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A non-exhaustive overview of the literature

Core topics:

Possibility theory: Zadeh (1978), De Cooman (1997), Yager (2013), and Dubois
and Prade (2015)

Inferential models: Martin and Liu (2015) and Martin (2022)

Dempster-Shafer theory: Dempster (2008), Shafer (1976), Yager (1987), Smets
and Kennes (1994), and Denceux (2006)

General IP: Walley (2000), Destercke et al. (2008), Augustin et al. (2014), and
Troffaes and De Cooman (2014)



A non-exhaustive overview of the literature

Related topics:

- IPML: Cozman (2000), Zaffalon (2002), Caprio et al. (2023), Sale et al. (2023),
and Chau et al. (2025)

- Fiducial inference: Fisher (1935) and Hannig (2009)
- (max, +)-algebra: Del Moral (1997) and Del Moral and Doisy (1999)

- Large deviation theory: Puhalskii (2001) and Nguyen and Bouchon-Meunier
(2003)



Review of possibility theory



Possibility function

Objective: Describe the information/uncertainty about a fixed parameter 07 € ©

Ingredients:

1) The true outcome w' € Q, ~ the true state of nature
2) A deterministic uncertain variable (d.u.v.) 8 : Q, — © s.t. @(w') = 67
3) A possibility function fy describing the information about #' on © s.t.

fo(0) >0 and sup fp(f) =1
0cO

As an odd ratio: fg(0) = = ((93) with 6* € arg max fy

Special case: no information ~~ fg(0) =1 for any 6 € ©



Introducing possibility functions

Normal possibility function:

N0, %) = exp (= 50— TE 4O — ) o< N(Bi 11, )

Change of variable formula:
If @ is described by fy then @ = T(6) is described by

fp(1) = sup fy(6)
0:T(0)=v

Example: Let @ be described by N(, ) and let S be an invertible matrix, then
1 = T(0) = S0 is described by

() = N(Sp, SEST).



Properties of possibility functions

6 Cannot be sampled

@ Can be used for inference: if (0,1)) is described by fy (6, )

f; o)
() = supfoy(6.0)  anc fe(erwzw

@ Lead to a natural notion of independence: fy (6,1) = fo(0)fy ()

(min can be recovered)
@ Can be combined:

fo,(0,0)

f = =
1= = b t.0(0.)

@ Are not unique
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Bayesian inference in a nutshell

Bayes’ rule:
L(y | 9)=(0)

m(0]y) = 0

with
- L(y| @) the likelihood

- (@) the prior and 7(6 | y) the posterior

- the evidence 7(y) defined as

/L(y]9)7r(6’)d9 if = probabilistic

m(y) = j —
sup L(y |9)m(0) if m possibilistic
0O
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a la Bissiri et al. (2016):
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Bayesian inference in a nutshell (J. H. & B.-E. Cherief Abdellatif, to appear in UAI 2026)

Bayes’ rule:
L(y | 9)=(0)
w(f]y) =
O ="
motivated
a la Zellner (1988) a la Bissiri et al. (2016):
A(IPR) = Input — Output 5 axioms lead to
P(©) | F®) m(0]y) oc exp(=AL(0, y))m(0)
cross-entropy —log
Scalar funct,’ona/ W|th )\ prediCted by the fl’amEWOI’k

no info. creation | creation or loss

fe F(©)= f* e F(O)

Question: What is the point of the possibilistic formulation then?
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Criteria:
1) Proper v
2) Satisfies likelihood principle v/
3) Invariant under re-parametrisation: fr) =1
4) Coherence under partitioning: pullback of 1 is always 1 v/

Our candidate: fg =1

Consequences:

- Can be used in conjunction with informative priors on other parameters
- Avoids Dawid et al. (1973)'s marginalisation paradoxes
- The posterior characterisation of uncertainty remains subjective, but...



A candidate for objective Bayesian inference

. it can be validified (Martin 2022):
() = Po(m(0| X) < (6] x))

Remarks:
- This is strongly valid: for any 6 € [0, 1]

sup Py (77x(0) < 6) < 6.
0c©

- It can be extended to priors different from 1 (Martin 2023)

Principle: First define the raw posterior w(0|x), then validify.

Question: How to define summary statistics for a possibility function?



Moments (Hieu et al. 2025)

Proposition (LLN) If 6,0:1,0-,... is a Proposition (CLT) If 6,01, 6-, ... is a sequence
sequence of i.i.d. deterministic uncertain of i.i.d. deterministic uncertain variables on R
variables on RY with a twice continuously diff. with a strictly log-concave and twice-diff.
possibility function fg such that possibility function fp, then E*(6) is a singleton
lim||x|—oo fo(x) = 0, then the possibility and the possibility function f;, describing
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n— oo
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Moments (Hieu et al. 2025)

Proposition (LLN) If 6,0:1,0-,... is a
sequence of i.i.d. deterministic uncertain
variables on RY with a twice continuously diff.
possibility function fg such that

lim||x|—oo fo(x) = 0, then the possibility
function f;, describing s, = 13" | 6; verifies

lim fs, = Loonv(E*(6))-
m s, Conv(E*(0))

l motivates |

E*(0) = arg max fo(0)

s.t.E*(T(0)) = T(E*(0)) for any T

Proposition (CLT) If 6,01, 6-, ... is a sequence
of i.i.d. deterministic uncertain variables on R
with a strictly log-concave and twice-diff.
possibility function fp, then E*() is a singleton
and the possibility function f;, describing

t, = %ﬁ E’f’zl(e,- —E*(8)) verifies

lim £, = N(0,Z(6)").
n—oo

} motivates |

2

7(6) = E* ( = % log fg(e))

10



Applications of possibility theory

- Possibilistic instrumental variables
— Steiner et al. (2026) UAI

- Distributed inference / Federated learning
— H.,, Cai, et al. (2026) Signal Processing

Prior specification
< Ongoing work with G. Steiner, Y. McLatchie & E. Fong

Robust inference
— H. and Nott (2022)

Possibilistic Variational inference
< Theory: Singh et al. (2025)
— Applications: Ni et al. (2026) ICML

11



Outer probability measures




Uncertain variable (H. 2018)

Definition:

An uncertain variable (u.v.) is a mapping X : Q, x Q, — S, with (Q;,&,P(- | wy))
- Standard approach: make the sample space disappear
- Difficulty: The law of X(wy, ) depends on wy

- Solution: Assume more structure, e.g. X (wy, wr) = Y (0(wy), wr)
X (wy, wr) = P(wu, X(wr))

O—» B

Addresses:

- Some limitations of Dempster-Shafer theory (Pearl 1990)
- Some “paradoxes” about belief functions (Gelman 2006) 12



Belief functions

Ingredients:
- X a random variable with law p
- ) a deterministic u.v. on © described by (- | X)

Consequences:
- The u.v. X can be described by an outer (probability) measure

Px () /p <sup o(x )f(¢|x))dx, with e.g. p =14

- The posterior distribution of X given 1 = 1) is

F(9])p(x)
P = TR Tp(x)ax

- Fusion of two u.v.s like X when f(-| X) is an indicator function almost surely

<= Dempster's rule of combination
13



Inference (Hieu et al. 2025)

Ingredients:
- 0 a deterministic u.v. on © described by f
- Y|@ a random variable with law p(- | 8)

Consequences:
- The u.v. X can be described by an outer (probability) measure

Po,v(2) = sup £(6) [ (0. )p(y | 0)dy
€
- The posterior possibility function of 8 given Y =y is

p(y [0)f(0)
supgeo Py | 0)f(0)

F(0]y) =

~~ possibilistic Bernstein-von Mises theorem

14



OPMs are closed under Bayesian updating

Example o
Bayes' rule with P = Py y as prior and L(0,y; D) as likelihood :

_ B L(6; D)f(6) L(0,y; D)p(y |0)
PLelD) = o ipoce L0 D)F(D) [ e JL(0,y"; D)p(y’|6)dy’

= £(0| D) = p(y|6,D)

with L(#; D) = Ey[L(6, Y; D)| 6] the marginal likelihood.

But, this is not the case for prediction: if Q(-|#,y) is a conditional OPM then
Pi(e) = P(Q(¢]")

is a more complex OPM than P in general.

15
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Probability — random phenomenon
Credal set C — lack of information about which random phenomenon in C

OPM — arbitrary combination of random and deterministic phenomena

Q.1 Why not a random set formulation?
< OPMs and membership functions disagree on test functions in general

Q.2 Why not a lower probability?
— Bayes' rule for OPMs has better properties (IPR, Dempter’s rule, etc.)

16



On coherence

Considering the OPM P:

- P(-| D) is not coherent but the following OPM is:

P(eID) = sup [ (0.y)ply|0. D)y
0:£(0|D)>e

- We can start from © = P(X) and f =1 and still learn something
(beyond the incompatible parameters)

Principle: First define the raw posterior P(-| D), then make it coherent.

17



- A possibility function f is an odd/likelihood ratio f(0)/f(6*)
= Change in 6* can increase f ~- dilation!

- Dilation occurs under prior-data conflicts (related to Walter and Coolen (2016))
— No dilation when starting from 1
< No dilation at the price of an open world

- But Bernstein-von Mises gives
— The curvature is additive at any fixed point
— The possibilistic precision accumulates exactly like Fisher information

18



Ongoing/future work

- Causal inference
— Exploit ordering between variables to break equivalence class

- Information geometry
— Leverage special properties of possibilistic exponential families

- Extreme events

— Distinguish between unlikely events and uncertain ones

19



And, finally,

Thank you!

jeremie.houssineau®@ntu.edu.sg

jeremiehoussineau.com

20
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