT, KOr,lJ.a x - BeKTOp 

(fJe == fYtk). TIoCJIeZLHHH c.nyqali: HHOr,lJ.a Ha3bIBaIOT epHJIbTpaUHeH, rrOHH

Ma5.I rro,lJ. BeKTopoM OTCqeThI rrpouecca. A B o6meM, epHJIbTpaUH5.I ox
BaTbIBaeT CJIyqaH, KOfj(a x - rrpouecc (W -- npOCTpaHCTBO peaJIH

3aIJ,HH). 4eTKoH rpaHH 3neCb HeT. 

,UeTepMIIHlIp,oBaHHble - 3ro .pelllHTeJIbHble IpeWeHH5I, rKOrna :He 1):1,0.11

)RHO 6bITb MeCTa HeqeTKHM, OCTOPOlKHbIM BbICKa3bIBaHIl5IM, cylK,lJ.e

HH5IM, a Tpe6yIOTC5I KOHKpeTHble ,lI,eHCTBH5.I. HarrpliMep, HylKHO OlIHC

THTb peqeBOH CHrHaJI OT rnyMoB, QTo6bI rrOJIyqHTb KOHKpeTHyIO pea

JIH3aUHIO OTepHJIbTpOBaHHoro rrpouecca. I1JIIi B TeopHH yrrpaBJIeHH5I 

no Ha6JIIOneHH5IM 3a 06'beKTOM Tpe6yeTC5.I CepOpMHpOBaTb CHrHaJI: 

OH TOlKe ,nOJI)KeH 6bITb lIeTKHM KaK yrrpaBJI5Iromee B03,lJ.eHCTBHe Ha 

epU3HQeCKYIO cHcTeMy. 

TIp06JIeMa ,LleTepMIIHH3Ma B OIJ,eHHBaHHH HMeeT ,lJ.aBHHe Tpa,lJ.H

~HH If 6oraTyIO lfCTOpHIO. MbI He CTaBHM 3a.uaQell 0630p. I-Iawa 
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n,eJIh - BhIHBHTh Te OC06eHHOCTH, KOTOphle BHOCHTCH B Hee HOBhIMH r
 rJI,e P1-X(X=Xy ) ==xP(X=Xy ) + (l-x)j5(x=x y ) - B3iBeWelHtHaH 1Be
:\10,lI,eJIHMH H peryJIUpOBOqHOH WKaJIOH OIlTHMH3Ma-neCCHMH3Ma. 

p05ITHOCTh npaBHJIhHOrO peweHHH. IlpH X=? onTlfMaJIhHOe npaBHJIO
IlocJIe,lI,HHH n03BOJIHeT ,lI,eJIaTh 'IlpaBl1JIa TO 60JIee H36HpaTeJIhHhIM'H 

u 

6Y,lleT HaXO,ll.HThCH MaKCHMH3aUHeHBepXHeH rpaHHUbI BepOHTHOCTH
K orOBopeHHhIMcHTyaUHHM H ,KaqeCTBeHHbIMH K HHM, To6oJIee P(x===xy ), a npH TleeCHMII3Me x= 1 - HH:tKHeH P(x==xy ).
rpy6hIMH H YCTOHqHBhIMH (B CMhICJIe Cpe,AHerO pHCKa) K OTKJIOHe

HHHM OT HHX. 

IloTepH npaBHJI Xy MepHIOTCH 06blqHO KaK HeKOTopoe paCCTOHHHe 

J[ (X, Xy) MeLK)l.y HCTHHHbIM 3HaqeHHeM X H npe,ll.JIaraeMhIM oueHKOH Xy. 
3TO 06~3aTeJIbHO HeJIHHeHHaH, nO~4ac HeOrpaHHqeHHaH ~YHK

UIf~, KaK B CJIyqae CTeneHHoro ee THI1a IX-Xy Ik. nynyqH npe06pa30

BaHHeM nepeMeHHhIX X H X, ~YHKUHH rrOTeph HCKalKaeT BH,n IUepBHtI

HhIX npH3HaKOB CI11Vl, BTopraHCh B CBH3h Me)Kny CTpyKTypOH npH3

HaKOB H BH)l.OM npaBHJI, HO coxpaHHeT, 4TO OqeHh Ba)KHO, Qy-npen

CTaBHMOCTb: Q-rrpenCTaBHMOCTb npaBHJI 3KBHBaJIeHTHa TaKOH :tKe 

npe,lI,'CTaBHMOCTH rrOTeph H CJIenyeT B 'CBOIO 04epe,nh H3 npenCTaBH

MOCTH nepBH4HhIX npH3HaKOB. IlocJIe,nHee, KaK yTBep:tK,naeTCH Teo

peMoM 5.2, naeT OCHOBaHH~ ,nocTaTo4HoH pe,nyKUHH Ha6JIIO,n,eHHM. 

TlpHBe,neM npIfMep pe,nYKll.HH. 

n p H M e p 5.1'3. fIYCTb Ha6JIIO,naIOTcH Y1, ... , Yn, a x - UCKOMbII1 IIUCJIOBOI1 

napaMeTp. ITYCTb nepBMtIHbIM ~JIH CI1M HBJIHeTCH cpeAHee M~ (Yi-X)2=6. ITep· 
i 

2BHIIHbII1 npH3H aK npe~eTaBJIHeTCH ~ (y i-X) 2 = Ly2 i-2x~y i +x U npu JII06bIX x 
iii 

·eCTb <pyHKUHH }2Yi U Ly2i. 9TU CYMMbI COflIaCHO TeopeMe 5.2 eCTb ,lJ,OCTaTOtIHbIe 

i i 
np.H x ~ 1 inpH3HaKH, '01ICIO,,na qy JI,OJIMlffa 6bITb \<pY;HKUHeI1 OT HHX. HeKoTopoe o606~ 

meHHe lIOJIytIaeTCH, KOf,lI.a CYMMbI B3BerneHbI K03ep<pHUlIeHTaMH ~Ci (Yi-X ) 2, TorAa 

i 
,lI.OCTaTOtIHbI }2CiYi, LCiy2i. 

i i 
C'OBeplIleUHo TeMH :IKe CorJIaCHO CJIe~CTBIiIO 2 K TeopeMe 5.3 ~OCTaTOtIHble 

npH3HaKH 6y,nyT, eCJIll:I Yi=X+~i, i=l, ... , fl, a <pJIyKTyauulI ~i 3a,naUbI nepBatIHbIM 

3HaIIeHlIeM M~Ci~2i. ECJIH Yt - lIpouecc, TO lfH,neKC i 3aMeHHeTCH Ha BpeMH t, a 

i 
CYMMbI - Ha UHTerpaJIbI lIO t H ,n,OCTaTOtIHbIMU npU3HaKaMH CTaHOBHTCH HHTerpaJIbI

SCiytdt, SCty2 t,dt. 

OnTHMaJIbHble perneHHSI npH ,lI.eJIbTa-nOTepSlX. OpIIcTynHM K H3JlO

lK'eHHIO n p IfHUHIT0 B ITOCTPOeHHH 0 ITTIIM a JIhHhI X n eTepMHHHP0 BaHHhIX 

oueHOK B 33Blf:CHMOCTH OT BH,na ITOTepb H 3HaqeHHHK03,<p~Hll.HeHTa 

ne:CCHMH3Ma. IlYCTh CHaqaJIa 6epyTcH oeAbTa-noTepuJt (X, x) == 
=1-6,,(x), paBHhIe 0 npH np3BHJIhHOM peweHHII X=X H 1 npH He

x 

npaBIIJIbHOM X=F x. 3TH nOTepII OqeHh XIPHTHqHhI (eCJIH IHe iC!Ka3aTh 

KanpH3HbI) K CKOJIh yrO,UHO MaJIbIM OTKJIOHeHHHM X OT X, TaK KaK 

cpa3Y rro,n'CKaKHBaIOT OT MHHHMaJIhHOrO ,no CBoero MaKCHMaJIhHOfO 

3Ha4eHH~. 3aTO pa60Ta C ,UeJIhTa nOTep~MH y,Uo6Ha BCJIe,nCTBHe npoc

~WX pe3yJIhTaTOB, H60 ueHa npH06peTaeT «JIHuenpH~THWM» BH,ll.: 

v (Y) = 1- sup pl-x (x = Xy), (5.5) 
Xy 
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II p 1I M e p 5.14. flYCTb CI1M 3a~aHa rrepBHtIHbIMll iBepoHTHOCT5IMH: 

O~~(x, y)~P(x, y)~I, V(x, Y)EXXUJ/ 

(corJlaCOBaHHbIMH B CMbICJIe ~~~ 1, ~J5;;::: 1, r,LJ,e CYMMbI no x, y), 3a,nalOruHMH 

a,ruI:HTHBHoeI1PB Ha ~HcKpeTHblx aJ xOlj. flo epopMyJIe (1.5) ,lJIH a,n2UIT;UBHbIX 

I1PB UMeeM: 

E.(x==xy)==max{ ~ !:.(x, y), 1- ~ P(x, Y)}' 
x= x X~Xyy 

P(x == Xy) == min { ~ P(x, y), 1- ~ !:. (x, y)}. 
x=x x;t:.xyy 

TaK KaK MHO:IKeCTBO {x~Xy} TOIIeK npocTpaHcTBa fJiJ xrJ1j OKa3bIBaeTCH 06bIIIHO 

cymecTBeHHo lllHpe MHO:IKeCTBa {X=X y }, TO B nepBon epopMyJIe lIpaBa5I U3 ,n,ByX 

qaCTeH HMeeT TeH~eHUIiIO CTaTb OTpHuaT€JIbHOI1, a BO BTopon - JIeBaH CTaTb 

MeHbllle npaBofI (UpH 2:~< 1), lI03TOMY tIaCTO OKa3bIBaeTCH, tITO 

~(x =:;:= Xy) == ~ ~ (x, Y), P(x == Xy) == ~ p (x, Y), 

x=x x= x yy 

H OlITHMaJIbHOe npaBUJIO 6y~eT OlIpe~eJIHTbCH MaKCHMlI3aUlIeI1 no x rrpu 3a,LJ,aH-

HOM y B3BelIleHHOrI COBMeCTHOM BepOHTHOCTlf Pl- x (X, y)=x~(x, Y)+I(I-x)P(x, y), 

1\ 3TlfM npaBHJIaM CKOpO BepHeMCH lf3-3a .lIX 60JIee o6ruero Ha3HaIIeHHH. 

3 a Me q a H H e. 06paTHM BHHMaHHe Ha O,UHy xapaKTepHyIO OCO

6eHHOCTh OI1THMaJIhHbIX np3BHJI npH ,ILeJIhTa-nOTep~x. 1VIHo:tKecTBO 

.{X=Xy} npe,nCTaBJI5IeT C060M JIHHHIO B npOCTpaHCTBe geXUY H, KaK 

epaKT, HeB03MO:tKHO HaHTll HII O,ILHOM JIHHeHHOM KOM6IfHaUIIH rrepBHQ

HhIX rrpH3HaKOB CI1M, KOTopa~ Ma:tKOpHpOBaJIaCh 6hI HH,lI,HKaTOpHofI 

tPyHKIl,HeM MHO:tKeCTBa {X=X y } H HM,eJIa HeOTpHuaTeJIhHOe HHlKHee 

cpe,nHee, rr03TOMY ,nJI~ TaKHX 33,ILatI P(X=Xy) ==0. 06paI.II.a~Ch Tenepb 

K epopMyJIe (5.5), BH,ILHM, qTO npH-X= 1 ~ pHCK He3aBHCHMO OT xy 

Bcer,na 6y,neT MaKCHMaJIbHhIM, p aBHhIM 1. OnTHMaJIhHOe np aBHJIO 

CTaHOBHTCH 6eCCMhICJIeHHbIM. K 6eCCMhICJIHue npHBo,nHT H x> I. 
JIHWh npH X< 1 OITTHMaJIbHbIe npaBHJIa 6YJlYT HeTpHBHaJIhHbIMH If 

Haxo,n5ITC~ MaKcHMHsaUHeH j5 (x=xy ). 

PaclllHpHM CI1.lVl ,Uo aJJ.,nHTHBHoro I1PB, oITpe,neJIeHHOrO rpaHH

~aMH P (x, y), j5 (x, y) (BbI4HCJIeHHbIMH no HCXO,nHOH CI1M H npl1

H~ThIMH 3a rrepBHqHhIe). IlpaBIIJIO, MIIHHMl13l1pYIOmee pHCK npH yKa

S3<HHOM paclllHpeHHH CI1M, a nOToMy K B a 3 H 0 IT T II M a JI h Hoe, 

0603HaQaeTC~ gxy • OHO 'COfJIaCHO (5.5) MaKCIIMII3l1pyeT npHKalK,llOM 

yc.U/j B3BeweHHYIO BepO~THOCTh: max pl-X (x, y) H Ha3hIBaeTC~ npa
x 
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r
I8UAO;l1 83BeUleHH020 npaBAOnOA06HH (BnpHMepe 5.14 OHO OnTHMaJIb onpeAeJIeHHOCTb MaTpllUbI Lc+;Hi-C. TaKHe )!(e epOPMYJIbI BepHbI 

HO). B 4aCTHOCTH, TIpH %=0 H3 Hero BblTeKaeT npaBHJIO XOy, MaKCH

MH3HpYIOw.ee P (x, y): P (fOy) =max P (x, y), Ha3blBaeMoe npaBuAo,w 
x 

.J1WK-CUlvWAbH020 npa8oonooo6uJl. TaKIlM 06pa30M, J1WTOO ,IWI\CUMaAb
H020 npaBoonooo6u.'1 cooT8eTcT8yeT ,1LaK-CU,11aAbHO B03MOJICHOMY on
TU,lIL13MY % = 0. 

DpH neCCHMH3Me %= I KBa3HOnrlHlaJlbHblM 6y,a,eT npaBHJlO 

lly : P (i1y, y) = max P (x, y), Ma KCHMIl3HppOw.ee HmKHlO1O rpaHHUy 
- x 

Bep05lTHOCTH. 

. BBe,a,eM Mo,a,HepHKaUHH paccMOTpeHHblx npaBHJI, Y4HTblBalOw.He 

MewalOw.He napaMeTpbI. DycTb .;!{xy = V[JJexy, r,a,e [JJe xy npH l\a}K,a,OM 
e 

e onpe,a,eJlHeTC5I T04HblMH Bep05lTHOCTHMll Pe(x, y). Tor,a,a P (x, y) = 

=infPe(x, y), P(x, y)=supPe(x, y) II oueHKa ioy MaKCH~1l13HpyeT 
e e . 

MaKCHMaJIbHYIO rro e Bep05lTHOCTb, a X'y - :YIHHHMaJlbHYlo. 

ECJlH <:OOTBeTCTBeHHO 3aMe4aHHIO Bblwe P(x=xy) =0, H TeM 60

)lee !(x, y) ~P(x=Xy) =0, TO PI-X(X, y) CT3H03HTCH rrponopU'HO

H3J1bHOH P (x, y), rr03TOMY rrp3BHJlO MaKCIIM3J1bHOrO np3BAonOA06HH 

iOy , COOTBeTcTBylOlll,ee %=0, 6y,a,eT I\Ba3110nTIfM3.1bHbIM rrpH .TJI06bIX 

%< 1. Y.Ka33HHaH rrpO'nopUHOHaJlbHOCTb 6y,a,eT IIMeTb Mecro II ]wr,a,a 

P(X, y)=pP(x, y) .il.Jl5I HeJ\'OToporo p~1 (:np'H p=1 ;BepOHTHOCTb 

T04H351) . 

nOCTaHOBKa 3a.na4H JIHHeHHOH ~HJIbTpa~HH CHrHaJIa npH KBa.n

paTH4HblX nOTep5lx. DycTb Ha6J1i0.neHH5I 33nHCblBaIOTC5I 

Yi=Xi+~i' i=l, ... ,n, M~i=O, 

r.il.e Xi YCJlOBHO 6Y,ll.e:Vl H33blBaTbCllrH3JIOM, 3 Si - WyMOM. l1ml B 

BeKTopaX-CTOJI6U3X y=x+;, M;=O. CT3BHTCH 33A343 epllJlbTP3UHH 

X ·rrpn .I\B3J,panI4HbIX nOTep51X 

n (x, x) = II x - xW= (x - X)T (x - x), 
I 

f.J,e lizl!2 - ,hBa,ll.p3T HOpMbl Bel(TOp3. BeKTopbl x II S C41lT310TCH He

KOppeJlHpOB3HHbIMH: MX;T=O, 33,ilaHllblMll CBOl1cTB3MH BToporo rro

p51,a,1,3 B Blf.J.e COrJI3COBaHHoro Ha60pa Cpe,ll.IIIIX MxTCx, MSTCS rrpH 

BceB03MO)KHbIX M3TpHuax C. 3TO ,a,eJIaeTC5I nyTeM 3a,ll.3HHH nepBH4

HblX 3Ha lleHlfH AixTHx, HEd&', lHsTG;, GE~, C IlX rrOCJIe,ll.YIOw.HM 

rrpo,a,O.'1)I(eJ-lIleM COrJIaCOBaHHblM 06pa30M Ha BTOpH4Hble npH3HaKH 

(T. e. H3 I\B3,a,paTH4Hble epOPMbl) no q)OpMyJle 
~ 

TM x T Cx = inf { L: C( Nt x Hi x: L: C( Hi - C ;;::: O} , (5.6) 

r,ll.e HiEd&'. B (5.6) H3 CYMM Bbl6poweH cB060'.J.Hbl(r I\OaLj:JepllUHeHT, 

1160 011 nOJlY l l3eTOl p3'BHbIM 0. HepaBeHcTBo rro.il. 3H3,IWM HH

epHMyMa rrOIlHMaeTC5I K3K M3TpH4Hoe, 1". e. Kal\ HeoTpHU3TeJIbH35I 
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,LI.JIH ·s,
B KJIaCCe np3BHJI, .nonyCI(31OW.HX P33JIO)KeHH5I B pHAbl BOJIbTep

pa, T. e. Tl/TIa 

(XY)i= L:LuYj+ L.L.Ll';/YkYi+ L.LL:dVtY"YiYI+·'" 
j k i k j I 

1I3 OCHOB3HHH TeopeMbI 5.1 .nOCT3T04HbIMH 6YAyT JIHHeHllble rrp3BHJIa 

x=Ly, r,a,e L= {L ij } ~ M3TpHua p33MepHocTH nXn (T3K 1(3K TOJIb
Y 

KO ,J,JI5I HHX nOTepH M3)!\0pHpyeMbIKB3.nP3TH4HbIM epOPM3MH) . .Ll.JI5I 

JIHHeHHblx rrp3BHJI rrpH KBa.nP3TH4HbIX nOTep5lX H HeKOppeJIHpOB3H

HblX x H 's HH)!<HHH H BepxHHH pHCI<H 33rrHwyTc5I 

n (Ly) = MXY II x - Ly 112 = Mx II x - Lx W+M~ II L sW, 
XYfi (L y) = M 1\ x - Ly II~ = Mx II x - Lx W+ M; 1\ L sW 

H BbI4HCJI5IIOTC5I COrJ13CHO (5.6). PHCKH CKJIaAbIBaIOTC5I H3 ,a,ByX CJI3

r3eMblX: nepBoe onpe,a,eJI5IeT oWH6Ky epHJIbTpall,I1H 33 C4eT HHepUI10H

HOCTH epH.'1bTp3 L, KOTOpbII1 He ycrreBaeT OTCJIe)!<HBaTb H3MeHeHH5l 

CHrH3JI3 (B CI1JlYOTJIH4H5I OT eAHHH4H0I1 MaTpHUbl I), a BTopoe 

3a C4eT rrpOHHKHOBeHH51 WyM3 H3 'BbIXOA epHJIbTpa. DepBoe CJI3rae

Moe paCTeT npH YBeJIH4eHHH HHepll,HOHHOCTH epHJIbTp3, 3 BTopoe 

yMeHbWaeTC5I, H Me)!(AY IIHMH eCTb orrTHMyM. 
Bbl60p M3TpHUbI L *, onpe,a,eJI5Ilolll,eli OllTHMaJIbHblH epl-lJibTP, rrpo

113BO,LI,HTC5I HCXO,LI,H H3 MHHBMH33UHB cpe,iI.HerO pHcKa 

nx (L) = MX x T(1- L)T (1-- L) x + MX ST Lor L S' (5.7) 

T,LI,e Mx eCTb B3BeweHHoecpe,LI,Hee, p3BHoe (I-%)M +xM. 
OpB T04HbiX M3TpHll,3X KOppeJI5IllHfl Mxx T 

= K: A1;ST = B pHCK OT 

% He 6y,LI,eT 33BHCeTb: n(L) =tr(I-L) (I-LpK+tr LUB, rAe tr 

C)leA M3TpHll,bl, P3BHbIl1 cyMMe ,a,HarOH3JIbHbIX 3JIeMeHTOB. OrrHrM3JIb

HblM B 3TOM CJIy43e npB 06P3THMOfi MaTpHll,e (K+B) 6y,LI,eT epHJ1bTp 

L* = (K +B)-1 K, n (L*) = tr K (K + B)-1 B, (5.8) 

rAe BTOPblM YI<333HO Bblp3)KeHHe ,LI,JIH OWH6I<H epHJIbTP3UHH. 
<l>HJIbTpall,HSI CHrHaJla C 113BeCTHblMI1 KOppeJl5lUHOHHblMI1 cBoiIC!'

BaMI1 113 wyMa OrpaHJ1l!eHHOH MOW.HOCTH. DYCTb IWppeJl5IUHOIiHa51 

M3TpHU3 iCfrrHa.'13 x 51BJJ5ICTC5I TOlliJ-IO l!3SeCTHoH H paBHoii K, TOI")3 

K3K OTHOCHTeJIbHO W)''v13 1I3BeCTHbI CBe.'l.eHIUl .'1HWb 06 ero cpe:ll~erl 
«MOW.HOCTH» 

~ L sf/n=M \ls\\2/n=~2, MIlsW/n= 0~. 
22

TorA3 aHaJI0fl14HO (5.6) : _ M ST LL s= sup cn a = /..2. n 0 ,tnHl 

c1:(LTL 

M ST Lor L s= inf en 02 = 'A~ax no2 
,
 

rei ;" LT L
 

r,LI.e HepaBeHcTBa MaTpH4Hble H 'A2m in H 'A2max eCTb cooTBeTCTBcHHO 
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n

M'HHHMaJIbHOe II MaKCHMaJIbHOe C06CTBeHHble qHCJIa MaTpHUbI LT L..
 
B pe3YJIbTaTe 'Cpe~HHH pHCK
 

X (L) = tr (I - L) (I - L)T K+ (I - x) A~in n 0 2 + XA~ax na2 
•
 

TIpe~,cTaBHM K==FTrF, r~e F - M3TpHua C06CTBeHHbIX BeKTopOB"
 

a r - ~HarOHaJIbHa5I MaTpHua co6CTBeHHbIX qHCeJI 'Vi MaTpHUbI K. 
Tor~a OrrTHMaJIbHOe rrpaBHJIO 3arrHllIeTC5I B BH~e Ly == FA, r~e A 
~HarOHaJIbHa5I MaTpHua KopHeH KBa~paTHhIX 'Ai H3 co6CTBeHHbIX 3.ne-
MeHTOB ~2i MaTpHUbI LTL. B pe3YJIbTaTe cpe~HHH pHCK CTaHeT 

nx (L) == ~ (1- Ai )2 l'i + (1 - x) A~in n 0 2 + X A~ax n0-2• 

3a~aqa HaXO:IK~eHH5I OrrTHMaJIbHOrO rrpaBHJIa CBO~HTC5I K MHHH

M:H3aUHH HaH~eHHoro 'Bblpa:IKeHH5I ITO 'Ai. na~HM pe3yJIbTaT, TeN! 6oJIee, 

qTO OH TpHBHaJIeH, He rrpHBO,lI,5I YTOMHTeJIbHbIX, HO B TO :lKeBpe~M5I 

HeCJIO:IKHhIX BbIKJIa,lI,OK. TIPH x~ 1 OrrTHMaJIbHbIMH 6y,lI,YT :A*i--:- C, qTO 

OOOTBeTCT:ByeT epHJIbTpaUHH Xy == cy, :CBO;,lI,5IIUetiC5I K Inp5I'M'OMY oCJIa6

JIeHlIlO BXO,ILHbIX Ha6JIlO,lI,eHHH Ha BeJIlIqlIHY C = tr K/ (tr K+xn(2). \' 
ilpHqeM C YMeHbllIaeTC5I npH Cp~BHIITeJIbHOM YBeJIHqeHHII Cpe,lI,Hei1 

rCTaTHCTHqeCKOH .3HeprHH llIyMa na2, npHXO,lI,5IIUeHC5I Ha n OTCqeTOB,
 

ITO OTHoweHHlO K .3HeprHH CHTHaJIa tr K. B caMOM ~eJIe, eCJ1H WYM 1
 
! 

BeJIIIK, TO IQ'H ,,lI,aeT OCIHOIBHOHBKJIaJI. B iOllIlf:6Ky Ha 'BbIXiQ;,Ue Ii ero HYiI\: ~ ,. 
HO OCJIa6JI5ITb. He3HaHHe 'CTpyKTypbI llIyMa Be~eT K TOMy, qTO Ha6

JIlO,lI,eHII5I epaKTUqeCKH He epIiJIbTPYIOTC5I. 

TIYCTb Terrepb O~x<l. Pe3YJIbTaT 6Y,lI,eT BeCbMa HHTepeCHbli\T, 

nOKa3bIBaIOmHM Ha Bblp0:IK,lI,eHHble CTOpOHbI pe)KHMa onTHMH3Ma . 
.- r 

TI'pH YiCJIOBHH xna2/tr K< 1/ (I-x) na2/'V1nin OTITHMaJIbHbIMH tCHOBa 6y.. 
,lI,yT 'A*i==C ~JI5I Bcex i, KpoMe O,lI,HOrO iO: 1\o== min Vi=='\'min, 'A*iO=O, 

Ha3HaQaeMOrO IHYJleBbLM. TIPH ,CHIHTe3e epHJIbTpa H3HiBHO rrpe:,UTlo.TIa

raeTC5I, QTO 'B Han60JIee 6JIarOnp'l15ITHOM cJIyqae WYM IBeCb IBrQH\.leT 

HMe'HHO IB 3TO ·HaHMeHee «,CHrHaJIbHoe» JIarrp3BJIeHHe ,\,rnin, a MbI 

«3aXJIOiUHeM» era nyTeM rrrpHpaiBHHBaHI15I HyJIIO: 'A*iO= O. I1pe)),lcTaB I 
Te, 41'0 WY/MOM C Bep05IT1HOCTblO I-x 'ynnp 3BJI5IeT «,C'BOH» LJeJIOBeK, 

H3H6.rrarOrrpH5ITHeHlIlHM 06pa30M K HaM pacrrOJIO:IKeHHbIH, a C Be tP05ITHOCTblO x - rrpOTHBHHK. 06a OHH iI1peKpaeHO OCBeJI,OMJIeHbI 0 

HaWHX ,neticTBH5IX. HY:lKHO 3alUHTHThC5I I10-'B03:MO:IK'HOCTH OT rrpOTHB

HHK3, II OCTaBHTb «OT\'uYW!HHY ,UJI5I 6JI3rOnplI5ITHbIX» 3 iKUHH «CBoero», I
raipaHTHpOH31B ,ce6e TaKIHl\!l DOp330M MHHHMaJIblHbII1 ymep6. 

TIoCJIe,lI,Hee He MO:IKeT 'CJIY:IKHTb yTelIleHHeM, a 'CKopee 5IBJI5IeTC5I 

BblpO)K,LLeHHeM, n03TOMY 06mUH BbIBO,lI,c.rre,UYlOIUHH: fie3Hafiue CTpyK

Typbl UlyMa He n03BOAfler HUKaK ucnOAb30BaTb 3HaHue, 8aJlCe TOt{

Hoe, KoppeAfU{-UOHHblX CBOUCTB CU2HaAa. 

<l>I1JIbTpa",wSI npH HeKOppeJlHpOBaHHorvl mYMC. TIyCTb CHOBa y = 
== x +S, 
TOqHO, a 

- 2
M Si 
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KOppeJI5IUHOHHa5I MaTpHua K seKTopa CHrH3JIa x H3BeCTHa 

WYM HeKOppeJIHpOBaH IH 3a~aH rrepBHqHbIMH cpe~HHMH: 

-2 2 2 .. = ai, M Si = !!.i , M Si Si = 0, t =1= J. 

'TorAa M \\ L S\1 2 = sup { L Ci of : L Ci £[ + L ~ £i Cij £i ~ 
i~j 

~ ~ ~ ~ £i Lii Ljk £k} = sup J ~ Ci of : Ci ~ ~ L?} = ~ 2: L~. o? ,. l _ !J ll_l ,. 

II TOqHO TaK :IKe MIl Ls112== LLL2 ija2i . B pe3YJIbTaTe pHCK 

IIX (L) == tr (I - L) (I - L)T I( + tr LLT 0,0 

T,lI.e 0"2xi==(1-x)~2i+xa2i H Ox eCTb ,lI,HarOHaJIbHa5I MaTpHua H3 aZXie 

MHHIIMH3aUH5I 'plICKa no L Be~eT K 3HaqeHHIO 

L* = (I( +0x)-l K, IlX (L*) = tr I( (I< +0x)-l Ox· 

,OrrTHMaJIbiHblfr epHJIbTp, KaK 3TO BH,lI,HO H3 cp aBHeHH5I C (5.8), rrOJIy

QaeTC5I TOqHO TaKOH Me, KaK eCJIH 6bI M£2i 6bIJIH TOqHO H3BeCTHbI If 

paBH5IJIHCb a2
x i. 

060 6m e H H e. flYCTb y==x+ Hs, r,lI,e H - H3BeCTHa5I MaTpHua , 

neKTOp S - TOT :IKe, KaK H 6bIJI, a WYM Hs eCTb pe3YJIbTaT npOXO)K

,neHH5I He3aBHCHMbIX OTCqeTOB£i qepe3 H3BecTHbIH <pHJIbTP, onHCbI

BaeMbIH 'MaTpnueH H. lllY:M B Ipe3YJIbTaTe 6YJI.eT KJQlPpeJIUpOiBaHHbIH C 

HeTOqHO H3BeCTHbIMH KOppeJI5IU:H5IMH, 065I3aHHhIMH pa3JIHQHIO aZi If 

a2i. Tor~a 

IIX (L) = tr (I --L) (I - L)T K+tr H L LT HT O}P 

II B pe3YJIbTaTe MHHHMH3aUHH ITO L rrOJIyQHM 

L* = (I( + HOx HT) -1 K, TIX (L*) = tr K (K +HOx HT)-l HO;( HT . 

BbITeKaIOmaH H3 .3TIIX epOPMYJI HHCTPyKUH5I 1npH3bIBaeT 3aMeHHTb 

\He~OqtHiO H3BeCTHble KOppeJI5IIl"HH IWyMa 'Ha MarpHUY Bij == 2,;, Hik'a2xkHkj, 
k 

CQ'HTa5I ,ee npo ce65I TOqHOH MaTpHuefI KOppeJI5IUHH rnyMa, H ~aJIee 

paeqeTbI C HeH np'OII3'BO)J.HTb no (5.8). HanpHMep, eCJIH Yi == Xi + 
+~hl£i+l, T. e. lIlyM reHepHpyeTC5I CKOJIb35ImHM CyMM'HpoBaIHHeM Re

t 
3aBHCHMbIX £i, TO Bij == 22 hi-la2xlhl-j. 3~eCb MbI HCnOJIb30BaJIII rrp5IMOH 

l 

MeTo,U, KOTOpbIH CBeJI 3a,lI,aqy K TOqHbIM KOppeJI5IUHH1\L B ICJIe,lI,YlOIUeM 

pa3,UeJIe HcrrO.JIb30BaH p06aCTHbIH no,lI,xo,lI,. 

l(oppeJISlQHH aaAaHbl c norpemHocTSlMH. IlYCTb y == X +S, CHrHaJI 

x HWyM ~ HeKOppeJIHpOBaHbI Me:IK,lI,Y c06oi1 H 3a,lI,aHbI KaLK,lI,bIH CBOH

MH KOppeJI5IUHOHHbIMH CBoH'CTBaMH. TIoCJIe~HHe, KaK H3BeCTHO ('§ 4.2), 
.9KBHBaJIeHTHbI co6cTBeHHbIM ceMeHcTBaM, :COOTBeTCTBeHHO :J{) (,lI,JI51 x) 

II !lJ (~JI5I s) KOBapHaUHH, qTO in03BOJI5IeT rrplI BbIqHCJIeHHHX pHCKa 

rrOJIb30BaTbC5I ~OPMYJIOH 

nX(L)=(I-x) inf tr(I-L)(I-L)TK+x sup tr(l-L) (I-L)TK+ 
KEX KEX 

+(1- x) inf tr LLT 8 + x sup tr LLT B. 
BE$ BESS 
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PaCCMOTpHM CJIyllaH, KOr.ua :Jt' H g; 3a.uaHbI MeTpHlieCKHMH orpa
HHlIeHH5IMH BH.ua 

x = {K : II K - K o II ~ ~K}, ga = {B : II B - BoII ~ ~B}' 

r.ue HOpMa MaTpHIJ. rrOHHMaeTC5I 'KaK MaKCHMaJIbHOe rro MO:llYJIIO co6
CTBeHHOe lIHCJIO. MO)KeM .uJI5I orrpe.ueJIeHHOCTH 'ClIHTaTb, liTO Ko H Bo 
CYTb OueHKH KOppeJI5IUHOHHbIX MaTpHU, H3BeCTHble C OIIH16Ka~1H, He 
npeBblWalOI..I..lH,MH rC-oOTBeTCTJBeHHO .uorry,C'I<oB l'lK H ·~B. 

BepHO paBeHCTBO: sup {trH HTK : II K-Koll :::;l'lK} =tr H HT (Ko+ 
+~KI), ,rrpH4eM q l1rrpeMYM .uOCTHraeT.C5I npH K*=Ko+l'lK I, a 1 
e.uH·HH4Ha51 MaTpHua. MaTipHUa K* rrOJIY4aeTC5I H3 Ko YBeJIIHeHHeYl 
Bcex co6CTBeHHblX lIHCeJI Ha ~K' .!1cnOJIb3y51 TOT epaKT, liTO ceMell
CTBa :Jt H g; .uOJI)KHbl COCT05lTb H3 'HeO'I'pHuaTeJIbHO orrpe.ueJIeHHblX 
MaTpHU, aHaJIOmliHO rrpe.ubl.uymeMY HMeeM 

inf{tr HHTK: IIK-Koll:::;~K}=tr HHT(Ko-l'lK 1)+, 

r.ue (KO-'~KI)+ nOJIYlIaeTC5I 113 Ko-l'lKI rrpHpaBHI1BaHl1eM Hymo Bcex 
OTpHuaTeJIbHbIX co6CTBeHHbIX lIHCeJI npH coxpaHeHHH co6CTBeHHbIX 
BeKTopOB. Ha OCHOBaHHH 3THX .uBYX pa'BeHCTB BbIBO.uHYI 

IT" (L) = (1- x) tr (I - L) (I - L)T (Ko- l'lK 1)++ 

+ x tr (I - L) (I - L)1' (Ko+ ~K I) + (1 - x) tr LU (Bo- ~B 1)+ + 

+ x tr LU (Bo+ l'lB I) = tr (I - L) (I - L)T K" + tr LB" U, 

r.ue K,,= (I-x) (Ko-Lhl)++x(Ko+~KI), H aHaJIOrWIHO B". 
OIlTHMaJIbHOH, MHHHMH3HpYIOmeH pHCK, 6y.ueT MaTpHua L*= 

= (K,,+ B x )-1Kx- 3aMeTHM, liTO B rrOCJIe.uHeM Bblpa)KeHHH K" nOJIy
lIaeTC5I H3 K o rrepeClieTOM co6CTBeHHbIX lIHCeJI AOi MaTpHUbI K o B CO
OTBeTC'I'BHH C paBeHCTBOM 

"'i = (1 - x) ("'Oi - ~K)+ +X ("'Oi + ~K) = {X"'Oi +xl'lK flpH "'Oi < l'lK, 
"'0;+(2x-l) ~K' rrpH AOi>~K, 

a 'co6CTBeHHble 'BeKTopbI COXpaH5IIOTC5I HeH3MeHHbIMH. TaK )Ke rroJI)'
lIaeTC5I H B" H3 Bo. 4HCJIa "'i B03pacTalOT rro cpaBHeHHIO C AOi rrpn 
x> 1/2, a rrpH x:::( 1/2 pacTyT JIHWb Te H3 HIlX, KOTopbIe .uOCTaTOliHO 
MaJIbI, aHMeHHO, AOi<l'lKx/(l-x). Ho BCerJl.a A.i~X~I(. 3aKoHoMep· 
HOCTH rrepeclieTa MO)KHO rrpOCJIe.uHTb Ha pHC. 5.1, 0 KOTOpO:vI noH;r.eT 
pellb B .uonOJI,H€lHJ1H 2. 

Pac. 5.1. ITepepac4eT z> t/2 
9HepreTII4ecKoro cneKTpa 

/(0 (w) 

\ V /(iiI" (w)=:Z/(o (w)+ zLlJ{ 

/(iiI" (rLJ)= /(0 ((,;)+(2:e-t)L11( 

')Z~~-!K 
zL1K 

It} 

Haro epHJIbTpa no (5.8), KOTOpbIH H 6y.ueT OrrTHMaJIbHbIM .uJI5I HCXO;L
HOI) 3a.ualiH. 

.Il. 0 n 0 JI H e H If 1I. I. Pe3YJIbTaTbi O,ll,HH K O,ll,HOMY nepeHocliTCli Ha np0l.\eCCbl 

Yt=Xt+St: MaTplIl.\bI K II B 3aMeHlIIOTCli Ha lI,ll,pa K(t, 'I), BU, 'I) onepaTopoB, 

a CJIe,ll, tr H - Ha IIHTerpaJI SH(t, t)dt. 5I,ll,POM e,ll,IIHlI4Horo onepaTopa I 6y.u:eT 

,ll,eJIbTa-<jJyHKl.\lIl1, lIBJIlilOIllaliCli KOppeJIlII.\1I0HHOH <jJYHKI.\HeH «6eJIoro llIyMa» cneK

TpaJIbHOH IIHTeHCIIBHOCTII I. 
2. ITYCTb np0l.\eCCbl XI H Sl lIBJIHIOTCli He3aBHCIIMbiMII (IIJIII HeKOppeJIllpOBaH

HbIM'II) CTa1.\1I0Ha pHbIMII H onpe,neJIeHbI CBOIIMII 3HepreTII4eCKIIMII cneKTpaMII 1\ (co) 
II B (co), 3a,naHHb1MII MeTpll4ecKHMII orpaHII4eHIIlIMII 

sup IK(O))-Ko(co)1 ~tJ.K. sup IB(co)-Bo(co)/ ~tJ.B, 
W W 

r,ll,e Ko (co) H Bo(co) - HeKOTopble npe,ll,nOJIaraeMble 3Ha4eHIIH (Ol.\eHKII). ITOHCK 

OnTIIMaJIbHOrO <jJIIJIbTpa op'lIeHTHpyeTcH Ha nepec4HTaHHbl~i cneKTp (pIIC. 5.1) 
K" (0)), BbPrIlCJIHeMbIJ1 no aHaJIOfllll C "", 

5.6.3AKJIIOlJEHHE 

ITpe,nJIaraeMali 3,ll,eCb Teopllll CTaTHCTH4eCKoro CHHTe3a no cBoeMy nOCTpoeHiilo 

nO,ll,06Ha KJIaCCH4ecKoM. MO>KHO apryMeHTHpOBaHHo rOBoplITb 06 OnTIIMaJIbHOCTIl, 

eCJIH onpe,ll,eJIeHO ::ITO nOHHTlle. A ,'lJIli 3Toro ,ll,OJI>KeH 6bITb oTpa60TaH annapaT 

aHaJIlI3a, BbI,ll,BIIHYTbl KpllTepll1l cpaBHeHlIlI aJIropIlTMOB: KaKOM 113 JlI06bIX BbI6paH

HbIX JIy41l1e, Kal\ofi xY>Ke. AnnapaT 6y,neT ,ll,efICTBeHeH, eCJIIl aHaJIII3 Ka>K,noro a.1

roplITMa npHHUHnHaJIbHO B03MO>KeH II He HaCTOJIbKO 'I'py,noeMOK, 4TO r,ll,e-TO rp03HT 

OCTaHOBKOM. Tor,ll, a B03HIIKaeT MbICJIb, 4TO pa3 aJIrOpHTMbI ynOp5I,ll,04HBalOTcli B 

~npH Ko-l'lKI>O H Bo-l'lBI>O (liTO COOTBeTcTByeT rrOJIO)KHTeJIb KOJIOHHy ,ll,pyr 3a ,ll,pyroM no IIX Ka4eCTBeHHbiM nOKa3aTeJIHM, TO cpe,ll,1I HHX cy

IllecTByeT HaHJIy41l1l1fr, K KOTOpOMy MO>KHO npH6JI1I311TbClI, ,ll,BllraliCb B rOJIOBy 

KOJIOHHbl. ITpll4eM ,nJIH 3Toro ,He 06113aTeJIeH nepe60p Bcex aJIrOpHTMOB, IIMelOTCli 
HOH orrpe.ueJIeHHOCTH MaTpHU) HMeeM 

K" = K o+(2x - 1) l'll( I, B" = Bo+(2x - 1) l'lR I. ,ll,pyrlle 3<jJ<jJeKTIIBHble nplleMbl II IIX pa3pa60TKa - Hallia ueJIb. 

Tal<HM o6pa30M, HaJIHlIHe OWH6oK l'lK H ~B B l<oppeJI5IUHOHHbIX epyHK CIIHTe3 He MO>KeT 06XO,ll,IITbCH 6e3 aHaJIlI3a, a aHaJIH3 - 6e3 no,nrOTOBHTeJIb

UH~X KOMneHcHpyeTc5I rrpH6aBJIeHMeM K x H ~ .uo6aBoK B BHJI.e He HbIX pa60T CJIe,ll,YIOIllero po,na. CHalJaJIa, Y411TbIBali CJIylJaHHylO npHpo,ll,y Cpe,ll,bI, 

KOppeJIHpOBaHHblx BeKTopoB 1'] H ~: M11 2i = l'lK' M~2i =;l'l R, MY]i'lli = Hy>KHO onpe,neJIIITb xapaKTep CJIY4a~IHOC'I'H, T. e. MaTeMaTII4eCKYlO Mo,neJIb B BII.u:e 

=MSi~j=O, i=l=j, H rrepexo.uoM K Mo.ueJIH y=x'+~', B KOTOpoii x'= CI1M (CTaTIICTII4eCKali HHTepBaJIbHaH MO,ll,eJIb). IToCJIe,ll,HHlI eCTb. COBMeCTHoe onH

=x+1'], ~' =s+~ 1, C rrOCJIe.uYlOmHM ·CHHTe30M .uJI5I Hee OnTHMaJIb- caH:lle nOBe,ll,eH1I5I Ha6JIIO,ll,eHIII1, 'f. e. BXO,ll,a aJIropllTMa, II He Ha6JIIO,ll,aeMbIX, HOI 
I H'HTepeCYIOIllHX Hac BHyTpeHHHX COCTOHHHM cpe,nbI. C COCTOllHlIlIMII CBH3bIBalOTCli 

1 KY3Hel.\OB B. IT. 06 YCTOH411BOH JIHHeHHOH <jJIIJIbTpal.\lIl1 CJIY4aHHblx CllrHaJIOB// BblXO,ll,b1 aJIropHTIdOB - npHH'HMaeMbie HMH pellleHHlI. 

Pa,nlloTexHIIKa II 3JIeKTpOHIIKa, - 1975. - N2 1. - C. 2405-2408. 8-13 
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B,HLT, MHO)KeCTBa perneHiHI1 coct3BJHler JIHUO 3alI,aqn. ECJIH HMeIOrC5I B'Cero 

,lJ.Ba peweHIUI, TO 3T'O 6y,ner rrpOBepKa ft.BYX rHTIOTe3. HeCKOJIbKHM pelIl€HH5IM COOT

BercTByer MHOfOaJIbTepHa'THBHaR 3a,naqa. ECJIH Hy)KHO oueHHTb rrapaMeTp, TO MHO

.lKeCTBOM perneHHI1 6y,nYT TOqKH qHCJIOBOI1 OCH. HaKOHeu, B 3a,naqaX ¢HJIbTpaUHH 

perneHHRMH 6YJI.yr peaJIH3aUHH 06pa60TaHHoro corJIaCHO aJIrOpHTMy CHrHa.na. 

Ka)KLT,bII1 aJIrOpHTM eCTb rrpaBHJIO ,neI1CTBH5I, HHCTpyKUHR, rrp e,ll.rrHCblBa IOIUa51 , 

KaKOH BbIXO,n Ha3HaqHTb Ka)K,nOMY Ha6JIIO,neHHIO, T. e. BXO,ny. I13IOMHHa HarnefO 

rro,nxo,na ,B TOM, qTO 3TO He 06R3aHa 6bITb COBceM CTpOra51 HHCTpyKUH5I (,neTepMH

HHpOBaHHoe rrpaBHJIO), a MO:tKer 6bITb Ha60p peKOM€H,naUHII B BHLT,e CIlHCKa cpaB. 

HHTeJIbHbIX rrpe,nrrOqTeHHI1, -KOTOpbIMH Ha,neJIRIOTCR pa3Hble perneHH5I. AJIrOpHTMbI

Heo,nyrneBJIeHHble 06'beKTbI, a OKOHqaTeJIbHOe perneHHe rrYCTb OCTaHeTC5I 33 qe.TIO

BeKOM. CKa3aHHoe rrO,lI.BOLT,HT Hac iK rrOH5ITHIO HeqerlKHX peweHHH II pacrr.TIbIBqaTbIX 

aJIfopllTMOB. 

TIpaKTuKa rrpHMeH€HHH H pOLT, MaTeMaTHqeCKoro arrnapaTa CHHTe3a MoryT no

Tpe60BaTb aJIfOpHTMOB 3aKperrJIeHHOH CTpyKTypbI (CKa)KeM, .TIllHeHHbIX). Torj.(a c 

caMoro HalJaJIa BBOj.(HTCR OnpaHHqeHlle rrpaBHJI :B BHLT,e KJIaCCa j.(onYCTllMbIX aJIro

pHTMOB, BHyTpH KOToporo H 6y,neT rrp01l3BOJUITbC5I 3aTeM BbI60p HaHJIyqWero. 

I10j.(fOTOBHTeJIbHble pa60TbI eIUe He 3aKOHqeHbI. Hy)KHO yMeTb CQrrocT3BHTb 

HCTHHHble 3HalJeHIUI COCTORHHH 'C rrpHHRTblMH p€WeHH5IMH. KOHeqHO .IKe, rrO..TJHOe 

COBrr3,neHHe - 3TO OqeHb xoporno; HO He 6bIJIO 6bI CTaTHCTUqeOKOH 3a,naqH, eCJIH 

6bI aJIrOpHTM He HMeJI «rrpaB3 Ha ornu6Ky». Hy)KHO Ha3Hal UITb rrJI3TY 3a oWH6KH 

B BH,lI.e ,q)yUKUHH nOTepb. 

TOJIbKO Tenepb rrOCJIe BBe,neHH5I Bcex arpH6yToB CTaTHCTHtIeCKOH 3a,lI.aQH MO)K

HO npHcTyrrHTb K CHHTe3Y, T. e. HaXO)K,lI.eHHIO OnTHMaJIbHOrO npaBHJIa npHH5ITHH 

pelIleHIHH. KpHTepueM cpaBHeHH5I H BbI60pa ~TIYQlIlerO 6Y,lI.eT pUCK, paBHbIH Cpe,lJ,HHM 

nOTepRM. 3,lJ.ecb B03HUKaIOT ,lJ.Be oco6eHHocTH. O,lI.Ha -KoHcTpyKTHBHa5l, COCTOHT 

B BbIqHCJIeHUH pucKa npO,lJ.OJIMeHUeM rrepBUQHbIX cpeLT,HHx C11.M. Ha. ¢YHKIJJ1IO no· 

repb (lJaCTHbIM ·CJIyqaeM TaKoro rrp0JI.OJI)KeHU5I 6Y,lI.eT HHTerpHpoBaHHe no Bep05lT· 

HOCTHOMy pacnpe,l:leJIeHHIO). 

,Upyra51 - HH~epBaJIbHOCTb pHcKa KaK Cpe,lI.HerO O,lI.HOro H3 rrpH3HaKoB C!1M, 
npUlJeM HHiKHUfI pUCK eCTb HaHMeHbwee, HaH60JIee OIlTUMHCTHqHOe ero ,3HaQeHHe, 

3 BepXHHH - neCCHMHCTHlJHoe. l1,ne51 6paTb HeKoTopyIO npoMeMyTOQHyIO BeJIHlJHHY 

Be,lJ.eT K K03<P¢UU:HeHTY neCCIIMH3Ma, B3BeWHBalOIIJ.eMY pHCKH. XorHM HMeTh Ha· 

,lI.eMHbIH rapaHTHpOBaHHbIH pe3yJIbTaT, 6epeM K03<P<PIIUHeHT rreCCHMlI3Ma paBHbIM 1, 
opHeHTHpy5lcb rrOJIHOCTbIO Ha Hauxy,lI.W.HH BepxHHiI pHCK. BepeM HOJIh - paCCqUTbI

BaeM Ha HIIMHHH pHCK, cBepxonTUMHCTHqHO ,neJIa51 cTaBKy Ha nOJIHyIO y,lI.aqy (KaK 

B MeTO,lJ.e MaKCIIMaJIbHOro npaB,lI.orro,lJ.06H5I § 5.5). OrrTHMaJIbHbIC rrpaBHJIa npH H3· 

JIlilIlHeM on'PHMU3Me JIHXOpa,lI.OlJHbI no 'CBoHCTBaM. 4YTb JIYQIlle OHH ,lJ.e.TIaIOTC5I npM 

nOJIyonTIIMH3Me, Kor,lJ.a HII:lKHHi'I H BepxHlIlI pHCKH CyMMHpylOTC5I C O):(HHaKOBbIMH 

BecaMH. Pe}J{UM nOJIyorrTHMH3Ma OCJIa6JIReT Tpe6oBaHH5I K Ha,lI.e:IKHOCTH MOlI,eJIH 

(onpe,lI.eJIHIOIII.eiI «3,lI.0pOBbe» aJIrOpHTMa) H oLT,06p5leT HapOlJHbIH rrepexo,lI. K H)J.eaJIb· 

HbIM «norO,lI.HbIM YCJIOBH5IM» B BH,lI.€ TOQHbIX Mo,neJIeH, onpaB,nbIBa51 TeM caMblM 

npHMeHHMOCTb pacnpe,lI.eJ1eHHi'I Bep05lTHOcTeH. I1OJIHbIII HMMyHHTeT K «rroro,lI.e» npH

oopeTalOT OnTHMaJIbHble npaBHJIa, cIIHTe3lIpOBaHHble B pe)KIIMe rreCCHMH3Ma M CBepx

neCCHMH3Ma. ITo CBOHCTBaM OHM ,neJIaIOTC5I YCTOi'IQUBbIMH, po6aCTHbIMU. 

AJlrOpHTMbI CYTb H3JJ:eJIII5I HaYQHbIX JIa60paTopliH. Y,lI.06HO HX «rrpOH3BO,lI.CTBO» 

C,lI.eJIaTb JI.BYX3TarrHbIM: CHalJaJIa - rrpe,lI.BapHTeJIbHa51 3arOTOBKa, a 33TeM -- OKOH

qaTeJIbHa51 onTUMH3aUU5I. ITepBbIH 3Tan COCTaBJI5IeT CMbICJI ,lI.OCTaTOlJHOH peJJ.yKuHH. 

UeJIb ero - CY3HTb KJIaCC pelIlalOIUUX :npaBHJI, yKa3aB, Ha KaKOM MaTeplIaJIe oH 
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)J.OJDKeH OCHOBbIBaTbCH,T. e. K3KHe npe,lI.BapHTeJIbHbIe cOKparueHH5I Ha6JIlOJJ.eHHi'I He 

npHBe,lI.yT K nOTepe CBOHCTB. I1HTepecHO H Ba:IKHO (TeopeMa 5.3), QTO 3Ta peJJ.yK

UH5I BC€ueJIO onpeneJI5IeTC5I CTpyKTypOll nepBHlJHbIX npH3HaKOB, HCXO,lI.HO 33n31OIII.HX 

CHM. LJeM rrporue nepBHQHbII1 Ha6op, TeM rJIy6:IKe B03MOiKHa pe,lI.YKUH5I. 

nOCTaTOlJHOCTb - npeporaTHB3 HC:KJIIOlfHTeJIbHO pe:IKHMa rreCCHMH3M3. B Ha

meM H3JIOMeHHH CB5I3bIBaeTC5I C KJIaCCHQeCKHM rrOH5ITHeM TeopeMotI 5.4 0 <P3KTO

pH3aUHH (paclllHpeHHOi:f npHMeHHTeJIbHO K HHTepBaJIbHbIM Mo,neJ15lM, a 3HalJiHT, Ii K 

ceMellcTBaM pacnpe,lJ.eJIeHMll Bep05lTHOcTei'I). 

I1HBapHaHTHocTb HHTepBaJIbHbIX MOneJIeH H HX CHMMeTpH5I K rrpe06pa30BaHH5IM 

npocTpaHcTBa Ha6JIIO,lI.eHHH nopOMnaeT TaKHe Me OC06eH'HOCTH OnTHMaJIbHbIX rrpa· 

BUJI, a CJIenOBaTeJIbHO, npenonpe,lI.eJI5IeT B KaKOlf-TO Mepe BH,lI. ,lJ.OCTaTOQHbIX npeo6· 

pa30BaHHll (§ 5.4). 
TIoCJIe,lI.HHll rraparpa<p § 5.5 rJIaBbI OT,lI.aeTC5I HJIJIlOCTpHpOBaHHoMy rrpHMeHe· 

HHIO OCHOBHbIX yTBep.IK,lI.eHHlf TeopHH K 3a,lI.aQaM ,lJ.eTepMHHHpOBaHHoro (TOtIelJHOro) 

oueUHBaHH5I H <pHJIbTpaUHH. BbI5ICH5IeTC5I BJIH5IHHe K03<P<PHuHeHTa neCCHMH3Ma Ha 

BH)J. aJIrOpHTMOB OnTUMaJIhHOH <pHJIbTpaUHH. 





B HallHlX paccy)K,lI.eHH5IX CeH'IaC He CTOJIh Ba)KHO, 51BJI5IeTC5I JIH 

fl} '1HCJIOIBhIIM IHJIH ,K3IKHM ,lI.,pyrHM, ,H i,lI,a)Ke He '1H'CJIO 3JIeMeHTiOB x /B W, 
n03TOMY rOBOp.H'M 0 InpaHHJIaX Ka,K 06mHX 'CJIy'la5lX OI.I.e'HOIK. 

nYCTh Oy (x) - paCnJIhIB'IaTOe npaBHJIO - epyHKI.I.H5I K3K x, TaK 

H y. PaCCMOTpHM CHaqaJIa ero Ha,lI.e)KHOCTh - BeJIH'IHHY, 06paTHylO 

OIllH6Ke. ,UJI5I 3a)1,aHHOro npaBHJIa ay (x) HH)KH5I5I H BepXH5I5I Ha,lI.e)K

HOCTH COOTBeTCTBeHHO pasHhI May, May, r,lI.e cpe,lI.HHe 6epyTc5I no 

CHM ..$("Y, B caMOM ,lI.eJIe, BeJIH'IHHa ay(x) eCTh yBepeHHocTh, C KO

TopoH x YKa3hIBaeTC5I KaK B03M01KHoe 3HaqeHIle HClWMoro COCT05l

HH5I no pe3YJIhTa ry Ha6JIIO,lI.eHH5I y. DPH pa3HhIX y H X 3Ta iBeJIIFIHHa 

KOJIe6JIeTC5I aT 0 ,lI.0 1 co06pa3Ho BH,lI.Y npaBHJIa, npH'IeM 0 COOTBeT

cTByeT TOMy, 'ITO x OTBepraeTC5I KaK npHeMJIeMhIHBapHaHT COCT05l

HHI"r, a 1 - Ha060pOT, COOTBeTcTByeT 6eCnpHKOc.TIOBHOMy BK.'1IO'Ie

HHIO; IBeJIH'IHHa Oy(x) = 1/2 03;Ha'laeT, 'ITO npH 3aLJ,aHHOM y HeKOl'OpOe 

x np IiHHMaeTC5I KaK B03MO)KHOe COCT05lHlie C Bep05lTHOCThIO 1/2, T. e. 

C nOJIOBHH'IaTOfI yBepeHHocThlO. Ha,lI.e)KHOCTh llie eCTh yBepeHHocTL 

B Cpe,lI.HeM, T. e. onpe,lI.eJIeHHa51 B Cpe,lI.HeCTaTIiCTI1'1eC\WM CMhICJIe, 'ITO 

H 3aJIO)KeHO B May. 
HeHa,lI.e)KHOCTh Mep5leTC5IKaK HI1)KH5I5I 11 BepXH5I5I Bep05lTHOCTH 

OIllIi6KH: ~(a) = I-May, a(a) = I-May, a B3BeIlleHHa51 Bep05lTHOCTh 

OIllli6KH KaK 06'he,lI.HHeHHhIH nOKa3aTe.TIh 

aX (0) = (1- %) ~ (a) +% ex (0) = 1- (1- x) May - % /\1 ay, (6.1) 

r,lI.e % - K03epepHI.I.HeHT neCCHMH3Ma. 

HYJIeBOI1Bep05lTHoCThi0 OIllH6KH 06JIa,lI.a1OT TpHBHaJIbHhle npaBH

J1a ay (x) = 1, TO)KLJ,eCTBeHHO paBHhle 1, cooTBeTCTl3jr~mHe flpH JIIO

60M X eppa3e: «Ka:we-TO x 113 PlJ I1MeeT MeCTo» (ifO KaKoe?). Ero 

Ha,lI.e)KHOCTh paBHa 1, TaK KaK OIllH6HTbC5I 

onpe,lI.eJIeHHIO flpocTpaHcTBa 3JIeMeHTapHhix 

HOCTh - e,lI.HHH'IHa51 Bep05lTHOCTh OIllH6KH, 

(,lI.CTepMHHHpoBaHHhIM) OI.I.eHKaM, npH'IeM 

OKa3hIBaTbC5I HMeHHO BepXH5I5I 01lHl6Ka U"(a) 

3,lI.eCh HeB03MO)KHO (no 

HCXO,lI.OB). ,Upyra51 KpaH

CBoHcTBeHHa51 TO'le'lHhlM 

'lame e,lI.I1HwlHo{I 6Y,lI.eT 

= 1, a HH)KH5I5I npH 3TOM 

MO)KeT BnOJIHe 6hITh HyJIeBOii (TOr,lI.e B3BeIlleHHa51 oWH6Ka 6Y,lI.eT paB

Ha % - Bepe B He6JIaronpSUITHhIH HCXO,lI.). npe,lI.MeTHbIH HHTepec ,lI.JI5I 

TeopHH npe,lI.CTaBJI5IIOT He KpaHHOCTH, a «30JIOTa51 Cepe,lI.HHa», T. e. 

Y'HHMO,lI.aJIhHh!e KaK epyHI<I.I.HH x npH Ka)K,lI.OM y KOHTpaCTHhle (,lI.OCTH

ralOl.l.l.He 0 HI) npaBHJIa OrpaHH'IeHHOI1 no x IllHpHHhI. 

He orpa)K,J.a51 I(JIacc q) paCnJIblB'IaTbIX npaBHJI KaKHMH-JIH60 

6aphepaMH, T. e. q)=q)V' BbI;J.eJIHM 113 Hero nO',lI.KJIaCC ClIe,lI.YIOI.l.l.HM 

yCJIOBHeM. 

npaBHJIa ay, JI.JI5I KOTOpbJ)C aX (a) = a, Ha3bIBaIOTC5I npa8UJLaMU 
YP08HJl a, a npH '1HCJIOBOM fl} - a08epureAbHblMU OlWHIWMU x. 
B ,lI.aJIhHeHWeM Mhl 6Y.LI.eM 3aHHMaThC5I CHHTe30M HMeHHO TaKHX OI.I.e

BOK. 

PaCnJlblB'IaTOCTb, pHCK. nOM liMO OIllH60K y paCCMaTpIIBaeMbIX 

npaBHJI HMeeTC5I ,lI.pyra5I «TeHeBa51 CTopOHa» - HX pacnJIWn'laTOCTh. 

.~ 

[
 
[ 
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)KeJIaTeJIbHO, '1T06hl aHa 6bIJIa KaK MO)KHO MeHhIlle, T. e. npH Ka)K

,lI.oM y KOHKpeTHee YK~3hIBaJIOCb 6hI H~KOMoe COCT05lHHe x, HO 3TO 

BCTynaeT B npOTHBO,lI.eHCTBHe C OWH6KOH npaBHJI, KOTOpa51 npH 3TOM 

YBeJIH'IHBaeTC5I. 
PacnJIhIB'IaTOCTh xapaKTepH3yeTC5I IllHpHHOH 'npaBHJIKaK epyHK

UHl1 ,nepeMeHHOl1 x npll .3a,'laHIHOM y; ,MOfKeT H3'Mep5lTbtC5I pa3iHhIMH 

cnoc06aMH. npe)K,lI.e 4eM npllcTynHTh K HX paCCMOTpeHHlO, no,lI.y

MaeM, a 3a4eM 3,J,eCb KaKoe-TO pa3Ho06pa3He, Hy)KHO JIH OHO? OKa

3hIBaeTC5I, .LI.a, TaK hal, 3TO CBoero pOLla perYJIHpOBKa, HHcTpyMeHT 

HanpaBJIeHHOrO B03.LI.eikTBH51 Ha OnTHMaJIbHble npaBHJIa, npH.LI.aHIlSJ 

11M Tex HJIH HHhIX )KeJIaeMhIX KaqeCTB, '1epT, OTTe'HIWB. 

npIlBe.LI.eM pa3Hhie III KaJIbI pac:nJibI43TOCTH, ,rrpHrO,lI.'Hble KaK )lJI5! 

CKaJl51plwro, TaK 11 BeKTopHoro 'napaMeTpOB xEfllli. (JIHWb ,lI.JI5I BeK

TopHoro X= (Xl, ... , Xli.) Il HHTerpa.TIbI no dx=dxl· .. · ·dxli. CTaHOB5ITC5! 

KpaTHbIMH) . 
1. HHTezpaAbHaJl lUKaAa: Q(ay) = 5ay(x)dx - HaH60JIee npOCTa 

no CMbICJIY, TaK KaK npH,lI.aeT BceM Ill<C3M O,lI.HII H Te )Ke ,Beca. )..I,JI5! 

O)l.HOMepHoro X 310 6Y.LI.eT npHBe,lI.eHHaSi (K np5IMoyrOJIbHIIl<Y eJI.J1HUq

HOH BbICOThl TOH )Ke nJl0ma,lI.H) WHpHH3, 3 MHorOMepHoro - npHBe

,lI.eHHbIH o6be,M. 
2. B38elUeHHaJl lUKajW: Qq(ay)= fq(x)oy(x)dx. Bec'OBa5I epyHK

UH5I q (x) Hy)KHa ,lI.JI5I Bbl.LI.eJIeHH5I 60JIee Ba)KHbIX (Cl<a)KeM, 'B CMhIC

JIOBOM J1JIH CTpaTerU'IeCKOM oTHoIlleHHH) COCT05IHJ1H, BhIHy)K,lI.35I HX 

60JIee TO'lHoe oueHH'BaHile B yme;p6 OCTaJII,:HbIM. 
3. 060614eHHaJl lUKaAa: [21' (ay) = fq(x)ay(x)Vdx. B03Be,lI.eHJ1e pe

weHHI1 B CTeneHb y< 1 YBeJIH4J1BaeT aVy no cpaBHeHHIO cay, eCJIU 

nOCJIe,lI.Hee < 1, TeM caMblM YBeJIII4IIBa5I nJIaTy 3a HeyBepeHHocTb pe

weHHH II CTlIMyJIHpy5I HX nOBblIlleHHYIO KaTerOpH'IHOCTb THna 0 J1 1 
(HeT, )l.a). npJ1 y> 1, Ha06opOT, 6y,lI.yT nOOl.l.l.p5ITbC5I HeyBepeHHble pe

WeHII5I. 
4. 3q)(!Je1,.Tu8HaJl lUUPUl-W: f ay(x)dx/supoy(x). 3TO eCTb npH 

x 
Ka)K,lI.OM y OTHoweHHe nJlow.a,'lH (06'heMa) no;:! ay(x) hal< epyHK-

UHH nepeMeHHOl1 X K BblCOTe ay • TaKHM cnoc060M c03,lI.a1OTC5I 6JIaro

npH5ITHble yCJ10BI15I ,lI.JI5I KOHTpacTHblx haTerOpl1'1HbIX npaBHJI, y KOTO

pbIX a = 1, H ,J.J15I HJlX 'OlIO cy,J.eT npoCTo uHTerpa.TJbHa5I IllKaJIa.u 
5. flepUJ;teTp cE:)ECTBeH Bel<TOpHoMy x H onpe,'leJI5IeTC5I KaK iVlaK

CHMaJIbHa5I no IWMnOHeHTaM Xi HHTerpaJIbHa51 WHpHHa npaBHJI: 

m.xax m~x [qi Say (x) dx;], 

r,lI.e qi - Beca, BbI,lI.eJI5IlOmile OTHOCJ1TeJIhHYIO «Ba)KHOCTb» pa3HbiX 

KOMnOHeHT BeKTopa x. 
BBe,lI.eHHblC IIIKaJIbI npHrO,lI.HbI H )l.JI51 )l.HCKpeTHbIX X, eC.'1I1 HHTe

rp3JIbI 06MeH5ITh Ha CYMMbI no x. 
BeJIH'IIlHa paCnJIbIBqaTOCTH no BBe,lI.eHHbIM WKaJIaM 3aBilCIlT aT 

lHa6JIIOJI,eHJ1H y. TaK K3K 'paCnJIbIB'IaTOCTb npaBHJI au (x) MO)KeT 6bITb, 

B o 61.l.l.eM, pa3HOH npJ1 pa3HbiX Ha6JIIO)l.eHII5IX y, n03TOMY Hy)KHO ro

BOpJ1Th 0 Cpe.LI.HeH p aCnJIbIB'IaTOCTH (IllJ1pHHe), ycpe.LI.H5I5I Q (ay ) no y 
COrJIaCHO CHM .J1{xy (no '1aCTHOr1 K 'HeH .J1{U). Cpe.LI.HSI51 IllJ1pHHa eCTb 
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UlTpa¢ 3a paCnAbI8'LaTOCTb H Mep51eTC51, B 06meM, cBepxy H CHH3Y: 

MQ (Oy), MQ (Oy), r,lI.e IQ( ) - JI106a51 H3 YKa3aHHbIX Bblille IIIKaJI. 

ECJIH 6paTb B3BeIIIeHHYlO 'CyMMy (l-x)MQ (Oy) +xMQ (Oy), TO 

npH neCCHMH3Me x;;>-l HHlKHee 3HalJeHHe 6y,lI.eT C OTpHuaTeJIbHbIM 

3HaKOM, H 3TO ylKe, H3BHHHTe, 6y,lI.eT He IIITpaep, a nOOmpeHHe pac

nJIbIBlJaTOCTH, 'ITO C,lI.eJIaeT HeB03MOlKHblM OCHOBHble pe3YJIbTaTbI 0 

,lI.OCTaTOlJHOCTH (cnpaBe,lI.JIIIBble, KaK yBH,lI.HM, npH %;;>-1), n03ToMY 

3a IllTpaep 6Y,lI.eM 6pan BepxHee 3HalJeHHe MQ (Oy) (no I<pafIHeH Me

pe, rO,lI.HOe npH neccHMH3Me). 

Ha30BeM COCTa8HbiM pUCK.OM pacnAbl8'LaTblX npa8uA B3BellIeHHYIO 

CyMMy ,BepoHTHoCTH OllIH6KH H BepxHero llITpaepa 3a paCnJIbIB'laTOCTb 

(,lI.JI51 O,aJI51pHOrO x 3TO Cpe,lI.H5151 IIIHpHHa): 

~ n~ (a) = (XX (a) + AM Q (Oy). (6.2) 

BecoBoH K03epepHUHeHT A npH3BaH peryJIIIpOBaTb OTHOllIeHHe Me)!{

,lI.y ,CJIaraeMbIMH: npH YBeJIHlJeHHH IA 66JIbIIIa51 BalK,HOCTb npH,lI.aeTC51 

paC'lIJIbIBlJaTOCTH, HelKeJIH oIIIH6Ke, B pe3YJIbTaTe OnTHMaJIbHble npa

BHJIa, T. e. Te, KOTopble MlIHHMH3l1PYlOT llX,,(o), 6y)l.yT 60JIee T,OlJIHbIMH 

H MeHee Ha,lI.elKHbIMH. 11 Ha060poT. 

06paTilM BHHMaHHe, 'lTO COCTaBHOH pHCK (6.2) He eCTb ,cpeJJ:HHH pH0K (cpeJJ:

lIlee 01' nOTepb) ,B CMbICJle npeJJ:bIJJ:Yll.leH r JlaBbI, a npeJJ:CTaBJll1eT C060H HeKOTOpyIO 

O'leHb npoCTYIO ¢OPMY xapa>KTcpH3aUHH HeraTHBHbIX ,CTOpOH npaBHJla, TeM He Me

Hee olt COX'paHl1eT CTPYKTYPY pHCKa Kan<:B3BeweHHoro K03¢¢HUHeHTOM neCCHMH3Ma 

HIDKHero H BepXHero ero 3Ha'leHlIH: 

n~(a) = (l-x)~(a) + x ll(a)
 

_ - A
npH .!! (a) = May, fI(a)=May+- MQ(ay). 

x 

nO'leMY MbI BJJ:Pyr paccMaTpHBaeM COCTaBHOH pHCK, a He ,cpeJJ:HHH? ,Ua nOToMy 

'lTO COCTamlOH pHCK JJ:eJlaeT npOCTbIM CHHTe3 paWJlbIB'laTbIX oueHOK H YJJ:OBJleT

'BOpl1eT (c nOMOll.lbIO peryJlHpOBO'lHbIX WKaJl) BceM npaKTH'leCKHM l'pe60BaHHl1M. 

PeryJI,Hpy51 A, MOlKHO ,lI.06HTl>C51 JII060ro epHKCHPO~a,.tI,H ypOBH51..W.o 
,Ja OnTHMaJIbHOrO npaBHJIa: eCJIH OllIH6Ka OKa3aJIaCb M'eH"bine a, TO ').. :" 

CJIe,lI.yeT l.J~Th.;Q1IHbllIHTb, CTHMyJIHpy51 T,eM caMblM paCnJIbIBlJaTOCTb, 

3 eCJIH 60JIbllIe - TO yBeJIHlJHTb, H ,lI.aJIee CHOBa nOCMOTpeTb,lJTO 

npH 31'OM IIOJIYlJHTC51 C OllIH6KOH OnTHMaJIbHOrO npaBHJIa. 

MUHUMU3aLfUfl no OE2lJv COCTa8H020 PUCIW C napaAAeAbHOU 
«no020HK.OU» 3HaQeHUfl A eCTb cnoco6 CUHTe3a onTUMaAbHblX npa8UA 
¢UK.CUp08aHHo2o yp06Hfl a, 06AaOafoU{ux MUHUAWAbHOU cpeoHeu UlU
pUHOU 8 K.AaCCe npa8UA yp08Hfl a, T. 

min MQ(oy). 
8:o;X( (, )=0; 

OnTHM3JIbHbie paCnJIblBlJaTble npaBHJIa 

HbIX nJIOTHOCTSlX BepoSlTHocTeH. COBMeCTHa51 

60H KpaHHee HCKJIIO'leHHe, KOr,lI.a ,lI.aHHble 0 

e. peUlaJOU{UX 3adaQY: 

npH 3a)l.aHHbiX COBMeCT

IIJIOTHOC1'b 5lBJI51eT co

npaKTHlJeCKH Bcex Be

Ha3BaTb o1'cTynJIeHHeM OT 06lUef! HallIeH TeH,lI.eHUHH HMeTb ,lI.eJIo C 

rpy6bIMH MO,lI.e~HMH, onHCblBaeMblMH KOHelJHblM lJlICJIOM ,lI.aHHbIM. TeM 

He MeHee TaKOH OTXO,lI. II03BOJI51eT, Bo-nepBbIX, Y51CHHTb BJIH51HHe IIIKa

JIbl paCnJIbIB'laTOCTH Ha BH,lI. OIITIIMaJIbHOrO npaBIIJIa, II BO-BTOpbIX, 

npO,lI.eMOHCTpIlpOBaTb npocToTy HuOBoro aIInapaTa CHHTe3~ ,lI.OBepIl

TeJIbHbIX npaBIIJI Ha KJIaCCH'leCKOIl «IIOlJBe» pacnpe,lI.eJIeHIIII B'ep051T

HOCTeH. 
nycn f1) =fJlk , T. e. X= (Xl, r'" XI,) II UIj =fJln , T. e. y= (Yll ... , Yn), 

Ii nYCTb CI1M 3a,lI.ae1'C51 TOlJHOH cOBMecTHoH nJIOTHOCTblO p (x, y) no 

Mepe-,lI.JIHHe Ha fJlHn (o606meHHe Ha ,lI.pYfHe npocTpaHcTBa H MepbI 

,lI.JI51 Hac He npHHUHnHaJIbHO). Tor,lI.a lJaCTH~e nJIOTHOCTH 6y,lI.yT paB

Hbl: p (y) = f p (x, y) dx, p (x) = Sp (x, y)dy. ClJHTaeM aBTOMaTHlJeC

KH BbIliOJIHeHHblMH Bce He06xo,lI.HMble yCJIOBH51 H3MepHMocTH no OT

HOllIeHHIO K aJIre6pe O1'pe3KoB Ha fJlk+n, 06513aHHOH conpoBOlK,lI.aTb 

nJIOTHOCTb (CM. § 1.5). 
,UJI51 (H3MepHMblx) oueHOK Oy (x) OllIH6Ka 6y,lI.eT TO'lHOH BeJIHlJH-

HOH, paBHoH a (a) = 1-SSay (x) p (x, y) dxdy. OepeH,lI.eM K COCTaBJIe

HHIO pHcKa H HaXOlK,lI.eHHIO OnTHMaJIbHbIX oueHOK ,lI.JI51 pa3Hblx IIIKaJI 

p aCnJIbIBlJaTOCTH. 
B 3 Be IIIe H H a 5'1 III K a JI a. COCTaBHOH pHCK ,lI.JI51 Hee 3anHCbI'" 

Bae1'C51: 

ndo) = 1+ jjOy(x) [-p(X,y)+Ap(y)q(x)] dxdy. 

TaK KaK Oy(x) 3aKJIIOlJeHO B npe,lI.eJIax OT °,lI.0 1, TO npaBHJIOM, MH

HHMH3HPYlOlUHM 3TOT pHCK, 6y,lI.eT: 

0* (x) = { 1 npH p (x, y) > Ap (y) q (x), (6.3) 
y °npH p (x, y) < AP (y) q (x). 

OnTHMaJIbH~M ypOBHH a 6Y,lI.eT HaH,lI.eHHOe npaBHJIO npH TaKOM 

BbI60pe A, lJ1'06bl 

1-(X=MXYo~(x)= SS p(x,y)dxdy, 
p(x. y»A.p(y)q(x) 

r,lI.e HepaBeHCTBO CHH3Y OnpelleJI51eT COBMecTHylO Ha 

HHTerpHpOBaHH51. 0603Ha411YI py (x) = p (x, y) jp (y) 

cTepuopHoU nAOTliOCTiJlO. OIITHMaJIbHOe pellIalOmee 

f1} X UIj 06JIaCTb 

H Ha30BeM ano
IIpaBHJIO 6YlleT 

HH,lI.HKaTOpHbIM H COCTOHT BcpaBHeHHH npH KalK,lI.OM y OTHOWeHH51 

py (x)jq(x) C noporoM A H npHcBoeHHH o~ 3Ha'leHH51 I, eCJIH 31'0 

OTHOllIeHHe BblllIenopora, H 0, eCJIH HHlKe. 
<PyHKUH51 q (x) onpe,lI.eJIHeT Bec llITpaepOB B 3aBIICHMOCTH 01' x. 

,UJI51 HHTerpaJIbHOH llIKaJIbl q (x) == 1 H TOr,lI.a 0* y onpe,lI.eJI51eTC51 cpaB

HeHHeM anoc1'epHoplHof! IIIJI'Ol'HOCTH py (x) ,C nOp0'l'OiM A. OpH q(x) = 
= p (x) C noporoM 6y,lI.eT cpaBHHBaTbC51 OTHOIIIeHHe p (x, y) j 
[p(x)p(y)]. 

B03MO)KHa 3aMeHa ycpeJJ:HeHHoro Ha MaKCHMaJlbHblH no y wTpa¢ 

sup say (x) q(x)dx, HMeIOll.lHH CMbICJI, eCJIH npH JII060M y Tpe6yeTCl1 KOHTpOJlHpO

P051THOCT51X C06bITHH, CB513aHHblX KaK C x, TaK II C y, HMeIOTC51 B y 

231BH,lI.e TOlJHbIX 3HalJeHHH. BbI,lI.eJIeHHe TaKoro cJIYlJa51 MOlKHO 6bIJIO 6bl 
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BaTh lIlHpHHY npaBIIJla Oy (X) no nepeMeHHOH x. TorJla COCTaBHOH PIICK npH06pe

TaeT BHJl: 

II (0) = 1 - MXY Oy (x) + Asup SOy (x) q (x) dx.h y 

3anllcaB inf IIh (0) = sup inf [1 - MXY Oy (x) + APo (y)SOy (x) q (x) dx] (me, 
a Po (Yl a 

HcnOJlh3Yll COOTBeTcTBylOume yTBep)KJleHJllI Teopllll IIrp [22], inf II sup nOMeHlIJlII 

MecTaMII), MhI npllJleMK npaBllJlY (6.3), B KOTOpOM p(y) 3aMeHeHO Ha po (y), onpe

JleJllleMOe M'IIHIIMII3aUlleH Bhlpa)KeHlllI SS [p(x, y)-APo(y)q(x)]dxdy. B HeKoTopoM 

CMhICJIe po (y) BhI6HpaeTclI TaKIiM 06pa30M, tIT06hI npOll3BeJleHlle Po (x) q (x) 6WIO 

no B03MO)KHOCTII 60Jlee «nOXO)KIIM» Ha p(x, y). 

0606 me H H a 51 III K a JI a. CocTaBHoH pHCK 

fIda) = 1- SJ [- a y (x) p (x, y) +Aay (x)Y p (y) q (x)] d x d y. 

OrrTHMaJIbHOe peIllalOmeerrpaBHJIO MO)l(eT 6bITb HaH,UeHo MHHHMH3a

IJ,HeH npH Ka)l(,UOM x H y Bblpa)l(eHH51 B KBa,UpaTHbIX ,cK06Kax: DocJIe 

HeCJIO)l(HbIX BbI'lHCJIeHHH rrpHXO,UHM K CJIe,UylOmeMy ero BH,Uy: 

a* (x) = min {I [ P (x, y) J1/(Y-I)} ~ 1 
y , f..yp(y)q(x) , y~ , 

r,Ue A HaXO,UHTC51 H3 ypaBHeHH51 

1a(a)=SSp(x,y) [1- ( p(x,y) ')I/(Y- l J+ dxdy=a.
 
AI' p (y) q (x)
 

DapaMeTp "( orrpe,UeJI51eT HaIlle OTHOIlleHHe K COMHHTeJIbHbIM pe

IlleHH51M Oy(x)<1. DPH "(=1 B03BpamaeMC5l K (6.3). fIpH "(=2 rro

JIy'laeM oy(x)=min{l, py(x)j[2Aq(x)]). HHTepecHo OTMeTHTb, 'lTO 

rrpH q (x) = 1 ,UaHHoe peIllalOIIJ,ee rrpaBH,rro COBrra,UaeT rro <POp Me C 

a!rrOCTepHopHOH rrJIOTHOCTblO, B03MO)l(HO, yce'leHHOCI cBepxy BeJI,H'lH

HOH 21... 
3 a M e 'l a H H 51. 1. BbIBO,UbI H3CT05lmerO pa3,UeJIa corJIaCHO Teope

Me 5.1 oCTaHyrc5I B CHJIe, eCJIH CHHTe3 rrpoH3BOnHTC51 B pe)l(IIMe rro

JIyorrTHMH3Ma x= 1/2, a CHM 3anaHa HHTepBaJIbHOH 'rrJIOTHOCTblO 

e(x, y), p(x, y), TaK 'lTO SS [e(x, y) +p(x, y)]dxdy=2. Torna B 

rrpenb1nymHe Bblpa)l(eHH5I Hy)l(HO rrOnCTaBJI51Tb p (x, y) =:[e (x, y) + 
+p(x, y) ]/2. 

2. fIPlI ,UHcKpeTHblx x H y IIJIOTHOCTH 33MeH5IIOTC51 HaBep05lTHOC

TH, 3 HHTerp3JIbI - Ha CYMMbI. 

JI.ocTaTO'lHble KJIaCCbI paCnJIbIB'laTblX npaBlfJI. HaM HeBa)KHO 

On5lTb, Ka KOBbIMH 5lBJI51IOTC5I !Je H 6lj. 3TO MoryT6bITb 'lHCJIOBble HJIH 

,UlIcKpeTHble rrpoCTpaHcTBa, rr03ToMY BMeCTO oueHOK B 06meM rOBO

pHM 0 paCrrJIbIB'laTbIX peIlleHH51x. HeB3)KHo TaK)I(e, KaKoH 5lBJI51eTC5l 

npII 3TOM IllKaJIa paCrrJIbIB'laTOCTH; OHa MQ)KeT 6bITb COB-CeM ,UpyroH, 

qeM paCCMOTpeHHble BbIIlle. Ba)KHO, 'lTO nJI51 IllKaJI nOJI)I(HO BbIIlOJI

H51TbC5I O'leBlinHOe yCJIOBHe 

d1 (x) > d2 (x) * Q (d1) > Q (d2). (6.4) 
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T. e. 60JIee paCIIJIbIB'laTbIM H 60JIee HeOrrpeneJIeHHbIM peIlleHlIHM nOJI

$HO 'COoTBeTcTBoBaTb 60JIbmee (rro KpaHHeCI Mepe, He MeHbIllee) 'lHC

JIOHO IllKaJIe Q. KaK H BbIIlle, rrOJIaraeM q) = q)" - KJIa,CC Bcex 

oueHoK. 
BbIrrlIIlleM Bblpa)l(eHlIe (6.2) nJIH COCTaB'Horo pHcKa, pacKpbIB 

nonp06Hee 01llH6Ky: 

(6.5)n~ (a) = 1- x May + (x - 1) May + AM Q (ay). 

CJIenYlOmaH TeopeMa 0 nOCTaTO'lHOCTH 51BJIHeTCH KJIIO'leBOH nJI5I 

HacToHmeH r JIaBbI. XOT5I nOCTaTO'lHOCTb 3necbCrreUlIaJIbHa51, TaK KaK 

npHBH3bIBaeTCH K KOHKpeTHoMy plICKy (6.5), HO 3aTO HarrpHMylO 

05paIIJ,aeTC51 K cTpyKType 'rrepBH'lHbIX rrplI3HaKoB CHM, a 3aOnHO H 

rr03BOJI51eT KpaHHe rrpocTo HaHTH 'BepxHIOIO (HaHMeHee 6JIarOrrpHHT

HylO) OIllH6Ky, HaH60JIee Ba)l(HYIO nJIH Ha,c. 
TeopeMa 6.1. llpu CHM <M~>, neCCUMU3Me x;::::l U YCA08UU 

(0'	 )(6.4), OOCTaTO'tHQM 8 CMblCAe COCTa8HOZO PUCIW (6.5 KAaCCOM pac

a6c ltuccnAbl8'taTblX npa8uA 6yoeT yce'teHHblu CHU3Y OCblO nooKAacc 

8TOpU'tHblX, He npe8blUWl0U{UX 1 npu3HaKo8 
~, 

g)* = {ay (x) = [co - ~ ct gi (x, y)]+ : Co E :fl, ct E J7i+, 

git=~ ,ay(x)~l}. (6.6) 
flpU'IeM 8 Hew AWZyT 6blTb 8KA1O tleHbl TOAbKO Te O*y(X), OAfl KOTO

I pblX HUJ/CHflfl Haae:JICHOCTb pa8Ha
j 

* "" +May=co- £..l Ci Mgi •'~ 

.u 0 K a 3 aTe JI h C T B O. .llJllI JlI060ro Oy corJlaCHO 
.1 lIepen'llcaHHoMy JlJI5I HIi)KHerO CpeJlHerO, IIMeeM Mo= 
i
 

·1
 
ClO1l.a 3aJlaHHOMY e>O MOlliHO BcerJla nOJlhICKaTh 

-ge~-o II Mo::;;;Mge+e. C yqeTOM HepaBeHcTBL	 


(6.7) 

CJleJlCTBll10 K TeopeMe 1.1, 
sup Mg. OT

-0~-gE2+ ;y -
TaKylO -geEP+'!l, tITO 

ge(x, y) ::;;;ge(x, y)+::;;;Oy(x).
 

.~ r1l.e n,11OC 03rlaqaeT B311Tlle HeoTpIiUaH'JIhHOH tIanli, IIMeeM M o-e::;;;Mge::;;;Mg+e'
 

MO~!Jg+e' <l>yHKUlilI ge(x, y)+ eCTh pewalOlI.\ee npaBIIJIO, TaKKaK O::;;;g+e::;;;d::;;;l.
 
Teneph 113 (6.5) Ha OCHOBaHll1l yCJIOBlllI (6.4) II HaHJleHHhlx oTHoweHllfI nOJlytIaeM:
 

IIr (0) = 1 - x ~o +(x - 1) Mo + AMQ (o)?, 1 - x Mgt + 
+ (x - 1) Mgt + AMQ (gt) - xe = II~ (gt) - xe, 

QTO	 M JlOKa3h1BaeT JlOCTaTOtIHOCTh KJIaCCa £V~ npaBIiJI. 

OCTaJlOCh JlOKa3aTh nOCJle.ll;HlO1O tIaCTh TeOpeMhI. ECJlII B (6.7) BMeCTO paBeH

CTBa CTOHT HepaBeHCTBO, TO no CJIeJlCTBli10 K TeopeMe 1.1 cyll.\ecTByeT JlPyroH 

BTOPHtIHhlH npli3HaK -gEP+'!l, 1l.JllI KOToporo g(x, y)+::;;;Oy(x) Ii Mo=Mg+e, 
a TaK KaK B CIiJIY nepBoro He,paBeHcTBa Nig+::;;;Nio, TO pHCK (6.5) Y J1IpaBHJIa g+

," 
6Y.lJ.eT (npil e--O) He 60JIhWe, tIeM y 0, H nOCJIe1l.Hee MO)KeT 6hITh IIC,KJIlOtIeHO 113't

'. 
AOCTaTOtIHOrO KJlaCca. 

3aMeTIlM,'lTO 0503Ha'leHHe Mgi Brrpa:B<OH 'la'CTli <pop MyJIbI (6.7) 
BMeCTO Mg 03Ha'laeT, liTO OCTaBJI5IIOTC51 JIHIllb rrOJIYJIlIHeHHble KOM

i 
6lIHaUHlI COrJI3'COBaHHbIX rrepBlI'lHbIX rrpH3HaKOB. 
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CJIe.ll.YIOI.JJ.He HH.lKe yTBep.IK.lI.eHH51 nOJIY'IaIOTC51 H3 TeOpeMbl o.l
 
paCWH¢pOBKOH KJI3CCa BTOPH'IHbIX npH3HaKOB npH pa3HbiX -cnoc06ax
 

3a.ll.3HH51 C.l1M. 3TH yTBep.IK.lI.eHH51 TyT .IKe cOnpOBO.IK.lI.aIOTC51 n051C

H511O~HMH npHMepaMH.
 

CJIe.ll.CTBHe 1. IlYCTb CHM pa3AOJ/CuMa Jf{XY = J/{xJf{Yx, npUtteM
 
Jf{x =(M:M), Jf{Yx = (Mx'P,) onpeoeAelibl C80UMU nep8UttliblMU cpedliU

,UU Mhdx), hiE:M; Mx'ljJj (y), 'ljJjE'¥. Tocoa npu x~ 1 OOCTaTOttliWJ
 
6yoeT KAacc npa8uA 

fj)* = {oy (x) = [co - ~ at hi (x) - l; ct (x) ('ljJi (x, y)

-M x 'ljJi)]+: hi E Je, 'ljJi E '¥}. 

npUtteM TaKUX, 'ITO Oy(x) ~ 1, MYxoy'(x) =co-~a+iMhi' 
·f,

IT p H M e p 6.1. ITYCTb .,f{Yx orrpe.n:eJUleTClI Bcero O.n:HHM rrepBH'lHblM rrpH3Ha

KOM 1jJ(y) H 3Ha'leHHeM Mx1jJ, 33BHC5Il.I.\'HM OT x, a ..,ffx=::J x - rOJla51 Mo.n:eJlb. Tor '! 
.n:a PlJ* COCTaBJl5IlOT oy(x) = [co-c+ (x) (1jJ (y)-Mx1jJ) ] + rrpH Bbl60pe KO.3<jJqmuHeH

TOB Co H c+(x)~O, Y.ll:OBJleTBOp5llOl.I.\HX HepaBeHcTBy co+c+(x)(1jJ(y)~Mx,p)~I, 
rrpH'leM Mo=co. Mbl BH.n:HM, .'lTO TaK KaK c r (x) eCTb rrpOH3BOJlbHa51 ,HeOTpml,aTe,lb , 
Ha51 <jJyIllKUH5I, TO npaBHJla oy(X) KaK <jJyHKUHH nepeMeHHOH x npH Ka)K.n:OM 3a , ",

i,1{aHHoM y MoryT HMeTb rrpOH3BOJlbHblH BH.n:, HO KaK <jJyHKUUH rrepeMeHHOrl y HX
 

BH.n: ueJlHKOM onpe.n:eJl5leTC5I nepBH'lHOH <jJyHKuHei"1 1jJ (y).
 

C JI e.ll. 'C T'B He 2. IlVCTb CHM 3aoalia cPYIiKl{uoliaAbliblM nped
CTaBAeIiUeM y = Vx~ U MooeAbfO J/{X~ = (Al x:M) (M~'l') (T. e. cPAyKTva
l{UU ~ c806o0libl OT x). IlYCTb onepaTOp V x o6paruM: ~=Vx-ly. Toc
oa npu x~ 1 OOCTaTOttliblMU 8 CMblCAe COCTa8liOcO pUCKa (6.5) 6y~. 
OyT peUlafOU{ue npa8UAa 

fj)* = {Oy (x) = [co - ~ at hi (x) - ~ ct (x) ('ljJi (V;I y)

- .M'ljJi)]+ : hi E Je, 'ljJi E 'I'}, 
1 

npUtteM TaKUe, 'lTO Oy(x) ~ 1, Mo=cO-~a+iMhi. 

IT pill M e p 6.2. fIycTb Ha6J1IO.n:eHH5I eCTb CMeCb CHrHaJla x J-I wyMa: Yi=X+~i,
 
i= I, ... , n, XEfJl, SiEfJl, HJlH B BeKTopHoM BH.n:e y= Ix+s, rne I = (I, ... , l)T _
 

e.n:uHH'lHblii BeKTop. C'lHTaeM, 'lTO wyM S cB060.n:eH -oT x H HMeeT ~1O.n:e.1b .J1(~,
 
3a.n:aHHylO rrepBH'lHbIMH 3Ha'leHH5IMH M1jJj (S), 1jJjE1JI', a Mo.n:eJlb CHmaJIa x - 3Ha

'leHH5IMU Nth i (x), hiEde. Tor.n:a KJlaCC PlJ* 06pa3YlOT npaBHJla BH.n:a d y (x) = 

= [co-1:a+ih i (x) -1:c+ j (x) (1jJj (y-lx)-M1jJj) ] +, rrpH Oy(x) ~ I, Mo=co.t 
-1:a+iMhi . 

OTKa.IKeMC51 B CJIe.ll.CTBHH 2 OT npe.ll.nOJIO.IKeHH51 CB060.ll.bI I; or x. 
CJIe.ll.CTBHe 3. IlYCTb y=Vxl;, npUtteM onepaTop V" o6paTuM.
 

U nYCTb nep8UttliblJl1.U cpeoliuMu 3aoalibl ttaCTlible .J!{X= (M:M) , U .J!{~ =
 
= (M'¥). Tocoa npu x~ 1 U pUCKe (6.4) OOCTaTOttliblM 6yoeT CAe

0y,ol4uu IKAacc npa8UA: 

fj)* = {Oy (x) = [co - ~ at hi (x) - ~ ct 'ljJi (V;l V) j+ : hi E. 
E Je, 'ljJi E '¥}, 
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nputteM TaKUX, 'ITO Oy (x) ~ 1 U Mo= Co-~a+iMhi-~c+iM1\Ji' 
k 

npnMep 6.3. ITYCTb Yi= 1: WijXj+Si, i=l, ... , n, HJIH B BeKTopHbIX 060a
j=! 

Ha'leHHlIX Y= Wx+ S, r.n:e W - MaTpHua Wij. ITyCTb aa.n:aHbl TOJlbKO rrepBH'IHble 

cpe,i\HHe M1jJi <jJJly,KTya.UHii S, a -0 CB1I3H S C x cOBepweHH.o HH'lerO He HaBeCTHO. 

Tor.ua ,D.OCTaTO'lHbIii (rrpH x~ I) KJlaCC 06paaylOT rrpaSHJla BH,D.a Oy(x) = 
= [co-1: c+ i1jJi (y-Wx) ] + rrpH TaKOM BbI60pe KO.3<jJljJHuHeHToB, 'lTO Oy (x):;;; 1 R 

MO=Co-1:C+i.vhpi. HeTpynHo BH,D.eTb, eCJIH rrepeiiTH K k=l, W=I, 'lTO 3TOT KJIaCC 

np0l.l.\e TOro, 'lTO nOJIy'lHJIClI B rrpe.ubI,D.yl.l.\eM rrpHMepe. 

CJIe.ll.CTBHe 4. IlYCTb y=Vx~, npUtteM V x o6paTuM, U nycTb 
06 x liuttecO lie U38ecTHO .#{X = ::lx, KaK U 0 eco C8fl3U C £ (Au60 x 
c806ooeli OT s), a Jf{~ = (M'¥) OCli.08bl8aeTCfl lia nep8UttliblX npU3lia
Kax 'ljJi (~), 1\JiE'l'. Tocoa OOCTaTOttliblU KAacc o6pa3ylOT npa8uAa 8U
oa [co-~c+i'!Jd~)]+~I, Kyoa nOOCTaBAfleTCfl ~=Vx-l y, npUtteM 
MO=Co-~C+iM'!Ji. 

HanpHMep, eCJIH y = Wx + S, TO OnTHMaJIbHOe npaBHJIO eCTb <jJyHKUHlI 

y-Wx: Oy(x) =o(y-Wx), B 3TOM BH,D.e ero H Hy)KHO HCKaTb. 

3 a M e'I a H He. ECJIH C.l1M 33.l1.aeTC51 B BH.lI.e ceMeHcTBa V J/(eXY , 
HJIH B BH.lI.e nepeCe'IeHHH /\.Jf{fjxy, 3 KJIaCC q)* .lI.OCTaTO'IeH rrpH Ka.IK

.not! Jf{eXY , 'f0 OH 6Y.lI.eT .nOCT3TQi'IHbIIM .lI.JI51 06be.ll.H1HeHHH H .lI.JI51 nepe

Ce'IeHHt!. 3TO fBepHo XOT51 6bl rroT,oMy, 'ITO KJIa'CCbl BTOpIi''IIHbIX npH3

'HaXOB, eCJIH OHH O:.lI.HH H Te )I(e .lI.JI51 Jf{eXY , npH 96beJI,HHeHH51X H nepe

Ce'IeHH51X 'COXp3H51IOT'C51. 

OnTHMH3M H )I.0CTaTOlfHOCTb. COrJI3CHO rrpe.ll.bl.ll.y~eMY pa3.l1.eJIy 

pe.IKHM neCCHMH3M3 (T. e. x~ 1) n03BOJI51eT npoH3BecTH rrpe.ll.BapH

Te.1JbHylo 06pa60TKy, COCT051~YIO B pe.ll.YKUHH K .lI.OCT3TO'IHOMY KJIaC

cy q)* paCnJIblB'IaTblX npaBHJI, 'ITO 06JIer'IaeT peweHHe CTaTHCTH'IeC

KOt! 3a.ll.a'IH B nJIaHe H3XO)K.lI.eHH51 OrrTHMaJIbHOrO rrpaBHJIa. 

B03HHK31OT .lI.Ba BonpOC3. O.ll.HH - ·B03MO)l{Ha JIH npH orrrHMH3Me 

x< 1 TaKa51 npe.ll.BapHTeJIbH351 06pa60TKa? 06I.JJ.ero OTBeTa Ha 3TOT 

Bonpoc .lI.3Tb HeJIb351. llpH'IHHa B TOM, 'ITO Jll06a51 pe.ll.YKUH51 Ha6JIIO

.lI.eHHl1 Be.ll.eT K nOTepe .lI.3HHbiX H paCWHpeHHIO HHTepBaJIbHot! MO.ll.e

JIH. B CBOIO O'Iepe.ll.b, 3TO YMeHbwaeT Mo H yBeJIH'IHBaer Mo, T. e. 

3TH BeJIH'IHHbl KaK CJIaraeMble pH'CKa (6.5) 6Y.ll.YT MeH51TbC51 B rrpo

THBOrrOJIO)KHbIX HanpaBJIeHH51X H npH X< 1 TPY.ll.HO yCJIe.ll.HTb, B KaKylO 

CTOpOHy nOBe.ll.eT HX B3BeweHHYlO CyMMy, TeM 60JIee .lI.eJIaTb 06~He 

yTBep;'K.lI.eHH51 Ha 3TOT C'IeT, COCTaBJI511O~He CMblCJI .lI.0CTaTO'IHOCTH. 

OTClO.lI.a B03HHKaer .lI.pyrot! Bonpoc, H3CKOJIbKO ueJIeC006p33HO 

nOJIb30BaTbC51 onpe.ll.eJIeHHblMH npH x~ 1 .lI.0CraTO'IHbIMH KJIaCCaMH 

I!lJ*, eCJIH X< I? OT'IaCTH orBeT OCBeLUaeTC51 CJIe.ll.YIOLUIIM JIerKO npo

Bep51e:\1bIM YTBep.IK.lI.emleM. 

Y T B e p.IK.lI. e H H e 6.2. [[yCTb OAR 8cex npa8UA oOCTaTO'lIi020 
(npu x~l) KAacca q)* 8epliO: MO'y=supO*y(X). Tocoa KAacc q)* 

6yoeT OOCTaTOttliblJU U npu x<l. x.y 

.l1T3K, BH.lI.HM, 'ITO P3CCMOTpeHHbie B npe.ll.blJJ.y~eM nyHKTe .lI.OCTa

70'IHble 'KJIaCCbI npaBHJI q)* 6Y.ll.YT .lI.0CTaTO'IHbIMH H npH x< 1, eCJIH 
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B aX (a) «Hei'npaJIH30BaHO» CJIaraeMOe C May. I1HatIe B03HHKaeT tIHC


TO MaTeMaTHtIeCKa51 B03MO)l{HOCTb YMeHbWHTb oWH6Ky aX (a) 3a CtIeT
 

HCK'yccTBeHHoro yBeJIHtI'eHH5I May npH ,cox'paHe'HHH HeH3MeHHbIM May.
 1
DpH'Be,lleM npHMep peaJIH3aU'HH TaKoH B03MO)l{'HOCTH, tITo6bI OCMbIC "'i'
 

JIHTb BCIO a6cyp,llHOCTb, K KOTOpOH MO)J{HO npHHTH, eCJ1H rrOHTH B03


HHKWHM nyTeM.
 
\. 

n p H M e p 6.4. .uOllYCTHM CI1M 3a.i\aHa TO'lHbIMH Bep05ITHOCT5IMH Pij = 
1

=P(xEA i , YEB j ) Ha lIpoH3BeneHlHi pa36HeHHII AiE.)tXl: Ii BjE!JJUl: COOTBeTCTBeH •
 
HO lIpocTpaHcTB fill H Ulj. OllTHMaJIbHOe lIpaBHJIO lIO TeopeMe 6.1 3allHCbIBaeTClJ
 

B BRne Oy(x)=I-~~CijAi(X)Bj(Y). r,ll,e O~Cij~l. TIYCTb Tenepb x<l, a !JlJ
 
H Ulj eCTb JIHHeHHble lIpocTpaHcTBa (cKaJKeM, !JlJ Efll, Ulj Efll n ) , lIpH'leM MHOJKeCTBa
 

A j H B j ,cO,ll,epJKaT KaJK.i\Oe 6oJIee. 'leM no onHOrl TO'lKe 3TOro lIpocTpaHCTBa. Tor


,lI,a, ,lI,06aBHB K KaJK,lI,OMY CJIaraeMoMy cijAdx)Bj(y). y KOToporo Cij< I, npoH3Be


,lI,eHHe ,lI,eJIbTa-cjJYHKl.\HH (I-Cij)6x(. (x)6y(. (y), r.:le Xli) H Y(i) eCTb npOH3Bo.1bHbIe

,) J)
 

lIpe,ll,CTaBHTeJIH MHOJKeCTB A j H COOTBeTCTBeHHO B j, lIpHXO,ll,HM K lIpaBIlJIy
 

0*y(x) = 1-~~ [cijA;(x)B j (y) + (l-ci j )6,U) (x)6Y(j) (y)) 

C ,lI,eJIbTa-BbI6pocaMH. y KOToporo 3a C'leT HYJIeBOI"1 nJIOll.la,ll,H BbI6poCOB WTpacjJ
 
(0,
,TOT JKe: Sa*y(x)dx=Joy(x)dx, HO MO';'y(x)=I;;'MOy(x)=MOy(x)=I-~LCijPij. 

UeJIb BbI6poCOB - 06eCne'lHTb B HaH6JIarOnpll5ITHeiiweM CJIyqae e;J.HHIllIHYIO Ha.J,eJK

HOCTb Mo* = 1 H TeM caMblM YMeHbWIlTb PIiC'K npli OnTH:'vlH3:'vle. 

TaKl:IM06pa30M, OTXO,ll npl:l x< 1 OT ,llOCTaTOtIHOrO KJIaCCa q)*
 
(cooTBeTcTBylOmero x~ 1) MO)l{eT ,npHBeCTl:I K «HapyweHHIO rapMO
 " 
HHH» B npaBHJIaX, Bp5l,ll JIH 'npaKTH4eCKH OnpaB,'I,aHHoMy, rr03TOMY
 

l:IOrrOJIb30BaHl:Ie KJIaCCa .q)* npe,llCTaBJI5IeTC5I p a3YMHbIM l:I tIlpl:l X < I,
 
,lla)l{e eCJIH yCJIOBl:I5I yTBep)l{,lleHH5I 6.2 He BbIIlOJIH5IIOT'C5I.
 

CHMMeTpHSI CTaTHCTH4eCKHX MO)l.eJleif H 3KBHBapHaHTHocTb pac

nJIblBtIaTbIX rrpaBHJI. LIaCTO B 3a.Ll-atIe 06Hapy)l{l:IBaeTC5I Cl:IMMeTpH5I 

cJIe,llYlOmero ,CO,llep)l{aIHH5I: ,Cl:IHXPOHIHble H3MeHeHl:I5I ,Ha6JIIOI,.'I.elHll:IH 3KBl:I 

BaJIeHTHbI COOTBeTcTBylOmeMy C,llBl:Iry napaMeTpa COCT05lHHH. MblCJIb r 

nO,lIJ'Bep)l{,llaeTC5I Ha npHMepe, KOr,lla Yi = X +Si, r,lle rrO,ll'beM 'Bcex Yi 
Ha tIl:ICJIO a paBHOCl:IJIeHC,llBHry x Ha TO )l{e caMoe tIl:ICJIO. HYiKHO 

O)l{H,llaTb nepeHoca Ha3BaHHoro CBOHCTBa Ha OnTl:IMaJIbHble oueHKll x, 
a B 06meM, Ha rrpaBHJIa, 0 tIeM H rrOH,lleT petIb. Ho B Wl:IpOKOM rr.la

He, KOr,lla CHHXpOHHble l:I3MeHeHH5I y H X MaTeMaTHtIeCKH nocTy.1l:1

pylOTC5I KaK CB5I3aHHble Me)l{,lly C060H rrpeo6pa30Ba Hl:I5I rrpocTpaHcTB 

a; H UIj, l:IJIl:I npocTo 'KaK OC06bIH KJIaOC npeo6pa30BaHl:IH npoH3Be

,lleHl:I5I 'npocTpaHcTB fie X UIj. 0 pl:ltIeM BaiKHO He TOJIbKO, 4T06bl 3TH ". 
npeo6pa30BaHl:I5I He nepeKp,eml:lBaJIl:I Me)l{,lly C060H fie l:I 6Jj, HO l:I 

tIT06bI OHl:I 06pa30BbIBaJIH rpyrrrry, Ky,lla BXO,lll:lJIH nOCJIe,llOBaTeJIbHble 

rrpe06pa30BaHH5I, paBHO KaK H 06paTHble. 3TO HyiKHO ,llJI5I IrrocJIe,llYIO

mero npl:lMeHeHl:I5I npl:lHUl:lnOB HHBapl:laHTHocTH. 

Dep'eH,lleM K <popMaJIbHoMy l:I3JIOiKeHl:IlO. PaCCMOTpHM rpynny fJl 
rrpe06pa30BaHHHrrpOCTpaHCTBa fiexUIj, 'cOXpaH5IIOW:ylO Ha Mecre no 

OT,lleJIbHOCTl:I fie H UIj, T. e. TaKylO rpynny, tITO Ka)l{,llOe SE9' oTo6pa

iKaeT a; Ha fie H UIj Ha 6Jj: S (x, y) = (SIX, S2Y)' JII060e npeo6pa30

BaHHe S 3arrHCbIBaeTC5I KaK COBMeCTHa51 napa (SI, S2) rrpe06pa30Ba
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'1 

HHH, nepBoe 'H3 HHX SI ,lleHcTByeT TOJIb'KO Haa;, a BTopoe S2 - TOJIb

KO HaUlj. Ha3bIBaIOTC5I s\ H S2 tIaC11HbI:Ml:I K S npeo6pa30IBaHH5I'Ml:I. 

,Ua,lll:lM o606w:eHl:Ie Ha COBMeCTHble npe06pa30BaHl:I5I s=(s\, S2) pe

3YJIbTaTOB § 5.4 (r,lle paCCMaTpl:lBaJIHCb rrpeo6pa30BaHH5I JIl:IWb OJlHO

ro npocTpaHcTBa Ha6JIIOJleHl:IHUIj), HCnOJIb3Y51 BBe,lleHHbIe raM nOH5I

Tl:I5I l:I HeKOTopble pe3YJIbTaTbI, l:IHTepnpeTl:IpOBaHHble K HaweMy CJIy

tIalO. 
CTaTl:ICTl:ItIeCKa51 l:IHTepBaJIbHa51 MOJleJIb Ha3bIBae1'C5I CUMMeTpU'l-

HOU K cpynne 9', ec.rIl:I JlJI5I JII06oro npeo6pa30BaHl:I5I H3 3TOH rpynnbI 

Mf(SlX,S2y)=Mf(x,y), "tfE:!. 

CHMMeTpl:l51 JlOCTl:IraeTC5I, eCJIH CHMMeTpl:ltIeH nepBHtIHbIH Ha60p ClJ 
MO,lleJIl:I H TOM ICMbICJIe, 4TO IKai!\i)l.OH g (X, y) EClJ )1 Ka)J(,llOMy 'npe06

pa30BaHHIO sE9' MO)l{eT 6bITb YKa3aH ,llpyroH nepBl:ItIHbIH !npH3HaK 

gs (X, y)=g(SIX, S2Y)EClJ TaKoH, tITO Mgs(x, y)=Mg(x, y). 
Y T B e p)l{ Jl e H l:I e 6.3. ECAu A"Y cUMAfeTpU'lfW K zpynne 9', TO 

'laCTHble MOaeAu Ax U Ay 6yayT cUMMeTpUttHbl K C80UM 'laCTHblM 
npeo6pa308aHUJlM SIX U S2Y, (SI' S2) E9'. 

YTBep)l(,lleHHe cJI'e,llyeT 'H3 onpe,lleJIeHl:I5I H cooTBeTCTByeT pa

BeHCTBaM Mf(SIX)=Mf(x), MqJ(S2y)==MqJ(Y)· 
<PyHKUl:I5I f(x, y) Ha3bIBaeTC5I 3K.8U8apUaHTHou no OTHoweHHIO K 

rpynne Inpeo6pa30'BaHHH 9' npocTpaHc11Ba fiexUlj, eCJIlf f(SIX, S2Y)= 
=f(x, y), (s" S2) E9'.•J\'loJ,eJIb .;/{XYHa3bI'BaeT1C51 3K.8U8apUaH.THotl K 

cpynne 9', eCJIH Bce ee nepBH4Hble npH3HaKH 3KBHBapHaHTHbI K 9'. 

CMbICJI 3KBHBapHaHTHocTH - J<OMneH'Cl:IpOBaTb H3MeHeHH5I y COOT

Be11cTBylOm H'M l:I3MeHeHHe:vr x. I1HBapHaIHTRo'CTb CI1M eCTb OC'06bIH 

CJIytIaH 3KBHBapHaHTHocTH, KOrJla (SIX, S2Y) = (x, S2Y), T. e. KaiK,llOe 

SE9' npe06pa3yeT TOJIbKO npocTpaHcTBo UIj (SI OCTa'BJI5IeT X tIeTKO 

IHa MecTe). 

ECAu CUM <'MClJ> 3K8uBapUaHTHa K. 9', TO OHa 6yaeT CUMMeT
pU'lHa K 9'. B caMOM ,lleJIe Bce <pyHKUHH KJIa'Cca :J?+ClJ 6y,llyT 3KBH

Bapl:laHTHbIMH H 

M f (Sl X, S2 y) = inf {Mg : f (Sl X, S2 y) ~ g (X, y) E X+ fJ } = 

= inf {Mg : f (X, y) ~ g (X, y) E 0'£+ fJ } = M f (x, y). 

B 'COOTBeTtCT'Bl1l:1 C onpe,lleJIe'Hl:IeM peUlalow,ee npasuAo 6YJleT (,KaK 

f) 3KBu8apUaHTHblM K 9', eCJIH aS2y (SIX)=ay(x). I1HatIe MOi!(eT 6bITb 

3anHcaHO as2y (x) =ay (SI-I X), (SI' S2) E9'. HanpHMep, ,llJI5I ,lleTep

MHHHpoBaHHblx npaBHJI l:IMeeM XS2 y=SIX y , OTCIOJla rrpeo6pa30BaHHe 

S2Y 'BbI6opKH y BeJleT K «CMew:eHHIO» peWeHl:I5I JlO peWeHl:I5I Sl'~ B 

rrpocTpaHcTBe COCT05lHl:IiL 
KJIacc 3KBHBapl:laHTHblx <pyHKUHH 3aMKHyT OTHOCIlTeJIbHO JIHHeH

HblX orrepaUHH H HeJIHHeHHblx npeo6pa30BaHHH, T. e. H3 3KBHBapHaHT

HOCTH Bcex g (X, y) EClJ CJIe,llyeT 3KBHBapHaHTHocTb HX JIl1HeHHbIX 

KOM6HHaU:HH (a B 06meM - 3KBHBapl:laHTHOCTb JII06bIX epyHKUl:Iii OT 

HHX qJ (g (X, y)). OTCIOJla Ha OCHOBaHl:Il:I 1'eOpeMbI 6.1 l:IMeeM: 

237 



YTBepJK)J.eHHe 6.4. flpu %;;;::1 OOCTaTOttHblMU OAR 3KBUBa
pUaHTHblX CHM B CMblCAe COCTaBH020 pUCKa (6.5) 6yOyT 3KBUBa
puaHTHble npaBUAa. 

3Haq11T, H OrrTI1MaJIbHble rrpaBHJIa 6y)J.yT 3KBHBapHaHTHbI. CeHqaC 

rrOKa){{eM, 'ITO B p5I)J.e CJIyqaeB 3KBHBapHaHTHbIMH OrrTHMaJIbHble rrpa

BHJIa ,ll;OJIJKHbI 6bITb H rrpH CHMMeTpHqHbIX CI1M. Ha30BeM UlKaAy 
UHBapUaHTHOU KfJJ, eCJIH Q(Oy(SIX)) =Q(Oy(X)), V(Sl, S2)EfJJ. BeJIy

qae Q (Oy (X)) = f Oy (x)dx UIKaJIa 6y)J.eT 'HHBapHaHTHOH, nOJKaJIyH, 

TOJlbKO K 'C)l;BHraM SX=S+X. 
Teo p e M a 6.5. flyCTb CHM CUMMeTpUttHa K 2pynne npeo6pa

30BaHUU fJJ, a pUCK COCTaBHOU, onpeoeAeHHblU rjJOpMyAOU (6.5), npu
tte,l1, UlKaAa Q uHBapuaHTHa K fJJ. /I,onycTuM, TaKalCe BbLnOAHeHO AIO
60e U3 OByx yCAoBUU: 

A. OnTuMaAbHoe npaBuAo eouHcTBeHHo UAU ttUCAO 3TUX npaBuA 
KOHettHo; 

D. rpynna fJJ oucKpeTHa. 
BUAO (a eCAU ux HecKOAbKO, 
BapuaHTHblM K fJJ. 

.u 0 iK a 3 aTe JI b C l' B O. ITYCTb 

T020a npu AI06blX % onTUMaAbHoe npa

TO XOTR 6bl OOHO U3 HUX) 6yoeT 3KBU


OnTHMaJlbHOe lllp'aBHJlO lIBJlHeTCH eJ(HHCTBeHHbIM. 

TorJ(a, HCnOJlb3YlI CHaqaJIa HHBapHauTHocTb lllKaJIbI, a 3ar-eM cJIeJ(YIOll.\YIO H3 yT

Bep)KJ(eHH5I 6.3 caMMeTp.HIO qacTHof[ MOJ(eJlH, nOJlytlHM MQ (a y(x» =MQ (ay(51X» = 

=,HQ(as • y(51X»). OTclOJ(a 

n~ (Oy (x» = 1- M(l-X) ay (x) + A,' M ~J (Oy (x» = 
= 1 - M(I-x) 0s, y (51 x) + ;\.·M Q (0s, y (51X» = nr (0s, y (51 x» 

H B CHJlY e,mHHCTBeHHOCTH OnTllMaJlbHOrO npaBIiJIa a y (x) = as ,y'(5tX). 
ECJlll Tenepb OrrTIiMaJIbHbIX rrpaBHJI He OJ(HO, a HeCKOJlbKO, CKa)KeM, dy(X)i, 

i= I, ...., I, TO rrpe06pa30BaHHHMll SEg:' OJ(HO rrepeXOJ(HT B J(pyroe, TaK '11'0 3aJ(aH

HbIM SEg:' H i HaUJ(eTC5I TaKoe j, '11'0 as,y(SlX)i=ay(X)j. ITPOIl3BOJ(H paBHOMep

HylO paHJ(OMIl3aUIiIO Me)KJ(y ay(x) i (1'. e. Bbl611paH Uy(x) i C Bep05lTHOCTHMll Ill), 
npHxoJ(HM K 3KB.HBapHauTHoMy pelllalOll.\eMY npaBHJ1Y. To :iI{e caMoe He06xoJ(HMO 

npo,J.eJIaTb, eCJIH rpynrra g:' J(HoKpeTHa: g:'= (s(I), ... , S(I). TeapeMa J(OKa3aHa. 

TeopeMa ,np'OCTa )J.JI5IcJIylJa5I, ,KOr,iJ.a fJJ ,ll.H'CKpellHa. ECJIH )Ke HeT, 

TO rpy,,iJ.HOCTI1 rMOjKeT BbI3'BaTb npOBep'Ka yOIOBI151 A. 
MaKCHMa.'lbHbIH HHBapHaHT OTHOCHTeJIbHO rpynnbI fJJ, rrOCKOJIbKY 

no onpe,iJ.eJIemIlO fJJ He nepeMeUlHBaeT MeJK,ll.y C060H fJe H Ulj, 3anH

CbIBaeTC5I ](aK napa II (X), 12 (y), H TOr,ll.3 3KBHBapl1aHTHOe npaBHJIO 

3anHCbIBaeTC5I lJepe3 MaKCHMaJIbHbIH HHBapHaHT: Oy (x) =0' I ,(y) (II (X)). 
T1pH YCJIOBI151X yTBep)K,ll.eHH5I 6.4 H TeopeMbI 6.5 OnTHMaJIbHble npaBH

JIa Hy){{HO HCKaTb HMeHHO B TaKOM BH,ll.e. 

6.2. Jl.OBEPHTEJlbHOE OUEHHBAHHE nPH 3AJl.AHHbIX 
PACnPEJl.EJlEHRSlX BEP05lTHOCTHI 4>J1YKTYAUHIiI 

npe,ll,I1CJlOBHe. OTCIO,ll.a MbI Haql1HaeM «oca,ll.y» np06JIeMbI ,ll.OBepH

TeJIbHOrO oueHHB3HH5I lJHCJIOBOrO napaMeTpa XEflt, anpHopHbIX ,ll.aH

HbIX 0 KOTOpOM COBceM HeT, C ueJIblO nOJIYlJeHH5I KOHKpeTHblx pac
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, nJIbIBlJaTblX oueHoK Oy (x), MI1HI1MH3HPYIOI..lJ.HX 

nJIbIBqaTOCTb npH 3a,iJ.aHHOH 01Il116Ke (ypoBHe) 
~ )Ke ,caMoe, MHHHMI13I1jJYIOI..lJ.I1X COCTaBHOH 

+A.-i1Q(O) npl1 COOTBeT-eTByIOI..lJ.eM rro,ll.60pe A, 

UlTpalP MQ (0) 3a pac

a>«o) =a, HJII1 'ITO TO 

PI1CK Ilx,- (0) ='a
x (0) + 

06eCneqHBaIOI..lJ.eM ypo

BeHb a. OCHOBHa51 3a,ll.alJa - HaYlJHTbC5I nOJIb30BaTbC5I amlapaToM. 

3,ll.eCb B KalJeCTBe nepBoro mara He JII11I1He BbIHCHHTb, Ka'K pa60TaeT 

npe,ll.JIaraeMblH anrrapaT 'Ha rrpHBbllJHOH H XOpOlIlO«yTo,nTaHHOJ1» 

MHOrl1MH HCCJIe,ll.OBaTeJI5IMH nOlJBe 3a,ll.aHHbIX pac,npe,ll.eJIeHI1J1 ,BepOHT

HOCTeH H I1X ceMeHCTB, H K qeMy OH npHBO,ll.HT. 3TOMy H nOCB5II..lJ.eH 

,ll.aHHbIH naparpalP. HeO)!{H,ll.aHHbIM OKa3aJIOCb TO, 'ITO H Ha «yTpaM

60BaHHOM rpyHTe» ·Haill no,ll.XO,ll. ,ll.aeT rrp06HTb'C5I ,CBe)!{HM ,«pOCTKaM» 

B BH,ll.e IKaK 06I..lJ.HX Bblpa)!{eHI1H ,ll.JI5I ,ll.OBepHTeJIbHbIX oueHOK 'BeKTOp

Horo napaMeTpa x, TaK H nOJIyqeHI151 HOBblX ,ll.OBepI1TeJIbHbIX HHTep

13aJIOB ,ll.JI5I CKaJI5IpHOrO rrapaMeTpa. 
if Ou.eHKa perpeCCHH npH H3BeCTHOH rrJIOTHOCTH BepOHTHOCTeH. OYCTb 

k 
Yi=~WijXj+£i, i= 1, ... , n, HJIH 13 BeKTopHbIX 0603HaqeHI151X Y= 

j=! 
= Wx+ S. ClJI1TaeTC5I, lJTO OTHOCI1TeJIbHO BeKTopa x T= (Xl, ... , Xk) HWle

fO He H3BeCTHO, a Belnop ST= (£1, ... , £n), HMeHyeMbIH lP JIyKTyaUH5I
~, 

MH, oQ,npe,neJIe,H n-MepHOH nJIOT'HO,CTbIO ps(z) , ZT= (ZI, ... , 'Zn), T'O OT

HOlIleHHIO K Mepe-,ll.JIH'He Ha fJln. Tpe6yeTc5I OueHI1Tb Belnop X. OTHO

CH1'eJIbHO CB5I3H x H S HI1KaKHX npe,ll.IlOJIO)!{eHHH He ,ll.eJIaeTC5I, OHa He 

H3,BeCTHa (HJII1 TaK HaM y,ll.06HO 3TO 'Cll,HTaTb). 
COrJI3CHO CJIe,ll.CTBHIO 4K TeopeMe 6.1 ,ll.OCTaTO'lHbIH (npH x;;;:: 1) 

KJIa'CC o6pa3ylOT npaBI1JIa BI1,ll.a 0 (y-Wx), r,ll.e 0 (z) 113MepHMbI OT

HOCHTeJIbHO aJIre6pbl oTpe3KoB. Cql1Ta51 3a unpalP BepxHIOIO cpe,ll.HIOIO 
~ nJIOI..lJ.a,ll.bnO,ll. Oy (x), qTOCOOTBeTCTByeT HHTerpaJIbHOH WKaJIe pac

nJIbIBlJaTOCTH, H YlJl1TbIBa51 oTcyTcTBHe CBe,ll.eHI1H 0 x, npeo6pa3yeM 

lIlTpalP: 

M Q (0) = MY S0 (y - Wu) d u = MS sup S0 (Wx +S- Wu) d u =.' x 

= MS S 0 (s - Wu) d u = Spdz) d z J 0 (z - Wu)rt u = 

= SJPs (z +Wu) 0 (z) d z d u. 

B CHJIy H3MepHMocTH 0 (z) OlIlH6Ka 6y,ll.eT TOl['HOH, paBHoH a (0) = 

=I-Mo(s)=1-So(z)Ps(z)dz,11 COCTaBHOH pHCK 

.. Il~ (0) = 1 - S 0 (z) ps(z) d z +ASS p;(z +Wu) 0 (z) d z d u = 
= 1+S 0 (z) [A S ps(z + Wu) d u -- Ps (z)] d z. 

MHHl1MH3HpyeT PI1CK HHTepBa.JIbH3H oueHKa 0* (z), paBHa51 1 npH 

ASPs(z+Wu)du-ps(z):::;;O HOB npOTHBHOM CJIylJae. UeHa 6y,ll.eTI 
v=I- S[Ps (z)-J"'SPs(z+Wu)du]+dz. OOCJIe 3aMeHbI Aa.=IjJ... 'oueH

Ka 3anHCbIBaeTC5I SPs (z +Wu) dujps (z) :::;;Aa. (YKa3bIBaIOTCH 3HalJe

HHH z, n'pH KOTOpbIX 0" (z) = 1). 3,ll.eCb 'Arz HaXO,LI;HTCH no 3a,ll.aHHOH 

01IlH6Ke H3 ypaBHeHH5Ia (0*) = 1-f 0* (z) Ps (z) dz = a. 
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BbIpa2KeHHe .n.JI5I .n.OBepHTeJIbHOrO HHTepBaJIa B 51BHOM BH.n.e !TIO

JIYlIaeTC5I SaMeHOH Z=y-Wu H npH06peTaeT OKOHlIaTeJIbHbIH 06I.J.J:HH 

BH.n.: 

• JP~ (y - Wx +WU) d u 
Oy (x) = 1 npH ~ A.a, (6.8)

P~ (y- Wx) 

HHalIe :SHa'qeHHe	 npaBHJIa paBHo O. 
Hy2KHO paspeIIIHTb 31'0 HepaBeHCTBO OTHOCHTeJIbHO X H no.n.06paTb 

A.a, lITO H Be.n.eTK .n.OBepHTeJIbHOH HH.n.HKaTopHoH oueHKe sa.n.aHHoro 
ypOBH5I a, a npH o.n.HOMepHOM X - K .u:OBepHTeJIbHoMy lfHTepBaJIy. 
OTMeTHM, lITO, Bo-nepBbIX, rnOCT05l:HHbIe MH02KHTeJIH JIeBOH lIaCTH (6.8), 
He SaBHC5II.J.J:He 01' y-Wx, y.u:06HO .nepeHecTH B npa'BYIO lIaCTb, H BO
BTOpbIX, ueJIeco06paSHO aCKaTb Y1upOI.J.J:eHH5I c nOM0I.J.J:bIO MOHOTOHHbIX 
HeJ1HHeHHbIx npe06pasoBaHHH 06eHx lIaCTeH, lITO cpasy 2Ke H npo
.n.eMOHcTpHpyeM. 

PaCCMOTpHM TOT CJIylIaH, Kor.n.a S eCTb HOpMaJIbHbIH BeKTOp C 
HyJIeBbIM Cpe.n.HHM H MaTpHueH KOppeJI5IU:HH B, 'lITO COOTBeTcTByeT 
nJI·OTHOCTH Ps (z) =( (2:n:) n det B) -1/2 exp (-zrB-1z/2). Tor.n.a no (6.8) 
nOCJIe HeCJI02K'HbIX BbllIHCJIeHHH Haxo.n.HM 

J Ps (z + Wu) d u	 = CV23i)k 
X
 

Ps (z) -Vdet wT B-1W
 

X exp {+ZT B-1 W (WT B-1 W)-1 WT B-1 z} 

OTCIO.n.a oT6pa'CbIBaHHeM nOCT05lHHOrO MH02KHTeJIH,JIOrapH<pMHpOBa
HHeM H Ino.n.CTaHOBKoH z=y-Wx JIOJIylIaeM HH.n.HKaTopHyIO oueHKy, 
paBHyIO 1 B 06JIa'CTH SHalIeHHH X, .0rpaHHlIeHHOH HepaBeHcTBoM 

(y - WX)T B-1 W	 (WT B-1 W)-l WT B-1 (y - Wx) ~ X~ (k), (6.9) 

r.n.e X2a:. (Ik) - KpHTHlIeot<:a51 TOlIKa pacnpe.n.eJIeHHH XH-KBa.n.paTa C k 
CTeneHHMH cB06o.n.bI, H paBHyIO 0 BHe nOH 06JIaCTH. 

TI PH M e p 6.5. PaccMoTpHM npocTeHlIlIIH CJIyqaH o.n:lIoro HeH3MeHHoro no i 
na'pa:l1eTpa x, KOTOpbIH Hy)lmo OlIeHHTb no BbI60p·Ke Yi=X+Si, i= I, ... , n, r.n:e Si 
He3aBHCHMbI H HOpMaJIbHO pacnpe.n:eJIeHbI C Msi=O, MS2i=1. Tor.n:a k=l, H H3 

(6.9)	 nOJIyqHM .n:oBepHTeJIbHbIH HHTepBaJi .n:JIlI x, 3anncaHHbIH B ¢opMe HepaBeHCTBa 

_ n 1(I-a)a
l.!i-xi :;;;;"a' rJl,e 4	 Y = Lyi/n H "a = ---=- fll- -- , a lD(u) = 

1 Vn 2 
I U 

= V2n I exp (-- u2J2) du - ¢yltiaJ,HlI JIanJiaca. B pe3YJIbTaTe nOJIyqaeTClI xopo· 

wa	 1I3BeCTHblri Jl,OBepHTeJIbllbIH HHTepBa,l ",Jill cpe.n:Hej·O npH 3aAaHHofi AHcnepCHH 

HOpMaJIbHOH BbI60PKH 

- a -I (1- a)Iy-xi ~Vn fll -2-' 

f ::I MSi =0. Tor.n.a OllTHMaJIbHOH .n.OBepHTeJIbHOH oueHKOH Y2Ke 6y.n.eT 

"; X- yTB-1w I~ (wT B-1 W)-1/2 <D- 1 (I-a)	 (6.10) 
wTB-1w	 2 

\ 

~ IlpHMeHHTeJIbHO K npoueccaM Yt=XWt+St, Mst=O, B(t, 'C) = 
=MStS, <popMyJIa (6.10) nepenHcblBaeTC5I: 

I 
X- JYthtdt I~(JWthtdt)-1/2<D-l (I-a).

J Wt ht dt 2 

r.n.e ht eCTb pemeHHe ypaBHeJHHH J B(t, 'C)h,d-c=Wt. 
npH BSBeIlleHHoH IllKaJIe paCnJIbIBlIaTOCTH B SHaMeHaTeJIe JIeBOH 

l
11aCT11 HepaBeHcTBa B (6.8) ·nOHBJI5Ie11CH BeCOBOH M'H02KHTeJIb 
(J (y-Wx), paCIIIHpHIOI.J.J:HH lfHTepBaJI .n.JIH Tex x, KOTopble lIMeIOT «no
BbIIlleHHblH npHopHTeT» npH Cy2KeHHH .n.JI5I OCTaJIbHbIX x. 

BCJIyqae o606I.J.J:eHHOH IllKaJIbI Q (0) = f q (x) Oy (x)Vdx, -V> 1, on-

THMaJIbHaH oueHKa Y2Ke He 6y.n.eT .n.OBepHTeJIbHbIM :lfHTepBaJJOM, a 
nOBTopHeT C HeKOTopbIMH HCKa2KeHHHMH no <POp Me iTIJIOTHOCTb 

~, 0* (z) = min { 1;	 [-"-a:.-q-(Z-)-S-:.l:.:-(~-)-w-U-)d-U-J/('I'-ll}. 
r.n.e A.a HI.J.J:eTCH no 3a.n.aHHoMy ypOBHIO a. HanpHMep, npH O.n.'HOM na
paMeTpe x, npH q (z) = 1, HOpMaJIbHOH nJIOTHOCTH H He3aBHCHMbIX o.n.
PO.n.HbIX <pJIyKTyaUHHx C Msi=O, M S2i =:cr2, HMeeM (pHC. 6.1) 

0; (x) = min {I ; A. exp [ - n (x - y)2Jl . 
2a2 (y-l) J 

] 
,ll.oBepHTeJlbHOe oueHHBaHHe )l,HCnepcHH. IlycTb Yi=XSi, i= 1, ... , n, 

HJIH B BeKTopax y=xs, r.n.e x>O - OueHlf.BaeMbIH napaMeTp, cB060.n.
HblH 01' s H onlflcbIBaeMblH rOJIOH Mo.n.eJIbIO !yx (lITO COOTBeTcTByeT 
nOJIHoMy OTlCYTCTiBl1IO 1I.alHHbiX 0 X). TIYCTb H3'BeCTHa nJIOl1HOiCTb 
Pi, (z). Tor.n.a .n.OCTaTOlIHbIM npH x~ 1 6y.n.eT KJIaCC Bcex HSMepHMblx" 
npaBIiJI BH.n.a Oy (x) =o(y/x). OIIIH6Ka paBHa a(o) = I-M<7(Y/x) = 
= I-Jps(z)0 (z)dz, a IIITpa<p 

MY	 j <7 (ylu') du' = Ms sup j a(x slu') du' =
 
° x>o U
 

S p~ (z) sup j a(xzlu') du' d z = aSPs (z) j a(zlu) dud z, 
x>o 0	 0 

1	
"/" --

/ " ]'>1
I \ 

1--- / \ 
( 

iJ (x)y 

PHC. 6.1. 'uoBepJ-tTeJIbHall oueH

IlYCTb Tenepb Yi=XWi+Si, i= 1, ... , n, r.n.e Si HOpMaJJbHbI, saBHCH Ka cpe;J,Hero HOpMaJIbHOH Bbl
 "	 :x60pKH npH o606meHHOM WTpaepe	 !JMbI	 H sa.n.aHbI IIWppeJIHUHOHHOH MaTpHueH B= {MSiSi , i, j= 1, ... , n}, 
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I = U(A.a,n) 11 nO,lJ.CTaBJI5I~ liz 11 2= II y 112/x2, 11I0J1Y'lHM OKOH'IaTeJIbHO CJIe
r,lJ.e rrpOH3Be,lJ.e'Ha 3a MeHa U = u'/x H C,lJ.eJ1aHO ,lJ.OrrymeHHe sup x =a. 

x>o	 ..n.yJOIUHH ,!I;OIBepHTeJ1bHbIH lilHTepBaJ1 ypOBH5I a: 
He06xo,lJ.HMOCTb TaKOrO ,lJ.OrrymeHH5I COCTOHT B TOM, 'ITO WHpHHa ,lJ.0

BepHTeJ1BHOM OueHKH pa'CTeT ,C y,BeJ1!JlleHHeM X, CTpeMHCb K 00 rrpH 

X-+oo, IBOT H rrpHXO,lJ.HTC5I BBO,lJ.HTb OrpaH'H'IeHHe x<a (rrpH'IeM aMO)K

HO C'lHTaTb J1106b1M CKOJ1b yrO,lJ.HO 60J1bWHM 'IHCJ10M). Tor;r.a COCTaB

!HOM pHCK 3arrHWeTC5I 

III. (0) = 1- S a(z) Ps (z) d z +AaSps (z) r0 (z/u) dud z.
 
o
 

0603Ha'la51 A'O= I/Aa H rr'pOH3BO,lJ.51 BO BTOpOM HHTerpaJle 3aMeHy 

z'=z/u, Y'lHTblBa51 rrpH 3TOM, 'ITO dz=undz', rrpHBO,lJ.HM pHCIJ( K BHJJ.y 

II-.(o) = 1- S 0 (z) [Ps (z) - A;I JUn p£,(u z) dU] dz. 

OTCIOJJ.a ,cpa3Y .IKe CJ1e,lJ.yeT, 'ITO OrrTHMaJ1bHOe ,lJ.OBepHTeJIbHOe pewalO

mee rrpaBHJIO ,lJ.OJI)KHO 6bITb HHTepBaJ1bHbIM H HMeTb BHJJ. 

00

S un Ps (uy/X) du/ps (y/X) ~ Aa ,	 (6.11, 
o 

r,lJ.e 'HepaBeHCTBO YKa3bIBaeT 3Ha'leHH5I X, rrpH KOTOpblX iT (y/x) = I 
(HHa'le - 0); Aa HaXO,lJ.HTC5I H3 ypaBHeHH5I S0* (z)Ps (z)dz= I-a, a 
npH HaXO)KJJ.eHHH ,lJ.OBepHTeJ1biHOrO HHTepBaJ1aCOBepweHa rrO,lJ.CTaHOB

Ka z=y/x. 
B 'IaCTHOM 'CJ1y'lae HOpMaJ1bHOM cTaHJJ.apTHoH rrJ10THOCTH epJ1yK

TyaUHM OrrTUMaJIbHblM JJ.oBepHTeJIbHbiM HHTepBaJI B TepMHHax nepe

Me'HHOH z=y/x npH06peTaeT BHJJ. 

2 
00 ( I U ) exp (II z II"12) 00S un exp	 II z 112 du = - S Un exp (- u2 /2) du ~ A,--=-
o	 2 IIzlln+1 0 

OTHeCeM HHTerpaJt K ;rrpaB0I1 'IaCTH, 0603Ha'lI1B ee An, H rrYCTb II (An) 
H U(An) eCTb ,peWeHH5I ypaBHeHI151 exp(u2/2) =A"Un+1. TOriJJ.a HCIKOMblH 

)'I.OBepHTeJ1lmblH 11HTepBaJI 3arrHWeTC5I U2 (An ) ::::;;llzI12::::;; it~(An), ('CJ1il 

BepHO HepaBeHCPBO An~exp,[ (n+ 1)2/2]7(n+ 1)"+1. OpH paBeH'CTBe 

.lI.OBepHTeJIbHbll1 HHTepBaJI 'BbIp0)KJJ.aeTC5I B TO'lKy, 'rrpH'IeM U-=U.Il) = 
=u2 (An )=n+l, a npH o6paTHoMHepa'Be,HcTBe-'6eccMbI'CJ1e,H. 

HaH,lJ.eM An B 'COOTBeTCTBHH C 3a,lJ.aHHoII OWH6KOH a. ,UJ151 3roro 

06paTHM 'B'HHMaHHe Ha TOT epaKT, 'ITO IIsI12 rro orrpe,lJ.eJ1eHHIO eCTb CJly

'IaHHa51 BeJIH'IH.Ha, pacrrpe,lJ.eJ1eHHa51 rro 3aKoHy XH-KBa,lJ.paTa C f/. CTe

rreH5IMH CB060,lJ.bl. OO,lJ.CTaBJ15151 rrJ10THOCTb 3Toro pacnpe,lJ.eJleHH5I, Bbl

BO,lJ.HM 

U2 (I.n ) n/2 I 
p [u 2 (A ) ~ Ill': 112 ~ u2 (A )] = S V - e-v / 2 dv = 1- ex, 

_ n """ '0 """ n u' (I. ) 2/l/ 2 r (nI2) _ n 

rJJ.e r ( ) - ra,MMa-¢yHKUH5I. o l'CIO,U a 'Ha~O,lJ.HTC51 3H3'1eHHe Aa,lI 

KaK peweHHe 3Toro ypaSH€HH5I. 0603Ha'la51 !!o.,n =!:!:. (Aa ,n), Ua.,n = 
242 

~	 2IIYIl2/u~.n~ x ~IIYW/!:!:.~.n. 

OpH a-+l HMeeM !:!:.2a.ntn+ 1, U2a,ntn+ 1 'H ,lJ.OBepHTeJ1bHbIHHHTepIBaJ1 

CT5IrHBaeTC5I'~ TO'lKe lIy112/ (n + 1) = ~y2d (n+ 1). 
TaKHM 06pa30M, nOAyttefl oOBepuTeAbflblu UflTepBaA OAR oucnep

CUU flOpJrtaAbfWU Bbl6oPKU, 06Aaoa1OUfUu 8oo6Ufe MUflUMaAbflOU pac
nAbLBttaTOCTbIO, B TOM 'IHCJIe Cpe,lJ.H 'Bcex H3BeCTHbIX. MaTeMaTH'leC

Koe O)KH,lJ.aH'He Ha6J11o,lJ.eHHH Y C'lHTaJ10Cb ,HyJIeBbIM: 

MYt = 0, i = 1, ... , n. 
OYCTb Terrepb Cpe,lJ.Hee My; =8 cOBepweHHo HeH3BeCTHO, T. e. 

Yi=4,i+e. C'lI1Ta51 e ,cB060,lJ.Hb1M 'rrapaMeTpoM, a Si - He3aBHCHMblMH
l) cTaH:.lI.apTHblMH HOp'MaJ1b1HbliMH ,c. :B., nyTeM ROBJ1e'leHtH5I I1IOH5ITli'51 I1IHBa

pHaHTHocTH (K C,lJ.BHry) MO)KHO rrpHlhH K TOMy, 'ITO OrrTHMaJIbHOH 

OueHK'OH ,lJ.HCrrepCHH 51BJ151eTC5I ,lJ.OBepI1TeJIbHbIH 'HHTepBaJI: 

~ 2 -2 ~ 2 22nOy/Ua.,n-l ~ X ~ nOy/':!:.a,n-I .	 (6.12) 

•	 n 
r,lJ.e'lI1c.11a	 Ua,n-I H ila,n-l 6blJ1H Onpe,lJ.e.leHbl BblWeJa 0 2 y = ~ (Yi-gp/n. 

- 1 

6.3. OU,EHKA nAPAMETPOB PEfPECCHH no .3HEPrETHlJECKHM 
H KOPPEJ15IU,HOHHbIM ,lI,AHHbIM 0 cflJIYKTYAU,H5IX 

060CHOBaHHe. HaH60.1ee 06HXO,lJ.HbIMH, ,lJ.OcTynHbIMH CBe,lJ.eHH5IMH a 
rrpouecce nOM HMO Cpe,lJ.HerO 5lBJ151lOTC5I ero :,lHepreTH'IeCKHe xapalne

pHCTHKH: 'Cpe,lJ.H5I5I MOmHOCTb, TeKyma51 MOmHOCTb, a TaK)Ke KOppeJI5I

UHOHlHble 'cBoilcTBa, crreKTp. Opl1'1lJiHa I1X pacnpocTpaHeHH5I B TOM, 

'ITO BepXH5I5I rpaHl1ua Cpe,lJ.HeH MOLUHOCTH eCTb npOCTO npe,lJ.eJI 3Hep

reTH'leCKHX B03MO.IKHOCTeH HCTO'lHI1Ka H3JIy'leHH5I. A KOppeJ151UHOH

Hble CBOHCTBa 06bI'IHO 065133Hbl epHJ1bTpy, 6Y,lJ.b OH 06'beKT eCTeCTBeH

HOH rrpHpO,lJ.bl KaK 'IlHepUI1OHHOCTb Cpe,lJ.bl HJIH HCKyocTBe'HHoH B BH,lJ.e 

lHa'laJ1bHbIX KaCKa,lJ.OB rrpHeMHHKa, KOTOpblH rrpeO,lJ.OJIeBaeT rrpouecc 

rrpe)I{JJ.e, 'leM rrorraCTb Ha yCTpOHCTBO 06pa60TKH H npHH5ITI151 pewe

HHH. I\cTaTH, 3HepreTH'leCKHe ,lJ.aHHble eCTb 'laCTb KOppeJ151UHOHHbIX, 

KaK 11 HeIwppeJ1HpOBaHHocTb BbI60pKH, 06bl'lHO ,lJ.OCTJlraeMa5l, eCJ1H 

OTC'IeTbl rrpOI~ecca pa3HeceHbi ,lJ.OCTaTO'lHO WHpOKO ,lJ.pyr OT ,lJ.pyra." 3~ecb 'CTP05lTCH OrrTHMaJ1bHble ,lJ.OBepHTeJ1bHble OueHKI1 ,lJ.J151 'perpec
1	 CHOHHblxrrapaMeTpoB, B 'IaCl'HOCTH, napaMeTpa C,lJ.BHra, KOr,lJ.a H3

BeCTHbl Te HJ1H HHbie ,lJ.3HHble YKa3aHHoro copTa 0 epJ1yKTyaUH5Ix. 

OUeHI{J1 rr0J1Y4alOTc5I paCrrJlbIB'laTble, HO HHKaK He HH,lJ.HKaTOpHble, 
( T. e. He B BH,lJ.e ,lJ.OBepHTeJ1bHbIX H.HTepBaJIOB. J1106orrblTHO rro XO,lJ.y H3

JIO~KeHH5I npOCJ1e,lJ.HTb, KaK CB5I3blBaeTC5I paCrrJ1bl'B'laTa51 epopMa 3THX 

oueHOK C BH,lJ.OM rrepBH'lIHbIX npH3HaKOB, He3pHMO npHcyTcTBylOIUHXB 

3HepreTH'leCKHX, KOppeJ151UHOHHbIX H ,lJ.pyrHx HCXO,lJ.HbIX (nepBH'IHbIX) 

,lJ.3HHbIX, a T3IOKe KaK no Mepe YBeJ1H'IeHH5I KOJ1H'IeCTBa H yJ1y'lIlle

243 



HH5I KaqeCTBa (TOqHOCTH) 3THX ,ll.aHHbIX y.TIYQrnaIOTC5I OueHKH, CTaUO
B5ICb 60JIee TOq,HbIMH, 60JIee Ha,LLeMHbIMH. 

OueHKa napaMeTpa C,lI,BHra npH 3a,lI,aHHOH MO~HOCTH 4JJlyKTyaU.HH. 
TIYCTh Yi==X+£i, i== 1, ... , n, HJIH B BeKTopHbIX 0603HaqeHH5IX y= 
== lx+ S.TIYCTb e,ll.HHcTBeHHoe, qTO H3BeCTHO, TaK 3TO Ms IIsI1 2/n= 

2 
= 0 - BepXH5I5I 'Cpe,LLH5I5I no OTCqeTaM (H ITO aHcaM6.HJO) MOmHOCTb 

Q:>JIYKTyaUHll. Tor,ll.a CI1M J{xy 6Y,LLeT onpe,ll.eJIeHa e,ll.HHCTBeHHbIM nep

BHq,HbIM Cpe,ll.HHM, nOJIyqaeMbIM nO,ll.cTaHoBKoH £i == Yi-X : 

M XY I I (..., v~ (Yi - X)2/n = 02 • (6.13) 

3,ll.eCh cyMMa (,ll.aJIee Bce CYMMbI no i OT 1 JLO n) COCTaBJI5IeT nep

BHqHbIH npH31HaK. HmeM npH 3THX ,ll.aHHbIX OITTHMaJIbHYIO oueHKy na

paMeTpa x . .'uocTaTOqiHbIM ,ll.JI5I InOCTaBJIeHHOH 3a;J,aqHCOrJIaCHO ICt>rre,ll

CTBHIO 4 K TeopeMe 6.1 6Y,ll.eT ,cJIe,ll.YIOmHH KJIaCC oueHOK: 

ay (x) == [co - C L (Yi - X)2/n ]+, 0 ~ Co ~ I, c>O, (6.14) 

rrpHqeM ,LLJI5I HHX May (x) ==;[co-co2] +. 

'4TOObI HCKaTb OnTHMaJIbHYIO oueHKy, BblqHCJIHM Il1Tpaep. OopaTHM BHHMaHHe, 

QTO oueHKa (6.14) KaK epyHKUH5I x eCTb napaooJIa, qTO BH,UHO, eCJIH nepenHcaTb 

BXO,LlJlIUHH B (6. 14) rrepBHtIHbIH rrpH3HaK c.rre,nYJOIUHM oopa30M: 2: (Yi-X ) 2/n = 

= ~2y + (x-gp, fjJ,e .0='Eyi!n - BbI6opOtlHoe cpe;mee, ~; = 'E (Yi-Y) 2jn - BbI
60pOQHaH ',UHcnepcHH. ITapaooJIa yceqeHa CHH3Y OCblO aOcUHcc. I1HTerpHpyH ee, ITO

JIytIaeM
 

y+ -V[colc-~;]+ 
Q (a) = Say (x) dx == S [co - c~; - C (x - y)2] dx ==
 

..... V-[- -'2]+
y- colc-cry 

4 ([co - c~i ]+)3/2 

3yc 
fJle npeAeJILI HHTerpHpOBaHHH COOTBeTcTByIOT nO.nO)I{HTe.J1bHOfI qaCTH iJ (X). OCTa

- 4 - ([ -'2]-L)3/2 
y 

1l0Cb HaHTE MY Q (a) == y- MY Co - cay I • 4aCTHa5I Mo,Ue.J1b J[ Y cor..
3 C 

JIaCHO TeopeMe 2.1 OCHOBbIBaeTC5I Ha nepBHqHOM ,3HaqeHHH: 

MY inf ~ (Yi - x)""/n == MY 62 == 02. 

3,neCb 
-:.....y ..... 2 
M O"y 

-MY 

== 
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x y 

~2 Y eCTb rrepBHtIHbIH rrpH3HaK, 
...... 2 == Inf a y == 0, H n03TOMY 
Y 

( ..... ') +)3/2 ([Co - Ca;] == sup [Co 
Y 

( Co .-- Cinf ~ ;)3/2 == cg /2 . 
y 

a TaK KaK OH Bcero O,UHH, TO 

-' 2 +)3/2cay] 

'11.~ OCTaJIOCb HallTH .iWxy ay (x). TIpaBHJIO J y (x) He Ma1KOpHpyeTI~5I nepBHqHbIM 

T 

_li~ 

4 

i 

I
 

'npH3HaKOM (6.13), 3anHcaHHbIM ~2 y + (x-y) 2, a OH Bcero O,UHH, rr03TOMY 

MXYay (x) == sup [Co - c ~ (Yi - X)2/ n ]+ == Co
x,y 

B pe3y.TJbTaTe aX(J) = l-x~luy(x) + (x-I)2WJ (x) = 1-x[co-c02]++ (x-1)co.y
 
Terrepb 3arrHC~BaeM COCTaBHOll pHCK:
 

- + 4 ,j-
IIJ. (0) == 1-x[co-ca2 

] +(x- I)Co+ACo 3 V co/c. (6.15)< 

3,UeCb HyMHO paCC:MaTpHBaTb ,J,Ba C.TIyqaH: co-ca2~0 H co-ca2<0. Iloc.Tl.e,l,HHH 

H3 HHX He npe,ll,CTaBJI5IeT ,HHTepeca, TaK KaK COOTBeTcTByeT OIllHOKe ax (a) = (x-I) Co, 

onpe,neJI5IeMoii HCKJIIOlIHTeJIbHO neCCHMH3MOM (a He 3HaHHHMH 0 CBOHCTBax epnyKTya-' 

UHH). TIOJIara5I co-caz~0, HaH,UeM CHaqaJIa OnTHMaJIbHOe 3HalIeHHe c npH 3a;:(aH~ 
HOM Co. ,llJIH 3Toro, ,UHepepepeHUHpy5I IrrpaByIO lJaCTb COCTaBHoro pHCKa no C II npHs

paBHHBa5I 0, nOJIyqaeM 

c == Co (2 ')../(3 x (2))2/3 H 

minII",(a)== 1 +co[{12A2 x(2)1 /3_1].
 
c
 

OTclO,Ua BH,lI;HO, qTO OrrTHMaJIbHOe 3HalJeHHe Co ,UOJDKHO 6bITb paBHbIM JIHOO 0, JIH"

00 1. ITOCKOJIbKY HepaBeHcTBo co-c(J2 ~ 0 iHCKJIIOlJaeT 3HaqeHHe Co = 0, rro.rlaraeM 

Co = I. K03cP<PHUHeHT c HaXO,UHTC5I no 3a,UaHHoll OIl1HOKe a H3 ypaBHeHHH a = I-x+ 
+cxa2 +x-I = cxo2 H paBeH c* = a/ (xu2). ITpHlJeM yCJIOBHe cO-C::~2>0 coorBer"

cTByeT a/x < 1. 

TaKHM 06pa30M, npu rX~ 1 onTUMaAbHafl ot{eHKa UMeeT Bud 
..... 2 ..... (J.,'

Oy* (x) = [1 - c* L (Yi - x)2jn]+ = [1 - c* cry - c* (x - y)2]+, c* = -=- . 
xa2 

(6.16) 

l(aK epyHKUH5I 'nepeMeHHoH x, eCTb rrapa6oJIa, HaHeceHHaH Ha pnc. 

6.2 IlITpHXOBOH JIHHUell, MaK:CHMaJIhHa5I rrpH 3HaqeHHH x, p aBHOM 

BhII6o,PoqIHOIMY ICipe,lI,HeMy y, H iyceqelHHa5I CHH3Y OChIO a6cUHcc....i\laK--

CHMaJIbHOe 3HaqeHHe napa60JIbI l-c*~2, He paBHo 1, qro rOBopIIT 0 

HeKoHTpacTHoCTH oueH,KH, a pa3Max napa60JIbI Y 'OCHOBaHH5I, paBHhIH 

2 V l/c*-a2 
y , xapaKTepH3yeT ee paCrrJIbIBT.IaTOcTb. 3Aecb 'HerrpIUIT

2HbIM 5IBJI5IeTC5I BJIH5IHHe ay , OT KOToporo, KaK OKa3bIBaeTC?1, HeTpYJl-' 

HO 1I36aBHTbcH, qTOCeHqaC H 6y,ll.eTpaOcMoTpeHo. 

l 

' 

.1:'y-#
PHC. 6.2. ,l!,oBepHTeJIbHa5I napaOOJIa 
npH 3HepreTHQeCKHX ,UaHH~X 
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~~,l1,eM KOHTpacTHylO oILeHKy (T. e. sup ay =='1, inf Oy ==:0) BHJ:{a 
)C x 

ay (x) = [1 - c* (x - y)2J+, c* = a/(x02). (6.17) 

JlJIH Hee M Oy (x) == M [1 +c* a: - c* 2: (Yi - X)2/n]+ == 1 + c* Ma~ _ 

KaK npH HyJIeBbIX .naHiHblx M£i=O, TaK H Korna 3TI1X JI.aHHbIX 0 MGi 
HeT, o,nHa H Ta LKe, n03ToMY wTpaep paOCMaTpHBaeMGH Ol1,eHKH, a 
CJle,nOBareJIbHO, ~H pHCK 6y,LLyT TaKHMH LKe, KaK y oueHOK (6.16) ,
(6.17). TaKHM o6pa30M, oaHflble 0 HyAeBoM CpeOHeJvl SHatteHUU rjJAYK

-c* M ~ (Yi - X)2/n = I-c* 02 = I-a/x If May (x) = 1, n03ToMy 

:ypoBeHb aX (0) = 1- % M 0+ (x - 1) M 0 == a, a IIlTpaep My SOy (x) dx == 

= My 4/(3 Vc*) == 4/(3 Vc*). 

TaKIfM o6pa30M, If lIITpaep, If ypoBeHb 0ILeHOK (6.16) II (6.17) COB


rra.n.aIOT, KOI-lTpaCTflaJl ol{eflKa (6.17) TaK'JICe RBAReTCJl onTUMaAbflOU.
 

,3TO rrapa60JIa no nepeMeHHon x, HaHeCeHHa5I CnJIOlllHOH JIIfHHen Ha 
puc. 6.2. 

.J~ 
MOLKHO CKa3aTb, qTO JI106a5I oILeHKa, 3aKJIlOqeHHa5I B npe,neJIax
 

Me)K,ny OILeHKaMH (6.16) If (6.17)
 

~I - c* 0; - c* (x - y)2]+ ::::;; ay (x) ::::;; [1 - c* (x - y)2J+, 

6y,neT OnTHMaJIbHOll. TIpHqUHa TaKon iHe0Jl.H03HaqaOCTH OIITHMaJIbHOll 

OILeHKH 06'b5ICH5IeTC5I TeM, qTO K3'K May, Ta'K H '/WOy , aCJIeJl.OBaTeJIb-

HO, pHCK opHeHTHpOBaiH Ha TaKOH Ha'HMeHee 6JIarOnpH5ITHbIl1: npOILecc, 

2y KOToporo a y == 0, qTO 03HaQaeT nOCT05IHCTBO peaJIH3aILHll ¢JIyKTya


UHH Gl==G2== ... =Gn, npH 3TOM OneHKH (6.16) II (6.17) 'COBna,naIOT.
 

3TO Me If npHqHHa, no KOTOpOH TOqHOCTb oueHKH, ee lIlHpliHa He
 
33BHCHT OT 06'be:Ma BbI60PKH n. 

OIJ.eHKH (6.16) II (6.17) ,Ha3bIBalO~C5I OIl,eHKaMH 3HepreTUqeCKOrO
 

THna, TaK KaK HCrrOJIb3YlOT TOJIblKO CpeJl.HeMOmHOcTHble ,LLaHHble °
 
¢L7JYKTya nH5IX, CeiIqac MbI BbI5IBHM HeKoTopble HX Jl.OIIO.J1HUTeJIbHble
 
CTOpOHbI II JI.3,1,HM o606meHH5I. 

Pa3BuTue 3HepreTHLIeCKoro Tuna ou.eHHBaHHSI. 1. ECJIH nO~1HMO 
0:2 

3aJJ:alHa HH:tKH5I5I rpaH1Ura ~2=MslI~112/n 'MOW.HOCTH epJI'yKTyaUIfH, 

TO OllTHMaJIbHa5I oueiHKa He H3MeHHTC5I, TaK KaK HOBoe CpeJl.Hee, B35I

Toe 3a rrepBHQHOe, He MeH5IeT IHH qaCTHOH MOJI.eJIH vf{y, HH lIIKaJIbI
 
Q (0), HH 3HaqeHHH ./Woy , May.
 

2. IlYCTb IIOl\1HMO BepxHeiI MOmHOCTH U2 H3BeCTHO, qTO epJIyKTya

UHH IL\1eIOT HyJIeBble ICpeJI.HHe, a HMeHHO, JIH60 M£i==O, i== 1, ... , n, 
j 

JIHaO M£=O. B 060HX cJIyqa5Ix B CHJIy cHMMeTpHH CHM K nepecTa


HOBKa:vr Yi oIITHMa.lIbHbIH aJIrOpHTM 6YJI.eT IIpHHaJI.JIeLKaTb cJIeJI.YIOme 

:rvry rl o CTaTo41HoMY 'KJIaccy:
 

Oy (x) = [co + c1 2: (Yi - x)/n - c ~ (Yi - X)2/nJ+. 

C.,T1araeMoe C 'K03epep HUHeHTOl\1 Cl Jl.aCT JIHIIlb 'CMemeHHe B CTOpOHy no
 

DClI x oueHKH ay (x) KaK epyHKUHH x, qTO, KaK IHeTpy,II.HO y6eJI.HTbC5I,
 

np!IBe~eT K yBeJIHIIeHHIO pHcKa, n03ToMY Cl =O.4acTHa5I MOJl.eJIb JlY
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rya l1 uu He JvleHJlIOT pemeHUJl UCXOOHOU saoattu: OTITHMaJIbHa5I GueRKa 

6y,neT HMeTb BH,n (6.16) HJIH (6.17). C'Ka3aHHoe~IIepeHOCHTC5I H Ha 

CJlyqaH, KOrJI.a 3a,LLaHbI rpaHHUbI: a) M£i=-m, M£i=='m, i=l, ... , n,. 

JTH60 6) M~ = -m, M€ =m. 
3. OueuKH (6.16) H (6.17) «'HacTpoeHbI» Ha MaKcHMa.IIbHbIH 

IllTp'aep MQ (0) H ,cooTBeTcrBylOT x~ 1. TeM He MeHee OiHI1 OCT3IOTCH 

OIlTHMaJIbHblMH H IIpH X< 1, a TaKLKe IIp'H B3BeweHHOM (K03epepH-

UHeHToM neccHMH3Ma) wTpaepe BH,lI,a 

MX Q (0) == xM SOy (x) dx+ (I-x) M Say (x) dx. 

B caMOM JI.eJIe, May (x) = sup Oy (x) H 'COfJIaOHO yTBepLKJI.eHHlO 0.2 
,UO'CTaTOq:HbIM nipH x<1 6yneT TOT LKe KJIaOC (6.14) tQ!J.~eHOIK. IloJI3

ra5I co= 1 (OI1TIHMaJIbHOe 3IHaqeHHe), HeTpYJI.HO y6eJI.HTbC5I, qTO IIe-

pexto,U K B3BeweHHOMY llITpaepy He MO)KeT nOBJIHHTb H3 BH)!, onTH

MaJIbHOH oueHKH, TaK KaK 3HaqeHHe C OnH03Ha4HO 0I1pe,LLeJI5IeTC5I

OllllH6KOH a. 

4. ECJIH HCKaTb 0I1THM3JIbHYIO oueHKy B KJIaCCe HHTepBaJIbHbIX, 

TO OHa npHMeT BHJl. y±aVx/a H iIlOJIY4aeTC5I 3aMeHOH B (6.17) yce

q,eHHOll napa60JIbI 'Ha np5IMoyrOJIbHHK eJI.HHH4HOH BbICOTbI ,C TeM LKe 

OCHOBaHHeM, KaK 3ro BbIrJIHJl.HT Ha pnc. 6.2. OWH6Ka 3TOH oueHKH 

6YJl.eT TaKLKe paBHa a, 'OJI.HaKO paCnJIbIBqaTOCTb ee no CpaBH€lHHIO C 

(5.17) B03pacTeT 3a ,CqeT YBeJIHqeHH5I 'I1JIOma,lI.H IIO,lI. Hell. 

5. MbI CqHTaJIH, qTO 0 CB5I3H X H S ,HHqerO He H3BeCTHO. To LKe 

caMoe COrJIaCHO CJIe,lI.CTBHIO 4 TeopeMbI 6.1 6YJI.eT, eCJIH CQHTaTb, qTO 

B npe,lI.cTaBJIeHHH Y= lx+s 0 IIIapaMeTpe XH3BeCTHO TOJIbKO, qro OH 

CtBo6o,neH lOT 5, T. e. J( X 6 ==.."f{S;YX H Terrepb yLKe x MOLKeT InpOH3BOJIb-

HO nO,lI,CTpaHBaTbCH no,n 3HaqeHH5I s. MOlKHO nOKa3aTb, qTO ,lI.onyme -

HHe 0 cBo6o,lI.e x OT 5 He MeH5IeTOI1THMaJIbHOH Ol1,eHKH. 

6. OneHHBafHne rrapaM'eTpa perpeccHH. DycTb CvL.\1 

3a,naHa CJIe.nYIOmHM o6pa30M: Yi==WiX+~i, i= 1, ... , 17, l\IIIGI12/n=cr2" 
r,ne Wi - epyHKUH5I perpeCCHH (CKalKeM, epopMa ,UeTepMHHHpOBaH

Horo CHrHaJIa), x - napaMeTp perpeCCHH (aMIIJIHTYJI.a CHfHaJla)'. 

'uOCTaTOQHbII1 K.TIaCC B 3TOM CJly4ae 06pa3YIOT Ol1,eHKH BH)I,a 

8y (x) = [co-clly-wxI12/n]+, W= (W l , •.. , Wn}T. 

~ A 

TIpe,LLCTaBHM 3,neCb WBaJI.paT HOPMbI B BHne IlwI1 2.[a2 
y -(x-Y)2] B 

A A " 
20603HaqeHHH ':.y==~Yiwi/llwIl2, a y == Ilyl/2/llwI12-y2 It 3aI1ItWe11 rnrpaep 

/r A 

(B'epXHIOIO CpeJI.HIOIO lIlHPHHY): '"A sup (4co/3) 1/ coni (cllwI\2)-a2y. Cy-

A y - 
2npeMyM ,nOCTHraeTC5I npH a ==0, n03TOMY WTpa¢ paBeH '"A4coV conlc/y 
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(311wfl). 113 ,CpaBHeHH5I IC (6.15) iBU,nHM, 

,6bITb oueHKa (6.17) (HJIH (6.16)), eCJIHA _ 

Ha cry), a c* - Ha al/wI12/ (xa2n). 
7. 0 u e H H B a HH e B e K TOp H 0 r 0 

k 

CHM. IlycTb Y'i==~WijXj+Si, i=l, ... , n, 
j=l 

YW;= W (WTW) -lWTy - npOeKUH5I y B 

CTOJI6UOB W. 3aMeHa B BbIIIIe3arrHiCaHHOH 

"H5IeT a (nOCKOJIbKy Mllsl12=Mllsw 1/2, r,ne 

UH5I s), n03TOMY ,nOBepHTeJIbHa5I oueHKa 

p'erpeeeUH 

ay(x)=[I-exIIYw -Wx\l2j(xna2)]+ 

'qTO OITTHMaJIbHOM ,nOJI1K/Ha 

3aMeHHTb B IHeM g Ha g (~y 

rr a paM e T pap e r p e C-

UJIH \B 

=Wx+1S, H nYCTb JUllsI12/n=a2 orrpe,neJI5IeT Jf{s. 
H5I a (rrpM x~l) 6y,neT oueHKa [1-c*llsll2]+, 
rrO,llCTaBJI5IeTC5I S == y-Wx. 

BeKToplHOM 'BH,ne y= 

OnTHMaJIbHOM ypOB

c*=a/(xn(i2) , Ky,na 

3anHCaHHa5I oueHKa HeKOHTpaCTHa, TaK KaK maxlly-Wxll = 
x 

== Iiy III ~O, oTxy,na max 8y (x) ~ 1, r,ne Y 1 - rrpoeKUH5I y B no,n
x 

rrpOCTpaHCTBO, opTOrOHaJIbHOe BeKTOp-rCTOJI6uaM MaTpHUbI W. Pa3

JIOLKHM Y IHa ,ll'Be 0pTOrOHaJIbHbIe COCTaBJI5IlOmHe: y == Y,v + Yl' r,ne 
no,nnpOCTpaHCTBO BeKTOp

OueHKe y Ha Yw IHe H3Me

Sw - aHaJIOrH'q,Ha5I InpoeK-

MHorOMepHoro napaMeTpa 

6y,neT OnTHMaJIbHOH ypOBH5I a H o,nHOBpeMeHHO KOHTpacTiHoM. 

B tIaCTiHOM CJIyqae, Kor,na IrrapaMeTp perpeCCHH CKaJI5IpHbIH, pe

3Y~TJbTaT, KaKHeTpy,nHO y6e,nHTbC5I, COBna,lI.aeT C paOCMOTpeHHbIM B 

rrpe,lI.bI,nymeM nYHKTe. 

8. H e 0 ,n HOp °.IT. H bI e <p JI YK T Ya U H H. TIYCTb CHM 3a,lI.aHa 

C"TIe,nylOI..IJJ1M o6p a30M: 

y = Wx+S, M \lA S\12 = na2 
, 

T,LI.e A - MaTpHua nXn. 
COBeprna5I npeo6pa30BaHHe z=Ay==AWx+As=AWx+1J, BH,UHM, 

2qTO ..\illl) 11 == na2, H 3a,llatIa B HOBbIX IHa6JIIO')leHH5IX Z CBO,lI.HTC5I K pac

C:MOTpeHHOH B ,npe,l.I.bI,l.I.ymeM nyHKTe C 3aMeHOH W Ha A W. 

B qaCTHOM cJIyqae, Kor;na 3a,l.I.aHbI M~a2iS2i == na2, MaTpHua A CTa

HOBHTC5I ,UHarOHaJIbHOH C 3JIeMeHTaMM ai no rJIaBHOH ,l.I.HarOiHaJIilI. 

TaKoll pe3YJIbTaT J1erKo nepeHOCHT1C5I Ha rrp·oueccbI: 

~ I T 
Yt=WtX+~t, t E [0, Tj, M - S a; ~i dt= 0 2

,
 
T 0 

f,J,e K't H at - :i3BeCTHble <pyHKUHM. TorAa ,l.I.JI5I :IIOJIyqeHH5I OnTHMaJIb

HOl1 oueHKH HyMHQ B epopMyJIaX (6.'16), (6.17), y, ;cry II c* 3aM1eHHTb 

Ha 

r,lle Ilwal1 2 = S
T 

WZta2tdt. TaK, oueHKa TMIIa (6.17) npHHHMaeT BM,ll 
o A _a; (x) = [1 - ex \1 wa 112 (x - Yr )2j('XlJ2T)]+ . 

9. TIyCTb T'enepb nCXO,l.I.HbIM HBJI5IeTC5I He saAaHHe «MOmHocrH»

cPJIyK'DyauHH, a opeAHee 3HaqeHHe HeKOToporo 'HeOTpnuaTeJIbHOrO 

cPyHKuHOHaJIa OT peaJIH3aUHM <pJIyKTyaUHH : MF {s} ==l-1. Tor,l.I.a oueH~a 

6YAeT HMeTb BH,L( 8 y (x)=\[co-cF{y-Wx}]+, npHqeM M8=![co-Cp,]. 
Pac.CMOTpHM JLBa IIIpUMepa TaKHX oueHOK. 

n p H M e p 6.6. IlYCTb x - rrapaMeTp c,nBHra H 3a,naHHbIM 51BJUleTC5I cpe)l.Hee 

9<p<peKTHBHoe 3HaqeHHe peaJIH3aUH:H <pJIyKTyauHH Nt I51= 11, 15 1=~ ISi I· Tor.na orr~ 

TUMaJIbHaH oueHKa ypOBH5I a 3anHCbIBaeTC5I: a(5)= [co-c* 151] +, Co =il, c* = aj (X~l), 

CIO.ua Hy:tKHO rro.nCTaBHTb ~ =y-l x. OueHKa KaK cPYHKUH5I rrepeMeHHoi'I x o6peTaeT 

;~ BH,n JIHHeHHO-JIOMaHOH C Y3JIaMH B TOtIKaX Yi. <PopMa 3aIIHCH oueHKH He H3Me

BHTCH UpH 3a.uaHfHOrI JII060H ,npyroii HopMe 151. 
n p H M e p 6.7. nYCTb e.uUHCTBeHHbIM rrepB'HtIHbIM 3HatIeHHeM HBJIHeTCH 

M~ {1~iI > h}/n == Ph' 
T. e. HCXO,nHbIM HBJIHeTC5I 3a,naHHe BepXHero cpe)l.uero OTHOCHTeJIbHOH qaCTOTbI 

npeBbIIlIeHHI1 a6COJIIOTHbIMH 3HaqeHH5IMH Si nopora h. Tor.na OI1THMaJIbHaH oueHK1 

HMeeT ,BHJJ. 

ay (x) == [co - c ~ {I~i I > h} jn]+, Co == c == min {I, (1 - a)/(l - x Ph)}. 

OnTHMa~bHaH oueHKa napaMeTpa C~BHra npH O~HOPO~HWX He

KOppeJIHpOBaHHblx QJJIyKTyaUHSlX. ,UonOJIHHM CBe,L(eHH5I OTHOCHTeJIbHO 

epJIyKTyaUHH, o6orama5I nepBHqHbIH Ha60p HOBbIMH npH3HaKaMH, II 

nOCMOTpHM, KaK BH,LLOH3MeHHTC5I 'GueHKa, KaKHe HOBbIe CBoHrCTBa y 
Hee iII05lB5ITC5I. TIYCTb Yi=X+Si, i== 1, ... , n, npHqeM H3BeCTHO TOJIbKO, 

tITO '£i HeKOppeJIHpOB3HbI M£i£j = 0, i =1= j, H HMeIOT O,UHH.aKOBbIe 

«MOmHOC11H» M£2 i == 02. 3TO IcooTBeTcTByeT CHM C nepBHqHbIMli cpe,lI. 

HHMll, nOJIyqaeMbIMH IIo,UcTaHoBKofI Si =Yi-X H npllo6peTaIOmHMH 
l\H,lI.: 

M (Yi-X) (Yj-X)=O, i=l=j; M (Yi-X)2=(J2, 

r,l.I.e i II j ;npo6eraIOT 3HaqeHH5I OT 1 AO n. 
lloCKOJIbKy CI1M CHMMeTpHqHa K nepecTaHoBKaM Yi Me1K,LLy co

6ofI, a rpynna nepeCTalHOBOK .n.HCKpeTHa, TO ,lI.OCTaTOqHbIM 6y.n.e'T 

KJIaOC HHBapHaHTHbIX K rrepeCTaJHOBKaM npaBHJI (CM. yTBep1K,L(eHHe 

6.5). BMecTe rc TeopeMoH 6.1 .3TO n03'BOJIHeT nOJIyqHTb \CJIe,nYlOIUHH 
,nocTaTOqHbIMKJIaeC oueHOK: 

ay (x) = [co - c1 L L (Yi - x) (Yj - x)jn2 
- c2 L (Yi - X)2/n ]+ = 

I¢J 

= [co -c1 (y-x)2+(c1jn-c2) (y2-2xy+x2)]+, y2== "22Y~/n, 

'If ,lI.JI5I HllX l\!I8y (x) ==I[ CO-C202 ] +. OCTaJIOCb HaHTH K03epepHlLHeHTbI Co, 
.. S

T 

Yt Wt aj dt : S
T 

y; a; dt 
" Cl ,M C2, MIfHllMH3HpYlOmHe pMCK If y,UoBJIeTBOp5IIOII.I.He OrpaHHtIeHHlO

Yr = o ~ 0 2 = 0 -Y"2
r , c*= ay{x)~l. y

JI wa 11 2 II wa 1/2 
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I~yneM HCKaTb Q (OJ, nJlH lJerO nepenl1WeM Oy (x) B BI1:te: 

ay (x) = [co - CI y2+ (ctln - C2) y~2 + 

~	 + ~, + 
+2X(CI(n-I)ln+c2)y-X2(Cl(I1-I)/n+c2)] =[aO+aI X-a 2x2) , 

~ ~ 2 
:f:\e aO = CO-a2!)2+ (C,/I1-C2) (J y' al = 2a20, a, = ct!I1-1 )/11 +(2. 

YCJlOBHe Oy(X) ~ I COOTBeTcTByeT ,UByM HepaBeHCTBaM a2~0 11 sup Oy (x) = 
x 

=ao+a2t14a2~1. TaKKaK Oy(x)~O npll ao+a2t/2a2~0 11 Ix-al/2a21~ 

~ V [£12 1 +4aoad +/2 a2, TO. npOHHTerpHpOBaB Oy (x) no x B npelleJlax. COOTBeT

CTBYIOI.l\IIX nOCJlenHeMY HepaBeHcTBy. HaliAeM 

V '2 ' + ~ -2 +
Q(a)= ay(x)dx=(2/3a2) [a, +4aoa2) [ao+a,/4a2) .S 

YtLHTbIBaH Tenepb, 'ITO /Vio (x) =JvJY [ao+a2t/4a2]+=sup[ao+a2t14a2] +, C<popMllpyeM ,.. 
y 

13blpaMeHHe .llJlH COCTaRHoro pHOKa: 

n~ (a) = I - x [co - C2 02]+ + (x - I) 5 + 4A 53
/
2 /3 V~' 

HaHneM 'B 3TOM BblpaMeHIlH 5 = sup [ao-112t14a2]+ =co +inf a2y2 +sup (clln-c2) d\= 
y • ~ 2 

Y cry 

=co. OTMeTHM, 'ITO nJlH cnpaBenJlIIBOCTll nOCJlenHerO BbipaMeHHH nOJllKHO BbInOJl

,HHTbCH ctln~ C2 (IlHalJe cynpeMYM OT ~\ paBeH 00). B pesyJlbTaTe 

n~ (a) = I - X [Co-C2( 2 )+ + (x - I) Co + 4A c~/2/3 V a2, 

OnTHMaJlbHbIM Cl, MHHHMHS!IlpylOl.l\HM pHCK TIpH sanaHHbIX Co H C2. 6yneT TaKoe 

3'HalJeHHe. KOTopoe MaKCHMHsHpyeT a2=ctln-I)ln+c;t npH YCJlOBHH ctln~C2. TaK 

KaK lJeM 60JlbWe C10 TeM 60JlbWe a2 H TeM MeHbwe PHCK. TO OnTHMaJlbHbIM 6yneT 

Hall60JlbWee BOSMOMHoe SHalJeHHe: C1 = C2n. OTKyna cpasy Me a2 = CI, H ,nOCJle non

CTaHOBKIl 3TIlX SHalJeHH!l oueHKa npH06peTaeT BH,U Oy(X) = [CO-CI (Y-x)2] +, a ee 

PIlCK CTaHOBHTCH paBHbIM 

.I 
n~(a) = I-x [co -CI 021n)+ + (x--I)co+ ,"co (4/3) VcOlcI · 

~ 

TIoJlYlJeHHOe BblpaMeHlle OT,1HlJaeTCH OT (6.15) JlHWb TeM. 'ITO BMeCTO (J2 s,UeCb 

CTOHT (i2/n, n03TOMY OnTHMaJlbHaH OueH1<a 6yneT HMeTb BH,U (6.17) C 3aMeHoH 02 
Ha '(jZ/Je, 'ITO Mbl H C<jJOpMy.ij!HjJyeM KarK pesyJlbTa'T. 

flpu OOHOpOOHOii HeKoppeJwpoBaHHoii Bb/oopKe U x~ 1 onrUMaAb
.Hafl paCnAblB'l.arafl ol{eHKa ypOBHfl a UMeer BUO 

a; (x) = [1-c* (X_y)2j+, c*=an/xa2.	 (6.18) 

HJIJJlOCTpaUH5I ee )J.aHa !Ha pH'C. 6.3. IlpH yBeJIH'IeHHH n oueHKa CTa


HOBHTC5I Bce 60JIee Y3KOA, MeHee paCrrJI~B'IaToA. 'ITO O'IeBH)J.HO )J.OJI
 I 
)K:HO 6bITb, TaK KaK rrpH rrOJIy'IeHHH g KaK CYMMbl HeIWppeJIHpOBaH

Hble ¢JIyKTyaUHH CKJIa)J.bIBaIOTCH B 6ecrropH)J.Ke, CTOXaCTH'IeCKH, crJIa

)KHBa5I B H3BeCTHOMCMblCJIe )J.pyr )J.pyra, B pe3YJIbTaTe pa36poc 

PHC. 6.3. PaCnJlbIBlJaTaH OUeHKa npH He

KoppeJlHpOBaHHbIX <jJJlyKTyaUHHx 

COKpaTHTb lllHPHHY· npH'IeM TaKoA
 
me oueHKa 6y)l,eT, eCJIH )J.onOJI


HHTeJIbHO H3BeCTHO, 'ITO M~i = 0,
 
9TH HOBble )J.aHHble OKa3bIBaIOTC5I. I Ic="-----:l ~
J 

H3JIHll1>HHMH. 
Oll,eUKa (6.18) HHBapHaHTHa K rrepecTaHoBKaM Ha6JIIO)J.eHHA. aHa 

me 3KBHBapHaHTHa K rrpe06pa30BaHHIO C)J.BHra B TOM CMblCJIe, 'ITO 

O)J.HOBpeMeHHoe rrpH6aBJIeHHe KO BceM YiH K x JII06oro -mCJIa a He 

MeH5IeT ee 3Ha'leHH5I: Oy(x) =Oy+la(x+a). IlocJIe)J.Hee H n03BOJIHeT 

HOCJIelUOBaTb (6.18) np'H x=O, HCCJIe)J.y5I ITeM ,caMblM 0(6). 
OueHHBaHHe C)J.BHra rrpH HeO)J.HopO.!l.HbIX HeKOppeJIHpOBaHHblX 

cPJIyKTyaUlulx. IlycTb Bbl60pKa He 5IBJI5IeTC51 O)J.HOP0)J.HoA, HO OCTaeT

C5I ueKOpp,eJIJIpOBaHHoA, T. e. Yi = X+'~i, M6i~j = 0, i=l= j, M~2i =02i, 
i=l, ,'''' n. Orrpe)J.eJIeHHa5I TaKHM 06pa30M CHM y)Ke He 6y)J.eT CHM

MeTpH'lHOA K nepeCTaHOBKaM. .uOCTaTO'IHbIM 6y)J.eT CJIe)J.YIOIUHA KJIaCC 
oueHOK: 

Oy (x) = [co - ~ ~ Cij (Yi - x) (Yj - X)j+, 

r.!l.e eli'" eji' 

TIepenHweM: Oy(x) = [aO+alx--':"a2x2]+, fne ao=cO-~~CijYiYj, al=~~Cij(Yi+ 

+ Yj) =2~CiYi, Ci = ~Cij, a2'= ~~Cij. TIPII BBeneHHbIX 06cisHalJeHHHX illTpa<jJ 
; 

- S 4 A. ~ • ? + 3/2MY ay (x)dx=-2-[sup(aOa2+aj /4)] .
 
3a

2 
y
 

I1l.l\eM BHyTpeHHHH cynpeMYM B KBa,UpaT,HbIx cK06Kax: 

sup (aoa2+a2d4) =cOa2+ inf [a2~~CijYiYj-~~CiCjYiYj]. 
y	 y 

4T06bI IlH<pHMyM He paBHHJlCH -00. MaTpllUa Q 3J1eMeHTOB ;Qij='(~~Chl)Cij-CiCh 

i, j= I, .... n. )I;OJlMHa '6bITb HeOTpUUaTeJlbHO onpeneJleHHOH, :II TOfna sup (1l0a2+ 
y 

+a2t14) = COa2. ,UaJlee MO y(x) = [Co-~c+ ii(J2i]+, rne c+ ii eCTb nOJlOMIlTeJlbHble 'Iac
- i 

Til Cii. HaKOHeu. MOy(X) = sup Oy(X) = (l/a2) sup (aOa2+ a2t14) +=co. a iJ y (x) ~ I 
x,y x,y 

3KBHBaJleHTHO YCJlOBHIO Co ~ I. I1cnoJlb3yH HaHneHHbIe 3HalJeHHH II nOJlafaH 

Co-~c+iicr2i > 0, 3anllweM pHCK 

n~(a)= I-Co+x~ctaf +A4.c~/2/3V~~CiJ' 

HyMHO MIlHIlMllsHpoBaTb pHCK cij npll YCJlOBHIl HeOTplluaTeJlbHoi! onpeneJleH

HOCTH MaTpllubi Q. PaSJlOMIlM Q Ha CyMMy MaTpllu paHfa I: Q=~b(h)bT(h), r,Ue 

yMeHblllaeT'CH, 'ITO rr03BOJI51eT )J.JI5I ¢HKcaUHH a coo6pa3HO 3TOMY	 b(hl= (bht, ... , bhn)T -BeKTopbl. Tor.ua HyMHO 6yneT MIlHIlMIl31lpOBaTb H}.(o) 
lIeSallll1CIlMbiM Bbl60pOM .BeKTopOB b(h). COBepweHHo HCHO, 'ITO Bce 3TH BeKTopbl CBe250 
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JI,yTC5I K OJJ.1HOMY, TaK lITO Cij=bib j . OTCIO..'la LLCij= (Lbz)2 Ii Cit' =b 2 
i . OueHKa H 2~ 

pHCK 3anHlllYTCH TaK: 

a (X) == [CO - (}2 bf (Yi - X))2]+,y 

2 -2 " ~ '9
n~(a)== l-co+x}2b i fJ i +,J,.4.co - 3I bi' 

OCTaJIOCb MIlHIlMH3IlpOBaTb PIlCK no bi II Co. J-lHepepepeHuHpyH rIO b i II rrpHpaB

HHBaH 0, rrOJIyqaeM bi=2ACo3/2/[3xa2i (Lbd Z]. CYM:\1HPYH ITO i, BbIBO,ZUIM ypaBHe

HHe, 1I3 ,KoToporo HaXOJJ.IlM CyMMY L b i = [2p\, (I (1/~ d),I (3~)] 1/3 C:) 1/Z. [10.lCTaBJUIH 

.9TY CyMMy B BbIpa:lKeHHe ,nJIH b i H JJ.a.TIee B IIx i. (0), IIMeeM 

bi = c~/2 ( ~~ f3 / [ol (~(ljanY'3] H
 

IIA(a) = I-co [1-(12A2 X )I/3 /(L(I/aj))1!3].
 

~CiYi 'OTHollleHHe (~ciwd 21 (L c2i a2i) (HHTepnpeTHPyeMoe B 3ana4ax 

pa,lJ)10TeXHHKH KaK BbIXO,ZI,HOeI10CJIe JII1HeHHOH o6p a60TKH OTIHOllleHHe 

3Heprl1H rrOJIe3HOrO CHrHaJIa K MOmHOCTH lllYMa). 

2. PaocMoTpHM 60cJ1ee 06mylO 3ana4Y. IlycTb H 3 B e C T H bIlK 0 p

p eJI 51 U II H ¢ JI yK T Y a U!H 11: Yi=:WiX+~i, M~i~j=Bij, i, j= 1, ... , fl. 
3,LleCb 3JIeMeHTbI B i ,io6pa3YIOT HeoTpnuaTeJIbHO orrpe~eJIeHHYIO Icn:M

MleTpl1LIHYlO MaTpHUY B. Pa3JIara5I ee rroco6cTBeHHbIM epyHKUH5IM, 

nOJIYQllM B = FT~F, r,lI.e ~ - nHarOHaJIbHaH MaTpHua C 3JIeMeHTaMH 

(j2i no rJIaBHOH ~HarOHaJIH,a F - YHHTapH35I MClTpIIua Fij : FT = F-1. 
nepexonH K BeKTopaM-CTOJI6uaM W H S 3JIeMeHTOB Wi H ~i, 3a

nHllIeM y=WX+s, B=MsIST. COBeplllHM rrpeo6pa30BaHHe z=Fy= 

=xFw+Fs=xW+l1' r,LLe wi==~FijWj, lli=~Fij~j. HeTpy,lI.HO BHneTb, 
j j 

,> lITO Ml)l)T==MFsSTFT=FBFT=:FFT~FFT=L,TaK LITO 11i HeKOppeJIH
,OlIeBH,nHo, Co 6y,neT paBHo 1 IlJIH 0 B 3aBHCHMOCTH aT Toro, OOJIbWe HJUI MeHbIlle 

pOBalHbI MeJKJ(Y co6oi1 H M't1 2 i = a2i. TaKHM o6pa30M, B Ha6,HIO,lI.eHHflX 
o BbIpa:lKeHHe B KBa,npaTHbIX cKo6Kax. Hac HHTepecyeT .1Hlllb rrepBbII1 ICJIylIall , no- Zi 3a,naLIa iCBOjI,HTC51 K Y)I(e paccMoTpeHHoH, TOJIbKO B epopMY~TJ:e (6.20) 
_aToMy co=lH Tor,na bi=A/()zi. Onpe,J.eJI5I5I I.. ITO 3a)l.aHHoit olllH6Ke a::=xLb2iUzi= 

Hy2KHO 3aMeHHTb Yi Ha Zi,Wi Ha Wi, a a2i IHa (J2i . TaK KaK 
=XAL (l/G2d, Haxo,nIlM ~.z = a/ [xL (l/GZd] . CepOpMy.:111pyeM OKOHlIaTeJIbHbIH pe

3y.rlbTaT. .... 2 2 v I v 

~ Wi IOi = w1' 2: - w == wT FT F B-1 FT Fw =: wT B-1 w,
 
OnTUMaJlbHafl (npu x~ 1) ypOBHfl a oqeHKa napaMeTpa cOBu2a
 

v t) 1 v.fleooHopoOHOU fleKOppeJlUpOBaflHou Bbl60pKU IUAleeT BUG ,)2: Zi wi/crf = ZT L - w = yT FT FB-1 FT Fw = yT B-1.w, 
a; (x) = [1- ~ (~~? ~ (X- ~ Yii~! )2]+ . TO iTIOCJIe COOTBeT,cTByIOme}I nO,ZI,CTaHOBKH B (6.20) rrOJIy4aeM OITTH

x aT ) L: 1/ 0i MaJIbHYIO OUeHKy 

2 • a ~ +B o603Ha 4eHH5IX D-2
c p = nl (L 1/a2i) II if = ac p22 (Yil (na2i)) OIlTHMaJIb Oy(x) = [1- -;- wT B-1w(x-Xy)2J • (6.21) 

HaH oueHKa 3arrHCWBaeTCH 
A 

a; (x) = [1 - ~n2 (x - ;p]+ . (6.19) rAe x y =yTB-1w!wTB-1W (rrOJIe3iHO cpaBHHTb ee C (6.10)). ,ECJIH yqeCTb, 

X0cp lITO !BepHO Mx
~ 

2s =: 1/wT B-1w, T'O oueHKa (6.21) 3aITHCbIBaeTC5I HHa4e: 

OTMeTHM, 4TO rrpH 0Jl.HHaKOBhIX ,lI.HCnepCH5IX ai = a l1MeeM acp =(J H • f~ ;" 2 
~ Oy (x) == [I-(alx) (x- xy )2/M x;]+. 
y=y, rr03TOMY H3 (6.19) 4aCTHhIM cJIyqae~1 6y~eT (6.17). 

0606liJ,eHI1S1 oueHOK 1. 0 u e H K a IT a paM e T pap e r p e C C H II. 
A 

OTl\feTI1M, LITO x y rrpI1 J\;1;i=O eCTb ,neTepMIIHIIpOBaHHaH oueHKa x, 
f'"_''i'" M'r- 0 '---,L.' M-r::'> --; . 1 11 .nyCTb Yi=WiXiSi, £iSj=, t-r-], I;,~i=a"'i, L== , ... , n. epeXO,lI.H MHHHMI13HpYIOman B E,.Tlacce .;lHHeI1HbIX oueHOK eTy OTHoweHIIe «CliT

K HOBhIM Ha6JlIO,lI,eHHHI\f Zi=Yi/Wi=X+ CSi/'wd ==x+lli, M1l2i=a2'dw2i' ,HaJI-IlIyM»: (McTy) 2/M (cTy) 2== (eTw) 2/ (cT Be) . 
3. 0 u e H H BaH H e a M rr Jl II T Y n bI neT e p M H H II P 0 BaH H o-l'vlhI ~BOI,lH~ 33;:r,a4y K (6.19), B KOTOPO}I Y'i 3a~e,H5IlOTCH Ha Zi, a a~i

r 0 iC II r H a III a. IlycTb Tpe6yeTcH oueHHTb xrro ,lI.3HHbIl\f
Ha a2ilw2i. IloJIy4aeTc51 cJIe,lI.YlOlUaH orrTHlVfaJIhHa51 oueHKa: 

fYt=WrX+£t, M~tGt,=B (t, tf), t, t =[0, T],a; (x) =: [1- :!- (~ ~l) (x- ~ YiWi!:f )2]+. (6.20) 
_ x of L: Wi/ oj r,ne B (t, tf

) - KOppeJIHliHOHHaH epyHKUHH rnyMa, 3TO eCTb 5I,lI.pO rro

JIOLKHTeJIbHO orrpe)J.eJIeHHOrO 06paTIIMoro orrepaTopa. OueHKa I1:VleeT 
OTl\1eTHM, Bo-rrepBbIX, LITO OTCLIeTbI Yi HH,lI.eKCa i: Wi == 0 HCKJII04a

TQlflHO rrpIIBe,lI.eHHbIH B (6.21) BHl( C TOrI J1I1Illb p33HHuei1, LITO EBa;:L
l{)TC5!. BO-BTOpbIX, oueHKa 3KBHBapHaHTHa K rrpeo6pa30BaHH5IM C)l)Hl

:paTHLIHble epOPMbI wTB-1W 11 yTB-1w 3al\feH5IIOTCH Ha HHTerpaJlbI 
ra BHna s (x, y) = (x+a, y+wa). B-TpeThHX, rOueHKa (6.20) 6a3H

T T 
pyeTCH Ha g== (~Y([JJi/a2i) / (~WiTa2i) - TaKoH ,lI.eTepMHHHpoBaHHoH wT B-1w= S wtht dt, yTB-1w= S Yt ht dt, 
oueHKe x, KOTopaH MaKcHMH3HpyeT B KJIaCCe JIHHeHHblx oueHOK BH)l.a o 0 
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r,ILe ht IlOJIyqaeTC5I perneHHeM IHHTerpaJIhHOrO ypaBHeHH5I 

J
T	

B (t, i') ht dt = Wt'· 
o 

OTMeTHM, qTO TOqROe 3HaHHe KOppeJI5IIl,JII1 eCTh HeKOTOpa51 H,Uea..,· 

JIH3aUHH peaJIhHhIX 3HaHHH, eCJIH OIlIH6KH HeBeJIHKH. B CJIe,lI,YIOmeM 

pa3,lI,eJIe 6y,ILeT H3YQeHO BJIHHHHe ornH6oK B 3HaHHH KOppeJIHUH~ Ha 
cnoco6hI epOpMHpOBaHHH oueHOK 'H OIlTHMaJIhHhIH BH,IL HX. 

Ou.eHKa aMnJIliTY,JJ.bI CHrHaJla npH KOJle6aHHSlX ero cPOPMbI 1-1 He-

TOlJHblX KOppeJlSlIJ.HSlX WYMa. TIyCTh Yt=WtX+£t, r,lI,e t=t1, t2, ••• , tn 
(HJIM tE)[O, T]), iWt orrpe,ILeJIHeT epOPMY CHrHaJIa, a x -ero aMfU1II

Ty,lI,y. TIYCTh IlIyM £t HM,eeT HyJIeBOe Cpe,ILHee j\tl£t == 0, aero Koppe.J15I

UHOHHaH epYHKUII5I B (t, 't) HeH3B€CTHa H JIe)KHT BHYTPII 3a,U3'HHOrO 

BhlrryKJIOrO OrpaHHqeHHOrO ceMeHcTBa ~: 

M £t ~'t = B (t, 't) E~, T.e. ~/ft~ == V JU~. 
BE~ 

EY,Zl,eM HCK3Th orrTHM3JIhHYlO oueHKy x B ,nOCTaTOtIHOM ,LJ)1H YKa3aHHo11 33,J.atIa 

KJIaCCe rrpaBHJI BH,na 8 (Yt-Wtx). 3arrHIlleM )])151 3Toro pHeK 

II~(a)= 1 ~xM;a(S)+(x-l)MSa(6)+A.MSs~pSa(6+W(X' -x»dx= 

== 1 - % inf Mi a(6) + (x - 1) sup Mi a(6) + Asup M~ Sa (6 - wx) dx == 
B -	 B B 

= 1- x ~f Mi a(S) + (x- 1) a+ A. s~p Sa (6 - wx) dx, 

r,ne HCrrOJIh30B3HO paBeHCTBO .M if CS) =sup:f (5) =t H HH,neKC t y St H 'LVt )l)1H Kpar
KOCTH onymeH. 3a,lI.alla CHHTe3a OnTHMaJIhHOrO rrpaBHJIa 06peTaeT BH,n 

inf sup [1- % Mi a(s) + (%- 1)(3+ Asup Sa (6- w x) dX].
a B - S
 

TaK KaK
 

~;Bl+(l-'V)B2a(s) == sup { L: L [1' B1 (t, 't) + 
t	 't 

+ (1 -1') B2 (t, 't)] Ct , 't: L Ct ~t + ~ }: Ct. -r 6f £,; ~ a(s)}'= 
t t 't 

==1'M~ a(s)+(I-y)MR a(s), O~y~l, 
-	 1 - 2 

TO p'HCK HBJIHeTCH BorHyToll epyHKUHeH B. YtIHThIB3H BblnY'K.TIOCTh H OrpaHUtIeH· 

HQlCTh :ceMeHCTBa ~, MbI MO:IKeM H'HepHMYM 1M cynpeMYM nOMeHHTh MeCTaMH 11 CRa· 

q3JIa OTh1CiKaTh oueHiKY npH 3a,UaHHOH KOppeJIHUHOHHOH epyHKUU:H B (t, 't), 0603HaQ3H 

pHCK IT~, B (8), 3 33TeM, MaKCHI~UI3HPYH pUCK, onpe,neJI'UTh HaHMeHee 6.IIarOnpH5IT· 

Hoe BH .6 H nO,UCT21BHTb B oueHKy. 

OIlTHMaJIhHa51 OueHKa, MHHHMH3HpYlOm aH IT t. B (0), H pHCK ,UJI5I 

Bee 3aiTIHChlIBalOTrCH B MaTplfiqlHOM BH,LLe (npH HenpephIBHOM t JIerXO 

nepenUChIBaIOmHMCH B COOTBeTcTBylOmHe HHTerp aJIhHhle aHaJIOrH): 

T
2A )2/3 ( w B-

l )2J+Oy (x) = 1 - - wT B-1 W X - _ y ,
[ ( 3%	 wT B 1 \IV 

rr~.B (0) = (12 A2 %)1/3/(WT B-1 W)1/3, 
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TtU IUPli H€JKOTOpOM A 3TO - epopMyJIa '(6.21), H 6bIJIO IC,LLeJIaHO 1IT.Oe 
nymeHHe, qTO IT~,B(a) ~ 1. Teneph IH3 BbIpa)K€lHH5I ,UJI5I pHCKa BH,UHO, 

rqrO HaUMeHee 6AacOnpUflTHOU BH .6 6yoeT KOppeAfllfuOHHafl epyHK4ufl , 
.MUHUMU3UpY'0U{afl KBaOpaTUt£HylO ¢OPMY: 

WT B-1 W= min wT B-1w.
H.6 

BE~ 

OKOHLIaTeJIhHO onTuhtaAbHafl olfeHKa ypOBHfl a npuMeT BUO (6.21), 
./(,yoa BMeCTO B noocTaBAfleTcfl BH .6 . PaccMoTpHM rrpHMephI TloJIyqe

HH'5I Ta'KHX oueHOK ,ILJI51 pa3JIMqHhIX IceMeHcTB ~. 

I1 p H M e p 6.8. ITYCTh 3a,U3HhI rpaHHUh1 KOppeJIHUHOHHOH <pyHKUHH B (t, 't), 
,8 (t, 't), HBJIHIOr..u.HeCH HeOTpHuaTeJIhHO orrpe,UeJIeHHb1MH H,Up3MH. Tor,lI.a HaHMeHee 

·6JIarorrpHHTHhIM 6y,neT 3HaqeHHe BH .6 (t, 't) =13 (t, 't), COOTBeTcTByIOr..u.ee MaKCHMaJIb· 

HOH: MomHOCTH B (t, t) = 52
t wyMa H M3KCHMaJIbHhIM KOppeJIHUHHM. 

B ,lI.pyroM CJIytIae rrYCTh ~= {B: IIB-Boll~v}, r,Ue HopMa IIBII eCTh MaKCH

'M3J1bHOe cOQcTBeHHoe IIHCJIO onep3Topa C H,npOM B (t, 't). 3,nech Bo(t, 't) eCTh 

iHeKOTopoe npe,UnOJIar3eMOe (oueHOQHoe) 3H3tIeHHe KOppeJIHUHOHHOH <pyHKUHH, a 

·v - BeJIHIIHHa OIllH6KH. B .9TOM cJIytIae 

Tmin w B-1 w == wT (80 + v 1)-1 w, 
"B-BolI~v 

T,ne I - eUHHHQHhIH orrep3Top, cooTBeTcTByIOr..u.HH RUPY B BH,Ue ,lI.e.r1hTa-<pytHKUHH 

.,AHpaKa. 5!.rr.po v I HHTepnpeTupyeTcH rKaK KOppeJIHUHOHH3H <pyHKUHH «6eJIoro illY· 

,Ma» crreK11paJIhHOH HIHTeHCUBHOCTH v. D03TOMY cyMMa 8 0 +v I paBHOCHJIhHa ,no6aB· 

JI€HHIO K <pJIyKTyaUHHM «6eJIoro wyMa». TalKHM o6pa30M, oUlu6Ka B 3HaflUU Koppe

IlRl{UOflflOtt ¢YflKl{UU ¢AYKTyal{uu KOMneflcupyeTcR npu6aBAeflueM 806a8Ku B 8u8e 

·«6eAoco UlyMa» (no,Uo6HhIH BhIBO,U, eC.TIH BcrrOMHHTh, MhI YiKe rrOJIylIaJIH B 33,nalle 

<pHJIhTP3UHH KOHua § 5.5). 

Teneph 06CY,lI,HM TOT CJIyqaH,Kor,Ua HeTOqHO H3BeCTHa ep)"HKUHH 

,Wt, aIIpe.neJIHlOll~aH epOPMY rrOJIe3HOrO ICHrUaJIa. OueHKa (6.21) y)Ke 

He 6YAeT B 3TOM CJIyqae OIlTHMaJIbHOlI, TaK 'KaK ORa npH3hlBaeT K 

JIHHeHHOH o6pa6oTKe Ha6JIIO,UeHHH yt, TOr,lI,a Ka'K rrpM 'HeTOqHO H3BeCT" 

HOM CHflHaJIe He HCKJIlOqeHO,qTO CJIeJI.yeT IlepeHTH K HeJIJ1IReHHOH 

o6pa6oTKe. TIo KpaHHei1 Mepe, oueHKH BH,lI,a r[CO-~~Cij(Yi-X) X 
X (yj-X)] + YfKe He 06pa3yIOT ,UOCTaTOqHOrO K.lIacca. TeM He MeHee, 

eCJIli II3MeHeHHH CBTHaJIa l\1aJIbI no cpaBHeHHIOC HeKOTopbHvl rHIIOTe

THqeCKHM 3HaqeHHeM ,WOt, TO Bee )Ke MO)KHO OrpaHHqHTbCH JIHHeHHbI
o 

MH oueHKaMH, nO,lI,6npaH B x y = cTy 3\HaqeHHe c TaKHM 06pa30M, QTO

6hI Ma'KCHl\1H3HpOBaTh OTHorneHHe CHfHaJI-wyM Ha BhIXOJle ¢HJIhTpa 

JlHHeHHOH o6pa6oTKH npH HaHMeHee 6JIarOnpHHTHOM OTKJIHKe Wt, 
T.	 e. pernaH 3a,ILaqy 

max min (eT W)2/eT Be rrpH eT w ==- 1. 
e WEY/ 

IT p H M e p 6.9. flycTh Wt MO:IKeT KOJIe6aThCH OKO.no 3HatIeHHH W
U 
t, T3K QTO 

Hw-woI12=~ (Wt-WOt)2~~2. Tor,U3 

t 

min (eT 
W)2 = min (~ Ct Wt)2 = (2: Ct w~ - "CI[~)2 == (eT 

Wo -I/cll ~)2, 
wEPI/ Ilw-wolI~~ 
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rne MHHRMyM nOCTHrae'J'ClI npR Wt=wOt-CtL'i/llcli. MaKCUMU3aUlll1l no c OTHoweHIHII 

CUrHaJI-wyM (cTwO-llcllL'i)Z/cTBc BeneT K 3Ha'leHUIO 

c* = (B- VI)-I w/wT (B - v I)-I w, 

rne v HaXOnUTClI KaK peweHue ypaBHeHlIlI vZwT(B+vl)-Zw=L'iZ. 

TIPH HerrpepbIBHOM 'BpeMe,HH t CYMMbI 3aMeH5IIOTC5I oRa H'HTerpa.TIbI, 

a MaTpHqHble 'Bblpa)KeHH5I - Ha HHTerpaJIb'Hble aHaJIOrH. 

TaKHM 06pa30M, flallU'lUe KOlle6aflUU CUimalla 8 clly'lae IlUfleu

HOU o6pa6oTKU KOMneflcupyeTcfl 88eiJefllleM iJonollflUTellbflOZO adiJu

TU8flOZO ,«6ellozo myMa» cneKTpallbflOU UflTeflCU8flOCTU Vi. TIOJIe3HO 

IlPOB€CTH 'cpaBHeHHe c rrpe)].bI)].ymHM rrpHMepOM, r)].e TaKa51 )Ke 1l,O

6aBKa 51B.TI5IJIaCb CJIe)].CTBHeM 'HeTOqHOrO 3HaHH5I KOppeJI5IU'HOHHbIX 

CBOMCTB WYMa. 

6.4. OU.EHHBAHHE nAPAMETPA C)J,BHrA no MOMEHTAM
 
H rAPMOHHlJECKHM CPE)J,HHM
 

OueHHBaHHe rro MOMeHTaM. KaKOBa 6yneT oueHKa rr~paMeTpa x 
rro Ha6JIIO)].eHH5IM Yi=x+1;i, i= I, ... , n, Kor)].a H3BeCTHbI MOMeHTbI 

60JIee 'BbloOOKHX, 'leM rrepBoro H BToporo rrOp5l)].IWB? Tor)].a BH)]. Ol\eH

KH, IB '06m€M, 6y)].eT OTJIHqaTbC5I OT yceqeHHOM CHH3Y rrapa60JIbI, ha

KOBOH OHa HBJI5IJIaCb BbIwe. Haq'HeM c rrpHMepa. 

TIpuMep 6.10. )J,onycTuM, 'lTO UCXOnHbIMU nJIH S HBJIHIOTCH: MS3iS 'j=0, 
i=r!=j, Ms6 i =lnG. Torna npu x~1 nOCTaTO'lHbIM 6yneT CJJeAYlOmuH KJIaCC oueHOK: 

o(s) = [co-Cj~~S3iS3j-CZ~;6d + (,KY.I\a .l\JIHnOJIYlJeHUlI Oy (x) Hy)KHO nO.l\CTaBUTb 

i ""j
 
;i=Yi-X). B lJaCTHOCTU, K .3TOMy KJIaccy OTHOCUTClI oueHKa BH.I\a
 

a(6) = [1- (fa/L'in)Z]+, €3 = ~Wn, 

KOTo~aH 3aMeHOH ;3i =1']i BbIBO)j,UTCH U3 (6.18), npUlJeM M1'ji=O, M11zi=lnG. 110

.3TOMy .l\JIH ¢uKcalluu ypOBHH nOJI)KHO 6bITb L'i n = y XlnG/ (an) . ECJ1U B TOH )f{e 

caMofl 3ana'le nOrrOJIHUTe.1bHO H3BeCTHbI rrpOMe)I<yTO'lHble MOMeHTbI (BnJIOTb .1\0 

weCToro), TO, KaK MO)KHO 6yneT BH.I\eTb U3 cpaBHeHUH CO CJIenylomHM npHMepOM, 

60JIee XOpOWHMU MoryT OKa3aTbCH OlleHKU BUna [1-((/6) 6] +, TaK 'lTO qJopMa 

olleHOK BO MHorOM orrpe.l\eJIHeTCH BH.I\OM UCXOllHblX (nepBH'lHbIX) npH3HaKOB. 

TIepeMJJ:eM OT irrpHMepa K ·06meMy CJIyqaIO. TIYCTb OrpaHHqeHHblMH
 

5I'BJI5IIOTCH MOMeHTbIBnJIOTb )].0 rrOp5l)].Ka 2k. 3a)].a)].HMC5I OueHKaMH
 

'BH)].a
 

0(1;) = [1 - (~/f1n)2kl+, k = 1,2, ... , (6.22) 

H Ha30BeM HX 04eflKaMU CTeneflflOZO Tuna. KaK <PYHKUH5I rre,peM€HHOM
 

x oueHKa CTerreHIHorOBu)].a iJ(y-Ix) rrpHk> I y)Ke 'He rrepeBepHyTa51
 

I BrrepBble nOKa3aHo B CTaTbe: KY3HellOB B. TI. 0 CUHTe3e JIHHeHHblX 06Hapy)KU

TeJIeH npH HeTOlJHO 3a.l\aHHOM CUrHaJIe U HenOJIHOCThlO H3BeCTHbIX CBoHcTBax HOp

MaJIbHOro wYMallPa.l\UOTeXHUKa H .3JIeKTpOHuKa. -1974. - NQ 12. - C. 2529
2538. 
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, .~ ... 
Puc. 6.4. OueHKH CTeneHHoro Tuna 

:>::.•
& 

60JIee TynaH, qeM napa60JIa y BepwH

HbI, II 60JIee KpyTO cna)].aIOma51 y oc

HOBaHIfH, KaK 3TO nOKa3aHO Ha pllC. 

6.4, TpaHc<popMHpYJ<?ma5lc5I npH k-+ J ; I .1 L 
-+00 K HH)].lIKaTopHoH <POp Me, T. e. )].0- :r 
BepHTeJIbHoMy HHTepBaJIy. 

BeJIHqHHa 2f1n - pa3Max oueHKH y OCHOBaHH5I. OqeBHJJ:HO MiJ (6) ~ 

yceqeHHaH CHH3Y rrapa60JIa, a KpHBa5l, 

~1_M€2I<f~2hn (TaK KaK iJ(z)~I-,(Z/,f1n)21<),J\1iJ(6)~1 (TaK KaK 

o(z) ~ 1), tOT'KYiJ,a npM x~1 ;HMeeM 

aX (0) = I - x M 0+(x - I) M 0 ~ x 1\.1 ~ 21</ f1~k. 

Tenepb, 4T06bI ypo'BeHb aX(o) oueHKH 6bIJI He 60JIbWe a, 'Hy}l{HO 

6paTb~n~ (xM~21</a)1/21<. nJI5I orrpe)].eJIeHHH pa3Maxa oueHKH f1n HY}l{

HO 3HaTb M~21'. B CBOIO 04epe)].b, )].JI5I HaXO)K)].eHHH M€2k, KaK 3TO CJIe

,'!.YeT H3 HepaBeHCTBa M€2h~1; ... 1; 1M l1;i ". 1;i I< /n21<, ,ll.OCTam4HO 3HaTb 
1 

CMeWa'HHbl,e MOMeHTbI 'BHJIOTb )].0 iIIOp5l)].Ka 2k. 
4T06bl rrOJIyqHTbco)].ep}l{aTeJIbHble pe3YJIbTaTbI, Hy)l{HOc)].eJIaTb 

npe)].,rro.nO}l{e'HH5I OTHOCHTeJIbHocyme'C'l'BOBaHHH MOMeHTOB. XapaKWp 

3THX npe)].nOJIO}l{eHHM H HX BJIH5IHH5I Ha pa3Max oueHKH yCTaHoBHM 

C'HaqaJIa Ha 'npHMepe. 

TI p H M e p 6.11. TIYCTb k=2. Torna .l\JIH He3aBHcHMoH cUMMeTpU'lHOH nOCJIe

,lI.OBaTeJIbHO~TH C KOHe'lHbIM lJeTBepTbIM MOMeHTOM: 

r0 rrpH i 1 =1= i 2 , i 1 "" itl' i 1 "" '4' 

IMI~· 1:. 1:. ~. = J 04 npH i 1 =iz ~ i a =i4 ,1. 1 '01. 2 '01. 3 1. 4 )

l 1n4 rrpH ii = i 2 = i a = i 4 , 

r,ll.e OZ=MSZi, iii,=Ms';. OTCIOna HMeeM 

M~4~ m4 + 30
4 
(n-l) L'in~~[~( 1n4 + 304(n-l) )]1 /

4 
n n ' Vn ann
 

AHaJIOrHlJHO, eCJIH k = 3, TO
 

M~6~+( nm6+C~n(n-I)~az+n(n-I)(n-2)a6 (2!~~3! ). 

1 [X (m6 2n - I -- (n-I)(n-2) _)]1/6
tJ. ,,;:::-- -- --+C --m oZ+15 0 6 

n "'" , /- 2 6 2 4 nZv n a. n n 

3necb BU.I\HO, 'lTO 'leM 60JIbWe n, TeM B MeHbweH MepeBJIHHIOT BeJIU'lHHbI cTap

WHX MOMeHToB Ha WHpHHy ou,e'Hl{Jol (6.22). TIPH n-+oo cymeCTBeHHblM OKa3bIBaeTCH 

JlHWb 3Ha'leHUe BToporo MOMeHTa oz. I 
C~eJIaeMrrpe)].rrOJIO}l{eHH5I. OYCTb k - HeKoropoe ueJIoe 4HCJIO 

If 06paTHMCH K oueHKe CTeneHHoronma (6.22). CqHTaeM 6i O,ll. H 0
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p 0 .rr. H 0 I1 II OC JI e .rr. 0 BaT e JI h iH 0 C T h 10 C II M MeT p II '1 H hI X e. B., 

y 'KOTOpOI1 nhk = MSi2.k< 00. nJI5I 'Hee Ms i 2. j -l=O IIpl1 j= 1, ... , k, 11 

m2jKOHe'lHbI IIpH j ~Ik. HY)l{HbI TaK)I{e npe,l1,'nOJIO)l{eHI151 OTHOCI1TeJIbHO 

H e K oQ;p P e JI H P 0 BaH IH O'C T HM e )I{ ,11, yeo 6 0 I1 'C Ten e .'H e II 0 T

e '1 e T 0 B, a HMeHHO, C4HTaeM IMIS{l S~2 ... Sj,n =O,eCJIH He'le11HO XOT5I 

6hI O,l1,HO ji', r,l1,e jinpHHHMa10T l1,eJIbIe 3Ha4eHI15i OT °,11,0 '2:.ji~2,k (Tpe

6yeMa51 HeKOppeJIl1pOBa'HHOCTb 6y,l1,eT, eCJIH Si He3aBHCHMhI H CHMMeT

PH'l'HbI). Tor,l1,a ,I1,JI51 paC'leTa l;iI(2.h, a OTC1O.rr.a H ,I1,JI5i paC'leTa OWH6Kll 

a" (a) =xM~2.kl!i2.hn Ol1,eHKH (6.22) y:vreCTHO BOCnOJIb30BaTbC51 ,I1,onpe

)l,eJIblHOrlep'OpYlyJIOH (3.11), 3 B aCHMnrOTHhe npa n-+oo - ,yTBep)K

.rr.eHHe;VI 3.11, ,corJIaC,HO KOWpOMy lim M€2.1J n" ~(J2k (2,k) !I (k!2h). 
t1~oo 

OOlll:CTaoBJI5i51 n'pa'By1O 4aCTb B oWH61Ky H npl1p8B,HHIBaH noc./le,J.

H1010 a, H3XO)l,HM 3CHMTlTOTH4eCKoe 3Ha4eHHe pa3MaXa!in Ol1,eHKH 

CTel1eHHOrO 'Ulina, HOpiMYipOBaHRoe MHO)l(IHeJIeM Vn: 

~im!in -yn= a [X(2k)! ]1/2k (6.23) 
~oo -, ;-2 !IV a,~. 

06paTHM BoHHMaHHe, 'ITO IIpH n-+oo pa3Max!in YMeHbWaeTC51 

npOIIOpl1,HOHaJIhHO I/Vn, TaK KaK IIpaBa51 4aCTh OT n He 3aBHCHT. 

K.aK epYHKI1,H514HCJIa k IIpaBa51 4aCTh HMeeT 5lBHO Bhlpa)l{eHHhIH MH

HI1MyM, )l,a1OIUHI1 HaHMeHbWH'I1 pa3Max Ol1,eHKI1 npl1 )l,3HHOM ypoBHe a. 

::ho pO)l{)l,aeT 3a)l,a 4Y aCHMIITOTI14eCKH (npl1 n-+oo) OIITHMaJIhHOrO 

BbI60pa 'lI1CJIa k, T. e. '110)l,CTp.aHKe epOpMbI Ol1,eHKH JIO na'paMeTpy k 
B paMKaxcTpyKTyphI CTeneHHor.a TI1IIa (6.22), K 'leMy 11 IIIepeH)l,eM. 

ACHMnToTH4ecKaH nO,l1,CTpOHKa Ol1,eHKH CTeneHHoro THna. C'lHTaeM 

Si ,cHMMeTpH''l!HbIIMH, o:rp61HH4eHIHbIMll (IlI013TOIMY ,oYIUecTBy1OT MOMe'HTbI 

JIl06hIX :nOip5l)l,'KOB) 11 He3aBHCHiMbIMH. B 'pe3lyJIbTaTenpH JI1060M l1,eJIOoM 

k 6y)l,yT BhIl10JIHeHhI npe)l,nOCbIJIKll ¢OPMYJIbI (6.23), )l,a1OIUeH aCHM

IITOTll'leCKOe IIpH n-+oo 'Bblpa)l{e'HHe )l,JI51 ,pa3Maxa Ol1,eHKll CTeIIe'HHO

ro TllIIa. 

lllllpl1Ha orr:eHKH (6.22) IIOJIY4aeTc5I HHTerpllpoBaHHeM 

~n 2k 
Qn (0) = S [1 - (xl!in) 2k] dx = 2 !in 2k + 1 

-~n 

Oo.rr.CTaHOBKa C1O)l,a 3HalJeHIl51 !in H3 (6.23), 06eCnelJH'Ba1OIUero no 

KpaifHeH Mepe aCI1MoIlTOTH'leCKH ypoBeHb a, IIpllBO)l,HT K BhIpa)l{eHH1O 

)l,JI51 aCUMnrOrU'leCKU l-WpMUpOBaHHou UlUpUHbl 

Q* = lim Q (0) Vn = V2 a[X (2k)I I/2k ~ . 
n 

no+oo _ u kl J 2k + 1 

OOCTaBHM 3a)l,a4y BhI60pa TaKoro k, IIpll KOTOpOM )l,OCTlIraeTC51 

MHHHMyM IIpaBOH lJaCTll. Ee peweHHe - cepepa 'lHCJIeHHhIX MeTO)l,OB. 

Ho Ha Ka'leCTBeHHOM ypoBHe BIIOJIHe nplleMJIeMhI H aHaJIllTHlJeCKlle, 

BOCIIOJIh30BaThC51 KOTOPhIMll n03BOJI51eT epopMyJIa CTll'pJIlmra: 

(40:", '-'r··· 

k! "'" ('k/e) k V 2:rtk. nO)l,iCTaHOIBKa ee Ha Meno <:paKTOpllaJIOB B Q* 

.rr.aeT :
 

Q =2a(V2x/a)1/2k y2k/e ~
 * 2k+ 1 • 

a MHHHMH3al1,HH no k Be,lI.eT K ypaBHeHH10 la=k(2k+3)/(2k+l), r,lI.e 

l$ =In (11 2x/a), peweHlle hOTOporO eCTb k* = 10./2- 3/4+VI
2

a -
3/ o. / 

2+ 
+972. HY)!(HO B35ITb 6mDK8Hwee l1,eJIoe K HeMy 3Ha4e,HHe \[ k*], no,l1,

CT3HOBKa 1\0TOpOro B Q* ,lI.aCT aCHMnroTH4ecKHHopMHpoBaHHy1O WH

PHHy OU
eH

.!5H (6,22). Ee nplc\Be.ueH'Hoe (K e,lI.I1HHlJHotl )l.HCnepclIH) 3Ha

4el'me Q*/a npH x= 1 'CBe)l,eHO B Ta6J1Huy ,lI.JI51 cpaBHeHHH c npH'Be

;r.eH WHpHHOH 2dr1(1/2-a!2) ,lI.OBepHTeJIbHOrO HHTepBaJJa HOp
HOH 

MaJIbHOrl Bb16opl\H npHMepa 6.5. OpHCOCTaBJIeHlIH Ta6JIHUbI 6paJIlICh 

no 04epe,lI.H ueJIble 3Ha4eHHH k'" = I, 2, ... , no HHM HaXO,lI.H.'lIICb la, 
3aTeM a (onTHyta~bHble ypOBHH, cooTBerCT'BylOw. l1e 3anaHHo\01Y k~) H 

Bbl411'CJlHJIHCb Q,."ja, a napaJIJleJIhHo,J.JIH cpaBHeHHH Haxo,J.HJIHCb 

2cD- 1 (1/2-ai 2). 

I 65
1 2 3 \ 4CTeneHb ou,eHIUI I \ I I 

I 0,267 I 0,086 I 0, 03 1 0,01 I3,84.10-' 11,4.IIr.
OTITHMaJIbHblH ypoBeHb 

6.3 6.9 
1 3,9 14, 8415. 62 \PaCTIJIblB'IaTOCTb Q./a \ 2.62 \ 

5,76 6.4 
\ 2.22 \ 3,44 \ 4, 36 \ 5, 08 \2<D- ' (l/2-u/2) \ 

MbICJIb, npOBO)l,HMa51 HaMI1 H nO)l,'KpenJIeHHa51 Ta6JIl1ueH, BOT B 

lJeM. Opa yBeJIH4eHH'1I n HOpMHpOBaHHa51 ,cyMMa '2:.£dVn orpaHIl4eH

HOrI CI1MMeTpH4HOH He3aBHCHMOl1 nOCJIe,lI.OBaTeJIbHOCTH C. B. B COOT

BeTCT13I1H C u elIT pa,lbHOli npe.ueJIbHOH TeopeMoH 3,16 )l,OMKHa cxo

)l,IlThC5I K HOpMaJIbHoMy 3aKoHy, 3TO epaKT. Ho Tor,lI.a ·cJIe)l.yeT O)I<H

,lI.aTh, 'ITO liIHpHHa oueHi<H (6.22) TO)Ke ,lI.OJI)I{Ha npH6JIrDKaTbCH K 

Wl1pHHe ,lI.OBep"Te.lbHoro HHTepBaJla ,J.Jl51 HOpM3JlbHOii nOCJIe,J.OBa

TeJJbHOCTII Si (cyMMa KOTOpbIX, Ea!\ H3BCCTHO, TO)lZe HOpMaJIbH8). 3TH 

OiIOI,lI.aHHH, EaK HBcTByeT 113 Ta6JIHUbl, nOJIHOCTb1O OnpaB,lI.bIBaIOTCH. 

OnpaB)l,bIB31OTC5I H ,lI.0!Za3bIB81OT npHHUHnH3JIbHY1O B03MO}KHOCTb no

JIYlJeHI151 l\a4eCTBeHHbiX oueHOK npH hpai1He CKy,J.HbIX 3HaHHHX 0 cPJIyK

TyaI1,H51X £i. OTCyTcTBHe )!ze nOJIHOrO COBna.neHH51 06'bHCH51CTCH TeM, 

'ITO H3 npe,ll,eJIbHbIX CBoikTB cyMMbI '2:.Si «BblxBaqeHbI» TO./lbKO MO

MeHThI, ,lI.a H caM a Ol1,eHKa no nOCTaHOBl\e 3aKJIlO4eHa BHyTpH cPOpM 

CTeneHlHoro TIIIIa. EUI,e Ba)KHO, 'ITO HaWI1 oueHKI1 «'BflHTbIBa1OT» B ce

65'1 Bce HMe1OIUHeC51 H cJIenYIOw.He H3 HHX naHHble, ,lI.aiKe n0604Hble. 

I1.cnOJIb30BaHI1e ,lI.onpeLl,e.nbHblx 11 npeAeJIbHbIX pe3YJIbTaToB. °PII

cTynHM K 60.lee MeTo;UI 4HOM Y npHBJlelJeHHIO ,lI.Oflpe,lI.eJIbHbIX H npe

,lI.eJIhHhIX pe3YJIbTaTOB r JI. 3 )l,JI51 CHHTe3a Ol1,eHOK. B IIpeAb1nyIUHx 
~59 
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.uByX pa3.ueJIaX p3CCMaTpHBaJIH>Cb TOJIbKO 'CTerreHHble rrpH3HaKH CYMM 

11, Ka'K CJIeLJ.CTBHe, MOMeHTbI. B TO )I(e BpeMH He HOrrOJIb30BaHbI LJ.aH

Hble 0 rapMOHHlJeCKHX rrpH3HaKax, B03HHKalOIUHe rrpH CYMMHpOBaHI1H 

He33BHOIMbIX C. B. 'COrJIaCHO HCCJIeLJ.OBaHHHM rJI. 3. 
ITpe)KLJ.e lJeM 'BblCKa3aTb c006pa)KeHHH Ha 3TOT ClJeT, CLJ.eJIaeM 

He60JlbwyJO oCTaHoBKy, lJT06bl pe3JOMHpoBaTb xapaKTepHble CBOI1cTBa 

nOJIYlJeHHblX Bblwe Ol../,eHOK napaMeTpa C1I,BHra x. Bo-nepBblx, Ol../,eH

KH Oy(x) 5lBJIHJOl'C51 epYHI\l../,H51MJI Si=Yi-X, 'lTO paBHOC,I1JIbHO JIX 31\BI1

Bapl1aHTHOCTH K npe06pa30BaHH51M CLJ.BHra: Oy+la(x+a) =Oy (x) = 
=o(y-lx)=o('g), ITepBOnpH'lHHa Tal\OrO CB01~!CTBa B TOM, lITO JIJO

6ue 3Ha'leHH51 x HaX01I,RTC51 B 01I,HHaKOBOM no npHBI1JIerHRM anpl1op

HOM nOJIO)l(eHI1H, eCJIH LJ.aHHbIX 06 x HeT (LJ.aHHble, CXa)l(eM, 0 LJ.Ha

lla30He 3Ha'leHH1'1 x YMbIWJIeHHO MO)l<HO HrHopHpoBaTb C ueJIbJO LJ.OC

TWlb yrrpoIUeHH1'1) H eCJIH WKaJIa paCnJIbIBlJaTOCTH He B3BeweHa. 

BO-BTOPbIX, .llJIH O.!lHOpO.il,HOii BbI60PKH Yi = X +Si iHa6JIJOLJ.eHH1'1 oueH

Ka 5l'BJI51eTC51 epYHKl../,He1'1 CYMMbI ~Si 'KaK rrOCJIeLJ.CTHI1e CHMMeTpHIH 3a

.ualJH K irrepeCTaHOBKaM Ha6JIJOLJ.eHH1'1, B pe3YJIbTaTe Bce ,Ha6JIJOLJ.eHHH 

OKa3bIBaJOl1C51 OLJ.HHaKOBO paHHOl../,eHHbIMH ylJa'CTHHKaMH B nOHCKe 

CKpbITOrO x. 
H, HaKO'H,el../"caIMoe Ba}.K1Hoe B IHaCT051IUH1'1 MOMetHT, lJTO 'OUEllHKH 5l'B

JI51JOTC51 epYHKUH51MH He npOCTO CYMMbI, a HOpMup08arlfWii CYMMbl ~n. 

3TO JIH60 CpeLJ.Hee apHepMeTHlJeCKOe S B OueH'l(e (6.17), KOrLJ.a LJ.aH

HbIX 0 KOppeJIHUHHX Si HeT, JIH60 HOpMHpoB3HHaH cyMMa ~V n= 
= ~sdV n, eCJIH Si 'HeKOppeJIHpOBaHHaH HJIH He3aiBHCHMaH o.uHOpOLJ.

HaH nOCJIe1I,OBaTeJIbHOCTb. IToCJIeLJ.Hee JIerKO BbITeKaeT H3 (6.22), 

(6.23), eCJIH ylJeCTb, lJTO oueHKa 3aBHCHT OT OTHoweHHH (/,I'J.n , a pa3

MaxI'J.n inponopUHOHaJIeH 1/ V n. ''!'.3i.I"c, 

B 06meM, oueHKH 3 a'rrHCbIBaJOTCH: Oy (x) = V (~n), r.ue v (z) e,CTb 

HeKOTopaH YHHMOLJ.aJIbHaH CHMMeTpHlJHaH epyHKUHH Z, paBHaH 1 npH 

z=O II cnaLJ.aJOIUaH K 0 npH 011KJIOHeHI1II Z OT O. HHT,erpaJIbHaH 

Wl1pHHa 'epyHKUHH v (z), a LJ.JIHHe3aBHCIIMbIX epJIyKTyaUH1'1 'C nonpaB

1(01'1 Ha MHO)l(IITeJIb 1/ Vn .ilaeT paCnJIbIB'laTOCTb oueHKH. B yrrOM51

HyTOM cJIyLJae Sn=€Vn= Cy-x) Vn II 

SOy (x) dx = Sv«y - x) in) dx = S v (z) dz/Vn. 

B apryMeHTe epyHKUHH v (Sn) CTOHT HOpMIIpOBaHHaH cyMMa ~n, 
B nOBe.ueHHH KOTOp01'1 BbILJ.eJIHel'CH TO, lJTO \;n npH YBeJIH'leHHH n CTa

6HJIH3HpyeTcH KaK CJIylJa1'1HaH BeJIHlJHHa, T. e. He Bblp0)l(LJ.aeTCH HH 

K HyJIJO, HH K 6eCKOHeLJHOCTH. Y.il06HO npe.uCTaBJIHTb Ice6e C. B. Sn, 
KaK 6y.uTO COBepwaJOIUYJO O"paHIIlJeHHble KOJIe6aHHH B .ilHarra30He, 

MeHHJOmeMCH npH YBeJIHlJeHIIH n HecymecTBeHHO, B TO BpeMH, KaK 

cpe.uHeCTaTHCTIILJeCKIIe .uaHHble 06 \;n npeTepneBaJOT II3MeHeHIIH, .ua 

eI:l{e ,KaK'IIe! 533Y H'C,CJIeJJ.Od3aHHH,M,LLaeT nL 3, r,lI;e ,HoKa3alH0, lJ110 HOp

MHpoBaHHaH ,cy\MMa ,oo06pa3RO HCX()\,LL'HbIM ,LL3HHbIM 'CTpeMIJT,CH K 

pa3HbIM no wIIpIIHe Mo.ueJIHM, nepBHtIHUMII .uJIH KOTOpbIX H'BJIHJOTCH 
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CTeneHHble II rapMOHHlJeCKHe npH3HaKH (BnJIOTb .ilO HOpMaJIbHo1'1 H 

liHTeplBaJIbHo1'1 HOpMaJIbHo1'1 MO,LLeJIe1'1). 3,LLeCb HHTepecHo 'HanoMHHTb, 

4'fOC,B~eHHH 0 CTe,neH,HbIX 11 rapMO'HH4ec.Klix 'IlpH3lHa'Kax CylM.M 1;n 
B03HWKaJOT 11 YTOlJH5IJOTCH ,LLa)Ke TOr,LLa, KOT.ila nOXO)l(HX .ilaHHbIX 0 

cJIaraeMbIX ,BpO.ile 6bl Ii He6bIJIo. 
CKa3aHHoe HaBO.ilHT Ha MblCJIb .ilJI5I He3aBHCIIMbIX epJIyKTyal../,HI1 Si 

nplH paClJeTe OWl16KH OueHIU! a('g) = v (Sn), \;n = 2:sd Vn: 11 CHHTe3e 

OrrTHMaJIbHo1'1 Ol../,eHKH l\aK MO)KHO WHpe nOJIb30BaTbCH LJ.aHHbIMH 0 Sl1' 

npeLJ.OCTaBJI5IeMbIMH ,LLOnpeLJ.eJIb~bIMH H npe,LLeJIbHblMH TeOp~M~MH~ B 

BH)le CpeLJ.IHHX CTene:HHbIX MSh n H rapMOHII'4eClKHX M Sin U~n, 

M,cos USnrrpH3'HaKOB, 'B35ITbIX 3a ,nepBH'lHble LJ.JI51 \;n. ITPH 3TOM BpOLJ.e 

6bI «3a6bIBaJOTC5I» I1CXOLJ.Hble LJ.aHHble 0 epJIYl<Tyal../,li5IX nOCJIe TOrO, KaK 

OHH 6bIJIH HCnOJIb30BaHbI )lJI5I nOJIYlJeHH5I He06xo)lHMbIX 'CBe,LLeHH1'1 OT-

HOCliTeJIbHO 1;n. 
Tenepb 'paC4eT OLllH6KH 6y,LLeT OCYIUeCTBJI5ITbCH TaK: LJ.JI51 BbIlJHC

.JIeHH5I May (x) =Mv (Sl1) epYHKl../,H5I v (z) Ma)KOpHpyeTC51 nOJIHHOMaMH, 

CMeCbJO rapMoHHK HJIH TeMH, H .upyrHMH, a 'npH paClJeTe May (x) 
(cooTBeTicTIBYJOIUeii BepxHe1'1 ,owH6Ke), Hao60pOT, Ma)l(opHpyeT HX B 

COOTBeTCTBHH C 06IUHM npHHl../,HnOM npOLJ.OJI)I(eHHH Cpe,LLHHx. A eCJIH 

BcnOMHHTb npHHl../,Hn )lOCTaTO'lHOCTH, epOpMyJIHpyeMbIH TeopeMoH 6.1, TO 

1) (z) H BOHce caMa ~OJI)I(Ha 3arrH'CbIBaTIYCH B BHLJ.e ,CTeneHHoro p5ILJ.a, 

ra'pMOHHlJeCKOI'O p5ILJ.a <pypbe HJIH nOJIYlJaTbCH ,CMeweHHeM Toro II 

)l,pyroro. TalK, 'B 06w,'eM-TO, II LJ.eJIaJIOCb 'B npe)lbILJ.ymeM pa3LJ.eJIe, HO 

TOJIbKO )lJIH CTeneHHbIX npH3HaKoB. HaM )l(e npe)lCTOHT 31'0 llpO)le

,.JIaTb eIUe H ,LLJIH rapMOHH'leOKHx. 

3 a M e lJ a H H H. 1. Hy)l(HO OTMeTHTb, lJTO oueHHBalme 110 LJ.onpe

)l,eJIbHbIM HepaBeHCTBaM II npe)leJIbHbIM pe3YJIbTaTaM HeJIb3H Ha3BaTb 

C.QB>CeM OnTHMaJIbHbIMH XOTH 6bI nOToMy, lJTO Mbl «336bIBaeM» .uaH

!Hble 0 Si H nOJIb3yeMcH TOJIbKO TeM, 'lTO Y3HaeM no HHM 0 'Sn. H )la

JIee, XOTH no ,lI,aHHbIM 0 \;n oueHKa 'CT,pOWflCHHaHJIylJWHM 06pa30M, 

HO TaKHe oueHKH 'BiCe )Ke T041Hee Ha3BaTb KBa3HorrTHIMaJIhHbIMH, a 

npII n-+oo - acuMnTOTU'l.eCK.U onTUMaAbHblMU. 

2. HOpMHpOBaTbC5I cyMMa ~£i B oueHKe v (\;n) iTIpH He3a,BHCHMbIX 

¢JIyKTya U H5I X He 065I3aTeJIbHO LJ.0JI)I(Ha K03epepHUHeHToM 1/ V n, 3TO 

MO)l(eT 6bITb H l/n, eCJIH )laHHbIX 06 OT,lI,eJIbHbIX CJIaraeMblX nOlJTH 

HeT. 

CHHTe3 KBa3HOnTKMaJIbHWX OIJ,eHOK no rapMOHHlJeCKHM cpeAHHM. 

ITYCTb si,i= I, 2, ... , 11, - O)lHopOLJ.Ha5I nOCJIe~OBaTeJIbHOCTb He3aBII

CHMbIX c. B. H rrYCTb a('g) =v(\;n) eCTb oueHKa napaMeTpa C)lBHra, 

r.ilesn=~sdVn- 'HOpMHpOBaHHa5I 'cyMMa. <pYHKIJ,HJO v(z), 'ClJHTa5I 

ee cHMMeTpH4Ho1'1 no OTHoweHHJO K HaLJaJIy KOOpLJ.HHaT, 3anHweM lJe

pe3 >TIpe06pa30BaHHe <PYPbe V (u): 

v (z) = 
00

S V (u) cos (uz) du, V (u) = -' 
00

f v (z) COS (uz) dz, 
-00 2:rt -00 

3TO npHMaH H 06paTHaH epOPMYJIbI rrpe06pa30BaHHH <pypbe. 
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PaCKJIa,n,bIBa51 V(U)=V+(U)-V-(U) Ha nOJIOMHTeJIbHYlO H OTpH

uaTeJIbHYlO lIaCTH, HMeeM 

M v (~n) ;> SV+ (u) M cos (u ~n) du - SV- (u) M cos (u ~n) duo 
- u - U 

MbIBH,n,HM, lITO oWH6Ka a(0) ='I-Mv (Sn) oueHKH 'BbI'PaMaeTC5I lIe

pe3 ra'P,MOHHlIeCKHe cpe,n,HHe M 'cos (USn) H M COS (USn) 'HOp,MHpOBaH

HbIX 'CyMM. LLaHHbIe rapMOHHlIeCKHXCpe,J.HHX ,n,OCTaBJI5IlOTC5I ,n,onpe

,n,eJIbHbl'M'H H o'pe,n,eJIbHbIMH TeOpeMaMH r JIaBbI 3, B 06meM, He ,n,JI51 

Bcex U, a ,n,JI5I HeKOTopOH 06JIaCTH V, YlITeHHOI1 rrpH HHTerpHpOBaHHH. 

LLJI5I rrpOCTOTbI KOHKpeTH3HpyeM 3a,n,alIY. nYCTb Si He 3 a B He H

MbI, H M e 1O THy JI e B bI e C p e,n, H He MS i = 0 H K 0 H e II H bI e ,n, H c

o e pC H H MS2i=a2. npH .3THX ,n,aHHblx rrOCJIe,il,OBaTeJIbHOCTb Si, B 

06meM, CTanICTHlIeCKH HeycToHlIHBa, CXO,LIJIMOCTH Sn K HOpMaJIbHOH 

Mo,n,eJIIH He 6y;:I.eT. TeM He MeHee 3H3lIeHII5I M COS (USn) MOrm·l 6bI 

6bITb rrOJIYlIeHbI H3 ,n,orrp,e,n,eJIbHOH TeOpeMbI ,n,OnOJIHeHH5I K § 3.3, KO-

TopbIe H rr03BOJIHJIH 6bIB rrpHHUHne paCClIHTaTb oWH6Ky ~(o) npH 

KOHelIHOM n (H CJI,e,n,OBaTeJIbHO, B3BeweHHylO oWH6Ky, TaK J(3K a (d),= 
= 0). MbI 'He 6y,n,eM BbIIlH'CbI'BaTb Bce rpOM03,n,KHe 'CJIe,n,ylOIUHe-.3TOMy 

rrYTH ¢OPMYJIbI XOT5I 6bI ,rroToMy, lITO OHH rrpHHUHOH3JIbHO MaJIO lIeM 

OTJIHlI31OTC51 OT 60JIee ,npOCTbIX BbITeKalOIUHX H3 HHX rrpH n-+oo aCHM

rrTOTHlIeOKHX ¢OplViyJI, Tex, lITO ,n,aIOTC5I iCJIe..lCT'BHeM 1 Teope'MbI 3.13, 
Ha KOTOpbIX H OCT3HOBHMC5I. 

11ocJIe,n,HHe npe,n,oonpe,n,eJI51lOT Ta-KHe aCHMrrTOTHlIeC'KHe ,n,3HHbIe 

o Sn: 
- 2 - - 2 2 2 2M ~n = 0, M ~n = 0 , M COS (u ~n) = exp (- U 0 2/2) COS (c* U 0 ), (6.24) 

r,n,e c*=0,3184, a luI2~Jt/(2c*a2). 3TO HepaBeHcTBo ,n,JI5T U H orrpe

,n,eJIHeT 06JIaCTb V, TaK lITO eCJIH v (z) TaKOBa, lITO V (u) ~O ,n,JI51 

Bcex U, TO HMeeM aCHMnTOTHlIeCKoe 3HalIeHHe 

rr/( 2C*(2) _ _ 
2 2 2lim M v (~n) ;> 2 S V (u) exp ( - u 0 2/2) COS (c* u 0 ) du, 

n~oo a 

r,n,e npH SbICT3BJIeHHH npeJI.eJIOB HCrrOJlb30SaHa cHMMeTpII5I no,n,bIH

Terp3JIbHOrO Bblpa)KeHH5I. 

33M e II a H He. fapMO'HHlIeCI<He cpe,n,l-me B (6.22) MQ)KeT 6blTb 

He CTOJIb 3HalIHTeJlbHO, HO Bce )Ke YTOlIH5IIOT MO,'l,e.1Jb CYM\1bI no cpaB
2 2HeHHIO C M\;2 n = G. 110 O,n,HOMy TOJIbKO nOC~,'l,HeMY 3HalIeHIIIO a rrpo

.nomK6HHeM HMeJIIl 6bl: M 'cos (u~n)?:: 1-u2()2/2, a TO, lITO CO,'l,ep,KHT

C5I 0 \;n B Bblpa)J(eHHH (6.24), HeCKOJIbKO JlylJWee, XOHI rrpH u-+O 
OHH H CTpeM5ITC5I .npyr K ,n,pyry. 

IT pH M e p 6,12. ITycTb v(z) CCTb no ¢Op}le «rayccoB KO,10Kon»: v6 (z) = 

=exp (-nz 2/132), rne 13 - ero IIHTerpanbHa51 wHpmla: S v6(z)dz=13. Torna V(u) = 
= (13/2JT) exp (-1l213 2/4n) ~ ° H OWH6K3 aCHMnTOTHtIeCKH 6y.n.eT He 60JIbwe: 

_ 8 rr/(2c*0') { u 2 (_ ( 2
)} _ 

a (0) ~ 1- -; S exp - -2- 02 + 2;- cos (c* 112 0 2) duo 
o 
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DpHpaBHHBall npaBylO tIaCTb 3HatIeHHIO a/x, paCCtIHTbIBaeTC5I wHpHHa 6, o6eCnetIH

BalOLUa51 HYJKHblii ypOBeHb a. ITPH 'HOM HanOMHlHM, tITO WHpHHa caMOH oueHKH 
HK v (~n) 6y.n.eT paBHa 6iV-n. y6bIBa51 C pOCTOM n nponopUHOHaJIbHO lin npH <p 

cnpOBaHHOM aCHMnTOTHtIeCKH a. 

Bonpoc, KOHelIHO, rrOlIeMY 'B rrpHMep,e B 'KalIeCTBe HCXO,n,HOH ¢op

MbI v (1;;n) B351T «rayoco'B KOJIOKOJI»? I1MeHHo nOToMy, lITO rrpeo6pa

30BaH <pypbe aT Hero eCTb BClO,n,y HeOTpHuaTeJIbHa51 ¢YHKUH51.3TO
He 

My ¢aKTY HMeeTC51 pa3Y~Hoe 060cHoBamIe. B caMOM ,n,eJIe, ,rrpH rrpH

H5ITbIX ,n,3HHbIX HMeeM M cos USn = 1, nO.3ToMY HaJIHlIHe oTpHuaTeJIb

HOH lI3CTH V (u) BHeceT ,n,OBOJIbHO HerrpH51THbIH BKJIa,n, B oWH6Ky 

oueHKH 'B BH,n,e CJIaraeMOro SV- (u)du. B pe3YJIbTaTe Te V (z), rrpe06

pa30BaHae <pypbe KOTOpblX HeoTpHuaTeJIbHO, ,ll.OJI)J(HbI HMeTb onpe,ll.e

JI,eHHOe npeHMymecTBo B nJIaHe ,ll.OCT3TOlJHOCTll. 
nOCJIe,n,Hee cY)I<,ll.eHHe Tpe6yeT HeKoTopoH hoppeKTHpoBKH, TaK 

K3K He rrpHHHMaeT B ClIeT eme o,n,Horo 06CT05lTeJIbCT'Ba: COrJIaeHO 

(6.24) 'rrOMHMO rapMoHHlIecKHx Cpe,ll.HHX HMeIOTC51 ,n,aHHbIe 0 Ima,ll. 

paTHlIHOM npH3H3Ke MS2n =~2. ECJIH TOJIbKO Ha 'HeM OCHOBbIBaTb 

oueHKy, TO .3TO rrpHBeJlO 6bI Hac 06P3THO K oueHKe (6.18) rrapaMeTpa 

c,n,BHr3 rro HeKOppeJIHpOB3HHOH Bbl60pKe (H 3H3 1-IHTeJIbHO 60JIee rrpoc

TblM rryTeM, rrpaS,ll.3, npH ,n,onOJIHHTeJIbHOM yCJIOBHH M~i =0). A ueJIe

C006p33HO, nO-BH,n,HMOMy, HCrrOJIb30BaTb 'Bce ,ll.aHHble 0 1;;n, rapMoHH

tIeCKHe H crerreHHble,rrpHBo,n,51IUHe K CJIe,n,yKiIUefi cMewaHHoH ¢opMe 

oueHOIC 

v (z)= [c + ~ ct cos (Ui z)-c+z2]+, co+ ~ ct= 1,oI 

I

npH nOCJIe,n,ylOIUeM Bbl60pe Ui, Co, C+i H c+. OueHKH .3TOH ¢OPMbl CHM


MeTpalIHbI H rrpH z=O COrJI3CHO yCJIOBHIO cnpaBa ,n,ocTHralOT MaKCH


MaJIbHOrO, paBHoro 1, '3HaQeHH5I. LLJI51 HHX
 
, 

M v (~n) ;> Co -I- ~ ct M COS (Ui ~n) - c+ (12 = 1- a/x, 

~ a lllapHHa, HOpMHpOBaHHa5I MHO)J(HTeJIeM I/V n, HaH,n,eTC51 HHTerpH

pOBaHHeM v (z). 
IT PH M e p 6.13. ITyCTb <popMa Ol\eHKH 3anaHa BblpaJKeHHeM 

v (z) = [cos (n z/26.) - z2/(166.2)J+, 
rne nemneJIb npl1 Z2 non06paH Ta,K, tIT06bI BblpaJKeHHe B KBanpaTHblx cK06Kax He 

HMeJIO n060tIHblX BbI6po.OB Bblwe 0, KpOMe o.n.Horo OCHOBHoro npH z=O. Tor.n.a 

nOnCTaHOBKa Ha MeCTO apryMeHTa ~n=~Vn H HCnOJlb30BaHHe (6.24) npHBo,llHT 

K ypaBHeHHIO
 

M 0 (~n) = exp ( - n2 b/2) cos (c* n2 b) - b/4 = 1- a/x.
 

r.n.e b=a2 /(4,6. 2 ). PeweHHeM ypaBHeHH5I HaXO,llHTClI b, a OTCIO.n.a H lJ.. 

11pHMeHeHHe ,ll.'pyrHx ,n,orrpe,n,eJIbHbIX H npe,n"eJIbHbIX pe3YJIbTaTOB 

npHHUH'rrHaJIbHO MaJIO OTJIHlI3e'PC5I 'OT 'POJIbKO lITO rrpo,n,eJI3HH-Oro. nO 

9TOMy nOBO,n,y 'cefilIac BbICKa)J(eM HeKOTopble co06pa)J(eHH51 npHMe

HHTeJIbHO K Heo,n,Hopo,n,HOH Bb160pKe.
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06 o~eHHBaHHH napaMeTpa CABHfa npH HeoAHopoAHWX ~nYKTya
~HDX. DYCTbYi=x+£i, i=J, ... , n, fAe £i - He3aBHcHMblec.'B. C HY

JIeBbl,MH Cpe,lJ,HHMH M£i=O Ii pa3J1blMH AHcnepcH511MH: M£2i=U2i. Tor
Aa 'HOpMHpoBaHHyIO CyMMy ~n HY)/{HO 3aMeHHTb Ha B3BellleHHYIO tn = 

n 

= L; Cin£i, Cin~O, 3allHcaB o~eHKY qepe3 V(~n). I1HTerpaJIbHoH llllI 
i=l 

PlIHOH oueHKH no x 6YAeTBeJIHqHHa J V(L;CinYi-xL;cin)dx= 
= (L;Cin)-1 SV(z)dz, 06paTHo npQ>IIop~HOHaJIbHa51cyMMe L;Cin. OlllH6

Ka MOHOTOHHO 3aBHCHT B KOHeqHOM CqeTe OT AHCnepCHM: M'S2 = n 
= L c2in'U\, n03TOMY Bbl'6op K03<p<pH~HeHToB Cin 6YAeT, ,nO~aHHeH 
Mepe, '6JIH3KHM K OIITHMaJIbHOMY, eCJIH MHHHMH3HpyeT L; C2in'02i rrpli 

3a,lJ,aHHOM ~Cin. 3TO BeAeT K 3HaqeHH5IM Cin ='A/02 i, 01'KYAa Sn = 
='AL;£i!a2i' T. e. BeCOBble K03<p<pHUHeHTbl OKa3bIBa~C5I 06paTHblMH 

AHCnepCH5IMH. CTaHOBHTC5I 51CHbIM, qTO qeM 60JIbllle '02
i
, TeM C MeHb

lllHM BeCOM .n.OJI)/{eH yqaCTBOBaTb i-H OTCqeT B cyMMe ~n, Orpa)/{.n.a51
 

ee TeM CaMblM 'OT BJIH5IHH5I 3TOrO H3JIHlllHe HHTeHCHBHOrO, H3JIlIlllHe,
 
lllYM5Iur.ero OTCqeTa.
 

C TeMH )/{e BeCaMH nOJIyqaJI3Cb oueHKa (6.19), HO .n.JI5I He-Koppe

JIHpOBaHHblX £i. Y Hac £i He3aBHCffMbl, qTOn03BOJI5IeT .n.OCTH~b .n.o
nOJIHHTeJIblHOro 3<p<peKTa oueH'KH ITIpHMeHeH'HeM K C'Y,M,Me ~i£;/02i .n.o

npeAeJIbHblX H IIpe.n.eJIbHblX TeopeM § 3.4. LI.aJIbHeHlllHH 'nyTb C'pporo 

CJIeAyeT -«KOJIee» npe.n.bl.n.yur.ero pa3.n.eJIa, H Mbl no.n.KpenHM ero npH
MepoM. 

IT P Ii M e P 6,14, ITYCTh Si He3aBucliMhl, 

PlilJHhl. PaccMOTpliM oueHKY BIi.l\a a(s) = 

a2i~e>O. .npI1MeH,eHl1e .l\onOJIHeHl1l1 3 d< § 

IjmM;~k~ lim (2k)~ [A~~(llaD]k, 
n-700 n-700 k! 2 

OTKYJ.la I) =A[%(2k)!1 (ll!a)] 1/2h V~(I /2aD. 

OrpaHlilJeHhl, 3a.n:aHhl (j\ Ii CliMMeT

[1-(~nll))2h] +, ~n=A~Sda2i. flycT1>

3.4 (carMblH KOHeu ,rJI3Bbl 3) .l\aeT 

ITPIi A= [~(lla2;)] -I CJIYlJaHHall Be

JIliqliHa ~n 6Y.l\eT cTa6liJIli3lipOBaHa no n, a aCliMnTOTlilJeCKall :HOpMHpoBaHHall lllH
pHHa oueUKH 

. - -lX(2k)!]1/2kQ*= 1JmQn(a)Vn=V2 - ucp , n-oo ak! 
l 

r.l\e a~p = [ -;- ~(I/anr . Ee MUHliMyM no k IHUeTClI TOlJHO TaK, KaK 3TO 

np0.l\eJIhIBaJlOCh B HalJaJle HaCTOllluero naparpacjJa npH aCHMnTOTHlJeCKOH nO.l\CTpOHKe 
OueHKI1 CTeneHHoro THna, 

6.5. Jl.OBEPHTEJlbHOE OIJ.EHHBAHHE nAPAMETPA MACWTA6A 

06U(He C006palKeHHSI. DapaMeTp MaClllTa6a onpe.n.eJI5IeT 3Hepre

THlleCKHe CBOHCTBa Ha6JIIOAeHHH: MOur.HOCTb, 3<p<peKTHBHOe 3HaqeHHe. 

3a.n.aqa ero o~eHlIBaHH5I B03HHKaeT, Bo-nepBblX, 'Kor.n.a ypoBeHb HH

TeHCHBHOCTlI npouecca HeceT nOJIe3HYIO HH<popMa~HIO 06 HHTepecyIO. 

" 
i,i
&1 

I
, 

I 
I, 
I 
I

I 

t· 

~ 

., 

meM Hac nOJIO)/{eHHH 06beKTa. HanpHMep, BeJIHqHHa fHApoaKycTH

:qeCKHX lllyMOB MO)/{eT xapaKTepH30BaTb paC-CT05IHHe .n.o 'KOC5IKa Pbl6 

JiJIIf AO Kopa6JI5I. CaM lllyM B 3TOM CJIyqae B He'KOTopOM CMblCJIe 

06peTaeT paHr 'nOJIe3HOCTH. A BO-BTOpbIX, nOTpe6HocTb 1f3MepeHH5I 

ypOBH5I lllyMOB B03HlfKaeT Inplf onpe.n.eJIeHIfH H TeKyur.eM KOHTpOJIe 

nOKa3aTeJIeH pa6OTaIOI.I.I.eH annapaTypbl, HanplfMep, .n.JI51 <pHKcaUHIf 

.Bep05ITHOCTIf JIQ)KHbIX Tpe-Bor B pa.n.HOJIIOKaUHOHHbIX CTaHUH5IX. 11 B 

3TOMCJIyqae oueHIfBa'HHe ypOBH5I lllyMa HeJIb351 CqHTaTb «BTOpOCOpT

HbIM», BTopocTeneHHblM AeJIOM, TaK K3K oueHKH COCTaBHblM 3JIeMeH

TOM BXOA5IT B eAIfHblH CIfHT€3HpyeMbIH KOMnJIeKC <PyHKuHoHHpOBaHH51 

annap a Typbl. 

C n03HUHI1 COBpeMeHHOH TeopIfH Bep051THOC1'eH oueHHBaHHe Mac

lllT36HblX napaMeTpOB 3aHrHMaeT oc060e nOJIO)l(eHlfe. 06513aHO OHO 

HenpepblBHoMy BpeMeHH If .n.onYI.I.I.eHHIO 0 TOqHOM 3HaHHIf KOppeJI51

ll,IfOHHbIX 'CBOHCTB, TaK KaK TorAa, pa3JIara5I npouecc KOHeqHOH ape

MeHHOH ,np'OT5I)/{eHHOCTIf OT 0 J!:O T B P5I,lJ, no c06CTBeHHblM <PYHK

UH5IM KOppeJI5IUHOHHOro 5I,lJ,pa, 'nOJIyqaeM 6eCKOHeqHOe qHCJIO HeKOp

peJIl1pOBaHHblX K03<plpIfUlfeHTOB pa3JIO)/{eHIf51, KOTopble HOpMH'POBKOH 

(,lJ,eJIeHl1eM Ha KOpHH H3 HX ,lJ,HOnepCHH) Bce nplf'Bo.n.51TC5I IK 0.n.HH3KO

BblM .n.11rC'nepCIf5I1M. B pe3YJIbTaTe ",POHICXrQ,J,I1T npeBpaI.I.I.eHlfe IHa6JIIO

)I.eH1111 B 6eCKOHeqHyIO nOCJIe,lJ,OBaTeJIbHOCTb npe06pa30BaHHblX, HOBblX 

3HaqeHIfH, HeKOppeJIHpOBaHHblX Me)l(,lJ,y c06011 If o.n.IfHaKOBO pearlf 

PYIOI.I.I.HX Ha H3MeHeHHe MaClllTa6a, H TaKIfM 06pa30M, HerCYI.I.I.IfX H~

OrpaHHqeHHbIH 3anac CBe,lJ,eHIfI1 06 3TOM napaMeTpe; 3anac, n03BO

JI5IIOI.I.I.I1H CKOJIb yrO,lJ,HO TOqHO ero ,BbI,lJ,eJIIfTb (npHqeM no oTpe3KY 

(0, T)Ha6JIIO,lJ,eHHH 'CK'OJIb yrO,lJ,HO MaJIOH npOT5I}KeHHocTH!). 3TO'T 

napa,lJ,OKC - 3qJepeKT TOl/HOro 3HaHH5I - nOJIyqlfJI Ha3BaHlfeclfHry

.JI5I p HOCTH 1. 

5!BJIeHHe ClfHrYJI5IpHOCTIf OKa3blBaeTC5I cepbe3H0l1 nperpa,lJ,OH B 

peaJIbHOM oueHIfBaHHIf napaMeTpa MaClllTa6a, TaK KaK 'Bce OueHI(If 

pe<pJIeKTOpIHO T5IHyT'CH B ee CTOpOHy Ka,K 'CyJI5II.I.I.yIO «pailcKHe IK'YLUH» 

'HeOrpaHHl/eHHOrO YJIyqllleHH5I HX KaqeCTBeHHbiX nOKa3aTeJIeH, nepe

Kpbl'BaH nOHCKIf ,lJ,pyrlfx nyTel1 If HanpOqb 3aCTaBJI5I5I 3a6bITb 0 TOM, 

qTO COK'PaI.I.I.eHlfe .LJ.JII1HbI IfHTepBaJIa (0, T) Ha6JIIO,lJ,eHIfH npe,lJ,b5IBJI5IeT 

Bce 60JIee >KeCTKHe Tpe60BaHI1H ~ TOqHOCTH KOppeJIHUHOHHOH <PyHK

I.I,HH, qT06bl XOTb KaK-TO rapaHTlfpoBaTb HeKOppeJIHpOBaHHocTb ,lJ,a)l(e 

He60JIblllOro qHCJIa KOMnOHeHTOB 'pa3JIO)KeHIfH. 

Hallla ueJIb - CTpOI1Tb oueHKIf napaMeTpoB MaouTa6a no peaJIb

lIblM, KORel/HbIM ,lJ,aHHbIM, qTO 'caMO 'C060H HCKJIIOqHT JII06yIO B03/M0)l(

HOCTb Ta:mx qlfCTO MaTeMaTHqeCKHX '«epOKyCOB», KaK cIfHryJI5IpHOCTb, 

TIOCTaBIn TeoplfIO OueHHrBaH'I1H Ha ,nOl/BY peaJIb:HOCTll. llpl1qeM, KaK 

BCer,lJ,a, 3a HallaJIO 'B03bMeM ,caMble CJIa6ble HCxO:LI.Hble ,lJ,aHHble (0 HB

JIeHHH) 3HepreTlfqeCKOrO TOJIKa, a 3aTeM 6y.neM HX nOCTeneHHO yCH

JIWBaTb B Hy>KHOM HanpaBJIeHHH, He 3a6bIBa5I CJIe,lJ,IfTb 3a npolfcxo

1I.5IUI,HMHIIpH 3TOM BH.n.01f3MeHeHH5IMH OnTHMaJIbHOH oueHKH. B KOHue 

KOHUOB, nOJIe3HO 3HaTb, KaKHe peaJIbHble CBe,lJ,eHI1H ,lJ,OJI)l<Hbl IfMeTbC5I, 

I rHxMaH 11, 11" CKOpOXO.l\ A, B, Teopl151 cJlY'laflHhlx npoueccoB, - M,: HayKa, 
1971. - T, 1. - 664 c, 
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lIT06bl C HyMHOH TOllHOCTbIO Ol./,eHHTb rrapaMeTp M aiClIITa6 a, B lIaCT

HOCTH, ero pa3HOBH.n.HOCTb - .n.HorrepCHIO. 
Ou.eHHBaHHe napaMeTpa MaClUTa6a no 3a.n.aHHoH MOll.I,HOCTH ljJJlyK

TyaU.HH. I1YCTb Yi=XI/'1.Si, i= 1, ... , n, x>O, l7'=O. T,pe6yeTc5I Ol./,eHHTb 

rrapaMeTp x, eCJIH H3BeCTHO, 'ITO orpaHHlIeHa cpe.n.H5I5I	 MOll.I,HOCTb 

¢JIYKTyaI./,HH: Ms2=~, 'fz= L,S'1.i/n, H 60JIee HHlIero He .n.aHO. 

OTMeTHM, liTO Il'pH a= I H l= 1 Jlapa,MeTp x 6YJI.eT MOU{IiOCTblO 
(rrpH Msi=O - aucnepcueii) Ha6JIIO.n.eHHH, a rrpH 1=2 - CpealiUM 
3rprpeKTuBlibl.M HX 3HalleHHeM. I1pH l=-2 31'0 6y.n.eT napaMeTp IiOP
MUpOBKU. B 06ll.I,eM CJIy4ae l7'=O 6yoa,eM 'Ha3blBaTb x napaMeTpOM 
Macuna6a. 

COrJIaCHO 'CJIe.n.CTBHIO 4 TeopeMbl 6.l.n.ocTaT04Hb1H KJIaCC 06pa
..-.. '1.3YIOT Ol./,eHKH, 3aBHCHll.I,He 01' S'1. C rro.n.,cTaHoB'KoH CIO.n.a si=ydx1/ , liTO 

Be.n.eT K I1X BH.n.y ay (x) =I[Co-c+Y2/x1]+, H .n.JI5I HHX May (x) = 
=I[CO-C+O"'1.]+, May (x) =Co. 

HaM.n.eM HHTerpaJIbHyIO IllHPHHY H IllTpa¢, paCCMaTpHBaH CHalla

JIa CJI'y4aH l<O, 
co " c I

Q (0) = f [co- x-I c+ y2]+dx = (~)-lll_0

1 c+ y2 '
 
_ _ Co I (co )_1 /1 - 1
0 
M Q (0) = -- sup --::::::- . 

1-1 • +y' C y2 
" 

I1paBa51 4aCTb paBHa 00 rrpH y'1.=O, rr03ToMY eCTb 'CMbICJI	 rrpe,LlnoJIo

" )J{HTb !j2~e>O, ClIHTa51 e CKOJIb yro.n.Ho MaJIblM lIHCJIOM.	 Tor.n.a co

cTaBHoH pHCK 3anHIlleTC5I 

I1~ (0) = I-x [Co-C+ -
0 2]++ (x-I) co+A. Co --1 (C-t- )-1 /1 

I. 

l- 1 C e 

113 3Toro Bblpa)J(eHH5I nOCJIe HeKOTopblX 'BbIKJIa.n.OK CJIe.n.yeT, lJTO orr

THMaJIbHblM 6y.n.eT 3Ha4·eHHe Co= 1. 3Ha4eHHe Me c+ 6y.n.eT onpe.n.e

JI5ITbC5I ypoBHeM a,4TO rrpH 'a<x .n.8>CT c+=a/(xa'1. ). nOCJIe ,rro.n.CTa

HOBKH HaH.n.eHHbIX 3Ha4eHHH onTUMaJlbliafl ou,elilW napaAteTpa x rrpH· 

Mel' BH.n. 

a; (x) = [1-x-/ a Y2/(xo2)]+, x> 0.	 (6.25) 

TaK, rrpH l=-2 (Tor.n.a Yi= si/x) OIlTHMaJIbHa51 Ol./,eHKa napaMeT

pa HOpMIHpOBKH x nOJIY4Hl1CH paBHoH: a*y (x) = [1-x'1.ayz/ (XO'1. )]+, 
x>O. KaK BH.n.HO H3 pHC. 6.5,a, 31'0 eCTb nOJIyrrapa60JIa C MaKcHMy

MOM B T04Ke x=O, yce4eHHaH ,C'HH3Y -OCbIO a6CI./,HOC H CJIeBa - OCbIO 

op.n.~lHaT. 

I1yCTb Tenepb l>O. Ol./,eHKa 6y.n.eT HMeTb BH.n. pHC. 6.5,6 H lIM-eel' 

6ecKoHellHyIO IllHPHHY. Tor.n.a, lJT06bl IllTpa¢ He paBH5IJIC5I 6eCKOHell 

HOCTH, Hy)KHO paCCMaTpHBaTb B3BeIlleHHYIO IllKaJIy UHTerpHpOBaHH51 

no xc 'BeCOBhIM MHOMHTeJIeM q (x), y6bIBaIOll.I,HM npH x-+oo, no KpaH

HeH Mepe, 6blCTpee l/x. ClJHTa51 q (x) =x- 1- V, 1'>0, (1'. e. lIeM 60JIbille 

266 

-2 dy'tze; 
, ~ ;}?,
L__ ,\d.!l

2 

o	 >x o x 

a) 0) 

Pac. 6.5. a, 6. OueHa napaMeTpa MaclUTa6a no 3HepreTH t iecKHM ,llaHHbIM 
I 

Heef x, TeM MeHbille 6epeTCH BeC), HaM.n.eM IllTpa<lJ KaK BepxHee cpe.n. 
.'.. 

B3BeIlleHHOll IllHpHHbl: 

: _ _ co c+ y2 dx -y co 

j	 " ]+ Co 
My Q (0) = My S Co - - -- = M f ( x1+'V 

o xl x
1

( c+ ")'//[	 +V 
-y' 

}.	 Co 

i 

" )	 () 1/ ()'VI/_	 C+y2 dx= ~ max ~ v = ~ _c_o_ 
x1+V+/ Y+ l y' c+yz y + l c+e 

COCTaBJIH5I pHCK H npoH3Bo.n.Hero MHHHMH3al./,HIO (T04HO TaK Me, 

KaK 31'0 .n.eJIaJIOCb rrpH l<O), rrOJIylJHM Ol./,eHKY (6.25), ,KOTopaH OKa

3blBaeTcH OIlTHMaJIbHOH np H JII06blX l. 
TaK, rrpH l= 1 H 02 = I (x eCTb MOll.I,HOCTb Ha6JIIo.n.eHHH) .n.OBepH

" 
TeJIbHa51 ou:eHKa x TIpH MeT BII.n. (CM. pHC. 6.5,6): ay (x) = ['l-aIP/ (xx) ) +. 

KaK ¢YHKUHH nepeMeHHoH x oueHKa pasHa	 H CTpe°npH x~a!i.;x 
~ MHTC5I K I npH X--+OO. 

non 0 JI He H H 51. 1. TOT Me caMhlM BH.n. (6.25) 6y.n.eT HMeTb on

THMaJIbHaH Ol./,eHKa .n.JIH HerrpepbIBHblX peaJIH3al./,HM Yt=X1l'1.Sl, O~t~T, 
" 1 T 

C TOM JIHWb pa3HlIueM, 41'0 y2 = - f yj dt . 
T	 0 

2. GBe.n.eH!1H 0 T04HOH ·:\10lll,'H·OCTH ()l.HOnepcHH) MS2='(J2, a TalOKe 0 

t - HyJIeBOM Cpe,CLHeM ¢JIYluyal./,HH Msi=O (HJIH Me Mf=o) He MeHHIOT 

BH.n.a Ol./,eHKH, T. e. 3TH CBe.n.eHH5I OKa3bIBaIOTC5I HeHY)J(HbIMH. To )J(e 

caMoe, eCJIH x HBJIHeTCH ,cB06Q.LI.HbIM ,01' s· 

3. CTOJIb 60JIbWaH paCnJIbmllaTOcTb rrOJIY4alOll.I,HXCH Ol./,eHOK eCTb 

CJIe.n.CTBHe	 KpaHHe CKy.n.HbIX .n.aHHbIX 0 ¢JlyKTyauHHx. neJIO B TOM, 
HHHliTO nOCTaBJIeHHaH 3a.n.alla, Kor.n.a H3BeCTHa TOJIbKO cpe.n. MOlll, 

HOCTb ¢JIyKTyaI./,Hii, B 'IleCCHMHCTH4eCKOM HaCTpoe 3KBHBaJIeH'THa oue

HHBaHHIO rrapaMeTpa MaCIllTa6a no O.n.HoMy-e.n.HHCT'BeHHoMy Ha6JIIO.n.e

HHIO, TaK KaK He HCKJII04ae-rCH 'CJIy4aH nOCTOHHHblX peaJIlOal./,HH SI = 
=S2= ... =Sn. 
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4. ECJIH 3a,ll.aHbI To'moe 3Ha4eHHe Ms
/'-.

2=a2 H BepXH5I5I rpaHHua 

M (€"2) 2= m4, TO ,lI.OBepHTeJIbHaH oueHKa ypOBHH a rrpHMeT BH,lI. 

ay (x) = [1- C* (1 -x- I ff)2)+, c* = a/[x (I -+-m4 - 2(2»). 
/'-. 

3Ta oueHKa, KaK BH,lI.HO 113 pHC. 6.6, 'paBHa 1 rrpH X= UP) III H y6bI

BaeT rro Mepe OTKJIOHeHHH XOT ::noro 3'Ha4eHHH. HeKOl'OpOe yJIy4IlleHHe 

oueHKH 3,l1.eCb ,lI.OCTHraeTC5I 3a 'C4eT ,lI.aHHblX 0 MOMeHTax 4eTBepToro 

rrOpH,lI.Ka. 3TO B HeKoTopoM po,ll.e 06ruee CBOlkTBO oueHOK MOMeHTOB: 

,lI.JIH rrOJIY4eHH5I 60JIee y,ll.OBJIeTBOpHTeJIbHbIX oueHOK MOMeHTa k-ro 

rrOp5l,ll.Ka Hy1KHO HMeTb CBe,ll.eHH5I 0 MOMeHTax rrOpH,lI.Ka 2k. Ceii4ac 

Mbl JIHIllHHH pa3 B .3TOM y6e,ll.HMcH. 

OueHHBaHHe napaMeTpa MacwTa6a no HeKOppeJIHpOBaHHoH BW

60pKe. DYCTb Yi=xI/2Si , i='I, .... n, X>O, l=/=O, H Hy1KHO oueHHTh 

rrapaMeTpMacIllTa6a X,eCJIH epJIYiKTyaUHH HeKOppeJIHpOBaHbI H HMelOT 

O,LLHIHaKOBble 'MOlUHOCTH: 

M£f=a2
, Ms,£j=O, i=/=j, i,j=j=I, ... ,n. 

OrrTHMaJIbHYIO oueHKy 6Y,ll.eM HCKaTb B cJIe,ll.YlOrueM ,lI.OCTaT04HOM 

KJIaCce: ay(x)=[co-rl(C,y2+C2d2y)]+, ~2y=!)_Y2. DPH HaX01K,lI.e

HHH .3TOrO KJIaCCa Y4TeHw rrepBH4Hwe ,lI.aHHWe H cHMMeTpHH nOCTaB

JIeHHOH 3a,ll.a4H K rrepecTaHoBKaM Ha6JIIO,lI.eHHiL LLJIH .3TOrO KJIaCCa 

May(x)=[CO-Cla2In-c2a2(n-I)ln]+, May(x)=co npH CI, C2~O. 
T04HO TaK 1Ke, KaK .3TO ,lI.eJIaJIOCb B rrpe,ll.bI,lI.yrueM pa3,l1.eJIe, TOJIb-

KO C 3aMeHOH C+y2 Ha Cly2-t-C2~2y, Bbl4HCJIHeTCH IllTpaep. DPH l<o, 
OH 6Y,ll.eT paBeH 

I 1M Q (a) = Cb l - ) II l![(l- 1) inf (C 1 ;;2 -+- c2 ~;)] = Cbl 
- )/ 

1 l!(l- 1) c2 e, 

2 2r.J,e HHqmMyM ,,lI.OCTHraerCH rrpH y=O H a y =e , rrpH4eM ,lI.OnYlUeHo 
/'

y2~ e>O (HHa4e IllHpHHa 6y.ueT 6ecKoHe4Ha), C4HTaH e CKOJfb M01K

HO MaJIbIM. OrrTHMaJIbHblM 6y.uer 3Ha4eHHe Co= 1, H TOr,ll.a rrpH a<x 
pHCK 3arrHCbIBaeTCH ,lI.ByMH ypaBHeHH5IMH: rrxda) =a+'A/c2, 

a=x(cla2/n+c2 a2 (n-I)/n). LJeM 60JIbWe C2, TeM MeHbwe PHC]<- 110

.3TOMy Y4HTbIBaH rrOCJIe,ll.Hee pane'HCTBO, OnTHMaJIbHblMH 6ynyT CI =0. 

f-e" t= - I I \ 
, I I \ PHC. 6.6. Ol..\eHKa lIapaMeTpa 

• A ," x MacwTa6a lIpH aa)l.aHHOM• 

lJeTBepToM MOMeHTe 
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("" C2 =ani (x (n-I) a2 ), B ,pe3YJIbTaTe 4ero orrTHMaJIbHa51 oueHKa rrp'YI06

It\ peTaeT BH.,lI. 
an A?J+

it (x) = 1- X-I Oy.
y [ x(n-l)a 2 

T04HO TaKoH 1Ke BH,lI. 6y,ll.eT HMeTb oueHKa rrpH l>O (eCJIH 6paTb 

B3Bell1eH YIO MH01KHTeJIeM x-1- V ll1KaJIy HHTerpHpOBaHH5I B wTpaepe).
H

TaKHM 06pa30M, aaHHbLe 0 HeKOppeJLUpOBaHHocTu Ha6JlIOaeHUU 
npu OTcTYCTBUU apycoi!. uHqJOpMal{Uu JlUUlb He3Ha'lUTeJlbHO MeHfllOT 
ol{eHKy U ee c8oi!.cTBa no cpa8HeHuIO C puc. 6.5,a U 6, a HMeHHO, oueH

Ka cy1KaeTC5I B nl (n-I) pa3, 4TO rrpH YBeJIH4eHHH n CTaHOBHTC5I 

npaK11H4eCKH He 3aMeTHbIM. DpH4HHa :Horo He:npH5IT,HOTO .3epepeKTa 

KpoeTC5I B TOM, 4TO ,lI.JI5I rrOJIY4eHH5I XOPOll1HX oueHOK Tpe6y1OTC5I ,lI.aH

Hble 0 4eTBepTblX MOMeHTax q)J]yKTyauHH. 
LLorrycTHM Terrepb, 4TO nOM HMO HeKOppeJIHpOBaHHOCTH MSiSj=O, 

i=/=j, H M 2 =02 ,lI.aHo MS2iS2j='a4, ,i=/=j, MS4i=m4. TO'f.ua .uonaT04IHbli1
S i -'" 

KJIaCC 06pa3ylOT oueHKH BH,lI.a a y (x) =.[CO+Clrly2+C2rl~~YiYj-
"....., ,-..... i~i 

_C3X-21y4_C5X-21~~y2iy2j]+, r,ll.e y4= ~y\ln. OocTapaeMC5I 60JIee HJIH 

i?' j 
MeHee «yra,ll.aTb» BH,lI. onTWMaJIb'HOrl oueHKH H3 .3TOrO KJIaCCa, 3a'llHCa'B 

ee B BH,lI.e 

a (x) = [1 - C (I - X-I Y2la)2)+. (6.26)y 
04eBH,lI.HO CJIe,ll.YIOLUee: May (x) =(j= 1, rrpH4eM Ma,KcHMyM oueHKH 

-'" 
,lI.OCTHraeTC5I npH Xl = y2/a. ECJIH pacnHcaTb oueHKy 4epe3 ;, paCKpblB 

KpyrJIble CK06KH, TO nOJIy4HM 

2 c c-'"2 C (4 ) '1+10 1 - "c' -1a(1':) = _ C -+- - ~ - n ') LJ..,! ( )'.:...J,k.J"'!" ct.!.oj 
a wn- i""jr 

H OTCIO.ua 6y,ll.eT CJIe,ll.OBaTb, 4TO 
4.; 

May (x) = [1 - c+ 2 C (Pia - cn141na2 - C (n - 1) O' Ina
2 
)+. 

C4HTa51 Bblpa,KeHHe B KB3npaTI-IblX C!<o6Kax HeoTpHuaTeJIbHblM, 

HLUeM CHa4aJIa onTHM3JlbHoe 3Ha4eHHe napaMeTpa a, Tor.ua hal< C 

nOTOM 6Y,lI.eT HaH,lI.eHO HCXO,ll.51 I-13 3a,ll.aI-lHOrO ypOBH5I a. ECJIH BbI4HC

JIHTb IllTpaep, rrOJIara5I if~e>O, TO OH 6y,ll.eT paBeH MQ(a) = 
=ellla-lllr(c) , rne r(c) = (I-c) (c+ 1/1-c_- I

/ 
I) +2c(c+(l-1)/I_c_(l-ntt)1

t
1(1_1)_c(C+(2H)ll-c_(2H)il)/(I-21), a c+=I+I/V"c' c_=I-l/~f--c. 
OO,ll.CTaBJIH5l HaH,UeHHble 3Ha4eHH5I B cOCTaBHOH pHCK, ,lI.HepepepeHul1py51 

ero rro a H rrpHpaBHHBa51 0, rrOJIy4HM 3Ha4eHHe a KaK pell1eHHe ypaB

HeHHH: ')." I el/l r (c) a(21-1)/ 1+ 0 2 a - (m4 - a4 )/n - 0'4 = 0. LJeM MeHbll1e 

ypoBeHb a, TeM MeHbwe 6y,ll.eT 3Ha4eHHe A. OO.3TOMY npH MaJIblX a 
rrepBbIM CJIaraeMblM JIeBOH 4aCTH paBeHcTBa MOIKHO rrpeHe6ep4b, no

JI01KHB ').,,=0. B pe3YJIbTaTe 'nOJIy4I1M 3Ha4eHHe rrapaMeTpa a B 51BHOM 

BH,lI.e: a = 0'2+ (m4/ a2_ a2 ) In. UaJIbHeHll1He yrrporueHH5I MoryT 6bITb 

nOJIy4eHbl, eCJIH C4HTaTb n 60JIbll1HM, H TOr,ll.a a;=::: a 2• OTMeTHM, 4TO 
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YBeJIHlIeHHe a no cpaBHeHHIO C (J2 Be}J.eT 'K YBeJIHlIeHHIO cpe}J.Heif llIH
ECJIH BocnOJIb30BaTbCH Tenepb B ~eJIHX ynpOI.l.l.€HHH. ¢OpMyJIOH CTap

pHHbl flpH 1<0 H YMeHbllIeHHIO 'llpH 1>0. 4hnUHra, 110 nOJIylJHM«(2k) !fik!2k]1/2k~ V2k/e2 1/ , oTKy.u.aTIOJIaraH }J.JIH npOCTOTbl a ='(J2, IflOJIYlIaeM HCXO}J.H H3 3a}J.aHHoH I

OWH6KH a 3HalleHHe C*=an(J4/X (m4-(J4). B pe3YJIbTaTe HCKOMaH ~ 1 ( - x ) 1/2k V- V (2 )2 
o~eHKa npH06peTaeT BH}J. L1 ~ Vii V 2 ~ 2 k/e H, H = M Sf - 1 . 

ana4 "'- +Oy(x) = [1- (l-x-Iy2Ia2)2] . (6.27)x (m4 - a4 ) 

"' 

O~eHKa HMeeT MaKcHMyM ,npH x l = y2/(J2 H npHHHMaeT HeHyJIeBble 3Ha

2 (lIeHHH B HHTepBaJIe C rpaHH~aMH ; 1 ±vf'a: (:; 1))]-1/1 .-
[ 

Pa3Max ::nora HHTepBaJIa, xapaKTepH3ylOI.l.I.HH paCnJIblBliaTOCTb o~eH
.. 

KH, 6YAeT TeM MeHbwe, lIeM 60JlbWe a, a caMoe rJlaBHOe, 3Ta WH

pHHa 6YAeT cTpeMHTbCH K 0 npH YBeJlHlIeHHH n co CKOpOCTblO I/~n. 
31'0 TO caMoe, lJero Mbl A06HB3JlHCb. 

Pa3BHTHe np06JIeMbl. 1. ,UJlH paclJeTa o~eHKH (6.27) HcnOJlb30

SaJIOCb TOllIHoe 3Ha'lJeHHe MOI.l.l.HOCTH (J2. B cJlyLJae 'HeTOLJ,HOro 3iHalJe

'HHH: ,~2=M~2i, (J2=M~2i OWJIo6KaB (6.26) paBHa aX (a) =x (I-May) = 

=xo[I-2~2/a+ln4/na2+a4(n-1)/na2]. OnTHMaJIbHblM 3HalJeHHeM a, 

MHHHMH3HPYlOI.l.I.HM oWH6Ky, 6YAeT a =,a4/(J2 + (m4-U4 )/na2. 
2. ,UaHHble 0 1n4-a", He06xoAHMble -AJIH o~eHKH (6.27), Moryl'
 

6bITb nOJIyLJeHbI IWCBeHHbIM nyTeM. HanpHMep, eCJlH ~i orpaHH'lIeHbl
 

lIHCJlOM H, T. e. P(I~I <H) =1, TO HepaBeHCTBO M(s2-a2)2~H4/4
 
n0380JlHeT m4-a4sa'MeHHTb Ha H4/4.
 

3. PaccMoTpHM Bonpoc 06 3CHMnTOTHlJeCI<H (npH n---+oo) HaHJIYlJ

llIHX o~eHKaX,eCJlH H3BeCTHO, LJl'O M~2hj<00, Vk>O. CLJHTaH ~i He

3aBHCHMblMH H nOJlaraH AJlH npocToTbl M~2i='(J2= 1, BBeAeM CJIeAYIO
I.l.I.HH 'KJIaCC Cl'eneHHblX oueHOK .. 

o(s) = {l- (1- ~2)2klL12k)+, 

KYA3 }J.JIH nOJlyLJeHHH Oy (x) BMeCTO ~i Hy)KHO nOACTaBHTb X-z/'GYi. 
ECJIH 0603HaLJHTb lli=~2i-I, TO M'Y]i= M~2i-1=0 H Tor}J.a d('Y]) = 

=[1- (~/L1)2h] +. Mbl BHAHM, lJTO '8 HOBblX 0603HalJeHHHX oueHK3 

cOBnaA3eT C (6.22). TorA3 npH n---+oo no aHaJlOrHH C oueHKoH (6.22) 
HMeeM 

1 - M 0 = [M (sf - I)2/L12njk (2 k)!/k! 2k+0 (lIn). 

OTCIOA3, npeHe6peraH nOCJIeAHHM CJIaraeMblM np3BoH 

nOJlb3yH TO, lJTO Ma = 1, nOJlYlJaeM ILHIPHHY L1 oueHKH 
ypOBHIO a: 

f 

L1 = (X (2 k)! ) '12k V M ( ~1- 1)2 
a k! 2k 

n 
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lJaCTH H HC

no 3aAaHHOMy 

Dpn onTHMaJIbHOM '3HalJeHlfH ,k* = In (~2x/a), MHIHHiM'H3H1pYlOI.l.I.eM WH

pHHy L1 oueHKH, nOJIaraH k~ 6JIH)KaHWHM ~eJIblM lJHCJIOM, HMeeM 

OKOHlIaTeJlbHO L1*= (H/VIi) V 21n (V2x/a) H B pe3YJIbT3Te OueHKa 

Oy (x) npH06peTaeT BH}J.: 

Oy (x) = [1 - (1 - X-I !J2)2k* IL1~k* ]+. 

4. ,UaHHble 0 HyJIeBOM cpe.u.HeM MS i = 0 He MeHHIOT HaH.u.eHHbIX 

oueHOK. CKa3aHHoe He 03HalJaeT, liTO cpe.u.HHe MSi MoryT OblTb npOH3

BOJIbHbIMH, TaK KaK HeKOppeJIHpOB3HHOCTb Msisj = 0, i=l= j, caMa no 

ce6e OrpaHHlJHB3eT BOI3MO)KHble BapHaU,I1H cpe.u.Hero, 

5. OYCTb Yi=Xl/2(~i+8), i= 1, ... , n, r.u.e 8E97l -CKaJIHpHbIH Me

walOI.l.I.HH. napaMeTp. Tor.u.a o~eHKYCJIeAyeT HCKaTb B BH.u.e: Oy (x) = 
=,[l-c (1-x-I~2y/a2)2]+. l.lT06bl oWH6Ka 31'011 oueHKH CTpeMHJIaCb K°npH YBeJlHlJeHHH n,Tpe6ylOTcH CJleAYIOI.l.I.He YCJlOBHH: Msisj=O, i=l=j; 
M~2i=a2; MS2i~2j=a", i=l=j; MS4i=m4; MSiS.iShSI=O, i=l=j, i=l=k, i=l=l. 
OpH 3THX yCJIOBHHX I·-May (x) = c.[m4 (I/n-2/n2+ 1/n3 ) /a4-I/n+ 
+3/n2-1/n3 ] = a/x, OTKy.u.a 11 H3XOAHT'CH 1<03ep¢HUHeHT c. Ta'KoH )Ke 

OCTaHe11CH oueHKa .u.JlH H36JIIO.u.eHHH Yi = Xl/2Si + m, mE97l. 
6. PaCCMOTpl1M cJlYlJal1, Kor.u.a MOI.l.l.HOCTH epJlyKTyaUHH Si no H3

BecTHoMy 3aKoHy MeHHIOTCH: M S2i = (J2i , M~4i = (J4i1n4. Tor.u.a nepexo.u.H 

K HOBblM Ha6J110AeHHHM Z=yi/(Ji=XI12si/(Ji=XI/2'Y]i, Mbl CBOJ],HM 3a.u.alJY 

K p3ccMoTpeHHoH C M112i = 1. OueHKa 6YAeT OTJIHLJaTbCH 01' Hal1.u.eH

y
"'-
2HblX B 3TOM nyHKTe JlHLUb TeM, lJTO BMeCTO nOJ],CT3BJ1HeTCH 

:£y2j (J2in). AHaJ10rHlJHO, eCJ1H 33AaHa KOp peJ1HUHOHHaH M aTpHua B 
BeKTopa S, TO BeKTOp 1') = B-l/2S 6Y3:eT 06J1a.u.aTb TOJIbKO. liTO P3C

CMOTpeHHbIMHC,BOHCT'B3IMH, n03TOMY y2 33,MeH5I€TCH Ha yTB-ly/n. 

Mbl 'He CMO)KeM 'B 31'011 '3anaLJenepeHnl K npOlI;eccaM Yt =xl/'GSt , 
nOKa He H3YlJHM BJIH5iHHe OWH'60K B 3HaHIHI (J2i Ha CBOHCTBa oueHOK. 

,UeJIO B TOM, lJTO nJlH npoueCCOB C TOlJHblM 3HalJeHl1eMKOppeJIHUHOH

HOH epYHKUI1H B (t, T) =Mstst , p33JIaraH HnpO no c06cTBeHHbIM epyHK

UHHM B(t, T) = ~a2iCPi(t)cpdT) -B HOBblX H36JIIO.u.eHHHx Zi=, 
= f YtCPi (t) dt/ai = xl/2'Y]; 110JIYlJaeM 6eCKOHelJHO .u.JII1HHYIO Hel<oppeJIH

pOBaHHylO 110CJIe.u.OB3TeJlbHOCTb CJIyLJaHHblX BeJIHlII1H 'Y]i, M11 2i= 1, liTO 

COOTBeTcTByeT n = 00 H npHBeneT K a6COJllOTHO TOlJHOH oueHKe x. 
3TOT l1apanOKC CHHrYJI5IpHOCTH, 0 KOTOpOM rOBOpHJIOCb BO BBeneHHI1 

K naparpaepy, eCTb CJIe.u.CT'BI1e .u.onymeHI1H 0 TOlJHOM 3HaHHH B (t, T), 

I1pe.u. I1 OJIO)KeHHH, yBbl, I1paKTHlieCKH He BblnOJlHI1MOro. Bblxon Conep

)KHTCH 'B CJIe.u.YlOmeM nYHI<Te. 

7. 0Y'CTb MOI.l.l.HOCTH cj.JJI)IIKTyaUHH He HBJIHIOT,C5I TtOlJHO I13BeCTiHbl

MH, T. e. y,.=;c112t. Mt·l:·=O Ml:2.=(J2. M-t2.= -(J2. M-l:2.l:2.=-(J2.-(J2. 
~ ~1., 'olio) '_ '0 1 _ 1, ~ 1. 1, '0 tr:, J t), 
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MS4i = mi, i=l= j = 1, ... , n. l1w.eM OUeHKy 'B BH,Ue dy(x) = 
='[1-c(1-~y2ddd2]+, di~O . .llJI5I Hee May = 1 H 1 

2 --4 

~ (a) = 1- M ay = C 1_ 2 ~ .5!.t + ~ mi - at + ( ~ ~; r]+ .- [ d· d2 
_ t i 

Onpe,UeJlHM d, HiCXO,U5I H3 MHHHMH3aUHH OIlIH6KH a(a) . .llJI5I 3TO

ro npo,UH¢¢epeHUHpyeM npaBylO 4aCTb paBeHCTBa no d i H npHpaB

H5IeYl O. rIOJlY4HM d i = (rlti-a4d lC~Zi-l'aZd+, rAe "\' HaxO,UHTC5I H3 

ypaBHeHH5I 1'=~0Zi['~Zi-l'aZd+/(mi-a4i)' OTMeTHM, 'ITO ,,\,<1. Mbl 

BH,UHM, 'ITO d i = ex> npH ,(JzJaZi<"\'. TaKHM 06pa30M, eCJIH OIlIH6Ka B 

3HaHHH (Jzi ,UOCTaT04HO BeJlHKa, TO Ha6JIIO,UeHHe Yi ,UeJlHTC5I Ha_ex> H 

HCKJII04aeTC5I. HaKanllUBarOTCR IlUUlb Te yZdd i , allR KOTOpblX (JZi/(JZi > 1'. 
CKa3aHHoe OTHOCHTC5I H K npoueccaM, TaK KaK B pa3J1Q)KeHHH He

T04HOA KOppeJI5IUHOHHOA ¢YHKUHH B pH,U no c06CTBeHHWM ¢YHKUHHM 

H,Upa K03¢¢HUHeHTbl pa3JIO)KeHHH, 0603Ha4eHHble TaK )I,e (J2 i , cTaHyT 

HeIl3BeCTHbIMH. rIpH4eM 4eM 60JlbUle HH,UeKC i, TeM MeHbweHX a6co

JIIOTHble 3Ha4eHHH H TeM MeHbwe 6y,UeT OTHoweHHe C!..zJaZi. n03TOMY, 

Kal, H Bblwe, npH,UeTCH orpaHH4HTbCH JlHWb KOHeLJHbIM yceLJeHHbIM 

p5l'uOM, BKJlIOLJalOw.HM TOJlbKO ,«rJIaBHble KOMI10HeHTbI» pa3J10)KeHHH. 

6.6.3AKJlI04EHHE 

JIorJ1'Ka TaKOBa, 'ITO Ha HeHcHbli'1 Bonpoc He )KJJ,H Bpa3yMHTeJIbHOrO OTBeTa. 

ECTe~TBeHHbIM OTBeTOM Ha pa2MbITOCTb MOJJ,e.~efj, Bbl3BaHHYlO anpHopHo(l 6eJlHO

CTblO )J,aHHblx, 6y.ueT pa,:nJIbIB4aTOCTb oueHoK. 

OueHKH HCl<OMblX napaMeTpOB .uOJIiI<Hbl nOJl'l·HHHTbCH 

THBOflOJIO)KHbIM Tpe60BaHHHM. C O.uHOrl CTOpOHbI, 6blTb 

TeJIbHO, B HyJKHOi'1 Mepe paCnJIb1B4aTb1MH, a C .upyr0l1 -

BbIHy)l(JJ,aeT HX I< KOHl<peTHOCTH, T. e. no B03MO)l(HOCTH 

Pa3peweHHe 3Toro npOTHBOpe'lHH Be.ueT K OnTHMaJIbHblM 

epHKcHpOBaHHofi Ha.ueiKHOCTH. 

BBf.L\eHHe COCTaBHoro pHCKa KaK CYMMbl WTparpa 3a 

.uByM JlHaMeTpaJIbHO npo

HaJJ,e)KHbIMH, H CJIe.uOBa

nOTpe6HTeJIbcI<HII HHTepec 

l( HaH60JIbwei'1 T04HOCTH. 

JJ,OBcpHTeJIbHbIM OueHI(aM 

paCnJIblB4aTOCTb (B BH.'le 

nJIOWa.n.H noJJ, KpHBOIi peweHHl1) nJ1l0C BeJIH4HHa (BCpOHTHOCTb) B3BeweHHOl1 OWH6

liH .L\ocTHraeT CBOerl ueJIH - cyweCTBeHHoro ynpOIJ..leHHH MeTO.L\OB CHHTC3a .uOBe

pHTeJIbHblX OI(eHOK. ,Ua)Ke npH I(JIaCCH4eCKHX pacnpe.'leJICHIlHX BepOHTHOCTel1 MH

HHMH3aUHH cocTaBHoro pHCKa Be.L\eT K HOBblM no COJlepiKaHHIO 06U.(HM epopMyJIaM 

)J,JIH )J,OBepHTeJIbHbIX HHTepBaJIOB (§ 6.2) (JJ,JIH HOpMaJIbHblX pacnpeJJ,eJIeHHl1 npeB

pawa10wHMCH B Il3BecTHble), CTaBHTb H pewaTb HOBbie 3aJJ,a4H, HanpHMep, HallTH 

.uOBepHTeJIbHylO OI.(eHKY JJ,HcnepCHH, 06JIa",aloWyl0 MHHHMaJIbHOH paCnJIblB4aTocTblO; 

nOJIY4HTb OnTHMaJIbHble .uoBepHTe,nbHble OueHI<H napaMeTpoB perpeccHH. 

CaMoe Ba)KHOe, 'ITO COCTaBHOrl ·pHCI<, OpraHJ1lIHO C04eTaHCb C I<OHCTpyKuHel1 

IIHTepBaJIbHblX Mo.ueJIel1 B BH.'le nepBH4HbiX cpeJJ,HIIX, BbIXOJJ,HT Ha npO·CTble CTpyK

TypbI OnTHMaJIbHblX OueHOl<, 1<0TOPblMII 6y.uyT yce4eHHbie CHII3Y JIIIHei'IHbIe I<OM6H

HaUll1I nepBII4HblX npH3HaI<OB, 0 '1eM rJIa~IlT TeopeMa 6.1. B 3aBHCIlMOCTH OT nep

BH'I:lbIX .uaHHbIX nOJIy'lalOTcH caMble pa3Ho06pa3Hble no epopMe oueHKH, .ualOwlle 

,
 
.. 

~
 
f 

, 

1
• 

) 

no lliJ<aJIe 0- \ KapTHHy npe.unO'lTeHIIH 3Ha'leHIIHM napaMeTpa. B '1aCTHOCToII, npll 

BepoHTHOCTHblX Mo.ueJIHX 3TO 6y.uyT .uoBeplITeJIbHble HHTepBaJIbl (npe.unO'lTeHlle nOJI

Hoe I 8'HyTpH H 0 BHe HHTepBaJIa)BBH.uy Toro, 'ITO nepBH4HbIe npH3Hal<H 3.ueCb 

llH.uHKaTopHble. 

MeHbwe .uaHHblx - JIer'le nOHCK OnTHMaJIbHOH OUeHI<II. Pa3Be He 3TO npaBHJIb

HaH nOKa HenpHBbl4HaH KOHuenUIIH? HeT .uaHHbIX - HHKaKoro nOHCKa He Ha.uo, 

oueHKH TpHBHaJIbH~ (BeCM 3Ha'leHHHM 6yJJ,eT npHnHcaHO OJJ,HHaKOBoe npe.unO'lTeHlle). 

O.L\HOPOilHOCTb HCXO.n.HbIX .uaHHbIX, HX CHMMeTpHH OTKJIHl<aeTCH B CTpyKTypax 

oueHOK YMeHbweHHeM '1HCJIa BapbHpyeMblx K03epepHUHeHTOB, no.uJIe)KaWHX OTITlIMII

3aUHH. K03epcjJHUHeHTbi CBH3blBalOTCH JIHHeHHblM ypaBHeHHeM, epHKCHPYIOWllM Ha

.ue)l<HOCTb, a B OCTaJIbHOM Haxo.n.HTCH H3 MJ1IHHMyMa HHTerpaJIbHOH paCnJIbIB'IaTOCTll 

oueH'KH. I1x ,nOHCI< BKJIa.'lbIBaeTCH B THnoBylO napaMCTpH'IecKylO 3a.ua4Y onTHMH3a

UIlH C orpaHH4eHHHMH. Mbl ee pewaeM aHaJIHTH'IeC'KIl, He HCI<JIIO'IaH nOJIe3HOCTH 

QllCJIeHHblX cnoc060B B BH.ue cTaH.uapTHbIx nporpaMM. 

OnTHMaJIbHble .uoBepHTeJIbHble oueHKH napaMeTpa c.uBHra HaxoJJ,HTcH B § 0.3, 
rAe Ct{IlTaeTCH H3BCCTHOl1 TOJIbl<O ycpe.uHeHHaH MOWHOCTb epJIyKTyaUHH. BOJIee 

TO'lHblMH OHH CTaHOBHTCH .uJIli HeKOppeJIHpOBaHHbIX epJIyKTyaUHH, a 3aTeM 0606wa

IOTCH Ha CJIy4ar"I 3a.n.aHHblx KOppeJIHUHI1 H Ha oueHHBaHHe napaMeTpa (o.u'HOMep

Horo) perpeCCHH. DpHMe'laTeJIbHO, 'ITO napa60JIll4eCKHI~1 BHJJ, Bee 3TIl oueHKH Ha

CJIeJJ,YIOT or I<Ba;IpaTI14HbiX npH3HaKOB, COCTaBJIHIOWHX 'CBOI~ICTBa BToporo noplIJJ,Ka 

Ha6JIIOJl,eHIl11. 11 xapaKTepHO .uJIH HaweH TeopHH, 'ITO oueHKH no CJIO)KHOCTH o.uH

HaKOBbl KaK AJIH nOCJIe.uOBaTeJIbHOCTH Ha6JIIOJJ,eHHH, TaK 11 AmI npoueCCOB, eCJIH 

COCTaB nepBH'IHblX ;J.aHHbIX o.uHHaKOB. Do Mepe pOCTa 4HCJIa .uaHHbIX OueHI<H He

CKOJIbKO YCJIO)I<HHIOTCH, 3aTO H YT04HHIOTCH, CTaHOBHTCH no epopMe 60JIee Y3KHMH 

npH TOl1 )Ke Ha.ue)KHOCTH. 

Dpe.uyra.ubIBaeTCH nOTpe6HTeJIbCKI!I1 Bonpoc, JIy4we JIH nOJIY4eHHble OnTHMaJIb

Hble OueHI<H, 4eM npl1Bbl4Hbie .n.oBepHTeJIbHble HHTepBaJIbl JJ,JIH HOpMaJIbHOrO pac

npeJJ,eJIeHHH? Ha HaIlBHbII~1 Bonpoc OTBeT HeyTewHTeJIeH: KOHe'lHO )Ke, xy)Ke! 

11 Moryr 6blTb HaMHoro, TaK l<aK pa3Hbie oueHKH paeC'IllTaHbl Ha pa3Hbie yCJIOBHH. 

O.uHIl yCJIOBHH - 31'0 pe)KHM nOJIHOrO anpl10pHOrO 6JIaronOJIY~1l1i B BIlJJ,e HOP

MaJIbllOrO .pacnpe;J.eJIeHHH BepOHTHOCTeH, no HeMy C4HTaeTCH .uOBepHTeJIbHblrl HHTep

BaJI. DOJIY4eHHbie HaMH oueHKH OnTHMaJIbHbl B yc.nOBHHX 1ll0JIHOrO He6JIaronOJIy4llH, 

CBOHCTBeHHoro 6e.uHb1M 3HaHHHMH MOMeHTHbIM 3a.ua4aM, n03TOMY 60JIee paCnJIblB

'1aTbl. 

11 Bce )Ke, He6JIaronOJIy411e HX OTHOCHTeJIbHoe. 

TIO Mepe YBeJIH4eHHH llHCJIa Ha6JIIO.ueHHI1 6e3 l<aKIlX 

HblX npennOJIOiKeHl1rl HaWH oueHKH npH6JIH)KaIOTCH 

(§ 6.4). MO)KHO JIHUlb nOA03peBaTb, 'ITO 3TOMy Mbl 

HOpMaJIbHOH CXO~(HMOCTH, epopMaJIbHO npH CHHTe3e 

DPH He3aBHCIlMbIX OTC'Ierax 

6bl TO HI1 OblJIO .n.onOJIHHTeJIb

no CBOlkTBaM K HopMa.~bHbIM 

06H3aHbl BHyTpeHHHM 3aKOHaM 

HHr,le He 3a.'lel1cTBOBaHHbIM. 

,UaHHbII"1 pe3YJIbTaT .ueMOHcTpHpyeT BeJIHKOJIenHOe «nHWCBapeH'He>} pa3pa60

TaHHoro annapaTa, n03BO.nHlOwero npH Kpal1He 6eJJ,HOM anpHopHOM narlKe yCBaH

BaTb JII06ble nHTaTeJIbHble BewecTBa. BHe.upeHHe .uonpe.ueJIbHbIX H npe.ueJIbHblX pe

3YJIbraTOB B oueHKy Ha CHCTeMllTH4eCKYlO OCHOBy nOCTaBJIeHO B KOHue § 0.4. 

KOHeu TJIaBbl nOCBHU.I,eH 3aJJ,a4e oueHHBaHHH napaMeTpa MacwTa6a (B '1aCT

HOC1'H, MOU.lJHOCTH) no ;I.aHHbIM '0 cBoi'ICTBax B1'OpOrO 'nOpH,:I.KaHa6JII<Y.'\e:HHH. Heo

)KH.uaHHbIM OKa3blBaeTCH 3.ueCb TO, 'ITO OTCyTcTBHe OrpaHl1'1eHIlH Ha MOMeHTbl '1eT

BepToro nopHJJ,K'l He n03BOJIHeT nOJIY4HTb CKOJIb-JIH60 XopOIJJJ1e oueHKll .ua)Ke npB 

Heo~paHHlICHHOM pOCTe ilJ1HHbl HaOJIIOJl,eHI1H. Ho HcnpaBHTb HX npH HaJIH41lH HY)K
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r JI an a 7. 'Ilf: 

OPOBEPKA fHOOTE3 

7.1. OEJl.{HE nOJIO)l(EHH" 

BBe,ll.eHHe. OTBJIeqeHHO npe,ll,cTaBHM ce6e HeKOTophIH 5lIl.J,HK, KOTO

PhII1 HeBa:iKHO, q.eM HaqHHeH, H 'ITO 'B HeM npOHCXO,ll,HT HKaK, HO Ba:iK

HO TO, ''ITO npOI.I,eCChI 'BHyTpH MoryT HaXO,ll,HThC51 B HeKOTophIX ,lI,BYX 

COCT051HH5IX. O,ll,HO COCT05lHHe 06hIqHO, pa60qee, yCJIOBHO HMeHyeMoe 

HyJIeBhIM, He BhI3hIBaeT y Hac HHKaKHX peaKI.I,HH H He Tpe6yeT BMe

WaTeJIhCTBa, a ,lI,pyroe, HanpOTHB, KpHTHqeCKOe, Ha3hIBaeMoe aJIhTep

HaTHBHhIM. HY:iKHO 1I0 Ha6JIJO,lI,eHH5IM 3a BhIXO,ll,OM 3Toro «51Il.J,HKa» pe

WHTh, KaiKoe H3 J!.'BYX 'COCT051H,HH B 'Ha-cT05lIl.J,Hl1 'MOMeHT ;npHcyT,Cl'BiyeT, 

npH'IeM B YCJIOBH5IX KOr,ll,a BhIXO,ll, HaCTOJIhKO 3acopeH wyMaMH HJIH 

cj)JIyKTyaI.I,H51MH, 'ITO O,ll,H03Haq'HO H C nOJIHOH yBepeHHOCThJO pewelme 

lIpl1H5ITh HeB03MO:iKHO, TaK Ka-K 1I05l'BJIeHl1e O,ll,HI1X H Tex )l{e peaJIH3a

U.HH CBOHCTBeHHO KaK HyJIeBoMy, TaK H aJIhTepHaTHBHoMy COCT05lHH5IM, 
HO C pa3HhIMH Bep05lTHOCT5IMH. 

OOCJIe,ll,Hee O'IeHh cyIl.J,eCTBeHHO H nO,ll,pa3yMeBaeT HaJIHqHe -cpe,ll,He

CTaTHCTI1'IeCI(J1X ,lI,aHHhIX 0 BbIXO,ll,e, 0 Ha6JIIO,lI,eHH5IX. 3TO TO, 3a 'ITO 

MO)]{HO H Hy)KHO YXBaTHThC5I JJ:JI5I peWeHH5I np06JIeMhI. HCTO'IHHJ{ no

JIy'IeHH5I ,lI,aHHhIX JI.JI5I Hac CeH'IaC He npI1Hu.I1IIHaJIeH: JII150 3TO pe3yJIh

TaT HCCJIe,ll,OBaHI1H BHyTpeHHeH ¢H3I1'IeCKOH npHpO,ll,hl npou.ecca, JIH60 

rrOCJIeJI.CTBHe rrpe,ll,BapHTeJIhHblX Ha6JIJO,lI,eHHH 3a BbIXO,ll,OM, KOrll.a K 

3TOMy rOBOpHTC5I, l<aKOMy COCT05IHI1JO OH COOTBeTClByeT (06y'IeHHe 

C y'IHTeJIeM), HJIH MO:iKeT 6hITb 06yqemle 6e3 yqHTeJI5I. Ba:iKHa ¢op

Ma rrpe,ll,CTa'BJIeHH5I ,lI,aHHhIX, KOTOpa5I ,lI,OJ])KHa COOTBeTCTBOBaTh Ha

weH reHepaJIbHOH I<OHI.I,elIu.HH ¢opMHpOaaHH5I HHTepBaJIhHOH MO,ll,eJIH 

Cpe,ll,HHX: HMeTb BH,lI, pa3MhITbIX Cpe,ll,HeCTaTHCTHqeCKI1X CBOHCTB rrpH3

HaKOB 'BhIXO,ll,HhIX Ha6JIJOJI.eHHH. EJIaro,ll,ap5I 5I3hlKy rrepBH'IHhlX ,lI,aH

HhlX 3TO O'IeHh ,lI,OCTYIIHa51 11 yHHBepCaJIbHa51 ¢opMa, B TOM MhI He pa3 

yerreJIH y6e,ll,HThC5I. OpH'IeM 065I3aTeJIhHO ,lI,aHHble TaK HJIH HHaqe 

,lI,OJI)]{Hhl CB5I3bIBaThC5I C COCT05lHH5IMH, KaKoe OHO, HyJIeBOe HJIH aJIb

TepHaTHBHoe ( HHa'Ie peweHHe CTaHeT TpUBHaJIbHhIM). 

Ba:iKHhIM 3,l1,eCb 5IBJI5IeTC5I aHaJIH3 H rrOJIyqeHHe ,lI,aHHhIX He 0 JIJO

6hlX ,lI:OCTYlIHhIX rrpH3HaKax 'C I.I,eJIbJO HClIOJIh30BaHH5I HX 'Bcex, a 

TOJIhK,O '0 HaH60JIee xa'paKTepHhlx, IBhl,ll,'eJI5IJOlll,Hx TeHanpaBJleHH5I. 

KOTophle oKa3hIBaJOTC5I HaH60JIee qYBcTBHTeJIhHhlMH KCMeHe COCT05I

HHH (JIy'Iwe MeHhwe, ,lI,a JIyqwe). Tor,ll,a rrepBH'IHhIX ,lI,aHHhlx 6y,ll,eT 
MeHbwe, a 3a,ll,a'Ia - np0lll,e. HMeHHo 3TOT CJIy'IaH Hac HaH60JIee 

HHTepecyeT elll,e 11 1I0TOMy, 'ITO IIpH HeB03MO:iKHOCTH 06Y'IeHH5I HJIH 
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Ilpe,ll,Ba PHTeJIhHOrO aHaJIH3a uMHorue peaJIbHhle 3a,ll,aqH OKa3hIBaJOTC51 

«CH,lI,51Il.J,HMU Ha rOJIO,ll,HOM 'lIaHKe» anpHopHoro ,lI,e¢Hu.HTa. 

OOCKOJIbKY ,lI,eHcTBHTeJIbHhle COCT05lHH51 HeH3BeCTHbI H II1pe,ll,CTOHT 

91'0 eIl.J,e pewHTh, TO Ha3hIBaIOTC5I OHH cunore3aMU: COOTBeTCl'BeHHO 

Hy/te8 aJl fHlIOTe3a H aAbrepHarU8Hafl (rrpOlll,e, aJIhTepHaTHBa). OHH 

MorVT HMeTb pa3HbIH Bec, lIpHOpHTeT. Be,ll,b OTKa3 OT HyJIeBOH rHlIO

Te3bl, T. e. lIpHH51THe aJIbTepHaTHBbI, eCJIH OHO HelIpaBHJIhHOe, MO:iKeT 

npHBeCTH B HTore K T5I)]{eJIeHWHM 1I0CJIe,ll,CTBH51M. HalIpHMep, '!IpHHH

MaeTC5I HeBepHoe peWeHJ1e 0 ,lI,BH)]{eHHH rpYlInbl HeOlI03HaHHblX 06beK

TOB B HanpaBJIeHHH 'IbeH-TO TeppHTopHH, 'ITO MO:iKeT Bbl3BaTb MrHO

BeHHylO oTBeTHyJO arpeCCHJO, KOTOpa51 He HaH,lI,eT 01IpaB,lI,3HHI1. Hm! 

npHHHMaeTc>I peweHHe 0 6e3Bpe,ll,HOCTH HOBoro JIeKapCTBa, TO r,ll, a 

KaK3TO Ha caMOM ,lI,eJIe He TaK. YIJIH oCy:iK,lI,aeTC5I HeBHHOBHbIH. 

CKa3aHHoe lIO;J,BOil.HT K rrpHHu.IHlIY, Tao]( OKa3aTb, '«II'pe3yMII1u.HH ~H

nOTe3bI», COrJIaCHO KOTOpOMy JIy'Iwe HeCKOJIbKO pa3 OTBeprHyTb 3JIb

TepHaTHBy, lIyCTb .u3~Ke OWH50qHO,I<or,ll,a OHa HacaMOM .ueJIe BepHa, 

qeM XOT5I 6bl pa3 HelIpaBHJIbHO OTKa3aTbC5I OT rHIIOTe3bI. nOCJIe.uCT

BHeM 3Toro rrpHHu.Hrra qaIl.J,e 6Y,ll,eT lIpHHHMaTbC5I rHIIOTe3a, a aJIbTep

HaTHBa - JIHWb TOr,ll,a, l<or,'l.a 3TOMy eCTb BlIOJIHe BeC'KHe OCHOBa

HH5I, He Bb13b1BaJOlll,He OC06bIX 'COMHeHHH. TaKHM 06pa30M, rHTlOTe3e 

IIpH.uaeTC51 rrpHopHTeT, Bec, H TeM caMblM B Hee 3aKJIa,ll,bl'BaeTC5I KOH

cepBaTH'8'HOe Ha'IaJIO, a B aJIbTepHaTHBy -rrp'orpeOOIBHoe (HHor.ua, 

arpeCCHBHoe). 3TO B3)]<HO .uJI5I rrOHHM3HH5ICMbICJI3 rrpaBHJI npOBepKH 

f1fIlOrc- ¢HKCHpOBa'HHbIM ypoBHeM OWH50K, 0 KOTOpbIX HH)Ke rroH

,lI,eT :' 

H, .)naeTC5I B Cl"OpOHe H 3a,ll,a'Ia pa3JIHqeHH5I rHrrOTe3, ,COOTBeT

c;c, 'tan 6eClIpllOp'HTeTHbIM rHlIOTe3aM, HalIpHMep, TOT CJIyqaH, J{,or.u3 

i. 1\:1:! c." y CB5I3H nepe.uaJOTC5I .nOCblJIKH 0 (COOTBeTcTByeT HyJIeBOH 

rHlIOTe3e) HJIH 1 (aJIbTepHaTHBe). Ha caMOM :iKe .ueJIe, eCJIH Bec 

3aMeHHTb Bep05lTHoC'rbJO 'rHlIOTe3hl (cpe,ll,HeH o)]{u.uaeMoH qaCTOTOH 

Qepe.uoBaHH51 HyJIeBblX nOCbIJIOK), TO Bbl60pOM Bep05lTHOCTH MO:iKHO 

Hcer.ua yqeCTb )]{eJIaeMbIH lIpHopHTeT, -KaK H Ha06opoT. 31'0 y6e:iK,lI,aeT 

Hac (H 6y.ueT MaTeMaTH'IeCKH rrO,ll,KperrJIeHO), 'ITO 3a.ua'IH rrpOBepKH 

H pa3JIH''I'eHH5I rHlIOTe3, T. e. C npHOpHT'eTHOH H 6eClIpHopHTeTHIQH ,rH

nOTe3aMH 51'SJI51JOTC5I CMe)]{HbIMH, rrO,ll,MeHHBaJOIl.J,HM'H ,mpyr ,,lI,'pyra. 

MaTeMaTH'IeCKOe ocjJopMJIeHHe 3a)l.a'IH. OYCTb 1I0 Ha6JIJO,lI,eHI151M 

YEUIj Tpe6yeTC5I IIpOBepHTb HyAe8ylo cunore3Y C COOTBeTCTBYJOlll,eii 

eH 'MOlJ.eJIbJO .Jf{Vo, IIpOTHB aAbrepHa7'U8bl 'C COOTiBeT,cT'ByJOIl.J,ei1 .Jf{y!. 
COCT051HHH X B 3WYI ,CJIytlae ..uBa: ¢O'pMaJIHHO x=O npH 'HyJIeBOH rH

nOTe3e H X= 1 - lIpH aJIbTepHaTHBe. PewaJOIl.J,ee npaBHJIO (Jy (x) no 

o6w.eMy onpe.ueJIeHHIO § 5.1 B pe3YJlbTaTe TpaHc¢opMHpyeTC51 'B lIapy 

Oy= ((Jay, (Jl y ), r.ue 'IHCJIa (JOy H (Jl y (rrpe,ll,CTaBJI5IJOIl.J,He y,ll,06HyJO 3a

nHCb (Jy (0) H (Jy (1)) Bblpa,KalOT CTelIeHb lIpe.u1I0'ITeHH5I, OT.uaBaeMoro 

COOTBeTcTBeHHo HyJIeBOH ri11I0Te3e H aJIbTepHaTHBe. BCHJIy OTHOCH

TeJIbHOCTH IIpe,ll,lIO'ITeHHH 6y,ll,eM C'Il1TaTb (J0y+(Jl y = 1, 'ITO n03BOJI5IeT 

B .uaJIbHeHWeM paCCMaTpHBaTb JIH60 (Jay, JIH60 (Jl y. 

e y'IeTOM 'rrOCJIe,ll,HerO paBeHCTBa lIpaBHJIO (Jy MO)]{HO HHTeplIpe

TlipOBaTb Kal< paH(JOMU3a/.fUlO, lIpH KOTOpOH C Bep05lTHOCTbJO (JOy rrpH
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HHMaeTC5I HyJIeBa51 rHrrOTe3a, a C 'Bep05lTHOCTblO al y - aJIbTepHaTH

Ba. PaH,lI,OMH3aI..l;H5I 3,l1,eCb HMeeT ·CMbICJI rrp0I..l;e,ll,ypbI, peaJIH3YIOw.eH 

OTHOIlleHHe rrpe,ll,rrO'-lTeHH5I, eCJIH 06513aTeJIbHO Tpe6yeTc5I rrpHH5ITb O,ll,

Hy H3 ,lI,BYX rHrrOTe3 (B I..I;eJIOM )Ke rrOH5ITHe rrpe,ll,rrO'-lTeHH5I 60JIee 

06beMHoe, '-IeM paH,lI,OMH3aI..l;H5I). 

npaBI1JIO TaKoe, '-ITO inf aOy=o, sup aOy = 1, Ha30BeM IWHTpacT
y y 

HbIM, a eCJIH any (oTCIO,lI,a 11 a l y) rrpHHHMalOT TOJIbKO 3Ha'-leHH5I 0 If 

1 - TO aeTepMUHup08aHHb1M. 
MO,ll,eJIH .Jf{yo H .Jf{Y j , 'KJIaCC f!l) B0'31MOfKHblX rrpaHHJI, K03·cj:Jcj:JHI..I;HeHT 

rreOCHMH3Ma x - Bce 'BMeCTe OHH 06pa3ylOT CTaTUCTulfecKYIO 3adalfY 
np08epKu 2unOTe3. CBOHcTBa rrpaBHJI Mep5lIOTC5I OIllH6KaMH, KOTopble 

H onpe,ll,eJIHM CeH'-Iac. 

Ypo8HeM npa8UAa Ha3bIBaerC5I Cpe,ll,HeCTaTHCTH'-IeCKa51 BeJIH'-IHHa 

OIllH6KH, COCT05lw.eI1 B InpHH5ITHH aJIbTepHaTHBbI rrpH yCJIOBHH, '-ITO 

rHrrOTe3a BepHa. Mep5leTC5I ypoBeHb OTHOCHTeJIbHO .;l{Yo: aX (a) = 
='xMOal y + (l-x)Moa l y = l-xMoaOy-(I-x)MoaOy, r,ll,e M o HMo COOT

BeTcTBylOT J{Yo. Ta )Ke caMaH aX(a) - BeJIH'-IHHa oUlu6Kunep802o 
poaa, 3 a,ll, a lOW.a 51 KOHcepBa THBHOCTb npaBHJIa: '-IeM MeHbIlle aX (d). 
TeM coxpaHHeH CTaHeT rHnOTe3a. EaJIaHCOM K HeH 51BJI5IeTC5I oUlu6Ka 
8TOp020 poaa, onpe,ll,eJI5IeMa51 cj:JOpMyJIOH 

- 0 0 1 - 1
~X (a) = x M 1 ay+(I-x) M1ay = l-xM1ay -(1-x)M1 ay . 

3TO eCTb Bep05lTHOCTb Herrpa'BHJIbHOrO npHH5ITH5I rHrrOTe3bI rrpH YC

JIOIBHH BepHOH aJlbTep·H3THBbl (H3Mep5leTC5IOTHOCHTeJIbHO .Jf{Yd. 
ECJIH HHTepnpeTHpoBaTb 3Ha'-leHH5I rrpaBHJIa dy B HHTepBaJIe 0-1 

KaK 'paHtl,OMH3aIJiHIO, TO aX (d) H ~x (d) 6y,ll,yT HMeTbCMblCJI Bep05l1'HOCTefi 

OIllH60K, B3BeIlleHHbiX K03cj:Jcj:JHI..I;HeHTOM rreCCHMH3Ma. A B 06w.eM, 3TO 

6Y,ll,YTKoJlH'-IeCTBeHHble Bblpa)KeHH5I ,cpe.uHero npe,ll,nO'-lTeHH5I, OT,lI,a

BaeMoro OIllH60'-lHO O,ll,HOH rHnOTe3e rrpH CnpaBe,ll,JIHBOCTH ,lI,pyroI1. 

BbI4HCJI5IIOTC5I 'Bep05lTHOCTH OWH60K rro MeTO,ll,HKe np0,ll,OJI)KeHH5I cpe,iJ.

HHX C nepBH'-IHblX .uaHHbIX (3a.ualOw.Hx HCXO.uHO Jllo H .Jf{d Ha day, diy, 
paccMaTpHBaeMble KaK rrpH3HaKH npoCTpaHcTBa Ulj. 

06e OIllH6KH 6aJ1aHcHpylOT ,lI,pyr ,lI,pyra: )KeJlaHHe YMeHbwHTb 

01!.HY H3 HHX Bbl3blBaeT TyT )Ke YBeJIH4eHHe ,lI,pyroH H Ha060poT. 

OnTHMH3aUH5I Ha ypoBHe CHHTe3a COCTOHT B 'CB5I3aHHOM nOHH)KeHHH 

06eHX oWH60K HJIH TOJIbKO 01!.H0I1 H3 HHX npH 3a1!.aHHOM 3Ha'-leHHH 

.upyroH, 4TO BJIO)KeHO B cJIe,ll,YIOw.ee orrpe,ll,eJIeHHe. 

OnTuAWAbHblM npu ypo8He a lia3bl8aeTCR npa8uAo npo8epKu 2U
nOTe3, MUliuMu3upyiOU{ee muu6Ky 8TOp020 poaa ~x (a) npu cjJUKCUpO
8aliliOM 3lialfeliUU 8eAUlfUHbi OUlu6KU nep8020 poaa: aX (a) =a. Ha
XOfK,lI,eHHe OnTHMaJIbHblX rrpaBHJI H eCTb Ta OCHOBHa51 3 a,iI.a'-l a, KOTO

pa51 CTaBHTC5I B 3TOH rJIaBe. 

OnTHMaJIbHOe npaBHJIO Hw.eT'C5I B KJIa'CCe BceXnpaBHJI, T. 'e. Beex 

cj:JyHKUHH any co 3Ha'-leHH5IMH B OTpe3Ke 1[0; 1]. ,UJI5I ero HaXO)K.ueHH5I, 

eCJIH BOCnOJIb3'OBaTBC5I MeTO.uO'M MHO)l<HTeJleH JlarpaH)Ka, ',lI,OCTaTOlJHO 

C1!.·eJIaTb ,lI,Ba Illara. nepBblH - 3TO peweHHe CMeJICIiOU 3aaalfU: Mlf'HH

MH3aI..l;HH no a, 8eC080U CYMMbl OUlu60K rX,,(a) = Aax(a) +~X(a), npH 

3TOM MHHHMH3HpYIOw.ee npaBHJIO 6y.ueT 3aBHCeTb OT MHO)KHTeJI5I A. 
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npH.uaIOmero Bec rHnOTe3e. BTOpOH Illar 6Y,ll,eT COCT'05ITb B Bbl60pe 

TaKoro A, '-IT06bl ypoBeHb MHHHMH3HpYlOmero np:J.BHJIa paBH5IJIC5I a. 

DOJIylJeHHOe npaBHJIO H 6Y,ll,eT OnTHMaJIbHblM ypOBH5I a npaBHJIOM 

IT p O,B e P K H rHnOTe3bl. 
DpaBHJIO, MHHHMH3HpYIOmee pHCK B BH.ue BeCOBOH CYMMbI OIllH

60K, Ha3bIBaeTC5I OnTHMaJIbHblM rrpaBHJlOM p a 3 JI H '-I e H H 51 rHnOTe3. 

DO.uMeqeHa 3KBHBaJIeHTHOCTb 3TH X ,lI,BYX BH,lI,OB npaBHJI, 'r,ll,e pHCK 

MO)KeT paCCMaTpHBaTbC5I l,aK ycpe.uHeHHa51 OIllH6Ka rrpH 3a.uaHHblx 

Bep05lTHOCT5IX rHrrOTe3. 

.ll.ei1cTBHTeJIbHO, BeCOBaH cyMMa oWH6oK, eCJIH ee nepenHcaTb rx" (d) =. 

=[poax(a)+(l-po)~X(a)]/(l-po), nOJIO)l(HB Jl,JIH 3Toro 'A=po/(i-po), npH HH

TepnpeTal.\HH po KaK BepoHTHoCTH fHnOTe3bl C TO'lHOCTblO Jl,O MHO)l(HTeJIH COBna

Jl,aeT C nOJIHOHBepoHTHoCTblO OWH6KH, 33KJIlO'leHHOH B KBaJl,paTHble C'Ko6KH. TaKHM. 

o6pa30M, Ka)l(JI,oMY 'A cooTBeTcTByeT 3aJl,a'la C 3aJl,aHHOH BepoHTHoCTblO po, H Ha-· 

060pOT. 

KAacc f!l)* npa8UA lia3bl8aeTCR aOCTaTOlflibIM, 
8UAy a U IfUCAaM 11,>0, 1'>0 MOJICIiO YKa3aTb 
rx-.(a*) :::;;rx-.(a) +1'. 

OOH5ITHe .uOCTaTO'-lHOCTH BbITeKaeT H3 06mero 

eCAU AI060My npa-
TaKoe a*Ef!l)*, IfTO 

onpe.ueJIeHH5I § 5.2 
H Ccj:JOpMyJIHpOBal-lo npHMeHHTeJIbHO K CMe)KHOI1 3a.ualJe. ECJIH oWH6

Ka nepBoro po.ua MHHHMH3HpYIOw.ero npa'BHJIa HenpepbIBHa no A, TO 

TOT )Ke KJIaCC f!l)* 6y.ueT ,lI,OCTaTO'-lHbIM B OCHOBHOH 3a.ua'-le, npH'-IeM 

npH JII060M a. ECJIH B.upyr TaKOH ,HenpepbIBHOCTH HeT, TO ee MO)KHO 

.u06UTbC5I ueKOTopblM paCIllHpeHHeM f!l)*. 
OCHOBHaSi TeopeMa 0 tl,OCTaT04HOCTI1. 0603HalJHM, KaK BCer.;la, 

;;F+e.g - KJIaCC BTOPH4HblX .npH3HaKOB, OCHOBaHHblX Ha e.g, T. e. ;;F+;g= 
={g(y)=co+'L,c+;g;(y), g;Ee.g}. OpH npOBepI<e rHnOTe3, eCJIH ;gu_ 
nepBH''-IHble npH3HaKH, 33.QalOmHe HyJIeBylO rHnOTe3Y JI[Yo= (N1oe.gO), a 

e.gl - 3a.,[1a10T aJlbTepHaTIIB-Y, .Jf{y, = (M je.gl), 3THX I<JlaOCOIB 6y;J.eT .:tBa: 

;;F+e.go H ;;F+e.gl. 

CJIe.uYlOma51 TeopeMa CB5I3bl'BaeT .uOCTaT04Hble 

BH.uOM BTOPH'-IHbIX (II CJIe.uOBaTeJlbHO, nepBHlJHblX) 

BeTcTBylOW.HX nInOTe3e H aJIbTepHaTHBe. B caMOM 

KJIaCCOB 'p+e.go HJlH 'p+e.gl OCHOBbIBaTbnpaBHJlO? 

KJIaCCbl npaBI!.'1 C 

npH3Hal<OB, COOT

.ueJIe, Ha \<aKO,,1 H3 

OI<a3bIBaeTC5I, Ha 

TOM H Ha .upyroM, a fIpH x= 1 - JIH60 Ha TOM, JIH60 Ha .upyroM, KaK 

CeHlJaC 6y.ueT .uOKa3aHO . 

TeopeMa 7.1. flYCTb (MYoe.gO) U (My j e.gl) onpeaeAJl.IOT COOT8eT
CT8eliliO 2unoTe3Y U aAbTepliaTu8Y, 2ae e.g0 U e.gl - npu8eaelilible K 

8epxliUM nep8ulflible Ha6opbl. flYCTb O~gO (y) E,P+~o, O:::;;gl (y) E 
E,P+e.g1 - lieoTpuu,aTeAblible U3 8TOPUlflibiX npu3HaKo8 2U1WTe3bl U 
aAbTepliaTu8bl. 

1. flpu x? 1 aOCTaTOlflibLAlU 6yayT KAaCCbl npa8uA AI06020 U3 
08yx 8Ua08 a UAU 6: 

a. a~ = min {1, gO, (y), gl (y)}, a~ = max to, 1- gO (y), 1- gl (y)}; 

6. a1 = max {O, 1 - gO (y), 1 - gl (y)}, a~ = min {1, gO (y), gl (y)}. 
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2. flpu X= 1 OOCTaTOlif-lblMU 6yOyT npa8U/la /l1060co C/leoYfow,eco 
8uoa a U/lU 6: 

a. o~ = min {l, gO (y)}, oZ = [1 - gO (y)j+, 

npUliOl TaKUe, liTO a(0) = M ogO (y) = COO + L ciI; M og? npu gO (y) = 

= COO + L cit g? y); 
I 0 

6. Oy = [1 - gl (y)j+, Oy = min {l, gl (y)}, npUlieM TaKUe, liTO 
- +- I " + I= Ml gl (y) = COl + L Cil Ml Oi npu gl (y) = COl + ""' Cil gi (y). 

v 

_ 
~ (0) = 

no K a 3 aTe JI b C T B O. la. ITYCTb Oy - KaKoe-TO npaBHJIO. IToKa)f{eM, 'ITO 

MoO)f{HO HallTH He xy,nIlJee ero npaBHJIO H3 ,nOCTaTOtIHOro KJIaCCa, T. e. C TaKHM 

me pHCKOM HJIH OTJIHlJalOW:HMClI Ha CKOJIb yrO~HO MaJIOe e. BbInHIlJeM BecoBylO 
'J \...' V \....' v 

CyMMy OIlJHOOK rxJ..(o) = AxMooty + (x-l)M,o'y-J..(x-l)MoO'y-xM,o'y. I-I.nell ,no

'-' 
Ka3aTeJIbCTBa oy,ner COCTOllTb B Ma)f{OpHpOBaHHH npOH3BOJIbHO BblopaHHoro d'y no
 

QlJepe1\H BTOPHlJHblMH npH3HaKaMH mnOTe3bI H aJIbTepHaTHBbI, KOTopble H nepe
v u v 

.n:a,nyr O'y CBOH cpe,nHHe 3Ha 'leHHH, onpe,neJIHH MOO' y H .M,Oly. HH)f{HHH rpaJ-lb 

npH3HaKOB H eCTb npaBHJIO 

oOJIee cTporo H no,npooHO. 

ITo c.~e1\CTBHlO K TeopeMe 

TatKoii MalKopHpYlOW:Hrl ero 

u 
,nOCTaTO'lHOrO KJIaCCa, He xY1\IlJee Oly. A Tenepb _ 

v 
1.1 npaBHJIY O'y H 3a,naHHoMy e> 0 MO)f{HO YKa3arb 

BTOPH'lHblI~1 np:H3HaK HyJIeBOl1 rHnOTe3bl gO(y) =coo+ 

v v 
+LC+i,)gOdY)E.P+~O, 'ITO gO(y»o'y H MogO(y)-Moo'y~e/A. (npHlfeM MogO(y) = 

=Coo+ LcTioMg°;). AHaJIOrH'lHO MO)f{HO YKa3aTb TaKOII gt(Y)E'p+~t, lfrG gt(y) ~ 
v v 

~O'y u ;\I,g'(Y)-M,oly~e (npH'leM Mlgt (y)=CodLC+i1 Mg t;). Tenepb BBe,neM 

O'y=min{l, gO(y), g'(y)}. 3TO eCTb peIlJalOw:ee npaBHJIO, TaK Ka« O~o'y~l, OHO 

Ma)l(QpHpyeTcH epyHKu'HHMH gO (y) H g' (y), n03TOM y C Y'leTOM x~ I HMeeM 

v v 
AxAloo'y+ (x-l)M,o'y~AxMogO(y) + (x-l)M,g' (y) ~AxMoo'y+ (x-l )M,o'y+e. 

v v v 
ITo MalKopHpyeMocTH Oly~Oly BepHbI HepaBeHCTBa ~oO'y~MoOly, ~IOly~~,O'y, 

'-' 
B pe3YJIbTaTe lfero nOJIy'laeM rx(o) ~rxJ..(o) +e, 'lTO ,nOKa3blBaeT ,nOCTarO'lHOCTb 

npaBHJI BH,na, B311Toro ,nJIlI o'y, a epopMyJIa ,nJIlI OOy 3KBHBaJIeHTHa l-o'y. 
16. 31\eCb ,nOKa3aTeJIbCTBO OTJIHlfaeTCH OT npe1\bl.Llyw:ero pa3Be 'lTO BblOOPOM 

v
gO(Y)E.P+~O H g'(Y)E.P+~', Y1\OBJIeTBoplllOW:HMlI HepaBeHcTBaM gO(y)~OOy, 

g'(Y)~OOy, H TaKHM, npH 

Tor,na, BBOJI)I npaBHJIO OOy = 
'-: 

rxJ..(o) ~rxJ..(o) +e. 

2a. TIPH x=l HMeeM 

v~) 
KOTOpOM MogO(Y)-MooOy~e/A, Jij,g'(y)-M,oo~e/),. 
min {I, gO (y), g' (y)}. TOtIHO KaK BblIlJe .nOKa3blBaeTClI 

v V v 
r\(o)=AMoolv+l-Mlo'y. BbloepeM gO(y), KaK 3TO 

JleJIaJIOCb B la, H nOJIO)f{HM o'y=min{l; gO(y)}. Tor.na J..MOO'y~AMogO(y)~ 
v v \.1 v 

~A.Moo'y+e. TaK IWK O'y~O'y, TO .~,O'y~M,o'y, H n03TOMY rl' (0) ~rl, (d) +e, 
'ITO H TpeOOBaJIOCb. nOKa3aTeJIbCTBO 26 aHaJIOrHtIHO. 
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KOMMeHrap"u. 1. CJIyqafl neCCHMH3Ma x= 1 rrpHBJIeKaTeJIeH TeM. 

tiro ,lI,JI5I rrpaBHJI 2a, 6a3HpyIOmHx'c5I Ha BTOPHtlHblX I1'pH3HaKax rIl 

nOTe3bl, Icpa3Y ,HaXO,ll,H1'C5I olllH6Ka rrepBo,ro 'po,ll,a, a ,lI,JI5I rrpaBlHJIa 26

.Broporo po,ll,a. B CB5I3H C .3THM ,lI,JI5I rrpaBHJI 3a,ll,aHHOrO ypOBH5I a 
peKOMeH,lI,yerC5I <popMa 2a, r,ll,e <pHI{CaUH5I ypOBH5I 3KBHBaJIeHTHa pa

BeHcrBy MogO(y) =a H ocymeCT-BJI5IeTC5I B BH,lI,e JIHHeJ1HOrO OrpaHHtle

HH5I COO+ ~c+iOMogOi='a Ha K03<p<pHUHeHTbI. A rrOHCK OnTH~aJIbHOrO 

npaBHJIa C-BO,ll,HTC5I K MHHHMH3aUHHolllH6KH BToporo po,ll,a ~ (0) (,lI,a

BaeMOJ1 <pOpMyJIOJ1 rrp0,ll,OJI:lKeHH5I Cpe,ll,HHX ,lI,JI5I .J!{Y I H TaK HJIH HHatle 

onpe,ll,eJI5IeMoii K03<P<PHUHeHTaMH) UpH OrpaHHqeHH5IX Ha K03<p<pH

UHeHTbl: Oi.ll.IH0 f'O, <pHKlcHpYIOmero ypOBe:Hb a, H ,lI,pY'f'oro, BblTeKaIO

mero H3 rpe60BaHH5I oY~ 1. 
2. npH x> 1 H,lI,JI5I .rrpa'BHJI la HMe·eM (H<CrrOJIb3y51 <paKTbI H3 ,lI,O

K33areJIbCTBa TeopeMbl 7.1): a(0) ~ min {MogO, Mogl} H MO:IKHO y,ll,OB

JIeTBOpHThC5I TeMH gO (y) H gl (y), ,lI,JI5I KOTOpblX BepHo paBeHcrBo. 

3,l1,eCb Tpy,ll,OeMKHM MOlKeT OKa3aTbC5I BblqHCJIeHHe Mogt, eCJIH gl (y) 
npH3Ha:I<H «He C'BOH», T. e. He KJIaCCa 2+~O rHI1'OTe3bI, H Torna ,lI,JI5I 

BblqH<CJIeHH5I 0lllH6KHrrepBoro po,ll,a TalOKe nOTpe6yeTc5I rrpHMeHeHHe 

¢op MyJIbl rrp0,ll,OJI:lKeHH5I cpenHHX. 

3. ECJIH ~o=~t, T. e. rHnore3a H aJIbTepHaTHBa 6a3HpYIOTC5I Ha 

OnHHX 11 Tex Me rrepBHqHbIX npl13HaKaX, TO rrpaBHJIa 2a (HJIH 26) 

C TeMH :IKe COOTHOllleHI151MH ,lI,JI51 01llH60K 6y,ll,yT ,lI,OCTaTOqHbIMH He 

TOJIbKO npH x = 1, HO H rrpH Bcex x> 1, qTO CJIe,ll,yeT H3 nepBoM qaCTH 

TeopeMbl (TaK 'KaK gO (y) = gl (y)). 
4. BMecTo 2+~o H 2+~' 'B YCJIOBH51X TeopeMblMorYT (j)HryplI'po

BaTb JII06ble 60JIee lllHpoKHe KJIaCCbI ,rrpH3HaKoB. 

5. ECJII1 2+~on2+~1=0, TO ,lI,OCraTOqHble KJIaCCbl ,npaBHJI, COOT

BeTcTByIOmHe nyHKTaM a H 6 TeopeMbl, He 6y,ll,yT nepeceKarbC5I Me:IK

ny c060i1. Tor,ll,a OnTHMaJIbHOe npaBHJIO, rrOCKOJIbKY OHO MO)l{eT rrpH

Ha,ll,JIe:IKaTb KaK O,ll,HoMy, TaK H npyroMy ,lI,OCTarOqHoMY KJIaccy, He 

6yneT enHHcrBeHHbIM. Bo06me HeJIb351 rOBopHTb 0 MHHHMaJIbJ-lOM 

,lI,OcraTOqHOM KJIaCCe BCJIe,ll,CrBHe roro, tiro OH OqeHb tla,CTO He cy

mecTByer. 

6. nOCrarOqHOCTb, yrBep:IK,lI,aeMa51 TeopeMoH, Ka3aJIOCb 6bl, cne

UHaJIbHa B TOM CMbICJIe, tIro OTHOCHTC51 K KOHKpeTHoMy pHCKy B BH,lI,e 

JIHHeJ1HOJ1 CYMMbl B3BellleHHbIX (K03¢¢HUHeHTOM neOCHMH3Ma x~ 1) 
OlIlH60K. Ho TeopeMa BepHa ,lI,JI51 JII060ro pHcKa, MOHOTOHHO CB513aH

Horo C 3THMH 01ll116KaMlI, H B .3TOM CMbICJIe yHHBepCaJIhHa ,lI,JI5I rrpo-

BepKH rY1IlOTe3. HanpHMep, nJI51 r(o) =max{a(o), (3(o)}. 

7. nOcTatOqHble 'lIpH X= 1 KJIaCCbl qaCTH 2 TeopeMbI MO:IKHO pe

KOMeH,lI,OBaTb HCnOJIb30BaTb H rrpH onTHMH3Me X< 1. 

IT p H M e p 7.1. Pa3JIH'lHe Me)f{.ny CJIy'laHMH 2a H 26 TeopeMbI BblHBHM Ha 

npoCTOM npHMepe, Kor,na rHllOTe3a H aJIbTepHaTHBa 3a.l\aHbl Ka)f{,naH O.l\HHM nep

BHlJHbIM 3HalJeHHeM B BH,ne BepxHHx BepollTHocTeH Po (AO) = po, pdA') = PI coor

BeTcTBeHHQ C06bITHH AO, At .113 1JIj. Tor,na lIepBHlJHblMH 6y.nYT AO(y) - .nJIH rHllO

Te3bI HAt (y) - .l\JIlI aJIbTepHaTHBbI, a BTOPHlJHbIMH COOTBeTCTBeHHO !t'+~o = 

v 
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= {c+c+oAO(y)}, Ie+'!lI={c+c+IAI(y)}. II 

X= I npllMyT (c 3aMeHoH C Ha I-c) BII,U 

2a. 02=C-4 AO(y).	 ct~c~ I, 

VI V + + v 

26. Oy =c-cj AI(y.) c. ~ c~ I. 

...;:.n.OCTaTO'lHble KJlaCCbI B TeopeMe 7.1 nplI 

- +a(o)= l-c+cO Po. 

- v V + 
~ (0) = I - C + C1	 Pl' 

{)HII 11300pameHbI	 Ha pIIC. 7.1 B ,BII,Ue KpllBbIX any ,UJlH cJly'laH 2a -II a 1y ,UJlH 26. 

)lJlH npaBIIJI BII,Ua	 2a aJlbTepHaTIIBe OT,UaeTCH npe,UnO'lTeHlle JlIIWb nplI YEA". 
T. e. B OOJlacTH 113BecTHOrI BepOHT,HOCTII Po (A 0), n03BOJlHlOwerI BbI'IIICJlIITb npll X= I 

BeJllI'lllHy OWIIOKII nepBoro po,Ua. II CJleL\OBaTeJlbHO. <pIIKCllpOBaTb ypoBeHb npaBIIJla 

npllpa'BHIIBaHJ1eM a= l-c+c+oPo. YMeHbweHlle ypOBHH ,UOCTllraeTCR JlIIOO yMeHb

weHlleM C+o, JlIlOO YBeJlll'leHlleM C. IlHa'le rOBopR. 3a C'IeT «pacnAbI8WiUJl» BWllpb 

.npaBIIJla. 

npHM'eM Hy)KHOe y,'JlOBlle: AOUA1,=oy, A"At""'0. OHO OTpameHO Ha p'IlC. '1.1: 
MHomeCTBa AO II A I, nepeKpbIBaHCb Mem,Uy COOOH, OXBaTbIBalOT .BMeCTe Bce uij. 
31'0 YCJlOBlle n03BOJIHeT HarlTll (MamopllpyH any BTOPlI'lHblM npll3HaKOM aJlbTep

HaTHBbl: c-c+o+C+OAl (y) ;;?:c-c+oAO(y) II nOL\CTaBJlHH ero cpeAHee) BepoHT-

HOCTb OWHOK-II BToporo pOAa: (3(a) =c-c+o+c+oPt (oe3 npHHHToro YCJlOBIiH Mamo

paHTol1 OY,11,YT nOCTOHHHoe C III /3(a) =c). 

Ha11,11,eM OnTIIM3J1bHOe npaBIlJlO. )lJlH :noro HaXOL\IlM K03<p<pHUlleHTbI C II c+. 

.MIIHHMIl3HpYIOw,lle l3 (a) (JlIIHeHHylO KOMoIlHaUHIO) npll orpaHIl4eHIlH B BIlL\e pa

.BeHCTBa a. I1MeeM 

I. C= I-a, ct=O, 0Z=I-a, 'j3=I-a. npll Po+Pl;;;;.l; 

+ I-a2. c=c =--_.o I-po' 

+ ex3.	 c= I, Co =
Po ' 

I-a. _ I-a 
oO=--[I-AO(y)]. ~=--PI 

y 1- p" 

02=[I-~AO(y)J, 
Po 

oAHaJlOrll'leH paC'IeT npaBIIJla Tlina 26, ,Ua II a y 

.lIIIWb pa3'HIIUeH, 'ITO AO (y) 3aMeHHeTCH Ha I-A I (y) 

1- Po 

npll Po + PI < 1, Po ~ a 

j3=I-~(l-PJ) 
Po 

Ilpll Po + PI < I, Po> a.. 

nOJlY4aeTcH TaKIiM )Ke C TOH 

(A° 3aMeHHeTCH ,QonOJlHeHHeM 

K A I). ITpow'e rOBopH. OOJlaCTb npe,UnO'lTeHIIH HyJleBol1 fIInOTe3e pacwllpHeTcH C 

,11,OnOJlHeHHH K A° (CM. pliC. 7.1) ,UO A 1. OWIiOKIl Y OOOIlX TllnOB npaBIlJl cOBep

weHHO OL\'HHaKOBbI. OTCIO,fla cJle,flyeT II oOJlee rJlyoOKHrl BbIBO,11" 'ITO JlIOooe npaBIlJlO 

BO V,y 
By 

q-- 1 1---
I c+ I 
I I0 

'---.;.-----i 

0°11> pacnOJIaraIOw,eeCH Mem,flY OOy H aOy: aOy<. 

<'OOy<'OOy (1'. e. B OOJlaCTH nepeCe'leHIIH yE 
EAoA I He CKa'l'KOM, a npOll3BOJlbHO CnaaaIOw,ee 

C O,UHoro ypOBHH npeanOIlTeHHH Ha ApyrOH), OY

,UeT IlMeTb Te me OIIJIlOKH II Tome oy,UeT onTII-

MaJlbHblM. ~ 

T310TCH HeM3MeHHbIMH, T. e. CTporo B MaTeMaTM4eCKOM CMbICJJe 

o6HapyJKMB31OT OBOMCTB3 HHB3pH3HTHO'CTH HJJH CHMMeTpHH K npe

o6pa30B3HH5D1? Tor;I.a O)l{HnaeTCH nepen34a nOXO)l{Hx CBaM'CTB 

K onTH,MaJJbHbIM npaBI1JJ3M, 4TO 3KBHBaJIeHTHO nOnOJIHHTeJlbHOMY 

cyJKeHHIO nOCTaT04Horo KJl3c:ca. ,UaHHaH MbICJIb nOJIHOCTblO YKJlanbI

BaeTCH B p3MKH 06I..UMX npMHlI.MnOB HHBapHaHTHOCTH H CHMMeTpMM 

§ 5.4npH COCTOHHHH x, npMHHMalOI..UeM .uBa 3Ha4eHHH: 0 HJIH I. 
Teo p e M a 7.2. flYCTb nepBU'l.ftble npU3ftaKU liM eunOTe3bl 

<jWYo~O) /lu60 a/lbTepftaTUBbl <'MYl~I) UftBapUaftTftbl K epynne 9' npe
o6pa30Baftuii npOCTpaftCTBa Ulj: g(sy) =g(y), sE9', gE~j, j=O 
U/lU 1. Toeoa npu X= 1 K/laCC UftBapUaftTftblX K 9' npaBU/l (¢yftK/{UU 
~t.aKCUAW/lb/iOeO UftBapUaftTa) flB/lfleTCfl oOCTaTO'l./iblM.· 

B caMOM neJle, Bce epYH'KlI.MH KJI3CCa 2+~0 6y.uyT HHBapHaHTHbI 

K 9'. OTclOna HHBapMaHTHbIMIi CTaHOB5ITCH peWalOI..UMe npaBMJla lJ.ac

TH 2a TeapeMbI	 7.1, o6pa3ylOI..UHe InpH 

TeopeMa 7.2 6yoeT cnpaBeO/lUBa 
cooTBeTcT8Yfo/4ue KaK ZUnOTe3e, TaK 
pUaHTftbl K 9'. 

CTaTHcTH4eCKa51 3a.ua4a DpoBepKM 

PU/1.H.oii. K rpynne 9' npeo6p330Ba'HIiM 

x= 1 nocTaTo4HbIM KJIacc. 

npu x> 1, eC/lU o6e MOOe/lU, 
U a/lbTepftaTUBe, 6yOyT UftBa

rMnOTe3 Ha3bi'BaeTCH CUMMeT
npocTpaHcTB3 Ulj, eCJlH .J!{Yo 11 

.JI{Y 1 Ol\MMeTpH41Hbi K 9' B CMbICJIe Mjf(sx) =Mi!(x), VfE.g:-, sE9', 

j=O, 1. 
04eBlinHO, H3 MH'BapHaHTHocTM 06eHx MOneJleM K rpynne 9' 6y.ueT 

CJJe.uOBaTb HX cHMMeTpli51 (HO He Hao6opOT). ,U3HHoe 3neCb nOH5ITlie 

CMMMeTpHIi CB513bIB3eTCH C 06I..UHM onpe.ueJIeHMeM ,§ 5.4. B caMOM 

.ueJIe, nJlH 3Toro Hy)l{HO BMeoo n3pbI ..1{Yo, .JI{Y 1 'nepeMTH K CI1M 

.JI{xy=::!x.JI{Yx, B KOTOpOM x npHHHMaeT O.uHO H3 nByx 3Ha4eHIiM: 0 
HJlM 1 H HIiKaKMX .uaHHbIX 0 x HeT. CJ1.MMeTpHH 3TOM CI1M 3KBH

B3JIeHTHa cMMMeTpli1i 3a.ua41i npoBepKH rwnOTe3, n03ToMY 'npMMeH5IH 

TeopeMy 5.7, nOJIy4aeM cJIenYIOI..Uee. 

Teo p e M a 7.3. JlYCTb 3aOa'l.a npo8epKu eunOTe3 CUMMeTpU'I./ia 
K oucKpeTHoii epynne 9' npeo6pa30Ba/iuii npOCTpaftCTBa Ulj. Toeoa 
K/lacc UftBapUaftTftblX K 9' npaBU/l flB/lfleTCfl oOCTaTO'l.ftblM O/lfl 3TOii 
3aOa'l.u. 

T3KMM 06pa30M. npM HaJIH4HH cHMMeTpHH 3a.ua4M npM nOHCKe on

THMaJIbHbIX npaBHJI MO)l{HO OrpaHH'IMTbC5I epYHKI.I,HHMM MaKCHMaJlbHO

ro K 9'HHBapHaHTa. 

IT p II M e p 7.2. ITyCTb Yl, ... , Yn - O,UHopo,UHaH BbloopKa, aa,UaHHaH nepBIl'l 

HblMIl 3Ha'leHIIHMII Mjgk(y;) =mg,j, gkE'S, i= 1..... n, j=O, 1. 3aaatJa cIiMMeTpJl'l 

Ha K rpynne nepecTaHoBoK Yi Mem,Uy COOOil, II TaK KaK 3Ta rpynna AllCIK'peTHa, 

TO B KJlaCCe IIHBapllaHTHbIX K ·nepeCTaHOBKaM HymHo IlCKaTb OnTIlMaJlbHOe pewaIO

w,ee npaBIlJlO. CorJl3CHO '1aCTH 2a TeopeMbl 7.1 CTpYKTypa OnTIlMaJlb'HOrO npll 

)(.= I npaBIlJla oy,UeT IIMeTb BIl,U: 

n'--.,-.'y 
I1HBapMaHTHocTb M CMMMeTpMSI. A 02= [co- ~ ctgk(y)]+, gk(Y)= ~gk(Yi)/n, gk E ;§.

'------...~---' AA, 0	 4TO, eCJIM mpH HeKOTopbIX npeo6p330B3 k i=1
 

HH51X npOCTp3HCTB3 Ulj H3 ,cel6H MOPHC. 7.1. ,UBa Tllna	 ,UOCTaTO'lHbIX npH'IeM 'npH TaKHX K03<P<PIlUlleHTax C+k' 'ITO a(a)=I-CO+~C+kmgk'O. 
npaBIIJI neJJH rH,nOTe3bI H 3JJbTepH3THBbI oc-	 - k 
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06Hapy»<eHHe CHrHaJIa no BepOSITHOCTSIM npeBblllleHHH. 11pOHJIJIIO

cTpHpyeM Ha O)].HOM lJaCTHOM CJIylJae, KaK ¢opMHpyeTc5I )].OCTaTOlJ

HblH KJIaCC rrpaBHJI H ,KaK HaXO)].HTC5I OrrTHMaJIbHoe. 

11YCTb Bbl60pKa )].HCKpeTHa51 Yl, ... , Yn. 11yCTb HyJIeBa51 rHrrOTe3a 

(HHTep,npenrpyeM KaK orcyrcTBl1e'CHrHaJIa ) onpe)].eJIHeTC5I nepBl1lJ

HbrMI1 Bep05lTHOCT5IMH PO(IYil>h)=iio(h). 11pH Kalli)I,OM h 3TO eCTb 

Ta rpaHHua, KOTOpylO He CMOllieT HHKor)].a npeB30HTI1 Bep05lTHOCTh 

rrpeBblWeHH5I yp'O'BH5I h rrpHH3Hxy)].llleM )].JI5I rHnOTe3bl 'CTeLJeHHH 06

CT05lT,eJIbCTB. CLJHTaeM qo(h) Hey6bIB31Olll,HMHq)YHI(UH5IMH h, OHH-TO 

H onpe)].eJI5IT 11M .Jf{Yo. 11pH aJIbTepHaTHBe (H3iIlILJHH CHm3JIa)' Be

P05ITHOCTH rnpeBblmeHHH B03,P3CT3IOT H 'CT3HOB5ITC5I He MeHbwe ql (h) = 

= PI ( IYi I>h), OHH 6y)].yT rrepBHLJHblMH )].JJ5I .11[\" 11pIILJeM MbI He 

orOBapHB3eM 3)].eCb, KaKHM 51BJI5IeTC5I CHrHaJI, 3 JII1Wb orrHpaeMC5I H3 

TOT ¢3KT, LJTO ero HaJIHLJHe H3MeH5IeT Bep05lTHOCTH rrpeBblweHHH ypOB

HeH h, Bcex, JIH60 rro 06CT05lTeJIbCTBaM HelwToporo H360pa ypoBHeH 

HJIH TOJIbKO o)].Horo, lJTO COOTBeTCTByeT p33HblM Ha60paM rrepBHlJHblX 

)].3HHbIX. 

Ta'Ka51 rrOCTaHOBKa BCTpeLJaeTC5I, ecmr xap3KTepHblMH, OTJIHlJH

TeJIbHblMI1 LJepT3MH, corryTcT'BylOlll,HMH CHrH3JIY, HJIH IlpOCTO KOTopble 

Mbl 3H3eM, 5IBJI5IeTC5I POCT lJ3CTOTbi npeBblweHHH ypOBH5I HJIH ypoBHeH. 

110CKOJIbKy rrepBHLJHblMH H )].JIrl .;/(Y 0, H )].JI5I .;/(Y 1 51BJI5IrOTC5I HH)].H

K3TopHbie ¢YHKUHH rrpeBblweHHl1 {IYil >h}, COrJI3CHO TeopeMe 7.1 
JI,OCT3TOLJHbIM rrpH X= 1 6y)].eT KJJ30C np3BHJi BH)].3: 

O~=[Co- ~ ~ ct(hj){/Y,/>hj}j+. 
i h j 

A H3 OCHOBaHHH ,cHMMeTpHH 33)].3lJH K rrepeCT3HOBKaM OTClJeTOB KO

3¢<PHUHeHTbl Ci (h j ) He )].OJI)KHbl 33BHceTb OT i H B pe3YJIbTaTe rrp3

BHJJO yrrpOlll,3eTC5I: 

O~ = [co - L c+ (hj ) n (hj)]+, 
h j 

r)].e n(hj)=~{IYil>hj} - lJHCJIO Yi, rrpeBblCHBWHX 3H3lJeHHe hj. 
i 

11pHLJeM oWH6KH rrepBoro II 'BToporo pO)].3 6y)].yT H3H)].eHbl, eum B351Tb 

M OT Bblp3MeHIIH BHyTpH KB3)].p3THbIX cK060K (orp3HWIHB pe3yJIb

T3T CHH3Y HyJIeM, 3cBepxy - e)].HHHueH), H paBHbl COOTBeT,CTBeHHO: 

ex (0) = 1- Co + ~ c+ (hj ) nqo (hj ), 
h j 

~ (0) = Co - ~ c+ (h j ) nql (h j ). 
h -J 

OCT3JIOCb rrpli 33)].3HHOM a (0) = a Bbl60pOM K03q)¢IIUIIeHTOB Co II 

c+(h j ) MIIHIIMII3HpoBaTb i3(o). ,UJJ5I 3Toro HyMHO rrOJIOMHTb co=1 H 

Bce c+(h j ) =0, KpoMe o)].Horo K03¢¢HUIIeHT3, cOOTBeTCTBylOlll,ero He

KOTOpOH KOHKpeTHOH «BbICOTe» h*. Tor)].3 a=c+(h*)nqo(h*), O'f1KJY)].a 

'~ 
., I 

c+(h*) =ajniio(h") II j3(o) = l-c+(h*)n.!!1 (h*) = l-a~1 (h*)jiia(h*), a 

onTHM3JIbHWM np3BIIJIOM 6y)].eT 

00 = [1-~ n(h*)J+ . 
Y qo (h*) n 

BbJoCOT3 fL" BbI6Hp3eTC5I HCXO)].51 H3 MHHHMH33UHH ~ (0), HJIH Me 

M3KCHMH33UHII OTHOWeHH5I: m3xql(h)jiio(h). 11pHlJeM eCJIII 3TO OT
k -

HOweHHe MeHbwe 1, TO co=I-a H Bce c+(h j ) =0, T3K LJTO OrrTHM3JJb

HblM CT3HOBHTC5I TPHBH3JIbHOe np3BHJIo: oY= I-a. 
P3CCMOTPHM ¢YHKUHOHHpoB3HHe 3Toro rrp3BHJI3. ECJIH n (h*) =0, 

T. e. HH O;J.Horo npeBblWeHH5I h* He 6blJIO, TO OOy = 1 II rrpl1,HHM3eTC5I 

HyJJeB351 fHrrOTe33. npl1 YBeJIl1lJeHHI1 LJHCJI3 n(h*) rrpeBblweHHI1 h* 
B03HHK31OT COMHeHH5I B crrpaBe)].JIHBOCTH HyJIeBOH nmOTe3bI, np05lB

JI5IeMble B BH)].e rrp0110pUHOH3JIbHOrO YMeHbweHH5I OOy. H3KOHeu, rrpH 

n(h*)jn"?iio(h*)ja rrpHHHMaeTC5I 3JIbTepH3THB3, TaK KaK OOy=O. l.J.eM 

MeHbwe a, TeM 60JIbWe iio(h*)ja, T. e. TeM 60JIbWe )].OJI)I(H3 6bITb 

OTHOCHTeJIbH351 LJ3CTOTa npeBblweHHH n (hoi') jn, rrpH KOTOpOH yBepeHHo 

rrpI1HHMaeTC5I 3JIbTepHaTHB3. 

ECJIH rrepel1TH OT )].HcKpeTHoH Bbl60PKH Yi K pe3JIH3al(HH Yt, 
O~t~T, TO rrpH rrepBHLJHblX Bep05lTHOCT5IX Po(IYtl>h)=qo(h), 
PI (I Yt I>h) =fJ...l (h) OrrTHMaJIbHblM 6y)].eT npaBHJIO, rrOJIyLJ3eMOe rro 

aH3JIOrHH C rrpe)J.bl)].ylll,HMH H 33rrHCblB3eMoe 

00 = [1-~ 't(h*)J+ .
 
y qo (h*) T
 

r)J.e 't (h') - CYMM3pHa51 .n.JIHTeJIbHOCTb BpeMeHH rrpeBblWeHH5I peaJ1l1

33UHeH Yt Bb1COTbl h*. 

7.2. I(OPPEJl5lI..UlOHHA5I TEOPH5I npOBEPI(H fHnOTE3 

nOJIyLJeHHe OrrnlMaJlbHOro npaBHJla npH 3a,!I.aHHOH Cpe,!I.HeH MO~

HOCTH Ha6JIIO,!I.eHHH. 3)].eCb CLJHT3eTCH, liTO C)].HHCTBeHHoe, LJe!\1 33,ll.3HL[ 

H 'B LJeM OTJlHLJ3el'C$1 rHrrOTe33 OT 3JIbTepHaTHBbl, T3K 3TO C)J.BHr H 

H3MeHeHI1e Cpe,lHerr MOlll,HOCTli Ha6JllO)].eHIII1. 

nYCTb Y= (Yh ... , Yn) 11 rHrrOTe33 33)].3H3 CJle)].ylOlll,HM e)J.JlHCTBeH

HblYl rrepBlfllHblM cpe)].HHM If rrep BlfllH bIYI rrpH3,HarWM: 

(y - ~ -? "':) ~ 2,
MbO : MoY" = <Jo, Y" = .:::., Yil n, 

T. e. 33,L1,3H3 BepXH5I5I rpaHIIua ycpe,Ll,HeHHOrl MOlll,HOCTI1 Ha6.110,Ll,eHlfrl. 

npH X= I COrJI3CI-IO lI3CTH 2a Teope'vlbl 'f,l HC33BHCHMO OT 3.1bTepHa

THBbl OrrTHYl3JlbHbIM ypOBHH a 6Y,ll.eT O)J.HO H3 I1paBHJI I\JI3CCa 

o /'. -2
Oy = [co-c y2 ]+, l-co+c 0'0 = (X, c;;:: 0, O:os;:; co:OS;:; 1. 

YpOBeHb a ¢HI\CI1pyeTc$1 YK33aHHoii J1]lHefiHO~r CB$13blO 1\03cjJqHiUHeH
i TOB Co H c, OrrTHM3JIbHbie 3HaLJeHI1HKOTOPblX MoryT HCI\3TbC$1, eCJIH 

JIHWb 3a)].aTbC5I I\OHl\peTHOH aJIbTepH3TIIBOH. Ee H BBe)].eM. 

J
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nYCTb aJIbTepHaTHBa .ffY l TaKJKe 3a,UaHa BCerO O,UHHM ,nepBH'lHbIM 

<cpe,UHH M 

.;.fir: M 1 L (Yi - x1)2jn = oj . 

3,il,eCb Xl - c,UBHr Bbl6opKII, COOTBeTcTByIOlll,HH aJIbTepHaTHBe, B ,UaJIb

HeHweM ,UJ15I onpe,UeJ1eHHOCTH 'C'lHTaeMbIH HeOTpHuaTeJ1bHbIM Xl ~U. 

BII;!, npaBII,1a 3a,UaIOT J\o3epepHUHeHTbl C H Co. <PHKCl1'py5I HX, IHaxo

,UHM oWH6Ky BToporo po,Ua 13(c, Co). 3TO ,He TaK npoCTO, KaK nepBO

ro, a rpe6yer npl1BJ1e4eHH5I epOPMYJ1bl npO,UOJ])KeHH5I, no KOTOpOH dO
y 

Mall<opHpyeTC5I BTOPl14HblMH npH3HaKaMI1 aJ1bTepHaTHBbl: 

j3(C, Co) = M 1 [Co-C !fj+=inf {(do+daT): do+d L (Yi-Xl)2jn~ 

~ Co - Cif}· 
5Yjl,eM ee HCKaTb. 3,l1,eCb Bce K03cjJcjJHUHeHTbl ,lI,OJJ)K II bl OblTb HeoTpHuaTeJlbHblMH. 

HepaBeHCTBo no,ll, 3HaKOM HHcjJHMyMa nepenHcblBaeTC5I TaK: 

(do - Co + dxD + (d + c) Yi - 2dxl Y+ (d + c) a;;;;:' 0, 

rjl,e y='2,yt!n, ~Zy='2, (Yi-Y)Zln. 3TO HepaBeHCTBO jl,OJllKHO BbInOJlH5ITbC5I UpH Bcex 

y. nOCJlejl,Hee CJlaraeMOe JleBOH qaCTH HeOTpHuaTeJlbHO B CHJlY HeOTpHI.\aTeJlbHOC-

TH d H c. TalK IKaK 3HaqeHHlI ~z y HHKaK He CB5I3aHbi C y, TO HeOTpHuaTeJlbHOH )l.OJllK

'Ha OblTb OCTaBllIallClI cyMMa, nOJlyqeHHall, eCJlH nOJlOlKlHTb ~\=O. 3Ta cyMMa 00

.pa3yeT KBa)l.paTHblii TpeXqJleH OTHOCHTeJlbHO g H YCJlOBHeM HeOTpHuaTeJlbHOCTH 

oy)l.eT HeOTpHuaTeJlbHOCTb )l.HOK'pHMHHaHTa: (d+c) (do-co+dxzl)-(dxt)Z= 

= (d+c) (,do-co) +cdxz,~O, qTO C yqeTOM d~O 3anHCblBaeTCH lid';;;;;' [-l/c+xzd 
,(co-do) j + H 3aMeHlIeT HepaBeHcTBo nojl, 3HaKOM inf. 

Tenepb )l.JlH BblqHCJleHH5I OlliHOKH ~ (c, co) TpeoyeTclI npH YCJlOBHH BbInOJlHeHlJlI 

nOCJle)l.Hero HepaBeHcTBa MHHHMH3HpoBaTb d o+d(J2,. CHaqaJla MHHHMH3HpyeM no 

K03cjJcjJHUHeHTy d. 4eM MeHbllle d, TeM MeHbllle do+daZt, n03ToMY, 3aMeHHH noc

Jlejl,Hee HepaBeHcTBo jl,JlH lid paBeHCTBoM H nO,ll,CTaBJlH5I Haiijl,eHHOe OTCIO,lI,a d B 

do+daz" npHXOjl,HM K Bblpa)KeHHIO ,LI,JlH OlliHOKH BToporo pojl,a, B KOTOpOM npoH3

:aejl,eM cpa3Y MH'HHMH3aUHIO no do: 

-2 

f(c, co) = min (dO + 
d. Xi 

a l 

I ]+ )~ 
[Co - do c 

(Co lIplf Xl ~ al' 

Co ~
ICo - C (Xl - ad2 nplf Xl --- ~ a l ~Xl'
 
CXl 

= ~ -2 

npH al~Xl-
CXl 

l
I (~~_II) 

Co 

Co c 
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B BepXHeM cJlyqae MHHHMyM )l.OCTHraeTClI npH do = Co, B Cpe)l.HeM ~ npH do = 

=Co-Xl(Xl-O,)C, H HaKoHeu, B HlflKHeM - npH do=O. 

DpHcTynHM Tenepb K nOHcKy OnTHMaJlbHOrO npaBHJla 00Y ,UJlH 31'01'0 HylKHO 

Hai1TH napaMeTpbl c, Co, MHHlfMH3HpYlOLUHe ~ (c, Co) npll YCJIOBHH I-co + cazo = a. 

OqeBHjl,HO, npH x,';;;;;'a, MHHHM)'M jl,OCTHraeTCH npH c=O, l-co=a H paBeH [\(d) = 
= I-a. OnTIfMaJlbHbl:l1 3.J,eCb HBMleTCH TpHBHaJlbHOe npaBHJlO OOy~ I-a, COrJlaCHO 

KOTOpOMy He3aBHCHMO 01' HaOJllO,l,eHHii C npejl,nOlJTeHHeM (BepoHTHoCTblO) I-a 

npHHHMaeTcH HyJleBaH rHnOTe3a. K TaKoMy lKe TpHBHa,1bHOMy npaBHJlY npI·IXOjl,HM 

npH x,';;;;;'00 +0,. 3anlllllcM nOJlyqeHHbllOI pe3YJlbTaT: 

o - - 
oy==I-a., ~(o)=I-a npH xl~aO+(jl' 

nYCTb x,>ao+G,. Torjl,a f:\(c, co)=bdc, co)=co-c(Xt-a,)Z npll co~ 

~CX, (x,-a,) H 7:\(c, co) =bz(c, co) =(J2t!(xZ,lco-l/c) npH npoTIlBOnOJlOlKHOM He

paBeHcTBe. TaKIlM 00pa30M, olliHoKa paBHa B(c, co) = b t (c, Co), eCJlH Ha nJlOCIKOCTH 

3Ha4eHHn .K03cjJ<pIlUHeHTO·B T04'Ka (c, co) JlelKlHT Bblllle npHMOH: aj co.=cxdx,-<h) , 
11 paBHa bz(c, co), -' eCJlIl HHlKe. Ha caMoH npHMoi1 BepHo HepaBeHcTBO bdc" co) = 

= bz(c, Co). Orpa'llH4eHHe Ha ypoBeHb npaBHJla B CBOIO Oqepejl,b cOOTBeTcTByeT 

npHMofl: 6) co=caz, + I-a. Ha :HOH npHMoll H HylKHO HCKaTb OnTHMaJlbHble c 

.H co, MHHHMH3HpYlOLUHe 13 (c, co). 

3jl,CCb HylKHO paccMoTpeTb )l.Ba cJlyqaH. nepBblH, KOr)l.a npllMaH 6 JlelK'HT Bbl

me npHMoii a B oOJlacTH OrpaHHqeWHii uapaMeTpoB 0,;;;;;, co';;;;;' I, c~O. 31'0 3KBHBa

.J1eHTHO HepaBeHcTBy Xl < (0;, +VGi + 4a ~/a )/2 = X*, rne X.oo03HalJaeT npaBylO 

4aCTb (x.>oo+a, UpH o-tlcro+ I < I/a, H Torna HHTepBaJl o-o+a,,;;;;;,x,,;;;;;,x. oyneT 

.HenycTbIM). B 3TOM cJlYlJae 7:\(c, co) =bdc, co) H JlenKO HaiiTH MHHHMH3HpYlOLUHe 

3HaqeHHH: co= I, c=aj(jzo, OTKyna OnTHMaJlb'HbIM oyneT npaBHJlo: 

0~=[I-ay2/cr~]+ npH Oo+al~Xl~x*. (*) 

I
 
.,UJlH Hero /3(0) = I-a (x,-=O-,) z/Gzo.
 

f1YCTb Tcnepb npHMble BHna a) 'H 6) nepecaKalOTCH, T. e. X, >X•. Torna MHHH


MyM, KaJ< IHeTpYD,HO yoejl,HTbCH, nOCTHraeTCH Ha npHMOrl 6 npllBee ee TOqKH nepece-

I 
I 4eHI!IH C a, T. e. npH j3(0) =bz(c, co). nOjl,cTaBJlHH B BblpalKeHHe jl,JIlI bz(c, co) ypaB

'HeHHe npllMoii 6, jl,HcjJcjJepeHl.(HpyH no c u npHpaBHHBaH 0, HaXOjl,HM TOqoKY MUHH-

MyMa C*,= (l-a)!(ao(xl-ao)), c*o= (I-a)x,/(xt-ao), lJTO H onpe)l.eJlHT onTH

l Mao%HOe npH c* < a/ozo (::iKBHBaJleHTHO 0 ~ c*o';;;;;' I) uml, lJTO TO lKe caMoe, npH 

.x,>ao/a:

I '2 +I-a YI--o~ = 1- (aO/xl ) [ ~XI J
 
mpH Xl;;;' ao/a;
 

- -2
~ (0) = (1- a) a/(Xl - ao)2. 

ECJlH lKe x.~x~Go!a, TO OnTHMaJlbHblMH Oy.n:yT c*=a!aZo, c*o= I U, CJlejl,O

BaTeJlbHO, npaBJIJlo (*), HO C DllIffOKOrl, BblqHCJllIeMOrl nOncTaHoBKoii OnTHMaJlbHblX 

.3HalJeHHii B BbIpalKeHIHe jl,JlH .bz (c, co), lJTO naeT 
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a /'. -2 +	 - .ay = [I - ay2/ao] npH X* ~ XI ~ ao/a, 
-2
 

°1
 
~ (a) = 2 -2 

Xl - ao/a 

nO,ll.OiK,lI.eM nOKa ¢opMyJIHpOBaTb ,lI.OKa3aHHbII1 pe3yJIbTaT, a C,lI.e

JIaeM 3TO qyTb HHiKe (¢OPMYJIbI (7.1), (7.2» B 60JIee 06meM BH,lI.e, 

TaK I{aK OH OKa3bIBaeTC5I npHrO,ll.HbIM ,lI.JI5l MHorHX 'CJIytIaeB. ,UJISI yHH

¢HKaUHH BBe,ll.eM TaKHe 0603Ha l leHH5I: y2=Y2, MoP= a20, q=;;J/aa 
K03qJ(pul{ueliT tl3MelieliUfl MOUfliocTeu, p = xl/aa - liOP,Hupo8aliliblu 
C08UZ (aHaJIOr OTHOWeHH5I CHrHaJI-wyM). 

OnTHMaJIbHble pewalOmHe npaBHJIa H HX cBotiCTBa He 33BHC5IT OT 

06beMa BbI60pKH, H Bo06me OT THna peaJIH33uH1\ BeKTOp .111 3TO HJIH 

¢YHKUH5I a-peMeHH. TaK, ,lI.JI5l npoueCCOB C HenpepbIBHblM BpCMCHCM Xl, 

O~t~T, onpe,ll.eJIeHHblX c.1e,ll.YIomH~11l nlTIOTe30H (j=O) II aJIbTep-
T 

HaTHBOH (j = I): MjYI = Wjt, Mj f (Yt-Wjt}2dtIT=G2j, OnnlMaJIbHble 
a 

rrpaBHJI3 COXpaH5IIOT TOT iKe iBH,lI. H Ty iKe oWH6Ky rrpH 0603HaqeHH5IX: 

P= 5T 
(Yt-Wot}2dtIT, X21= fT 

(Wlt-Wot)ZdtIT. CKa3aHHoe 3,.leCb H ,lI.0

a	 a 
Ka3aHHoe ,Bblwe Be,ll.YT K CJIe,ll.y1omeMy. 

06w.aSl QJopMa rrpaBHJJa. [Jpu U38eCTlibiX TOAbKO Moyz = bo, 
M l (Y- x l)2=b 1 U npu pZ=X21/bo, q2=b]lbo O/HWlWAbliblAl ypOBlifl a 
8 3a8ucUAtOCTU OT 8eAU 'III libl liOpAwp08aliliOZO C08uza p 6yoer OOliO 
U3 cAeoylOUfux npa8UA: 

I-a	 npH p < I +q, 
00 = [1-aP/Mo YZ]+ npH 1+q ~p ~ I/a, (7.1 ) 

y {	 (I - a) [p _ YZ/M yz]+ rrpH p> l/a.
 
'p-I 

o
 

OUlu6Ka 8TOPOcO pooa onpeoeAfleTCJl 8blpa.lICeHUfl,tlu: 

1 - a npI1 p < 1+q, 

i3 = 1- a (p - q)2 rrpl! 1+ q ~ p ~ p* = (q + Vq2 + 4/a)/2, 
q2/(pZ _ l/a) npH p* < p ~ l/a,1,(I-a)q2/(p-lj2 npH p>l/a. 

(7.2) 

P33JIHtIHbie BH,lI.bI peWalOlllI1X np3BHJI (7.1) npe,ll.CT3B.leHbI CJ1JIOW

HbIMH JIHHH5IMH Ha pHC.· 7.2, 3 COOTBCTCTBYIom35I 11M J<pHB35I OW HOOK 

BToporo po,.la KaK <pyHKUH5I p - Ha pllC. 7.3. 06palllaeT H3 ce05I 

BHHMaHllC napa60.1H4CCI{llii BH,lI. np3BIlJI, yHacJle.n.oBaHHblli HMH OT 

nepBH4Horo npH3HaKa rHnOTe3bI, 3,l1.eCb e.n.I1HCTBeHHoro. )lpyra5I xa

pal\TCpHa5I oc06eHHoCTh -- paCnJIblBtIaTOCTb onTHMaJIbHbIX npaBH.l, 

B KOpH51X CBOHX 065133HH35I HCKJllO'HlTCnbHOI1 6e.il,HOCTII HCXO,a.HbIX 

,lI.aHHbIX 0 nlTIOTe3ax. 3TO iKe CCTb npHtIHHa ~H31{HX KallCCTBeHHblX 

nOKa3aTeJIe(I (60JIbW011 Bep05ITHOCTH oWH6KH ~), 06b5ICHHMbIX TaK

286 

If+r;~/.J!{1" I / '\.\1\ 
/ x ill 

__ / ,~l \".'\,'\ 
T ,-d-p(? -~ 

I ... d..\~ 

II z-- Y!~iiQ y2 

o P V~ 

fo, ./ 7
I P <P ~ f/e(. Iv.

/'>1 
I. ~\

/~'\ 
~ / -.:'\ 

" / 0-"- Z= y/l~y2'  ./ ~ 

5) {/va I' 
\

(/,~~ [!»fIe(. /". 
/;0 

;';	 -<\\.'\I 
y~~

~ / ~ \ 
;.0 \, /~/~
~\, ./ i:\\O

' 
"- .//~\-(} Z= y/v'iiq y2...... 

Vi t	 
3 

6) 

1'HC. 7.2: a) CJla6blii :eHmaJl, 6) ,cpe.n'llHii, B) CHJlbHblI"1 

iKe TeM, 'lTO neCCHMH3M (x= I) if 
:3aCTaBJI5IeT opHeHTHpOBaTb paC'le-

Tbl Ha HaHMeHee 6JIarOnpH5ITHbIH 1 
f-e(.

CJIytIaH 
U 

(B paMKax HCXO.n.HbIX rrep-

BH'lHbIX .n.a<HHbIX), a T3KOBOH 3.n.e'Cb 

30BeT ·K nOCT05IH:CTBY peaJIH3a

"-~HH Yl=Y2= ... =Yn=Y, T. e. CBO

.n.HT Bce K O.n.HO~y e.n.HHCTBeHHO~y 1----'-__ i I - ~. 
Ha6nlO.n.eHHIO Y. f+r; p* f/tt t 

HTaK, rrpaBHJIO (7.1) 5liBJI5IeTC5I P 73 r m K Oll1H6KH BToporoHC. .. pa'j'HDnTHMaJIbHbIM .n.JI5I 3a,a.atIH, KOr,ll.a po.na 
Ha6JIIO.n.eHHe B-cero O.n.HO (HJIH K 

HeMy Bce ·CBO.n.HTC5I) Y, a rHIlOTe3a 3a,a.aHa O,ll.HHM rrepBHtIHbIM 3'HatIe

HHeM MoY2·=a2o, KaK H aJIbTepHaTHBa: Ml (Y-xI) 2=a2 I. 3TO - CYTb 

·Jr1:'Olll:H<OCTH. H3MepeHHble rrpH rHnOTe3e 6e3 ,C,.:J.'BHra IHa6JIIO.n.eIHHH, a 
.TIpH aJIbTepHaTJilBe - ,CO 'Q.lI.BHrOM Xl. 

BBC,lI.eM HOBbIe rHnOTC3Y H aJIbTepHanlBy: 
- -2

c4to : M oY = O. M o yz = 00 ;
 

J!t - -2
1: M1Y=X1• M1(Y-X1)Z =01 
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7.2,a, 6 ,UOJI)KHO COBnaCTh C ocHOBaHHeM nOJIO)KHTeJIbHOH qaCTII na3,neCb,B OTJIIIqIIe OT npe,llbI,llymepo, Cpe,nHee CqIIT3eTCH II3BeCTHbIM, 
pa60JIbI. PaCqeT ,ll.JI5I 3Toro IITpaBHJIa OllIH6KH BToporo po,Ua npoH351IBJIHel1CH TOqHbIM II 'IlpII 3JIbTepaaTIIBe C,ll.!BHra'eT'CH H3 XI, ·a )l.HCnep
BO)lHTC51 \6yKBaJIbHO KaK paCqeT BepoHTHoCTH 'C06bITHH B npuM'epe 1.5eRR (OHa npII II3BeCTHOMCpe,llHeM 33MeHHeT MOIII.HOCTb) H3MeHHeTCH 
11 3aBHCHT y)Ke OT Toro, H3BeCTHO JIH epe,UHee M1Y=Xl HJIH HeT. 

OT	 aio ,uo a21. HecMoTpH 'H3 TO, 'qTO HOBaH rHnOTe3a H 3JIbTepH3THBa 
ECJIH H3BeCTHO, TO f3==i[ 1+ (p-l/ ~/ a)2] --1, rne p> 1/ Va, a eCJIH ReT,·6oJIee Y3KHe no cp3BHeHHIO c npe,nbI,nYIII.HMH, MO)KHO ,nOKa3aTb, qTO
 

)lJIH HHX OnTHM3JIbHbIMH ypOBHH a 6y,nyT TOqHO Te )Ke pern3IOIlI.He ~ TO (3= (p-l/ Va)-2, r,ne P~ 1+ I/V u, npH ,llpyrHx p olIIH6Ka paB


np3BHJI3 (7.1) C HX OllIH6K3IMH (7.2). 
jlO'K33aTeJIbCTBO 3Toro 'epaKTa no,nMeHHeTCH HJIJIIOCTpaUHeH pnc. 7.2. 

3)leCb lTIpe,llCT3BJIeHbI B 3aBHCIIMOCTH OT BeJIHqHHbI HOpMHpoB3HHoro 

C)lJBHra (J =xI/ao K3pTIIHbI ,llJIH OnTIIMaJIbHbIX npaBHJI CIllJIOrnHOH JIH

HHeH, 3 llITpHXOBOH - ,llJIH Tex BTOPHqHbIX npH3HaKOB aJIbTepIHaTH

BbI, ,C :KOTOpbIX cpe,nHHe MI nepeHOCHTICH :Ha aO
y , ,naBaH own6Ky BTO

poro pO,n3. 113 pIICyHK3 BbIHCHHeTCH, qTO KaKcaMH OnTHMaJIbHble 

npaBHJIa, OCHOBaHHble Ha npH3HaKax BH,na Co-C y2, TaK H BTOpnqHble 

npH3HaKH aJIbTepHaTUBbI, 3,neCh ,HMeIOIII.He BH,ll dO'+ d (Y-XI) 2, 6a311

PYIOTCH Ka)K,na51 JIHllIb Ha O,nHOM npH3HaKe, a HMeHHO TOM, K'OTOPbIH: 

COOTBeTcTByeT ,lI.HCIIepCH51M, H He nCnOJIb3YlOT COBceM npH~HaKa Icpe,ll 

Hero Y. 3TO 11 06bHcH51eT, nOqeMY 3HaHHe Cpe,ll.HHX He MeHHeT pellle

HHH 'CTaTHCTHqeCKOH 3a,naqiL 

CKa3aHHoe ,lI.OnOJIHHeTCH cJIe,llYlOmHM. 

1. 3HaHHe HH)KHI1X ,lI.HCnepCHH: ~2j, j = 0, 1, HJlH ,naMe T04HblX 3Ha

qeHHH ~j = (Jj =1(Jj He MeHHeT peweHHH ICTaTH'CTHlqeCKOH '3analIlL 

2. lllTPl1xoBbIe Kpl1BbIe Ha pHC. 7.2 ,nalOT ,ll.pyroH iB03MO.IKHbIH 

BapHaHT pellialOIII.Hx npaBHJI, cooTBeTcTBylOIII.HX qaCTH 26 TeopeMbI 

7.1 II opHeHTHpoBaHHbIx Ha nepBHqHbIe InpH3HaKH aJIbTepHaTHBbI. Ha

np 11M e p, ,ll.JI 51 CJIyq a 51 noCJIe,ll.He H: CTpoq K H <p 0 PMyJIhI ( 7.1) (PHC. 7.2,8) 
3TO 6Y,ll.eT cJIe,nyJOIII.ee K 0 H T pac T;H 0 e npaBHJIo: 

lex - +ao = 1- I--=- (Y - X1)2/M o Y2J npH p > l/a. 
y [ (p _ 1)2 

Boo6me JI1060e npaBHJIO, pa,cITOolT}aralOmeecH MeMny CITJIOllIHOII H 

llITpHXOBOH: JII1HHHMH pHC. 7.2, 6y,neT OITTHMaJIbHbIM. ,Nlo)KHO BbI6paTb 

ero, H3npHMep, B KJI30Ce JIHHeHHO-JIOMaHbIx epyHKUHH HJIH KaKOM

HII6y,llb ,lI.pyroM eoo6pa3Ho ,lI.OnOJIHHTeJIbHbIM Tpe60BaHHHM (HanpH

Mep, pa3yMHo CqHTaTb B TOJIbKO qTO BbIIIHcaHHOM npa/BlIJIe dOy=O 
npH Y> Xl). TelTIepb CTaHOBIITCH nOHHTHOH: HeKOHTpaCTHOCTb npaiBHJla 

OHa pac. 7.28 K3'K pe3YJIbTaT orpa:HnQeHHo51 epO:pMbI a y IKJIaCrCOM napa

OOJI; B J.J;pyroM KJIaCCe npaBHJI OHOBnOJIHe y)Ke MO)KeT CTaTh KOHT

p3CTHbI!M. 

3. JleTepMHHHpoBaHHbIe npaBHJIa npHHHMalOT TOJIbKO ,n:Ba 3Haqe

HHH: 0 HJIH 1 ,H H306pa)KaIOTCH Ha pHC. 7.2 npHMoyrOJIbHHKaMH e,ll.H

HHqHOH BbICOTbI. K.3K 'BH,ll.HO H3 pHCyHKOB, np51MoyrOJIb'HHKH HeJ1b351 

pacnOJI!O}KHTb Me}K,lly CnJIOlliHOH: 11 lIITpHXOBOH: JIHHII51MH, CJIe,ll.OBa

TeJIbHO, ,lI.eTepMIIHHpoBaHHble ,nparBIIJIa He MoryT 6bITb OnTHMaJIbHbIMH 

If nepexo,n K HIIM 'COnpOBO)K,llaeTC51 pOCTOM OllIH6oK. 4T06bI BbI,nep

)KaTh ypoBeHb U, Hy)KHO nOJIO)KIITb aOy = 1 npH Y<,ao/ V~ a I1Haqe 

npHpaBHHTb npaBHJIO 0, TOr,ll.a OCHOB3HHe npHMoyrOJIbHHKa Ha pRe. 
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Ha	 1. 
npoBepKa fHnOTe3 no 3a,ll.aHHb1M KOppeJlSlUHSlM. IlYCTb y== 

=== (YI, ... , Yn) T 11 TOQHO H3BeCTHbIMH 5IBJI51lOTC5I MaTpHUbI KOppeJIHUHH: 

t/;[!lo	 : M o Yi Yj = Bib 

Jf!ll	 : M 1 (Yi - wJ (Yj - Wj) = Ku· 

B BeKTopHbIX 0603HaqeHHHX W= (WI, ... , Wn}T - C,ll.BHr, a B H K 
ITOJIOlKHTeJIbHO onpe,UeJIeHHble ICHMMCTpHqHble MaTpHUbI. llocTaToqHbIH 

KJIaCCnpaBHJI 3JLeCb 3aT1HCbIBaeTCH B BH,ll.e [Co-~~CijYiYj]+; BbI6o

pOM K03epepHl~HeHTOB Co H Cij HyMHO HCKaTb OITTHMaJIbHOe H3 HHX. 

JlocTaTOtIHbIM (CM. § 7.6) 3AeCb 6y,ll.eT nOAKJIaCC npaBHJI, OCRO

BaHHblX Ha oITJHHeMHblx npeo6pa30BaHI15IX Ha6JIIOJLeHHII: gTy= Y, CBO

JLHllJJIX BeKTop Y K O;I.:HOMy 3HaqeHHIO Y I1pH HCKOMOM (Ha 33KJIlOqH

TeJIbHOM 3Tane cIIHTe3a) BeKTope g. Tenepb nJIH Y :KaKHOBoro Ha6 .. 

JIlOneHHH rHnOTe3a H aJIbTepHaTHBa 6ynyT oITpeJLeJIHTbCH 3HaqeHHH

MH M
O
Y2=gTBg, M1(Y-Xl)2=gTKg, rAe Xl=WTg. rraKHM 06pa30M, 

3anaqa CBO,UHT'C5I K y)Ke paeCMOTpeHHot'I B 3TOM naparpaepe: npH 33

JL a H HOM g 0 nTH M a JIb HbI M 6 y,UeT ITpaB YIJI 0 ( 7.1 ) , (7.2) C noJLeTa HOB

KOH Ty,Ua Y=gTy, M oy2=gTBg, q2=gTKgjgTBg, p2= (WT g)2jgTBg. 
Ilepe41ICJleHHble na paMeTpbI 3aBEC51T OT g, OTCI-OJLa BHA npaBHJ1a 

11 ero oWII6Ka BToporo pona ~-g 6ynYT unpeneJ15ITbCH BbI6paHHbIM g. 
OCT3JIOCb HalITII TaKoe g*, KOTopoe lVIHHHMH3HpOBa.no 6bI 3TY oWH6Ky: 

g* : min ~g, 
g 

4TO H rlaCT HcL'vI H81LnYliwee np3BliJ1o. 
CJIO)KHOCTb Bblp8)I(eHH51 (7.2) He n03BO:I5-leT I-{cLciTlI 06il~lfif BlI,] 

,lI,JIJl g'::. 11 o{It-l,e:vI no II~)'Tl1 ,L!,cl.,'IbHeIlwIix yllpou(eHul<f, BSI6lIpaH g j\IaK

CH~I1l3aUHe(I HOp ~vlI1pOBaHHoro C;:lBHI'a p 

g** : 1113X (wTg)2/gT Bg. 

OCHOBaHHeM ynpomeHHf't CJIyiKHT TO, tIIO 0lllH6Ka p, K3K 3TO rvl0lKHO 

BH,ll.eTb 113 (7.2), ,MOHOTOHHO y6bIBaeT npE YBeJ1HQeHHH p rrpH Ka)K

nOM 3a,ll.aHH011 q. PeweHHe g** rrOCJIe,lI;Heti 3a,ll.aq11 HMeeT BnOJIHe KOH

·KpeTHbIH BH,lL: g** == B-1w. 
IlpH O,lLHHaKOBbIX KOppeJIHUHHX K=·B rrapaMeTp q= 1 II HaH,ll.eH

HhIH HaMH BeKTop 6YJleT cTporo MllHHMH3HpoBaTb BepoHTHoCTh oWH6

KH: g* = g** = 8-1w. IlolI.cTaHoBKoH 3Toro BeKTopa HaXO,ll.HTC5I 

Y = wT B~ly, p2= M y~ =wTB-1w,o 
10-13	 ~89 



II BMeCTe C epOpMyJIOH (7.1) OHM 

fI3IKOBbIX II\O,ppeJI5IIlJI51X ,fIp 3BHJI'Y 

1-- a 

0Z= [I-a (WT B-ly)2/p2j+ 

( 1 a [ 
p _ 1 P 

,UorrOJIHeHH51 

M lY = W 0 Cpe,LI,HHX 

,LI,aqH. 

(wT B- 1 y) 2 + 
- p2 npII p > l/a. 

H 3aMeLIaHH51. 1. Ha.IIHLIHe naHHbIX MoY=O, 

3HaQeHH51X Ha6JIlo,neHHrI He MeH5leT peWeHH51 3a

npHBe,nyT K OrrTHMaJIbHOMY rrpM OnH~ 
yp'OHH51 a: 

npH p < 2, 

nplI 2 ~ P ~ l/a, (7.3)
J

2. CJIy4aH O,LI,HHaKOBbIX I( = B 3KBHBaJIeHTeH o6HapyLKeHHIO CHr

HaJIa W, KOr,LI.a npH ero OTCyTCTBHH ,LLeHcTByeT TOJIbKO wyrv! Y=I£ C 

IK10ppeJI51QHOHHOH MaTpHQe~1 B, a ,rrpHHaJIHqIIH - ·C~leCb JI.eTepMH

lHHpOlBaH1HOPO ICHDHaJIa Ie wyMOM ;y=w+s. 

3. Ilepexo,U K npolLeccaM Yt =;Wt +'£t, O~ tc:' T, rrpH H3BeCTHOH 

B (t, 'I) - KOppeJI51QHOHHOI1: epYHKIlJIH wyMa ;£t OBO,LI,HT MaTpHqHbIe 

BhlpaLKeHH51 K orrepaTopHhIM: 

Y = J W t B-1 (t, 't) Yt dt, p2 = SJ w t B-1 (t, 'I) wt dtd't, 

r,LI,e B-1,(t, 'I) - 5l,LLpO 06paTHoro 'K KOppeJI5IIlJIOHHOMy onepaTopa.
 

IlpH IO,LI,HOpO,LI,HOM rnyrMe, T. e. B (t, 'I) = B (t-'t) ,o603Haqa51 B (ffi) =
 

=2 f
00 

B ('t)IC'oS (ffi't) d't - 3HepreTHIIeoKHH ,clneKT'p, a Yw JI Ww- Ic,neK
o 

TpaJIhlHhle tJ(BOI1IHIIIKII (Inpeo6pa30BaHiIl51 <I>'~phe) Yt II l.QJt, II CqHTa,51 T 
,mQlCTaT,OqHO 60JIhWHM, rrpHXOJJ-HM IK fCJIenYIO~IIM 3Ha'qeHII5l,M COCTaB

JIHIO~IIX allT ll'M aJIhlHOrOilip 31BHJI a (7.1): 

j /w liJ lY=I j YliJWliJdUlI, p2= 
2 

dUl. 
-00 B ((0) B ((0)-00 

31HaMeHaTeJIh B (ffi) yCHJIHBaeT Te yqaCTKII cneKTp a, r,LI,e WYM MaJI, 

H no,UaBJIHeT 3arnyMJI'eHHhle. 

npOCJIe,UIIM, KaK nOBJIIl51eT Ha o6Hapy2KeHUe npniCyT,cTBHe rapMo

IHIIlqeCKHX [IOMeX IHa4aCTOTax ffij. I1x ,neH,cTiBllenpO'HBJI5IeTC5l B iB03IHHIK

HOBeHHII ,UeJIhTa-BhI6poCOB B cIleKTpe: B(0) =Bo(0) +~bjo(tl-(Uj), 
f,Ue 6 (tl) - ,neJIhTa-epyHKUH5I ,UHpaKa, paBHaH 0 UpH '(tl =#= 0 II 00 npH 

(0 = O. []o,UcTaHoBKa B ('0) IB 3HaMeHaTeJIh epOPMYJIhI ,,UJIH Y y6e,UHT 

HaC'B ~OM, qTO qaCTOThI rapMoHHK 6y,UyT pe)KeKTHpOBaThcH npH npe

o6pa30BaHHH Yt B Y. 
4. I1pH HeKOppeJIHpOBaHHhlx Ha6JIIO,UeHH5Ix: Bii =!a20i, Kii = 0'2 1i, 

Bij=Kij=O npH i=#=j, UMeeM g*i=Wi/a20i H npaBHJIO npoBepKH rHHO

Te3 6YJLeT ,OCHOBhJBaTbC51 Ha \CTaTHCTUKe Y == ~YiWi/a2oi H ,UaBaThcH 

BhIpa)KeHHeM (7.1), B KOTOpOM p2=MoY2=~iw2i/a2oi, q2=!(~w2i/a21i)/ 

~ (w2i/a20i) . B qaCTHOM 'CJIyqae inOCT05llHHhIX 3HaqeHHH Wi = Xl, aOi = 
=(jO, <1li=al HMeeM Ig*i=,const H npHXO,UHM (rrOJIaraH g*i=l/n) K 

OIlTHMaJIbHOMY npaBHJIY ,UJI51 O,UHOpO,UHOH HeKOppeJIHpOBaHHOH BhI

60pKH, HMeIO~eMY BHJL (7.1), (7.2) npn Y=y, M oY2=o2o/n, p== 

=XI Yn/ao, q=ial!aO. 
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5. [JoKa3aTeJIbHO, qTO 

6Y,lI.eT JIHWb TpHBHaJIhHOe 

KpaHHe 'CJ1a6bIX HCXO,LI,HbIX 

HO ,nOilOJIHHTb 3HaHH51MH 

rrpI1 HyJIeBOM: C):lBI1re Xl = 0 OilTHMaJIbHbIM 

npaBHJIO (J°lJ= I-a. flpI1qH:Ha KpOeTC5I B 

,LI,OnymeHH51X, KOTopbIe 065I3aTeJIbHO HY)K

qeTBepTblx lVIOMCHTOB Ha6JIIOjI,eHHI1, 4106bI 

nO.Tl y41'1 T b I1 P11 e M JH? Moe D p3 13 ;L~ 0 TI P0 5 e pK ~ i r ~'! ~ 0 T:2 3, P2 3.Tl I! 4~: 1-0ill,e e 

H3MeHeHHe OJI,HHX TOJIbKO JLl1CnepCHH (MomEOCT:I WYl\13). 

fIYCTh CTOHT 3anaqa: 

/(1 • M 
o-/J 1/ k' 

=mli4 ; 

I~ 
;/' 

fIepeXO))1 

M o 2; Z, 

nIl! ~ -- f. /'vl 1 (z 1 - ..:,,)2 nl1. - ai, rne x = 1 

3a,:~aq(j B hU;1bIX Ha6.TUO;J,eH1l5IX TO)l{J,eCTBeHHa paCCMOTpeHHOIUI B EOH

II (: I1 pe:lb!.ny llterO fl YHhT 3, (J onTE M3J] bH bI IVI 6y jleT npaBH.no (7.1), (7.2) 
B 0003Hal}(?HIJ5-lX: 

_ .2' _ 2 It If Y2 ~ ( 4\th 2 (.2 ·2 / ( 4 ) Y - Y alP JVI o - m 04 - arlin, (I 01 -- 00)n m 04 - 0(1. , 

2_ ( 4) I ( . 4)q - nl 1A ._-- 01 / IflU4 - 0"0 . 

fleT04 Hhle KOppeJISlu,UH. nyCTb KOp peJI5IUHH He 5lBJl5lIOTC51 TOLl:HbI .. 

M 11 11 3anaHbl He Bce, a 4aCTHqHO. CK3LKeM, He Bce 3JIeMeHTbI Hij 11 

I(i:i Koppe~TI5lUHOHHbIX MaTpHQ 3aJLaHhI, a q3CTh, )J,3 eme If He TOLIHO, 

a HX Hel(OTOpble rpaHHUbI. TaKa51 3ana4a MO)KeT peWaTbC51 Halip:;~MYIO 

H3 LUHMH MeTOnal\111. Co6CTBeHHO, OnHO TaKoe peweHHe 6bTJIO y)Ke 

Ha l"1JleHO B H 3 qaJle 3Toro naparpaepa, Kor,na H3BeCTHbIlYIH 6bIJIHBepX

HEe rp(JHHUbI CY\1\1 ;UI3fOH3.lIbiHbIX .3.ne:\1e:HTO'B h'OppeJ151UHOHHblX M3T
/',,

/ "'" 
pHIl: i\10y2= ~Bii/n=(J20, Ml (Y-Xl)2= "LKii/n =02 J • 

Pace I\1 OTp 1I M eme O,UHH CJlyqai1. nyCTb 1I3BeCTHbI TOJIbKO «nOTOJI

i\ ID'1I..J1 ~ ivTOIUHOCTH OT.ueJIbHbIX 3JIeMeHTOB Ha6JIlOneHHH: M oy2.£ == Bii 
H Ivi 1 (!/i----w;):.: :::-.= R.'u, i = 1, ... , n, a K3KaH KoppeJl5lUHH MCiK,llY H liMB 

COBCC\1 He JL~ BceTHO 1\3!( np II fHIIOTe3C, Ta K 11 a.IIbTepH3TI/IBC, C~E3

,<1 H Fi 0 e !~ C II C i \. .n ;0 q d eT , 41 0 Ha6.THOJ-eH IL[ B H 3. 11 l'vT eHee 6 ,rr arOIl p lr 5~ THO 1\1 

:'l:~lC ::-=.-.1) \10r~ n(Hr~'opHTb J,pyr ,Jpyra. Tencph 6Y_If'T I1c·,":!rCII 

L (' \1 !Jl c.n 0 ~ ; \1 ;.1 ~;; h Ii 0 f- 0 npaB H JI (1 ? H a itJ.e i:!!-I 0 r0 peIII e J-I He 1\1 ::; T 0 I~i >~~:Ul a q H 

HaUJJL'vIlI :\1CTO,I[lVIL. OEO II:.1eeT BE}:!. (7.1), B KOTOpO:'l Y qIOp~dIlpYCT
C51 K3 f\ oT6or TOJlbI\OOj,Horo 3JleMeHTa Y= Yi rrpH Tal\OM i =: I, IlpH 

!·:f}TOpOl'.'l :-'TTI li\13.nbHO 3Ha4eHHe ~, HafIZI,eHHOe no q;op~1y<n:e (7.2) c 

y2 - 0 2 M 1I 2 y2 - 0 4 npY! i =1= J" M y4_Ii i - k' h .; i j - k "h [ 

k~O, 1; i,j== 1,00" n. 

}( npe06p:330BaEHbI~vl Ha6JIIDjleHII5lM Zi == Yl- 0 6' flOJlY4aeM: 

== /vI J (Zi - x) (Zj ~ x) == 0, i =I=- j; M ozf = M o (yl- 06)2 = 

0" i - 03 . 

r;Oel,CTGiL(;8>:oiI T\'J.(1 J12HrIblX i-ro 
I1T3K, BH24(L:1(' ~oT6HpaeTC51 O)]JIH 

ivleHT .t!,. K010Pbli:i B cpaBHeHHH C 

urylO OllIH6Ky Bi npH 3anaHHONr a. 

In~ 

3,"leMeHT2: 

H3H6oJIee 

K3iKj,bIM 

3':1TeM no 

qi=Ki)B ii , (,2 i =zQ/2)13u· 
<<I'IH(pOp\;1aTl;~BnbU~» :).TIe

npyrHM o6eCnetIUT MeHb-

HeMy CTpOHTC5I np3BHJlO. 

~Yl 



flO,UbITOMHM 06a qaCTHbIX CJlyqaH. B nepBOM OCymeCTBJIHJlOCb 
..."" 

KBa,UpaTHqHOe npe06pa30BaHlle y2 Ha6JIIO,UeHllH, BO BTOpOMerO MOM

HO CqHTaTb JlllHeHHbIM, nOJIaraH gi ==0 ,UJIH BCeX 'i=f= [,KpOMe O,LlHOfO 

gl==l. A B 06me.M, no TeopeMe 7.1 0 JLOCTaTOq:HOCTll '(l1x==l) 3TO 

6y,UyT npeoopa30BaHHH BH,Ua ~~CijYiYj npH cyMMHpoBaHHll no TeM 

(i, j), ,UJlH KOTOpbIX HMeIOTCH JI,aHHble 0 Bij , OCTaJIb:Hble Cij == O. E'CJIH 

TaK OKaM'eTCH, qTO OnTHMaJIbHble c* ij == gi,gj H ~"22c* ijYiYj == ("22giYi) 2, 

T'onpe06lpa30BaHHe OBej.LleTIC5I K JIHHeHIHQlMIY. B OomeM, 3TO 6yl;I.eT He 
TaK. 

7.3. HCnOJlb30BAHHE ,lJ,OBEPMTEJlbHbIX O~EHOK ,[lJl5I npOBEPKH
 
fMnOTE3
 

OnHcaHue cnoco6a. HepenKO 3anaqa npoBepKH fHnOTe3 CBOnHTcH 

K npHHHTllIO peIIleHHH OTHOCllTeJIbHO 3HaqeHHH inapaMeTpa. TaK, Ha 

OTCyTcTBHe CllrHaJIa MOMHO cMo1'peTb KaK Ha HyJIeBOe 3Ha qeHHe ero 

a MrrJIHTy,LLbI, OUeHKY Ha,LLe)KHOCTH arrrrapaTypbI MO)KHO rrepeBecTH B 

npOBepKY COOTBeTCTBH5I HopMe rrapaMeTpa HaJI,eMHOcTH H 1'. ,LL. Hawa 

ueJIb - CBH3aTb rrpaBHJIa rrpoBepKH rHrrOTe3 0 rrapaMeTpe C ,LLOBepH

TeJIbHOH oueHKOH 31'oro rrapaMe1'pa,q1'06bI 3aTeM HCrrOJIb30BaTb 1\1 a

TepHaJIbI rrpe,LLbI,LLymeH r JIaBbI. 

TIYC1'b x eCTb qHCJIOBOH IrrapaMeTp H J{Yx - nepeXOnHa5I 11M, 3a

,UaIOmaH MO,LLeJIb Ha 6Jj rrpH epHKcHpoBaHHblx x. TIYC1'b rHITOTe3a H 

aJIbTepHaTHBa Icoo1'BeTc1'BYIOT 3HaqeHHHM Xo H Xl napaMeTpa X. 'TOf

.ua J!{Yo==J{Yxo ' u!{Y1 ==J!{YX1 -,LLBe fHnOTe3bI. B 3TOM pa3,lI,eJIe CqH

TaeTCH x == 1. 
B03bMeM C:VIJ\1. J{xY==:J'xJ{Yx H nycTb (jay (X) eCTb ,lI,OBepH1'eJ1hHaH 

oueHKa ypOBHH a napaMe1'pa x:a==MxY (l-oa y (x))==supMYx (l
x 

-Oay (x) ). ITo ,lI,OBepHTeJIbHOH oueHKe nOC1'pOHM CJIe,lI,YIOw.ee npaBH-

JIO npOBepKH fHnOTe3: 

OOy==ou y (Xo). 

llpHHHMaercH ,HYJIeB35I fHIlOTe3a C TOH )I{e ,lI,OCTOBepHOCTblO, C K3KOt'1 

3HaqeHHe Xo BKJIIOQaeTCH B OUeHKy Oay (x). OIIlH6Ka IlepBoro po,Lla 

3Toro npaBHJla He 60.nbwe ypOBH5l U oueHKH, TaK KaK 

a(0) == M o (1- oZ) == !v1~o (1- o~ (xo») ~ sup ~M~ (1- o~(x» = a. 
x 

CJIe)1.yIOllI,ee yTBep)K,LLeHHe ,lI,ae1' CilOCOO npH6JIHMeHHOro paCqe1'3 

OIllH6KH BToporo p0,lI,a npaBHJIa (7.3). 
Teo p eM a 7.4. flYCTb (j13 y (x) eCTb (JoBepUre.llbHa5l (npu X== 1) 

04eHKa ypOBHfl ~ napaMeTpa X u nycTb~* eCTb HaUJueHbUlUU ypoBeHb 
~, npu KOTOpOM BbltlO.llHJleTCfl HepaBeHCTBO (Jay (Xo) + 013 y (Xl) ::s; 1. Toz
aa oUlu6Ka -~ (0) npaBU.Ila OOy == (Jay (Xo.) npOBepKU 2unOTe3bl X== Xo 
npu a.llbTepHaTUBe X==XI 6yoeT He 60.llbUle 3Hat£eHUfl ~*. 

,UeHCTBHTeJlbHO, 13 (0) = MI aO == M~l aZ ~ M~l [1 - o~* (Xl)] ~ 
-y [ (3. _ 

~ sup Mx 1- ay (x)] - ~*. 
x 
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PMC. 7.4. HaXO)K)1.eHHe npPl
.KHjI.OqHOH OIlIll6KH 

8:* (x,)iJU= 0"" / I /0!J"(x) 
!I !I (.ro) 

X o XI x 

3HaqeHHe ~*' B o6meM, MOMeT O1'JIHqaTbC5l B 60JIblllyIO CTOpOHy 

OT Be.TIHqHHbI oWH6KH 13 (0), a IlOTOMY Ha3bIBae1'CH npUKUOOt£HblM 3Ha

.qeHI1'eM oWH6KH B1'oporo pO)1-a. OHO 6yneT 1'e1\1 60JIee TOqHO rrpH6JIH

.lKaTb OIIlH6KY, qeM MeHbIIle fpaHHUbI MYxoy (x) H MYxO y (x) 33BHC5IT 

·OT x. 
,lla,LLHM Har.i15I,lI,HOe rr05ICHeHHe K 1'eopeMe (pHC. 7.4). TIOJIOMeHHe 

·{)U€HKH oay (x) 3aBHCH1' 01' Ha6JIIO,lI,eHHH y, 3 caMa oueHKa KaK epyHK

UH5I X paClllHpHeTiCH IlpH YMeHbweHHH a. Ha pHcyHKe CIlJIOlllHOI1 JI~H

HHel~I If W1'pHXOBOI1 H306paMeHbI nBa ee BH,lI,3 rrpH pa3HbIX ypOBHHX, 

rrepBbI1I H3 K01'OpbIX paBeH U, a ypoBeHb ~* (H3 pHcyHKe ~*<a) 
rrOnbICKHBaeTCH 1'aKHM, QTo6bI iCyMMa BbIIC01' CTIJIOIIlHOH KpUBOH B TOq

Ke X==Xo H IIl1'pHXOBOH B 1'OqlKe X==XI paBH5IJIaCb 1. BeJIHqHHa{3* H 

.,lI,aCT rrpHKH,UOqHyIO OIIlH6Ky. 

TaK KaK ~* 6Y,ll,eT 1',eM MeHbwe, qeM MeHee paCnJIbIIBqa1'OH HBJIHe1'

>C5I Oue:HKa of3y (x), 1'OrrpaBHJIO IlponepKH rHrr01'e3 6Y,ll,e1' TeM JIyqwe, 

q'€M MeHbIIle WllpHH3 oueHKH B HanpaBJIeHHH H3MeHeHHH X, a n03ToMY 

B KaqeCTBe HCXO,LLHOi1: JIyqIIle 6paTb OilTHMaJIbHYIO oueHKy, HJIH XOTH 

oW KBa3HOrr1'HMaJIbHYIO. 

CJIenYIOIUHe pa3,lI"eJIbI ,LLaI01' IlpHMepbI Iloc1'poeHHH rrpaBHJI H pac

qeTa OlllH60K no TeopeMe 7.4. 
ACHMnToTH4cCKOC npaBHno npH CHMMCTpH4HWX orpaHH4eHHwx 

<lJnyKTyaUHSlx. TIYCTb Yi==X+Si, .i== 1, ... , n, r,lI,e rr3paMeTp x paBeH 0 
rrpH rHIlOT'e3e (}I p3HeH Xl apB aJIbTepHaTHBe, a epJIyKTyaUHH Si He33

BHCHMbI, HMeIOTHYJICBbleCpe,LLHHe M~i = 0 H orp aHHqeHHYIO ;Cpe,ll,HIOIO 

MOmHOCTb M S2i == 0'2. )laHHaH 3a,lI,aqa OTHOCHTCH K paCCl\101'peHHot'I B 

§ 7.2, eCJIH Il0J10.IKHTb TaM 01 ==ao ==a. BBene:rvl ,LLOilOJIHHTeJIbHble npejL

I2.0,TIO)KeHH5I: 1) ~? OrpaHHqeHbI cBepxy H CHH3Y ypoBHeM H, T. e. 

P(ISil>H)=O, 2)Si CH~1:MeTpHqHbI, 1'. e. M Si 2k-1==O, i==l, 2, ... 1~or

~a H3 ,lI,OBepHTeJIbHOA oueHKH (6.22) CTeIleHHoro 1'Hna 6Y,lI,eT CJIe,lI,O

BaTb npaBHJIO 

o ....
Oy == [1- (y/~)2k]+. 

PaCqeT pa3M:axa 2~ no ypOBHIO !a 6bIJI npOH3Be,ILeH TaM )I(e B 

§ 6.4; aCHMrrT01'H4eCKH 'npH n--)-oo pa3Max, YMHo.IKeHHbli1: Ha V~ 
oueHHBaeTCH HepaBeHcTBoM (6.23), npaBYIO qaCTb KOToporo 0603Ha.. 

llHM I~a (k) == er[ (2k) !/ (ark!)] 1/2k/Y~ 
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3TO eCTb npaBHJlO ypOBH5J a. l1w.eM npHKli.ll.04HOe 3Ha4eHHe 01llH6~ ~B COOrBerCTBIIlI C reopeMoA 7.4 HaHAeM npHKHAo'Hoe 3Ha'eHHe •.. KH BToporo po,ll.a '~" I<aK MHHHMaJlbHOe ~ Talwe, 4TO 
3TO eCTb MHHHMaJIbHOe 4HCJIO '~ 'TaKOe, 4TO t 

iJo + iJ~ (Xl) = [I - (Y Vii) 2hJ+ + [I - ( (y - xJ Vn )2hJ+ :s::: 1 
y y ~ (k) ~ (k) "" . 

a ~,. 

nOJIy4eHHoe HepaBeHCTBO ,lI.OJI)KHO BblITOJIH5ITbC5I npH Bcex y. flPH 

Xl Vn>~a (:k) JIeBa51 4aCTb ero KaK epYHl<UH5I nepeMeHHOH y HMeeT 

TpH MaKcHMyMa: npH y=O, npH y=Xl H B Cpe,ll.HeM 4aCHI MC)KJl,y 1'04

KaMH Xl. Hac I1HTepecyeT nO'CJIeJl.HI1~I. OH ,lI.OCTHraeT'C5I npll y=°H 
=xt'[(~f3('k)/~a(k))2I1/(2"-I)+'I]-1 H paBeH 2-(x2jn)~[~a(k)2k/(2h-l)+ 

+'~f3 (k) 2h/(2h-l)J!-2k. 3TOT MaKcHMyM ,lI.OJI)KeH 6bITb He 60JIbIUe 1. 
OTClO,lI.a HaXO,ll.HTC5I pa3Max HCKOMoro iJ f3y (xd: ~~. (k) 2il/(21'-I) = 

=[(xlVn)2i'/(2il~I)-~a(k)2h/(2h-l)]+, a H3 Hero YlKe - npIlJOf},O'lHa51 

oWH6Ka, KOTOpa51 npHM'eHeHHeM epOPMYJIbI CTHpJIHHra 3anHWCTC5I B 

HBHOM BH,lI.e npH yCJIOBHH Xl V n~'~a (k): 

~*= -Y2 (0 1/2k/e)2h / [(Xl Vfi)2h!(2h-J) -~a (k)2h!(2h-l) J21' I ~ 

Tenepb HYlK'HO 6blJIO 6bI HCKaTb OfITHMaJIbHOe 3Ha4,eHHC Il, MHHH

~H3HpYIOw.ee n:pH 3a.ll.aUH,OM ypOB:He a, H 3Ha4eHHH XI Vn---- ,llpHKH

.lI.04HYJO OWH6,I<Y BTopOiro pO,1.a ~*. MbJ He 6Y,ll.eM pewaTb .3Ty 3a,ll.a4Y, 

KOTOpa51 CTporo Tpe6yeT4UCJIeHHbiX MeTOJl,OB, a npll6JIHiKCHflO MOil{

HO orpaHH4HTbC5I Hai1.l1.eHHbiM B § 6.5 3Ha4eHHe,1 k*. 

nOcTaBHM ,lI.pyrylO ueJIb: cpaBHHTb npHKH.lI.04HOe 3Ha4eHHC OIUFI6

101 ~* ,C T04HblM [3(0), nOJIara51 ,lI.JI5I npocToTbl k=l. TOrJ1.3 !1a = 
=a/V a, 

o - - 2 .- 2
iJy=[I-any2/02]+, ~~.=(XI I' n?-!'.1,l.' ~*=(p2-1iaJ-', 

r.ll.e p = Xl l/fi / a. 
MO)lOJO BH,lI.eTb, liTO 

p.::::;;p::::;; I/a. 3Ha4HT, 

Jla K OfITHM3JIbHOMY 

JJ,leTCH nOI<3.1aTCJleM 

npOBepl<3 ('lInOies no MOUJ,HOCTH qJJJyKTyau,l1ii. CHOlla h('iill.jlb

'~yeM::5J HJJIOll<CHlIOH MCTOJ,HI<Oi\ 1103130Jl?IOW.C!"j I1CPCBO.llWi; OUCHJ(H 

B llpaIlHJ13. nYCTb Yi=:(Si, i= 1, ... , n, r,'.l.E: napa:I!CT[J :>'1acw'::<:,:, x l;pH

IHIM3eT TIpll rHrlOTe3e 3H<:l'-1eHfie Xo, a ,npH 3J1b1'epllalllBc - Ai; (''111

TseM il.JlH IWHl·;penIOCTfI Xj >xo. nYCTb epJlyl(TyaUHII Si HeJi:lHiL>iMbl, 

HMelO1' Hy,leIlble Cpe,ll,HHe Ms;= 0, CD,IIHH'Il-ible J1.I-ICiTCpCHI! /,nc, ] 11 

orpaHH4eHHbic lfeTBepTble \10MeHTbl ;\1;'., = in;. BCCnO,'11-,:;Cij"E!!II-ICb 

GUelfll\o(l (6.27), nO.lJY4H:v1 

d~ = [1 - a n (l - !f/xo)2/(m4- 1)]+, 

pe3YJIbTaT COBnanaeT C (7.2) npH q=-! fl lipH 

npenJIaraeMall Teopc;l1oii7.4MeTO.ll.liKi.l li\HIBe

npaBHJIY Hero BepOHTHOCTH OWH6I\1J. 'ITO HE

13 nOJlb3Y :nOM MeTOD.HIOI. 

• 

an 
iJD + iJ~ (Xl) = [I - --- (l 

y y m 
4 

- 1 

An ~ ++ [1- __1-'- (l_y2/xl)2J 
m4 -1 

~ + 
y2/xoFJ + 

::::;;1. 
~ 

CyMMa B JleBotl tlaCTH KaK epyHKUH5I y~npH HHTepecylOw.I1X HaC ~ 
~ ~ 

liMeeT TpH MaKcHMyMa:npH y:...=xo H y2=Xl, r.n:e 3Ta cyMMa paBHa 1, 

Ii B npoMelKyTo'-!HOM T04Ke y2= (a/xo+Mxd/(a/x20+Mxzt), r,ll.e 3Ta 

cyMMa He ,lI.OJI)I{;lIa 'npeBblwaTb 1, 4TO 3anHCbIBael'C5I 

2-na~ (Xl -xo? (~/XT +a/x6) (m4 _1)-1 (axl/xO+ ~XO/Xlr2::::;; 1. 

113 3Toro ypaBHeHH5I HaXO,ll.HTC5I I~*:. 

m
~* = -y [a (p- 1)2/2 +q]2+ q [a p (p-I)+q] - a (p-I)2/2 -q, 

4 -1 
p = XI/Xo, q = -n-

He:CKOJIbKO 60JIee ~npOCToe ,BbJpa)l(eHHe ,lI.JI5I npHKH,lI.04HOrO 3Ha4e

HHH 6y,ll.eT nOJIY4eHO, eCJIH HCKaTb MHHHMaJIbHOe ~ TaKOe, tITO 

o~ a~ (XI)=O. Tor,ll.a~**=q[I-(I+-Vq/a)/p]-Z. 04eBH,lI.HO, tITO 

~**>~*. npH YBeJIH4eHHH p=xdxo HMeeM: ~**-+q= (m4-1)/n. 

7.4. cnEu.HAJIbHbIE METO)l.bl CHHTE3A nPABHJI 

3a,ll,aHa c1JopMaJlbHaSi nJlOTHOCTb aJlbTepHaTHBbl no OTHoweHHIO K 

fHnOTe3e. nYCTb cyw.eCTByeT nJIOTHOCTb aJIbTepHaTHBbl no OTHowe

HHIO K rnnOTe3e p (y) =Vf( Ii.;/{o. no onpe.n:eJIeHHIO epopMaJIbHOM TIJIOT

HOCTH § ,1.4 3TOCOOl'BeTcTByeT 1'0)l(,lI.eCTBY M If (y) =.Mop (y)f (y), 
VfE-BTI, CnpaBe,ll.JIHBoMy ,lI.JI5I B'cex f H3 06JIaCTH cyw.ecTBoBaHH5I ..;f{Y j • 

ECJIH TJ1inOTe3a (M03> 3a,ll.aHa nepBH4HbIMH 3HatIeHH5JMH Mog (y), 
gE3, TO .;/{j 6y,ll.eT onpe,ll.eJIeHO 3Ha4eHH5IMH Mlg(y)/P(Y) =Mog(y), 
gE3, HM1(I/p(y))=1. 

BblnHweM BecoBylO CyMMy oWH60K 

r~ (0) = 'Aax (0) + px (0) = 'A + x (Moo~ p (y) - '), Moa~) +
 
0 - 0)
+(I-x) (Mooyp(y)-'AMooy . 

Ha OCHOBaHHH HepaBeHCTIl MooOyp(y)-Mo'AoOy~MooOy(p(y)-'),),MooOyp(y)
-Mo'AoOy:S;;MooOy(p(yJ-'A) 11 B CI1JIY HenPePbIBHOCTI1 rxl.(o) no x BCerfl,a MO)l{HO 

nOfl,blCKaTb TaKoe x*, O:s;;x*:s;; I, 'ITO 6Yfl,eT BepHO paBeHCTBO 

r~* (0) = J. +x* /11 0 oZ (p (y) - 'A) + 
+ (I - x*) M ooZ (p (y) - 'A) = 'A +M'* oZ (p (y) - 'A), 

.~ 294 
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r.lle MX=xM+ (l-x)M - B3BeWeHIWe Cpe.llHee. Tor.lla MHHHMH3HpYlOmHM rX\(o) 3,l1,eCb fI*dfl*o 0603HalJaeT 'IlJlOTHOCTb fI*I '110 OTHoweHHIO K [jJ*o,, (OHO me - qaCTHOe l1.1IOTHOCTeH jJJ* I Ii [JJ*0 no OTHoweHHIO K O,ll,HOH6Y,J,eT npaBHJIO p(y) ~A (B COOTBeTCTBHH C KOTOpbIM npH cTporOM HepaBeHCTBe HMeeM 

~ 
'\' 

OOy= I, npH OOpaTHOM HepaBeHCTBe - OOy = 0, a npH p (y) ='AClJHTae'J1ClI d Uy = y). 
OT 3HalJeHHlI '\' BeJIHlJHHa rx\(o) He 3a'BHCHT H onpe.lleJIlieTCli B pe3YJIbTaTe Bblpa

1KeHHeM 

rt (0) = 'A + MX
' (p (y) - A)+. 

BapbHpyli BeJUllJHHaMH 'A H y, M01KHO .LI.OOHTbCli Toro, lJTOObr ypoBeHb npaBHJIa 6blJT 

paBeH a, 'ITO .llOKa3bIBaeT CJIe.llYlOmylO TeopeMY· 

Teo p eM 3 7.5. ECAU P (y) eCTb ¢opMaAbfiafl nAOTfWCTb aAbTep
liaTU8bL no OTHOULeHUfO K cunOTe3e, TO CY14ecT8yeT TaKOU Koa¢¢u
l1ueHT x* 8 ouana30He onTUMU3Ma O~x*~ 1, liTO onTUMaAbHoe npa
8UAO yp08Hfl a 6yoeT COCTOflTb 8 cpa8HeHUU nopOcOM: p (y) ~A, 

'\' 
npu TaKOA1 8fJL60pe '\' U 'A, 'lTo6bL yp08eHb pa8HflACfl a. 

TOlJHble nJlOTHOCTH BepOSITHOCTeH. DepeH,ll,eM Terrepb K O,ll,HOMY 

OlJeHb 'B3)KHOMY lJ3CTHOMY rro OTHoweHHIOK rrpe,ll,bI,ll,YlUeMY CJlYlJalO, 

KOr,ll,a ,;f{o=[JJo H .;fll =8'1 - TOlJHble (Ha a.rlre6pe do) pacrrpe,ll,eJle

HHSI Bep05lTHOCTeI1, 3a,ll,aHHble CBOHMH rrJlOTHOCT5IMH Bep051THOCTeI1 rro 

KaKOH-TO Mepe. CJle,ll,YlOlUa51 TeopeMa B rrpHHUHrre xopowo H3BeCTHa, 

HO aHa pa'CKpawHBaerC51 B UBeTa «onTHMH3Ma-neCCHMH3Ma». 

TeopeM37.6 (J1eMMa HeHM3Ha-DHpcoHa). flYCTb 
Po(y), PI (y) eCTb nAOTHOCTU BepoflTHocTe{1 TOliHblX lia do KOHe'lHO
UJLU c'leTHo-aoouTu8HbIX pacnpeoeAeHuu. Tocoa npu HeKOTopOM x"', 
x* ~ 1, U npu (Jcex x? 1 onTUAWAbHbLM OAfl npo8epKu cunOTe3bL Po (y) 
npu aAbTepHarU8e PI (y) 6yoeTnpa8uAo HellJ,faHa - flUpCOHG, co
C7'O:iuwe 8 cpa8HeNUU OTHOUleHUfI n/IOTHOCTeu c nopOcOM: 

PI (Y)/Po (y) ~ Ie, (7.4) 
'\' 

coe O<Ie< 00 U O~,\,~ 1 8bl6upalOTcfl UCXOOfl 113 HljJICHOcO YP08HJI 
a= I-Moooy . 

.u 0 j( a 3 aTe JI h C T B O. Cyru.eCTIJOB3HHe x'" ~ I, npJl KOTOPO~1 npaBH.no (7.4) 
lIB.15leTC51 OIJTW,r3JIhllbIM, CJIei,yer U3 TeopCMbl 7.5. DycTL Tenepb %~ 1. TOfJIil 

"OCT3T01IHLltl K.lacc oopa3yloT ,\oJ u-H3McpuMbIe lIpaBUJI3. 0I1T1liI13,1hHOCTb np3BIJJI3 

i 7.16) B KJI3CCe H3Mcpm·lblx np3BJlJI .llOK33hlIlaeTCli JJ [3, CIp. 95]. 

Po6aCTHbie MeTOiJ,bl. Y1x cYTh COCTOIIT B IIHTcpnper3LUiil f'HDOTC3bl 

l! Ci,TbTcpHanlBbI B 131/je Ce\1ClkTB pacl!pe.Jc.rle'HI1{'r BcpmnHoCTeti 11 

TIO,j,MeHe ceMe~fcTB Ha Bbl6paHHble BHYTPH HI1X HallMeHee 6.il3rOnpli51T

Hble «31,3eMIlJlHpbl» pacrrpe,ll,eJleHHkl Bep051THOCTeI1. 

n3p 3 [JJ*ocvl{o, [JJ* 1cvll I p 3Cl1pe.ueJleHHH Bep051THOCTeH H33bl

BaeTC5I HaUMeHee 6AaconpUflTHOa (H6) ,ll,J151 CT3THCTHlJeCKOH 33,ll,aQa 

npOBepKH rHrrOTe3bl vI{o, npli aJlbTepHaTHBe vI{], eCJlH [13] 

M 300 {gv;/g<J~ ~ Ie} = M o {gv;/gv~ ~ Ie} = 1 - ex, 
o - '\' 

M fPo {.o/J~!gv~ ~ Ie} = M1 {gv;/gv~ ~ A} 
I Y Y 

2915 

H TOH me Mepe), a qmrYPHblMH cK06KaMH OTTeHeHa HH,lI,H1KaTOpH351 

4>YHKUH5I COOTBellCTBYlOlUero C06bITI151C P3H,lI,OMH3aUI1eH Ha rpaHI1lJ:e 

(T. e. npHpaBeHCTBe). LlJl5I CYlUeCTBOBaHH5I H6-pacrrpe,ll,eJleHHH, B 

Q6meM, Tpe6YIOTC5I Ao-H3MepHMocTH l1epBHQHblX npH3HaKoB rHrrOTe3bI 

11 aJlbTepHaTHBbl. 
Y TB e p m,ll, e H Ii e 7.7. ECAU HaUMeHee 6AaconpuflTHbie pacnpede

AeHUfl CYl4ecT8Y'OT, TO [JJ*l/[JJ*O~'A fl8AfleTCfl onTUMaAbHblM npa8U
AOM npu x= 1. 

)J. 0 K 3 3 aTe JI b C l' B O. 0003HalJHM iJ* np3BHJIO fIJ*tI[iJ*o~'A ypOBHlI a (AJIlI 

06eCIJelJeHHlI ypOBHlI nOAOHpaIOTClI f... H y). Tor.lla ,n:JIli JIIOOoro IJpaBHJIa iJO y ypOB

fill a HMeeM 

- - 0 0 {*/ * }~(O)=M10y;;'M.:l': Oy;;'M.J'; JJ I .:'PO~A = 

= Ml {'J';/.?P~ ";;;A} = "if(a*). 
'\' 

TaKHM oopa30M, oWH6Ka BToporo p0.lla y 0 He M01KeT OblTb MeHbUle, lJeM y d*. 

'ITO H .llOKa3b1BaeT yTBep1K,n:eHHe. 

CYlUeCT'BOBaHl1e H6-pacnpe,ll,eJleHHH - 3TO ueJl351 irrp06J1eM3, YC

TaHaBJlHBaeMa51 B Ka)h:,ll,OH KOHKpeTHOH 33,l1,aqe. HHme 'paCCMaTpH

BaeTC51 O,ll,HH TaKOHCJlYlJaH. 

npOBepKa rHnOTe3 no 3a,ll,aHHbIM HHTcpBa.rrbHbIM BepOSlTHOCTSIM. 

TIYCTb ,;f{Yo= 0o(y), Po (y», ,;f{YI = <.J!t{y), pt{y» 3 a,ll,aHbl CBOHMI1 

IiHTepBaJlbHblMH rrJlOTHOCT5IMH (rro Mepe-,lI,J1I1He Ha 6Ij = fJln, XOT51 3TO 

H He 065133 TeJlbHO), lJTO 3KBHBaJleHTHO 3a,ll,a HHIO HHTepBaJlbHblX Be

p05ITHOCTeH, nOpOm,ll,alOlUHX 3,ll,,ll,HTHBHble I1PB. 

BBe,ll,eM iCJle,ll,YlOlUHe 11J1011HOCTH: 

rrpl1 Po (y) < c1 PI (y),\ Po ~Y)
 
p~(y)= ~ C1 Pl(Y) npH e.o (y) ~ c1 PI (y) ~ Po (y),
 

Il e.o (y) rrpH c1 PI (y) < Eo (y) ; 

( PI (y) rrpH PI (y) < b1 Po (y),
I ~ 

p; (y) = ~ b1 Po (y) npH el (y) ~ b1 Po (y) ~ PI (y), 

Il el (y) npH b1 Po (y) < '!,1 (y) ; 

rPo (y) npH Po (y) < c2 [!I (y), 

.q~ (y) = ~ c PI (y) npH2 eo (y) ~ c2 el (y) ~ Po (y). 

teo (y) npH c2 '!,1 (y) < Eo (y) ; 
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(PI (y) npH PI (y) < bz eO (y), 
I 

q~ (y) = ~ bz Po (y) npa !?J (y) :s; bz eo (y) :s; PI (y),
I 
U~dY) npH b2 eo (y) < 1},1 (y) ; 

r,Ue 1\03epepHUl1eHTbI CI, C2, b l H b2 onpe,UeJI5I1OTC5I 0,UH03H34HO H3 yc

JIOBH5I HOpMHpOBI<H nJIOTHOCTeH: S p*k(y)dy= Sq'\(y)dy=l, !?=O, 1. 
BH,U :')THX nJIOTHOCTeH npHBe,UeH CXeM3nllJeCI<H (,UJI5I yEfll) H3 

puc. 7.5. OTJIH4I'Ie q*a(Y) 01' P*o(Y) 6y;il,eT COCT05lTb B nOBe;r.eHHH 

H3 Y43cTI\e rrepexo,U3 C HH1KHeH rp3HHUbI nJIOTHOCTH 'H3 BepxHlOlO, 

r,Ue P*o(Y) ,UBH1KeTOI rrponopUUOH3JIbHO PI (y) H Bblwe ee, 3 q*o(Y)
nponopUHOH3JIb'HO £'1 (y) H HH1Ke 'ee, npH4eM K03epepHUHeHT rrporrop

UHOH3JIbHOCTH BrrepBOM CJIy43e 60JIbWe e,UHHHUbI, BO BTOpOM 

MeHbwe, HO H T3M H TaM 0,UH03HallHO T3KOB, 4TO BblnOJIH5IeTC5I HO'p

MHpOBK3 nJIOTHOCTeH. AH3JIOrH4HbIM 51BJI5IeTC5I pa3JIH4He Me)j{'uY 

q* dy) Ii P"'I (y). Y)j{e C 6erJIoro B3rJI5I,U3 BH,UHO, 4TO 3TH ,rrJIOTHOCTH 

IiMelOT X3p3KTep«H3HMeHee 6JIarOnpH5ITHbIX», T3K 1\3K B MaKCIiMaJIb

Hofl Mepe «H3rrJIbIB31OT» H3 CTOPOHY npOTIiBOnOJIO)KHOH rHrrOTe3bI. 

3TOT ep3KT 06JI34HM B CTporylO epOPMYJIHPOBI\Y. 

Teo p e M 3 7.8. flYCTb cunOTe3a U aAbTepflaTU8a 3aoaHbl C80UMU 
uHTep8aAbHblMU nAOTHOCTRMU U nycTb 8bllWAHflIOTCR YCA08UR 

S pdy)dy+ S /lI(y)dy> I, S Po(y)dy+ 
Po (y) >0 Po(y)=o P, (y) >0 

+ S e.o (y) dy > 1. 
P, (y) =;U 

Tocoa, eCAU Cl'b l?::l, TO H6-nAOTHOCTRMU 6yOyT P*o(Y) U P*I(Y), 

A*(!!) 

.. 
!! 

Puc. 7.5. HaHMeHee 6JIarOnpH5ITHble nJIOTHOCTH npH c,b, ~ 1 (cnJIOlllH351 JIHHH5I) II 

clbl~ (lllTpHXOBa5l) 

it (!!)Po (!!) 
POUr!!) 

p,(!!) 
Po(!!) 

II 
Puc. 7.6. HaHMeHee 6JIarOnpH5ITHble nJIOTHOCTII npH c,b l < 1<c2b2 

ecAU C2b2~1, TO q,:o(y) U q:~(y), HaKoHeu" eCAU cl bl <1 U c2b2>1, 
TO H6-nAOTHOCTU Po(y) Up '1 (y) ,TaK08bl, ttTO UX OTHOUleHUe 

(PI (y)/Po (y) npu PI (Y)/Po (y) < b3 • 

p~. (y) - J b - 
--) 3 npu el (Y)/Po (y) :s; b3 :s; PI (Y)/eo (y), 
p~.(y) I -

l eI(y)/PO (y) npu b3 < el (y)/ Po (y), 

zoe nOCTOflHHaR b3 onpeoeAReTCR U3 ypa8HeHUR 

S leI (y) - b3 Po (y)]+dy - S Ib3 eo (y) - PI (y)J+ dy + b;j = I. 

.u0l\333TeJIbCTBO TeopeMbl HMeeTC5I B :[ 13]. T3KHM 06p330M, B 33

BHCHMOCTH 01' 3H3'1eHHl.\ HopMHpyeMblx I<OHCT3HT Cl, b l , C2, b2 p33,Ue

JI5IlOTC5I TpH CJIy4351. OepBbIi.\ clb, > 1 cooTBeT,cTByeT H3 pHC. 7.5 MeHb

weA e,UHHHue II.nOm3,UH 06JI3CTeH K3K A + (B + C +D +E), T3K 11 

F + (B + C +D + E), a ,UaeT B03MOiKHOCTb JIHHHH rrepexo,U3 H6-nJIOT

HocTei.\ C O,UHOH rp3HHUbi H3 ,UpyrylO npoflTH, Kal< H3 pHC. 7.5. BTO

POH CJIy43i.\ C2b2< 1 3I\BHB3JIe~ITeH npeBblweHHlo e,UHHHUbl ,nJIOm3,UeH 

K3K A+ (B+D+E), TaK H F+ (B+D+E), Ii n03BOJI5IeT JIHHHH ne

pexo~a rrpoi.\TH, ](al, 31'0 0603H34e'HO Ha pHC. 7.5 WTpHXOBOi1 JIH'HHeH. 

Hal\OHeu, eCJIH 063 3T1IX 'CJIy4351 HC!(JII04aIOTC51, TO H3HMeHee 6JIaro

rrpH51THble nJIOTHOCTH npoxo,U51T T3'K,1\31< 31'0 nOKa3aHO HapHc. 7.6: 
OHH npocTo B 06JIaCTIi 'nepexo,U3 npOH3BOJIbHbl, nponopUHOH3JIbHbi 

,Upyr npyry, HO Jle)KaT BHyTpH rpaHHU HnO'u'IHH5IlOTCH yCJIOBHlO 'HOp

MHPOBI\H rrJIOTHOcTeH. 

Po6acnlbIl1 aJlrOp!1TM npH He3aBHCI1MbIX Ha6JI~neHHSlx. P3crrpo

cTpaHHM nOH5ITHC H6-I1JIOTHOCTH H3 He33BHcHMYlO O,UHOpO,D.HylO Bbl

60'pl\Y Y= (YI, ... , Yn), Ka)lOlbIH 3JIeMeHT I<OTOPOH 0I1HCbIB3eTC5I HH

TepB3.rlbHb1MH n.10THOCT51MH eO(Yi), PO(Yi); et{Yi), pdy;)· 

YTBep)K;r.eHHe 7.9. flYCTb P*O(Yi) U p*t{yd eCTb H6-I1AOTHOC
TU OAR OOHOcO 3AeA'!eHTa Yi. Tocoa H6-nAOTHOCTJiMU OAR 8efCTopa y 
C He3a8UCU.MblMU KOMIWHeHTaMU Yi 6yOyT npOU38eoeHUfl i[ 13] 

P~ (y) = IT P~ (yJ, P; (y) = IT P; (yJ. 
i i 

f---a~ 

II 

PHC. 7.7. XapaKH'pHble Hemi

HeAHwe npeo6pa30BaHH5I
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«BeplllKaM» Ha6JIIO,lI.e,HHIf B 01'JIHlJHe 01' npenbl,lI.ymel'o 'CJIy4a5l. r,lI.e

TaKHM 06pa30M, OrrTHMaJIbHOe npH x= 1 rrpaBHJIO rrpoBepKH rH
rrOJle3Hee OKa3aJlHCb «Kop,elllKH».

rrOTe3 HMeeT BH,lI. TIp*l (Yi)jp*O(Yi) ~A, a rrOCJIe JIOrapH<pMHpoBaHHH: • 3 a M e 4 a HUH. 1. YTBep)l(,lI.eHHe 7.9 'CnpaBe,lI.JlHBO H IB rrOM cJlYi 'I' 
~ In[p*l (Yi) jp*o(yd] ~A. OHO rr'pe,lI.rrOJIaraeT 06pa60TKy Ka)j{,lI.Oro 4ae. eCJlH ClJHTaTb Bbl60pKy ,cTaUHoHapHoH [13] - 3Ha4HT. ,lI.onOJl

i Y 
3JIeMeHTa Bbl60PKH B COOTBeToCTBHH C HeJIHHeflHOH <pyHKUHeH f (Yd = 
= In[p*r(y;) jp*o (Yi)], CyMMHpoBaHHe pe3YJIbTaTOB o6pa,601'KH HcpaB

HeHHe HXC noporoM A: ~l (Yi) ~A. 
i Y 

BH,lI. IHeJIHHeHHOH <pyHKUHH f (Yd 3aBHCHT 01' HCXO,lI.HbIX rpaHHu 

rrJIOTHOcTelf. B caMOM 06meM CJIy4ae f (yd 3arrHCbIBaeTCH: 

a1 rrpH Yi ~ d1 , 

In [PI (Y;)leo (Yi)] rrpH d1 < Yi ~ dQ , 

a2 npH d 2 < Yi ~d3' 

f In [PI (Yi)ipo (Yi)] 
npH d3 < Yi ~ d,l.'

(Yi) = ~ HJIH In [el (Yi)/eo (Yi)] 

a3 rrpH d4<Yi~ds, 

In [El (y;)ipo (Yi)] rrpH ds < Yi ~ d6 , 

l a4 rrpH d6 < Yi· 

<PyHKUHH f (Yi) HMeeT, B 06meM, KaK BH,lI.HO H3 pHIC. 7.7, 4eTblpe noc

T05lHHblX ypOBHH: at <a2<a3<a4. KpaHHHe ypOBHH co 3HalJeHH5IMH 

at H a4 06513aHbl CBOHM rrpoHcxo)j{,lI.eHHeM «3aT5IHYToCTH XBOCTOB» 

Po(yd H PI (Yi) npH IYi 1-+00 H B03HHKaIOllJ,eH OTCIO,lI.a B03MQ)KHOCTH 

«cBepxBbI6poCOB» Ha6JIIO,lI.eHHH. 3TH '«CBepxBbI6poCbl» H orpaHH4HBa

IOTC5I ypOBH5IMH at H a4· 
B 4aCTHOMCJIY4ae npH Po (Yi) =PI (y;) = 00 (BepXHHe rpaHHUbI 

\Ie 3a,lI.aIOTC5I) Cpe,lI.HHe ypOBHH a2 H aa rrpOna,lI.aIOTH <PYHKUH5I f(Yi) 
npHHHMaeT BH,lI. orpaHH4HTeJI5I cBepxy HCHH3y: 

r a1 rrpH Yi ~ d1 ,
 

f (Yi) = ~ In [£1 (Yi)l!lo (Yi)] npH d1 < Yi ~ d6 ,
 

l a4 rrpH d6 < Yi·
 
Tal<OH )j{e BH,lI. HeJIHHeHHOcTH 6y,lI.eT, eCJIH 3a,lI.aHbl TO.1JbKOBepXHHe 

rpaHHUbl 'fiJIOTHOCTeH H He 3 a,lI.a Hbl HH)j{HHe (eo (Yd = e1 (Yi) -0); e
~ 

TOH JIHUlb pa3HHueIf, 4TO B 3TOMCJIY4ae HaCpe,lI.iHeM Y4aCTKe f (Yi) 
paBHa 'In~[pdydjpO(Yi)]. 

B03MO)l(eH H .,lI.pyroIf BH,lI. HeJIHHeIfHOCTH: 

!In [PI (Yi)leo (Yi)] npH Yi ~ d2 ,
 

f (Yi) = a2 npH d2 < Yi ~ ds•
 

In [£1 (Yi);'PO (Yi)] npH ds < Yi·
 

HHTeJlbHblH Te3HC 0 cTaUHoHapHoCTHHa6J1IOneHHH, XOT5I H cy)j{aeT rro 

cpaBHeHHIO C O,lI.HOP0,lI.HOCTbIO MaTeMaTHlJecKYIO MOneJlb, HO B JI.aHHOH 

3a,lI.a4e !He MeH5IeT ee peUle'HH5I (HHTepecHo. Ha'CKOJlbKO 31'0 06llJ,IHIf 

<p aKrr?) . 
2. Bce H3J10)j{eHHoe HaMH B 3TOM napal'pa<pe CnpaBe,lI.JIHBO, eCJlH 

nJlOTHOCTH onpeJl.eJIeHbI He 'rro ,lI.JI}lHe, a rro npOH3BOJIbHOIf Mepe !J., 
TOJIbKO rror,lI.a HHTerpaJIbl PHMaHa no dy (,lI.JI5I C4eTHO-a,lI.,lI.HTHBHbIX 

Mo)!.eJIeH - HHTerpaJIbI JIe6era) 3aMe<H5IIOTC5I 'Ha HoHTerpaJIbI PHMaHa

Cl'HJITl:.eCa (Jle6era - CTHJITbeca) no dll. 
3. 3 a ,lI. a H bl r p a'H H 11. bl B e p 0 51 T 'H 0 C l' e If co 6 bl l' H If. Do,ll, 

paccMoTpeHHblIf CJIylJaH HHTepBaJIbHblX nJIOTHOCTeIf nO,lI.nanaeT ,lI.HC

KpeTHblf[ 3KcnepHMeHT. HCXO,lI.aMH [<OToporo 51BJl5IIOTC5I f B3aHMHO

HCKJlIOlJaIOllJ,HX C06bITHIf. <PopMaJIbHO rrpoHyMepyeM HX 4HCJlaMH 01' 

01' 1 H,lI.O f: iJlj={l, ...• f}. ClJHTaIOTC5I 3anaHHblMIJ1 rpaHHUbl Bep05lT

HOCTeIf ~o (j), Po(j), ~dj), Pr(j) 3THX C06bITHH j = 1, ... , f. onpene 

JI5IIOmHe C060If rHnOTe3bI. HMe5I pe3YJIbTaTbl n He3aBHCHMblX TaKHX 

3KcnepHMeHToB B BH,lI.e 3aperHcTpHpoBaHHblx 4HCeJI nl, n2, ... , nJ Bbl-
J 

naneHH5I Ka}K,iI,OrO C06bITH5I, ~ nj = n. Hy}l(HO npoBepHTb rHlnoTe3Y. 
i=l 

COBepUleHHo <popMaJIbHO 3,lI.eCb Ha Bep05IT'HOCTH Hano cMoTpeTb Kax 

Ha nJlOTHOCTb no ClJHT3IOmel1 Mepe (ll- (j) = j) 11, cJIe,iI,Y5I 33MelJa Hmo ~. 

HCnOJIb30BaTb pe3YJIbTaTW nOCJIe,iI,HerO pa3neJIa. Torna HeJlHHeHHOCTb 

f (y;) 3aMeHl1TC5I Ha YKa3aTeJIb c06bITHlf, K3KHe npOH30UlJIH B i-M 
3KcnepHMeHTe, CyMMHpoBaHHe f (y;) no i 01' 1 no n npeBpaT'I1TC5I B 

ClJeT4HK lJHCeJI nj H OflTHM3JIbHOe npaBHJIO npHMeT BHn 

J 

~ nj In (P; (i)IP~ (j)) ~ 'A. 
j=l Y 

P3c4eT 3H3lJCHHH OTHOUleHHlf 'HaHMeHee 6JIarOnpH5ITHblX Bep05lTHOC

TeH B apryMeHTe JIorapl1<pMa oCYllJ,eCTBJI5IeTC5I rro Teop'eMe 7.8 C rron

CTaHOBt<OfI TaM rpaHI1U Bep05lTHOcTeiJ Ha MeCTO nJIOTHOCTeIf (BMeCTO 

Y nO,lI.CT3B.n5IeTC5I j) H 3aMe[WIf HHTerpaJIOB no dy Ha CyMMb[ no j. 

7.5. npOBEPKA rlinOTE3 0 3A,ll,AHHOM 3HAlJEHHH nAPAMETPA 

<l>OPMYJIHpOBKa 3a)l,a4H. ECJIH 13 § 7.3 npH rHnOTe3e X=Xo aJIbTep

Hanma 3BYlJaJIa KaK HeKoTopoe TOlJHOe 3Ha4eHHe X=XI rrapaMeTpa. 

TO 3,lI.eCb OHa KOHKpel1HO He 3a,lI.aeTC5I. AJIbTepHaTliBY 6y,lI.yT COCTaB

JI5ITb -Bce 3Ha4eHI151 x, He paBHble Xo, 1'. e. X=FXo. PeWeHH5I BblHOC5ITC5I 

TaKH'e: 'COOTBeTCTByeT x 3Ha4eHI1IO Xo, T. e. X=Xo HJIH HeT, T. e. X=FXO, 

a MeCTO aJIbTepHaTHBbl 3aHHMaeT HanpaBJIeHIHe 'OTKJlOHeHHH, yKa3bI

BaeMoe napaMeTpOM x, a TOlJ,Hee. ero <pH3H4eCKHM ,CMbICJlOM H CBH3bIO 
3,lI.eCb, Ha060poT. Bbl,lI.eJI5IIOTC5IBbI6poCbl Ha6JIIO,lI.e,HHIf H ,«CMa3bIBaeT cHa6JIIO,lI.eHHHMH. TaK, eCJIH :HeT 'Cl1rHaJIa. TO 3HalJeHHe ero aMnJIH
c5I»cpe,lI.HH5I HeOrrpe,lI.eJIeHHa51 4aCTb, T. e. pa60rra rrpOH3BO,lI.HTC5I 1110 TY,lI.b1 - HOJIb (x=O) ,eCTb - He paBHO HyJIIO. 
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OYCTb Ka)J{,UOMy 3'HalleHHIO napaMeTpa x IIOCTaBJIeHa IB COOTBeT

CTBHe 'nepeXO,UHa5I MO,UeJIb .JIty Ha Ulj, Tor,Ua fHnOTe3a X=XO 0 3Hax 1
 r.lIe IICnOJIb30BaH TOT <jJaKT, 4TO Ma?x+l:. =!!... ( o~x+s = I) eCTb .lIJIH .lIeTepMI1
lIeHI1'11 napaMeTpa H aJIbTepHaTI1Ba X=FXO B TepMHHaX YlMnpl1HI1MaeT ~ HllpOBaHHoro npaBI1JIa aoy BepOHTHOCTb COOTBeTcTBylOwero C06bITI1H 11 npHMeHeHa 
BI1,U 

.J!J[Y = Gllt y Ji(Y = V ~4tY (7,5) 
o xo '1 x 

x;cxo 

3 a Me II a H 11 e, AJIbTepHaTI1Ba (7,5) cooTBeTcTByeT TOMY, liTO 

anpHOpJI KaKHe-JIH60 ,UaHHble 0 x, KpOMe X*Xo, OTCyTCTByIOT. TOfna 

.JIiy ! 6yneT lIaC11HOrI YlM K COBMeCHlOH :T"l.J!{Y", rne ,?'x l - rOJIa5I Ha 

XEf!l}-xo ( f!l} 6e3 TOllKIi Xo); eCJllI Me anpl10pHble na:HHble 0 x 
HMeIOTC5I B Bl1ne YlM .J!{"l, TO - 6yneT LJaCTHOH K np0I13Be)J.eHI1IO 

.JI{ x l.lft IJ"". 

YaCTO x HMeeT tP'113HlIeo;oe TOJ1I\oBaHHe KaK n2paMeTp COCT05IHH5I 

cpenbl. Hanpl1Mep, npl1 tPYHKUHOHaJIbHOM npenCT3BJIeHI1H Y= VxS 
Bel\TOp (IIm1 npouecc) S 03H2LJaeT cj:JJIyKTyaUIIH (LUyM cpenbl), a Vx 

onepaTOp, cor JIaCHO lWTOpOMy BJIJI5IHI1e S Ha Ha6JIlOneHIl51 3a1311ClIT 

or X. OYCTb Yi=X+Si, TOf"na llapaMeTp COCT051HH51 cpe,UbI eCTb c,UslIr 

H3 BeJI!l4I1Hy x Bcex Ha6JIIO,il,eHHH Yi, fHnOTe3a x=O COOTBeTcTByeT 

OTCYTCTBI1IO Tal\OrO Cll.BHra. 
B CJIyLJae HenpepbIBHOCTl1 Jlt!J;" no x (B CMbICJIe HenpepbIBHOCTH 

MY,} (y) Eal\ cj)yHKU,HH x npll Jli06bIX fEg-) HJIK H€rrpepbIBIWCTH OBe

paTopa V B TOLJK€ Xo, 'K33aJIOCb 6bI, B03HHKaeT 6e3BbIXOJl.Ha51 CllTyax 
UHH. Tal, Kal, aJibTepH3THBa OXB3TblB3eT rmlOTe3Y: .J1l!Joc..JIi Jl 1, OTJ,)' 

na ,UJI51 m060ro I1p3BHJIa (JOy HMeeT MeCTO 13(0) =MloOy~MooOy= 
=I-Mooly=I-c~Jo) 11 3H3JlOfH4HO ~(o):O::;;I-a(o), B pe3YJIbT3Te 

TIIHI x~ I: ~X(o) ~ l-y~ (0) -l-(x-I) a(o) ;:d-xa(o) -:- (x-I) a(o) = 

= I-a(o) H B Jl!o6o\1 iCJIY'iae OnTHM2,'IbHbI\1 CTaHOBHTCP. TPHBH3JIbHOe 

I!p3BIIJIO 00
11 == I-a. 33J1.3LJa BblpOMnaeTcH. 

B cJIe,il,YlOmHX pc13ne,TJ3X rrpenJIaraIOTC5I pa3JII1LJHbI€ cnoc06bI BbI

XOJl.a H3 C03J1.aBlilerOC51 33TpYJl.HeHH5I. 

o npalHIJlaX npl1 OnnlMl13Me. OnTllM1I3M x< I B YCJIO[]cIHX OX8a

TbIB3HH5I aJIbTepH3THBOii fHi10Te3bI n03BOJIHeT CTpOHTb onTHM3JIbHble 

H€TpHBHaJIbHble npaBHJI3, 'ITO HJIJIIOCTpHpyel'C51 ,np'HMepOM. 

n p 11 M e p 7.3. rrYCTb B BeKTopHbIX 0003Ha4eHI1HX y= Ix+~ Jj nycTb <jJJIylnyauHH 

S 33ll,aHbI HHTepBaJIbHOl1 flJIOTHOCTbIO g (z), p(z) no OTHOWeHl11O K Mepe-ll,JII1He 

H3 fll". 6yneM C4HTaTb, 4TO rpaHHubl J?(z) H p(z) YHHMOll,aJIbHbl 11 ll,OCTHLlIOT 

MaKCJIMyMa npl1 z=O. 6Yll,eM paccMaTpHBaTb ll,eTepMI1HHpOBaHHble (113Mepl1Mble 

OTHOCI1TeJIbHO ame6pbI oTpe3KoB) npaBI1JIa, npl14eM Te, nJIH I<OTOPblX 

::(a) = Ja~E(Z)dz, ;-(a) = Sa~p(z)dz, 

4TO 6yneT I1MeTb MeCTO npH I p(l)JZ<OO, e'~JIH Tpe6yeMblH ypoBeI'lb a nOBO.%HO 

MaJI, TOriIa • 

~(a) = inf M a~x+~ = inf max (S a~x+z e. (z) dz, 1 - Sa~x+z r(z) dZ}, 
x . x 

.
" 

"
 

<jJOpMyJIa .lI.~H BepOHTHOCTH C06bITHII a,lUII1THBHbIX VlPB. B WJIy YHI1MO.lIaJIbHOCTli 

rpaHHU nJIOTHOCTel1 I1Hq)HMyM flO X 6yncT ':lOcnlraTb'~H npH HeOrpaHtI14eHHOM yBe

JIH4eIHlH x. ITOJIO)l{I1M Ixl ~H. Torna IIH<jJHMyM j10cTHraeTCH npl1 Ixl =H, 4TO .lIaeT 

HaM: ~(a) = max If a~ e. (y ± I H) dy, 1- Sa~~p (y ± I H) dy}, r.lIe cnpaBa 6e

peTCH TOT 3H3K +fl I1JII1 -fl, 

"jf(o) = sup Ma1ox+" > M a2 = I -
x ~ " 

C4HTaTb l3(a) = 1. B pe3YJlbTaTe 

(I-,<)~(a) npH 3a;J.3HHOM ().X(a) 

C TeOpeMOI1 7.6 (11 BblKJIa.lIKaMI1, 

npl1 'KOTOpOM OI<a)KeTC5I MeHbllle ~(a), )laJlee 

::. (a). IlpH Ma,~OM ypoBHe a Bn~JlHe MO)l(HO 

OnTHMaJlbHblM 6yneT npaBIIJIO, MI1HI1MI1311pYlOWee 

= sa\[(I-x)g(z)+xp(z)]dz. B COOTBeTCTBl111 

aHaJlOrH4HbIMI1 COnpOBO)l(nalOWI1M TeopeMy 7.8) 
OnTHMaJIbHblM npaBIIJlOM 6y;J.eT O.lIHO H3 cJlenYlowl1x 4eTblpex npaBI1JI: 

p(y ± I H) 
~ :S;;;'A, p(y ± t H) :S;;;J,..
 

(I - x)! (y) + xp(y) (1- x)!:? (y) + x P(y)
 

BbI611paeTCH TO 113 HI1X, nJIH KOToporo MIfHHMaJIbHa OWI16Ka ~ (a), paCC4l1TbiBae

MaH no ,COCTaBJlHlOwHM Ka)l(nOe npaBI1J10 rpalHluaM JIJIOTHOCTeii; no HI1M )I(e Haxo

.lII1TCH ypoBeHb a, KOTOpblI1 <jJI1Kcl1pyeTcH BbI60pOM f... OTMeTI1M B 3aKJII04eHI1e 

npHMepa, 4TO ollil16Ka ~x (0) .lIJIH JII06oro H3 IlpHBe-'!eHHbIX npaBI1JI npH x-+1 6Y.lIeT 

Cl'peMI1TbCH K [3(a), npll4eM f3( 0) ~ I-a (a) ;:::: I, T, e. Hall.lIeHHOe npaBI1JIO pa60TO

cnoc06HO JIHWb npl1 He60JIbWI1X 'X. 

PaBHOMepHO-OnTHMaJIbHble npaBHJIa. DpaBHJIO OOy Ha3bIl3aeTC5I 

pa81-l0MepHO-OIHUMaAbl-lblM J1.JI5I npOBepKiH rI1iTIOTe3bI X=Xo npH aJIb

"J1epHaTH'Be X=FXO, eCJIH OHO 51BJI5IeTC5I OnTI1M3JIbHbIM npaBI1JIOM npo

BepKI1 rHnOTe3bI X=Xo npl1 aJIbTepHaTHBe X=XI, K3KI1M 6bl HH 6bIJIO 

XI=FXO . 
OJIaTcj:JopMy ,UJI5I 'CymecTBO'BaHH51 paBHOMepHO-OIlTHM3JIbHbIX npa

BI1JI npl1 x = I C03J1.aeT TeopeMa 7.1, corJIaCHO KOTOpOH cTpy-KTypa 

OnTI1MaJIbHbIX npaBiI1JI ueJIHKOM onpeJl.eJI51eTC5I JII1HeHHOH ·KoM6I1'Ha

UHeH nep'SI14HbIX npI13H3KOiB, COCTaSJIHIOmHX fl1nOTe3Y, a ypoBeHb a H 

BH,U aJIbTepHaTI1BbI BJII151eT JII1111b Ha K03epcj:JI1UI1€HTbI JIHHeHHOH KOM

611'HaUHH. 0PI1 CTOJIb CKYJl.HbIX I1'CXOJl.HbIX ,UaHHbIX, liTO Bapbl1pyeMbIM 

CTaHOBHTC5I Bcero OJl.I1H K03cj:Jcj:JI1UHeHT, OH caM nOJIHOCTblO onpeJl.e

JII1TC5I ypoBHeM lao Tor,Ua OT aJIbTepHal'l1BbI BHJI. npaBHJIa 33'BH,ceTb 

He 6y,UeT 11 I1MeeM paBHOMepHO-OrrTI1MaJIbHOe npa'BHJIO. 

IT p 11 M e p 7.4. nYCTb Yi=X+Si, i= I, "" n; Msisj=O, npl1 i=l=j H M~ 62 i= 

= cr'ix , T. e. <jJJIyKTyaUI1I1 Si HeKOppeJIl1pOBaHbl, onHop0.lIHbI H I1X MOwHOCTb u"x 
3aBI1ClIT OT napaMeTpa C.lIBll1ra x. ITpoBepHeM rHnOTe3Y x=O npl1 aJIbTepHaTliBe 

x=l=O. ECJIli 6bl aJIbTepHaTI1BHblM 3Ha4eHI1eM 6bIJlO X=XI, TO OnTI1MaJlbHOe npa

BHJlO corJIaCHO nOnOJl,HeHl11O 4 Hac. 390 HMeJlO 6bI BIIll, 

a~= [1-any2/a~1+ npH e=(<J;;+axJ/Vn:S;;; Ixll :s;;;oo/aVn. 

B nOBOJIbHO Wl1pO'KOM (np'lI MaJIblX a 11 60JIbWlIX n) .lIlIana30He 113MeHeHI1H napa302 
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MeTpa Xi OrrTHMaJIbHbIM OKa3aJIOCb O)1.HO rH TO Me npaBHJIO, BH,ll. KOToporo onpe 2ff 
,ll.eJIHJIC5I ueJIHKOM )1.aHHbIMH 0 rHrrOTe3e. OHO H CTaHeT paBHOMepHO OnTHMaJIbHbIM 

,UJI5I x B YKa3aHHOM ,ll.Hana30He. XOT5I HHMH5I5I rpaHrlua 3Toro ,ll.Hana30Ha 3aBHCHT 

OT ax , HO CJIyqafI Ixii> e He npe,ll.CTaBJI5IeT rrpaKTHqeCKOrO HHTepeca, TaK KaK 
1 

npH 3TOM -~ (0) ~ I-a, H rro3ToMY MOMeT 6bITb IllCKJIIOqeH H3 paccMOTpeHlI5I. 

BBe,1J.eHHe 3aLLl.HTHOrO ,1J.Hana30Ha. 3TOT MeTOn COCTOHT B cy)Ke


HHH aJIbTepHaTHBbI ,.uo HepaBeacTBa: O<8~ IX-Xol ~H<oo, rne 8
 
11 H - 4nCJIa, orpaHH4HBalOW}Ie nH3na30H H3MeHeHHH X. 3ana4a
 

npOBepKH fllIlOTe3, B 06meM, 6y,.ueT 3aBHceTb aT BbI60pa 8 H H. B ue


JIOlYI pHne 3ana4 3Ha4eHH5I XO±8 Ii xo±Ii 6y,.uyT COOTBeTCTBeHHO HaH


MeHee H HaH60JIee 6JIapOIlpH5ITHbIMH B TOM CMbI'CJIe, 4TO ,UJIH OIlTH


M3.TIbHbIX npaBHJI OOy ypOBH5I a cnp3Be,UJlHBbI paBeHCTBa
 

(f(J) = M~~e aZ, ~ (a) = MX±H at . 
B eHJIy 3THX paBeHCT'B npH nOHCKe OIlTHM3JIbHOPO np3BHJIa H p3C4eTe
 

01IIH60K nepBoro H BToporo ,pon a aJIbTepH3THBa tJf{Y I = V Jf{Y
x 
e<lx-xo~<H 

BnOJIHe MO)KeT 6bITb 3alYleHeH3 Ha JI{xo-eV J1{x +£V Jf(Yo-HVJlfxo +H ' o 

4TO COOTBeTcTByeT 3aMeHe 4aCJIOBOrO nap3MeTpa x H3 OT,LI,eJIbHble
 

TOt.IKH: Xo ± 8, Xo ± H. TIPH x;:?= 1 «H3H60JIee 6JI3rOnpH5ITHble» T04KH
 

Xo ± H 'Tep5IIOT ,CMbICJI H 'ocTaHyTC5I JIHWb '«HaHMeHee 6JI3rOnpH5ITHble»
 

XO±8 KaKH3n60JIee npH6JIH)KeHHble K rIfnOTe3e. ECJIH Bno6aBoK K
 

OKa33HHOMY BUn OI1THMaJIhHOrO rrpaBHJI3 He 6y,neT 3aBHceTb OT Be


JIH4HHbI 8, TO 6y,ZI,eM HMeTb paBHoMepHO ,0I1THM3JIbHOe np3BHJIO.
 

TI p H M e p 7.5. TIYCTb B npHMepe 7.3 x = 1. Tor,ll.a rrpH C,ll.e.TIaHHbIX TaM rrpe,ll, 


nOJIOlKeHH5IX H aJIbTepHaTHBe x>e 3a,ll.aqa HaXO)K)I.eHH5I OrrTHMaJIbHOro rrpaBHJIa
 

CBO)1.llTC5I K MHHHMM3aUHH
 

1f(a)==Ma?e+~ ==min{fa~p(y-le)dy, I-Sa1R(y-le)dy} 

npH 3aAaHHOM a(o) = f 81 p(y)dy=a. OrrTHMaJIbHbIM 6Y,ll.eT TO H3 .llBYX rrpaBHJIy
 

p(y-1e)/p(y) ~A, t(y-le)/p(y) ~ p" (rAe A BbI6npaeTC5I no 3a)1.aHHoMy ypoBHIO
 

a), ,ll,JI5I KOToporo MHHIIMaJIbHa OU1H6Ka ~ (0), paCrqHTaHHa5I ITO rpaHHuaM rrJIOT

HocTei1, COCTaBJI5IIOIUtllM npaBHJIO. I1paBHJIO 6YAeT paBHoMepHo OrrTHMaJIbHbIM, eCJIH 

ero BH~ He 3aBHCHT OT 3HaqeHH5I e. CKa3aHHoe 6y)1.eT llMeTb MeCTO, HarrpllMep, B 

CJIyqae «HopMaJIbHbIx»rpaHHU BH)1.a: E(Y)=:YPo(Y), p(y)=vPo(y), O~~~I~v<oo, 

po (y) = elCp { - yT B-
1 

y} / (2n n /2 (det B) 1/2), r.l(e B eCTb CHMMeTpHqHaH nOJlo+
}KHTeJIbHO orrpe,ll.eJIeHH35I 'M a Tp,llua. Tor)J,a rrp aBHJIO yT 8 -i1 ~ A, r,ll.e A orrpeJI,eJI5IeTC5I 

H3 ypaBHeHll5I V S po(y)dy=a, 6y,neT paBHoMepHo OrrTllMaJIbHbIM. Era 

yT 8- 1 1>A. 

OlIlH6Ka BToporo po,ll.a f3 (iJ) =v po (y--el) dy, KOHeqHO :lKe, 3aBHCHT orJ 
yT B- I 1~A. 

BeJIHqHH~ e H CTpeMHTC~ K l--a npH e~O. 

MIfHHMH3au.HSI HHTerpaJlbHOH OllJM6KH. TIYCTb X== 1. BBeneHHe 3a

llI.HTHorO ,lI,Hana30Ha Ix-xo I? 8, OT,lI,eJI5IIOmerO aJIbTep:HaTHiBY OT fH

nOTe3hI, 3KBlHBaJIeHTHO arrpHopHOIMy ,lI,OJnymeHHIO 0 HeB03MOLKHOCTH 
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npM aJIbTepHaTHBe n05IBJIeHH5I '«04eHh 6JlH3KHX» K Xo 3HaqeHHH: x. 
0606meHHeM 5IBJI5IeT'C5I 3a,lI,aHHe COOTBeTcTByIOmero aJIhTepHaTuBe 

Bep05ITHOCTHoro 33KOHa H3 a; c nOMoIUbIO J(x 1. TOr,lI,3 J{Y 1 6Y,lI,eT 

qaCTHOH K npoH3Be,UeHHIO Jf{x1Jf{Yx , a OlIIH6KH 6y,UyT: 

a(8) = M~o a~, (3 (a) = Mf /t1~ a~ = M; f3x (a), 

[)I.e \~x(o) = MYxOO y. TIpH T04HOM 3npnopHoH InJIOTHOCTH q(x) (no OT

HOIlleHHIO K Mepe-,UJIHHe), 33,U31OmeM e!f{X 1, oWH6Ka Haxo,nHTC5I HHTe

rpHpoBaHHeM: 

(3(8) = f f3x (0) q (x) dx. (7.6) 

3a,LI,34a nOHCK3 OnTHM3JIbHOrO npaBHJIa CBO,lI,HT'C5I K MHHHMH3au.HH 

3T0l1 HHTerp3JIbHOl1 OIllu6KH BbI60pOM (JOy npH 3a,UaHHQtM ypoBHe <1.. 

OT,MeTHiM, 4TO B (7.6) q(x) MO)KeT 6bITb ,HeKoTopoH BecOtBOM epy,HKIJ.HeM, 

x3paKTep'H3YlOmeH ypoBeHb npe,UnOQTeHH5I, OT,IT,3BaeMOro pa3JIHQHbIM 

3Ha4eHH5IM x npH 3JIbTepH3THBe. HarrpHMep, ,UorrycK3eTC5I q (x) == 1 
( TOr,IT, 3 ~ (0), no CyTIf, y)Ke He BeJIH 4 11 H 3 0 ill H6 K H, 3 HeK OTOphI ii epyH K 

IJ,HOH aJI OT Hee). 

HCnOJIb30BaHl1e ,1J.OBepHTeJlbHbIX OlJ,eHOK. TIYCTb 0*Y (x) eCTb orrTII 

·MaJIbHa5I ,nOBepHTeJIbH35I oueHKa nap3MeTp3 x rrpM K03epepHU1HeHTe 

neCCHMH3M3 X= 1. E'C.HH CLJHT3eTC5I, 4TO Jf{xY=!yxJ(Y x , TO ypoBeHb 

Ol1,eHKH onpeneJI5IeTC5I epOpMyJIOM: a = sup i\1'Yx [1-0* Y (x) ]. 
x 

,UJI5I inpoBepKH faIIOTe3bI X=Xo npH 3JIbT,epH3THBe X=FXo BBe,UeM 

npaBIIlTIO aOy=u*y(xo). aHO 6y,neT ypOBH5I He 60JIbille U, TaK K3K 

a(a)=Mo(l-a~)=M~o[l-o;(xo)] :S;supM~ [I-a; (x)] = (X. 

x 

Tpy,UHO rOBopIiTb 06 OnTHMaJIbHOCTH BBe,.ue:HHOrO npaBIHJI3 dU 
y • 

TeM He MeHee H3 'npHMepe 6YJJ.eT nOKa33'HO, lITO OrrTHM3JIhHOCTb ou.eH

KH O*y(X) B CMblCJIe MHIHHMyMa paCllJIbIB43TOCTH Q(d)= 
=MY f o*y(x)dx B HeKOTopOM CMbICJIe rrpHBO,UHT K COKpameHHIO HH

TlerpaJIbHOii OillH6KH (7.6) BToporo po,LLa. 

IT p H M e p 7.6. I1YCTb B iBeKTopHbIX 0603HaqeHH5IX y= tx+ S II nycTb X= l. 
ECJIH 06 X Hero CB5I3H C ~ HHqero He iH3BeCTHO, TO OnTHMaJIbHa~ oueHKa 6y.n.eT 

4JyHKUHeI1 y-1x, n03ToMY npaBHJIO 0 0 y npOBepK'H rHDOTe3bI X=Xo 6y)1.eT 0° 
=0* (y-1Xo). Ero OlllH6Ka nepBoro po,ll.a paBH5IeTC5I ypOBHIO a oueHKH d:t= ("5); 
.n.eUCTBHTeJIbHO, 

a(a) == M o (l--a~) == Mo[1- a* (y-l xo)] = Ai [1 - a* (6)] == a. 

A olllH6Ka BToporo pO)1.a npH X=Xi 6y)1.eT paBHa 

- _ -y 0 -y __. 
~Xl (a) - M 

X1 
ay == M Xl 8 (y - 1 xo) - A1 a (6 + 1 Xl - 1 xo)· 

C .n.pyroH CTOpOHbI, llHTerpaJlbHa~ lllHpHHa oueHKH AIlQ (0) = AllS0 (y--1 X) dx = 
=1\1 SoCs+lx--lxo)dx~f MO(~+lx-lxo)dx=frrx(o)dx.gCJIH 3)1.eCb BMeCTO Hepa

BeHCTBa HMeeT MeCTO p aBeHCTBo, TO rrpaBHJIO OU y 6y)I.eT MHHHMH3HpOBaTb HHTerpaJl 

OT 01llH6KH BToporo pona rro napaMeTpy x, CJIe)1.0B3TeJIbHO, 6Y,ll.eT OnTHMaJIbHbIM B 

CMbICJIe HHTerpaJIbHOlf 01llH6KH, 'liTO MbI H XOTeJIH nOKaaaTb. 
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1 0603Ha4HM .JI{1l - MO,ll.eJlb Ha npOCTpaHCTBe 3H34e'HHH 1, ... , K, 
B6I1palOlUYIO B ce6H 3npHopH Bce CTaTHCTH4eCKHe ,ll.aHHble ° nmOTe

TaKHM 06pa30M, npe,lI,JlaraeMaH 3,ll.eCb MeTO,ll.HKa n03BOJIHeT npH
3aX. DpoH3Be,ll.eHHe .;!{"y = ';/{"JI{" ,ll.3eT COBMecTHyIO MO)l:eJlb rHnOTe3 

MO npHJIOII{HTb Bee ,ll.OBepHTeJIbHble ou.eHKH napaMeTpOB, nOJIY4eHHbie Ii ,f{36J1IO,ll.eH HH , T. e. Cl1M. BeJll1411Ha Mo=M"Mllo"y e,CTb HHlliH5I51 
B rJI. 6, K npoBepKe rHIIOTe3 0 3Ha4eHHH 3TH X napaMeTpOB. BbInHCaTb 

8epoflTHOCTb npaBuAbHocO peUleHufl (01I03HaB3f{H5I), ycpe,ll.HeHHaH no
nOJIytIaIOmHeCH OTCIO,ll.a npaBHJIa npe,ll.OCTaBJI5IeTC5I HHTepecyIOmeMycH 

fIilnoTe33M. 3TO - COBOKYlIH3H x3p3KTepHcTHK3 f{a,ll.elliHocTH np3BH
4HTaTeJIIO. 

Jla. COcTa'BHbIMH ee 4aCTHMH HBJI5IIOTCH M"O"y - HHII<HHe BepoHT

7,6. PA3Jl H4EHHE HECKOJlbKHX rHnOTE3 

06lII.lie nOJlO)l{eHHSI. MbI Bblwe paCCM3Tj}!IB<1J11l 33,ll.3'1y I1pOBepKIi 

HYJIeBO~I (KoHcepB3nIBHoi;J) rl1IIOTe3bI npH npOTHBOCT05lmeH ei;j aJIb

TepH3THBe. I1Y'CTb Tenepb nmOTe3, B 06meM, He JJ,Be, a K, H OHH B 

KaKO~I-TO CTeneHH P3BHOlIpaBHbI, :Ka)K,ll.a51 onpe,ll.eJI5IeTC5I cBoeii 11M 

.!It", k= I, ... , K Ha Ulj. rIo Ha6J1IO,ll.eHHIO y Hyll{HO yCTaHoBHTb, I<aKa51 

113 rH'f10Te3 HMeeT MeCTO, T. e. KaKOH 11M nO,ll.4,H'H5IeT,C5I y. 3TOT CJIy

4aH OXBaTbIBaeT MHorHe np3KTHtIeCKHe 3a,ll.a4H KJIaCCIHpI1Kau.HH Hp3C

IIIQ3H3BaHH5Io6pa30IB, CfO'.ll.3 IBXOlUHT f1pHeM 3HC3M6JIH 'CHr'HaJIOB, pa3

JlH4eHHe 6yl<B PYKolIHcHoro TeKCTa, Y3H3B3HHe BH,ll.a 60JIe3HH no 

,ll.HaPH03aM H T. ,ll.. 

PeW3IOllJ,ee np3BHJIO COCT3BJI5IeT-CH K3'K COBOKYillHOCTb d y = 
= (Ol y, ... , OHy) peweHHl1, K311{,ll.Oe 'H3 KOTOpbIX O"y, k= 1, ... , K, o'npe

,ll.eJIHeT TOT ypo'BeHb npe,ll.II04TeHHH, IWTOPbIH 'IIpl1 Ha6JIIO,ll.eHHH y OT

,ll.3eTCH k-11 rHflOTe3e. CyMMapHoe :npe,ll.f10tITeHHe He ,ll.OJIII{'HO npeBbI

waTb 1, 4TO Bblpa)KaeT'CH B Tpe6oB3HHH 

K
2:' oZ ~ 1, V y. (7.7) 

k=1 

3a.,ll.a,ll.HMCH BOflpOCOM, a MO)KHO JIH cyMMe npe,ll.f104TeHHH p33pemHTb 

6blTb ,MeHbwe I? 5y,ll.eM C4HTaTb, tITO, B 06meM, :ua, OCTaBJI5I5I He
K 

3a:nOJIHeHHOH ,ll.OJIIO o? y = 1- 2: O"y npe,ll.f104TeHHH, Ha3blB3eMYIO 
k=1 

HeurpaAbHblM peUleHlleM (npHMepbI ,ll.3eT pHC. 7.2,a, 6, B, r,ll.e o? y paB

H5IeTCH ,ll.JIHHe oTpe3Ka IIO BepTHKaJlH, 3aKJII04eHHoro Mell{,ll.y cnJIOW

HOH H WTpHXOBOH JIHHHHMH). HeHTpaJIbHOe peweH,He He OTHOCHTCH 

HH K O,ll.'HOH H3 rl1'nOTe3, T. e. HHKaKoro peweHHH He BbIHOCHTC5I. Ero 

BBe,ll.eHHe BbI3BaHO HCKJIIOtIHTeJIhHO y,ll.06CTBOM H HHK3K He YM3JI5IeT 

06llJ,HOCTH, a CKopee Hao60pOT: no Kp3l1HeH Mepe, KaK MbI BOKope 

YBH,ll.HM, O? y BCer,ll.a MOII<HO «p33:,ll.aTb» no O"y TaK, 4T06bI ICyMMa 

npe,ll,'no4H~HHH (7.7) npH B,cex y .cTporo paBlIHJI3Cb 1, a Ka4eCTBO co

XpaHHJIOCb TO lI{e. 

I1pe,ll.nOl lTeHHH O"y, KOr,ll.3 3TO He I (3 OCT3JlbHble - 0) HJIH He 0, 
npe,ll.CTaBJI5IIOT 'C060H peKOMeH,ll.au.HH, 'OCT,3BJIHIOmHe Bee-TaKH nOCJIe,ll.

Hee 'CJIOBO 3a 4eJIOBeKOM (cnoc06HbIM IIpH npHHHTHH OKOiH4aTeJlbJHOrO 

pemeHHH BOCnOJlb30BaTbCH ,ll.'OnOJlJHHTeJlbHbIMH C006pa)l{eHHHMU). npH 

Heo6xo,ll.HMOCTH«MexaHH4eCKoro» BbI60pa B nOJlb3Y KOHlKpeTHOH rH
nOTe3bI 'npe,ll.I104TeHHH 3aMeH5IIOTCH Ha npou.e,ll.ypy «cJIenoih paH,ll.O

MH3aUHH, 'COTJIaCHO KOT'OP'OH npH Ka)I{,ll.OM y pa3blrpbIB3eTCH Hrpa c 

H'Cxo:uaMH k = 1, ... , K, H Bep05lTHOCTHMH O"y l1'eXO,ll.OB. 
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f{OCTH np3BHJIbHOrO npHHHTI1H k-x nmoTe3 (l<all{,ll.aH BbI4HCJI5IeTCH 110 

CBoeH .JJt" np0,ll.OJIII{eHHeM nepBH4HbIX .cpe,ll.Hl1x), H 06pal1Hble HM Be

JIIi4HHbI ado) = I-M"oil y , OXB3TbIB3IOllJ,He Bce oWH6KH, ,CB5I33HHble 

C k-i'i rfil10Te30H. 
BbIAeJII1M ,ll.B3 Kp3HHI1X CJly4351. nepBbI~I, KOr,ll.3 Jf{/i=::,/k, T. e. 

anprtOplblX ,J,aIH,HblX HeT, To·r,'I,3 Oinep3TO'p M" ocymeCTiBJ15leT ,YIHHHMH

33UHIO H nOJIy43eTcH Ma=rnin M/,o"y. Jlpyro~I CJIyl.WH, KOr,lI,a a,npHop
~ - ,,-

Hble I3CpJ'lTIIC'CTil 3a.l3Hbi TOlmo H p31Hlbi I,,'i, ~A,,= 1, Tor,J,3 Mo= 
II 

="Z/V/JVf"o"y. B IlOCJIe,J,He~[ cyMMe, llT06bI OH3 npH06peJIa HOBylO 'no

" JIe3oHYI0 OKpaCI<Y, 110JIe3HO CH5ITb C A" «oAe)KAY» Bep05lTHOCTe~1 (I(3K 

np3DHJI8, HeIBBecT,HbIX) H ,HaJIO)IO[Tb r'py3 OTBCTCTBeHHO'CTH 33 noc

JIe;J:Cl BH51 .HeBepHoro OTK333 OT TH110Te3, 3TO 06m'HH npllCM. 
I1p06JIeMa OnTI1MaJIbHOrOCHHTe3a COCTOHT B nOHCKe npaBHJIa, 

MI1HHMH3HpyIOmero coeoKynHylO OWU6Ky u(o) = 1-Mo npH orpaHH

lleH'i'i (7.7). MeTO,'I,OYI MHO)KHTeJleH JI3rp3H)I\3 OflTHM3.JlbHOe npaBHJIO 

nOJly1.JaeTCH MHHHMH33Ul1e~lCOCTaBHoropl1CKa a. (0) +11. max 2:o k 
ynpl1

y k 

Bbl60pe 10 corllaCHO (7.7). B 3TOM n,130He cpOpMyJIllpyeTcH H AOCTa

TOllHOCTb. B 3TOM )Ke nJIaHe YCJIe)KyIB3CTCH BBHaH a'H3JIOrH5I C p,o
BepH're.fJbHbIM OUC'HI1BaHHeM AHcKpeTHoro n3paMeTpa x=k (c T04

HOCTblO ,lI,0 cnoc06a BbI60pa A). OCT3JIOCb nepe¢opMYJIHpOBaTb Teo

peMY 6.1 (CJIe,lI,CTBl1e 1) 0 AooaT04HOCTH K rHflOTe3aM. 
Teo p e M a 7.10. j],OCTaTO'lHblU npu x= 1 KAacc npaBuA B 3ada'le 

pa3AU'leHUfl lieCKOJlbKUX cunore3 Jft/b k = 1, ..., K, onpeoeAeHHblx KaJIC
oafl CBOUMU nepBU'lHblMU cpeoHuMu fiii"g"j (y), j = 1, ... , Jr., o6pa3ylOT 
yce'leHHble CHU3Y Hy,1eM, a caepxy - coBOKynHblM Tpe60BaHueM (7.7), 
8TOPU'IHble npu3HaKu cooTBeTcTBylOU{UX cunore3: 

0'1 = [ch - "" a+ki g . (Y)J+ ,-'k - 1 ... , K,y "" ill 
~. i 

npU'leM Te, OAf/, KoropblX OUlu6KU onpeOeAJUOTCfl KaK CyMMbl nepBU'I.

HblX cpeoHUX: 

(X" (a) = 1- cIt + 2: at M,l. g"j'
i 

06paTHM BHHMaHHe, 4TO peweHHe O"y B nOJIb3Y k-fi rHnOTe3bl 

CTpOHTCH TOJIbKO no nepBI14HbIM npH3HaKaM, OnpeAeJIHIOllJ,HM k-IO 11M 

.Jf{" (B TeopeMe 7.1 3TO CooTBeTCTBOS3JIO HacTpoHKe Ha O,ll.Hy HJIH 
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HHMHsa.ll.aqy, rAe KalK.lI.a51H3 rHtrrOTe3 3a.ll.alHa CBOHMH KOppeJI51U , nycTb
.n.pyryIO rH!IlOTe3y), a IlIO UX nepBHqHbI'M Cpe,lI.HHM Mklgkj IHaXO~5ITC51 ~ 
OIIIH6KH ~, 3B'BHC5IIII.IIe TOJIhKO 'OT BH,lla 8k 

y • 

IlocJIe npHMeHeHH5I T1eopeMbI nonCK OIlTIIMaJIbHOrO npaBHJIa 'CQO

,llHTC5IK HaXOJK,LL0HHIO W09epepHUHeHTOB a+kj, MHHHMH3HpyIOll(HX COBO-

KyrrHyIO own6rKy u(o) =MRUk(8), a B KOHeqHOM CqeTe, 6JIaro,napSI 

nOCJIe,lI.!Heif qaCTH TeopeMbI, MHHHM'H3HPYIOII.I.IIX JIHHeHHyIO QlOPMY OT 

a+kj npH orpalHHqeHHH (7.7). 4eM BbIllie If lIIHpe KaK epyHKUH5I y 
KaJK,llOe Oky , TeM MeHbII1e 6Y,lI.eT oIIlH6Ka ~k' n03ToMY ,COBepIIlelHHO 

5IC,HO, tITO 'OIlTHMaJIhHOe npaBHJIO 6y,n€T cTpeMHThC5I YBeJIUQll1Th CyM

My npe,nTIOqTeHliH ~Oky 6JIHJKe K 1, ,LLeJIaH TeM caMblMKaK MO:IKHO 

'MeHbIIlIIM IHeI1T:paJIblHOe ;pewelHue a? y, 11 KOHeQHO :IKe, paIBe'HcTBO cyM

MbI 1 6y,LLeT 065I3aTeJIbHO ,LLOCTHraTbICH B KaKliX-TO TOq,KaX y*, Ha3bI

BaeMblX «rOp5IQ,HMH», ,B KOTOphIX 'HeHTpaJIbHOe perneHHe oTcyTcTByeT: 

iJ? y* == O. 3TH TOQKH lonp'e,neJI5IT OIllH6KlI H BH,LL npaBHJIa. 

BY,LLb OTITHMaJIbHOe inpaBHJIO iTIOCTpOeHO, Oky ,cTaHyT KaK MO)KIHO 

lIIHpOKHMH H ,LLaJIbWe paCWHpHTb lIX yJKe HeKy,LLa, TOJIbKO JIHlllb 3a 
CQeT «pa3,LLatIH» iHeHTpaJIbHOrO perneHlIH, qTO He MeH5IeT HH rop5I

tIHX TOtIeK, HH, 'CJIe,LLOBaTeJIbHO, OlllH60K,Il03TOMy Bee 3THnpaBHJIa 

6y,nyT 3KB1JiBaJIeHTHbIMH He33BHCHMO OT cnoco6a «pa3,LLatIH». 

C H H T e 3 ,U e T e p M H H H p'0 BaH H bI X n p a B H JI. IlpaBHJIo ay , KOMnOHeH-

TbI i)k y ,KOToporo npHH:IIMaIOT TOJIbKO 3HaqeHH5I 0 H.TIH 1 (eCJIH O,lLHa - 1, TO 

OCTaJIbHbIe - 0), Ha3bIBaeTC5I ,lLeTepMHHupOBaHHbIM H 3KBHBaJIeHTHO JJ,eTepMHHHpO

B3HHOH oueHKe Ry COCT05IHlI51 k: ak 
y =6 k (R y ) (CM. § 5.5). PlICK oueHKH npn ,UeJIhTa

nOTep5IX Ma k (R y ) npeBpaIUaeTC5I B cOBoKynHYIO OIlIH6Ky ~ (0) npaBHJla pa3JIH

qeHH5I fHnOTe3. ,lleTepMHHHpoBaHHble npaBHJIa He 5IBJl5IIOTC5I OTITHMa.;lbHbIMH. KpOMe' 

CJIyqa5I, Kor,Ua Bce ,;Itk, k = 1, ... , K, npe,UcTaBJI5IIOT c060i'1 IIHTepB3JIbHble pacnpe· 

,UeJIeHH5I Bep05ITHOCTefI (lJTO CJIe,n,yeT H3 HH,UHKaTopHoH CTpyKTypbI nepBHQHbIX npH3-

Ha'KOB I1PB H TeopeMbI 7.1). 
UeTepMHHHpoBaHHoe npaBHJIO 3KBHBaJIeHTHO pa36IIeHHIO npocTpaHcTBa ulf H3 

HenepeceKaIOIILHecH qaCTH A k = {y: (jk y = I}, ~Ak=UY; npn rrona,ZJ.aHHH Ha6JIIO)J.eHHH: 

k 
Y B A k npHHHMaeTC5I k-H fHfIOTe3a. OnTHMaJIbHoe (no KparIHe}'! Mepe, B KJIaCCe 

,UeTepMHHHpoBaHHbIx) npaBHJIO cooTBeTcTByeT TaKHM A k , KOTopble MaKcHMH3HPYIOT 

lvlo=Mk Ph (A k ). .3TO MO)l(eT 6bITb MaKCI1MyM no !? CT05IIUHX cnpaBa HIDKHllX Be-

P,OHTHOcTeti npaB'HJIbHbIX ,peweHHH, HJIH B3BeWeHHa5I HX cyMMa '22Ak Pk (A h ). B noc
JIe)J.HeM cJIyqae oco6eHHocTb OnTHM3JIbHbIX A k, nOMOraIOlQa5I IlX HaXO/K,UeHHIO, CJIe

.uYIOIILaH: 'AkPh (A k) ~AlPl (A k ), Vi, k, T. e. B3BerneHHa5I Bep05ITHOCTb MHO)}{eCTBa. 

AhnpH «cBoei1», k-i1 nnioTe3e ,UOJDKHa 6bITh He MeHbwe, qeM npH JI.pyrHX. 

)J,JI5I I1PB MHO)KeCTBa A k ,UOJI)KHbI COCT3BJI5ITbC5I H3 nepBHqHbIX C06bITHH: rH

nOTe3 If CTPOHThC5I Ha 06beJLIfHeHHOH (no k = 1, ... , K) aJIre6pe 3THX C06bI1'HH. 

HY./KHO OTMeTHTb, qTO BbI60p OnTHMaJIbHbIX A k , B 06meM, He 5IBJI5IeTC5I O;J,H03HaQ

HbIM (HaMeK Ha CYJlI,eCTBOBaHHe HeHTpaJIbHOI1: 06JIaCTlI, Y)Ke KaK-TO p03,UaHHOH no· 

A h ). «[op5ItIHe» TOtIKM 6y,UyT pacnOJIaraTbC5I Ha rpaHHuax 06JIaCTefI H 6y,lI,YT 

COBepweHHO Heno,UBH)KHbI: iHefITpaJIbHa5I 06JIaCTb HX He 3aXBaTb1BaeT, tITO <pJIK-

cnpyeT Olll1I6KH. 

Pa3J1HLJCHHe flinOTe3 no 3a,ll.aHHb1M KOppeJlSl~HSlM. PaCCMOTpHM II 

KaK HJIJIlOCTpaUHIO CHHTe3a, H KaK Ba)KHbIH ,LLJI5I npaKTHIKH CJlYllaH 

TOQHbIMH: 

JU : M (y-Wk) (y-Wk)T= 8 k , k = 1, ... , K. 
k k 

3.l1. y H Wk - BeKTopbI-CTOJI6ubI .9JIeMeiflTOB Yi, wk(i), i=1, ..., n. 
eCb 

a Bk - MaTpHUbI KOppeJI51UHH pa3MepHOCTH nxn. TaKHM 06pa30M. 

KalK.lI.Oii rHnOTe3ecooTBeTCTByeT CBOH BeKTop 'C.lI.BHra Wk H Sa.ll.aHHa51 

C yqeTOM .9T01'O C.lI.BHra MaTpHuaKOppeJI5IUHH. KpHTepHeM ClJHTaeM 

MHHHMyM a(8) ==~PvkUk(a).
 
Onpe.ll.eJIHM, nOJIb3Y5lCb TeopeMoH 7.10, rro rrpH3HaKaM MO.ll.eJIea
 

<pOpMy OIITHMaJIbHbIX peIlleHHH. 4HCJIO 'TIepBUlJHbIX npH3Ha!KOB .lI.JI5I 
2 

KalK',UoH OT,LLeJIbHOH rnnOTe3bI paBHo, OlJeBH~HO, n II corJIaCHO Teo

peMe 7.10 KalK.lI.0MY H3 rrpH3HaKoB .lI.OJIlKeH 6bITb TIpHTIHCaH 'K03<p

<pHuneHT, 'lJTO B BeKTopHOH<popMe BbI'rJI51.ll.HT CJIe.ll.YlOW.I1M 06pa30M: 

a~=[Ck-(Y-Wk)TAk (Y-WIl)]+' k= 1, ... , K, (7.8) 
_ K 

M a~ = 1- (Xk (0) = Ck - ~ tr All Bk ,
k 

k=l 

rAe ak (0) BbIlIncaHbI ,corJIaCHO TIOCJIe.ll.HeH lJaCTIi TeopeMbI, a Ali H 

6Y.lI.YT ,cHMMeTpHqHbIMIi (TIO CHMMeTpHH BI<) MaTpHuaMH Hel13BeCTHbIX 

K0.9<pqmuneHToB AI< (i, j), BbI60p KOTOpbIX H COCTaBJI5IeT np06JIeMy 

CHHTe3a. 
DpaBHJIO Ha3bIBacrCH KOHTpacTHblJH, eCJIH inf Oliy==O, sup d"y= 1, 

.lJ y 

V k. )lmr (7.8) !{OlHpacTHocTb 3KBHBaJIeHTHa Ck = 1: TOr.ll.a KalK;~e dRy 

jJ;OCTHraeT 1 IIpH Y= WI< 11 COBOl\'yrrHaH ollJl16Ka 3arrl1WerCH: a (d) = 
= ~A.k tf AI<BI<. HeTpY.lI.HO BH.lI.eTb,lJTO Beca nmOTe3 JIerKO MorYT 6bITb 

yqTeHhI YMHO}KeHHeMHaHHx BI<, rrO.9ToMY .lI.OTIYCTl1MO (BKJIlOqHB HX B 

B ) ,ClJHTaTb .lI.aJIee "'1<= canst H MHHHMH3HpOBaTb cyMMap'HylO ollJH6
k

Ky )2 tr AkBk • 
KOHTpacTHbIe npaBHJIa OKa3bIBalOTCH ,llOCTaTOlJHbIMH npn onpe.ne-

JI'eHHOM ynaJleHHH rHIIlOTe3 ,LLpyr OT ,llpyra (QTo6bI OTOliTH OT TpH


BHaJIbHOrO CJIYQa5I ak == ek). KaK cPyHKUHH Y OHH npe,llCTaBJI5110T co
y 

6011 cOBoKynHocTb napa60JIOa,lI,OB akyc BepwHHaMH 'B TOtIKaX y=Wk 

BblCOTOH ak = 1. )lJI5I HarJI5I,Ll.HOCTH HHTeprrpeTaU11l1 Y.lI.0 6HO MbIC.1HTb 
wk 

n==2. OCHOBaHH51MH napa60JIOH,lI,OB, r,LI;e ORH nepeceKalOT Koop,J,HHaT

HyIO IlJIOCKOCTb, 6y,LLyT 3JIJIHrrCbI (CM. pHC. 7.8) C cepe):U1HaMH B Wk.

4eM WHpe rrapa60JIOH,LL k-i1 rurroTe3bI, TeM wHpe 6Y,lleT 9JIJIHTIC Ii 

TeM MeHbllle 6yneT 0lllH6Ka Uk (a). Ho lllHpHHa orpaHHQHBaeTC5I Tpe-

60BaHHeM (7.7) ,cooTBeT1cTBYlOIUHM TOMy, tITO cyMMa napa60JIOH.llOB 

He AOJI)KHa HHr,rr.e npeBbIlIlaTb 1. KOHTp'OJIHpOBaTb 3TO Tpe60BaHHe 

,LLOCTaTOtIHO JIHlllb IB pacnOJIaralOIUHxcH r JJ.e-TO Me)l{'uY Wk '«ropHtIHX»' 

TOtIIKaX, o603Ha'QeHHbIX Ha p'HIC. 7.8 3Be3,ZI,OlJlKaMH. 'uJI5IOTITWMa.J1bHO
kfa npa:BHJIa, rrOCKOJIhKY 'Bce a neJIalOTC5I K3:K MO)KHO lllHpe, «ropHy 

QHX» TOqeK ,llOJI)KHO 6hITb MaKCHMaJIbHOe lJa:CJIO, luplilIeM OHH 6y.uyT 

paonOJIaraTbC5I ,r,Ue-TO B cepe.,llHHaX rpyrrrr B pa3'HbIX CatIeTaHH51X BeK
k y

TOpOB Wk (rrpHlJeM 'TeMH, ,Ll.JI5I KOTOpbIX nepeCelJeHl1e OCHOBaHHH a 
lHeHyJIeBoe) • 
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PRC. 7.8. KapTRHa pacrrOJIOR<:e 1HHH «ropH4nx» T04eK 
a HMe'HHO, TaKa5I, qTO AA-A=A (06paTHa5I MaTpln~a B nOJI.npOCTpaH

Zl 

KpoMe «rOp5llJHX» TOlJeK H lJ,eHTpoB WI< Be3,n:ecyMMa rrapa60.rroH

,n:OB npe,n:ITOlJTeHHH OKa:m:eTC5I 'CTporo MeHbille 1. HaH60JIee 31'0 BbI

pa)I{eHO B 30He Ha pUC. 7.8, JIe>Kaw.eH BHe 3JIJIHITCOB, r,n:e peilleHHe 

IT 
0 

JHIO CTb IO He fiTp a JIb't!OC : ()? y = 1.«P a 3,Il. a lJ a» HeIlTp a JIb H0 ro p e ille HH51, 

XOT5I, B 06W.CM, H ITPOH3BOJIbHa5l, HO IITOJJ:lJHH5ICTCH pa3YMHbIM HalJa

JIaM: HanpHMep, Bce co,n:ep)f{aw.eec5I B ()? y npc,n:ITOlJTOHHC y,n:06HO 

OTJ~aTb 6JIH3JIc:m:aru.eH rrmOTe3e. npyroH IB03MO>KHblli rrYTb: BBecnl 

BO Bce M8TPHlJ,bI AI< O,n:HH rrOCT05l,HHbIH MHO)I<IfTeJIb a H ,n:.1I5I Ka:m:,n:o

1'0 y nOl;LbICKHBaTb Tahoe ay ,ITpn IKOTOpOM CyMoMa npe,,'UJOllTCHHI1 CTa
HeT paBHoii 1. B03MO)KHbI HHble iBapHaiHTbI. 

OITTHMa.1JbHOCTb peIllOHl-IIl onpe,n:eJl5ICTC5l <popMoii JIe:m:aw.HX B OC

HOBaHIIHX 3JIJTHnCOB, MHHIIMH3HPYIOW.HX 'cyMMapHyIO oum6Ky. OCE 

3JIJIHnCOB H I1X illHpHHa CTaB5ITIC5I B 3aBHCIIMOCTb aT paCnOJIO>KeHH5I 

Wit II BII,n:a BI< H yrrpaBJI5lIOTC5I HCKOMblMII MaTpHlJ,aMH AI<. iDepeii,n:eM 
K HaH60JIee rrpOcToMy CJIy1l3IO K == 2. 

OnTHMaJIhHOe npalHlJIO pa3JIHlJeHlUI ,n:ByX nmOTe3. DYCTb K= 2 H 

6y.n.eM HCKaTb OIlTHMaJIbHOe npaBHJlO BH,n:a (7.8), T. e. HCKaTb MaT

pHD,bI Al H A 2, MIIHHMH3I1PYIOw.I1e cyMMapHyIO oillH6Ky tr AIB + 
I+ tr A 2B2. Tpe6oBa'HHe ()ly + ()2 y ::::;; 1 ,lIOJI:m:HO KOHTpOJIHpOBaTbC5I B 06

JIaCTH HeHyJIeBblx 3HalJeHHii ()\ H ()2 y , r,n:e 3aITHIlIeTC5I KaK OrpaHHlJe

HHe CBepxy eJJ:HHHlJ,eHcYMMbI ,n:ByX rra pa60JIOH,n:OB 2- (y-WI) T X 
j

XA (y-wI)-(Y-W 2) TA2 (Y-W 2) (KBa,n:paTHlJHbIX <P0PM y). MaKcH

MyM rro Y ,lIOCTHraeTC5I B I«rop5llJeii» TOlJKe Y*, rrOJIY lJaIOw.eiic5I perne

HHeM ypaBHeHH5I (AI +A 2)y* = A1Wl +A 2W 2; B pe3YJIbTaTe no,n:CTanOB
KH y* Tlpe60Ba lHHe 3anHWeT,c,JI: 

2-wJ Al WI -W~ A 2 w 2 +(AI WI +A2 W 2 )T (AI +A )- (AI WI + " 
2

+A2 w 2) ~ 1, 

HJIH )K e rr OCJIe HeKO'TOp hIX \rrp e 0 6 Pa 3 0 BaH Hfr n ep err IiIIIeTC 51 : 

(W2 -WI )T AT (AI +A2)- A 2 (W2 -WI ) > 1. (7.9) 

3,n:ecb MliHYC B illOKa3aTeJIe 03nalJaeT, lJTO MaTpHlJ,a rrceB,n:006paTHa5I 1, 

1 farHTMaXep CPo P. TeopnH MaTpnII.. - M.: H,ayKa, 1966. _ C. 34. 
310 

CTBe c06cTBeHHblx BeKTopoB, eCJIH OHa oco6a5I). 

CKa3aHHoe iBa}KHO ,BOT nOllelVlY. 1\!1HHHMH33UH5I tr AlB} +trA2 B2 

npII yCJIOBHII (7.9), 3aMeHeHHOM Ha paBeHcTBo, npoH3Bo,nHTC5I MeTO

,nOM MHOLKHTe.TleI1 JIarpaHLKa 11 Be,neT K MaTp11llHbIM ypaBHeHH5IM 

l' (AI + A2 ) 81 (AI + A2) == A2 w T W A2 , W == W 2 - WI' 
Tl' (AI +A2) 8 2 (AI +A 2) == Al w W AI' 

B KOTOphIX l' lHaXOJI.11TC5I H3 (7.9). OTclo,na, 

HMeeT paRr 1, cpa3Y LKe CJIe,a,yeT iBbIBO,a" q1'O 

lKe ,a,OJI)KHbI HMeTb pa\Hr 1 If 3anUCbIBaThCH 

TaK KaK npaBaH llatCTh 

MaTpHUbI Al H A2 TaK

B BH,lI,e: Ak=akggT, k= 
== 1, 2, ,fJI.e g - BeKTop-fCTOJI6eu. TOf,Ua o6paTHoH MaTpHUbI He cy
mecTByeT, a JIHlllh nceB,Uoo6paTHa5I: (A l+A2)-=ggT/(al+a2). 0603
HallaH bit = gTBhg, ,mh = gTW,i, CBO;I,HM M3TPHQ,Hble ypaBIHeHH5I B}ieCTe c 

(7.9) K CUCTeMe CKaJIHpHhIX ypaBUeHHI1: 

2 m2m a1 a2 == a1 + a2 , m == - m1 ,
 

2
l' (a1 + a2)2 bl == a~ m , 

2l' (a 1 -+- a2)2 b2 == aT m • 

Pewa5I 11X, HaXO,LI,I1M OTITHMaJIbHble al = (1 + If b2/b l)1m2, a2== 
= (1 + Y bdb2 )lm2. 

B IfTore n0JI.CTaHOBK11 IHaH,UeHiHbIX al 11 a2 npaBHJIO 3anHWeTC5I 

a~=[l-(l+ 'Ybz/b1) (gT(Y-W1))2j(gTW)2]+, 

a a2 y ieCTh JIH60 1-o1
y (KOf,Ua rHeHTpaJIh'HOe pellleHHe o,T,UaeTCH B 

nOJIh3Y BTOPOH rUIlO1'e3bI), JIH60 ,UaeTC5I aHaJIOfH4HbIM 

Bblpa)KeHHeM C IlepeMeHOI1 HH,UeKCOB 1 H 2 MeCTaMH. 

oWH6Ka InpaBHJIa 6Y'u'eTpaBHa 

~1 +a2 == (VgT 8 1g +V gT 8 2 g)2/(gT W)2. 

O'CTaJI'C5I rrOCJIe,a,HHi1 waf - HaI1TH BeKTOp JIHHei1H0I1 

(Ha KOTOphIH npoeKTHpyeTC5I y), MHHHMH3HPYlOllI,HH 

3aiTIHCaHHOMY 

CyMMapH35I 

o6pa6oTKH g 
BbIHacaH,HYlO 

cyMMapHylO 01llH6Ky. 31'0 'c,UeJIaTb HeCJIOlKHO npH O,UHHaKOBbIX KOp

peJI5IUH5Ix: 8 1 = 8 2 = B, TOf:;La g MHHHMH3HpyeT OTHoweHHe 

gTBgj:(gTW)2 H paBeH g= B-1w, W=W2-WI. 
60JIee ,lI.BYX runOTe3. IlycTb K>2 11 Hy:tKHO HafITH npaBHJIO BH,Ua 

(7.8), MHHHMH3HpYlOmee cYMM3pnylO 01IlH6KY. Tpe60BaHHe (7.7) no,n

CTaHOBKOH Ty,Ua (7.8) (KoHKpeTHee, cyMMHpoBaHHeM co,UepfKHMofO 

KBa,UpaTIHbIx cK060K(7.8) H B351TlIeM MaKclIMyMa no y, KOTOphIH ,UOC

THraeTrC5I inpH ~AkY=L:AkWk) , o6pamaeTC5I B cwcTeMy HepaBeHcTB:. 

L W~AkWk-(~ AkWk)T(L.: Ak)- (L AkWk»(~ ch)-l, (7.10) 

fJI.e CYMMhI nepe6HpalOTC5I ,UJIH ,JIlO6bIX COQeTaHHI1 HH,UeKICOB B IIHCJIe 

OT ,LLIBYX (aHaJIOrH4HO (7.9)) If HTIJIOTb no K. IlpnqeM ,UJI51 IKaKHX-TO 

COqeTaHH:H: 6y,UyT PaBeHCTBa, ,cooTBeTcTByIOUl,He KafK,Uoe 'CBOeI1 «ro
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1
p5llJeil:» TOtIKe. CaMO HepaBeHcTBoB (7.10) HMeeT 'B BH,lJ.Y, tITO He 
MeM	 B HOBbIX KOOp,lJ,llHaTaX z ==: (ZI, Z2) T IfCXO,LJ,HaH 3 a,lJ,aLJ a nepenllCbI
. 1I.Y BceMH COqeTaHH5IMH Wk cno'C06HbI pacnOJIaraTbCH «ropH4He» 

Bae11CH:TOLJKH (TaK, eCJUI Bce Wk CT05lT Ha O,lJ.HOH np5lMOH BpH,lJ., TO paBeH

,CTIBa 6y1I.YT JIHlllb ,LLJI5I 'CMelK'HbIX nap). z = mk -4- 6,
 

06JIerLJeHHe CHHTe3Y ,lJ.aeT 'CJIe,lJ.YIOw:ee o6w:ee yTBep)K,lJ.eHHe, HB
.JIHIOw,eeC5I aHaJIOfOM TeopeMbI 6.5. 

Y T B e p )K ,lJ. e H H e 7.1 1. IIyCTb 2unOTe3bl CUlftlfteTpU'llibl lfteiJICdy 
,co6ou 8 TO/I1- ClftblCJte, 'lTO cyU{eCT8yeT npeo6pa308aliue lia6Jll0deliuu 
V. OCTa8Jlfl/oU{ee 3ada'lY lia lfteCTe, lfteliflfl 2unOTe3bl A1eiJICdy co6ou: 

,.Jttr
y =JIt:k , k = 1, ... , /(, 2de vk ocyU{ecT8JlfleT nepeCTalio8/(y ulide/(

(;08	 k. Tocoa MUflUMU3upYfoU{ee cyMMapflyfO oluu6Ky npa8UAO 8KBU
~k aVk8apuaflTflo: (JVy =;: y. 

ECJIH V - Y,lJ.OBJIeTBopHIOw:ee yTBep)K,lJ.eHHIO npeo6pa30BaUHe, TO 
nOCJle,ll.OBaTeJIhHOenpllMeHeHHe Vl== V ... V 6Y1I.eT TaKMe Y1I.OBJIeTBO

p5ITb eM)', rr03TOMY Vl o6pa3yIOT fpynny npeo6pa30Ba:HHH. CMbICJI 

.yT,Bep fK1I.eHllH 7.11 B TOM, LJTO,rrOCTpOHB KaKyIO-To O,lL'HY ll3 COCTaB

JI5IIOmUx pewa1OI.IJ.ero rrpaBHJIa, 'CKaMeM, 01y , MbI nepeHOCHM ee Ha 

.npyrne COCTaBJI5IIOIl(ne Oky , f,lle rk==vlJ, 'TIO,lJ,iCTaBJI5IH Vly B Oi Ha 
y 

MeCTO y. ECJIllVll rrpn H3MeHeHHH I rrpo6eraeT 'Bce k==;l, ... , K, TO 

OK a 3 bIB a eTC 51 . ,noCT aTO LJ HbI M noCTpOHTb B Ce I'o 0 n.HycOCT a BJI 51 10Il(y1O 

npaBHJIa, ,TIepeHOCH ee rrpeo6pa30BaHHeM Vly Ha Bce OCTaJIbHbIe. 

.lJ.JI5I npa:BHJIa (7.8), eCJIH HMeerC5I V, IJ,HKJIH'IeCKH nepeCTaBJI5IIO

·mee fllIlOTe3bI 1-+2, 2-+3, ... , K-+l, CKa3aHHoe cooTBeTcTByeT: A == 
== (Vk )TA1Vk . k 

flepei1,lI.eM K	 parccMorpeHH1O 'rrpHMepoB ,CHHTe3a. 

TPH opTOrOHaJIbHbIX ,CHfHaJIa. nY-CTb /(=3 H ,B BeK-

TOpHOH 3amICH y=w"+s,k=l, 2, 3; «myM» S eCTb O~[I.H'0P0JJ.'HbIH He
KOppeJIHpOBaH/HbIH M;i£.i == (J20ij IIIp0IJ,ec.c, a «'Cnf.HaJIbI» Wk opToro

RaJIbHbI Me)K,lJ,y 

..cHMMeTpHLJHa K 

WJ 

)KHbI rrpoeKTIfpoBaTh y Ha rrJIOC


KOCTh (Z1, Z2), f,lJ,e II ,lJ,OCT3TOQHO fJ
 

peillaTh 3a,LJ,aLJy CHHTe3a, HarrpaBHB
 

HOB hIe OCll CO f JI a CHOpIIc. 7.9:
 

(T Wz 
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C060H: WT 
ltwz==lm26kZ, m - HX «aM,IIJIHTyn.a». 3an.aLJa
 

IIepecTaHoBKe rHIlOTe3 Me)K,lJ,y 'c06oH,npHQeM rrJIOC-


KOCTh, (HaTHIHYTaH tHa BeKTophI WI, 

W2, W3	 ,B P/ln, BpamaH'Ch, 'OCTa

/(=3 eTCH Ha MeCTe (CM. pllC. 7.9). Do 

3TOM rrplf4llHe II B CHJIy llHBapllaHT

HOCTll CBOHCTB wyMa K TaKllM 

Bp a meHH5IM OnTllMaJIbHbIe Ak ,lJ,OJI

ZI = yT (2 WI - w 2 - wa)/(2 m), 

Z2 == 'V3yT (wa - w 2)/(2 m). 

PHC. 7.9. Ilpeo6pa30BaHH5I KOOp,lJ,HHaT 

ill l = (m, O)T, m 2 = ( - m/2, V3"m/2)T, rn3 == ( - m/2, - -V 3" m/2)T, 

~ = (~1' ~2)T, M ~i ~j = b 6i j, b = 302/2. 

TIepecTaHoBKa rHIIOTe3 1-+2, 2-+3, 3-+1 cooTBeTcTIByeT Bpame

HIIIO Z ,Ha 1200 
no LJaCOBOH 'CTpeJIK,e. 0603HaLJHM V - yHHTapHylO 

MaTpllUy BpameHHH. Ee 3JIeMeHTaMH 6y,lJ,yT: VII == V22 ==-1/2, V21 == 
r-	 v 

==-V I2 ==1/3/2. yhlleM M3TP'HIJ,bI Ak B rrpaBHJIe BH,lJ,a dR z = 
\.J 

==' [1- (Z-ITIk) Ak (Z-mk) ] +, MHiHHMH3HpYIOilLHe cyMMapHylO 0IllH6KY, 
u v 

P3BHYIO 2:b[A 1{(I,I) +A k (2,2)]. COI'JI3CHO yTBep:tK,lJ,eHlf1O 7.11 HMeeM: 
k 

"-..1 U	 V v 

A 2 ==VTA 1V, A 3=VA1VT (I',lJ,e HCIIOJIb30BaHO VT==V2), TaK LJTO 3a,lI.aQa 
\J \....1 

CBO,lJ,HTCH IK HaXO)K,lJ,eHH1O MaT'PlIIJ,bI Al == A, onpe,lJ,eJIHlOmeH ai z . B CHJIy 

cHMMeTpIIll nOJIO)I{eHHH n12 II m3 iITO OTtHOllleHHIO 
\...)	 v 

PIi IJ,a A	 ,lJ,0 JI)I{ H a 6 bI Tb ,lIJI a r 0 H 3 JIb H0 H : A (1,2) = 
\.) u 

alz =[t-A(l,l) (zl-n1)2-A(2,2)z22J+. 
«fOPHQHX» TOLJeK ,lJ,JIH Olz 6y.ueT Tpl!: O,lI.Ha 

KOOp,lJ,HHaTHOI1 CHCTeMbl 21 == Z2 = 0, OTHOCHreJIhlIO 

K OCHM ZI, Z2 MaT-
U 

A (2, 1) = 0, 0 TKy,lI. a 

- B HaLJaJIe BOBOll 

31"011 TOllKH COBep

waeTCH	 BpameHlIe V Ii I10TOMy no CHlYllvleTpHH a1 ( = azo == 83 == 0 
v	 \...' 

== I-A (1,1) /n 2, OTKy),3 H3 Tpe60BaHHn 010 + 02 0 +03 0 = 3-3A (1,1) rn2 = 
'.J 

== 1 cJIe,u.yer /1(1,1) ==2/(3/n2 ) , )lpyrHe nBe «fOp5Illue» TOLIKH pacno

.lJ:aI'aIOT'C5I Ha 'cepe,])1H3X Me)I{)J,y napa?YIH ml, m2 II ml, 1TI3 H Jl,aI-oT 
\.) u 

O,lJ,HO ypaBHeHIIe InTI (V-I)T[ (VTAV)-'1+A-l]--1(V-I)n11=== 1, li3 1\0
'0 

TOpOI'O H3 XOJ,HTCH il (2,2) = 2/ (3tn 2 ) . 

Ta hIL\!I o6p C130:;I j H3 nJl0Cl~OCTII (21, 22) OCHOBaHII~C\lH iJl z , azz = 
== u1Vz, a:~z OY;lyI EpyfII pajUTyca c U2'HTpa\IlI Bin!,== Q1 VTz 

nl~2 11 012,. 

4 e T bI P e 11 0 II (l P H 0 0 P Tor 0 II a oil h H bI X II pOT H Bon 0
J1 0 }I( H hI X C II l' H a Jl 3. 11YCTb K == 4, Y== 1Vh _i_ S, 111 sh £z== (J20;~!, /(, l = 

== 1, ... , 4, a «CHfH3.HbI» IlonapHO TIp HHHyI 3IOT npoTIlBOrrOJIO)KHbIe 3Ha

LJeHH5I \V3 = '--Wi, \V 4 = -W2 II 0PTOfOH3.J1bHbI B ;LBYX lI3 npaB.,1eHlI5IX: 

WTIW2=-=O, !l\V111=n11, il\V211==/n2, HMe10T B HIIX pa3HbIe, B 06meM, 

«aMIlJIHTY,lJ,hI»ml H m2. UeI1cTByeT TOJIbKO O,UHH CllPH3JI Wk, Hy)KHO 

Y3HaTb KaKOH, Ha6JIIO:,lJ,a5I y. OLJeBH,lJ,HO, ,lJ,OCT3TOLJHOH 5IB.TI5IeTCH IIpoeK

U.HH 3an.aLJIf Ha HJIOCKOCTh ZI == yTWl/m, 22 ==yTW2/m If 'Ha 3TOl1 IlJIOC

KOCTH 3a,LJ,aQa BbIfJIH,LJ,HT TaK: z=mk+~, mI==-m3= (ml, O)T, 
m2==-m4== (0, m2)T, M~~T==a2I. I1meM, KaK 11 B rrpe,lI.bI,lI.ymeif 3a,Zla

\.,..' 

LJe, MaTpnUhI A k , !k= 1, ... , 4, KOTophIe B CHJIy cHMMeTpHl1 3a.uaLJH 'K 

nepeMeHe 3HaKa ±ZI, ±Z2 6yJ(YT nonapHo O,lI.HHaKOBbIMH H )(IeIaro
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,HaJIbHbIMH; 0603H3QHM IfX ,lJ.IfarOH3JIb',HbIe 3JIelVleHTbI COOTBerCTBeHHO 
V \J ' __' IJ 

HHaqe OTITHMaJIbHbIM ,neJI3eTC5I TpHBHaJIbHOe npalBHJIO an=:::. 1/2K cA1(j, j)~A3(j, j)~al(j), A2(j, j)~A4(j, j)==a2(j), j=l, 2. 5YLLeM ~ (in === (2K-1) 12K.HX IICKaTb HCXO,lJ.5I 113 MHHHMYMa CYMMbI OlUH6oK 202i [al (1) +al (2) + 
-t- a2(1) +a2(2)] npH Tpe60B3HHH (7.10), KOTopoe BOTIJIOTIITC5I B TpH 
HepaBeHcTB3: 

2 Q1 (I)a 2 (1) + 2 Q1 (2)Q 2 (2) '- 11) m1 m2 ::::3 ,
 
Q1 (1) + Q 2 (1) G1 (2) + a2 (2)
 

2) 2mi G1 (1) > 1, 3) 2m~a2 (2) > 1. 

rIYCTb LLJI5IoTIpe,lJ.eJIeHHOCTII m22~,m2l. TOfLL3 K3PTIIHY pa:cnoJIo

}KeHH5I «rOp5IqIIX» TOqeK ,lJ.3eT pnc. 7.8, a B 1) II 2) 6YLLYT paBeH

CTBa. rIo ,cHMIMeTpHH p 3 1BeHCTIB If II3 2) H3XO,LIJITCH: al (1) == a2 (1) ~ 
== 1/(2,m2l), H ,lJ.3JIee nO,lJ.CT3HOBKOH B 1): al (2) ==a2(2) ==3/ (2Im22). 
TIOJIYQ3eM CJIe,UyIOI.U.ee OTITHMaJIbHOe npaBHJIo: 

a~ == [1- (Z1 - m1)2/(2 mi) - 3 Z~/(2 m~)]+ ,
 

8i = [1 - zi/(2 mi) - 3 (Z2 - m2)2/(2 m~)]+ ,
 

a a31 OTJIHQ3eTC5I OT a1z K3'K H a4z OT a2 
z nepeMeHoH 3\HaKa Y ,mj. 

<OIlIH6KII 6YLLYT O,UHH3KOBbI: ak ~Ia == (J2/ (2!m2l) + 31(J2j (2m22). 

3aMeqaHHH: 1. Pa3Hble 3HaqeHHH ,LI.HcnepcHM M~2j=M(sTwj)2=a2j, j=l, 2, 
{)CTaBJIHIOT TOT Me BH,LI. OIlTHMaJIbHOro npaBHJIa, eCJIH m22/a22 ~ m2t1:(J2 1 (BMeCTO 

m22~m2d, IlpH 3TOM a=(J2t1(2Ifn2d +3(J22/(2 m22). 
2. 3a,LI.aqa: y=±Wj+6, MSST'=B, wjB-1wl ={)jlm2j/a2j, j, 1=1, 2, r,LI.e mYM 

.KoppeJIHpOBaH, a W j COBIla,LI.aIOT C HaIlpaBJIeHHHMH c06cTBeHHblx BeKTopoB Ii H 

,0"2 j - c0'6CTBeHHble qUCJIa, 3IK'BIHBaJIeHTHa Ilpe,LI.bI,lI.ymeM. 

3. DPH paBHbIx aMIlJIHTY,ll.ax CHrHaJIOB m1=m2=m H (J21=(J2 2 =a2 OIlTHMaJIb

lIbIMH 6y,ll.yr 3HaqeHHH al (j) = l/m2. OCHoBaHHHMH OnTJIMaJIbHhIX iJk cTaHyT KpyrHz
 
(Ha ,no,ll.06He OJIHMIlHHOKOH 3M6JIeMhI) If ak=2a2 /m 2 .
 

4. COBeprneHHo rrpocT nepexo,LI. K HenpephIBHoMy BpeMeHH: BeKTopHhIe npoH3

Be,ll.eHHH 3aMeHHIOTCH Ha HHTerpaJIhI. 

C HC T e Mao p Tor 0 H 3 JI b H O-II pOT H B 0 ,II 0 JI 0 lK H bI X C II r 

1I a JI 0 B P a B H '0 HaM 'II JI H T Y ,U bI. 0606I.U.HM npe,UbI,lJ.YI.U.ee npaBH

JIO H3 CJIyqaH JII060ro QeTHOrO QUCJIa ICHr,HaJI'OB, pa36HBaIOI.U.Hx:C5I Ha 

napbI CHfH3JIOB, BlHYTPH K3lK,UOH InaphI ,npOTHBOnOJIOlKHbIX, 3 Me.iKLLY 

napaMH - opTOrOH3JIbHbIX, Bce O,UHH3KOBOI1 aMTIJIHTy,UbI: 

Y==Wk+S, k= 1, ... , 2/(; wK+i == -Wj,
 

Wj W l == m2 8jl, j = 1, ... , K; M SST== 0 2 1.
 

no aH3JIOfHH IC 33MeQ3HHeM 3 OnTHM3JIbHbIM 'IIp3BHJIOM 6Y,lJ.er 

a;=[I-(zk- m)2/rn2- L z7Im2J+; Zj=yTw
J

; 

i~k 

aK+i = ai · - - K 2/ 2. . k - 1 Kz -z, ak - 0 m , J, -:- ,"., . 

Ha!nH(~arHHOe OCMbICJIenO JIHllib B TOM CJIyqae, eCJIH ak~ (2K~l)j2K, 
,314 

HeTOIlHO H3BeCTHbie KOppeJiSlIJ.HH. rIYCTb KOppeJI5IUHOHHbIe MaTpu

UbI Bn, onpe,UeJI51IOI.U.He Jf{k, HerOQHO H3BeCTHbI, T. ,e. 33,U31HbI TIpH6JIH

)KeaHO B 'BH,J,e ouelHO,qHbIX rp 31HHU!!k (i. j), Bk (i, j) (3TO Mo:ryT 6bITb 

II ,UQlBepllTeJIbHble rp3HHU bI , nOJIYQeHHble no o6yQ3IOmeMy 3K:cnepH

MeHTY). 'uJI5I K3KHX-TO l, j 3THX ,lJ.3HHbIX 0 rpaHHU3x, nnpOQeM, MO

)J<.er H He 6bITb iCOBceM, QTO JIHlllb cnoc06Ho ynpocTHTb 33,lJ.aQy, TaK 

K3K Ino TeopeMe 7.10 '0 ,rr,OCTaTnqHOCTH ,UJIH 3THX i, j CJIe,nyeT nOJIO

IKHTh Ak (i, j) = O. 
n p H M C P 7.7. I1ycTb K= 2 H 3a,ll.aHbI JIHUlb ,lI.HarOHaJIbHbIe 3JIeMeHTbI MaTpHU 

KOppeJIHILHrl B 1 (i, i), B 2 (i, i), i = 1, ... , n, a OTHOCHTeJIbHO B3aHMHbIX KoppeJIHUHll 

cBe,ll,eHHil HeT. 101';1,3 Ah(i, j)=O, i=l=j, a MaTpHUhI AlL CT3HyT ,UHarOHJJIbHbIMH. 

~1x paHf .!lOJ1MeH 6bITL paReH 1 (aH3JlorH4Ho BbIWeJ13.TIO:tKeHHoMY npH K =2), tITO 

MO*CT 6bITb, JIHIllb KOJ')La Bce JLHarOHaJIbHbie 3.TIeMeHTbJ M3TpHU A h HyJIeBbIe, KPO

Me O,UHoro. CK33aHHoe 3KBHB3JIeHTHO TOMy, lITO H3 Ha6.TIIO,lI.eHH}I yt, ... , !In BbI6H

paCTCH BCerO O/l,HH 3.neMeHT y j, TOT C3MbII':'f, ,IlJl51 J{OTOpOrO MHHHM3.;lbHOM 6YJl,eT 

cyMMapHa5I t()w,H6Ka ITIOCTpOeHHoro no HeMy npaBHJ1a, p3BH35I (KaK 3TO 6bI.J10 IIOIKa·, 

3aHO npH paCCM()'rpE'HH'H,lI.BYX rHI10T(3) BE'J1UQHHe: a; +a;,= (l/B 1 (j, j) + 11 H2,(f, 1)1 
/ (W2 (j) -Wi (f) ) 2, Bee OCTa.TlbHble Ha6.TlIO)I,eHH5I MO)KHO «3a6bITb». 0pHQHH3 B TOM, 

lITO HeH3BeCTHOCTb B3aHMHbIX KOppeJIHUHI1 BbIHY)l{j1,aeT He HCKJII01J3Tb (B necCH

MHCTHQeCKOM: pe)KHMe X= 1) clryqarJ, KOr)la Bee 3J1CMeHTbi Yi rrOBTOp5IlOT JJ.pyr 
.upyra, TOr,ll.3 ocra.J1bHble Yi HHqerO HOBoro no cpaBHeHl1lO C O;.I,HHM JHaqeHHCM He 
HCCyT . 

Jlpyrofi nYTb CHHTe33 npaBIIJl npH iHeTOliHLIX KOppeJI51Ul1HX 6 (J:rl1
pyCTC5I H3 '1'0;\1, tITO He,Uoonpe)l,eJ1eHHe KOppeJl5IUHl~i, KaK H 3a/1.aHl1e 

HX ppaHHU3:vlII, epopMHpyeT 'co6CTBeHHble ,ceMeticTB3 ~h KOppeJIHUHOH-

HhlX epYHl\il,HJ:i (M3TPHU.). OWH6KH, 04eBH;lHo, 6y,rr,YT paBHbi Uk =--= 
-== sup ir A/~ Bh H nOHCK OI1TIIMa.TIbHOrO npaByL13 CBOnHTCH K MHI-Hl-

BhE~h 

MH:ianHH CYM\1bI OlUH60H., T. e. 'K :vHIHHMaf\.CHot~ 33LLClLJe nplf orp;:d1i:'j 

QeHH51X. 

7.7. 3A Ku1 tOll EH 11 E 

P;H'CMaTplIB;n01C51 :lnc n1110Te3hI. Hy,nCBa}l H a.:I!)TC:ilHaTHBlIa5I~ (n:IB4.:~~Onl}ICI~51 

/1,<- HbI;\1H CTaTlI',-~Tn'lC(:J\:rnni onllC(HllHI~vIH lIa6~TIlO;l,CI-HlL E BJ1;~e lIHTepB3.1bt~IlI:: fvf(j,:l.C

JH.;~; '~'pe;I..HJL\ 3a nHI0Tl'J3MH CTCiH r J<O}ihi-jc':'Hbl( n;~ai(TIlI-IeCl~Le 0c.;,'I;:ltU; 'r ;ffi~; 

CClb CHI'H3Jl HJl11 H~:T ern npIi 06rL:ipYi-l~e:{jnL .'llif)() nIHJBc[)J(J HtHcnpaBHocl Yl~TP(;"

CTha, COOTBCL.TBIUI E'IO T(:\HJ14eCKIIM T1Jeocn::tlIiI5ilVr If T, n, Fia:;HClL[eHHC P(:Ui':li~)Il,(;rO 

n;)(iPHJIa B TO\;1, llTGOhl no pC3yJlbTaT:J'v1 Ha6.:IlD;J,eHHi': C;1e~TJJTb BbIOOP h :,{JJ11i.-;y 

(J,:uroit 113 fHrrOTeJ. 1/1 He 005I3aTe.:leH KOHI<peTHbli'I RLIOU;), 3 BOOJIHC AonycK3CTC5! 

p3Cll.lIbIBQaTbIJ\ npH KOTOpO)"1 peU1CHH51 nO~laIOTCH BC(L1H():;H~P-IHbL\lIl B epoprvH. nr~C)J,

HncrreJUii'I (pea.;11L>YCMhIX paH;10MJ13JllHell), 

XapaKTepJf3yIOTC5I npaBlfJI3 npOBepKI1 rnOOTe3 BepCHITHOCT5IMH OIlIH60lI1:o;'(i nVJI
!IHTHH U;J,HOlL i-\()r;~a BepHa ~'LpYi'a5I. OuarOK.H ,J,BC: ncpBuro pOll,a, CO.'] 05IiD;}5] B 

nenpaBHJIbHOM OTKJIOHeHHH HyJICBOl1 runOTe3bI, H BToporo. Bep05lTHOCTH OLU116oK 

315 



JHlXO)lJITC5I npO,nOJDKeHHeM nepBHQHhIX cpe,lJ,HHX 11M Ha pernalOIUHe npaBHJIa (pac

ICMaTpHBaeMhle KaK npH3H3KH). I1ToroM 6y,nyT HHTepBaJIbHble :3HaQeHH5I Ka)K,lJ,oH 

Bep05ITHOCTH: HH)KH5I5I ee rpaHHua, ,lJ,aIOIUaH caMble OIlTHMHCTHqHble nporH03bI Ha 

,olllu6KY, H BepXHHH - neCCHMHCTUqHble. rIo HHM BblBO,lI.HTCH IlpOMe)KYTOqHble 3Ha

7QeHHH, 3aBHCHIUHe OT CTeIleHH neCCIIMII3Ma. 

OrrTHMaJIbHblM ,l.I.JI5I npOBepKH HyJIeBOH rHnOTe3bl Ha3blB3eTC5I np3BHJIO, MHHH

MlI3HpYIOIUee BeJIHqHHY oW1I6KH BToporo p0,l.I.a npH 3a,naHHoH nepBoro (ypoBHe 

npaBHJIa). XOTH no onpeneJICHHID rrpHopHTeT OT,lI.3eTCH B nOJIb3Y HyJIeBOH rHnOTe3~, 

CHHTe3 3KBlIBaJIeHTeH pellleHHID CMe)KHOii 33.n.3qH MHHHMH33UJIH B3BellleHHOH CYMMbI 

'oWH60K C nOCJIe,lJ,YIOmHM nO,lJ,60pOM BeCOB (33MeHHIOlll..HX 3rrp',HopHble BepOHTHOCTH 

rHnoTe3). B 3TOM nJIdHe onpe,lJ,eJIHeTCH ,l.I.OCT3TOqHOCTb. 

UeHTpa.J1bHLIl'I pe3YJIbTaT epopMy,rHIpyeTcH TeopeMo[r 7.1 H COCTOHT B TOM, qTO 

,lI.OCT3TOlJHble IlpH neCCHMH3Me KJI3CCbl np3BHJI, 3 c.n:ejlOB3TeJIbHO, CTpyKTyp3 onTH

M3JIbHOro np3BHJIa onpeLLeJIHIOTCH HCKJIIOqHTeJIbHO .TIHHeHHblMH KOM6HHaUIHHMH nep

BHlJHblX IlpH3H3KOB rHnOTe3. OCTaeTCH OTbICK3Tb K03epepHuneHTbI, KOTOpblX 6y.ueT 

Te~ MeHbwe, qeM npome fHTIOTe33 B CMbICJIe HX npH3lH3KOBoro COCTaBa. ITP:H 3TOM 

BH,lI. npaBHJIa MO)KeT HaueJIHBaTbC51 TOJlbKO Ha O;:LHy H3 rHI10Te3, JUI60 HyJIeBYI-O, 

JIHOO 3JIbTepH3TIIBHYIO, npHqeM nepBbI}'! c.nyqal'I npe,lUIOqTHTeJIbHee H3-33 npOCTOTbI 

epHKcaUHH ypOBH5I. CHMMeTpHH II O,UHOP0,lI.HOCTb rHnOTe3 ,l.I.OnOJIHHTeJIbHO ynpOlll..aeT 

3 a,l.I.aqy. 

Oc06eHHOCTH OnTHMaJIbHbIX rrpaBHJI COCTOHT, nepBaH, B HX paCnJIblBqaTOCTli 

(paH,lJ,OMH3HPOB3HHOCTH), xap3KTep KOTOpO{I BCeueJIO orrpe,lI.e.TIHeTCH epOPMOH nep

BHqHbIX npH3HaKOB rHI10Te3bl (JIH60 aJIbTepHaTHBbl). 11 BTopaH oc06eHOCTb, HB

JIHIOlll..3HC5I I1060qHblM epaKTopOM npOH3BOJIbHOCTH HaCTpoi1KH Ha rHI10Te3Y, COCTOHT 

,"B HeO,ll.H03H3qHOCTH BII)1,a. 06e oc06eHHOCTlI 060CTpHIOTCH npn 6e)1,HOM HCXO,ll.HOM 

'MaTepHaJIe, COCTaBJIHlOIUeM rHI10Te3hI, H HCQC3aIOT nplI I1epexojJ..e K «60raTblM» MO

,LLeJIHM B BH,JI,e pacnpeLI,eJIeHH{1 BepOHTHOCTe}I, f,ll.e paHLI,OMH3aUHH MO)KeT OCT3TbCH 

,JUHllb Ha rpaHHue rro H3BeCTHOH JIeMMe He{IMaH3 - ITnpcOHa. 

I10JIO)KeHHH TeopIH'! paCKphIBaIOTCH HaXO)K,lJ,eHHeM B § 7.2 OIlTHMaJIbHblX rrpa

"BHJI rrpH CjJ..BHrax Ha6J1IOLI,eHHH H H3BeCTHblX Koppe.TIHUHOHHbIX CBoHcTBax, COIlyT

cTByIOlll..HX rHIlOTe3aM (KaK HH cTpaHHo, TaKaH HyLKHa5I 3a,lJ,aq3 B IKJIaCCHQeCKOM 

arrrrapaTe He HMeeT pCllleHHH). TIpaBHJla nO.nyqaIOTCH paCDJIbIBliaTbIMH, xapaKTep HX, 

KaK 3TO CJIe,nyeT .H3 KBaJ1,paTHqHOH epOpMbI nepBHQHblX npH3HaKOB, 5IBJIHeTCH napa

60JIHQeCKHM. 

TpyLI,HOCTH orrpeLI,eJ1eHHH OillH6oK npaBH.n TOJIKaIOT Ha rrOlICKH jJ..pyrnx erroco

60BCHHTe3a, I1CrrO.llb3YIOlll..HX npOI1)J,eHHbIe nYI'll. OZUIH 1I3 Hnx (§ 7.3), rrpoTopeH

Hbd:I nOBepHTeJ1bHbIMH OneHKaMH npcJJ,bIJJ.yUI,e1'I fJ13BbT, Tpe6yeT 3arrIICH flIrrOTe3 

Qepe3 ,UBa pa3Hblx 3HaqeHH5I OJUloro II Toro )Ee napaMeTpa~ OpaBIIJIO COCTOHT B 

OTBeJ,eHHH HyJIeBOH rHrrOTe3e Tall CTerreHH npe,ll.nOqTeHMH, KaI{Oe )l,OBepHTe.TlbHa5I 

OUCIIKa ,ll.aeT COOTBeTcTByIOlll..eMy .:no1'1 rHnOTe3e 3HaLJeHIIIO rrapaMeTpa. PaCnJIbIBLJa

T02Tb oueHKH nOp0,lJ,IIT paCrrJIbIBqaTOCTb npaBHJIa, a Be.nHqHHa 0llIH6KH oueHKII 

lIepeXO,ZI,HT B ypoBeHb rrpaBHJIa n OTKpbIBaeT JI,opory npHKHJ,OqHOMy paCLJeTy OlliE 6

KH BToporo pojJ..a. TaK 06pa3yeTcH cpa3Y 60JIblUOe LJHC.TIO rrpaBH,;1, MO)KeT ObITb He 

COBceM orrTHMa.rlbHbIX, HO Bce )Ke XOpOWHX no 11X «rHHeYHQeCKoib> 6JIH30CTII K 

OI~eJIKaM, eCJIH Te B2HTbI HaHJIyqU1YI~1II. 

,UpyroH rrYTb (§ 7.4) yLKe Tpa;:UIlI,HOHHbIH II COCTOHT B HHTepnpeTaUIHI MO,IJ,e

JIeii KaK ceMei'lcTB TOQHbIX pacnpeLI,e.neHHi'I BepoHTHOCTei1:, rrOHCKa BHYTPII ce:r-.fefi

eTB HaHMeHee 6JIarOnp:HHTHblX H cpaBHeHHH HX OTHOllleHHH C noporoM no npe,lJ,

nHcaHHIO 1I3BecTHoH JIeMMbI HeHMaHa - ITHpcoHa. IlYTb npRBJIeKaeT MeTOjJ..bI TeopHH 
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Hrp H OXBaTblBaeTCH po6acTHblM nO,lJ,XO,lJ,OM. ABTop npHBO,lJ,HT CBOII pe3YJIbTaTbI 

no HHTepBaJIbHbIM nJIOTHOCT5IM ,lJ,JIH jJ..eMOHCTpaUHH .cpaBHIITeJIbHbIX B03MO)KHocTeli 

p06aCTHoro nO,lJ,xo,lJ,a BHYTPII 06mHX HHTepBaJIbHblX nOCTpoeHHiL 

KaqeCTBeHHO ~pyroH xapaKTep PHnOTe3bI npH06peTaIOT, KorjJ..a Hy)KHO npHHHTI. 

peweHHe B BHjJ..e COrJIaCHH C Bbl,lLBHHYTbIM (rHrrOTeTHQeCKHM) nOJIO)KeHHeM II He 

corJI3CHH. HanpHMep, HcnpaBeH npH60p HJIH HeT; KOHKpeTH3HpyeTc5I fiHnoTe3a, a 

,.aJIbTepHaTHBoH 6Y,lJ,eT Bce 10CTaJIbHOe, npaB,ll.a, He HCHO lITO. 06pa3HO rOBopH, eCJIH 

rHnOTe3a II KOHKpeTHaH aJIbTepHaTHBa COCTaBJIHIOT HanpaB~1JeHHbIH ,lJ,HllOJIb, TO TyT 

QH OKa3bIBaeTCH HeopHeHTHpOBaHHbIM, HO 33KpenJIeHHbIM CO CTOpOHbI flHIlOTe3bI. 

ITOCT3HoBKa IH MeTO,lJ,bI nOjJ..xo,lJ,a K 3TOH 3a,lLaQe c'O,lJ,ep)KaTCH B § 7.5, r,lJ,e npe,lL

JIaraeTC5I B KaqeCTBe ,B03MO)KHbIX nyTeH HcnOJlb30BaTb HaH,ll.eHHbIe paHee npaBHJIa 

npoBepKH rHnOTe3 H jJ..oBepHTeJIbH~e oueHKH. 

3aLI,aqa pa3JIH4eHHH rHnOTe3 § 7.6 B03HHKaeT npll He06xo)J..HMOCTH pa3,l.I.eJIHTb 

MJIII pa3JIHqHTb Me)K)J..y C060H HeCKOJIbKO COCT05IHH}I 06beKTa. rHrroTe3bI epOpMyJIH

PYIOTCH B TepMHHax I1lvl, HX nepBHQHble II1pH3HaKHonpejJ..eJIHIOT C060H CTpyKTypy 

·onTIfMaJIbHOrO npaBHJIa (TeopeMa 7.10), MHHHMH3HpYIOlll..erO cyMMapHYIO 01llH6Ky. 

Ero HeOLI,H03HaQHOCTb Y4HTbIBaeTcH BBe,lJ,eHHeM He~Tpa.TIbHOrO perneHHH. KOHKpeTHbIe 

npaBHJIa nOJIY4eHbI ,)J.JIH rHnOTe3, 3a,l.I.aHHblX iKOppeJIHUHOHHbIMH CBOHCTB3MH Ha6JIIO

)l,eHHH. n'P06~1JeMa pa3JIHQeHHH MHorHX COCTOHHHH npH6JIH)KaeT Hac K HX oueHHBa

HHlO H ,naLKe MOLKeT pelllaTbCH MeTO)J..aMH reopHH oueHHB3HHH, Borrpoc BeCb ynH

paeTCH B KpHTepHH aHaJIlI3a Ka4eCTBa H cnoc06bI epOpMHpOBaHHH pHCKa. 





oropBaHHbIe cynep-CJ10)l(Hble Mo.ueJ1uH, ,HroaHcbI KOTOpblX KTO-HH6y.ub 

LJeJIOBeiK CTpOHT MO,UeJ1H 'K3'K OTpa)KeHH5I peaJIbHOCTeH (npYflH:!M Ha
 

caMoH pa3Hoii OCHOBe) H HCnOJIb3yeT HX ,UJI5I n03HaHH5I npHpo,UbI,
 f 
a TaK)K,e B03,UeHcTBH5I Ha Hee ('n03ToMy-TO OTHowemle CTpeJIKaMH 

yKa3a'Ho B Ty H ,Upyryro 'CTOpOHy). KaK H npHpo,Ua, Mo,UeJ1b )KHBeT 

cBoel1 caMOCT05lTeJIbHOl1 )KH3Hbro. 06e )KH3HH pO,UC"PBeHHbl B TOM 

CMbKJ1e, 4TO OHH ,UOMK'HbI 6bITb CJ1all<eHHbIMH, KaK rOBOp5lT, MO;J.eJIb 

,UOMKHa 6bITb a,UeKBaTHOH 51BJIeHHro (BepXH5I5I CTpeJ1I<a), 4TO H 1103

BOJIHT !no COCT05lHH5IM Mo,UeJ1H npOrH03!1pOBaTb, a 3aTeM H ynpaB

J151Tb COCT05iHH51MH 51BJIeH!151 (HHII<H515I CTpeJIKa). 

OpeKpaCHOH HJ1J1rocTpaUHerl CKa3aHHOMY 51BJI5IeT('51 CJiYlIaHHbIH 

npou'ecc 6pOyHoBCI<oro ,UBH.tI<eHH5I - KJ1aCCIl4eCKa51 MO;J.eJ1b ncpeMe

meHH5I 43'CTHUbI ,npH XaOTH4-eCKHX 'CT0J1KHOBeHH51X eec MOJ1Cic\,'JiaMll 

npH Te'nJ10BOM ,UBH)Ke'HHH. HarJI5I,UHa5i epIUH4eCKa51 1';)PTllHiJ :~),eCb 

nopO,UHJIa MaTeMaTH4eCKHrI 06pa3, Bep051THoCTHyro "'1O~1.eJ1l>, I:l hOTO

POH KaK Tal<OBbIX 4aCTlllle:< j'lI<eHeT, npo HHX 3a6bIJIH, a TOJ1l,KO 0'1

)I<aTblrl pe3YJIbT3T - npouccc nepeMeUJ,e'HH51 B BI'Ul,e M3TeMiJ']'Ii'tCCI<0

ro 110CTpOeHH5I. T31<a51 a6CTpal<TH3aull51 n03BOJIH.JJa Haf!nl. lJCPO,IT

HOCTH YI\JIOHeHHH, yCT3'HOBHTb H,Uea.TJbHble 3aKOHbl 6poyHoBn:Ol'fJ )lfH!

)KeHH5I. 

Bo06UJ,e, HY)KHO 6bITb OCTOP0)l(HblM, Tal\ l,aK H3 H::lbIKC MO/lt'JICij 

y,U06HbIM H OTpa3HMbIM OKa3bIBae1'CH Jl,aJ1eJ\o ,He 'Bce, 4TO 'cyUJ,C{:','ByCT 

B npHp0Jl,e. YI1l,eaJ1H3aUH51 npHB01l,HT K MOJ,eJ15JM, Ha,Ue)KHbI:v1 TOJlb!<O 

Ha ,nepBblH B3rJI5I.u, OTpa)KaroUJ,HM )l\eJ1aeMYIO Jl,JI5I Mo.ueJ11: I<,JpTH'Jry 

3KcnepHMeHTi:l. B .u3JlbHe(lweM, YJ.06HO B CH.~y cneUHepHIHI H8C!'Oil/lIC

ro H3JIO)l<BHII51 rOBopHTb TOJ1bKO 0 MaTeMaTHKO-Bep05l'J1HOCTHhIX MO

.ueJ151x - CHM'BOJ1bHOrO 513bIJ,a onllCaHH5J CJ1Y4al1HbIx 51BJ1eHHi1. 

[J1y6HHa H 6e3rpaHH4Ha51 CJ10)KHOCTb HBJ1eHIIA peaJ1bH0j'(, tvHlpa 

BbIHY)l(.uaeT, l<a3aJ10Cb 6bl, Tal<He )Ke Ka4eCTBa y "loneJ1eir 'j ;1,< II 

Ka)l(eTC5I no.u4ac, 4TO 4eM CJ10)KHee Mo.ueJIb, 60r a 4e ee C06tTlWIIl: Q H 

)I<H3Hb, TeM 60J1ee CHJ1bHOH B cBoeH OTpa)l<aTeJlbHOH 1l0TelllUH1 DBa 

HBJI5IeTC5I. MO)l(HO H cor,~aCI1TbC5I, eCJ1H 6bl npH 3TOM He pa:,pyIUiJ

J1aCb np5lMa51 CB5I3b MO.ueJ1H C 51BJ1eHHeM. YCJ10)KHeHlle MOllC',lill '1':-('

6yeTHa;:T05lTC.rybHci'i ilpOl3epJdI :'3i1\.1GrO C(' flOlJOf'O (j)par<\':~"i:: j; H:I 

COClf'BeTCTRIIC ,'leilcrSliTe,1bHOCTII. CJIOGaMl1 (',Iiy, T u» (,in:JI, "; ;,;'1,1'1

ilbI~II'1 B COBpc\1C'HHbIX MaTe\ia'f'Jji,O-Bep;)51r:iil~cr:jbIX113JI()il-:E'HII"\ ,:,lTb 

ilpOue~,c ,~aph(>B.('I\l-ii':, nYCTb ~1.,:lOT!!G\: I!) l'~ Utl~'CTHyeT H .:lB:j~: ... :<Lj .HH<t)· 

<fJepeH!iiI PYC \:1 J. n yCTb 1I')'8l>.: I'd ,I BC r: (»i T r: :J,,-'"{ b II 11 p. H rip.) ~t ~ \tT 11!';:ieT

(' ',1 0 5-n~"06 ..;l e;-:;! C' il\ H:J ;-; J! .\..\ (; .-"i,eJi i·l. l '. pc d I) ~.: 11l~J :~"j'C H B Ca \hJ ue.:! t. C'. >'.\ 

LtC H 11C XI ~1 TC \1 (11 i: \\ G~ >.1!: 1 :...·1: liT ~,l fDlU!-! .\111 i.."C'{'J!l ('OBl:D I !,!eH H~J q' r'::'.'f hi '.. ; l 

N''-)"I'i-~O. B(J·~I''''l·)iITI..I.~,.>, .u, L'!"O '1{·T·' Jj'"...... ··,fI1l ,),.u ,( l'n':\'l")l"G'•. 1\ "" I .... ,: .1",'l.. 1\ ., I. ....... . ')1".1(:" I;" _'!)" r"\; i,' ""'11"
,.(~, 

fifi)'l !'PYilfi Ii:Hi nC3B:';Jlii.10Ba5,l ITO\'lUpiI5l, (\OI';~:\ TO I'iJ,Y! IlilC!C C:/i'YCJO 
M3TeMaTHLJCI';OC r;OCTpOeHHe BCTiJVli:!J]()Cl> B ;,C;lC'-!flO.\1 ClieTE' C 1'1';.1"

T L'!eC I,ll M!! II pl','ro:+:eH Hi! :,1:1, Ho pciCCLJ IIThl Ba 1 b 1,<1 iI<il.blrl pa:' ,i,' (:,ny
qali - 82(' ;·~~;B:iO. !~T:) .1t',,13Tb ;..:'; (lB:.~· ::pli .:-;:i;';GHJaLUIH I«h'~.';h·;l·~ :-"O~ l) 

OO'LC':;Ta lia yJ.ap B Hero MeTeOpHT<l, I-~c H<:IJ,E')I<HCe J111 Het!}t:J:l'I\, 6 

OObel<T 'HO-TO )'npaBJI5IC\10C BO Bpe'VICHli B TpC,'C:OOp.uIiH3THOl'o1 1,\)(KT

p3'I1CTBC? 

Nil>1 y6elI,,JaeMC5I :l)..\eCb eUJ,e pa3 B H3weii rJlaBHOH Mbl~'Ji", flopn

1I.1!BweJ1 II npOHH3bIB3roUI,cii BCC COnCp)Kafille IOlllrIl, LITO He Hy)l<lIbJ 

318 

li3 ;'J.06pOCOBeCTHbIX HOCJ1e.uOBaTe.'leH MO.tKeT BoenpH'H5ITb Bcepbe3 KaK 

li3Be,U3HHbIe 3aKOHbI npHpO,UbI. 3Ha4HTeJJbHO 3KOHOMHee H Ha.ue)KHee 

HMeTb apCeHaJ1 npOCTbIX MOJ..\eJ1eI1, ,CB513bIBaroUJ,HXC5I C 51'BJ1eHHeM B 

He60J1bWOM 4HCJ1e 'CTOpOH,C'Boero po,Ua KaHaJ10B, H OTpa.tI<aTb HB,1e

HHe He cpa3Y 'Bce, a no 43CT5IM, OCBema51 Ka)K.ubIH pa'3 TOJ1bKO Ty 

CTopoHy, KOTOpa51 npe.uCTaBJ151er HenOOpejl;CTBeHHbIH HHTepec. B TOM

TO CHJIa H HCKyCCTBO 'n03H3HH5I: paC4JIeHHTb ,BClO 'cepepy ,Ue5lTeJ1bHOC'
TH Ha HayKH, ,Ka)KJ..\of! 113 KOTOpbIX OT.uaeTC5I 'CB051 4aCTb epH3H4eCKOTO 

5IBJ1eHH5I, 3aTeM Hayl<y - ,Hanpe.uMeTHbIe 06J1aCTH H T. )1,. 

KOHKpeTH3HpyeM Tenepb CB5I3b: MATEMATI1l.JECKMI TEO

PI15I --+ MO,llEJIb, MaTeMaTH4eCKa51 TeOpH5I pa3BHBaeT rpynlloBbIe 

3aKOHbl Mo.ue.'1eI1 H OpraHJ1.3ye1'C5I 'BHyTpH ce651 caCTeMOH aKCHOM 

3rOJ1 epopMaJ1bHOH 'I<OHCTpyKuaeH, 'CuenJ151roUJ,eH Ka)l<.uyro Mo.ueJ1b. Ha 

CHMBOJ1bHOM MaTepHaJ1e aK'CHOMaTHtleCKHe C'B5I3H )l,OJ1)1<'HbI IHOBTOP5ITb 

peaJ1bHbIe, 4TO H BCTb a,UeK'BaTHOCTb aK,CHOM H rapaHT npaIBOMOllHOC

TH TeopHH. A )KH3'HeHHOCTb TeopHH 6y.ueT 3aBHceTb 'OT TOro, Ka'KHMH 

CTopOHaMH ee npe.u'CTa'BHTeJ1H (Mo,UeJ1'H) CB5I3blBaroTC5I >C 51IBJIeHH5IMH, 

HaCKOJ1biKO 3TH CB5I3H J1,erKO HaBo.u5lTC5I, .uo'cTynHbI, epH3W4eCK.H Har

J1511l,HbI (HHTep,np,enlpye'MbI), npWBbI4Hbl,Ha KOHeu Ha.ue)l(Hbl. 31'0 H 

nOMO)l(eT HH)I(eHepy-uCCJ1e.uoBaTeJ1ro BbI6paTb Ty KOHKpeTHyro Mo,UeJ1b, 

K01'Opa51 Hy)KHa .uJ151 peWeHH5I nOCTaBJ1eHHOH 3a,.ua4H,qT06 .uaJ1ee 

npHBJ1e4b BCro Momb Te'0P'HH, OT ynpomeHH5I Mo.ueJ1eH TOJ1bKO BbIra

,UbIBaromeH. 

nOcTaHoBKa 3a.uaqu. Hawa UeJib - paccMoTpeTb np06J1eMy CHH

Te3a HHTep'BaJII>HbIX ,CTaTH'CTH4e.cKHX Mo,UeJ1eH Cpe,lI;HHx. CB5I3yromHMH 

.uJ151 ,HHX C peaJ1bHbJ'MH 51BJIBHH5IMH 6y.uyT HeKiQ'TOpbIe 3aaalOU{Ue na
paMeTpbL 0= (8" 82, ••. ), KOTopbIe no HX qHCJ1y,w.uep)l(aHHro H epH

3H'ljeCKoMy CMbICJIY MoryT 6bITb caMbIMH P33Hoo6pa3HbIMH (MoryT 

HMeTb TOJ1bKO iMa'I'eMaTH4eCKI1H, epopMaJ1bHbIH ICMbIICJ1). Tenepb eCJ1H 

Mo.ueJ1b UCKaTb B paMKax n.CXO)l,.HOH CTpyKTypbI .4l0 H HaHTH napa-

Merp 0 B BH,Ue ,UeTepMHHHpOB3JHHOH OU6HKH 6, TO nOJ1yqHM MO)l,eJ1b 

Jlte' a eCJ1H B IBH.ue HH.uH'Ka1'OpHOH e (.uJ151 O'.uHOMep,Horo 0 - 'HHTep

BaJ1bHOH) ,1'0 06be,UHHeHHe V .4l0' 
(lEe 

OueHI1BaHl1e (l .uOJ1.tI<'HO npOH3Bo.uHTliC5I H3 51CHoro OC03HaHH5I KO

He4HbIXueJ1eH, no)l, K'OTOPbIMH no.upa3YMeBaeriC5I Ta nO'CJ1e.uyroma5l, 

HaCJ1ejl;CTBeHHa51 3a.ua4a, IHa peweHHeKOTopOH npH3bIBae1'C5I Mo,UeJ1b. 

31'0 MO)l(eT 6bITb 3a.uaqa J1H60 aHaJ1H3a, JIH60 nocTpOeHH5I pewaromHx 

npaBI1J1. Ha'npHMep, Mo.ueJ1b wyMa :l1pHBJ1eKaeT'C5I ,UJ151 HaXO)l(:n:.eHH5I 

aJ1rOpHTMa OnTHMaJ1I:>HOPO 06Hapy)KeHH5I 'CHofHaJ10B HJ1H oueHHBaHI15I 

napaMeTpoB B a.u.uWrHBHOM npejJ;CTaIBJ1CHHI1. B03MO.tI<eH ,UpyroH Ba

pHaHT, Kor,Ua 'Mo.ueJ1H 'rHnOTe3bI H aJ1bTepHaTHBbI He CB5I33HbI Me)l(.uy 

C060H 4epe3 WYM H 'CTP05lTC5I OT.ueJ1bHO o.uHa OT )l,pyroH. 

H awy MbICJ1b, 'ITO pewaromH,e yCTpoHcTBa AOJ1)1(HbI 4epe3 ce65I 

BJ1H5ITb ,Ha 'caM CUHTe3 Mo.ueJ1H B epopMe Tpe60Ba'HHH K oueHKaM 3a

,Uaroll1,HX napaMeTpOB, npOHJ1J1I()tCTp,HpyeM Ha npHMepe. 
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n p :H M e p 8.1. TIYCTh e - 3a,naIOIUHH ('O,ll,HOMepHhIH HJIH MHoroMepHbIH) na

paMeTp; ,ll,JIH Ka2K,ll,orOero 3'HalIeHHH BBO,ll,HTCH MO,ll,eJIh J(e H no HeH clIHTe3HipyeT

CH pernaIOIUee npaBHJIO 0e (B03M02KHO, OnTHMaJIbHoe). BH,ll, 3Toro npaBJ1JIa onpe

.neJ1HeTCH BH,nOM ..Ite' CJIe,ll,OBaTeJIbHO, 6y,neT 3aBiHceTb OT 8. Ho 8 He H3BeCTeH. ClIiH-

TaeM, lITO ,no 06ylIaIOIUHM peaJIH3aUHHM Z OH oueHHBaeTCH8 =0 (Z) H no,n.CTaBJUleT

CH B :npaBHJIO, tITO npHBo,nHT K 0 '" . PHClK 3Toro npaBliJIa oy.rr.eT 3aBHceTb OT H,:':TBH
e 

Horo, HO HeH3'BeCTHoro (:) H 0603HaqaeTCH IT (0 ",). Tenepb CTOHT Bonpoc, KaK ouee e 
HHBaTb 8? B cpe,ll,HeM C YlIeTOM CJIyqaHHOrO pa36poca 8 pHCK Bcell YKa3aHHOH 

a~anTHBHOii npoue,nyphl (B o6IUeM, KBa3HOUTHMaJIbHOH) 

r,ne ycpe,nHeHHe npOH3Bo,nHTCH no COBMeCTHOH Mo,neJIH 

BbI6HpaTb TaK, lIT06bI MHHHMH311pOBaTb r (a, 8), oTKy,Ua 

paBeH r(o, 8) =MxTIe(o ",),.
e 

8 H Z. OueHKy {:i" Hy:tKHO 

'cp a3Y BH~HO, lITO lIe (i " )
e 

H ,B,OJI:tKHa 'CJIy:tKHTb epyHKUHeH nOTepb B 3a,nalIe oueHHBaHHH (CHHTe3a) e1. 

BbI60p HaqaJIbHOlI CTpyKTypbI Jre - cJla60e MeCTOCHHTe3a, eno .. 
co6Hoe B KopHe CBeCTH Ha ,HeT !HaWe rCTpeMJI'eHI1e rrOJIyqHTb Ha.ue)K

HylO MOjI,eJIb. TaK 6y)l.eT, eCJIH J{e orrHCbIBaeTCH napaMeTpH30BaHHOH 

TOqHOti ,TIJ10THOCTblO Bep05ITHOcTei:i Pe (X), rrpH H3rvleHeHHH e OqepqH

BalOIJJ.eit JIHillb Heoc513aeMylo JIUHHlO B npocTpaHcTBe Bcex pacnpejI,e

JIeHHlI Bep05ITHQlCT1ei1. HajI,eiKHble iKe MOjI,e.HH jI,OJ1}KHbI 6bITb 06'bel\1

HbIMH. 

HaH6oJIbWI1i1 HHTepec ,ll.JIH Hac npejI,CT3BJI5IeT TOT CJIyqati, Eor

!La J{ e IHe HanD BbI6HpaTb, a aHa caMO eCTeCTBeHHO orrpe;J,eJI51eTCH 

HaBejI,eHHbIMH C 5iBJIeHHeM CB51351l'vIH. A3T'OT KaK pa3 TOT ca:VlbIH CJIy

4 a11 , K'orjI, a 3 a ,U a 10 IJJ. H M H IT a p 3 \1 e T 'p a M II 51 B Jl 51 10 TC 51 eTa 

T If C T H 11 e C K II e cpe,UHHe e= lvIQ Ha60pa Q npH3HaKoB, COCTaB~ 

JI5IIOIUHe B ,coBoKynHocTH MOneJIb ~/!{ == \j (AIQ> (r;J,e 06be;I)IHeHIle 

065I3aHO paCTTJIblBLI3TOCTH oueHOK ,cpe,J,HlIx). HarpY3f~acHHTe3a no,n~ 

HOCTbIO nepeKJI .8,UbIBaeTC51 Ha BbIOOP Ha60pa Q II 'JueHHiB8 HIIe COOT

Bel'cTByIOI.Il,HX e\try napaMeTpOB ,8 i =i\-1qi, qiEt:/. I---Ie HeLlO. qTO ca=Vloe 
.3 dyreLI ClTeJlbHoe) HI! qE:fO "l}ILilHero, II II!\ a I(HX I10P0/1\J-1,3 IO'~ 

UUIX CO~JHeHHR. 

3):LeCb B03H HEal0T .=I,Be npo6~Tfe~v1bI: BbIOOP 3 nrl ~l ~OLU~iX up Il3Ha hOB 

H OUeHHB8HHe 11X Cpe;LHlTX. flepB25I tCOCTaBJIneT CBOIO cepepy ,J,e51TeJ1b

BOCTH, H He BCer,L1)1 Hay4HylO, a YY:l1TbIB3.H rrOjI,3B,TlHIOmee pa3Hoo6pa

3He C3MIIX npH3HaI\OB H B03Tvl0.lKHOCTe(i 11X BbI6opa, npeBpamalOmylO

C51 ITo,Uqac B HCKyCCTBO (HaqHHaeTC5I TaM, r):Le 3aE3HqHBaeTC5I H3Y

K3). ?)TO HHLKeHepHoe HCKyCCTBO BbI60pa CB5I3YIOIUHX npII3HaKOB t 

HCrrOJIb3yH anpHopHwe CBeneHH5I a 5IBJIeHHH, KaKHe eCTb 3HaHHH era 

MexaHH3Ma, H36JIlO,ll.eHHH 3a HBJIeHHeM, onHp3HCb Ha npaKTHKy, orrbIT 

H 3jI,paBbIH CMbI!CJI, ,coo6pa3y5ICb C Tpy,UoeMKOCTbIO caMOH rrpOue,ll.ypbI 

ClfHTe3a Mo,UeJIH, He «crrycKaH rrpHueJI» c rrOCJI,e,ll.YIOIUero rrpHMeHe

HH5I MOneJIH. TIYTe:BO,ll.HbIMH 3neCh 5IBJI5IlOl1CH KaqeCTBa MOneJIH, npo

1 KyaHeuoB B. fIe EafiecOB IIO)J,XIO,lJ, Ii OIlTHMLH3,aUHH npouecca 06ylJ€HHH//ABTO

MaTHK3 H TeJIeMeXaHHKa. - 1971. - Ni 4. - C. 66-71. 
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Hlf3bIBalOIUHe H3ICTpOH BceH '~HHrH: npOCTOTa, ,ll.OCTYUHOCTh, Ha,ll.e)K

nOCTh. 

BTopaH rrp06JIeMa COCTOHT B OILeHHBaHHH 3ajI,aIOIUHX napaMeTp'OB• 

OIHa COrJIaCOBaHa ,C BbI6opOM 3ajI,alOIUI1X rrpU3HaKOB H Irr03TOMY He 

lfiCKJIlOqaeT npU1BJIeqeHH5I caMbIX pa3H'OpOnHbIX epH3HQeCKHX 3aKOHO

MepHOCTeH, cpaKTOB. Ho MO)KeT H cpopMaJIbHO pewaTbcH Ha 6a3e npe,ll. 

,BapUTeJIbHOrO 3KcnepHMeHTa, lo6YQalOIUHX peaJIH3aUHH QTO Hac HHTe
t 

pecyeT B Ha1I6oJIbWeH Mepe. 3neCb Tpe60BaHHe a,neKBaTHocTH CBH3H 

MO,lI.eJIH C HBJIeHHeM HaKJI3jI,bIBaeT Ha o6yQalOlll.He peaJIH3aUHH 06H

3aHHOCTb 6bITb «nOJIHOMOQiHhIMH npe,ll.CTaBHTeJIHMH» HHTepecylOIUero 

Hac 5IBJIeHH5I t T.e. 6bITb HOCHTeJI5IMI1 OjI,HHaKOBbIX 3HaQeHIIl1 napa

MerpOB (cpe,ll.HlIX), TOr,lI.a HX 'MO)KHO OILeHHBaTb. 3TO eCTb yCJIOBHe 

CT3ILJIOH3IPHOCTH 3a,nalOmHX napaMeTpOB, KOT'OpOe CeH'QaC 06Cy,UHM. 

CTaUJiOHapM3au,MSI CTaTHCTMlJeCKMX napaMeTpOB. C n03HUlIH Ma

TeMaTI14eCKHX Mo,UeJIei1 cpe~HHe KaK H Bep05lTHOCTH eCTb CPHKCHpO

BaHHble QHCJIa, TOrjI,a KaK ,HHTepBaJIbHhle CpejI,HHe H BepOHTHOCTH 

eCTb HHTepB3JIbI, rpaHHUbI KOTOpbIX y,lI.OBJIeTBOp5l1OT aKCHOMaM 11M. 
BaTH IrrOH5ITH5I 3aJIO)KeH 'CMbJiCJI cpe,UHero apHepMeTIHQeCKOrO HJIH 
Me 'QaCTOTbI. 

CeHQaC He CYTb Ba)KHO, KaKHM HBJIHeTCH rrpOCTpanCTBO Z 3JIe

MeHTapiHbIX HCXO)l.DB, Ha KOTOpOM CTpOHTCH MaTeMaTHqeCKaH MO,lI.eJIb; 

3TO MO)KeT 6bITb rrpOili3Be,lI.eHHe ge X UJj, JIH60 rrpoCTp a:HCTBO S 3Ha

QeHHH epJIyKTyaUHH £. TIYCTb ZI, 22, ... , ZJ.V' eCTb peaJIH3aUHH He3aBH

CHMOH iIlOCJle,UO'BaTeJIbHOCTH o6yttalou{ux llcnblTafluu, )l.JIH 'KrOTOpOH na

paMeTp Mq (Zi) HBJIHeT!CH cTaUHoHapHbIM, T. e. O,ll.HHM H Tel\1 .IKe )J.JI5I 

Bcex Ii. TaKHe nenhITaHM5I Ha3blBalOTCH Mq-cTa:u.HoHapHhI'MH. 

,UJI5I ICTa:u.HoHapHoro napaMeTpa TOqHOe Cpe,lI.Hee Mq ,lI.OCTHraeTCH 
KaK npe,lI.eJI 'Cpe,lI.Hero apHeplMeTHqeeKoro: 

. 1 N 
M q = hm - ~ q (Zi)

N~oo N 1 

B cepHH 'He3aBHCHMbIX CTaUHOHapHbIX HcnbITaHHH Zi, i= It 2, ... Toq

HaH BepoHTHoCTb no TOMy .IKe CMbICJIY eCTb npeneJI DTHOCHTeJIhHOH 
qaCToTbI 'C06bIT,HH 

P (A) = lim -
1 

L
N 

{Zi E A},
N~oo N 1 

r.LI.eqmrYPHble CRo6KH 0603Ha'IaIOT HH.LI.HKaTOpbI C06blTHH, paBHble 1 
rrpH ZiE~4, a HHaqe - O. 

I1HTepBaJIbHble Cpe.LI.HHe H Bep05ITHOCTH B03HHKaIOT Tor.LI.a, KOr.LI.a 

TO'IHbIX IlX 3Ha'IeHlfI1 HeT, JIH60 IIO npH'I[IHe OrpaHH'I,eHHOCTH 'IHCJIa 

HClIblTa:HHl1 (;J,e41)11lUlT 'OnblTa), JIH60 H3-3a B03MQ)K:HOH HeCTaI.I,HO

HapHOCTH HClIblTaHHH, T.e. HeycToiI'IHBOCTH Cpe.LI.HHX H 'IaCIOT. lIoc

JIe.LI.Hee 5IBJI5IeTC5I HelIpH5ITHOH :«IIO.LI.HO)KlKOH», HO K C'IaCTbIO, ,He BceMy 

CTaTHCTH'IeCKoMy no.LI.XO.LI.Y, a TeMepopMaJIbHbIM MeTO.LI.aM CHHTe3a MO

.LI.eJIH, K KOTOpbIM MbI CTpeMHMiC5I H KOTopble BOJIeH-HeBOJIeH Tpe6yIOT 

CTaI.I,HO'HapHOCTH napaMeTpOB. Y'KaMeM THIIH'IHbIH .LI.JI5I CTaTHCTH'IeCKHX 

npHJIOMeHHHcnoco6 'CTaI.I,HOHapH3aI.I,HH, OCHOB3HHbIH Ha 'CJIy'IaH'HOM
Bb16ope. 

111-113 
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1,~ 
TIYCTb HMeeT'C51 ,coBoKynHocTb B N He3aBHCHMbIX 'HCHbITaHHH Zit 

i= 1, ..., N, rrpHqeM cpe)l.HUe Miq (Zi) 'B 'pa3Hblx HCrrbITaHHHX, B C T04HhIMH 3HaQeHH5IMHo6~eM, .•.•. 

pa3JIHQHbI. «I1epeM'eIlla,eM» TerrepbHioIIbITaHHH CJIenbIM \oopa30M, a 
iHHaqe 'fOBOp5I t npOH3Be,lJ.el\1 ilX nOCJI,e,1liOBaTeJIbHbIM paBHOB03MO)KIHhllf 

BbIOOp. TOf,lLa cpe,z:L'HHe CTaOHJIH3HPYlOTC5I, cTaHyT O,lLHHMH H TeMij 

2Ke, paBHblMH Mq=~Miq(Zi)/N, TaK KaK paBHoBo3MOMHO e Bep05IT.. 

HOICTHMII IjJ.V BbI6pa'HHhIM MOMeT OKa3aThCH JII060H HH,lI.eKC i. l(aK 
BH,lLHO, inpOH30IllJIa ICTaUHo:HapH3aUilH nenbITaHHH, HO yBhI, C iB03MO)K.. 

;HOH nOTepeI1 'He3aIBHCHIMOCTHt XOTH H rII3 3Toro ynymeHH5I eCTh OBOH 

BbIXOlI,t KOTOphIH inpOHJIJIIOCTpHpyeM Ha npHMepe. 

TI p If M e p 8.2. TIYCTh Pi eCTh Bep05ITHOCTh C06bITIUI ZiEA B i-M HcnhITaHlUI 

(A O)I.HO H TO LKe) u nYCTh 3aBe)J.OMO H3BeCTHO, tITO nepBhle k pa3 A 065I3a'TeJIhHO 

npOH30HJlieT: P1=P2= ... =Pk= 1, a OCTaJIhHhle - HeT: Pk+1=Pk+2= ... =PN=O. Tor.na 

CJIyqaHHbIH BbI60p (cJIenoe nepeMeIllillBaHHe) HcrrhITaHHH 'BejJ,eT K Bep05ITHOCTH p= 
=,k/N C06hITH5I A B Ka)K,LI.OM lI3 HlIX. Ho nOCJIe nepeMeIlllIBaHH5I C06bITH5I A, YBbI, 

He o6peTyT :lKeJIaeMOII He3aBHCHMOCTH, TaK KaK ,eCJIH CTaJIO H3BeCTHo, tITO nepBble 

k pa3 nOBTOpIIJIOCb C06hI'THe ZiEA, TO BceMH nOCJIe,lI.YIOLUHMII HerrpeMeHHO 6y,lI,YT 
npOTHBOnOJIO:IKHhle C06hITH5I Zi EA c. 

ECJIH JKe nOCJIe nepeMeIllHBaHIHI H3 cOBoKynHocTH 06beMa N npOH3BeCTII pe,lI.

KHH BbI60p Z1, '.0' Zn 'He60JIbllIOrO EX tIHCJIa (o6'beM a) n <Z. N, TO 3TY BbI60pKy C 

.nOCTaTOtIHO 60JIblIIOH: TOtIHOCTbIO M02KHO CtIHTaTb CTaIJ,HOHapHOH: He3aBHCHMOI1:. 

B caMOM ~eJIe, Miq(zd OT rrpOH3B0J1bHOrO np:If3H3IKa q 6Y,lI,eT OjJ,HilIM II TeM :IKe Mq 
H CnpaBeJI.JIHBO paBeHcTBo MIlqi (Zi) = maX IlM*qi (zi). 

M*=M, M 
BbIBO,lL TaKOH: c.IlyttauflblU peOKUU Bbl60p U3 cOBoKynftOCTU eCTb 

cpeOCTBO CTal{UOftapUSat{uU nOCJleOOBaTeAbflOCTU U npUttUfla He3aBUCU.. 

MOCTU ee 8JleMeflTOB. 

CTaUHOHapH3alI,HH OOJIer4aeT nOCTpOeHue iMaTeMaTH4eCKOH MO,lI.eJIH, 

TaK KaK ,CBO,mHT ee OHIHT1e3 ,K OueHHBaHHIO 0AHHaKO'BhIX no Te'4eHHlO 

HCIIbITaHHH3a,lI.aIOlll,HX rrapaMeTpOB, ,T. e. K CBoen IHOBOH CTaTHiCTHqeC

KOit 3a,ZJ.aqe, 'KOTOpylO pa,CICMOTpeHHhIMH B npe,lLbI,lI.ymHx fJIaBaX MeTO

~aMH MO)KHO epopMaJIH30iBaTb H peIllHTb. JlJIH 3Toro ',Hy)KHO 3HaTb, 

KaKoro OO,lI.eplKaUHH oueUKH, 3a,lI.aIOIUne MOneJIb, XOQeTC5I nOJIyqHTb, 

KaKHM OCHOBHbIMTIOKa3aTeJIHMOHH ,nOJIJK,HbI YAOBJIeTBOpHTb. 

nOHSlTHe ,1J,OBepMTeJlbHOH MO,I.I.eJIH. ITpoaHaJIH3HpyeM COlI,ep)KHMOe 

pIfC. 8.1. TIocTpoeHHe MaTeMaTHqeCKOH MO,lJ.eJIH - .9TO OT,lleJIbHa51 3a

naQa oueHHiBaHH5I rrapaMeTpoB, a TOQHee iCKa3aTb, ftaosaoatta, InHmefI 

KOTOpOI1 :c'JIy)l{aT HCIIbITaHHH, II KaKBC5IKaH CTaTHCTHQeCKa5I 3a,naqa, 

OHa HylK,UaerCH B UCXO,UHOH IKOHCTPYK~HH. B 'KOHCTPYKUHIO 'Ha,n3a,naQH 

B nepBYIO 04epe,lI.b BXO,lI.I1T H3'HaQaJIbHaH MaTeMaTH4eCKaH MO,lleJIb ca.. 

MOM ITOCJIeJI.OB3'TeJIhHOCTH ,ucIIbITaHHH, TaK cKa3aTb, flaoMooe./lb, OTJIH

T-laIOrnaHC5I OT 'HCKOMOH cBoeH IllHpHHOH HKpailHe ,HenpHT5I3aTeJIbHhIMH 

3anpocaMH: ,lLJI5I Hac 3TO 6y,llyT TOJIhKO npe,l(TIOJIO)KeHlI5I 0 He3aBHtCH" 

MOCTH il ICTar..r.HOHapHOCTH. I1HTepecHO ,lJ.aJIee 6y,UeT Ha6JIIO,naTh 3a cy
:iKeHHeM 'ee B HCKOMylO MO,lLeJIb,qTO )I:OCTaTOqHO 'C,lleJIaTb B HarrpaB" 

JIeHHH Q rOueHHBaeMbIX (3a.,UaIOmnx) napaiMeTp,oB. 

,UeTepMHHHpOBaHHble (TOqeQHble) 3a,lLaIOmHe Mo,neJIb oueHKH Mq, 
qEQ, 'B Ha,A3a,ZJ.aQe IBe,ZJ.yT 'K Q-npOCTbIM MOJI.eJIHM (MQ). 3TH IMo,ZJ.eJIH 

33,n31OLUHX Cpe,lI.HHx M q == 

= Miq, qEQ, 6y,nyT HeHa

,Ue)KHbIMH no rrpH4HHe He

H8,ne)KHOCTH )J,eTepMHHHpO

B8HHbIX oueHOK (KcTaTI1, 

BK.TlJ04eHHe JI,eTepMHHHpO

BaHHbIX oueHOK B MOjJ,eJlb 

npHcyme, KaK 3TO c.lIe,J,yeT 

I13 TeopeMbI 5.1, peLKH My 
onTIfMH3Ma X== 1/2). Hac 

cei14ac Bcero 60nee npHB

JIeKaeT pe)I(HM neCCHMH3

M8 H Ha,Ue.IKHble Mo,UeJIH, a 

,lI.JI5I 3Toro 3a,LI,alOrnHe OI~eH

KIf T8K)Ke )J,OJI)KHbI 6bITb 

H3,ll.e)KHbIMH, ,UOBepHTeJIb

HbIMH, tITO Be,UeT K CJIe,ny

IOmeMy nOH5ITHIO. 

lIaUIYOOe/lb 

LlC/lb/1ll0flUtL 

lJblUe/leflUe 
.JOtJUIOI/{UX 

/lU/luhel7l/lfl£ 

- - - ~ lIau.JotJo'lo 

L{e/le#oe 
11C'1l0./lb.JoO'O/ltie 
tlotfejlul1le/lbflOIi 

IYotle/l/1 
PHC. 8.1. KOHCTpyKIJ.HH 
Ha,ll,eMHOCTHoro CHHTe3a 

J(OBepUTeJlbHOU Ha8eJICHOCTU p HaSblBaerC51 JvlOOeAb, onpe8eAeflflaJl 

neCCUMUCTUttHblMU (x == 1) COBMeCTftbl.JlU oOBepureAbflblMU ol{eflKQMU 

(Q) ypOBflfl a= I-p lw60pa MQ= {Mq, qEQ} saaalOutux cped
flUX (uaH)l.eHHbIMH rro o6yqalOllJ,eH nOCJIe)l.OBaTeJIblHOCTH Z = (z], ..., ZN), 

HCITbITaIHHH). 3)1.ecb HyX('HO o6paTHTh HHHMaHHe,qTO Ha)l.e2KHOCTb )1.0

SepIITeJIb'HbIX o~eHOK paBHa 1 MHHyC BepXH5I5I rpaHHua a(ll) =a [Be... 

pOHTHOCTH OIliHOKH, qTO COOTBe'TicTIByeT neocHMuCTUq,HOMY oueHH'Ba

HHIO. 3ro npHHI.I,H'TIHaJIb'HbIH MOMeHT, qTO orrTHMH3M, eCJIH H .uonyc

TUM rrpH 'HaX02K)l.eHHH peilialOllJ,HX iII'PaBHJI, HO <flH B IKoeM iCJIyqae He 

rrpH CHHTe3e HalI,e)K,HhIX MO,II.eJIeif. Ha,n,e)KHble MO,lLeJIH IT,eCCII;M,HlCTHqHbI. 

HTaK, )l.OBeplITeJIbHaH MO)l.eJIb pa'BHOCHJIbHa paCIIJIblB'llaTOH OI.l,eH

Ke 3a)l.alOllJ,HX MO)l.eJIb napaMeTpOB: Cpe)l.lHHX 3HaqeHHH npu3HaKOB, 

HTOfOM cTaHeT HHTepBaJIhHaH MO)l.eJIb ,Cpe)l.'HHx .It, :flO TOJIbKO B TOM 

CJIyqae, eCJIH OI.l,e:HKH l-lz (Q) IfH)l.HKaTOpHbI€ HJIH COBMeCTHble UHTep

BaJIbiHble, T. e. ~tZ (Q) npHIH'HMaeT 3HaqeHHH JIH60 O,JIH60 1. JlpH"IeM 

3HaqeHHe /l z (Q) = 1 H BbI)l.eJI5IeT KaK pa3 06JI3CTb e Tex O=MQ, 
KOTOpr,Ie BKJIlOqaIOTCH COCTaBJIRIOllJ,HMH cUHl1e3HpyeMorr MO)l.eJIH .It, 
3arrHcbliBaeMoI1 ,KaK HX 06be)l.HHeHiHe: .It = V <MQ). Hpe)l.<CTaBJIReT-

MQE@ 
CH HM .It RaK 06JIaKO cOCTaIBJIHIOllJ,HX ee npocTbIX MO)l.eJIerr <MQ) 
O.1,'HOH KOIHI.I,eHTpaI.l,HU B CMbIICJIe O)l.HHaKOBOfO )l.OBepHH 'KOBceM HM 
BHyTpH e (If HyJIeBOrO ,L(OBepHH BHe 8). 

3aMeTHM, npe)l.CTaBHB .It LJepe3 rrepBHLJHble cpe)l.HHe: .It=<M~), 
'ITO 'COBrra)l.e'HHe rrepBllqHOfO Ha60pa ~ )l.OBepHTeJIbHOH MO)l.eJIH C 3a

)l.alOllJ,HMll rrpll3uaKaMH Q 6y)l.eT 'JIHilib IB CJIyqae, KOf)l.a o6JIaCTb e 
npRMOYfOJIhHaH, T. e. HarrpaBJIeHHHee rpa:HeH COBna)l.alOT C HanpaB

JIeHHHMH q. HarrpHMep, I-tz(Q) eCTb COBMeCTHaH llHTepBaJIbHaH OI.l,eH

Ka Mq, Mq, qEQ, TOr)l.a @= {Mq: Mq~Mq~Mq, qEQ}. 'uJIH )l.py~ ~ 

rHX HH)l.HKaTopUblX OI.l,eHOK l-lz (Q) Ha60pbl ~ H Q, IB 06~eM, pa3JIH
lJaJOTC5I IMe)K,lI.Y co6oif: C§ =l=Q.
11* 
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8.2. nOCTPOEHHE ,QOBEPHTEJlbHOA MO,QEJIH HA 3A~AHHOM HA60PE 
C06bITH" 

HCXO,ll.HbIe nOJlO1KeHHSI. 3,LLeCh paCCMaTpHBaeTC5I TOT CJIyqaH, Kor .. 

,na 3a,lJ.alOllJ;HMH napaMeTpa:MH 5IBJI5IIOTCH IBep05ITHOCTH IHa60pa IC06hI

THH, nOHaqaJIY 'HenepeCeKaIOm,IIXCH, qTO npHMeHHMO K TeM 3a,.naqaM, 

B KOTOpbIX HS Bep05ITHOcTei1 H CJIaraI011C5I xapaKTepHhle IqepTbI HHTe

pecylOmero Hac HCCJIe,rr,yeMoro 5IBJIeHH5I. TaKOH BbI60p MO:IKeT pyKO

BO)I.'CTBOBaTbC5I npOCTOTOH If y,LL06CTBOM <oueHHBaHHH Bep05ITHOCTeli. 

npH 3TOM qeTKO Hy)KHO OC03HaBaTb, qTO Bce rrepBHqHble IlpHSHaKH 

HTOrOBOI1 ,LLOBepHTeJIbHOii MO,LLeJIH 6ynyT 06H33TeJIbHO nOCTOHHHbIMH 

Ha 3a,LLalOmHX 'C06bITHHX HJIH HX rrepeCeQeHIl5IX H 3TO MecBOHeTBo 

nepeii,neT ,naJIbIIle K pewaIOmHM npaBHJIaM (,rr,OCTaTOqHOrO K,lIacca) 

KaK KOHeQUOH ueJIH nOCTpOeHI1lI MOJI-eJII1. 

CepOpMyJIHpyeM epopMaJIbHO 3a,rr,aqy CHHTe3a MO,LLeJIH (n3,IT.Sa,LLa

qy). TIYCTb Z= (ZI, ... , ZiV) eCTb o6yQaIOIUHe HCI1bITaHHH lIS npOCTpaH

CTBa 2: zjE2 (cKaJI5Ip'HOrO HJIH BeKTopHoro) 11 nycTb AI, ..., A h 

HerrepeceKalOlUHeC5I C06hITHH, TaKHe, qTO ~AjCZ, 'H Ak+I = 
== £-2:A j =F: 0 - OCTaTOQHOe CoohITHe, BBe,UeHHoe ,LLJIH 06I..UHOCTH. 

BepoHTHoCTH P (ZiEA,d == Pi CQHTalOTC5I CTaUHOHa pHbIMH, He 3aBBeR

mHMH or HOMepa i Ha6JIIO,LLeHHH, a C06bITHH ZiEA} H Zi,EA j , rrpH 

i=l= i' HeKOBapHHpOB3HHbIMH. 3TH yCJIOBH5I 6y,rr,yT BbIIlOJIHeHbI, eCJIH 

HCIIbITaiHH5I 5IBJI5IIOTiC5I He33BHCHYIbI,M.HCTaIl)i'OHa'pHbl~H. 

3,neCb 33,.n310111HM Mo,rr,eJIb 6y,LLeT BeKTOp p = (PI, ... , Ph) :Bep05IT" 

HOCTeH. Era H Uy)KHO oueHHTbIIpH 33,naHHo:t'r H3,LLelKHOCTH p. ECJIH 

060SHaQ:HTb ,llOBepHTeJIhHyIO OUeHKy f..tz(p), TO ee Ha,ne.IKHOCTh paBHa 

p=M~z(p). 

IlpH YKasaHHbIX yCJIOBHHX ,nOCTaTOqHbIMH Jl.JIH OueHHB3'HHH 5IB.JI5I

IOTC5I BeKTopbI qaCTOT r== (rl' ... , rn), r,lle rj - tIHCJIO 3JIeMeHTOB Zi, 
N 

rrorraBIllHX B A j : rj == ~ {ZiEAj}. OueHKa ~z (p) == llr (p) ,UOJIiKHa 6bITb 
i=l 

<pyHKUHe-t'r BeKTopa r. 
I1pH KalK)I.OM sanaHHOM BeKTope p Bep05ITHOCTH QaCTOT r1, .oo, rk 

~aIOTC5IHSBeCTIHOH 'MyJIbTHHOMHHaJIbHOI1 ¢OPMYJIOB 

'1 'k+l N'/( , ')Pp ()r =Pl ... Pk+l . '1· ... r k +I • ,
 

k k
 

r,ne CtII1TaeTC5I 0°=1, Pk+l==l-~pj, rk+l==N-~rj. <PopMyJIa )I.JI5I 
1 

P (r) onpeneJI5IeT nepexo,nHyIO Ha,llMO,LletlIb Jt;, pe,nyUI1pOB3HHyIO 01p 
Z K r. 06mefI Ha,lI.MO,LLeJIbIO :I1!CnbITaIHHH 6y,LLeT npOH3Be,lleHHe JIlpr = 
=J{P Jt~ , Ky)I.a B tlf{P MO)KHO BJIOLKHTb anpnopHble CBe)l.eHHH a p, 

eCJIH oHH'eCTb. Hx 06bltIHO HeT, Tor,na J{P = 9' P H Ha,LLeLKHOCTb .nOBe

pHTeJIbiHO~ ioue~UKH !1z (p) aeKTopa p :paBHa 

p = min 
P 

lllKaJIa 

)KeJIaeMbl'M 

~ fJ.r (p) Pp (r). 
vr 
paCIlJIbIStIaTOCTH OneHKH nelKTopa p aD MHorOM 065I33tHa 

C.BoHICTBa'M nOJIyqaeMOrO no AOBepaTeJIbHOH MOAeJIH pe

>0. 1 

maIOI.II.erO rrpaBHrJIa. EiCrJIH lKe He olnpe,UeJIHTb nOKa ,pernaeMyIO IHa 6a
3e iMo,neJIH CTaTUCTHQeCKYIO 3a,naQy, TO pa3yMHo HCnOJIb30BaTh HHTe

rpaJIbiHyIO llIKaJIy KaK HaH60JIee npOCTYIO: 

k+l }
Q (/1) = S.~. S. /1r (p)d p, I = { p: 7 Pi = 1, Pi > 0 . 

QacTHa5I Jf(r ) ,rr,aIOlUa5I IHa)I.Mo,.neJIb BeKTopa qaCTOT r, orrpe,lletlIHeT

e5I rpaHHuaMH: 

M f (r) = max ~ f (r) Pp (r), 
p vr 

n03ToMY COCTaBHO~I pHCK 3anI11I1eTC5I: IlJ.. (ll) = 1- M flr (p) +Iv M Q X 

X (~) = 1 - min L flr (p) Pp (r)+A max ~ Pp* (r) S ... S ~r (p) dp 
p yr p* yr J 

r,ne "A -BecoBotI K03cPepHUHeHT. Hy)KHO MHHI1MHSHpOBaTb p'HeK BbI

60POlVI f.t r (p). 

llepenHweM pHCK CJIe,nylOlUHM o6p aSOM: I1", (1-1) = I-inf ~ S•..Sf1r X 
w(P) vr I 

x (p)Pp(r)w(p)dP+ASUP ~ S ... JPp{r)w*(p)dpJ ···S l-tr(p)dp . , w*(p) yr _ I I 

Tor;La ueHa Ha,nsa,naqH !npuMeT iBHA 

.V = 1 - sup inf ~ J ... S ltr (p) [Pp (r) w (p) - Iv Pw * (r)J d p, 
"'" w, w* yr I 

p·ne HHepHMyM HIll,eTCH no BceBOSMO)KHbI,M anpHopHhlM TIJIOTHQlCT5IM 

w (p) H w* (p), a Fw* (r) =J ... J Pp (r) w* (p) dp - Bep05ITHOCTb BeKTO" 
I
 

pa r Tlp,H I1JIOTHOCTH w*.
 
B COOTBeTCTBl1l1 C 06mHMH npHHlI)lnaMH MHHllMaKca [22] cynpe

MyM H HHepHMyM B sanHCH ueHbIHOMeHHe:M MeCTaMH. IlpH KaLKJI.bIX sa

.naHHbIX ,w (p) II w* (p) OTITHMaJIbHa5I oueHKa Mr(P) BeKTopa p 6YJl,eT 

HH,LLHKaTOpHoII, npHHI1MalOLUefI 3HaqeHHe 1 rrpH 

Pp (r) w (p)/Pw* (r) >-= Iv (8.1) 

HOB npOTHBHOM ICJIytIae. C ytIeTOM ,Hai1,LLeHHOfI OU€HKH U6Ha 3arrH
,WeTC51: 

v = 1 - inf ~ S... f [Pp (r) w (p) - 'A Pw * (r)]+ d p. 
wtw* yr I 

iOTCIO~a HyLKHO I1CKaTb H311MelHee 6JIarOnpH5ITHble W (p) H w* (p)) KO

Topble 3aTeM rrO,llCTaBJIHIOTC5I B (8.1), tITO H 'nplIBe,lleTK HCKOMOH 

OTITlIM3JIbHOI1 loueHKe p. Oopor A 3,UeCh )I.'OJIMeH 6hITh IBbI:6paHHCXO,lJ,5I 
.lIS 3a,lI.a1HHOfI \HaUl,eLKIHOCTH 

p= ~ S···J l-tr(p)Pp(r)w(p)dp, (8.2) 
vr I 

KY,LLZl nO)I.CTaBJIHeTiC5I HalUMelHee 6JIarOIlpHHTHaH nJIOTHOCTh W (p). 
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, II IcoTBeTcT'BYIOIl\He WM Cpe.llHHe
TpY.lI.HOCTH HaXO)K.lI.eUHH HaHMeHee 6JIarOnpHHTHbIX rrJIOTlHOCTeii 

BbIHY)K.lI.aIOT rrpH6eraTb K HeKOTOpbFM «pa3YMHblM» Ba.pHaHTaM UX 

nO.ll.6opa. 

MO.ll.eJIb HaH6oJIbWerO npaB,ll.orro,ll.o6HSI. DYCTb arrpHopHoe pacrrpe

.lI.eJIeHHe BeKTopa p paBHOMepHO W (p) = const H rrYCTb Pw* (r) ='Const, 

1'. e. a'O'p'HOpH HHKaKHM BeKl'O'PaM lIaCT'OT rrpe.ll.IIOllTeHHH ,He OT.lI.ael'CH, 

liTO BOIIpe.ll.eJI.e'HHOM CMbICJIe OTpa)KaeT IHe6JIarOnpHHTHYIO ICHTyaUHIO. 

Tor.ll.a ¢opMYJIa (8.1) 3amIWel'CH Pp (r) ~A, T. e. oueuKoii HBJIHeTCH 

HH)lHKaTOpHaH ¢YHKUHH ceMeH'CTBa 'BeKTopoB p MaKCHMaJIb'HOH Be

pOHTHOCTH (HaH60JIbWerO rrp a B.lI.Orro.ll.06 IiH) . DocJIe JIOrapH¢MiHpOBa

HHH 06elix lIaCTeH 'rrOCJIe.ll.HerO ·HepaBeHcTBa, rrepeMeHbI 3Ha'Ka H 06'be

.lI.HHeHHH Me)K.lI.Y C060H rrOCTOHHHbIX CJIaraeMblX oueHKa npHMeT BH.lI. 

~ k+1 •	 k+1 
F (p, p) = - ~ Pi In Pi :::;;; AI, A1N = -In A +In (Nl) - ~ In (rh, 

~I	 I 
(8.3) 

r.ll.e pj=rj/N - eCTb OTIHOCHTeJIbHble lIaCTOTbI 'BbIIIa.ll.eHIiH C06bITliH A j. 

OTMeTYlM, liTO ¢YHKr..r:HH F (p, p) HeOTpHuaTeJIbHa H npHlHIiMaeT 
~ • k+1A 

MHHHMaJIbHOe 3HalleHlierrpH p=p, palBHoe: F(p, p) =- ~ Pi Inpj. 
I 

rIopODOB'Oe .3HalleH'He A (a OT'CIO.lI.a IH AI) IHaXO.ll.HTCH rro (8.2) c rro.ll.

CTaHOBKOH oW (p) = const. I1HTerpaJI lIpH 3TOM rrOJIylIa,eTlCH TPY.lI.OeM

KHM, ,rr03ToMY eCTb CMbKJI orrpe.ll.eJIHTb A lliCXO.ll.H H3 HH)l{IHeH rpaHIiUbI 

Ha.ll.e)K'HOCTH: 

p = min ~ Pp (r). (8.4) 

p r: P p (r) ;:;. '" 

HepaBeHCTBO (8.3) C rHaXO)K.lI.e,HHeM Al C rroMow.blO (8.4) ¢OpMH

PyeT 'c-eMeHCTBO .;It BeKTopoB p, COCTaBJIHIOw.HX }!.OBepHTe.'lbHYIO MO

.lI.eJIb Ha.ll.e)KHOCTH p. 3Ta .;I{ liHalie 3a.ll.ae1'CH C,BOHM,H nepBHlI'HbIMH 

CP~)l,iHHMH,K IIIOHOKY NOl'OpbIX H rr:pHCTyiIIaeM. 3.l1.eCb (Ta'K KaK ceMeH

CTlBO .;I{ HerrpHMoyrOJIbHoe) nepoHlIlHbIMH IIpH3HaKaMli He 6Y.ll.YT caMH 

3a.ll.alOw.He C06bITHH A j (BepOHTHOCTH p KOTOpbIX oueHHBalOl'CH), a 

6Y.lI.YT ,H3MepHMble ¢YHKUHH HaHHX. 

k	 A 

0603HaqHM pO=(p01, ... , POR), pOk+l=!-2;pOj-peWeHHH ypaBHeHHH F(p, p)= 
I 

= A1 OTIlOCHTeJIbHO p npH Bbl60pe 11,1 no 3a.llaHHOH Ha.lle)l(HOCTH p. 3TH peweHHH 06

pa3YlOT Ha60p, 3a.llaIOIl\HH nOBepxHocTbceMeHcTBa .If(. TIepBHQHble cpe;lHHe onpe.lle

JIHIOTClI rHnepnJIOCKOCTlIMH B nO.llMHO)l(eCTBe I npOCTpaHCTBa ,92"+1, KaC31OIl\HMHClI 

ceMeikTBa .If( IB TOQKaX pO. TalK K3K of(r, p)/opj=-rj/pj, TO ypaBHeHHlI 3THX rHnep

k+l 
nJIOCKOCTeH HMelOT BH.ll 2;pj (pj_pOj) /po j = O. 3TH rHnepnJIOCKOCTH H onpe.lleJIlIlOT 

I 
nepBHQHWe npH3HaKH BH.lla 

k+1 

gpo(Z)= ~pjAi(Z)/Pj, pj=rj/N, 
i=1 

k+1 k+l 

Mgpo = ma~,( ~ Pi Pi/P; = ~ Pi P;;P; = I. 
PE.;w I II 

B pe3yJlbTaTe pa3JIH'IHbIM pO KaK peweHHlIM ypaBHeHHlI F(p, p) =11, cooTBeTcTBylOT 

I pa3JIHQHbie JIepBHQHJ,Ie npH3Ha,KH gpo(z) C O.llHHM H TeM )I(e y Bcex paBHbIM I Bepx

HHM Ope.llHHM. 

Ta'KHM 06p a30M, nep8Utf.flblMU cpeOflUMU, onpeoeAflFOUfUMU d08e
pUTeAbHyFO MooeAb, 6yOyT 

- k+1 A ° k+l A ° 
M .~ Pi Ai (z)lpi = 1, V'po: - ~ Pi Inpi=A1 • (8.5) 

I I 

Mbl BH.lI.HM, liTO .;I{ 3aBH'CHT 01' ,rrOJIYlIeHHbIX B ",CrrbITaHHHX lIaCT01' rj 
(HJIH O1'HOCHTeJIbHbIX lI31Cl'01' Pj). DPH N-+-oo ,MO.ll.eJIb .;It CT5IrHBaeTCH 

K TOliHOMY pacrrpe.ll.eJIeHHIO BepOHTHOCTeH, COOTBeTc1'BylOlUeMY rrpe

.lI.eJIbHbIM lIaC1'OTaM Pj= lim Pj· 
N-+oo

i 
t DOJIY'lIHM 'B H,BHO'M EH.lI.e 'He'KOTopble H3 rrep'BHlIHbIX Cpe.ll.HHX, co
I OTBeTcTBylOW.HX Ha60py (8.5). JLJIH 3Toro ¢HKcHpyeM pOj= Pj, j = 

=2, ... , k, H 6Y.ll.eM HCKaTb pOI H3 paBeHcTBa F(p, p) =11,1. DOJIyllHM 
pO) KaK peweHHe ypaBHeHHH 

A • AA	 k. ~ 

- PI In PI - PHI In (PHI +PI - PI) = AI + ~ Pi In PJ' 
2 

3THX peweHHH 6Y.ll.eT .lI.Ba: !tl' pOl, r.ll.e !!ol~PI~p01' TaKHM obpa

30M, IHICKOMbIH neK1'Op pO/{ BepOH1'HOCTeu 6Y.ll.eT HMeTb BH.lI. pOI, P2, ... , 'Ph, 
k 

(1- 'L,pj-pOd, r.ll.e pOI paBHO JIH60 pOl, JIH60 pOl. COO1'BeTc1'BylOlUee 
•	 2 ~ 

Ka)l(.lI.OMy TaKoMy BeKTopy IrrepBHlIHoe Cpe.ll.Hee HaXO.ll.H1'CH H3 ypas
HeHHH (8.5) H HMeeT BH.lI. 

M (PI - pr) [AI (z)lp~ - Ah+1 (Z)I(PHI -+ PI - p~)l = O. 

3aM'eHHH HH.lI.eKCbI 1 H k+ 1 .pa3HbIMH KOM6H1HaUHHMH HH.lI.eKCOB 1, m, 
1=1= m, 0'1' 1 .uo k+ 1, rrOJIyllH>M rro.ll.Ha6op rrepBHlIHbIX Cpe.ll.HHX BMeC1'e 
c ypaBHeHHHMH .lI.JIH IiaXQ)K.lI.e<HHH ,?:l H pOl. 

ECJIH CKJIOHHTbCH K yrrpor.ueHHHM, TO 01' -Bcero Ha60pa (8.5) rrep

BHllHbIX Cpe.ll.HHX MO)KHO OTKa3aTbCH, OCTaBHB HX KaKylO-1'O lIaCTb, 

liTO rrpHBO.ll.HT K paCWHj)CHHIO }!.OBepIHeJIbHotI M0.ll.eJIH C YBeJIHIleHHeM 

Ha.ll.e)KHOC1'H, 3a OCHOBy paCWHpeHHH MoryT 6bITb B3HTbI JII06ble rrpH3
k+l 

Ha,KHBH.ua g (z) = 'L,g;A i (z). I1HTepe'CHO TO, liTO Ka)l(.lI.bIH H3 HHX C 
I 

TOlJHOCTblO .lI.0 MHO)KHTeMI COBrra.ll.aeT C 0.ll.HHM H3 rrepBHlIHbIX rrpH3

HaKOiB (8.5) (.lI.JIH 3TOTO iHY)KHO rr'O.ll.o6paTb cooTBeTcTBylOlUee pU), rro

31'OMy TaKoe paiClUHpeHHe 3KBHBaJIeHTHO YMeHbweHHIO lIHCJIa rrepBHq
IlbIX 'Cpe.ll.HHX. 
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HCnOJlb30BaHHe KpHTepHSI XH-KBa~paT. Onpe,neJI5IIOmee ,nOBepH
B cpaBHeHHH \C \(8.3) HMeeM 

TeJIHHylO MO,neJIb Jf{ CeMeH'CTiBOBeKTOpOB p MO)KeT 6bITb :BbI6paHO C 1 
rr03HUHH ynpomeHHOrO paeqeTa nopora 'A. I-'!'CnOJIb3yeM ,nJI5I 3TOrO 

CTaTHlCTHKY XH-'KBa.rr.paT 

k+l A 

~ (Pi - PJ)2/pj~ A2 , (8.6) 
1 

r,lLe'A2 Haxo,nHTC5I ITO 3a,naHHoH Ha,ne)l{HOCTH p. IlpH60JIhlllHX N JIe

Ba51 qaCTh IHepaBeHCTBa HMeeT rrpH6JIH)I{eHHO paenpe,neJIeHHe Xll-KBa,n

paT c k CTeneH5IMH cBo6o,nbI 1[25]. Tor,na rropor A2 16y,neT KpHTll4ec

KOH TOQKOI1: 3Toro paorrpe,neJIeHH5I. CeMeflcTBy Jf{ BeKTopOB p, onpe

,lJ.eJIeHHoMy HepaBe'HCTBOM (8.6), cooTBeTcTByIOT rrepBHqHble 3'HaQeHH5I 

- k+ 1 2 0 k+ 1 2 0A A 

M ~ Pi Aj (z)/(pj)2 = 2: Pi/Pi, 
1 I 

r,ne pO ,eCTb BceB03MO)KHble peWeHH5I ypaBHeHH5I (8.6), 'B KOTopaM se
paBeHcTBo 3aMeHeHO Ha paBeHcTBo. 

HHcf>opMau,HoHHbIl1 KpHTepHH nOCTpoeHHSI .n.oBepHTeJlbHOH Mo.n.eJlH. 

Ey,neM (CqHTaTb B (8.1) w (p) ==:eonst II OCTa'HOB'HM'C5I Ha rro,LL6ope 

rrJI01lHOCTH w* (p), ,BXO,lJ.5ImeH B 3HaMeHaTeJIb. EYJLeM nCKaTb MaKCH

MyM 3uaMeHaTeJI5I no w* (p) npH KaLK,nOM 3a,n3HHOM BeKTope 4a,c

TOT r. 3TOT ,MaKCIIMY'M ,nOCTHraeTC5I npH ,neJIbTa-epyHKUHH ,UupaKa 

w* (p) =='f) (p-p) 11 onpe,neJI5IeTC5I no epOPMYJIe 

P (r) = max Pw* (r) = max Pp (r) = Pr/ N (r). 
w* p 

OnpaB.rr.aHHeM ,HalIlHM )].eHiCTBH5IM 'CJIY2KIIT TO, tITO HMe51 Ha6JIIO,UeH

HbIM !BeKTOp r, MbI paeCMaTpHBaerv1HaMMeiHee 6JIarOnpH5ITHYIO IIJIOT

HOCTb w* npHMelHHTeJIhHO K f. 

C yqeTOM Hall,neHHoro P(r)nOCJIe rro,nCT3'HOBKH ero B (8.1), JIO

rapH<pMHp'OBaHH5I o6eHx qaiC'Tell HepaBeHcTBa II IIepeMeHbI 3HaKa npH

XO,lLHM K CeMeI1:rcTBy eJf{ BeKTopOB p, onpe,UeJI5IeMoMy IHepaBeHCTBOM 

A k+l " A 

J (p, p) = ~ Pi In (pj/pj) ~ 'As· (8.7) 
1 

JIeBa5I qaCThHepaBeHcTBa (8.7) eCTb pa3JIHQaIOma5I HHepOpMaUH5I 

[24], co,nep.iK3ma5IC5I B BeKTope p B rrOJIb3Y TOq'HOH BepOSITHQlCTHOH 

Mo,neJlH, arrpe,neJI5IeMOH 3THM BeKTopoM, npH KOHKypHpyIOmeH aJIb

TepHaTHBe p. 5!CHO, 4TO tIeM MeHbwe 3Ta pa3.lIHq3IOma51 lIHepopMa-
A A 

Il,H5I, reM 6JIH)Ke p K p, a IIpH p == p 3Ta HH¢OPMaUH5I l\1HHHMaJIbHa 

H paBHa O. TaKHM 06pa3Q1M, COrJIaCHO (8.7) ,noBepHTeJIbHylOMO,lJ,eJIb 

o6pa3yIOT Ta'K'He BeKTopbI p,KoTopbleB CMbI'CJIe pa3JIHQaI01ll,eH HH

epOPM3UHH OTICT05IT OT p'" ,He 6oJIee, ,qeM Ha qHCJIO ,'As. Ilopor As Haxo

,lLIITC5I H3 epOPMYJIbI (8.4) e nO,lllcTaHoBKoll HepaBeHcTBa (8.7) Ino)]. HH3' 

CUMIBOJIa CYMMbI KaK OrpaHHQeHH5I Ha r (Bc.nOMHHM, lITO p"== rIN). 
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A A A Ak+l 
J (p, p) = ~ Pi In Pi +F (p, p), 

1 

k+l 
n03TOIVlY (8.7) COBna,naeT C (8.3) IIpH 'AI ==As- ~ Pi In Pi. 3aMeHHM 

1 
B (8.7) HepaBeHcTBoH3 paBeHcTBo H o603Haq.uM KaKoe-TO ero BeK-

Top-perneHHe pO. .3TOT BeKTop eOBna,U3eT C TaKIHM .IKe onpe,neJIHeMbIM 

npaBbI'M paBeHcTBoM B (8.5), eCJIH nO,LLCTaBHTb Ty,na BHOBb rrepeCtIH

TaHHoe 3'HaQeHHe AI, rro3ToMY rrepBHQHble Cpe,lLHHe 6y,nYT COBUa,lI.aTb 

c (8.5) IIpH C'ooTBeTcTByIOLUHx pO, QTO Be,lI.eTK cJIe,ll.YIOmei1 8aIIHCH 

nepBHIIHbIX cpe,nHHx ,noBepHTeJIbHOH \Mo,neJIH H ypaBHeHHI1: ',ll.JI5I pU H 'As: 

- k+l 0A A 

M ~ Pi Aj (Z)/Pi = 1, J (p, pO) = A3, 
I 

p = min L: Pp (r). 
p A 

r:J{p,p) ~A,3 

AOBepHTeJlbHbIe COBMeCTHbIe o~eHKH. TIYCTb d k = {AI, ..., Ak } 

np0I13BOJIbHbIH (B 06I.I..I.eM, rrepeCeK3IOI.I..I.HHiC5I) 'Ha6opco6blTHH Ha .2. 
Tpe6yeTc5I rrOJIYQHTh COBMeCTHble ,ll.OBepHTeJIbHble oueHKH IBep05ITHOC

TeH 3T,HX C06bITHH: pj = P (A j ) IB IBH,ne rrpoH3Be,neHHH oueHOK l-tz (pj) 
k 

OT,neJIbHbIX C06bITHH: (.tz (p) =II !-tz(Pj). Tpe60BaHHe K Ha,ne:tKHOCTH 
1 

COBMeCTHOI1: oueHKH Ha:KJI3,nbIB3eT orp aIHHQeUH5I Ha Ha,lle)l{HO'CTH OT" 

)1.eJIbHbIX oUleHOK. 3TOT Bonpoc 3,rr.ecb H paeCMaTpHBaeTCH, a HlM'eHHO 

nOJIY4I1Th COBMecTHyIO ,nOBepUTeJIhHyIO OU.eHKy,'HMeH OT,neJIbHble 

oueHKH. 

,UJI5I OT,neJIbHOrO C06bITH5I A j ,UOBepHTeJIbH35I oueHKa Ej, Pi ypOB

H5I ui ~aeT'C5I KaK ,peweHHe ypaBHeHHit [25] 
, j -1 r rj4 r __r r .

~ C1pj(1-pj)N-i =l-ajO, ~ C~vpj(l-pj)N-£ = ail' V' 
[=0 - - i=O 

r,ne UjO+Ujl = U.i H rj - QaeTOT3 3Toro C06bITllH. B aCllMTITOTH'q,eCKOM 

BapHaHTe npH N---+-oo iH UjO=='Ujl =='Uj/2 ,ll.QiBepHTeJIHHble rpaHHUbI 6y,llyT 

rrpa6JIH)I{eHHO paBHbI 

Pi + cD-I (l/2-aj/2) VPi (l -pJ)/N, 

r,rr.e <D (x) - epyHKUH5I JIaUJI3'ca. 

Teo:peM38.1. flyCTb x=="l U f.lr (Pj), j=l, ... , k, eCTb oOBepu
TeAbHble uHTepBaAbHble OL{eHKU napaMeTpoB pj==P(A j ) ypoBHeu Uj, 

onpeOe.llfleMble cpaHUL{aMU ~(Ai) ==E.j, P(A j ) ==pj. Tocoa BTU cpaflU

l{bl, 83JlTble sa nepBUtLlible, saoalOT 008epUTeAbHY1O UHTepBaAbliylO 
k 

MooeAb J(p liaOeJICHOCTU, no KpaUlieu Mepe, p~ l-~aj. 
1 
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.IX 0 K a 3 aTe JI b C T B O. .IXJIH COBMeCTHOH oueHKH J.t (p) = r 

a • 
9JIeMeHTapHoe HepaBeHCTBO IIJ.tr.(Pi);::3I-~[I-J.tr.(Pi)], 

J J J J 
k k k 

;k 
IIJ.trJ (Pi), Hcno.~b3Y»
 
I ~
 

HMeeM: p=Mf.lr(p)= 
-

=MIIJ.trj(Pi) ;::31-~M[I-J.trj(Pi)].=l-~ai' 'lTO H Tpe6oBaJlOCb.
 
-I 1 1
 

3 a 'Me 1.1 a H H 51. 1. TeopeMa 8.1 HMeeT CMbICJI )J.JI5I JII06bIX COB


MeCTHblX .lI:oBepHTeJIbHbIX OIJ,eHOK 3a)J.aIOllI,HX JIapaMeTpoB. COBepweH


JIO He 06513aTeJII>H0, 'ITO 3TO OIJ,eHK,H Bep05l'I'HOCTeH H 'ITO IQlHH HHTep


BaJIbHble. TaK, eCJIH f.lz (mj), f = 1, ... , k, eCTb paCnJIbIB'laTble )J.oBep'H


TeJIbHble OIJ,eH'!m napaMeTpoB mj=Mgj(z), TO pa3MbITa51 MO)J.eJIb Ha
s 

)J.e)KHOICTH p~ 1-~aj 6Y:JJ.eT onpeJI.eJI5ITbC5I nepBH'lHbIMH pa3MbITbI'MH
 
I
 

cpe)J.HHMH f.lz (mj) ,npH3HaKOB gj(Z), j= 1, ... , k, H k - ;pa3MepHocTb
 

MO)J.eJIH (eCJIH HeT ,H36bITO'lHOCTH B ee nepBH'lHbIX cpe)J.HHx).
 

2. ECJIH ypOBHH aj, j = 1, ... , k, C'lHTaTb pa'BHbIMH Me)l{)J.y C060H, 

TO B COOTBeTCTBHH C TeopeMoH 8.1 Hy)I{HO 6paTb aj= (l-p)/k. 9ro 

3Ha'leHHe 51BJl5IeTC5I 5IBHO 3aHIDKeHHbIM, oco6eHHo npH 60JlbWOM k, ( 

'ITO npli'Be)J.eT K H3J1HIllHe paCIllHpeHHOH )J.OBepHTeJlbHOH MO)J.eJlH, no

3TOMy Tpe6yeTc5I nepeC'leT Ha)J.e)J{HOCTH no y)J{e BbI6paHHbIM nepBH'l 

IHbIM cpe)J.'HHM (.lI'OBepI1TeJlbHbI'M OIJ,eHKa'M) OT)J.eJIbHbIX napaMeTpOB. 

9TO )J.eJlael'C5I TaK. lly,cTb mj=M~gjiAi(z) = ~gjiPi, r)J.e Ai ~ Hene
i i 

peCeKaIOllI,HeC5I MHo)J{ecTBa, o6pa3yIOIIJ,He pa36HeHiae X, a Pi - IlX 

Bep05lTHOCTIl. Tor)J.a nepeC'lIlT3HiHa51 Ha)J.e)J{HOCTb 

p = min ~ Pp (r) ftr (m).
 
p vr
 

3. llpH yBeJIl1'leHHIl 'lHCJla nepBIl'lHbIX napaMeTpoB Ha)J.e)J{HOCTb 

MO)J.eJIH np'H 3a)J.aHHbIX OIJ,eHKax OT)J.,eJIbHbIX napaMeTpOB, IB 06ll1,eM, 

na)J.aeT. KpoMe Toro 'CJIy'la5l, .Kor)J.a 3a)J.aIOIIJ,l1e napaMeTpbI «CI1J1bHO 

CB5I3aHbI» Me)l{)J.y Ic060H, T. ,e. O)J.HHJIHillb He3iHa'lHTeJIbHO OTJIH'lael'C5I 

OT )J.pyroro. TaKa51 CB5I3b HMeeT Mec-ro, eCJlH 3a)J.aIOllI,HMIl 5I'BJl5II01'C5I 

BKJIa)J.bIBaIOllI,IleC5I )J.pyr B )J.pyra ,c06 bITII 51 , K pa'CCM01'peHHIO 'lero If 

npH·CTynHM. 

)l.oBepI1TeJIbHa51 Q>YHKIJ,I1S1 pacnpe,lI,eJleHI1S1. llycTb 3a.lIaIOllI,l1M (OH 

)J{e nepBH'lHbII1) 5IBJl5Ie11C5I 'Ha6op BKJla)J.bIBaIOllI,HXC5I .lIpyr B .lIpyra 

006bITHH Aoc:X, 8E.rl, Aoc:Ao' IllpH e::::;;8'; 0603Ha'lHM 'lepe3 Po= 
N 

= ~ {ZiEA o} IN - 3Ha'leHH5I OTHOCHTeJIHHbIX 'l3oCTOT nona)J.a'Hl151 no-
I 

CJI'e)J.OBaTeJlbHOCTH Zi HC'nbITaHI1H B IMHQ)IWCTBa Ao. EC.1IH oT06pa3IfTb 

X 'B .rl TaK, 'ITO A 0 OT06pa)J{aeTC5I B nOJlYHHTep'BaJl (-00, 8), TO p9 
KaK Q>Y'HKIJ,I151 8 6y)J.eTBbI60pO'lHOHQ>yHKlI!HeH pa'cnpe)J.eJl·eHH5I. 0603

Ha'lHM po = P (zEA 0). Tpe6ye11c5I HaHTH )J.oBepHTeJlbHble rpaHHIJ,bI 

)J.JI5I po, TaKHe, 'ITO P(II{,60-CN(p)::::;;PO::::;;,60+CN(P)})=p. Pa3HOCTb 
- 0 

1,6 0 -Po I - H3BeCTHa51 CTaTlfICTHKa KOJlMoropOBa, n03TOMY CN (p) 

eCTb Ta6yJIHpO'BaHHble np0IJ,eHl1Hble TO'lKH pacnpe)J.eJleHH5I 3TOH CTa
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THCTHKH[25]. TaK:HM 06pa30M, HCKOMbIMH nepBH'lHbIMH 3Ha'leHH5IMH, 

onpe)J.eJl5lIOllI,HMH )J.oBepHTeJIbHyIO MO)J.eJlb, 6y)J.yT 

P (Ao) = Po - CN (p), P(Ao) = po +CN (p). 

MbI BH)J.HM, 'ITO HeCMOTp51 Ha 6eCKOHe'lHOe B )J.aHHOM cJly'lae 'lHC

JIO 3a)J.aIOllI,'HX napaMeTpOB Po )J.·OBepHTeJlbHble rpaHHIJ,bI OT,lI.eJIbHbIX 

napaMeTpOB He CTaHOB5I1'C5I TeM He MeHee TpHBHaJIbHbIMH, He pac

ill'Hp5lIOTC5I )J.O HHTepBaJla (0; 1) ,KaK 3TO 'CJle)J.OBaJlO 6bI H3 Teope

MbI 8.1. 

8.3. COfJIACOBAHHblfl CHHTE3 MO)l,EJIEA H nPABHJI 

HaAe)KHOCTb MO,lI,eJIeH: 11 I1CTI1HHble oum6KI1 npaBI1JI. llpoIJ,ecc 

H3rOTOBJleHH5I npOMblIllJleHHbIX H3)J.eJI'HH «06paCTaeT», XOTHMMbI 3TO

1'0 HJlH He XOTHM, MaeCOH nO)J.rOTOBHTeJlbHbIX pa60T ,H 'BCnOMOraTeJIb

HbIX CJIy)J{6. Hy)J{HO pa3)J.06bITb Cblpbe, C)J.eJlaTb 3arOJlOBKH ,(MO)J.eJIU), 

CKOMnJleKTOBaTb HX, )J.OCTaBHTb ,K MecTy, a ,LI,JI5I 3Toro Hy)J{HO HMeTb 

nOMelll,eHHe, nO)J.rOTOB'HTb CTaHKH, TexHHKy, HaKOHeIJ" HaHTH pa60'lHX 

H 3aHHTepeCOBaTb ,fiX 3apnJIaTOH, opra'HH3'O'BaTb 3KOHOMH'leOI{,He CJIY)J{

6bI (XOT5I H 3TO eIIJ,e, KOHe'lHO )J{e, He Bce). I1 TOJIbKO nOTOM MO)J{HO 

npHcTynaTb K ,ca'Mo'My H3rOTOBJIeHHIO. Ha Ha)J.e)J{HOCTb, PHTiMH'lHOCTb 

pa60TbI Hy)J{HO CMOTpeTb B KO'MnJIeK'Ce C OXBaTOM Bcero OTJIa)J{eH

HOrOMexaHH3Ma npe)J.npH5ITHl1 'B .IJ,eJl'OM. 

llpHMepHO TO )J{e caMoe HMeeT Me-CTO npH ,CHHTe3e MO)J.eJlH, r)J.e 

nO,lI.r0110IBHTem';Hble pa60TbI ICOCT05lT 'B Bbl60pe .ff{xy, f!!), {n], x, CO

CTaBJl5I!0lll,'HX CTaTHCTH'lecKyIO 3a)J.a'ly, a caMoe fJIa'B'HOe - B BbI60

pe 'MO)J.eJIH .J!{XlI, 'CBoero pO)J.a HIHcTpyMeHTa K 6y)J.ylll,eMy H3:LI.eJIHIO 

peIllaIOIIJ,e'MY npaBHJlY (3arOTOBKOH K KOTOpOMy 5IBJI5IeTC5I ,f!!)). EpaK 

B lJaCTH IIHcTpyMeHTa )J.eJlaeT 6eCCMblCJleHHbIM caMO )J.aJlbH'eHillee 

«H3rOTO!BJleHHe» (KaKa51 6bl HH '6bIJIa 3arOTOBKa), 'no3ToMy B nepBYIO 

04epe)J.b MO)J.eJlb .ff{xy )J.omKHa 6bITb Ha)J.e)J{HOH, )J.OBepHTeJIb'HoH. B TO 

)J{e BpeM5I HeJlb351 H 3TO Tpe60BaHHe )J.OBO,lI.HTb )J.'O nOJl'HOrO a6cyp)J.a, 

3a6blBa51 0 IJ,eJleBOM Ha3Ha'leHHH MO,lI.eJIH - np5lMO BeCTH K H3)J.e

JUliO - peWaIOIIJ,eMy npa'BHJlY. Qpe3MepHble H3,lI.ep)J{KH Ha HHoCTPy

Me'HT nO)J.HIIMyT II BpeM5I H3rOTOBJIeHH5I, H cyMMapHylo CTOH,MOCTb. 

3)J.eCb Hy)J{eH 'KOMnpOMlfoCC. 

EY,EleM MbICJlHMono)J. «H'3)J.eJlH5IMH» nO:LI.pa3YMeBaTb npaBHJla )J.O

BepIITeJlbHO;O OIJ,eHHBaHI151 (XOT5I 3TO MO)J{eT 6bITb rrpO'BepKa rHTIO

Te3). Y MO,EleJlH H y rrpaBHJIa lCBOH aTpH6yTbI: y ,MO)J.eJlH - 3TO Ha

)J.e)l{HOCTb, y npaBHJla - OIllH6Ka (ypoBeHb 3Ha'lHMOCTH). llocJle)J.

H5I5I paCC4HTbIBaeTC5I no BH)J.y MO,lI.eJlH. O'leBH)J.HO, HMe51 HeHa)J.e)[{HyIO 

MO,EleJlb, HeJlb351 y)J{e )J.OBep5lTb OIllH6Ke (paC'leTHoMy ypOBHIO 3Ha

'lHMOCTH a), pa,e-C'lHTaHHOH (no MO,lI.eJlH) )J.Jl5I npaBHJIa, 1160 HCTlliH

Ha51 Bep05lTHOCTb OIllH6KH O)KH)J.aeTC5I 'BbIIlle paC'leTHoH. B TO )J{e 

Bpe<M5I ICJIHIllKO'M WHpOKa51 II OTCIO)J.a 'lpe3MepHO Ha)J.e)I{Ha51 MO)J.eJIb 

npHBe"QeT K HeonpaB)J.aHHoMy YBeJlH'leHHIO paC'leTHbIX OIllH60'K rrpa

BHJI. B03HHKaIOllI,ee rrpOTHBOpe'lHe pO)J{)J.aeT nOTpe6HOCTb BCKpbITb 
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c1'porylO CB~3b Ha.u.e:>KHOCTH MO.u.eJIH C 0llIH6KaMH rrpaBHJI, IK tIeMy H nYCTb Tpe6yeTcH 06eC,rretIHTb 3a.u.aHHbIH HCTHHHbIH ypoBeHb a 

nepeH.u.eM . olJ,eHKH: aXH (0) ~a. Do.u.tCTa'Ho'BKOH (8.8) Haxo.u.HTCH orpalHHtIeHHe,

DYC1'b aX (0) - ypoBeHb, HJIH paCtieTfiafl BepOflTftOCTb oum6/Cu OHH3Y Ha Ha.u.e:>KHOCTb p~ (x-a)f,[x-aX(a)] H BeJIH4UHa pac'4eTHo

pelllalOmero rrpaBHJIa 0, paCCtIH1'aHHOro rro .u.OBepH1'eJIbHOH Mo.u.e

JIH .Jf{p Ha.u.e:>KHOC1'H p. Tor.u.a C IBepO~THOC1'blO I,-p, C Ka'KOH MO~eJIb 

«6pa~KOBa'Ha», 31'a 0llIH6Ka He COOTBeTc1'ByeT HCTHHe, H HeKOHTpOJIH

'pyeMa. DeCCH,MH31M x = 1 npH pa:CtIeTe 3aCTa,BJI,~eT ycyry6HTb CH

TyalJ,HIO, ,CtIHTaib OllIH6Ky rrpaBHJI H3-3a ,«6paKa» Mo.u.eJIH MaK'CHMaJIb

HO B03MO:>KHOH, pa'BHOH 1; a KpaHHHH orr1'HMH3M x =0 - Ha060pOT. 

eCTb, ,rro 'CYTH, 'Bepa, 4TO ,BJce 6y'.u.eT ,KaK 'HeJIb3~ JI;ytIIIIe, T. e. oWH6'Ka 

MIfHHMaJIbHa H paBHa O. B pe3YJIbTa1'e MO)I{/HO ,rro.u.MeTH1'b, 41'0 He

I{OHTpOJIHpyeMa~ 0llIH6Ka npOCTO paBHa K03epepHlJ,HeHTY rreCCHMH3Ma 

x. TaK KaK «6pa'K» Mo.u.eJIH rro ee <IlOCTpOeHHIO 3aKJIa.u.bIBaeTC~ C Be

,POKI1HOCiblO I-p, TO UCTUftftafl (rrOJIHa~) 

'ElHJI COCia'BJI~eTC~ H3 HeKOHTpOJIlf.pyeMoH 
pa'CtIeTHOH c BepO~T,HOCiblO p: 

a~ (0) = pax (0) +(1- p) x. 

DO.!I.CTa'BHB B rrOJIytIeHHylO epOpMyJIy 

BepOflTftOCTb OUlu6KU rrpa

x C BepO~THOCTblO I-p H 

(8.8) 

aX(a) =xa(a) + (l-x)~(a). 

r.u.e a (0) = I-Ma, ~ (0) = I-Ma, iIleperrHweM HCTlf<HHYIO Bepo~TH()cTb 

OWH6KH B .u.pyro'M BH.u.e: 

a~ (0) = x [1-p (l-a (o)+~ (0»1 +p.::. (0). 

OT,clO.u.a Ha6JIIO.u.aeTC~ 'CB~3b HCTHHHOH BepO~THOC1'H 0llIH6KH !C K03ep

epHlJ,HeH1'OM rreClCHMH3Ma x. LIeM 60JIbille lIleCCHMH3M x, TeM 60JIbille 

HCTHHHa~ ow-H6Ka a'\, (0). Ho 3Ta oWH6Ka HCer.u. a He IBbIwe 

aOH(a) =p~(a), 41'0 COOTBeTcTByeT x=O. DPH x= 1 UCTH'H'Ha~ oWH6

Ka aIJ«a) =a(a) + (I-p)'[I-a(a)] ,CKJIa.u.bIBaeTCH H3 BepxHeH I'pa

HHlJ,bI oWH6KH ala) H (rrp!'! (;(0)« 1) HeHa.u.e:>KHOCTH I-p (BepoHT

HOCTH 6paKa) .u.oBepHTeJIbHOH 'Mo.u.eJIH. 

ECJIH 3arrHcaTb (8.8) eme B O.u.'HOYl BH.u.e: aXH(a) =ax(a) + 
+ (l-pHx-ax(a)J, TO 6y.u.eT 'BH.u.HO, tITO rrpH x>ax(o) IHcnfHiHa~ 
BepOHTHOCTb OWH6KH Bcer.u.a 60JIbWe paCtIeTHOH ax(a), rrpHtIeM tIeM 

MeHbllle 'Ha.u.e:>KHOCTb p H 60JIbWe meCCHMH3M, ieM cymeClBeHHeH 3Ta 

pa3,HHlJ,a, TeYl 60JIbWe HCTHHHaH BepOHTHOCTb OWH6:KH. OpH x~ 

~ I-aX (0) HCTHIJlHaH oWH6'!<a rrpeBblwaer pa'CtIeTHylO, rro 'KpaiiHeH 

Mepe, 'Ha BeJIH4HHY 'HeHa.u.eil{HOCTH I-p. 

Y'cTaHoBHM 'CBH3b MeiK.u.y HCTHHHOH 0llIH6KOH rrpaBH.'la H Ha.u.eiK

HOCTblO'Mo.u.eJIH, .u.JIH 4ero 3arrHilleM rrpH x=l: a1H(a)=I-p[I--a(0)]. 
Y'BeJIHtIeHHe p Bpo.u.e 6bI .u.0JI)!(HO YMeHbwaTb a1" (0). Ha caMOM .u.eJIe, 

rrpH )'I~eJIH40HHH p .u.oBepHTeJIl>HaH Yl0.'l.eJIb pacwapHercH, B pe3YJIbTa

Te a (0) B03paoCTaeT, Y<CTpeMJIH5IJCb ,K 1 rrp,H p--+1. Tor;:1,3 H aIH (0)--+1. 
T3'KHM '06'pa30Yl, 6paTb 60JIbWylO Ha.u.e:>KHOCTb Mo.u.eJIH 6eCCMbICJIeHHo. 

A TaK KaK (B 'CHJIy yCTaHOBJIeHHOro Bblwe) H MaJIaH Ha.u.eiKHOCTb 

He UMeeT CMbICJIa, TO. aAfl KaJICaOU CTaTUCTUtleCKOii 3aaatiU OOAJlCftO 
cyU{eCTBOBaTb onTUMaAbftOe 3ftatieftUe ftaaeJICftOCTU p (rrpHMep 6y.u.eT 

paCCMOipeH IB rrOCJIe.u.HeM pa3.u.eJIe). 

ro ypOBHH apac, Ha KOTOpbIH Hy:>KHO Ha'CTpaHBaTb 'rrpaBHJIO: aX(d) ~ 

~.[a-x(l-p)]/p=apac. ECJI~ a<x(I-p), TO rrOCJIe.u.Hee HepaBe.n
crBO ,H0BbI,rrOJIHHMO: ,HeJIb3H ,HaHTH apac, HalJ,eJIH'B Ha KOTOIpOe npa,BHJIO, 

nOJIy4HJI,H 6bI HCTH-HHbIH y'p,oBeHb a, 4TO rOHopHT 0 HeB03MO)!(H'OCTH 

nOJIytIeHHH no HeHa.u.e)!(HbIM Mo.u.eJIHM HH3Koro ypOBHH a OlJ,eaOK. 

Bcer.u.a ,a~ x (l-p) - UCTUftftblU ypoBeftb npaBUAa 60AbUle fteftadeJIC
ftOCTU MooeAu, B3BeUleftftOU K03q)(/JUtl,UeftTOM neCCUMU3Ma. 

OKa3aHHoe T04b-B-T04b rrepeHocHicH IHa paC4eT 0llIH6KH rrepBoro 

po.u.a aX (0) rrpH rrpoBepKe rarrOTe3. Ho eCJIH OlJ,eHKa OT,KJIHKaeTCH Ha 

rra.u.eHae paCtIel'HOro ypOBHH (no CpaBHeHYllO C JKTUHHbIM) :pacwHpe

HHeM, 4TO C'Boero 'po.u.a pealKlJ,HH (npoTecT) Ha HeHa.u.eiKHO'CTb Mo.u.eJIH, 

TO y IrrpaBHJIa .npOBepKH 'fHrrOTe3 nOHHiKeHHe paCtIeTHOH OllIH6KH aX (0) 
flO npH'HlJ,Hrry Ka4eJIeH BbI30BeT POCT paC4eTHOH OWH6KH BToporo po.u.a 

~x(a), H TeM caMbIM HCTHHHOH, orrpe.u.eJIHeMOH cOrJIa'CHO epopMyJIe (8.8) 
6y.u.eT : ~X,,(a) =p~X(a) +x(l-p). 

Terrepb nOHHTeH 06mHH CJIy4aH, 'BKJII04alOmHH B ce6Hpa<x:MoTpeH


I, HbJe 4a-CTHble H oX'BaTbI'BalOmHH TaJOKe 3a.u.a4Y epHJIbTpalJ,HH. DpHIBe


.u.eHHble 'co06paiKeHHH ,rrpHBo.u.HT K CJIe.u.ylow.eMy BbIpa)!(eHHIO .u.JIH
 

UCTUftftocO pUCKa: 

D~ (0) = pDx (0) +(1- p) [x sup D (0) + (1 - x) inf 0 (0)], (8.9)
a a -

r.u.e nepBoe CJIaraeMOe eCTb pHCK, ,paCC4H1'bIBaeMbIH rro .u.oBepHTeJIbHOH 

Mo.u.eJIH H B3BeweHHbIH ee Ha.u.e:>KHOCTblO p, a CJIaraeMbIe B KBa.u.paT

HbIxoK06Kax - 31'0, B 3aBHCHIMOCTH 01' 'CTeneHH neCCHMH3Ma x, o'Ppa

)!(alOmero «HaCTpoeHHe» rrpaBHJI, TOT HaH60JIbllIHH ymep6 H IC'OOTBeT

CTBeHHO HaHMellbWHH, KOToporo MO)!(1I0 )!(.u.aTb 01' «6paKOBaHHOH» 

MO.!I.,eJIH, ,rrpHtIeM 3Ta tIa'CTb pHC1{a '01' a 3aBHCeTb 'He 6y.u.er. 

Hy:>K,HO oTMeTHTb, tITO cTpyl<Typa OnTHMaJIb<HbIX npaBHJI 01' rrepe

paCtIe'POB pHCl<a, B 06w.eM, 3aw.Hw.eHa, TaK l{aK BCeueJIO onpe.u.eJIHeTCH 

nepBbIM CJIaraeMbIM (8.9), H B IKOHe4110M C4eTe, nepBH4HbIMH npH3Ha

KaMH .u.oBepHTeJIbHOH Mo.u.eJIH. fH61<HYlH oCTaHyr-CH OT.u.eJIbHbIe napa

MeTpbI 3THX rrpaBHJI, BapHalJ,HH KOTOpblX nO'MoralOT yrrpaBJIHTb pac
nJIbl,B4aTO'CTbIO HOWH61\oii. 

11Tal<, yCTaHOBJIeHO, 4TO HeftaaeJICftOCTb AtOaeAU BeaeT Ie fteo6xoau
AtOCTU BBeOeftUfl nonpaBOK B OUlu6KU npaBUA: UCTUftftble OUlu6KU 6y
8yT, B o6U{eJl1., 60AbLUe paCtieTftblX. OpH ,noTpe6HocTH 06eCnetIHTb epHK

cHpoBaHHylO H<CTHHHylO OWIlOKY (YPoBeHb) HyiKHO npe.u.ycMoTpHTeJIb

HO 6paTb 3aBe.u.OMO MeHbwee ,paC4eTHoe 3HatIeHHe co CKH.u.KOH IHa He

HaJJ.e)l('HOCTb, 41'0 'COOiBeTcTByeT H 41'0 npHBe.u.eT K rra.u.eHHIO peaJIbHbIX 

Ka4eCTB npaBHJI KaK ,OrrTHMaJIb'HbIX, Tal( H HeOnTHMaJIbHbIX. 

Pa3MbITbie .Il.OBepJ.-lTeJlbHble M0.ll.eJIH H perneHHSI. PaCnJIbIB4aTble 

OlJ,eHKH 3a.u.alOmHxrrapaMeTpOB Be.u.yT K pa3HbIM 'Mo.u.eJIHM, rrpHtIeM 

HH.u.HKaTopHble OlJ,eHKH 'Be.u.yT K 11M, a HeHH.u.HKaTopHbIe - K 60JIee 

06W.HM pa3MbITblM IYlO.'leJIH,YI § 2.3. 11 l'yT B03HHKaeT ,Bon-p-oc, KaK J].JIH 

pa3MbITbIX (HeHHTepBaJIbHblx) Mo.u.eJIeH opraHH30BaTb CHHTe3 OIlT'H
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MaJIbHbIX npaBIiJI. 9TOTBa)KHbIH MOMeHT OCTaBaJIC5I BtHe paMOK pa'c A,ll.anTau.HSI , Ha,ll.elKHOCTHoe Ou.eHHBaHHe cpe,ll.Hero npH HeH3BeCT1

CMO'DpeHIi5l, nOCKOJIbKyrrpii CHHTe3e MbI orpaHHlIIiBaJIHCb CTporo IiH nOK ,ll.HcnepCHH. npHHUHn a,lJ.amaUIiH COCTOHT B cy}l{eHHH ,lJ.OBepH
TepBaJIbHbIMii iMO,lJ.eJI5!'Mii. K ero OCBellJ;eHIiIO H nepeH,lJ.eM. • TeJIbHOH MO,lJ.eJIH B npoueoce rroCTynJIeHH5I Ha6JIIO,lJ.eHHH Y" ... , Yn· 

nYCTb IiMee'DC5I 3a,lJ.aIOmIiI1 rrapaMeTp e=Mq (z) (rrOKa 'B'Cef'O~HH) oo06eHHOCTb B TOM, liTO «06yll'eHHe» rrpOH3Bo,a,HT'C5I rro TeM }l{e Ha6

H ftz(8) eCTb ero paC'rrJIbIBlIaTa51 OU,eHKa Ha,lJ.e}l{HOCTii p=l-u([t). 
ClIIiTaeM oueH'Ky flz (8) YHwMO,lJ.aJIbHOH KOHTpaCTHoH <PYHKUIieH rra

palMeTpa 8 (T. e. ,lJ.OCTHraIOmeH 0 'H I). npH Ka)K,lJ.OM lIIiCJIe O~y~I, 

Ha3bIBa'eMoH BbICOTOH ropH30HTaJIbHOrO cpe3a, HepaBeHcTBo [tz (8) ~ 

~y BbI,lJ.eJI5IeT HHTepBaJIbHYIO OUeHKY (CJIOH) :[~V, BV] 3a,lJ.aIOmerO 

narpaMeTpa 8, T3K liTO rrpH HerrpepbIBHOH rro 8 <PYHKUIiIi [tz (8) HMeeM 

[tz (~V) =[tz (8V) =y. Ka)l(,lJ.bIH cpe3 :[~V, 8V] 'B CBOIO Ollepe,lJ.b orrpe,lJ.e

JI5IeT CBOIO HHTepBaJIbHYIO MO,lJ.eJIb ..#t(~) =<8:, 8V), pacrroJIaraIOmyIO

C5I Ha BblCOTe y, npHlieM ..#t(v') c.${(V),rrpii y/~y, a Bce BMe'CTe OHH, 

nOJIO}l{eHHble ,lJ.pyr Ha Apyra B COOTBe1'CTBIiHC BbICOTaMH, ,lJ.a,lJ.yT pa3

MbITVIO Mo:rr.eJIb. 

r1poCTpaHcTBo 2:, TaK IiJIIi I,m a lie CB5I3a'HO C rrp0113Be,rJ.eHHeM ge X U1J, 
n03ToMY 'rro ..#t(Y) onpe,lJ.eJI5IeTC5I CI1M .J!(r~) Ha 3TOM npOH3 Be,lJ.eHiiIi, Ii 

,lJ.JI5I l<a)K,lJ.OH H3 HHX HaXO,lJ.IiTC5ICBOe OnTIiMaJIbHOe npaBHJIO ay(V) (x), 
3aBH'C5Imee 01' BbICOTbl cpe3a y Mo,a,eJIH (CBoero pO:J.a npHBHJIerHii K 

HeH), rrrpHlIeM 'lieM 60JIbWe y, TeM (rrpH x~ 1) 60JIee Y3KOH 6Y,lJ.eT

.JfItr:) Ii MeHee paCnJIbllB4aTblM - fIIpaBHJIa ay(Y) (x), T. e. ay(V') (x) ~ 
~ay(V) (x) rrpli 'Y/~y. Tenepb OnTHMaJIbHblM npaBHJIOM a'y (x) npl1 

pa3MbITOHIMO,lJ.eJIIi .;ft(~), nOCTpoeHHoH no paCrrJIbIB4aTOH oueHKe [tz (8), 
6y,lJ.eT 

1 
a; (x) = S a~Y) (x) d y. (8.10) 

o 
n05lC'HHM ero, C4HTa51 a oueHl<OH ,rrapaMeTpa XEflt, ECJIH a/V) (x) 

eCTb n'pli u<a}l{,lJ.O'M l' IiHTepBaJIhHbie 'OueHKl1 x, TO TaK KaK OHH BKJIa

,lJ.bIBaIOTC5I ,il.pyr B J],pyra, 6Y,lJ.eTHMeTb MeCTO paBeHCTBO {a* y(x) ~'V} = 
= ay(V) (x), r,lJ.e CJIeBaCTOHT 'HH,lJ.IiKaTOpHa51 <PYHKUl15I MHO}l{eCTBa. 

TaKHM 06pa30M, 'HHTepBaJIbHble oueHKH ,lJ.JI5I MO,lJ.eJIeH .;ft(~), paOCM3T

pIiBaeMble KaK nOJIO)l(eHHble ,lJ.pyr Ha ,lJ.pyra CJlOIi Ha BbICOTax cpe30B 

O~,\)~ 1, <pOpMHpyIOT BMeCTe paCnJIblB4aToe npaBHJIO a"y(x). 91'0 

Ii eCTb ,HarJI5I,lJ.Ha51 H'HTepnpeTaUH5I (8.10). 
I1CTH'HHbIH ypoBeHb HJIH 01llH61<a npaBH,rIa (8.10) pacclIIiTbIBaeTC5I 

no <popMyJIe (8.8), r,lJ.e I-p eCTb ypoBeHb (Bep05lTHOCTb oWH6KIi) 

oueHKH [tz (8), a CJIe,lJ.OBaTeJIbHO, p - Ha,lJ.e)!<HOCTb ,lJ.OBepHTeJIbHOH 

MO,lJ.eJIH. 

MbI paccMOTpeJ1H O,lJ.IiH napaMeTp 8=Mq, 3a,rJ.aIOmIiH MO,lJ.eJIb. 

OlleBH,lJ.'HO, Bce CKa3aHHoe 6y,lJ.eT BepHO H ,lJ.JI5I npOH3BOJIbHOrO HX 

lIHCJIa, KorJ,a C ueJIbIO nOCTpOeHH5I ,lJ.OBepHTeJIbHOH MO,lJ.eJIIi 'HaXO,lJ.HTC5I 

COBMeCTHa51 paCnJIbIB4aTa5I OueH!<a [tz (8) «Bel<TOpa» l:J =MQ= 
= {Mq, qEQ} H 3Ta oueHI<a, B 06meM, He 51BJI5IeTC5I HHTepBaJIbHOH, 

a l1MeeT paCnJIbIBliaTbIHJ3Ii,lJ.. 

JIl0,a,eH H5IM , rro KOTOpblM rrpIiHHMaIOTC5I peWeHH5I OTHOCHTeJIbHO co

CT05lHH'H (oueHI1BaHHe, 'ilipOBepKa rIirrOTe3); 31'0 rrepBoe. A 'EO-BTOpbIX, 

yTollHeHIi,e Mo,a,eJIH ocymeCTBJI5IeTC5IHOCJIe,lJ.OBaTeJIbHO rro n. 
)lJI5I o'rrIi'Ca'HIi51 cxeMbI a,lJ.arrTau.IiIi .paccMoTpIiM O,lJ.IiH \CJIYllaH,Kor

,a,a Tpe6yeTC5I oueiHHTb rra,paMeTp ,C,lJ.BIira IHe3aBHcHMoH BbI60PKII npli 

HeH3'BecTHoH ,lJ.HCrrepcHH<pJIyKTyaUHH. A,lJ.amaUIi51 COCTOHT B oueHII

BaHIiH ,lJ.HCnepCHH H nOI,lJ.CTaHOBKe B oueHKy rrapaMeTpa c,a,BIIra. 

nYCTb Yi=X+Si, i= I, 2, ...,Ii rrycTb Tpe6yeTc5I Oll!eHHTb x, KOr,lJ.a 

~i He3aBHCHMbI, l1MeIOT HyJIeBble cpe,a,Hlle MSi=O, orpaHIilleHHble ,lJ.HC

nepcHH m2=Ms2i <oo l1 4eTBepTbIe ,MOMeHTbl MS'i=m4 m22 (rrOJIe3HO 

npe,a,cTaBHTb Si= V m21;,i, M1;,i=O, M1;,2i = I, M~/'i=m4)' npli 3a· 

,a,aHHOM m2 H x= 1 orrTHMaJlbHoHpaclleTHoro ypOBH5I Upac 6y,a,eT oueH

I<a (6.18): 

ay (x) = [I - ai,ac n (y - x)2jm2 j+· 

Ha caMOM )I(e ,lJ.eJIe, m2 He H3BeCTHO II Hy)lmO rrO,lJ.CTaBJI5ITb B 3TY 

<popMyJIy 3aBe,lJ.OMO 3aBbIweHHoe 3HalleHHe m2, liTO Be,lJ.eT K lIpe3Mep

HOMy YBeJIHlIeHHIO paCrrJIbIBqaTOCTH oueHKH. 3,lJ.eCb m2 II 6y,a,eT 3a

,a,alomHM MO,lJ.eJIb napaMeTpoM, ,rrpHlieM CQIiTaeTC5I OH 'cTaUHOHap'HbIM. 

A,lJ.arrTaIJ,H5I 'COCTOIiT B oueHHBarHl1H ,il.HCnepOlii m2 rro Ha6JIIO,lJ.eHH5IM 

H ee HCnOJIb30BaHHH J],JI5I oueHKH repe,lJ.Hero. 
OueHKa ,lJ.HCnepOIH ,lJ.OJI}I{,Ha 6bITb ,rJ.OIBepHTeJIbHOH, TaK IKaK no HeH 

CTpOIi1'C5I CHM, H ,rrpH 3T'OM He ,,lJ.OJI)I<Ha 3a'BHCeTb 01' x. HCrrOJIb3yeM 

,a,JI5I Hee ,CTaTHcTHKy a2y= yZ_yZ, HHBapHaHTHylo K C.II:BHra'M x. BH,a, 

oueHKIi npH ypoBHe I-p ee 3HallIiMOCTH 6y,lJ.eT orrpe,a,eJI5ITbC5I <pop

MyJIOH (6.27) (rrpH x=m2, l= I, aZ=M1;,2;= I, x= I) 

[ty (m
2

) = [I-(I-p) n (l-a;/m2)2/c j+, 
IIpIIHHMaeT MaKr,lJ.e c~ (m4-1). OueHI<a [ty (m2) KaK <PYHKUH5I m2 

2 rro Mepe OTKJIO-CIiMaJIbHOe 3HalIeHHe 1 rrp Ii rn2 = a y, OHa y6bIBaeT 
l 

HeHH5I m2 OT 31'01'0 3lIalieHIi5l, a rrpH m~ ~ a- 2y [ 1  V(l~p)n r
HJIH m > a"2y (1+ V C ]-1 oueHKa paB'Ha O. 9Ta oueHKa II 

2 (l-p)n 

orrp,e,lJ.eJI5IeT paC:ITJIbIBliaTYIO ,lJ.OBepHTeJIbHyIO Mo,a,eJIb (np'HLleM OTHIO,lJ.b 

He HHTepBaJIbHylO). 
)lJI5I rrOJIYlleHH5I 'OueHKIi x rro paCnJIbIB4aTOH MO,lJ.eJIH HlCrrOJIb3yeM 

MeTO,lJ.HKy rrpe,lJ.bI,lJ.ymero pa3,lJ.eJIa. COrJIaCHO eH 'H3 HepaBeHCTBa 

f!y (m2) ~'V HaXO,lJ.51T'C5I Ii-HTerpBaJIbI '!!V2, fiiY2, 'COOTBeTcTByIOmHe pa3

JIHlIHbIM BbICOTaM 'V ,cpe30B. Ha,c HHTepecyeT JIHWb BepXII5I5I rpaHH

ua fiiV2, TaK KaK oueHKa ay (x) onpe,lJ.eJI5IeTC5I TO.lIbKO eIO. HMee'M 
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t1lI'2=7a2
y [1 +Vc(l-1')j(1-p)n]--1 IH no epopMyJIe (8.10) rrOJIy4aeM 

a; (x) = f [l-apac n(1- V~/~~)l'~) (X~/)2]+ dv. (8.11) 

3Ta oueHKa 3KiBHBapHaHTHa IK IC)I,IBHry: 0Y+la(x+a)=ay (x), H HHBa.. 

pH3HTHa MaCWTa6~HbIM H3MeHeHH5IllVI: Oby (x) =Oy (x), b>O. 1
P aC4eTHbIH ypOBe:Hb apac HHa,neLKHOCTb p, KaK 3TO IlOKa3aHO B 

\{ 

,Hay:aJIe rraparpaepa, iCB5I3aHbI ICOOTHOWeHHeYI p (I-apac) = I-a, r)I.e a
'HiCTHHHbII1 (Tpe6yeMbIH) ypoBeHb rrpaBHJIa. Bblpa3HB I-p =, (a-apac) /
I (l-apac) H Ilo,nCTaBHB B (8.11), IMOLKHO 6bIJIO 6bI HaHTH OIlTHMaJIb

Hoe3Hay:eHHe apac, MHHHMH3HpyIOllI,ee paCIlJIbIB4aTocTb loueUKH (S.II). 
4T06bI 060HT'H 'T,eXHH4eCKHe rpoMo3,nKOCTH, 'HaH,neM 3iHay:eHHe apac, 

MHHHMH3HpYIOIll,ee paCIlJIbIBy:aTo,cTb \npH 3a,naHHOM 1'. ,UJI5I 3Toro IHyM

HO MHHHMH3HpoBaTb no apac K03epep HUHeHT 

cx,pa c n [1 - Vc (1 - 1') (1 - cx, lJa c) / n (a - a pa c) . 

,UHepepepeHUH py5I ero no apac Ii !IlipHpaIBHHBa5I 0, npHXOIJ1.'HrM 'K ypaB

HeHHIO: 2 V (l-upac) (a-apac)3-1( c(l-v)/n[2(I~apac)(a-Upac) + 
+'apac (I-a)] = O. HaM Hy)l{HO BbIHBHTb Kay:ecTBeHHyID CTOpOHy, no

3TOMy npH6JIH:lKeHHO nOJIara5I l-u~ 1, oTKYJLa I-apac~ I-a~ 1, II 

C4HTaH n ,nOCT3TOY:UO 60JIbWHM, TaK 4TO c( 1-1') /n MaJIO, nOJIyy:aeM 

a pac ~ a- ~/c (l-v)a2 j4n, p = 1-VC (I-V) a 2 j4n.
 

MhI BH,l1)1M, 4TO npu YBeAUtteHuu n paCtteTHblU ypoBeHb Upac
 
3 

yCTpeAtAfleTCfl K UCTUHHOMy CO CKOpOCTblO 1/1/n, a onTUMaAbHO 8bl6

paHHoe p C Toll JlCe CKOpOCTblO cTpeMuTcfl K 1, TaK 4TO cyMMapHa5I 

oIllH6Ka apac + (I-p ) = a eCTb HCTHHHbI~I ypoBeHb. 

,UJI5I nOJIyq.eHH5I !{OHKpeTHbIx pacy:eTHblx3Ha4eHHI1 Upac Ii IP BMec

TO HeH3BeCTlHoro l' Hy}KHO no,nCT3BHTbcpe,nHee MeLK,Uy 0 H 1 y:aCJIO, 

HanpHMepV= 1/2, H nOJIO:tKHTb c~m4-1. 3,lI,eCb Fii4, eCJIH OHO He H3

'BeCTHO, T3KLKe MOLKeT oueHHBaThC5I no Ha6JIIO,lI,eHHHM HJIH HaXOi,lJ,HThC5I 

H3 ,lJ,pyrHx coo6p aLKeHHH. 

8.4. 3AKJlIOlJEHHE 

!<aKyIO )Ke BbIro,n:y Bce :IKe CYJIIIT HCIlOJIb3'OBaHlle HHTepBaJIhHbIX Mo,n:eJIet1? 

B KatIeCTBeHHOM OTHOIlleHllll OHH npollrphIB3IOT TOtIHhIM (pacnpe,n:eJI,eHIIHM BepoHT

HocTerI), H 3TO K3JK 6y,n:TO 6hI CTaBillT Ha HIIX KpecT. 

Ope,n:cTaBhTe Ha MHr, tITO Ha6JIIO,n:aeTC5I ,lI,OceJIe HeBll,lI,aHHbIH 06'heKT H Tpe6yeTcH 

OITHCaTb ero epOPMY. ITpHtIeM 06beKT nJIOXO pa3JIHtIHM (Haxo,n:HTC5I B TyMaHe HJIIi 

):(aJIeKO OT Hac). 5!CHO, tITO npnneTC5I orOBapHBaTh yCJIOBHOCTh c,neJIaHHoro onHcaHHH 

BCTaBKaMll Tllna «Bpo,ne 6hI», «Ka)KeTC5I», JIH60 y)l,OBJIeTBOpHThC5I rpy6bIM 06pa30M, 

yHHB Bo06pa)KeHHe no OTHOIlleHHIO K TOMy, tITO He ipa3JUltIUMO (HayKa -- He <paH
TaCTlI'Ka) . 

To :lKeCaMoe H ,lI,JI5I MOJJ.eJIeH, KOTophle BH,n5lTCH B 60JIhIIIHHCTBe peaJIhHbIX 

aa,n:aq BeChMa CMyTHO H3-3a KOHetIHOCTH BpeMeHH H BbI,lI,eJIeHHhIX cpe,ncTB Ha H3Y

qeHHe 5IBJleHH5I, HaKQHeu, CMeHHOClIll, neycTOHtIHBOCTH caMHX peaJIhHhIX 5IBJIeHHH. 

npeKpaCHO OC03HaBaH, tITO olllu6otIHOCTb Mo,n:eJIH TyT :IKe 

,n3JIhHeHlllYIO 3KCnJIyaTaUHIO, nocTapaeMcH ,OCTOpO:IKHee, T. 

onlicaTh rpaHH Mo,n:eJIH, oTo6paB npli 3TOM JIHlllb Ha.H6oJIee 

11 npHXO,lI,lIM K «lJnCTOKpoBHbIM» HHTepBaJIhHbIM Mo,n:eJIHM 

33,n:aHHH Ha6opoM nepBHtIHWX cpe,lI,HHx. 

ITocrpoeHue MO,n:CJIH B peaJIhHhIX YCJIOBH5IX - cepep3 

c,n:eJI3eT HHKqeMHOH ee 

e. B P33MhITOH <popMe 

«BH,n:HMyIO» HX tI3CTb. 

B lIX KOHcTpyKTHBHOM 

MHorocTopoHHHX (no,n: .. 

qac, MHorocTpa,naJIhHhIx) lICCJIe,lI,OB3HHH: <pH3HlJeCKHX, 3KcnepHMeHTaJIbHhIX CTaTH" 

CllHtIeCKHX. Hac HHTepecyloT epopMaJIhHhIe cnoco6hI, Kor,n:a npH nOJIHOH HatIaJIhHoit 

HeHCHOCTH B pacnop5DKeHHe npe,nocTaBJI5IIOTC5I o6ylJaIOIUHe peaJIH3aUHH. Tor,n:a 

nocTpoeHHe Mo;:r,eJIH CYTh COBMeCTHoe OQeHHBaHHe oTo6paHHoH tIaCTH napaMeTpoB, 

3a,n:aIOll.I,HX MOJ,eJIh (§ 8.1). TOlJetIHhle oueUKH Be,n:yT K TOtIHhlM Mo,n:eJIHM. A ,lJ,0" 

BepIITeJIbHbIe oueHKH epOPMllpYIOT ,lI.OBepIITeJIhHYIO MO,lI.eJIh 3a,naHHorI Ha,ne.lKHOCTIL 

Borrpoe CBe1I,eTC5I K BbIOOPY 3a,naIOIUIIX MO,lI,eJIh napaMeTpoB. I1MH MoryT 6bITh 

BepoHTHoCTH, COBMeCTHoe OQeHlIBaHHe IKOTOPbIX paccM3TpHBaeTcH B § 8.2. 
,llpyroH rrYTh BhI60pa MO,lI,eJIlI, CBoHcTBeHHhIH KJIaCClitIeCKoMY no,n:xo,lI,Y, co

eTOIIT B rrpoBepKe corJIaC1I5I, tITO Mo,neJIh IIMeeT BbI,lI,BlIHYThIH KOHKpeTHhIH BlI)!. 

(HarrpHMep, HOpMaJIhHaH). 3TOT nYTh, 06513aHHhIH BO MHorOM Kpai1HeH Y30CTli 

pa60tIero apCeHaJIa TOtIHhIX MO,lI,eJIeH, aaCTaBJI5IeT c caMoro HatIaJIa «,lI,OBOJIbCTBO

BaTbCH» 3apaHee BbI6paHHhIM rHilOTeTHtIeCKIIM B Mepy npOCThIM BapHaHTOM. IlplI 

H5ITHe rrOCJIe,nHcro, eCJIli corJIaClle IIMeeT MeCTo, TeM He MeHee He npHBe,n:eT K 

CJKOJIb-JIH60 Hane.lKHOrr MO,lI,eJIll, a Bcero JIHIllb yCTaHoBHT BXO.lKeCTh rlirrOTeTlitIe

eKoro BapuaHTa B HaIllY JI.OBepHTeJIbHyIO I1M-Mo,lI,eJIh B KalJeCTBe COCTaBHOH tIa

CTll. B KOHetIHOM :IKe ,ClJeTe 3TO 6Y,lI,eT «BhIXBaThIBaHue» H3 ,lI,OBepHTeJIbHOH MO,lI,e

JIH ee 3apaHee CepOpMHpOBaHHoro iKYCOlJKa ~ n0,lI,Xo,n:, CBOHCTBeHHbIH pelKHMy 

onTHMII3Ma. 

MbI .lKe nOCTynaeM 3Ha lJHTeJIhHO OCTopOlKHee, HcnOJIh3yH ,lI,OBepHTeJIhHylO MO

,n:eJIh BCIO ueJUIKOM (He06'h5lTHhIH apCeHaJI 11M n03BOJI5IeT npoH3BecTH JII060H BbI

Gop), perYJIHpy51 IIIHPIIHY C nOMoIUhIO Ha,lI,e.lKHOCTH. 4eM GOJIhllle rrOJIO.lKIITh Ha,n:elK

HOCTb, TeM IIIHpe ,lI,OBeplITeJIbHa5I MO,lI,eJIb, 0'1 lJero nocTpa,lI,aeT KOHKpeTHOCTb H Ka

qeCTBO BbIBOnOB npH 3KcnJIyaTaUHH MO,l:leJIH. HaoGopoT, MeHhIlla5I Ha,lI,e.lKHOCTh, 

Ka3aJIOCh 6bI, BbIBO,UhI C,lI,eJIaeT GOJIee KOHKpeTHhIMH H KalJeCTBeHHbIMH, HO ,l:lOBepHe 

K HIIM YMeHbIIIHT H3-3a yTpaTbI BepHocTH MO,l:leJIH. BbIXO,l:l H3 3Toro 3aKOJI,lI,OBau.. 

Iioro Kpyra (OCTOHT B COBMeCTHOM paccMoTpeHHH TaH)J,eMa MO)J,eJIb-BbIBO)J,hI (§ 8.3), 
6epH B paCqeT 06a TIHla OIllHGOK: 3a CtIeT HeHa,l:le.lKHOCTH Mo,n:eJIH H rrpli 3KcrrJIy3

TaUHll 113-3a CJIylJaHHOCTH HaGJIIO,lI,eHHH. COBMecTHoe paccMoTpeHHe 33CT3BJI5IeT BBO

,lJ.HTh nonpaBKH B paCtIeTHhle OIllH6KH 3KcnJIyaTaUHH, yBeJIHtIHB351 11X co06pa3Ho 

HeHa,lI,e.lKHOCTH MO)J,eJIH, lJTO BeneT K HCTHHHhIM OIllH6KaM, 3 npH 60JIee IllIIpOKOM 

H3JIO)KeHHH - K HCTHiHHO:\1Y p'HOI'CY. 3TO 'KaK pa3 H eCTb TO, tITO 06beKTHBHO Hy.lKHO 

JJ.JI5I ueJIeH aHaJIll3a H CHHTe3a peIllaIOIUHX npaBHJI. 

TpY,lI,HOCTll B TOM, lJTO ,lI,OBepHTeJIbHhIe MO,l:leJIH no HaCJIe,lI,CTBY OT nOp0,lI,IlBIllIIX
 

HX ,lI,OBepIITeJIbHbIX oueHOK, B oGIUeM, paCIIJIhIBlJaThIX, HeHH,lI,HKaTopHbIX, CTaHOB5ITCH
 

pa3MbITbIMH no epopMe Cpe,lI,HHX, T. e. C pa3Ma3aHHbIMH HTepBaJI3MH cpenHIIX.
 

-Onpe,lI,eJIeHlIe nOHHTHH OnTHMaJIbHorO npaBHJIa npH pa3MhIThIX CTa THCTlltIeCKIIX MO


.ueJIHX n03BOJIHJIO B § 8.4 paccMoTpeTh COBMecTHyIO KapTHHy CHHTe3a MO,lI,eJIH no
 

ee e,lI,JIHCTBeHHoMY 33,nalOIUeMy napaMeTpy - ,l:lHcnepcHll, C rrOCJIenYIOIUIIM HaXOlK


JI.eHHeM OnTHMaJIbHOH oueHKH napaMeTpa C,lJ,BHra. Bce BMeCTe 3TO BbIrJI5I,lI,HT KaK
 

.u.oBepHTeJIhHOe oueHHBaHHe ,UHcnepcIIH (ypoBeHh ,n:oBepH5I KOTOpoii 11 CTaHeT H3


.u.e)KHOCThIO Mo,neJIH) C nOCJIe,UYIOIUIIM llCnOJIh30BaHlleM ee npn ,l:lOBepHTeJIbHOM oue


HHBaHHH C,lI,BHra npH CBoeM Y.lKe )J,oBepH11 (paCtIeTHOI1 oIllHORe). ITpHtIeM B,:e npo
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