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Optimal Transport (OT)
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Pushforward Distribution

Py[¢, € Bl =Pq[E, € 17 (B)]

— Py = T#IP)1




Monge's OT Problem

Ir)f C 617 T 61 dIP)1 §’I

Gaspard Monge
1784
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Kantorovich’s OT Problem

min /0(61,62) drr($q,65)

ﬂEﬂ(P»] 7IP)2)

Leonid Kantorovich
1942



Kantorovich’s OT Problem

min /0(61,62) drr($q,65)

ﬂen(P'] 7IP)2)

—> linear program

Leonid Kantorovich
1942



Wasserstein Distances

Forp > 1, set

1
p

7TE|_| (P'l 7P2)

Wp(P1,P2) = ( min /d(fwfz)pd"(‘fwfz))

Leonid Vaserstein
1969



Wasserstein Distances

Forp > 1, set

W, (P, Pr) = min
p(F1,2) (WEH(P1,P2) /

metric on ¢-space
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Wasserstein Distances

Forp > 1, set

W,(P..Py) = min
p(P1, F2) (WEH(P1,P2)

metric on ¢-space
usually d(&4,65) = [|$4 — S|

Leonid Vaserstein
1969



Wasserstein Distances

Forp > 1, set

1
p

[ de eoram, 6)
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LAY
()
‘ ! i\
Leonid Vaserstein
1969



Computing Wasserstein Distances

Theorem: Computing W, (P, ;) is #P-hard even if P; ~ 1[0, 1]°
and P, is a two-point distribution.?)

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.



Computing Wasserstein Distances

Theorem: Computing W, (P, ;) is #P-hard even if P; ~ 1[0, 1]°
and P, is a two-point distribution.?)

Proof: Computing the volume of the knapsack polytope P(w)
Is #P-hard.2)

A
A
A

ow
= {0,119 w'¢ < Z|w|?}

0 g

A )

) )
w'é = 3[w|?

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.
2) Dyer & Frieze, SIAM J. Comp., 1988.



Computing Wasserstein Distances

Theorem: Computing W, (P, ;) is #P-hard even if P; ~ 1[0, 1]°
and P, is a two-point distribution.?)

Proof: Po =a-0p+ (1 —a)- 0y

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.



Brenier's Theorem

Theorem (Brenier 1987): If ¢(¢,,&,) = ||1€4 — &,||5, then

* 7* solves the Monge problem iff

» 7 is feasible and Jd¢ convex such that ™ = V.
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Theorem (Brenier 1987): If ¢(¢,,&,) = ||1€4 — &,||5, then

* 7* solves the Monge problem iff

. and 3¢ convex such that * = V.
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Brenier’'s Theorem

Theorem (Brenier 1987): If ¢(¢,,&,) = ||1€4 — &,||5, then

* 7* solves the Monge problem iff

7 is feasible and|d¢ convex such that 7 = V.

optimality P5




Brenier's Theorem

Theorem (Brenier 1987): If ¢(¢,,&,) = ||1€4 — &,||5, then

* 7* solves the Monge problem iff

» 7 is feasible and Jd¢ convex such that ™ = V.

IP7




2-\Wasserstein Distance in Closed Form
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2-\Wasserstein Distance in Closed Form

IP)Z — T;&IPH

3 - ——

§op = AL+ b

= 17(¢4) by Brenier!

¢



2-\Wasserstein Distance in Closed Form

Py ~ (/.11,21)
[Py ~ (I'IZ?ZZ)
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Py ~ (/.11,21)
[Py ~ (lu2722)

§op = A& + b

My — Al
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2-\Wasserstein Distance in Closed Form

P4
Py = T;&IPH
§1 /
§op = AL+ b
= T17(&4)

s WA(P), TP = / 1€, — (€)1 dP1 (&)

¢



2-\Wasserstein Distance in Closed Form

P4
Py = T;;IPH
§1 /’
§op = AL+ b
= T17(&4)

1 1.1
— WE(P1, o) = [y — pllf +tr [ 24 + T — 2(23 5,57) |

¢



2-\Wasserstein Distance in Closed Form

Corollary 1: If P, is a psd affine pushforward of P4, then

1 1.1
W3 (P1,P2) = ||y — pall3 +tr [21 + 35— 2(21222212)2}



2-\Wasserstein Distance in Closed Form

Corollary 2: If P, and P, are arbitrary distributions, then

1 1.1
W2 (P1,Py) > ||y — Woll3 +tr [21 15, - 2(3P5,58) 2}

1) Gelbrich, Mathematische Nachrichten, 1990.



Distributionally Robust Optimization (DRO)



Distributionally Robust Optimization (DRO)

Zero-sum game against “nature’:

inf sup Esop [4(X, $)]

X€X pep

I 0

= Fep [£(X, §))

x-player P-player



Wasserstein DRO

Ra

/-

Zero-sum game against “nature’:

inf  sup Equp [4(X,E)]

XCX pep,(B)

1 Pflug & Wozabal, Quant. Finance, 2007; Pflug & Pichler, Springer, 2014.



Wasserstein DRO

Ra

/-

Zero-sum game against “nature’:

inf  sup Equp [4(X,E)]

AN

B (P) = {IP supported on = | W, (P, P) < r}

1 Pflug & Wozabal, Quant. Finance, 2007; Pflug & Pichler, Springer, 2014.
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OT meets DRO
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OT meets DRO
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OT meets DRO
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Underpromising and Overdelivering

0.25 1 T T T T 0.35 1 | | T T
| out-of-sample | out-of-sample
| - 0.3 1 ]
0.2 I I
I 0.25 |
| r |
>
0.15 ., =
2 |in-sample ' [{|& = oy |
— I 0 |
O - (qV)
© 1 | O 0.15 . ]
Q O ' O I in-sample
O A [ = Q. i
Q | 0.1Ff ! i
i | |
0.05 r 4
I 0.05 | l
| |
0 | I - 1 [ I I I N - P e | 0 1 1 I|_ | 1
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 -0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
Risk of SAA solution Risk of DRO solution

1) Mohajerin Esfahani & Kuhn, Math. Program., 2018.



Statistical Guarantees

risk 4

In-sample: sup Lenp [L(X, €]
PeB (P)

out-of-sample: Eg¢ p- [£(X, )]

> X




Statistical Guarantees

risk 4 .
In-sample: sup Lenp [L(X, €]
r grows PEBP)
A
out-of-sample: Eg¢ p- [£(X, )]
\ 4
r shrinks

> X




Statistical Guarantees

risk 4

In-sample: sup Lenp [L(X, €]
PeB (P)

out-of-sample: Eg¢ p- [£(X, )]

X
Choice of radius:
> confidence set for!) P*: r=QO(N-19)
> confidence set for?) x*: r=O(N~1/2)

> confidence set for®) J*(x): r= O(N=1/2)

1) Mohajerin Esfahani & Kuhn, Math. Program., 2018.
2) Blanchet, Kang & Murthy, J. Appl. Prob., 2019; Blanchet & Kang, Oper. Res., 2021.
3) Gao, Oper. Res., 2022.



Robustification vs Regularization

Theorem:V If p > 1, then

p—1  x
r 1
coe —E, - [||DEe(x, €)|%] %
sup Ees [£(x,8)] < E_;k! e, LIDEC(X, €)]1%]
PeB(Py) ,
r

+ o1 SUp DL, €)1l

1) Shafieezadeh-Abadeh, Aolaritei, Dorfler & Kuhn, Working Paper, 2023.



Robustification vs Regularization

Theorem:V If p > 1, then nominal loss
“E~Py [f(X, )]
Rl pk k 1
. — K =~ Ak | 9k
sup Eeop [£(x,&)] < T 21 o Ees, LD (X E)|%
PeB, (Py) =
rp

+ o1 SUp DL, €)1l

1) Shafieezadeh-Abadeh, Aolaritei, Dorfler & Kuhn, Working Paper, 2023.



Robustification vs Regularization

Theorem:V If p > 1, then

sup Eeop [4(X,¢)] <

PEB,(Py)

rp P
— sup [|Dg¢(x, §)]-
p- fc=

variation regularization

1) Shafieezadeh-Abadeh, Aolaritei, Dorfler & Kuhn, Working Paper, 2023.



Robustification vs Regularization

Theorem:V If p > 1, then

p—1  x
r 1
cee — K = l)kgx7 Ak | 9k
sup Ees [£(x,8)] < E_;k! e, LIDEC(X, €)]1%]
PeB(Py) -
I’

Lipschitz regularization

1) Shafieezadeh-Abadeh, Aolaritei, Dorfler & Kuhn, Working Paper, 2023.



Robustification vs Regularization

Theorem:V If p > 1, then

“E~Py [E(Xv )]
p—1 rk
: _ Qk
sup Ees [£(x,8)] < +§_;k! s, [IDEE(x, )]1%]
PeB(Py) rp

o s§t€Jp\\Dp€(X 31k

Higher-order variation regularization used for:

> adversarial training of NNs (e.g., Hein & Andriushchenko, NeurlPS, 2017)
> stabilizing training of GANs (e.g., Roth et al., NeurlPS 2017)
> regularization in imaging (e.qg., Bredies et al., SIAM J. Imaging Sci., 2010)

1) Shafieezadeh-Abadeh, Aolaritei, Dorfler & Kuhn, Working Paper, 2023.



Robustification vs Regularization

Theorem:V If p =1, then

sup  Eer [6(X,8)] <E, 5 [0(x,8)] +rlip({(x,)).

PEB,(Py)

1) Shafieezadeh-Abadeh, Aolaritei, Dorfler & Kuhn, Working Paper, 2023.



Robustification vs Regularization

Theorem:") If p = 1, ¢ is convex in £ and = = RY, then

sup Eewr [((x.€)] = E, s [£(x, €)] + rlip(£(x,-)).

PEB,(Py)

1) Mohajerin Esfahani & Kuhn, Math. Program., 2018.



Robustification vs Regularization

Theorem:" If p = 1, ¢ is univariate convex and = = RY, then
sup  Eep [£(X' §)] = E, 5 [£(x"&)] + rlip(£) [|x]]...
PeB(Pn)

1) Shafieeezadeh-Abadeh, Mohajerin Esfahani & Kuhn, NeurlPS, 2015; JMLR 2019.



Robustification vs Regularization

Theorem:" If p = 1, ¢ is univariate convex and = = RY, then
sup  Eep [£(X' §)] = E, 5 [£(x"&)] + rlip(£) [|x]]...
PeB(Pn)

Offers robustness interpretation for:

> lasso regularization

> basis pursuit denoising

> regularized least absolute deviation regression
> the Dantzig selector

1) Shafieeezadeh-Abadeh, Mohajerin Esfahani & Kuhn, NeurlPS, 2015; JMLR 2019.



Computational Tractabillity

Primal DRO problem:

inf  sup Eeop [0(X, )]

XCX pep,(B)
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Computational Tractabillity

W o e
e P
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acy

Theorem:") The primal DRO problem is equivalent to

Inf  Ar+ ijij

st. XeX, A1 eR,y, S ER, {;,7,{; € R Vi, j
(—£)*2(x, 8j) + Ac* ({G/A &) + 10=((5 /1) < 'S5 Vilj
i+ 5+ =0 Vi j

1) Mohajerin Esfahani & Kuhn, Math. Program., 2018; Zhao & Guan, Oper. Res. Lett., 2018;
Blanchet & Murthy, Math. Oper. Res., 2019; Gao & Kleytweg, Math. Oper. Res., 2022,
Chen, Kuhn & Wiesemann, Oper. Res., 2023.



Computational Tractabillity

Dual DRO problem:

sup inf Esop [¢(X,E)]
PeB,(B) X




Computational Tractabillity

W o e
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Theorem:") The dual DRO problem is equivalent to
sup  — 339t (@i, € + €;/q5) — v ox (B/v)
st. gpveRy, R a;,BeR" Vij

qij 6=(§;+ €;/q;) <0 Vi, J
22+ B=0, Y q;=p Vj
D Zj qij C(&-j Si/ Qi éj) <r

1) Shafieezadeh-Abadeh, Aolaritei, Dorfler & Kuhn, Working Paper, 2023.



Computational Tractabillity

Jupyter notebook based on Mosek’s Fusion API for Python:")

CJUpyter JUPYTER  FAQ (/>

maosek

Data-driven distributionally robust optimization (Mohajerin Esfahani and Kuhn,
2018)

Il
3
&
ke

Tutorials dist-robust-portfolio

This notebook illustrates parameterization in MOSEK's Fusion API for python, by implementing the numerical experiments presented in a paper titled "Data-
driven distributionally robust optimization using the Wasserstein metric: performance guarantees and tractable reformulations" (Mohajerin Esfahani and Kuhn
hereafter), authored by Peyman Mohajerin Esfahani and Daniel Kuhn.

Contents:

1. Data-driven stochastic programming_(Paper summary))

e Choice of the ambiguity set
e Convex reduction of the worst-case expectation problem

Nhttps://nbviewer.jupyter.org/github/MOSEK/Tutorials



Distributionally Robust SVM

inf  sup Eeop [0(X, )

XCX pep.(P)

X*Té':O

empirical distribution P



Distributionally Robust SVM

inf  sup Eeop [0(X, )

XCX pep.(P)

empirical distribution P



Distributionally Robust SVM

inf  sup Eeop [0(X, )

xex

PeB,(P)

empirical distribution P worst-case distribution [P*



Adversarial Examples

P* € argmax Eg.p [£(X", §)]

PeB,(P)

2 — 7
9 — 4
7T —
1 — 1
€ — 6
&E — €
¢ — &
&8 — &



Adversarial Examples

P c orgmax Epor (0,6 P € argmax it B t06)

PeB,(P) PEB, (P)

9 — 9 2 —» 9

9 — 4 7 — 9

7 — 7 7 — 7

T — 7 T —

6 — 6 6 — ©

& — & 6 — ¢

g —» X g — 3

g8 — & g8 —» X



Adversarial Examples

P* e argmax Kep [6(x7,8)]  P7 cargmax inf Eeop [£(X, )]
PEB, () PeB,(B) X

11

7?2 > 2 2
9 — 4




From Distributions to Moments



Disadvantages of the Empirical Distribution

Limited scalability: XIQL sup  Eeup [€(X, §)]
PeB,(IP)

) _
Ny~

>~ convex program of size O(N)

@I Slow convergence to true distribution

Wi

TSR



Disadvantages of Working with Distributions

Limited scalability: XIQ)f( sup  Eeop [€(X, )]
PeB,(IP)




Gelbrich Ambiguity Set

G(P)

G(P) = {P ~ (1,%) \ b — 3 +tr [z+i—2(z%iz%)ﬂ <Pl



Gelbrich Ambiguity Set

B, (PP)

G(P) = {PN (b, 2) \ | — pll3 +tr Z+i—2(z%izf)ﬂ g,z}



Structural Information

Stable ambiqguity set S: Closed under

» affine pushforwards

P4
P>
$ $2

§p =A +Db

» convolutions

P4 Py = IPo
k 2 — e
| ‘ ?"""‘1
N/ XXXXXNN
¢ $2 $3




Structural Information

Stable ambiqguity set S: Closed under

> affine pushforwards

» log-concave

> convolutio » Gaussial

P4 Py IPo
k 2 — e
| ‘ ?"""‘1
N/ XXXXXNN
¢ $2 $3




Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Rewp [—E'X]=—['x+a XEX+rv/1 + a2 1 x1], -
PeSNG,(P)

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Reop = [T x+aVxEx+rv1+a? 1 x1], -

PeSNG,(P)

portfolio loss

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Rewp |— ,lfITX—I—G XEX+rv/1+ a2 1|, -
PeSNG,(P)

nominal loss

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Rer [~€7x] = —iTx+ VT [l

PeSNG,(P)

nominal standard deviation

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Rewp [—¢'X]=—['x+a XEX +rv1 + a2 1] |-

PeSNG,(P)

regularization term

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Rewp [—E'x] =—p"x +[Iv XEX + ry/1 +‘:f I1x]|, -

PeSNG,(P)

N Tx]
Standard risk coefficient: a = sup Resop (E—H) X

PeS VXTIx

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Rewp [—E'x] =—p"x +[Iv XEX + ry/1 +‘:f I1x]|, -

PeSNG,(P)

N Tx]
Standard risk coefficient: a = sup Resop (E—H) X

PeS VXTIx

independent of x, v and 2

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Rewp [—E'X]=—['x+a XEX+rv/1 + a2 1 x1], -

PeSNG,(P)

Proposition: If R¢.p = B-VaR¢p, then

VI -B)/B S={a
1/v/2B S ={a
1/(3v2B) S={a
®'1-B) S={a

distributions}

symmetric distributions}

symm. lin. unimodal distributions }
Gaussian distributions}

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Mean-Covariance Robust Portfolios

Theorem: If S is stable and R¢.p is translation-invariant,
scale-invariant and law-invariant, then

sup  Rewp [—¢'X]=—['x+a XEX+rv/1 + a2 1 x1], -
PeSNG,(P)

a available analytically if S = {all distributions} and R¢-p is

> any spectral risk measure;
> any risk measure with a Kusuoka representation;
> any distortion risk measure.

1Y Nguyen, Shafieezadeh-Abadeh, Filipovic & Kuhn, Working Paper, 2022.



Scalable Wasserstein DRO

Conservative approximation:

sup  Eeop[((x, )] < sup  Eewp [0(X, )
PESNB,(P) PESNG,(P)




Scalable Wasserstein DRO

Conservative approximation:

sup
PeSNB,(P)

ﬂfNP [Z(X, f)] <

Sup R €'§NP [é(X, f)]
PESNG,(P)

R/_/

independent of sample size




Scalable Wasserstein DRO

Conservative approximation:

sup  Eeop[((x, )] < sup  Eewp [0(X, )
PESNB,(P) PESNG,(P)

exact if...

> {(X, &) is quadratic in ¢ or
» § = {all Gaussian distributions}




Wasserstein DRO with Quadratic Loss

Inverse covariance estimation:1)

inf —logdetX + sup Ep [¢'X¢] X =
X0 PeB,(P)

Signal processing & Kalman filtering:2)

inf sup E» [|lx — 2
‘V()PEBF()P) e | [[x — w(y)||5] %_’#WW»

signal x observation y
n0|se

Domain adaptation:3)

N
P, ¥

1YNguyen, Kuhn & Mohajerin Esfahani, Oper. Res., 2022.
2) Nguyen, Shafieezadeh-Abadeh, Kuhn & Mohajerin Esfahani, Math. Oper. Res., 2023.
3) Taskesen, Yue, Blanchet, Kuhn & Nguyen, ICML, 2021.



Ask not what OT can do for DRO —
ask what DRO can do for OT.



Semi-Discrete OT

min  E. o |C(E,
remb Q) &.n~m 1C(S,N)]

Q= qu

: : .M|H

\




Applications of Semi-Discrete OT

3D morphing" Resource allocation?)

mein W(P, 9o+ Q)

1) Lévy, ESAIM: M2AN, 2014.
2) Hartmann & Schuhmacher, Math. Meth. Oper. Res., 2020.

3) Arjovsky, Chintala & Bottou, ICML, 2017.
4) Léevy, Mohayaee, von Hausegger & Natarajan, MNRAS, 2021.



Applications of Semi-Discrete OT

Taylor-Rayleigh instability
using the Gallouet-Merigot

scheme?) _ _
Simulation of an
RN incompressible bi_phasic Free'Surface ﬂU|d SimUIation
e ' flow in a bottle! with Gallouet-Merigot scheme?

1) Goes, Wallez & Huang, ACM Trans. Graph., 2015; Gallouet & Merigot, Found. Compuit.
Math., 2017; Lévy, arXiv, 2018.



Duality

primal OT: neﬁ‘&?@) ey~ 1€(E5 1))




Duality

primal OT: 7TGFI_TII(IIPD’@) Ceem~m 1C(S, 1))
dual OT: Sup Zq,cb, e (Weld, €]
pcRn

IE



Duality

- - N Eis v o€,
primal OT: Lomin B m 1C(&,n)]
dual OT: Sup Z qid; — TN

pcR" ic(n

LIJC(¢7 f) max ¢/ o C(f I’],)

ie[n]



Relation to Discrete Choice Theory

i : min K.y |C(E,
primal OT Lomin . Een) 7 1c(¢,n)]
dual OT: Sup Z qid; — TN

pER” IE

We(9,¢) = maxg; — c(¢, ;)

ie[n]

~— ——

deterministic
discrete choice model

Luis Thstﬁ - Daniel McFadden
1927 1978



Relation to Discrete Choice Theory

primal OT: neT<'£@) ey~ 1€(E5 1))
dual OT: Sup Zq,qb, e [Wo(9, €)
pERT ien

We wC(¢7 é-) = Sup Lz~0 | Max ¢I o C(é- ’7,) + Zj
W, CIS(C) _ig|n]

H/—/

distributionally robust
> discrete choice problem?)

1) Natarajan, Song & Teo, Manag. Sci., 2009.



Relation to Discrete Choice Theory

primal OT: neT<'£@) ey~ 1€(E5 1))
dual OT: sup i — Ecr [Wo(, )]
PERT ie[n]

max ¢/ o C(é- ’7/) + Zj
ie[n]

Frechet ambiguity set!)
> O = {9 ‘ 9(2,‘ < S) — F,'(S) VI e [n]}

1) Natarajan, Song & Teo, Manag. Sci., 2009.




primal OT:

dual OT:

WC(¢7 é-) = Sup

Smoothing the Dual Objective

min  Ec pyor [€(S,1)]

mell(P,Q)

sup Z qid; —

pcR" i€l

“47~6

6cO

fNP [UJC(¢, f)]

/

max ¢/ o C(é- ’7/) + ZI-

ie[n]




Smoothing the Dual Objective

' : min K.y |C(E,
primal OT romin ) B m 1C(&,n)]
smooth dual OT: sup Z qi9; — Ecr (We(9, §))

pER"



Regularizing the Primal Objective

ized pri - n E Dy(17||P
reqgularized primal OT: ﬂ€W(IIQQ) .ny~rr 1€(€,N)] A(1T]|P @ Q)

smooth dual OT: sup Z qi9; — Ecr (We(9, §))
pERP




reqularized primal OT:

smooth dual OT:

Theorem:" Smooth dual OT is equivalent to regularlzed prlmal O

if Fi(S) = projy 41(1 — qiF(—s)) for all i € [n] and f(s =/

min
mell(P,Q)

Duality Revisited

Ceem~m 1C(E, 1))

sup Zq,fﬁ, e [Wo(9, €]

pER"

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.

De(m||P @ Q)

F=1(t) dt.



reqularized primal OT:

smooth dual OT:

Theorem:" Smooth dual OT is equivalent to regularlzed prlmal O

if Fi(s) = projjo,q (1 - glF]—s)) for all i € [n] and f(s f0'1

min
mell(P,Q)

Duality Revisited

Leem~m [C(E,N)] + De(1||P & Q)

sup Zq,qb, e [Wo(9, €]

pER"

marginal generator

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.



Unification of Regularization Schemes

F Regularizer
Exponential KL divergence’)
Uniform x2-divergence?
Pareto Tsallis divergence®
Hyperbolic cosine | Hyperbolic divergence
t-distribution Chebychev

1) Cuturi, NeurlPS, 2013; Genevay, Cuturi, Peyré & Bach, NeurlPS, 2016.

2) Blondel, Seguy & Rolet, AISTATS, 2018; Seguy, Damodaran, Flamary et. al., ICLR, 2018.
3) Muzellec, Nock, Patrini & Nielsen, AAAI, 2017.



Inexact Averaged SGD1)

smooth dual OT:  sup » qi; — Eep [Wy(9, &)

pER” i€ [n]

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.



Inexact Averaged SGD1)

smooth dual OT:  sup »  qi¢; — Eer [W,(9, )

pER” i€ [n]

unbiased stochastic gradient < optimal choice probabilities

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.



Inexact Averaged SGD1)

smooth dual OT:  sup »  qi¢; — Eer [W,(9, )

pER” i€ [n]

unbiased stochastic gradient < optimal choice probabilities

= benefit from rich literature on discrete choice theory!

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.



Inexact Averaged SGD1)

smooth dual OT:  sup » qi; — Eep [Wy(9, &)

i€ [n]

pcR"

107 | =0 regularization
i KL divergence regularization \
1078 & |=—— x2-divergence regularization

- |——hyperbolic divergence regularization

Suboptimality

10° 10" 102 103 10% 10°
# iterations (T)

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.



Inexact Averaged SGD1)

smooth dual OT:  sup » qi; — Eep [Wy(9, &)

i€ [n]

pcR"

=
©
=
a O(1/VT)
_§ | |==—=n0 regularization

i KL divergence regularization
D s —x2-diver§ence regularization O1/T)

- == hyperbolic divergence regularization

10° 10" 10° 10° 10 10°

# iterations (T)

1) Taskesen, Shafieezadeh-Abadeh & Kuhn, Math. Program., 2023.



Inexact Averaged SGD

smooth dual OT:  sup » qid; — Eevp [Ws(9,¢)]

, =gurarization
0° f|=——x2-divergence regularization IR
—— hyperbolic divergence regularization|

1077
10° 10" 102 103 10% 10°

# iterations (7)

1) Genevay, Cuturi, Peyré & Bach, NeurlPS, 2016.



Summary
» Wasserstein DRO

> oOffers statistical guarantees
» tractable in generic settings
> provides probabilistic justification of regularization

> leads to adversarial examples that can deceive humans

> Gelbrich DRO
> highly scalable approximation using 1st and 24 moments

» exact for quadratic loss functions or Gaussian distributions

> Semi-Discrete OT
> #P-hard but amenable to fast SGD algo. by adding noise
» dual smoothing equivalent to primal regularization
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