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Pólya's Urn
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- Proportion of red balls con-
verges to some value be-
tween 0 and 1

- This limiting value is random
- Any value between 0 and 1

is equally likely as a limiting
proportion
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Pólya's Urn

Erfs “
1
2 ‰ lim

tÑ8
µrf, ts, for any sequence

The ensemble average p 1
2 q is not representative of any individual trajectory.

No individual urn represents the “typical” behavior
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Discounting Repeated Gambles

A Simple Gamble f
Heads: increase your stake x by 50%
Tails: decrease your stake x by 40%

fpω, tq “

#

fpωH, tq “ xpt ´ 1q ` 0.5xpt ´ 1q
fpωT, tq “ xpt ´ 1q ´ 0.4xpt ´ 1q

If p “ 1
2 and x = 1 at t0, then Eprfs “ 1.05

Should you stakee1 on 30 tosses?

Eprfs «e4.12, after 30 tosses
expectation value
Etrfs «e0.22, after 30 tosses
most probable value

lim
tÑ8

µ rfpω, tqs “ E rfpωqs

Describes the conditions under which the
expectation value of a repeated gamble is
equivalent to long-term time average of a
single sequence of gambles.

The dogma of ergodicity does not
question whether this equality holds.
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Expectation values do not always reflect
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RationalityWars

It seems impossible to reach any definitive conclusions concerning human rationality in
the absence of a detailed analysis of the sensitivity of the criterion and the cost involved
in evaluating the alternatives. When the difficulty (or the costs) of the evaluations and
the consistency (or the error) of the judgments are taken into account, a [transitivity-
violating method] may prove superior.

(Tversky 1969)
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Canadian Jay

Option A: 1 raisin (28cm distance)

Option B: 2 raisins (42cm distance) 

Option C: 3 raisins (56cm distance) 

A B<latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→ <latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→ C
yet

Preference Reversals in the Wild

(Waite 2001)

C A<latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→
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A B<latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→ <latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→ C
yet

Preference Reversals in the Wild

(Shafir 1994)

C A<latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→
Honeybees
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A B<latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→ <latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→ C
yet

Preference Reversals in the Wild

(Latty & Beekman 2011)

C A<latexit sha1_base64="7NBKbYEh1mghNSzymdPYGoEwI8o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3zcZY4Nqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoNcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu416o2H61qzWcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPiWI6/</latexit>→
Slime Mold



Humans

Exponential Discounting

Hyperbolic Discounting 

Preference Reversals in the Wild

- Discount rate constant over time
- Never produces preference reversals

- Discount rate decreases as time-delay increases
- Regularly produces preference reversals

<latexit sha1_base64="k4EbhAMsoMQ1aqq3zCSXWwr18Rc=">AAACD3icbVC7SgNBFJ31GeMramkzGBQbw65ITBmwsYxgHpBdl9nJTTJk9sHM3UBY8gc2/oqNhSK2tnb+jZNHoYkHBg7n3Dv33hMkUmi07W9rZXVtfWMzt5Xf3tnd2y8cHDZ0nCoOdR7LWLUCpkGKCOooUEIrUcDCQEIzGNxM/OYQlBZxdI+jBLyQ9SLRFZyhkfzCmRsy7AvMTJeGCF1/yGQKY+qiCEFTeMguFI79QtEu2VPQZeLMSZHMUfMLX24n5mlovuSSad127AS9jCkUXMI476YaEsYHrAdtQyNmhnnZ9J4xPTVKh3ZjZV6EdKr+7shYqPUoDEzlZHu96E3E/7x2it2Kl4koSREiPhvUTSXFmE7CoR2hgKMcGcK4EmZXyvtMMY4mwrwJwVk8eZk0LktOuVS+uypWK/M4cuSYnJBz4pBrUiW3pEbqhJNH8kxeyZv1ZL1Y79bHrHTFmvcckT+wPn8ARHOdaA==</latexit>

present value → e→rt

<latexit sha1_base64="/gHNA8zpUpyRTb+cJy1lA41eAGo=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVoSYitcuCG5cV7AOaECbTSTt08mDmplBC1278FTcuFHHrF7jzb5y0XWjrgYHDuffcuff4ieAKLOvbWFldW9/YLGwVt3d29/bNg8OWilNJWZPGIpYdnygmeMSawEGwTiIZCX3B2v7wNq+3R0wqHkcPME6YG5J+xANOCWjJM0+ckMCAQ6ZdikXgeCMiUjbBl7hsX+AhnHtmyapYU+BlYs9JCc3R8MwvpxfTNNTTqCBKdW0rATcjEjgVbFJ0UsUSQoekz7qaRiRkys2mp0zwmVZ6OIilfhHgqfrbkZFQqXHo6858cbVYy8X/at0Ugpqb8ShJgUV09lGQCgwxznPBPS4ZBTHWhFDJ9a6YDogkFHR6RR2CvXjyMmldVexqpXp/XarX5nEU0DE6RWVkoxtUR3eogZqIokf0jF7Rm/FkvBjvxsesdcWYe47QHxifPwT8mcU=</latexit>

present value/(1 + kt)



Humans

Scenario 1: Choose

A) $100 today
B)  $110 tomorrow

Scenario 2: Choose

A) $100 in 30 days
B)  $110 in 31 days

<latexit sha1_base64="g3W0/VGwDB8TNul3w3WQud5H9zE=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFe5EooVFwMYygvnA5Ah7m7lkye7esbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvDDhTBvP+3YKa+sbm1vF7dLO7t7+QfnwqKXjVFFs0pjHqhMSjZxJbBpmOHYShUSEHNvh+Hbmt59QaRbLBzNJMBBkKFnEKDFWeuzREdKxIGrcL1e8qjeHu0r8nFQgR6Nf/uoNYpoKlIZyonXX9xITZEQZRjlOS71UY0LomAyxa6kkAnWQzS+eumdWGbhRrGxJ487V3xMZEVpPRGg7BTEjvezNxP+8bmqi6yBjMkkNSrpYFKXcNbE7e98dMIXU8IklhCpmb3XpiChCjQ2pZEPwl19eJa2Lql+r1u4vK/WbPI4inMApnIMPV1CHO2hAEyhIeIZXeHO08+K8Ox+L1oKTzxzDHzifP6gGkOg=</latexit>↭

<latexit sha1_base64="g3W0/VGwDB8TNul3w3WQud5H9zE=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFe5EooVFwMYygvnA5Ah7m7lkye7esbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvDDhTBvP+3YKa+sbm1vF7dLO7t7+QfnwqKXjVFFs0pjHqhMSjZxJbBpmOHYShUSEHNvh+Hbmt59QaRbLBzNJMBBkKFnEKDFWeuzREdKxIGrcL1e8qjeHu0r8nFQgR6Nf/uoNYpoKlIZyonXX9xITZEQZRjlOS71UY0LomAyxa6kkAnWQzS+eumdWGbhRrGxJ487V3xMZEVpPRGg7BTEjvezNxP+8bmqi6yBjMkkNSrpYFKXcNbE7e98dMIXU8IklhCpmb3XpiChCjQ2pZEPwl19eJa2Lql+r1u4vK/WbPI4inMApnIMPV1CHO2hAEyhIeIZXeHO08+K8Ox+L1oKTzxzDHzifP6gGkOg=</latexit>↭

Hyperbolic Discounting 

Preference Reversals in the Wild



Humans

Scenario 1: Choose

A) $100 today
B)  $110 tomorrow

Scenario 2: Choose

A) $100 in 30 days
B)  $110 in 31 days

<latexit sha1_base64="g3W0/VGwDB8TNul3w3WQud5H9zE=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFe5EooVFwMYygvnA5Ah7m7lkye7esbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvDDhTBvP+3YKa+sbm1vF7dLO7t7+QfnwqKXjVFFs0pjHqhMSjZxJbBpmOHYShUSEHNvh+Hbmt59QaRbLBzNJMBBkKFnEKDFWeuzREdKxIGrcL1e8qjeHu0r8nFQgR6Nf/uoNYpoKlIZyonXX9xITZEQZRjlOS71UY0LomAyxa6kkAnWQzS+eumdWGbhRrGxJ487V3xMZEVpPRGg7BTEjvezNxP+8bmqi6yBjMkkNSrpYFKXcNbE7e98dMIXU8IklhCpmb3XpiChCjQ2pZEPwl19eJa2Lql+r1u4vK/WbPI4inMApnIMPV1CHO2hAEyhIeIZXeHO08+K8Ox+L1oKTzxzDHzifP6gGkOg=</latexit>↭

<latexit sha1_base64="g3W0/VGwDB8TNul3w3WQud5H9zE=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFe5EooVFwMYygvnA5Ah7m7lkye7esbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvDDhTBvP+3YKa+sbm1vF7dLO7t7+QfnwqKXjVFFs0pjHqhMSjZxJbBpmOHYShUSEHNvh+Hbmt59QaRbLBzNJMBBkKFnEKDFWeuzREdKxIGrcL1e8qjeHu0r8nFQgR6Nf/uoNYpoKlIZyonXX9xITZEQZRjlOS71UY0LomAyxa6kkAnWQzS+eumdWGbhRrGxJ487V3xMZEVpPRGg7BTEjvezNxP+8bmqi6yBjMkkNSrpYFKXcNbE7e98dMIXU8IklhCpmb3XpiChCjQ2pZEPwl19eJa2Lql+r1u4vK/WbPI4inMApnIMPV1CHO2hAEyhIeIZXeHO08+K8Ox+L1oKTzxzDHzifP6gGkOg=</latexit>↭

Hyperbolic Discounting 

Preference Reversals in the Wild

(Strulik & Schünemann 2018)

Average Americans live ~4 years longer with hyperbolic discounting
compared to exponential discounting



Varieties of Discounting 

Hyperbolic

Quasi-Hyperbolic

Generalized Hyperbolic

Scale-Dependent

State-Dependent

Hybrid
<latexit sha1_base64="IyHu8u8K2LapNGtyBjJ0607LT7I="></latexit>

Dhyb(t) = ωD1(t) + (1→ ω)D2(t), ω ↑ [0, 1]

<latexit sha1_base64="1Z7CGMGSqcrLc0HEzInln0u+XLo=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoMSUcKuSPSiBPSQYwTzgGwIs5PZZMjsw5leISz7B178FS8eFPHq1Zt/4yTZgyYWNBRV3XR3OaHgCkzz28gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8HrsNx+YVDzw72AUso5H+j53OSWgpW7+8KYbV5MiHOFLbLuS0NhKYut4CMkJtu8j0sNDfIXNbr5glswJ8DyxUlJAKWrd/JfdC2jkMR+oIEq1LTOETkwkcCpYkrMjxUJCh6TP2pr6xGOqE0/+SfCBVnrYDaQuH/BE/T0RE0+pkefoTo/AQM16Y/E/rx2Be9GJuR9GwHw6XeRGAkOAx+HgHpeMghhpQqjk+lZMB0SnAjrCnA7Bmn15njROS1a5VL49K1TKaRxZtIf2URFZ6BxVUBXVUB1R9Iie0St6M56MF+Pd+Ji2Zox0Zhf9gfH5AyQamis=</latexit>

DH(t) =
1

1 + kt
, k > 0

<latexit sha1_base64="+iCht9F4fVdzD8j2QvvRGfsnGBA=">AAACJXicbVDJSgNBEO2Je9yiHr00BkFBwoxIFDQS0IPHBMwCmRh6OjWmsWehu0YMQ37Gi7/ixYNBBE/+ip3l4PaKgsd7VXTX82IpNNr2h5WZmZ2bX1hcyi6vrK6t5zY26zpKFIcaj2Skmh7TIEUINRQooRkrYIEnoeHdXYz8xj0oLaLwGvsxtAN2GwpfcIZG6uTOLjvVPdwvual74LgID5hS4dMBluwD99SUB8jcLkhkN/jdP7fdQSeXtwv2GPQvcaYkT6aodHJDtxvxJIAQuWRatxw7xnbKFAouYZB1Ew0x43fsFlqGhiwA3U7HVw7orlG61I+U6RDpWP2+kbJA637gmcmAYU//9kbif14rQf+knYowThBCPnnITyTFiI4io12hgKPsG8K4EuavlPeYYhxNsFkTgvP75L+kflhwioVi9ShfLk7jWCTbZIfsEYcckzK5IhVSI5w8kmfySobWk/VivVnvk9GMNd3ZIj9gfX4BYMej/g==</latexit>

DQ(t) = { 1 if t = 0, ωεt if t > 0}
<latexit sha1_base64="nPYzY4ioBnLu1sYhghBfK0nYeJc=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0WMqMSHWjFBR0WcE+oFNLJs20YTIPkztCGfoXbvwVNy4Ucas7/8b0sdDWA/dyOOdeknucSHAFpvltpBYWl5ZX0quZtfWNza3s9k5dhbGkrEZDEcqmQxQTPGA14CBYM5KM+I5gDce7GPmNByYVD4NbGESs7ZNewF1OCWipky1ddq7yUDjDtisJTaxhkrfwIfagcBcNi9i+j0kXe/jcLOJI9042Z5bMMfA8saYkh6aodrJfdjeksc8CoIIo1bLMCNoJkcCpYMOMHSsWEeqRHmtpGhCfqXYyvmuID7TSxW4odQWAx+rvjYT4Sg18R0/6BPpq1huJ/3mtGNzTdsKDKAYW0MlDbiwwhHgUEu5yySiIgSaESq7/immf6IBAR5nRIVizJ8+T+lHJKpfKN8e5SnkaRxrtoX2URxY6QRV0jaqohih6RM/oFb0ZT8aL8W58TEZTxnRnF/2B8fkD0cSb6w==</latexit>

DG(t) =
1

(1 + kt)p
, k > 0, p > 0

<latexit sha1_base64="+/8sVsF2Q3vHp95f5eLa3YbzCt0=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hiECUiYEYlehIA5eIxoFkjG0NPpJE16FrprJGEIXvwVLx4U8epXePNv7CwHTXxQ8Hiviqp6XiS4Atv+NlJLyyura+n1zMbm1vaOubtXVWEsKavQUISy7hHFBA9YBTgIVo8kI74nWM3rX4392gOTiofBHQwj5vqkG/AOpwS01DIPSq1bC04GOXyJSxbk7pMmA2INcqOWmbXz9gR4kTgzkkUzlFvmV7Md0thnAVBBlGo4dgRuQiRwKtgo04wViwjtky5raBoQnyk3mbwwwsdaaeNOKHUFgCfq74mE+EoNfU93+gR6at4bi/95jRg6F27CgygGFtDpok4sMIR4nAduc8koiKEmhEqub8W0RyShoFPL6BCc+ZcXSfU07xTyhZuzbLEwiyONDtERspCDzlERXaMyqiCKHtEzekVvxpPxYrwbH9PWlDGb2Ud/YHz+APx5lT4=</latexit>

DS(t, x) = D(t)ω(x)

<latexit sha1_base64="t9afK52olWXafI8dSWFvzJuFT8c=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQEtCwKxK9CAE9eIxgHpCsy+xkNg6ZfTDTK4Yl4K948aCIV7/Dm3/jJNmDJhY0FFXddHd5seAKLOvbyC0sLi2v5FcLa+sbm1vm9k5TRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wOfZbD0wqHoW3MIyZE5B+yH1OCWjJNfeu3FYJjh7L+AKzu/RYllQZRq5ZtCrWBHie2Bkpogx11/zq9iKaBCwEKohSHduKwUmJBE4FGxW6iWIxoQPSZx1NQxIw5aST80f4UCs97EdSVwh4ov6eSEmg1DDwdGdA4F7NemPxP6+TgH/upDyME2AhnS7yE4EhwuMscI9LRkEMNSFUcn0rpvdEEgo6sYIOwZ59eZ40Typ2tVK9OS3WqlkcebSPDlAJ2egM1dA1qqMGoihFz+gVvRlPxovxbnxMW3NGNrOL/sD4/AGOcZPu</latexit>

DW (t, x) = e→r(s)t

GregoryWheeler ¨ 10
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Desirable Gambles

D is a coherent set of desirable gambles (Williams 1975; Walley 2000) iff:
A1. If f ă 0, then f R D (Avoid partial losses)

A2. If f ě 0, then f P D (Accept partial gains)
A3. If f P D, then λf P D (λ ě 0) (Positive scale invariance)
A4. If f P D and g P D, then f ` g P D (Combination)

f, g are bounded gambles, assessed pointwise; λ ě 0

Thm: If D is coherent, then there is a Epfq (@f P D)

GregoryWheeler ¨ 12



Desirable Gambles

D is a coherent set of desirable gambles (Williams 1975; Walley 2000) iff:
A1. If f ă 0, then f R D (Avoid partial losses)

A2. If f ě 0, then f P D (Accept partial gains)
A3. If f P D, then λf P D (λ ě 0) (Positive scale invariance)
A4. If f P D and g P D, then f ` g P D (Combination)

Epλfq “ λEpfq and Epf ` gq “ Epfq ` Epgq

Epλfq “ λEpfq and Epf ` gq ě Epfq ` Epgq

GregoryWheeler ¨ 13



Desirable Gambles

D is a coherent set of desirable gambles (Williams 1975; Walley 2000) iff:
A1. If f ă 0, then f R D (Avoid partial losses)

A2. If f ě 0, then f P D (Accept partial gains)
A3. If f P D, then λf P D (λ ě 0) (Positive scale invariance)
A4. If f P D and g P D, then f ` g P D (Combination)

Epλfq “ λEpfq and Epf ` gq “ Epfq ` Epgq

Epλfq “ λEpfq and Epf ` gq ě Epfq ` Epgq

GregoryWheeler ¨ 13



Desirable Gambles

Idea

Desire satisfaction is concave.

But ‘desirability’ is linear:
- scale invariance
- additive

GregoryWheeler ¨ 14



Desirable Gambles

Coherence Axioms
D is a coherent set of desirable gambles iff:

A1. If f ă 0, then f R D (avoid losses)
A2. If f ě 0, then f P D (accept gains)
A3. If f P D, then λf P D (λ ě 0) (scaling)
A4. If f P D, g P D, then f ` g P D (combination)

Idea

Desire satisfaction is concave.

But ‘desirability’ is linear:
- scale invariance
- additive

GregoryWheeler ¨ 14



Desirable Gambles

Coherence Axioms
D is a coherent set of desirable gambles iff:

A1. If f ă 0, then f R D (avoid losses)
A2. If f ě 0, then f P D (accept gains)
A3. If f P D, then λf P D (λ ě 0) (scaling)
A4. If f P D, g P D, then f ` g P D (combination)

Bernoulli (1738) utility of wealth

GregoryWheeler ¨ 14



Desirable Gambles

Coherence Axioms
D is a coherent set of desirable gambles iff:

A1. If f ă 0, then f R D (avoid losses)
A2. If f ě 0, then f P D (accept gains)
A3. If f P D, then λf P D (λ ě 0) (scaling)
A4. If f P D, g P D, then f ` g P D (combination)

GregoryWheeler ¨ 14



Classical Coherence

Linear Operations
on Gambles

Representation by
Linear Functional

No sure loss
Monotonicity
Cardinal utility

<latexit sha1_base64="Pkzw3VEWouwScaCkCectAjERmkA=">AAACAnicbVDLSsNAFL3xWesr6krcBItQNyURH10WRHBZwT6gCWUymbRDJ5MwMxFKKG78FTcuFHHrV7jzb5y0WWjrgYHDOfcw9x4/YVQq2/42lpZXVtfWSxvlza3tnV1zb78t41Rg0sIxi0XXR5IwyklLUcVINxEERT4jHX90nfudByIkjfm9GifEi9CA05BipLTUNw/dlAdE5PHMjZAa+n52M5lUw9O+WbFr9hTWInEKUoECzb755QYxTiPCFWZIyp5jJ8rLkFAUMzIpu6kkCcIjNCA9TTmKiPSy6QkT60QrgRXGQj+urKn6O5GhSMpx5OvJfEs57+Xif14vVWHdyyhPUkU4nn0UpsxSsZX3YQVUEKzYWBOEBdW7WniIBMJKt1bWJTjzJy+S9lnNuaxd3J1XGvWijhIcwTFUwYEraMAtNKEFGB7hGV7hzXgyXox342M2umQUmQP4A+PzB4j/l30=</latexit>

E(f)

<latexit sha1_base64="xi1PI5zIV20xbaI1R7ReYt+xCI4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqbXosePFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPpg4PHeDDPzgoQzpR3nyypsbG5t7xR3S3v7B4dH5eOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6c3C7z5SqVgs7vUsoX6Ex4KFjGBtpIcBmVAyjbCcDssVx67VG/Wqhxzbc6+8as0QZwnk5qQCOVrD8udgFJM0okITjpXqu06i/QxLzQin89IgVTTBZIrHtG+owBFVfra8eI4ujDJCYSxNCY2W6s+JDEdKzaLAdEZYT9S6txD/8/qpDht+xkSSairIalGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEVDIhuOsv/yWdqu3W7drddaXZyOMowhmcwyW44EETbqEFbSAg4Ale4NVS1rP1Zr2vWgtWPnMKv2B9fAP9GZEe</latexit>X
<latexit sha1_base64="xi1PI5zIV20xbaI1R7ReYt+xCI4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqbXosePFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPpg4PHeDDPzgoQzpR3nyypsbG5t7xR3S3v7B4dH5eOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6c3C7z5SqVgs7vUsoX6Ex4KFjGBtpIcBmVAyjbCcDssVx67VG/Wqhxzbc6+8as0QZwnk5qQCOVrD8udgFJM0okITjpXqu06i/QxLzQin89IgVTTBZIrHtG+owBFVfra8eI4ujDJCYSxNCY2W6s+JDEdKzaLAdEZYT9S6txD/8/qpDht+xkSSairIalGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEVDIhuOsv/yWdqu3W7drddaXZyOMowhmcwyW44EETbqEFbSAg4Ale4NVS1rP1Zr2vWgtWPnMKv2B9fAP9GZEe</latexit>X

<latexit sha1_base64="xi1PI5zIV20xbaI1R7ReYt+xCI4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqbXosePFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPpg4PHeDDPzgoQzpR3nyypsbG5t7xR3S3v7B4dH5eOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaD6c3C7z5SqVgs7vUsoX6Ex4KFjGBtpIcBmVAyjbCcDssVx67VG/Wqhxzbc6+8as0QZwnk5qQCOVrD8udgFJM0okITjpXqu06i/QxLzQin89IgVTTBZIrHtG+owBFVfra8eI4ujDJCYSxNCY2W6s+JDEdKzaLAdEZYT9S6txD/8/qpDht+xkSSairIalGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEVDIhuOsv/yWdqu3W7drddaXZyOMowhmcwyW44EETbqEFbSAg4Ale4NVS1rP1Zr2vWgtWPnMKv2B9fAP9GZEe</latexit>X

GregoryWheeler ¨ 15



U Coherence

Representation by
Sub-Linear Functional

Linear Operations
on Gambles

Apply transformation

No sure loss
Monotonicity
Cardinal utility

Representation by
Linear Functional

No sure loss
Monotonicity

<latexit sha1_base64="cQfGD8lDlOdQhWDPYtxaTCGton0=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAiSNgVHzkGvHiMYB6QXcLsZDYZMjs7zMyKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz321lZXVvf2CxsFbd3dvf2SweHLZ2kitAmSXiiOiHWlDNBm4YZTjtSURyHnLbD0e3Ubz9SpVkiHsxY0iDGA8EiRrCxkp9Wns6Rj7kc4rNeqexW3RnQMvFyUoYcjV7py+8nJI2pMIRjrbueK02QYWUY4XRS9FNNJSYjPKBdSwWOqQ6y2c0TdGqVPooSZUsYNFN/T2Q41noch7YzxmaoF72p+J/XTU1UCzImZGqoIPNFUcqRSdA0ANRnihLDx5Zgopi9FZEhVpgYG1PRhuAtvrxMWhdV77p6dX9ZrtfyOApwDCdQAQ9uoA530IAmEJDwDK/w5qTOi/PufMxbV5x85gj+wPn8Ac43kN4=</latexit>

u(x,↵)
<latexit sha1_base64="Ty4q/cFJuJsoU7Cg1uxYR5pUZyQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKj1yEgBePEcwDkyX0TmaTIbOzy8ysEJb8hRcPinj1b7z5N06SPWi0oKGo6qa7K0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VZQ1aSxi1QlQM8ElaxpuBOskimEUCNYOxjczv/3IlOaxvDeThPkRDiUPOUVjpYceimSE5Jq4/XLFrbpzkL/Ey0kFcjT65c/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/OLp+TEKgMSxsqWNGSu/pzIMNJ6EgW2M0Iz0sveTPzP66YmrPkZl0lqmKSLRWEqiInJ7H0y4IpRIyaWIFXc3kroCBVSY0Mq2RC85Zf/ktZZ1busXtydV+q1PI4iHMExnIIHV1CHW2hAEyhIeIIXeHW08+y8Oe+L1oKTzxzCLzgf3zBXj+0=</latexit>

↵ = 0
<latexit sha1_base64="2HmCVGBLE8w10U1WOacR7LiRSv8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKj5wk4MVjBPPAZAm9k9lkyOzsMjMrhCV/4cWDIl79G2/+jZNkDxotaCiquunuChLBtXHdL6ewsrq2vlHcLG1t7+zulfcPWjpOFWVNGotYdQLUTHDJmoYbwTqJYhgFgrWD8c3Mbz8ypXks780kYX6EQ8lDTtFY6aGHIhkhuSZuv1xxq+4c5C/xclKBHI1++bM3iGkaMWmoQK27npsYP0NlOBVsWuqlmiVIxzhkXUslRkz72fziKTmxyoCEsbIlDZmrPycyjLSeRIHtjNCM9LI3E//zuqkJa37GZZIaJuliUZgKYmIye58MuGLUiIklSBW3txI6QoXU2JBKNgRv+eW/pHVW9S6rF3fnlXotj6MIR3AMp+DBFdThFhrQBAoSnuAFXh3tPDtvzvuiteDkM4fwC87HNzHdj+4=</latexit>

↵ > 0

<latexit sha1_base64="Pkzw3VEWouwScaCkCectAjERmkA=">AAACAnicbVDLSsNAFL3xWesr6krcBItQNyURH10WRHBZwT6gCWUymbRDJ5MwMxFKKG78FTcuFHHrV7jzb5y0WWjrgYHDOfcw9x4/YVQq2/42lpZXVtfWSxvlza3tnV1zb78t41Rg0sIxi0XXR5IwyklLUcVINxEERT4jHX90nfudByIkjfm9GifEi9CA05BipLTUNw/dlAdE5PHMjZAa+n52M5lUw9O+WbFr9hTWInEKUoECzb755QYxTiPCFWZIyp5jJ8rLkFAUMzIpu6kkCcIjNCA9TTmKiPSy6QkT60QrgRXGQj+urKn6O5GhSMpx5OvJfEs57+Xif14vVWHdyyhPUkU4nn0UpsxSsZX3YQVUEKzYWBOEBdW7WniIBMJKt1bWJTjzJy+S9lnNuaxd3J1XGvWijhIcwTFUwYEraMAtNKEFGB7hGV7hzXgyXox342M2umQUmQP4A+PzB4j/l30=</latexit>

E(f)
<latexit sha1_base64="SKCnTDeXpbJ9hh5foHOX0j1mPPY=">AAACA3icbVDLSsNAFJ34rPUVdaebYBHqpiTio8uCCC4r2Ac0oUwmN+3QySTMTIQSCm78FTcuFHHrT7jzb5y0WWjrgYHDOfcw9x4/YVQq2/42lpZXVtfWSxvlza3tnV1zb78t41QQaJGYxaLrYwmMcmgpqhh0EwE48hl0/NF17nceQEga83s1TsCL8IDTkBKstNQ3D92UByDyeOZGWA0JZtnNZFINT/tmxa7ZU1iLxClIBRVo9s0vN4hJGgFXhGEpe46dKC/DQlHCYFJ2UwkJJiM8gJ6mHEcgvWx6w8Q60UpghbHQjytrqv5OZDiSchz5ejJfU857ufif10tVWPcyypNUASezj8KUWSq28kKsgAogio01wURQvatFhlhgonRtZV2CM3/yImmf1ZzL2sXdeaVRL+oooSN0jKrIQVeogW5RE7UQQY/oGb2iN+PJeDHejY/Z6JJRZA7QHxifP1xNl/M=</latexit>

E(f)
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Function-Coherent Gambles

Coherence Axioms
D is a coherent set of desirable gambles iff:

A1. If f ă 0, then f R D (Avoid partial losses)
A2. If f ě 0, then f P D (Accept partial gains)
A3. If f P D, then λf P D (Pos. scale invariance)
A4. If f P D and g P D, then f ` g P D (combination)

f, g are bounded gambles, assessed pointwise; λ ě 0

Function-coherence
D is function-coherent iff:

F1. If f ă 0, then f R D (Avoid partial losses)
F2. If f ě g and g P D, then f P D (Monotonicity)
F3. For f, g P D and nonnegative λ, µ where

h “ u´1 pλupfq ` µupgqq

is defined, h P D. (u-Convexity)
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Function-coherence
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F2. If f ě g and g P D, then f P D (Monotonicity)
F3. For f, g P D and nonnegative λ, µ where

h “ u´1 pλupfq ` µupgqq

is defined, h P D. (u-Convexity)

The utility function u : X ÞÑ R is strictly increasing and
continuous with normalization up0q “ 0.

For the well-definedness of u´1, we assume:
F3a. u : X ÞÑ V is a strictly increasing and continuous

bijection onto its image, upXq Ď V.
F3b. The image upXq is convex. Specifically, for any

f, g P D and any non-negative scalars λ, µ, the
linear combination λupfq `µupgq is always in the
domain of u´1

Properties

¨ Non-triviality:- D is non-empty
- Every f with upfq ě 0 is acceptable

¨ Upward Closure: If f P D and g P X satisfies
gpsq ě fpsq for all states s, then g P D.

¨ Transform Convexity: The u-transformed set
UpDq :“ tupfq : f P Du

is a convex cone.
¨ Transform Invariance: For strictly increasing ϕ

with ϕp0q “ 0, if ũ “ ϕ ˝ u then
tf P X : ũpfq ě 0u “ tf P X : upfq ě 0u “ D.
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Function-Coherent Gambles

Function-coherence
D Ď X is function-coherent iff:

F1. If f ă 0, then f R D (Avoid partial losses)
F2. If f ě g and g P D, then f P D (Monotonicity)
F3. For f, g P D and nonnegative λ, µ where

h “ u´1 pλupfq ` µupgqq

is defined, h P D. (u-Convexity)

Representation
¨ Regularity Assumptions:- D is non-empty- D possesses a non-empty interior

Thm 1 (representation)There exists a continuous linear functional ℓ : V Ñ R,unique up to positive scaling, such that
f P D ðñ ℓpupfqq ě 0.

Thm 2 (closure under limits)Suppose X is a topological vector space and theutility function u : X Ñ R is continuous.
An acceptance set is D “ tf P X : upfq ě 0u. If tfnu is
a sequence in D that converges to some f P X, then
f P D.
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Representation and RiskMeasures

f P D ô ℓpupfqq ě 0

Three Implications

- ρ is a generalized risk measure incorporating non-linear
utility

- Preference-belief Decomposition: The composition ℓ ˝ u
cleanly separates:

Preferences encoded by utility u, and
Beliefs captured by aggregator ℓ.

- Order invariance: relative preferences, not absolute risk
values, determine choice behavior.

GregoryWheeler ¨ 19





Function-Coherent Gambles

Coherence Axioms
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Function-Coherent Gamble Dynamics
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Updates wealth by a factor of 1 ` fpωq in state ω.
After n independent repetitions, wealth evolves as

w1 “ w
n

ź

i“1

`1 ` fpωiq
˘

.

The long-run performance is determined by thegeometric mean, or equivalently, by the time-averageof logarithmic returns:
1
n

n
ÿ

i“1
log

`1 ` fpωiq
˘

.

Idea: Introduce a non-linear combination operator.

Function-coherence
D is function-coherent iff:

F1. If f ă 0, then f R D (Avoid partial losses)
F2. If f ě g and g P D, then f P D (Monotonicity)
F3. For f, g P D and nonnegative λ, µ where

h “ u´1 pλupfq ` µupgqq

is defined, h P D. (u-Convexity)
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Function-Coherent Gamble Dynamics

Non-additive Sequence Dynamics
Updates wealth by a factor of 1 ` fpωq in state ω.
After n independent repetitions, wealth evolves as

w1 “ w
n

ź

i“1

`1 ` fpωiq
˘

.

The long-run performance is determined by the geo-metric mean, or equivalently, by the time-average oflogarithmic returns:
1
n

n
ÿ

i“1
log

`1 ` fpωiq
˘

.

Idea: Introduce a non-linear combination operator.

Function-coherence
D is function-coherent iff:

F1. If f ă 0, then f R D (Avoid partial losses)
F2. If f ě g and g P D, then f P D (Monotonicity)
F3. For f, g P D and nonnegative λ, µ where

h “ u´1 pλupfq ` µupgqq

is defined, h P D. (u-Convexity)
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Function-Coherent Gamble Dynamics
Non-linear combination

(F4) Nonlinear Combination: If f P D and g P D, then their nonlinear
combination

fpωq ‘ gpωq :“ ϕ´1´ϕ
`

fpωq
˘

` ϕ
`

gpωq
˘

¯

“ p1 ` fpωqq p1 ` gpωqq ´ 1,
is also in D.

Key idea: The ‘ operator converts multiplicative effects into an additive structure in the
log-domain.

Log-return transformation
Define

Lpfq :“ logp1 ` fq
Then,

Lpf ‘ gq “ Lpfq ` Lpgq
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Function-Coherent Gambles

Function-coherence
D Ď X is function-coherent iff:

F1. If f ă 0, then f R D (Avoid partial losses)
F2. If f ě g and g P D, then f P D (Monotonicity)
F3. For f, g P D and nonnegative λ, µ where

h “ u´1 pλupfq ` µupgqq

is defined, h P D. (u-Convexity)
F4. If f P D and g P D, then their nonlinear combina-tion

fpωq ‘ gpωq :“ ϕ´1´ϕ
`

fpωq
˘

` ϕ
`

gpωq
˘

¯

is also in D. (Nonlinear combination)

Thm 3 (log-domain additivity)
Let f and g be gambles satisfying fpωq, gpωq ą ´1 for
all ω. Then, for every state ω P Ω,
log

´

1 ` pf ‘ gqpωq
¯

“ log
`1 ` fpωq

˘

` log
`1 ` gpωq

˘

.

Thm 4 (Function-coherence preserv'tn)
Let X be a space of gambles on Ω with fpωq ą ´1 for
all f P X and ω P Ω. Suppose the acceptance set
D Ď X satisfies (F1 to F3), the regularity conditions,and (F4).
Then there exists a continuous linear functional η ona suitable vector space V (of log-returns) such that forevery gamble f P X,

f P D ðñ ℓ
`

Lpfq
˘

ě 0.
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Somewell-behaved utility functions

Several important classes of well-behaved utility functions emerge:
1. Power Utilities: For γ ‰ 0,

uγpxq “

#

xγ
γ , x ě 0

´8, x ă 0
Leading to the combination operator:

f ‘uγ g “ pfγ ` gγq
1{γ

2. Exponential Utilities: For α ą 0, as studied by (Arrow 1965):
uαpxq “ 1 ´ e´αx

With combination operator:

f ‘uα g “ ´
1
α
log

´

e´αf ` e´αg ´ 1
¯
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Somewell-behaved utility functions

3. Logarithmic Utility: Our previous case from (Wheeler 2021):
upxq “ logp1 ` xq

With combination operator:
f ‘ g “ p1 ` fqp1 ` gq ´ 1
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RiskMeasurement and Dynamic Properties

Definition (Induced Risk Measure)
For a utility function u with well-behaved combination operator ‘u, the induced risk
measure is:

ρupfq :“ ´ℓpupfqq

where ℓ is the linear functional.
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RiskMeasurement and Dynamic Properties

1. Power Utility Risk Measures (γ P p0, 1q):

ργpfq “ ´E
„ fγ
γ

ȷ

exhibits decreasing relative risk aversion. Under power utility, an agent’s risk aversion
decreases as wealth increases (Merton 1971; Acerbi 2002).
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RiskMeasurement and Dynamic Properties

2. Exponential Risk Measures:

ραpfq “
1
α
logEre´αfs

exhibits constant absolute risk aversion, recovering the entropic risk measure. Under
exponential risk utility, an agent’s risk aversion is absolute regardless of wealth (Föllmer and
Schied 2002).
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RiskMeasurement and Dynamic Properties

3. Logarithmic Risk Measures:
ρlogpfq “ ´Erlogp1 ` fqs

exhibits constant relative risk aversion and naturally captures multiplicative risks.
Like power utility, logarithmic risk aversion is proportional. Unlike power utility, logarithmic
risk captures proportional multiplicative risk (i.e., compounding), which is a property of
gambles rather than a psychological appetite for risk (Kelly 1956; Peters 2019; Wheeler 2018).
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