Information algebra of sets of desirable gamble sets
compatibility and beyond

1 Information algebra
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I 2 3 @ For all § € N, the unit element 15 represents
: : . . vacuous information; in turn, the null element Og
(i) An information algebra is a mathematical framework represents contradiction
for modeling how information is represented, combined, ¢1 ¢2 ¢3 '
and focused within a system. \ / ‘l‘
&) AXIOMS
Vocabulary *l' marg
Qg C Oy = Q | possibility space for random variables v 1. (<.I>,®) is associative and commutative. For all ¢
taking values in S with d(¢) = S, there are elements 15 and Og such
S C N | subset of indices of possibility space ls,us, ¢1 0% ¢2 1T that 15 ® Q?C:o I(CI Mar']l'i TI(\)ISE® qubO:N ng WITH NULL)
D ={S:SCN} | lattice of indices 3 Or
O,Vy,... | pieces of information \ / / \ / 2.d(0Ry)=d(¢)Ud(y). [LABELING]
Og C P | all information about (g 2 2 ? 3.d(6%5) = . IMARGINALIZATION
D = UscyPs | the set of all information '
¢ i l 4.d((¢¥T)¥5) =8. [TRANSITIVITY]
Information algebras admit three operations: . o
O3 O7 5.(p W) =92y T ifd(¢) =Sandd(y) =T.
d:®—D:d(¢)=Sif ¢ D labeling 01 X O [COMBINATION]
R:PXD—D: (0, W) = oY combination T 6. 1s® 17 = lgur and Og ® Or = Ogur-
INEUTRALITY]
XD —®:(9,5) — ¢¥ marginalization
S1US, 7.0 0% = ¢ for S Cd(¢). [IDEMPOTENCY
2 Algebra of sets of desirable gambles 3 Marginal problem for information algebras s, s, s,
. . — | d 4 d A a4
Consider coherent sets of desirable gambles Z(()), where () = Qy is a A family of coherent sets of desirable gambles Dy, ..., D, with d(D;) = S; D D D
Cartesian domain of N random variables. is called compatible if there is a coherent D such that margg D = D. 1 \ ¢2 / :
Algebra of sets of desirable gambles - T?etih”dex sets Slt : ,Smt_sat- 02
— C isfy the running intersection
D,Dy,--- € 2(Qs) | pieces of information g; c %&Sl))aarre]d prz;perty wheng Y
> . . — 2
Q(QS) all information about QS pairwise Compatible if (\Vlf c {2, - ,m}) (Ell* < f)

d(D)=3S | labeling
D1 QD) = > combination TSNS, ! = MBS s 02 e U Si. @ @ @
i<t
posl (D1 JD», U Z>O(QSUT)) (natural extension) ) - — =
D D; Ds

marg;D = DN.Z(Qr) | marginalization

Z-0(Qs) | unit element of Qg |
Z(Qg) | null element of Qg If Dy, ..., Dy are pairwise compatible and 5y, ..., S, satisty RIP then Q" With compatibility, we can retrieve the
they are compatible with a joint D = Q" D;. exact information that contributed to the
(@ Coherent sets of desirable gambles joint
form an information algebra. (@ This result for compatibility follows for all information algebras.
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4 Information algebras for choice function theory (research question as a commutative diagram)

Necessary definitions
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(@ Homomorphism
h(p@y) =h(9)h(y),

combination
h(9+°) = h(¢)*,
marginalization
h(ls) = 15 and h(0s) = OF.
unity and null

d,,, collects representations & of
sets of desirable gamble sets.

D,D,...€c P?(2(Qs)) | pieces of information
d(2) = d(Npe s Kp) = d(K) =S | labeling
marg; 72 = {DN.ZL(Qr) :D € 2} | marginalization
D QD =
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isomorphism?
YDk — min Yk

If & is bijective and one-to-one, it is \ 3 i {Di1®D,:D € 21,D, € P} |
an isomorphism. O,))O _ { L 0(Qs)} | unit element of (g
140, {Z(Qg)} | null element of Qg
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--------- D,,..x collects largest representations k.

, Dk, Dk, € P(D(Qs)) | pieces of information
D1 Q D > K9, ®Kg, 2(Qs) | unit element of Qg
{Z(Qs)} | null element of Qg

There is a homomorphism &, — dx. O collects sets of desirable gamble sets K.
(© Subalgebra ®' C ® K.Ki,...€ 2 (Qg) | pieces of information o
0,y € ' then ¢ @ y € &' d(K)=S | labeling d,,.;, collects minimal elements of
combination K margrK = KN2(Qr) | marginalization largest representations min %.
/ 1T / 1 2 — . _
peomens li:r) inalization Rs(Posi(K; UK, U2 (Q0g.7))) | Mo min Z.... € Z(2(€s)) | pieces of information
lce® and 0< € O . Rs (i”smg(ﬂs)) K, (Qg) | unit element of O)g {Z.0(Qs)} | unit element of Qg
S S : Z () Il el t of ()
unity and null {2(Qg)} | null element of Qg {£(Qs)} | null element of Qg
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